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ABSTRACT

In 2001, the discovery of the intermetallic compound superconductor MgBs; having
a critical temperature of 39K stirred up great interest in using a generalization of the
Ginzburg-Landau model, namely the two-band time-dependent Ginzburg-Landau (2B-
TDGL) equations, to model the phenomena of two-band superconductivity. In this work,
various mathematical and numerical aspects of the two-dimensional, isothermal, isotropic
2B-TDGL equations in the presence of a time-dependent applied magnetic field and a
time-dependent applied current are investigated. A new gauge is proposed to facilitate
the inclusion of a time-dependent current into the model. There are three parts in this work.
First, the 2B-TDGL model which includes a time-dependent applied current is derived.
Then, assuming sufficient smoothness of the boundary of the domain, the applied magnetic
field, and the applied current, the global existence, uniqueness and boundedness of weak
solutions of the 2B-TDGL equations are proved. Second, the existence, uniqueness, and
stability of finite element approximations of the solutions are shown and error estimates are
derived. Third, numerical experiments are presented and compared to some known results
which are related to MgB, or general two-band superconductivity. Some novel behaviors

are also identified.
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CHAPTER 1

Introduction

The discovery of the intermetallic compound superconductor MgB, stirred up intense
research to investigate the novel properties of this material. The compound MgB, differs
from conventional low critical temperature (7Z.) superconductors and cuprate- based high
7. superconductor compounds mainly in its possession of two distinct energy gaps; the
other superconductors are known to only have one energy gap. It is its two-band structure
that gives M gBs; many novel properties unseen in any other superconductors; for example,
interband phase soliton textures occur in a two-band superconductor [27]. Because of the
existence of multiple distinct energy gaps in a multiband superconductor, there exists multi-
ple distinct order parameters which interact with each other through a Josephson tunneling
like mechanism. The conventional isotropic or anisotropic time-dependent Ginzburg-Landau
(TDGL) model [31] which has been widely accepted as a successfully phenomenological model
for a single-band superconductor sample at temperatures near its critical temperature does
not include any appropriate coupling terms to account for the coupling interactions that
are shown to be significant factors in determining the novel properties of a multiband
superconductor such as MgB;. Therefore, the TDGL model is not a correct model for
multiband superconductivity. [32] investigates the breakdown of the anisotropic GL model
in modeling M gBs. The 2B-TDGL model generalizes the TDGL model by adding coupling
terms to model the interband interaction of the two distinct order parameters corresponding
to the two distinct energy bands. The 2B-TDGL model has now been widely used by the
physics community as a phenomenological model to investigate the properties of multiband

superconductor such as MgBs.



1.1 Previous Work and Outline of Present Work

Recently, there have been many research papers which investigated new properties of
MgBy and of other multiband superconductors. Many of the papers that investigated the
phenomenological properties of two-band superconductivity used the 2B-TDGL model and
its variants. However, to our knowledge, none of the published papers using the 2B-TDGL
model have done a full investigation of the analytical properties of the 2B-TDGL model such
as the existence, uniqueness and boundedness of weak solutions; or the properties of the finite
element approximations such as the existence, uniqueness, stability and error estimates for
approximate solutions. The purpose of the present work is to examine these issues associated
with the 2B-TDGL model and then present some two-dimensional numerical results.

It should be mentioned that analogous analytical and approximation issues for the TDGL
model and its variations have been addressed in part or in whole by many authors. For
example, to show existence and uniqueness of solutions of the TDGL equations, Du in [2],
[3] used Galerkin finite dimensional approximation and compactness methods similar to the
methods used by Temam for the Navier-Stokes equations [45]. Du used the zero-electric-
potential (ZEP) gauge on a modified TDGL equations with a regularization term eV (V - A)
added to the equations. Existence and uniqueness of the original TDGL equations is then
proved by passage to the limit ¢ — 0. Chen, Hoffmann and Liang in [8] adopted the Lorentz
guage ¢ = —V - A and used the Leray-Schauder fixed point theorem. Tang and Wang in
[7] used the London gauge V - A = 0, and the same methods as in [45]. However, all of
these papers did not include an applied current into their analyses and only Chen et al. in [§]
included an applied magnetic field in their analysis. Pelle, Kaper and Takac in [9] and Zaouch
in [10] used semigroup methods to show the existence, uniqueness and long-time asymptotic
behavior of the TDGL equations under a generalized gauge ¢ = —w(V - A), w > 0, in the
presence of a time-dependent applied magnetic field.

In this work, we follow the methods used by Du in [2] to prove the existence and
uniqueness of the 2B-TDGL in the presence of a time-dependent applied magnetic field
and a time-dependent applied current. We choose Du’s approach mainly because we want to
generalize the zero-electric-potential gauge to a “current gauge” which allows us to include
time-dependent current into the 2B-TDGL model. Basically the “current gauge” replaces
the electric potential ¢ in the 2B-TDGL equations with a predefined auxiliary function ¢,.



As a result, unlike all the other gauges mentioned before other than the ZEP gauge, this
“current gauge” does not change the coercivity of the non-coercive 2B-TDGL equations.
In order to facilitate the proofs of the existence and regularity theorems, we also add a
regularization term —eV(divA) to the 2B-TDGL equation for the magnetic potential A to
make the equation coercive. Du’s method is designed specifically to handle the convergence
of this modified problem. We want to point out that as in the zero-electric-potential gauge
case, our “current gauge” is well-suited for numerical computation.

We organize this work as follows. In section 1.2, we introduce some general concepts and
properties of superconductivity, the conventional TDGL model, some properties of MgB,
and the 2B-TDGL model. In chapter 2, We first present our model- the isotropic, isothermal
2B-TDGL equations. After we nondimensionalize the 2B-TDGL equations, we then discuss
some issues of adding current to TDGL models. The “current gauge” which takes the time-
dependent applied current into account is introduced into the nondimensionalzed 2B-TDGL
equations. In chapter 3, we start our analytical studies. The weak form of the gauged
equations are presented first, then based on a modified weak form, the existence, uniqueness
and boundedness of two-dimensional solutions are proved. After the analytical studies, we
move to the two-dimensional Galerkin approximations in chapter 4. We first present a
fully discretized problem using the backward Euler scheme for the time discretization and
conforming finite element methods for the space discretization. Then, the existence and
uniqueness of the approximate solutions, stability and error estimates of the approximation
scheme are examined. In chapter 5, numerical results based on a two-dimensional backward
Euler finite element approximation are presented. Finally, conclusions and future research

are discussed in chapter 6.
1.2 Models and Phenomena of Superconductivity

Superconductivity is a very fascinating and remarkable physical phenomenon which was
first discovered in 1911 by H.K Onnes. The two hallmark properties of superconductivity
are perfect conductivity and perfect diamagnetism. When a superconductor is cooled to a
temperature below its critical temperature 7., which is one of the material characteristic
parameters of the superconductor, its electric resistivity is reduced to a negligible, if not

zero, value. In other words, in the superconducting state, the superconductor behaves like a



perfect conductor. In addition to this striking characteristic, a superconductor cooled below
its 7. also exhibits a novel perfect diamagnetism phenomenon called the Meissner effect.
When a sufficiently small magnetic field is applied to a superconductor cooled below its 7,
no magnetic field can penetrate into the superconductor. Moreover, if a superconductor
is cooled through its critical temperature in the present of a magnetic field, it expels the
field from inside. The conductivity of a superconductor can be destroyed by a large enough
magnetic field strength or applied current. Thus in addition to the critical temperature 7,
there are also critical magnetic field H,. and critical current j. associated with a particular
superconductor.

The first sucessful microscopic description of superconductivity was proposed by Bardeen,
Cooper, and Schrieffer in their seminal BCS theory in 1957. Before the BCS theory, various
theories were proposed, including the London equations in 1935, and the Ginzburg-Landau
macroscopic theory in 1950. The Ginzburg-Landau (GL) theory was not appreciated until,
in 1959, Gorkov proved that the GL theory is actually a limiting case of the BCS theory.
The GL theory is now commonly accepted as a successful phenomenological model for

superconductivity.

1.2.1 Ginzburg-Landau phenomenological model of superconduc-
tivity

The Ginzburg-Landau (GL) theory generalizes the London theory of second-order phase

transitions. In the Ginzburg-Landau model, a complex-valued order parameter ¢ = |i|e? is

introduced with [¢|? representing the local density of superconducting electrons. Under the

assumption that the temperature is close to the transition temperature below 7., and v varies

slowly spatially, the free energy of the superconductor can be expanded and approximated

in terms of the order parameter and its gradients. Then the total free energy is:

* 2 2
2, B - € |h|
_ d —inv - A Ly TS 11
G = [ |hralul+ Gl + 5 |(-ihV = S| + g lan )
2
= Fs+ —|h| ds?,
9871'

where a and (3 are two temperature dependent material constants, ¢ is the speed of light, A
is the Planck’s constant m™* is the effective mass and e* is the effective electron charge, A

is the magnetic vector potential, h = curlA is the magnetic field. The first term f, is the
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normal state energy density without a magnetic field and the last term is the magnetic field
energy density.

The gradient term in equation (1.1) is the momentum operator form of kinetic energy of
the supercurrent in the presence of a magnetic field, and is gauge invariant as required by
the fact that the physically observable free energy, superconducting electron density || and
magnetic field h do not change when a mathematical gauge transformation G, is performed

simultaneous on ¢ and A to give (¢', A’):

vt A) s (W) = (e, A+ 00y (12)
where x is an arbitrary but sufficiently smooth single-valued scalar function of the spatial
coordinates. Both (1, A) and (¢, A’) represent the same physical state of the system and
this physical state determines the same physically observable variables mentioned above,
namely, F, [¢|* and h.

In the presence of an external applied magnetic field H,, the superconductor acquires an

energy density —h-H./4m. The total energy then becomes

= F.+ /[’hP hH]dQ (1.3)

For mathematical convenience, the last magnetic field integrands in (1.3) are replaced by

|curlA — H,|?/87 and the new energy functional becomes
2
F = F+ / JeurlA = FL )y (1.4)
0 8w

The energy functional F is nonnegative and it gives the same minimizer as £ when they
are minimized. This is the free energy functional we will consider later.

Thermodynamic principles require that when in equilibrium, the free energy of the
superconductor is minimized. The material parameters v and 3 are temperature dependent.
« is positive when the superconductor is in the normal state (7 > 7..) and is negative when
in the superconducting state (7" < 7). [ is positive or else F has no minimizer. For 7 close
to 7., a and 3 are approximated as

oM ~a) |7 -1, 8= s0)

where «(0) and (0) are the corresponding parameters at absolute zero (7 = 0).
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Taking the first variation of the free energy functional F given in (1.4) with respect to
¥, ¥* and A gives

&mﬁ'zl/{GW+5WP+J;FWV—§AWO5W+G%dQ
Q

2m*

/ {curl(curlA —H,) G (¢*(—ihv _ %A)q/; + c.c.)} 0A d)
Q

81 2m*c

+ / {5@[)*(—ihv - e—A)@D- n+c.c + i(Cu:rlA —H,) x n- 5A} dos2, (1.5)
e} ¢ 8w

where c.c. denotes the complex conjugate and dv, d10* and dA are the variation variables.
We minimize the energy functional F by taking djF = 0. Setting oot F /00" = 0
gives the first stationary GL equation

0Fs

1 e*
2  (—ihYV — — A% = =0 in €. 1.6
o+ BVE + 5 (V- SAPY =<0 (1.6
Setting dotarF /OA = 0 gives the second stationary GL equation
js  curl?A — curlH, 6 F,
Js = — 1.
c 4 0A (1.7)
6* ’ 6*
= <¢*(—mv - —A)+ c.c.)
2m*c c
. eh . e*?
= i (VY= V) - U A
m*c m*c
= P (hV0 - 6—A> in 0, (1.8)
m c

where jg is the supercurrent density and 6 is the phase of the order parameter ). The natural

boundary conditions resulting from the minimization process are
(—ihV — =A)pn=0  ondQ (1.9)
c

and

(curlA —H,) xn=0 on 0f). (1.10)

If the domain € is a bounded region in R?, we need to consider the effect of the Maxwell
system in R3 \ . But when we are considering € as a simply connected bounded region
with smooth boundary in R?, it can be shown that we can omit the Maxwell system outside
Q [59]. For simplicity, we will only work on domains in R?. We can then assume that

the magnetic field outside of €2 is equal to the applied magnetic field H, and use only the
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natural boundary conditions (1.9)-(1.10) as the boundary conditions (B.C.s) for the partial
differential equations (PDE) system.

The second boundary condition (1.10) ensures that the magnetic field is continuous in
the tangential direction along the boundary. The first boundary condition (1.9) ensures that
no supercurrent passes through the boundary. De Gennes [61] showed from a microscopic
theory that this boundary condition is correct for an insulator-superconductor interface but
for a superconductor-normal metal (S-N) interface in which the proximity effects occur, a

more general boundary condition
(—ihV — “A)pn =iy ondQ (1.11)
c

must be used, also see [1], [62], where 7 is an real-valued constant and is equal to zero for
insulator. Note that (1.11) still implied that js-n = 0 on 0f, i.e. no supercurrent passes
through the boundary. The boundary condition (1.11) can be derived from the energy
functional F + [, 7|¢|*dS, for some constant 4. However, Chapman, et al. in [5] showed
that this B.C. is still not general enough and thus proposed a modified GL model to include
the free energy of the normal material in the form of GL free energy with positive parameter
«, as if the normal material is in its normal state above its critical temperature. This model
allows the existence of superelectrons in the normal material and thus takes into account the
effect of magnetic field in the normal material on the superconductor through the coupling
of the GL equations in the bulk and exterior of the superconductor. The magnetic field in
the normal material is created by the supercurrent diffused from the superconductor through
the proximity effects, and will in return affect the solution of the superconductor. In our
present work, the S-N type B.C. (1.11) will be considered.

The stationary GL equations (1.6)-(1.7) and (1.9)-(1.10) has two particular solutions. In
case « is positive, 1) = 0 and curl A = H, minimizes the functional F, this corresponds to the
normal state. In case of @ < 0 with zero field and homogeneous B.C. (with zero gradient),
equation (1.6) has one solution ||> = —a/f3, this corresponds to the superconducting state
at 7 < 7.

1.2.2 The Time-Dependent Ginzburg-Landau Model

The solution of the stationary GL equations with external field absent puts the superconduc-

tor in equilibrium state. The time-dependent Ginzburg-Landau (TDGL) model (see [22] and
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[60]) generalizes the stationary Ginzburg-Landau model by including relaxation processes
driven by deviations from equilibrium state. The validity of the TDGL model needs 7 to be
close to 7. and that deviations from the equilibrium state are small. When a superconductor
is deviated from equilibrium, the relaxation rate of i) back to the equilibrium state depends

on the deviation from equilibrium, expressed mathematically as

oY oF
- 1.12
ot oo’ ( )
where I is a positive damping constant. The equation (1.12) should be gauge invariant under
the gauge transformation

h h 0
Gy s (6, 4,9) = (e, A+ ¥y, 6 — %), 19

where y is an arbitrary but sufficiently smooth single-valued scalar function of time and
spatial coordinates, and ¢ is a scalar electric potential. We change equation (1.12) into a

gauge invariant form by adding the electric potential ¢ to the equation, which gives

r aw 0F
825 oy
Maxwell’s equations give the normal current density as
10A
.n: nE: n\ ", — s 1.14
=08 =, (255 - V) (1.14)

where o, is the conductivity in the normal state and E is the electric field that induces the
normal current.

The total current j = (c¢/47)curl®A in the superconductor can be contributed from a
supercurrent js, from a normal current j, induced by an electric field by the relation (1.14),
and from a current j,, = (¢/4m)curl H, induced by the external field H,. Therefore, the total

current becomes

. C . . .
L S R [
8.7:S
= Jjn— CHA —CurlH (1.15)

The complete TDGL model is

O
"5+

)+a¢+ﬁ|¢l2+i(—mV——A)¢ 0 inQ,
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f(curlZA — curl H,)
m

10A
= On (—za B W’)

In addition to the boundary conditions (1.11) and (1.10), repeated below, we also have

in €.

“h
— i (VY — § VYY) =

two initial conditions. Together they are

(=thV — SA)g-n = f)/w on 012,

(curlA — H,) X n = on 012,
¥(x,0) = %(x) in 2,
A(x,O) Ay(x) inQ,

where 1y and Ay are given functions.

As mentioned before, the TDGL equations are gauge invariant and any two solutions
that are gauge equivalent through the gauge transformation G, (1.13) produce physically
indistinguishable observables such as current, magnetic field and density of superconducting
electrons [¢|?, and thus represent the same physical solution. Because of this gauge invariant
equivalent relation, the TDGL initial-boundary-value problem (IBVP) is not mathematically
well-posed since it has infinite number of solutions. Therefore, we need to choose a fixed
gauge function y in our TDGL equations in order to obtain a unique solution in our analytical
and numerical studies of the TDGL IBVP. The good point is that we can choose any gauge
function y to fit our convenient need and to simplify our problem. There are many possible
choices of the gauge; for example, one can choose the zero electric potential gauge to eliminate
the electric potential ¢ in the TDGL equations and this gauge is well-suited for computation,

see e.g., [2]; and [13] for other choices of gauge.

1.2.3 Characteristic Lengths

There are two important temperature dependent material parameters which arise from the
GL model that characterize the phenomenological properties of a superconductor. First is
the coherence length ¢ defined as:
G
&7T) = <—2m*]a(7)]) . (1.16)
This parameter specifies the spatial width of the transition layer of the order parameter
1 in the neighborhood of the boundary between a normal region and a superconducting

region. Within the transition layer, the magnitude of the order parameter which represents
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the density of the superconducting electrons can rise from zero at the boundary to a value
9o |* inside the superconductor. As a result of this layer, the order parameter on the
normal-superconducting boundary can not change abruptly. We will see in the section
1.2.5 concerning the Josephson effects that the proximity effect occurs near the boundary
of a normal-superconductor interface causes the continuity of the order parameter on the
boundary.

The second characteristic parameter is the temperature dependent spatial penetration
depth \ defined as:

m* @B(T) \?
|> . (1.17)

NT) = (471'6*2|Oé(7)

An external applied magnetic field can penetrate the superconductor in the neighbor-
hood of the boundary of a normal-superconducting region to a distance specified by the
penetration depth. As a result, the magnetic field does not drop abruptly to zero inside the
superconductor but decays exponentially within the penetration depth where the screening
supercurrent flows. We will see that the parameters ¢ and A form the fundamental length

scales among others for the nondimensionalization of the TDGL equations.

1.2.4 Type-I and Type-1I Superconductors and Vortices
The ratio between the two charateristic lengths ¢ and A is called the Ginzburg-Landau

A m*2c20 3

The significance of this parameter is that when & > 1/v/2, negative surface energy

parameter

is formed on any normal-superconducting surface in the presence of magnetic field with
magnitude in the range between H.; and H. [61], where H. and H. are the temperature-
dependent lower critical field and upper critical field, respectively. Thus if the decrease in
surface energy surpasses the increase in energy in the normal region, it is energetically more
favorable to form normal regions inside the superconductor than to maintain the Meissner
state. A mixed state is reached when the normal regions are formed in such a way to give
maximum surface area relative to the volume of the normal regions. It is shown that each
such normal region formed can only allow magnetic flux in an integer multiple of quantum

unit &g = 27he/e* called fluxion to pass. In the mixed state, the magnetic flux is allowed to
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penetrate the superconductor in the form of flux tubes or vortices with each isolated vortex
carrying a fluxion. We call any such superconductor with x > \/LQ a type-II superconductor.
On the contrary, a normal region inside a superconductor with x < \% gives positive surface
energy and is thus energetically unfavorable, and we call such superconductors as type-
I superconductors. Type-I superconductors have no mixed state, when the magnitude of
an applied magnetic field, denoted as H,, is lower than the characteristic thermodynamic
critical field H. of a type-I superconductor, the phase of the type-I superconductor changes
into the Meissner state, and when H, is higher than H., the phase of the superconductor
changes to the normal state. As we have just mentioned at the beginning of this section,
the mixed state in a type-II superconductor happens when H., < H., < H.. These three

temperature-dependent fields are defined on ®¢, £, A and k as

D
HT) = N2 (TINT)
_ ®lnk H(T)lnk
Ha(T) = ATNAT) 2k
q)() .
Ho(T) = W—\@HHC(T),

and they satisfy the relation
Ha(T) < H(T) < Hao(T).

When H, < H., the type-1I superconductor is in the Meissner state, and when H, > H.s,
the superconductor is in the normal state. Together with the thermodynamic critical field
H., the upper and lower critical fields form three characteristic field strengths intrinsic to
the type-II superconductor.

Since vortices carry magnetic flux, they can be moved by many means, for example, by
the Lorentz force J x @4 induced by an applied current of density J acting on each vortex, by
mutual vortex repulsion, by Magnus “lift” force which exerts on spinning moving object in
a fluid medium [63], or by thermal fluctuations. Suppose a vortex moves at a velocity of vy,
then an electric field E = vg X pod, where pg is the permeability of the superconductor, is
generated which in turn generates an ohmic loss J- E as heat dissipation which may drive the
superconductor into the normal state. Thus, it is desirable to trap or pin down the vortices
from moving. Intensive research is being done to create sufficiently strong pinning forces and

optimal pinning locations to reduce heat dissipation and allow the maximal current flow. The
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maximal current that can flow through the superconductor before the pinned vortices start
to move or before it is pushed to the normal state is called the critical current J., and it is

another characteristic parameter of the superconductor.

1.2.5 Josephson Effects

Electron tunneling is a common quantum mechanical phenomenon in which electrons con-
fined in a space by an energy barrier have a probability to cross the barrier. Tunneling
involving quasiparticles, which are the energetic excited superconducting electrons (super-
electrons), occurs in superconductive “weak link” structures composed of a barrier made of a
thin insulator sandwiched between two superconductors (S-I-S) or between a superconductor
and a normal material (S-I-N). Such tunneling requires an application of a biased voltage
across the link to shift the energy level in one superconductor on one side of the barrier to
facilitate the current flow. In 1962, B.D. Josephson made a prediction based on microscopic
theory that a remarkable tunneling effect involving only superelectrons can occur across a
S-N-S weak link without the need of voltage bias. This non-voltage tunneling effect was
confirmed experimentally shortly later in 1963. It is now understood that this effect also
occurs, in addition to the S-N-S link, in more general links such as a narrow constriction which
joints two pieces of superconductors of the same kind continuously, and a superconductor-
normal metal direct contact whereby the superelectrons from the supercondcutor diffuse
into the normal metal by a proximity effect. The supercurrent tunneling effect is called the
Josephson effect and all these links are collectively called Josephson junctions.

A variety of behaviors of the Josephson effects can be described by or derived from the

Josephson relations:

js - jCSiDAQ, (119)
and (A6)

d(A6 2e

o SR 1.2

where Af = 0; — 05, and 0; is the phase of the order parameter ;. (Note: In the presence of
a magnetic field, the phase difference Af must be generalized to the gauge invariant phase

difference © = A0 — (27/®y) [ A-ds, as now O enters the gauge invariant gradient term in

(1.8).)
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The first equation (1.19) says that the tunneling current is a function of the phase
difference between the two distinct order parameters of the two materials across the junction.
The maximum current density flows across the junction is bounded by the critical current
density j. that the junction can sustain. The current flow can occur even in the absence
of an applied voltage across the junction and in this case, by (1.20) A# is a constant over
time across the junction and thus by (1.19) the current is stationary. This effect is called
the direct current (dc) Josephson effect.

The second equation (1.20) says that the rate of change of the phase difference A6 in
time is proportional to the applied voltage across the junction. Suppose the voltage V' is

independent of time, then we have:

2
AO(t) = 0y + gw, (1.21)
and thus
js =Jesin(vt + bp), (1.22)

where v = 2eV/h is called the Josephson frequency. Equation (1.22) shows that an applied
voltage across the junction causes the the current flow to alternate at frequency v with
amplitude j.. This effect is called the alternating current (ac) Josephson effect. More
complicated Josephson effects can be derived based on the two Josephson relations; following

are some examples (see, e.g., [62], [63] and [64]):

1. Inverse ac Josephson effect occurs when an radio frequency ac or electromagnetic field
excitation such as a microwave is imposed into the junction, a dc voltage is generated across
the unbiased junction. A “staircase” like I versus V (current-voltage) characteristic pattern

is the hallmark of this type of effect (see e.g., chapter 13 in [63]).

2. In the presence of a magnetic field, the behaviors of the Josephson effects, depending
on the structural configuration of the junction and the orientation of the magnetic field,
are rich and complicated. Consider the case when a magnetic field is applied parallel to
a “short” S-N-S junction which we mean the size of the junction is small enough that the
magnetic field (screening field) generated by the junction current is negligible as compared

to the applied field. The net tunneling current across the junction in this case is attenuated
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from the zero field current by the factor:

sin(r®/®o)
W(I)/(I)[)

Zma:c .

i(0)

where i.(0) is the critical current at zero applied magnetic field, ® is the applied flux and @,

: (1.23)

is the quantum flux unit described in section 1.2.4. Equation (1.23) is called the Josephson
diffraction equation and it shows that the net current vanishes when the magnetic flux ®
has values equal to n®,, where n is an integer, and the net current has (decaying) local
maximum when ® = (n + 1/2)®y. This accounts for the fact that © (the gauge invariant
phase difference) changes as a spatial function along the entire cross section of the junction
parallel to the direction of the magnetic field. Suppose the phase difference is 2nm across the
entire length of the junction perpendicular to the field, then according to the first Josephson
relation (1.19), the current changes sign 2n times cancelling itself and thus produces a zero
net current; but then it forms n current loops along the entire length. Each current loop
encircles magnetic flux of a quantum flux unit ®,, and is called Josephson vortex.

For a “long” Josephson junction in which its screening field produced by the tunneling
current is not negligible as compared to the applied field, the resulting behaviors are even
more complicated. In general, its behaviors can be described by a Sine-Gordon equation:

(A—ia—2> 0= gno (1.24)
c2 ot A2 ’

J
where ¢ is a constant and A; is the Josephson penetration depth which measure how
significant is the screening field compared to the applied field and thus is used to distinguish
what we called the short and long junctions. If the size of the junction is very small compared
to A;, the screening effect is insignificant and we call this junction a short junction. On the
opposite, we call the junction a long junction. The solutions of the Sine-Gondon equation
are solitary waves (solitons) and represent the dynamics of the vortices in the Josephson

effect context (see, e.g., [62] and [64]).

1.2.6 The Two-Band Superconductivity
Discovery of MgB,

Superconductors with multiple superconducting energy gaps (multiband superconductors)

have been an interest of theoretical study based on the microscopic BCS theory since the
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paper of H. Suhl, et al. [21] was published in 1959. However materials containing two or more
distinct energy gaps had never been observed in an experiment. In 2001, Japanese physicists
discovered experimentally the novel superconductor magnesium diboride M gB, which has a
remarkably high critical temperature of 39 K, twice the highest transition temperature ever
recorded in any conventional metallic superconductors [23]. Theis class of superconductors
is classified as low 7, superconductors, as opposed to the high 7. superconductors which are
commonly fabricated in the form of copper-oxide compounds. In 2002 theorists predicted
that M gB> contains two superconducting energy gaps on the Fermi surface which is the
highest occupied electron energy state [24]. In 2003 experiments conducted by Japanese and

US physicists confirmed that MgBs contains two energy gaps [25].

Electronic Structure of MgB,

MgBs; is an intermetallic compound and is known now as an electron-phonon mediated
superconductor with two distinct energy gaps and therefore two order parameters. Its
crystal structure consists of hexagonal honeycombed layers of boron atoms separated by
planes of magnesium atoms. It has four distinctive Fermi surface sheets. Electrons form
superconducting pairs on different sheets with different binding or gap energies. The
superconducting energy gaps on the two o bands which form in two nested Fermi cylindrical
sheets confined in the Boron planes have values around 7 meV. The energy gaps on the two
7 bands which form in two “webbed tunnels” Fermi sheets have values around 2 meV. The
strong intraband electron pairing in the ¢ bands is considered to be the main contribution
for the high temperature superconductivity , see [24],[25],[26] and its references. MgB; is
a type-11 superconductor with estimated London penetration depth \(0K) = 125-140 nm,
coherence length £(0K) = 5.2 nm, and GL parameter x(0K) = 26 [28].

The Isotropic Two-Band Time-Dependent Ginzburg-Landau (2B-TDGL) Model

Due to its two-band nature with two distinct energy gaps associated to two separate group
of Fermi surfaces, M ¢gBs has many peculiar properties not explainable by standard one-band
BCS and one-band TDGL models, and their variants such as the anisotropic TDGL model
[31], [32]. Generalization of the microscopic BCS models such as the two-band BCS theory
and the two-band Eliashberg theory are used by many authors to predict or explain the

quantitative characteristics of two-band superconductors, for example, energy gaps, specific
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heat and critical fields [24], [41], [26]. The TDGL model is also generalized into the two-
band TDGL model from the two-band BCS theory [41] and is used to predict and explain
the phenomenological behaviors of two-band superconductors such as vortices [41], [36],

penetration depth [28], critical fields [29] and interband phase texture [27].
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CHAPTER 2

The Isothermal, Isotropic 2B-TDGL Equations

The two-band time-dependent Ginzburg-Landau model generalizes the conventional one-
band Ginzburg-Landau model essentially by coupling the two order parameters with coupling
terms analogous to that of a Josephson junction. As in the one-band TDGL equations, the
derivation of the 2B-TDGL equations are also based on the first variations of a free energy,
but now the free energy of a two-band superconductivity model consists of two distinct energy
contributions, each from a distinct order parameter. There are also interband coupling energy

terms to account for the interband interactions. The 2B-TDGL equations are given by

8¢H 1e* . _(53[.12 .
10A _ 0F1

Onp, (EE + V(b) = _Ca—A7 (2.2)

where
Fialtn, ) = [ (Fi fot fa ot f) a2 (2.3)

Q
with
o= ot + gt 2 iny - Sy, —12, (24
e R 2 © 2mz c o n=1 4 .

fi2 = €[ihe + c.c] + € {(mv - e—;A)wi‘(—iﬁV - e—C*A)wg + c.c} : (2.5)
fm = % |curlA — He|2 , (2.6)

where c.c. denotes the complex conjugate, and the real numbers ¢ and €; are coupling
parameters describing the interband interactions of the two order parameters and their

gradients, respectively. Here f; and f; are the conventional one-band free energy densities
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for the order parameters 1 and s, respectively. All the other parameters are the same as
those found in the TDGL equations.

In general, the critical temperature for each order parameter in a multiband supercon-
ductor is distinct from each other. To take into account this situation, we retain the explicit
temperature dependences of o, = «,(7) and 3, = 5,(7) in the 2B-TDGL equations and

approximate them as

a, = a,(0) {77_— - 1} , By = B,(0), (2.7)

cp

where «,(0) > 0 and (,(0) > 0 are the corresponding parameters at absolute zero
(7 =0), and 7, is the critical temperature of the band p. From the one-band Ginzburg-
Landau theory, the above approximations are valid for small variation of 7 near the critical
temperature 7. of each individual band. However, the 7. of one band may be several times
larger or smaller than the 7. of another band. In order to correctly model a phenomenon,
we may need to set the operating temperature 7 below both 7., and 7.,. As a result, the
temperature 7 may be slightly below the lowest critical temperature, say 7.;, but becomes
deviated largely below the highest critical temperature, 7.,. In this case, whether this 2B-
TDGL model remains qualitatively valid needs further investigation.

We want to emphasize that the temperature 7 in our model is a given fixed value. In
other words, we only consider an isothermal 2B-TDGL model and neglect the effect of Joule
heating produced by the interchanging of thermal energy and electro-magnetic energy loss
which can be generated by a time-varying current or a time-varying magnetic field. As a
limitation to this isothermal simplification in simulations of real world situations, we may
only consider a time-dependent applied current or a magnetic field that varies slowly in time.
For non-isothermal TDGL model, we refer the reader to papers such as [14] and [15].

From equations (2.1) and (2.2), we obtain the following dimensional isothermal isotropic

2B-TDGL equations:
1 = \?
<—¢hv -~ e—A) "
2mj c

N 2
+€1/12+€1 (-ZhV—%A) 1/)2:0 inQX(O,T),

Iy <88¢t1 ) + aq + Bilvn [P +
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o0,
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ie*
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+ 7 ¢¢2> + gty + 52|7,D2|27,D2 + % (—iﬁv — €_A> Yo
ms c
* 2
+ €Y + € (—ihV—%A) P =0 in Q x (0,7T),

écurl H, +o0, (—%% — V¢)
- {% (V19 — Ui V) - %m%}

* 'h *
— {% (62V5 — V3 Ves) - %WA}

2
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or equivalently,

C
— curl’A
4ﬂcur

10A
icurl H. +o0, (__8_ — qu)
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NI~ N —= N~ N =

c Ot

1 * *
. (—mwl _ 6—A¢1) e (—zhvwz _ e—szﬂ
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. (zhwl _ —Aw1> e (th% _ —szﬂ
m; c c
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. (—mwz - —A¢2> te (—zhwl _ —Awl)}
m} c c
1 . * e’ * . * e’ *
m} c c

in Q x (0,T).

(2.8)

The first variations of the energy functional (2.3)-(2.6) give the natural dimensional

boundary conditions, together with the initial conditions; they are:

[ENEE.
2mj

2

11
{— . (—ihva — % A,
2m c

*A¢1> te (—@hWQ - iAwg)l ‘n
& C

> te (—z'hwl - %Awl)] ‘n

0 ondQx (0,7T),

0 onodf2x (0,7T),

(2.9)

(2.10)

curlA xn = H.,xn ondQ x (0,T),
hi(@,0) = Gio(r) Q)
Y2(z,0) = ()  in,
A(2,0) = Ao(z) Q.
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Note that the above PDEs and boundary conditions are gauge invariant, i.e., given a
solution (¢1,19, A, ¢), let G, be a gauge transformation defined as

/ ! gl % % he ho
Gyt (1,0 A 0) = (V1,05 AL ) = (1™, o™, At VX, 9 — —

where y is an arbitrary but sufficiently smooth single-valued scalar function of time and

), (2.11)

spatial coordinates, then the transformed solution (¢,v%, A’,¢') is also a solution for the
2B-TDGL system.

For a superconductor-normal metal (S-N) interface, the boundary conditions (2.9) and
(2.10) should be modified to the De Gennes’s S-N type boundary conditions (see (1.11))
which are implied by the requirement that the normal component of the supercurrent does
not cross the superconductor sample, i.e., j,-n = 0 on 0%, see [1] and [61]. Imposing this

S-N interface requirement on equation (2.8), we get:

(11 , e* , e* 1 _h ,
> (—Zhvwl - —Awl) + € <—th¢2 - —AQ/JQ) ‘n = i1 + €1y
|2m] c c | 2mj

on 002 x (0, T), (2.12)
(11 . e* . e* 1 _h .
D —ithVipy — — Aty | + e | —ihVY1 — —Ady || -n = i——7ts + e1ihyh
[2m5 c c | 2ms;

on 092 x (0, T). (2.13)

Here 71 and -, are assumed to be nonnegative real valued functions satisfing 7;(x) > 0,
for x € 02 and ~; € L*>(0N2). For the above set of boundary conditions, we need v, = 72 to
be satisfied in order to satisfy the S-N interface requirement.

By adding the additional term

h? h?
/a ( ’YlWlP + 72|¢2\2 + 61(5271¢1¢§ + 52717#;7?2 + 7”12’727#21% + h2’72¢;¢1)> as
Q

* *
2mj 2ms

to the energy functional (2.3), boundary conditions (2.12) and (2.13) become the natural
boundary conditions of this new functional’s Euler-Lagrange equations.

Other possible boundary conditions which also satisfy the S-N interface requirement and
replace the boundary conditions (2.9) and (2.10) are

_11 h

. e* . e* ] .
2 (—mv% - —A%) + € <—th¢2 - —A1/12) ‘no= i——mY
|2m] c c | 2mj
on 99 x (0,T),(2.14)
(11 . e* , e* 1 ,
3 (—th% - —A%) + €1 <—Zhv¢1 - —A%) ‘n o= iz——"%Y
[2m5 c c | 2ms;

on 9 x (0, T). (2.15)
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By adding the additional term

2 h2
—71 [ [? |¢2|2)

/ I
o0 \2mj 2m

to the energy functional (2.3), boundary conditions (2.14) and (2.15) become the natural
boundary conditions of this new functional’s Euler-Lagrange equations.
Note that when €; = 0, we recover the boundary conditions proposed by De Gennes in

both cases:

(—ihV — S A)pn = iliyy;  ondQ
C

2.1 Nondimensionalization of the 2B-TDGL
Equations

We non-dimensionalize the 2B-TDGL equations with the following non-dimensional variables

(those with /) and parameters

For = 1,2,
ry \
T “mOl
A= (%) 21330A’, H, =2 (%) ’ H = V2H!(0)H!
§u = (m) i e (%)1 , (2.16)
G ) (o) - Goce)
- F(glg(oi)zi >D @ " ‘Uifb”;’z’*))
where 1
0 - ()
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is the thermodynamic critical field of the first band at 7 = 0.

g nefg]

Define

Ta T

(2.17)

Then the non-dimensionalized 2B-TDGL equations (with ' dropped) are:

0
r (% +i¢¢2) + ([o]® = T2) o + (-ii—zv —

ot
'€2V—V@

_'l/—
i /\2

2
+77¢2+771€—11< A) Py =0

S v

) & (_&Go w,\
+ nuvy +ni—v V—-——A) 1 =0

4L
& o A1
20A 1
A = curlH, _TogA 2
cur cur +o ( N m ng)

+ Z§ (01 VYT —1Vy) — ')\2|¢1| A

(% +i¢¢1) + (s> = 7o) o + (—iév —20A

Zo A

2
Vo

inQ x (0,T), (2.18)

2
T
I/)\—ZA) ¢2

inQ x (0,T), (2.19)

inQ x (0,T). (2.20)

111 L 2
+ 5, (Vo V5 — 3 Vihy) — %|¢2|2A
1
— 771i§§\—12(¢fv¢2 — 1 Viby + 03 Vb — V)
2
AW )

As in the dimensional case, the first possible set of non-dimensional S-N interface

boundary conditions together with the initial conditions are:

(e
Zo

[( &2 Vihy — V%A@DQ) + mv (—iéVdJl — @Awl)- ‘n
2 Zo A ]

_/L_
Zo

1 -
- @Awl + - —i§—2V1/12 - V@AT/JQ ‘n
>\1 1% ZTo )\2 ]

curlA x n
Yy(z,0)
a(z,0)
A(z,0)
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. o1
ng—lwl + ”71—7291/12
i) 7 )

on 99 x (0,7T), (2.21)

9 s + i S
ZTo Zo

on 992 x (0,7T), (2.22)

H. xn onodQ x(0,7T),

wlo(l') n Q,
¢20(I) n Q,
Ap(zr) in€.



Here for i = 1,2, v;(x) > 0, for x € 92 and ~; € L>*(02). Boundary conditions (2.21)
and (2.22) together require 73 = 7, to be satisfied in order to satisfy the S-N interface
requirement.

As in the dimensional case, other possible S-N interface boundary conditions which

replace the boundary conditions (2.21)-(2.22) are

) -
—iév% - EA% +m- —iév% - V@A% ‘n = i%é?/h
Zo )\1 14 o )\2 ] i
on 09 x (0,T),
& o &1 Lo | . S
===V —v—Athy | + mv | —i—Vi1 — —A¢1 || 'n = iy
To Ao Zo A ] To
on €2 x (0,T),

The physical meanings associated to each of these two sets of boundary conditions have

yet to be investigated.

2.2 2B-TDGL Equations with Time-Dependent
Applied Current and Magnetic Field

For the rest of this work, we assume that the domain €2 is an open, bounded, simply
connected 2-D domain with Lipschitz boundary 0€2; in particular, we are interested in convex
polygonal domains. Following the notations used in [2] and [3], let H*(2) be a real-valued
Sobolev space of order integer s in the domain €2; let ‘H*® be the corresponding space of
complex-valued functions, with real and complex parts belong to H*(2); and let H*(Q)
be the corresponding space of vector-valued functions, with each component belonging to
H*(Q), i.e., H*(Q) = [H*(2)]". We will use the same notation ||.||s to denote the norms of
H*(Q), H*(Q?) and H*(Q2) without any ambiguity. Similarly, Let L4(Q2), £(£2) and L4(Q2) be
the real-valued Lebesgue space, its corresponding complex-valued and vector-valued spaces
respectively. We will use ||.||o to denote the norms of any of these L? Lebesgue spaces, and
l|.ll0,q for any of these L? spaces, 1 < ¢ < oo, ¢ # 2. We will also denote by n the unit

outward normal vector on the boundary 0.
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We first define some notations for vector-valued spaces:
H(curl; Q) = {v € L*(Q)| curl v € L*(Q2) in Q},
Hy(curl; ) = {v € H(curl; Q)| v x n|sqg = 0},
H(div; Q) = {v € L*(Q)|divv € L*(Q)},
H(divy; ) = {v € H(div; Q)| divv = 0 in Q},
H, (dive; Q) = {v € H(div; Q)| divv = 0in ©, v -n|sq = 0},
H (divy; Q) = {v € H(Q)|divy = 0 in Q}
H!(Q) = {V € H'(Q)|v-n=0o0n 89},
(div; Q) = {v € H'(Q)|divv = 0 in Q}
We quote a result from Girault and Raviart [44]: If Q is an open, bounded and simply
connected domain in R? with a boundary 99 of class C! or with a piecewise smooth O

with no reentrant corners, such as a bounded convex polygon, then for any A € HL (), we

have

Next we define some time dependent Sobolev spaces. For any given 7" > 0, and Banach

1
P
<>y,

L>(0,T;X) = {u‘u(,t) € X, t€(0,T) ae; esssupgeier|u(-t)|x < oo},

space X, define the spaces

LP(0,T; X) = {u|u(,t) €X,te(0,7T)ae; [/0 u(-, t)||5%dt

1
2
<oo}.

The corresponding complex-valued and vector-valued spaces are defined in an analogous

way. In 2-D, we know that curlg = (0¢/0xs, —0¢/0x1) is a vector, while curl v = vy /0xy —

HY0,T;X) = {u|u(,t) €X,te(0,T)ae; [/0 (Hu(,t)H%( + ||u’(,t)||§() dt

Ovq/0x4 is a scalar. We also understand that in 2-D, curl ¢ x n|sq = curl ¢-7|s0 = =V -nlgq
in the trace sense, where n and 7 are the unit vectors outward normal to and tangential to
the boundary 0€2, respectively.

Now we want to generalize the 2B-TDGL to include the effects of an applied current. First

let us discuss how other authors include an applied current into a one-band time-dependent
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Ginzburg-Landau model with various gauge adoptions. Assume a superconductor occupying
the domain €2 in the normal state possesses some material properties which will be stated
later. Then the total current inside and outside the superconductor is j = curl®?A. Since it is
divergence free, by using a standard method used in electromagnetics (see for example [65],

sec. 2.8), we can derive the following boundary condition that must be satisfied on 92
j-n] = [curl?A -n] =0 on 02,

where [-| denotes the jump of the enclosed quantity across the boundary d€2. In other words,
if an applied current j, is applied to the superconductor either through direct metal lead

contacts or by indirect means such as an external electrogmagnetic field, we must have
j-n=cuwl’A -n=j,-n, on 0, (2.24)

where n and n, are the unit outward normal vector and unit inward normal vector on the
boundary 052, respectively. We will called a current which is applied to the superconductor
through metal leads a Type-A current, and a current which is applied to the conductor by
means of an external electromegnetic field induction a Type-B current. In the case where
there is only a Type-B current source, j, is equal to curlH., with H. being the external
electromagnetic field which induces the current and is assumed throughout this work to be
the same inside and outside of the superconductor, and unaffected by the magnetic field or
demagnetization created by the superconductor.

Consider a case where there exists a Type-A current j, and a Type-B current induced by

H.. Then we have (with some parameters dropped)

A
j = curl’A = _J(aa_t + Vo) + curlH, + j in €,

curl?’A = j, + curlH,  outside ©,

where j, is the superconcurrent. Now since the normal component of the supercurrent
vanishes on the boundary, i.e., js - n|sgo = 0, then by the continuity boundary condition

(2.24), the normal current must satisfy

—0’(% +V¢)-n = j,-n  ondf, (2.25)

where in the above equation, the term curlH, - n|sq has been cancelled out on both sides
since by our assumption on H,, it is the same throughout the region inside and outside of

the superconductor sample.
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We now investigate how currents are added to the TDGL equations under different gauge
choices.

(I) Suppose the divergence-free Coulomb gauge (V- A =0 and A - n|sg = 0) is applied
to the TDGL model, then the continuity boundary condition (2.25) becomes

—oV¢p-n=j,-n on Of2. (2.26)

This means that we have to solve for the electric potential ¢ which has to satisfy the
TDGUL equations and its standard boundary conditions in addition to the boundary condition
(2.26) at every computational step solving for ¢ and A. Because of this and the divergence
free requirement, the Coulomb gauge adoption is not suitable for computation.

(IT) Suppose the Lorenz gauge (¢ = —V - A and A - n|sq = 0) is used, then the electric
potential ¢ is eliminated from the TDGL equations and the continuity B.C. (2.25) becomes

V(V-A) n=j,-n  ond. (2.27)

(III) Suppose the zero electric potential (ZEP) gauge (¢ = 0 and A - n|gq = 0) is used,
the right hand side of the continuity B.C. (2.25) vanishes, this means the ZEP gauge can
only be used when j,|sq = 0.

The above discussion shows that the Coulomb gauge, Lorentz gauge and the ZEP gauge
are not suitable for the modeling of Type-A current explicitly. One viable way to add applied
current into the TDGL model is to add Type-B current through external electromagnetic
field H, by the relation j. = curl?A. = curlH,. But there is a limitation to this approach-
it can not be used to model a Type-A current because such a normal (stationary or slowly
varying) current vanishes inside a superconducting superconductor away from the boundary
(see [60], sec. 1.2 and sec. 11.4) and the curlH, term can not model this phenomenon from
the outside and without knowledge of the dynamics of the superconductor.

(IV) One way to add a Type-A current explicitly to the TDGL model is to use an
extension of the ZEP gauge. For instance, in [4], a gauge which satisfies ¢ = ¢, in Q and
A -n =0 on 09 is adopted to the TDGL equations. Here ¢, satisfies the relation Vo, = j,
in Q. By utilizing this gauge, it is easy to see that the continuity B.C. (2.25) is satisfied.
Moreover, unlike (2.26), now ¢ = ¢. is a fixed function that is independent of the TDGL
equations and thus may be calculated ahead of each computational step solving for ¢ and A

of the TDGL equations. The point here is that the role of ¢. now only serves as an auxiliary
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variable and does not represent the true electric potential occurring in the superconductor.
However, this gauge choice can only model Type-A applied current of constant value either
in space or in time. The reason will be stated in the remark below.

We want to generalize the above gauge choice (IV) to one which can also model time-
dependent Type-A applied current of spatial function. For simplicity, throughout the rest
of this work we will assume that the superconductor when in the normal state is a linear,
isotropic and nondispersive material. We also assume that the superconductor in the normal
state is a good conductor with a large but finite conductivity o, i.e., a metallic superconductor
such as the M gB; (but it is not an isotropic material). Assume that a time-dependent current
je exists in the superconductor in the normal state, i.e. as a conductor, then the electric field
E., electric displacement D.., magnetic field H., magnetic potential A, and electric potential
¢. associated with the applied current must satisfy the following Maxwell equations and some

constitutive relations

x2 OA 1
E. = —(2—=—=+ V¢, 2.2
Je = oK, (2.29)
Apy
G o= 2.30
V-j 5 (2.30)
D. = ¢E., (2.31)
V-D. = p,, (2.32)
D
curlH, = curl’A, = jc—i-%, (2.33)
V-H, = 0, (2.34)
B. = uH, (2.35)

where p,, € and p are nondimensionalized parameters corresponding to the charge density,
the absolute permittivity and permeability of the superconductor, respectively. Since we
assumed that the superconductor is a linear and isotropic material, the constitutive relations
(2.31) and (2.35) hold with constant permittivity and permeability, respectively. In addition,
we assumed that the superconductor is also a nondispersive material, so the constitutive
relation (2.29) is stationary and o is a constant. We will also assume that the applied
current varies slowly in time (e.g., length of circuit << wavelength of current or o/we >> 1,
where w is the frequency of the current) and satisfies a smoothness regularity in time which

will be stated later. With the above assumptions, the displacement current 0D./0t can be
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ignored and equation (2.33) can be approximated as

cur’A, = j, inQ, (2.36)
curlA, xn = 0 on 9. (2.37)

Here for the purpose of exploring the relationship of A. and later of ¢. to j., we need not
consider other external field and so we assumed that there is no external magnetic field
applied to the sample. Other boundary conditions will be determined by proper gauge
choice.

From the above Maxwell equations, the consequences of the approximation that
oD./0t = 0 are dp,/0t = 0, p, = 0 and V - j. = 0. This implies that the Kirchoff’s
law holds across the sample, ie., [ gJe - mdS = 0, for any closed surface S. As discussed
before, the divergence free condition of the current j. gives a continuity condition across the
boundary of the domain in the normal direction (see for example [65], sec. 2.8 and sec.3.2.2),

namely
[curl?’A -n] =[j.-n] =0  on 99, (2.38)

where [.] denotes the jump of the enclosed quantity across 9f2.

When we are considering the case that an applied current j, is supplied to the boundary
of the superconductor sample in the normal state through current leads, we can only specify
the applied current on the sample boundary as j,|sq. We find jc(t) as an extension of j, |90

to Q, for t > 0, by solving
Vj(t) = 0 in €, (2.39)

Jje(t) = Jau(t) on 09, (2.40)

where j, satisfies [, jo - ndS = 0.
For each t > 0, given a prescribed j,(t)]aq € Hz(8) with Jo0,da - 1dS = 0, the solution
of the above problem exists and is unique up to an additive function in V := H{(divg; Q),

see [44]. Moreover, we have

et ey < Cllia®)llg3 o (2.41)

where the constant C' is independent of the time ¢. The following lemma shows that we can

find a particular solution.
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Lemma 2.2.1 For t > 0, there exists a solution j.(t) € H'(Q) of the BVP (2.39)-(2.40)
that satisfies

3e(®)l s @) = [3e®) @y = mE [|Ge+ V) Oll@) < Cliallgy oo (242)
where j, is obtained from the BVP (2.89)-(2.40).

Proof Let m = in\ff e + Vlm @) Let {v,} C V be a sequence such that {j. + v,} is a
ve

minimizing sequence of m, i.e.,
llic + Vallai = m  asn — oo.

Then by the inequality (2.41) m is bounded, so {j. + v,,} is uniformly bounded in H(Q).
Therefore, there exists a bounded subsequence, again denoted as {jc + v, }, converges weakly

in H'(Q) to a limit j. € H'(Q), i.e.,
{jc +vo} —j. in HY(Q) as n — 00. (2.43)

Since the linear, bounded mapping u € H'(Q) — ||u|g1 (o) is compact, then by passing to

yet another subsequence if necessary, we obtain
Hjc + Vo llmr @) = liellmi@) =m as n — 0o. (2.44)

Since the Hilbert space H'(Q) is locally uniformly convex, the convergences in (2.43) and

(2.44) together imply a strong convergence (see [53])
Ge+va} —ij. mHY(Q) asn— oo (2.45)

Now since the Sobolev trace operator v : HY(Q) — Hz (99) defined as vo(v) = v|sq in the
trace sense, is linear and continuous, the strong convergence (2.45) implies 70(50 +v,) —
Y(je) as n — oo. A passage to the limit n — oo of the sequence {jc + v,} in the BVP
(2.39)-(2.40) shows that j. also satisfies the BVP (2.39)-(2.40). |

By the above lemma, we assume without loss of generality that given a prescribed
boundary current j,|sq we can always extend it to a current j. € H'(Q) defined in the
domian 2. We can decompose ju|oa as jalog = ja - T + ja - 1, where 7 is the unit tangential

vector on 0. We will see later that we actually only concern about j, - n|gq. The result
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of lemma 2.2.1 also implies j. € H(div;Q) and thus j. - nlsa = j. - njaq € H_%(Q). By
Sobolev’s extension theorem on trace, there is a lifting function ® € H(div;{2) such that
¢ - nlpg = j. - njaq, see [44]. Clearly, j. can be such a lifting function. Therefore, from the

extension theorem, we obtain that for ¢t > 0,

0 s < 15(6) - 0113 (2.46)
By the same reasoning, we can find a divergence free lifting function 9j./0t € H(divo; Q2)
of 9j./0t - n|sq = 0j, /Ot - n|sq € H’%(aﬂ). Moreover, for t > 0, we have
je ja
1 (0 ey < 1520 mll 3 (2.47)
Therefore, from the norm estimates (2.46) and (2.47), if j,-n, 8j./0t-n € L1(0, T; H2(9%)),
we have j., 0j./0t € L4(0, T; H(divg; ), for g € [1, o0].

In view of the results obtained above, we may now prescribe the applied current either

inside or on the boundary of the superconductor sample. We want to point out that j.
in Q only represent a current flowing in a conductor occupying the region €2, it does not
represent the true normal current occurring inside the superconductor in the superconducting
state. As we stated before, inside a superconducting superconductor there is zero normal
current away from the boundary. In other words, any j. as a divergence free lifting function
will serve our purpose, albeit it is not unique. Without loss of generality, we assume

Je, 0jc/0t € L9(0, T; H(dive; Q2)). From (2.28) and (2.29), we have for almost all ¢ € [0, T,

i) = —o (B2 4 Lva), (2.49

where A satisfies the BVP (2.36)-(2.37). Since j. € L?(Q), by applying the Helmholtz
decomposition (see [44], section 3 of chapter I) to j., we know for a.e. ¢t € [0,7],

o.(t) € H'(2)/R is the only solution of

R1,

(Voe(t), Vv) = (—;Jc(t), V) Vv e HY(Q), (2.49)

which has the following distributional interpretation

V2.(t) = —%V-jc(t)zo in Q, (2.50)
Dbt .
q(;g) - —%Jc(t)-n on 99. (2.51)



Here since jo(t) € H(div;Q), j.(t) - n € H2(99) is well-defined. From the above elliptic
BVP, we have for a.e. t € [0,T], ¢.(t) € H'(Q), unique up to an additive function of time

only and

[0c@)llar@) < Cllie(®) -1l -4 g (2.52)

where the constant C' is independent of the time ¢. Here in the above estimate, we have
used the fact that the semi-norm | - |g1(q) is always smaller or equal to the quotient norm
| - [|m1(0)r, and that H'(Q)/R is isomorphic to the space {v € H'(Q); [,vdQ = 0} in
which by the Poincaré-Friedrichs type inequality we have || - |[g1) < C| - |g1(q). From the
above estimate, we get ¢. € L9(0,T; H(Q)) if j. € L0, T; H(divy; Q)), for ¢ € [1, 00]. Note
that the condition [, vdQ = 0 allows us to find a unique solution in ¢, € L4(0,T; H'(Q)).
Indeed, suppose p; := @.(t)+C1(t) and py := ¢.(t)+Ca(t) are two solutions in L4(0,T; H'(2))
which differ in an additive time function, then [, (p1 — p2)dQ = [,(Ci(t) — Ca(t))dQ = 0,
this gives C1(t) — Ca(t) = 0 for almost all t € [0,T]. Hereafter, we will set H*(Q)/R = {v €
HY(Q); [ovdQ =0}

Analogous to the finding of ¢., we can find, for almost all ¢ € [0,7], a unique
dp:/0t(t) € H'(Q)/R = {v € H'(Q); [,vdQ = 0}, by solving ¢ € H'(Q)/R in

2 _ _ﬂ . a]c(t) - .
Vi(t) = . \Y 5 0 inQ, (2.53)
og(t) k1 0je(t)
o - o g R om oS (2.54)

Here since 8j.(t)/0t € H(div; ), dj.(t)/0t - n € H 2(99Q) is well-defined. From the
above elliptic BVP, we have for almost all ¢ € [0, T,

ot H™%(99)

€O 1) < Ci

where the constant C' is independent of the time t. Clearly, ( = 0¢./0t. From the above
estimate, we get d¢./0t € L1(0,T; H(Q)) if dj.(t)/0t € LI(0, T; H(divy; Q)), for g € [1, o0].
Summarizing the above regularity information, we have that if j. € H' (0, T; H(divg; Q)) N
L>°(0,T; H(divy; Q)), then ¢, € H'(0,T; H'(Q)) N L>(0,T; H()). This further implies
6. € C([0,T]; HY(Q)).
By the uniqueness of the Helmholtz orthogonal decomposition and equation (2.48), for
almost all t € [0,T], 0A.(t)/0t is the only solution defined as
£ A1)
Aot

(2.55)

= (1) — I%ngc(t). (2.56)
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Moreover, we have 0A.(t)/0t € H, (divy; 2). However, we will find A, and 0A./0t by
solving the BVPs (2.36)-(2.37) which will be repeated below to give us some norm estimates
of higher regularity.

Remark In general 0A.(x, t)/0t is not identically zero in (2.56) for almost all ¢ € [0, 7],
this is because if it was indeed equal to 0, then we would have j.(t) = —,{%V@(t) for almost
all t € [0,7]. This would imply that we must have curlj.(f) = 0 for almost all ¢t € [0, 7.
But in general curlj.(¢) # 0 for almost all ¢ € [0,7]. In other words, if we want to keep
Je(t) = —:Z V(1) as is needed in the gauge choice discussed in case (IV), then we are bound
to consider only a limited set of j, which makes j. in Q satisfying divj. = curlj. = 0 (see
[44], Theorem 2.9 which holds when € is simply connected) such as a constant j, in space.

Or we can consider only stationary j,, in this case 0A.(x, t)/0t simply vanishes in (2.56).

As in the gauge choice case (IV) discussed before, both ¢. and A, and even the j. which
is defined inside of €2, need not have accurate physical meanings or actually reflect a physical
situation. What we need is to ensure that they together satisfy the equation (2.36) and
(2.48). Our plan is to use these functions as auxiliary variables to fix a gauge from which the
continuity boundary condition (2.25) on 0f2 can be established and thus the applied current
on the boundary is included into the 2B-TDGL model implicitly.

The space H,,(divg; Q) prompts us to apply the Coulomb gauge with V- A, = 0 in Q
and A, - nlsg = 0 to equation (2.48) and (2.36)-(2.37). Adopting the Coulomb gauge, we
can find, for almost all ¢ € [0, T], a unique A.(t) € H}.(div; Q) by solving

(curlA,, curlv) = (jo, v) Vv € H)(div; Q). (2.57)

This is equivalent to the following stongly elliptic problem

curl’A.(t) = je(t) inQ, (2.58)
V-A(t) = 0 inQ, (2.59)
A(t)n = 0 on 0L, (2.60)
curlA (t) xn = 0 on 0f). (2.61)

By utilizing the equivalence of norms (2.23), the existence and uniqueness of A.(t) as a

weak solution is guaranteed by the Lax-Milgram theorem. Moreover, we have the following
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estimate

Al ) < Ollje()]|L2 @), (2.62)

where the constant C' is independent of the time ¢. From the above estimate, we get

A. € L9(0, T; H) (div; Q) if j. € L0, T; L*(Q)), for ¢ € [1,00].

Analogous to the finding of A., for almost all ¢ € [0,7], we can also find the unique
OA.(t)/0t € HL (div; Q) by solving B € H! (div; Q) in

9je(t)

1B Iv) =
(curl B, curlv) (815

,v)  ¥v e H(div; Q). (2.63)

which gives the estimate

Jj(t)
ot

IB()||ar@y < C L2, (2.64)

where the constant C' is independent of the time t. Clearly, B = dA./dt. From the above
estimate, we get OA./0t € L4(0,T; H} (div; Q)) if 9j./0t € L4(0, T; L*(2)), for ¢ € [1, 00].
Summarizing up the spaces we see that if j. € H'(0,T;L*(Q)) N L>*(0,T;L*Q))
then A, € H'(0,7;H}(div;Q)) N L>*(0, T; H}: (div; ), and this further implies A, €
C([0, T); HL (div; Q)). Thus we have A.(0) € H],(div; Q) and so V - A.(0) = 0.
We will apply the “current gauge” defined by the following gauge transformation to the
2B-TDGL equations. Given (1/:1, s, B, D),

(1, 9, A, §) = Gy (1,1, B, D),

where 11 = 111X 1)y = e X, A = B + (A\2/22)Vy and ¢ = ® — k1 (dx/dt), and y solve
the following problem:

/ﬁ% = ¢ — 0. in €, (2.65)
Al
—Vx-n = —-B-n on 02 fort >0, (2.66)
Lo
A2 . :
——=Ayx = divB in Q att = 0. (2.67)
3

This amounts to saying that under this “current gauge”, we have ¢ = ¢, in Q for ¢ > 0,
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A-n=0o0n0dQ for t >0 and divA = 0 in Q at ¢ = 0. From equation (2.48), we have

20A,
—%wc - jc—i—a% 5 o (2.68)
1
29A
= curlH, + aig 8(%0 in €. (2.69)
A,
= curl’A, + JAQ %t in Q. (2.70)

Under this “current gauge”, from the above equations, we can have various forms to
formulate the 2B-TDGL equations, depending on what terms are substituted into the
equations. One form is to substitute V¢, by equation (2.70), which gives

2
(% + zgzwl) + (|a]* = T1) 1 + (—zév — —(A +A )) (0N

W' A
N Wﬁm%; (_ i_Qv_ A2(A+A )) Yy = 0 inQ x (0,T),(2.71)
r (5‘% Hm) + (9sf2 = T) o + (—ﬁ—?v A+ A»)zwg
+ Ry + n%y (—Z%V - >\_1(A +A ))2¢1 =0 inQ x (0, T),(2.72)
curl’A = curlH, — a%%
b i (V] - UiV - i—?W(A A
o (VS — ) - i—g\wﬂQ(A +A)
— g IV — VS + UV — GV )
— (A A+ ) O x (0,1), (273

here 7; and 75 are defined in (2.17), and A := A — A.. Since the normal component of the
supercurrent js vanishes on the boundary 0€2, by trace extension, equation (2.73) yields that
for almost all ¢ € [0, T,

T3 OA

curl’A -n = (—¢ )\2 wn

+curlH,)-n  on 0.
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Note that later in Theorem (3.2.26) we will show that 9(divA)/dt € L*(0,T;L3*(Q)),
and we already knew that 0A./0t € L9(0,T;H!(div;Q)). As a result OA/Ot, OA/Ot €
L2(0,T; H(div;Q)) and thus (JA/dt) - n, (JA/dt) - n € L2(0,T; H 2(0RQ)). By the
construction of j,, we have curl?A, = j. and j. = j, on 9Q (by (2.40)), this gives

a:(z) 0A

curl’A -n = (curl’A, /\2 ¥ +curlH,) -n on 09
= (curl’A.+curlH,) -n on 02,
= (je+curlH) -n on 02,
= (jut+curlH,)-n  ondQ, (2.74)

where in the first equation the time derivative term vanishes because (A — A.)-n = 0 on 952
for t > 0. Therefore the continuity B.C. (2.24) (and thus (2.25)) is satisfied, since from the
outside of 2 we also have (j, +curl H,) -n on 09Q. Thus the continuity B.C. is automatically
satisfied and needed not be included explicitly into the model as a boundary condition.

The complete set of boundary and initial conditions now becomes

(—zévm— nl—évw)- = mli—;wl on 99 x (0, T), (2.75)
(—i%vwg—inlu%vwl>.n = z‘rygfj—zwz on 09 x (0, T), (2.76)
curlA xn = H,xn ondx(0,7T), (2.77)

A-n = 0 ondQx(0,T), (2.78)

P1(x,0) = to(x) inQ, (2.79)

Pa(x,0) = to(x) inQ, (2.80)

A(x,0) = A(x,0) — A.(x,0) inQ, (2.81)

V-Ax,0) = 0 inQ. (2.82)

Note that by the B.C. (2.61), curlA. x n = 0 on 9. The B.C. (2.78) is from the gauge
which gives A-n = 0, and from A, n = 0 on 9Q. The last I.C. is also from the gauge
V-A(x,0) =0 and by V-A.(x,0) = 0. This condition is required in later proof. Hereafter,
we will denote A(0,x) = Ag. We will also denote the above initial-boundary-value problem
(2.71)-(2.73) and (2.75)-(2.82) corresponding to the first approach of adding Type-A current
as IBVP1.
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We notice that in (2.74) 0A /0t actually plays no role in satisfying the continuity B.C.,
since it’s normal component always vanishes on the boundary. So it is reasonable to exclude
this term in the addition of Type-A current to the model. We propose our second approach
below which is equivalent to the first approach.

Consider again that j,|aq is specified only on the boundary. We find a unique ¢, €
H'(Q)/R = {v e H'(Q); [,vdQ =0} by solving the following BVP

Vi, (t) = 0  inQ, (2.83)
99a(t) K1, .
. - o Ja(t) - m on 0f. (2.84)

This BVP is exactly the same as the BVP (2.50)-(2.51) which results from the Helmholtz
decomposition (2.48) for j., but now we skip the process to find j.. We also skip the process
to find 0A./0t. As in (2.65)-(2.67), we use the same “current gauge”. However now since
we don’t have the knowledge of j. and 0A./0t, we don’t have the relationship (2.68)-(2.70).
This means that even if we have j. ready, Vo, # j. in 0 and thus this “current gauge” is
different from the gauge discussed in case (IV). In our second approach, we simply replace ¢
in the 2B-TDGL for ¢; by ¢, and V¢ in the 2B-TDGL equation for A by V¢,. The gauged
2B-TDGL equations now become

(% + Z¢a¢1> + (l]* = 7o) o + <—Z%V - )\_1A) W
&2

+n%+m§l<ﬂ_v_ )¢r4) inQx (0,T), (2.85)
& Ao

2
(%ng) (Ial? = T3) 2 + (—ziﬁv—u@K) Wy

2
+ nuiy + 7712—1/ (—zév — —K) P =0 inQ x (0,T), (2.86)
1
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X 0A o
)\2 ot K1
; * ‘Tg 2N
g le% YiVapy) — p!wll A
1

1 1

cur’A = cuwrlH, — ¢ Vo,

2
(V2V05 — 5 Vn) - T3 lual*A
2

V2K
1
- 77122

Ko
%w;v% — Vb + 03V — Vb))
2

771)\ )\ A1y + ay) in {2 x (0, T). (2.87)

It is easy to check that the continuity B.C. is satisfied, indeed

~o({35; +—Vé)'n = —=Vé,n
Y K1
= jo'n on 02,

where the last equality is obtained from (2.84). The benefit of using this approach is that
it is simpler than the previous method in which we have to evaluate A, in addition to ¢,
and to do that we have to find a non-unique j. in €2 first. In this approach, we only need ¢,
which can be found once j, is given on the boundary 02 and is unique. So this is a clean
way to add a Type-A current to the model. To add a Type-B current, as we have already
done so, we just add curlH, to the equation for A as presented above.

The complete set of boundary and initial conditions now becomes

(_Zéwl_mllév%). - mli—;wl on 99 x (0, T), (2.88)
(_Zéwz—mwf_wl). - mi—zwz on 82 x (0, T), (2.89)
curlA xn = H,xn ondQ x (0,T), (2.90)

A-n = 0 ondQx(0,7T), (2.91)

P1(x,0) = 1p(x) inQ, (2.92)

Py(x,0) = thyo(x) inQ, (2.93)

A(x,0) = Ay inQ, (2.94)

V-A(x,0) = 0 in Q. (2.95)

Hereafter, we will denote the above initial-boundary-value problem (2.85)-(2.87) and
(2.88)-(2.95) corresponding to the second approach of adding Type-A current as IBVP2.
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Compared to the first approach IBVP1, the second approach IBVP2 is more suitable
for numerical computation. However, in the theoretical analysis of the existence of a weak
solution to the 2B-TDGL equations with a Type-A current involved, it is more convenient
to work directly on IBVP1. As a result, we will use IBVP1 in our existence and uniqueness
analysis and in our finite-element analysis, but in the computational section, we will use

IBVP2 to obtain and present our computational results.
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CHAPTER 3

Analysis

In this chapter, we focus on the mathematical analysis of the solutions of the 2B-TDGL
equations gauged with the “current gauge” in the case where we assume that the supercon-
ductor in consideration has null gradient coupling effect, i.e., with 71 = 0. Future work
will investigate the case where 1; # 0. We will work on the initial-boundary-value problem
IBVP1 and prove that there exists a unique weak solution to the 2B-TDGL equations under
the “current gauge”, by a method used by Du in his paper [2]. We will also proof that the

solution is uniformly bounded in Q x [0, T].
We define

V = L£2(0,T; HY(Q)) NHY(0,T; £2(R)), (3.1)
V = L>(0,T; H:(Q)) n H'(0, T; L*(Q)), (3.2)

and denote the L? inner products (f, g) = [, f9"d%; (f, 9)aa = [, f9*dS.

We assume that the following regularity assumptions hold throughout our work

RA: Assume that Ay := A(0,x) € H!(div; Q) N H2(Q) and for i = 1,2, 75 = 7i(x) > 0
for x € 00 and v € L¥(0Q), v = ¥i(x,0) = ¥i(x,0) € H*(Q) and || < q,
where a is defined in Theorem 3.2.16. For the external magnetic field, we assume H, €
L>°(0,7;L2(Q2)) N L2(0, T; HY(2)) N HY(0, T; H(curl; ©2)). For the Type-A applied current,
we assume jqloo € H(0,T; Hz (99Q)) N L=2(0,T; Hz(%)).

Remark From the norm estimates (2.46) and (2.47), we can see that j, - nlsg €
HY(0,T; H=2(8Q)) N L(0,T; H~2(0Q)) implies j, € HY(0,T;H(dive; Q) N L®(0, T}
H(divy; ©2)) N C([0,T]; H(divo; §2)). From this, the norm estimates (2.52) and (2.55) im-
ply that ¢, € HY(0,T; H*(Q)) N L>(0,T; H'(Q)) N C([0,T]; H*(2)); and also the norm
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estimates (2.62) and (2.64) imply that A. € H*(0,T; H.(div;Q)) N L>(0, T; H.(div; Q)) N
C([0, T); HL(div; Q). The last three relations implies j.(x,0) € H(divy; ), ¢.(x,0) € H'(Q)
and A.(x,0) € H] (div;Q), respectively. The regularity of H, implies H.(x,0) € L*(Q2). In
the course of the development of our mathematical analysis, we will show why and how we

impose these regularities.

3.1 Weak Formulations

We want to find a unique weak solution (¢1,19, A) = (1,09, A+ A,) € V xV x V.
However, since A.. is known, we can instead find (1)1, 12, A) in the following weak formulation
corresponding to the problem IBVP1 (2.71)-(2.73) and (2.75)-(2.82) with the “current
gauge” applied. After we have obtained all the results for the case of (¢1,19,A), we will

come back to investigate the case for (1, s, A).

Problem (WP): Under the regularity assumption RA, seek (¢, 1, A) = (Y1,9, A —
A) € V xV xV, where A, is given (see the space requirement below), by finding
(1,12, A) € V x V x V such that for a.e. ¢t € [0,T],

d , .
= (1,0) + (61, 0) + (0] = T, )

i (—zéwl A+ Ao, i At A >w) T ()

" m%% (—zém R A+ AU —zg—vw —r(A A >w)

N é_%(w ) =0 Vien(q) (3.3)
%x?) U ea ’ .

D% (4, 0) + (a6, 8) + (Wl = T, )

b (iS22 A+ ADD ) + )
by (~iE9u - (A + A, —zéw - A+ A)D)

&1 At A1
bt (i), =0 Ve @ (34
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2

(curlA, curlA) + a@i ( : A)
A2 dt

72

_0

22

AT

+ R (i%lvdjh wlA) (Wfﬂ (A+A,), A)
+ R (z’%iwz, %A) + A—g <|¢2|2(A +A.), A)
+m(%@éwmwﬂ. Gévmma))

((1/)1@/)2 +ett) (A + A, A) = (H., curlA) VA € HL(Q), (3.5)

+771)\)\

with the initial conditions

1(x,0) = i € HA(Q) (3.6)
Pa(x,0) = by € H*(Q) (3.7)
A(x,0) = Ag—A.(x,0) with Ay € H(9), (3.8)

where Ay = A(0, x).

The problem (WP) is not coercive in the current gauge because the curl bilinear form in
the weak form for A€ is not coercive; this theoretical difficulty can be avoided by working
on the following modified problem in which a regularization term in bilinear form of the

divergence operator is added.

Problem (WP¢): Under the regularity assumption RA and for arbitrary 0 < e < 1, seek
(5,05, AY) = (5,45, A" — A,) € V x V x V, where A, is given as in Problem (WP), by
finding (¢5, 45, A) € V x V x V such that for a.e. t € [0,T],

d -
(5. 9) + o, §) + (il = T0) v, 9)
&
iL‘

S o ;
+ (—Zx—ov% - A_l(A + AU, —

o5 - ace a5)

005,00+ 0 (v5.0), =0 VEen@. (39)

d -
P@w@w+fm@%,> ((jwsf? = 7) s, )

+ <—z§v¢; DA+ AYS, — e
Zo

W W B

v (AT Acw)

D)+ s (55.0), <0 vier@) (3.10)
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2 g ~ - ~
U%E (Ae’ A) + ¢(divA€©, divA) + (curlA€, curlA)
1

1 . 2 .
+ R (i—le, ¢1A> +0 (|¢1|2(A€ +A), A) (3.11)
K1 )\1
11 A p 2/ A€ A A A 1
+ R (i== Vi, A ) + 20 <|¢2| (A + A,), A) — (H,, curlA) VA € H(Q),
V Ko A5

The initial conditions are the same as the original problem (WP), but here for the proof
of existence and uniqueness of the solutions to this modified problem, we only need
10, Voo € H'(Q). A H? regularities for the initial conditions will be needed when we try to

seek for higher regularities for the time derivatives of the solutions. The initial conditions

V5(x,0) = b0 € HYHNQ) (3.12)
Y5(x,0) = o9 € H'(Q) (3.13)
Af(x,0) = Ay— A.(x,0) € H(Q). (3.14)

We will also work with (1<, 45, A€) instead of (5,15, A°), and come back to the later
case after all the results have been obtained for the first case.

We will use the standard techniques used by Lions in [46] and Temam in [45], namely,
Galerkin finite dimensional approximations and compactness methods to prove the existence
and uniqueness of the solutions of the modified semilinear parabolic problem (WP€). The
existence and uniqueness of the original problem (WP) is then proved by passage to the limit
¢ — 0, a method used in Du’s paper [2].

Since H'() and HL(2) are separable Hilbert spaces, there exists linearly independent
total sets {21,..., Zm,...} € H'(Q) and {wy,...,Wp,,...} € H.(Q) such that span{z} =
H'(Q) and span{w,;} = H:(Q). Let Z, = span{z,...,2,} and A,, = span{wy,...,w,} be
the n-dimensional subspaces of H!(Q2) and H} () respectively.

For each n > 0, define approximate solutions v, ¥5, € Z, and Af, € A,, for the problem
(WP°) as

Uiy = Y ami(t)zi(x), U5, = Y azni(t)zi(x), and AL = bu(t)wi(x), (3.15)
=1 i=1 i=1

such that 15,, 15, and Af solve the following finite dimensional problem
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Problem (WP¢): For arbitrary €, 0 < € < 1, find (¢, 5, AS) = (U5, 95, A, — A,) €
Z, x Z, x A, such that for a.e. t € [0,T7,

d - - -
W) + (0t ) + (512 = T, )

.51 e @ € ¢ _,é T ﬂ . -

+ ( ZQZ’O v¢1n )\1 (An + Ac)wlna ZQ?O vwn )\1 (An + Ac)wn)

+ n(3 ¢)+m§ (W &) =0 V¢,€Z2 (3.16)
2ny ¥n x(g] In» ¥n 90 n ns

d ~ ~ -
D= (s ) + D650, 0n) + (05,2 = Ta)05,, )

b (i, - AL+ A, iV, -2 AL+ A
Xo 2 To A2
)+ 0 (U5, 5.) =0 Vi, eZ (317)
n 1ns ¥n /721% o2 ¥n 50 n ) .
JZQ d - ~ ~
a}\—ga (A;, An) + e(divAS, divA,,) + (curlAS ) curlA,,)
1
. 1 € A ‘T(Q) 2 € A
1

11 . 2 ) ) )
+ R (@'——wgn, 1/12An> +0 (|¢2|2(A; A, An> = (H,, culA,) VA, € A,.
V Ko A3

The initial conditions are:

win (Xv O) = ¢10n7 (319)
1/1§n (X7 O) = w20n7 (320)
AL(x,0) = Ag,, (3.21)

where 1;0,, is the orthogonal projection in H!(2) of 1; onto Z,,, and Ay, is the orthogonal
projection in H; (Q) of Ag — A.(x,0) onto A,,.

As a result of the projections, we have

Yion — Yio in H'(Q) asn — oo,

|[ion|[1 < |90l l1,
Ay, — Ayg— A(x,0) in H.(Q) asn — oo,
[ Aon||1 < |[Ao]]1
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3.2 Existence, Uniqueness and Boundedness of
Solutions

We begin our mathematical analysis by showing that the nonlinear system of ODEs obtained

from the problem (WP ) has a unique solution.

Lemma 3.2.1 Given any € > 0 and n > 0, there exists a unique solution (15,15, AS)

satisfying the problem (WP,) in some time interval [0,T,), where 0 < T, <T.

Proof It is well-known that the nonlinear system of ODEs for a one-band TDGL system
without the presence of time-dependent current and magnetic field is autonomous and
has a unique solution in [0,7},]. Similarly this is true for a nonlinear ODE system for
a 2B-TDGL system without time-dependent current and field. With the presence of
the time dependent electric potential ¢., vector potential A. and applied magnetic field
H., the resulting nonlinear system of ODEs now becomes non-autonomous in the form
%U = F(U, t) = Fos(U, t), with o« = 1,--- ,3n; 8 = 1,--- ,m, where U represents the
coefficient vector {ain1, " , G1inn, A2n1s " 5 Gonn, Ont, -+, bpn }, F is a matrix function and
m is the maximum number of terms in each of the individual equations (3.16)-(3.18). But
with the regularity assumptions that ¢. € C([0,T]; H'(Q)), A. € C([0,T]; H}(div; Q)) and
H, € C([0,T];L*(Q2)), all the functions F,s involving the time-dependent ¢., A. H, are
Lipschitz in U and Lebesgue integrable in ¢ for fixed U. Thus by the standard ODEs theory
(see, e.g., theorem I1.3.2 in [58]), the system has a unique solution U which consists of

absolutely continuous functions in [0, T},]. [

Remark By the standard theory of ODEs, the solution is defined on a maximal interval of
existence [0,7,]. If T,, < T then we must have one of the coefficients {a1,;(t)}i, {a2ni(t)}i
or {b,i(t)}; with magnitude tending to oo as t — T,,. However the a priori estimates that
we are going to prove later in the following lemmas and corollaries will show that all the
norms |9, ||o, [|¥S,]lo and ||AS||o are always bounded in [0, T, for any 7" > 0. This in turn
shows that the magnitudes of the coefficients are actually bounded in [0,7, thus we must

have T, =T.
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Define an energy functional corresponding to the (steady state) PDEs of the modified
problem (WP?) as

2

Pt i An) = [ { (W6 — T +

<z€—1V + %A+ A )) (o
A

1
+ ;[§(|¢§n|2— 2)? +

(5 sa0) i,
Aa

2]
+  e|divAS)? + ycurlA; — H > + n(y, 05 + w;zwsn} ds2

n /m{ & 1&

wln __¢2n
Due to the interband coupling term n(¢5, 05, + ¢ 5,), Fr (Y5, 15, AS,) is not necessar-

} (3.26)

ily a nonnegative functional. For mathematical convenience, we will work on the nonnegative
functional & defined as

1 2
st i A = [ {500 @)+ | (v s an) o,
Q

1

1
t 2 [5(\¢§n|2 — (T + ’/2|77|))2 + ‘(ZQV +v

S+ A ) 0,

|

} (3.27)

+  e(divA9)? + \cuﬂA; —H.]* + |n] |41, + sign(n) w&f} dsd

- Lol

1/}1n __1/}2n
The relationship between these two functionals is £ = F< + (71 + To) |n| + (1 4+ v2)|n|*/2.

Clearly, both & and F; have the same minimizer and give the same Euler-Lagrange

equations, namely the steady state 2-band GL equations.

Lemma 3.2.2 For anye >0,n>0 and T > 0, and fort € (0,T), we have

dge a’wln F aan 2

n g 2y o) P "“’”OHaAe
dt 0 y2 ot "0

8t ||0

B o\ T (. oug
—2/9@{ (4.25) + T (s.25) o

—o [ (g A, (3.28)
T

where S denotes the imaginary part.
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Proof Let the test function v, = % in the weak form (3.16), and v, = % in the weak

form (3.17). Also let A,, = aaAt; in the weak form (3.18). Then we have
01, OV, o OV, 08 O,
o o)+ v %) = (55 =)

Loovs, 05, T, . Ous,. 05 s,
ﬁ(m’ &)+VJWW% R _(M%’ﬁt%
o 0Ny AL, dEL OA
UAf( o o) T (5A,g’ o)

On the other hand,

L e ey (06 Pk 950U,
“aar S Win Vi A = ROGE ) R )

(w;amq+ OH,
dAs’ ot o Ot

A(V x A —H,)d. |

Lemma 3.2.2 says that the energy functional &£ is not dissipative, i.e., it is not true that
d&s/dt <0, unless ¢. = 0 and OH./0t = 0. In other words, if there is an external current or
a non-stationary magnetic field applied to the superconductor, the energy functional £¢(¢),
for t > 0, is not bounded by its initial value £¢(0). However, the next lemma tells us that

&< (t) is nevertheless bounded as long as ¢. and (H.); is bounded in some norms.
Lemma 3.2.3 For anye >0, n>0 and T > 0, and fort € [0,T],

Et) < e"[E50) + e (1Y5, 22010y + [U5all 210 mc0y))
+ CSH¢CH%4(O,T;L4(Q)) + H(H€>t’|%2(0,T;L2(Q))}7 (3.29)

where € > 0 is some constant, and C; is a constant depends on €. Note that here € # .
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Proof From lemma 3.2.2, we have

o s S T mOIIaA;II
dt 0 2!t g 10 ot 0
e oS, OH,
ol ) o (128 2 e
ops. 0 ok DA
< ) Pm 2 g e el
awn o5,
420 0elloalialloall 20l + 2 oelloallvslloal 222l
+2|[(He)el|o] |V x A —=H||o
< )| P 2 P2 m”HaA;H
= 0 2!l g 10 ot 0
I
I 150 B+ 116003l 501
IR IV % A — HL |12 (3.30)
I
< (5alBat gl ) 16l + IICELYIE + £5. (3.31)

The second to last inequality is obtained by using Young’s inequality. By Gronwall’s

inequality, we get, for some constant € > 0,

€ € € F
&y < e [E00) + (1195l 200,700y + |W2n\|c4 o.r:8)) |19l Tao,r, 40
+ ||(He)t||i2(0,T;L2(Q))]
€ 6 € €
< el [£5(0) + —(H¢1n||454(0,7’;c4(9)) + ||w2nHi4(0,T;£4(Q)))

1 2
+ 5 (L4 DSl sy + 1Hil e rae ] (3.32)
Again, the last inequality is obtained by using Young’s inequality. |

Lemma 3.2.4 Assume ;0 € H' () and Ay, A.(x,0) € HL (), H.(x,0) € L*(Q), and also
b, € LY0,T; L*) and (H,); € L*(0,T;L3(2)), then for any e >0, n >0 and T > 0,

| W]in ’ |i°°(O,T;L4(Q)) + | ’¢§n‘ |4£°° (0,T5£4(2))

< C(O,T,21) [£600) + 16l L oiriniy) + IEDBro oy + 1] (3:33)

where €1 is some fized constant. Therefore, the sequences {5, } and {5, } are uniformly

bounded, all independent of € and n, in L£(0,T; L*(52)).
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Proof From the energy functional (3.27) we have, for any ¢ € [0, 7],

2 [ [30un =@+ ) +

1 € 1 €
> 2 (5l + 51105 l18) — CI9.

11, . 2
—2§(|¢zn|2 — (T2 +v*nl))"|dQ

Here in the last inequality, we have used the inequality |a — b]* > (1/2)]al* — |b]*.
Combining this inequality with the result of lemma 3.2.3, then for any ¢ € [0, 7],

€ 1 € € € €
(len‘|é,4 + §||¢2n“g74> - C(Q) < eT |:g7’L<O) + g(lenHi‘l(O,T;[fl(Q)) + HanHi‘l(O,T;ﬁ‘l(Q)))
+ Cs||¢c||i4(o,T;L4(Q)) + H(He)tHi?(&T;LQ(Q))}'

A~ =

By using the embedding £>(0,T; £*(Q)) — £4(0,T; £*(Q2)) and rearranging the terms

in the above inequality, we get

1 . 11 ¢
<Z - €T€D)||¢1n”4coo(o,T;£4(Q)) + (Zﬁ - eT‘gD)Hw2n||4L°°(O,T;L4(Q))
< O(Q) + e [£5(0) + CE||¢C||i4(0,T;L4(Q)) + ||(H6)t||i2(O,T;L2(Q))L

where the constant D is the Sobolev embedding constant which depends only on €2. If the first
three assumptions in lemma 3.2.4 hold, then by the initial conditions (3.19)-(3.21) and the
projection relations (3.22)-(3.25), we have ¢, (x,0) € H*(Q2) and Ag(x,0) € HL(Q). Also by
the trace theorem, we have 1§ |sa(x,0) € £2(9€). Then from the energy functional (3.27),
we have £¢(0) < &1(0) := £57(0) bounded by a constant which depends only on ||t || ()
|Ao||la1 (@) and |[He(x,0)||r2(q), and is thus independent of € and n. Furthermore, if the
last two assumptions in lemma 3.2.4 hold, then the right hand side of the above inequality
is bounded. Therefore, by choosing a small enough ¢ = ¢; to make the constant on the
L.H.S. of the above inequality greater than zero, {¢5,} and {¢5,} are uniformly bounded in
£5°(0,T; £4()), all independent of € and n. |

Corollary 3.2.5 Suppose the assumptions in lemma 3.2.4 hold, then for any e > 0, n > 0
and T > 0, and fort € [0,T),

0<E(t) <elE < oo, (3.34)

where E = C(Q,T,e1) |E,(0) + el Lacorn0y) + I He)elE20 10210 —1—1] is a constant

independent of € and n. Here g1 is the constant picked in the proof of lemma 3.2.4.
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Proof This is a consequence of the embedding £(0,T; £*(Q) — £*(0,T; £L*(), lemma
3.2.3 and lemma 3.2.4. Recall that £ is a nonnegative functional by definition in (3.27).

Lemma 3.2.6 Suppose the assumptions in lemma 3.2.4 hold, then for any e >0, n > 0 and
T >0,

awln

awn DA®
=" En ||L2(0TL2(Q) + 52272

o1.c2@) athLQ(OTLQ(Q)) (1+e"T)E,  (3.35)

where the constant E is defined in corollary 3.2.5. Therefore, the sequences { wl"} and
{a%"} are uniformly bounded in L2(0,T;L*(RQ)), and {2
L2(0,T;L*(Q)), all independent of € and n.

8Aj‘} 15 uniformly bounded in

Proof From the inequality (3.30)-(3.31),

ey, o5, 1o oS, 1o am 0AS
IR+ T + 2 R
< (IW5alle + ;||¢§n||3,4)||¢c||o,4+ [I(HL)ello + &5 (3.36)

Integrating the above inequality w.r.t. time over [0, 7] and by using Young’s inequality,

we get

awln r a%n ,o18, OA;
[l =172

(0,T5£2(%)) o2 12 )\2|| atn||L20TL2(Q))

S £(0) = E(T) + 51<len||ﬁ4(0,T;L4(Q)) + W8l za0.7,250)))
T
+Callodoranan + I EEroraa + | Eo
< &,(0) + 51(|an|’4ﬁ4(o,T;ﬁ4(Q)) + ngnHi"l(O,T;ﬁ‘l(Q)))
+Cayl|0el1a0.mina () + [He)dl [E2(0,7:12(0)) + ¢ TE  (by corollary 3.2.5)
< E+¢'TE,

here the constant €, appeared in the above inequalities is the same constant picked in the
proof of the lemma 3.2.4. Note that the terms, excluding the last term in the second
inequality above are exactly the same as those in the right hand side of the inequality
(3.29) in lemma 3.2.3 from which and lemma 3.2.4 with the choice of £;, we equal these

terms to the constant £ defined in corollary 3.2.5. |
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Lemma 3.2.7 Suppose the assumptions in lemma 3.2.4 hold and H, € L>(0,T;L*(Q)),
then for any e >0, n >0 and T > 0,

: € 1 €
€||d1VAn||%°°(0,T;L2(Q)) + §||Cur1An||%oo(o,T;L2(Q)) < <€TE + ||H€||%°°(0,T;L2(Q))> ;o (3.37)

where the constant E is defined in corollary 3.2.5. Therefore, the sequence {A¢} is uniformly
bounded in L>(0,T; H),(Q)), independent of n but dependent on e.

Proof From equation (3.27), we have for any ¢ € (0,77,

£ > e||divAS|? + ||curlAS — H,||2
e 1 ¢
e |divAg|[5 + §|IcurlAn||3 — [|HL[3.

V

Then corollary 3.2.5 gives the inequality (3.37). Now since the norm for the space H},(Q)
is equal to ||divAS|[o + ||curlAS||o, see (2.23), we have

||A:z||i°°(0,T;H,1I(Q)) (e"E+ ||H€||i°°(0,T;L2(Q)))'

min{e, 1}
Thus if H, € L*°(0,T; L*(Q2)), the sequence {A¢ } is uniformly bounded in L>(0, T; H. (Q)),

independent of n but dependent on e. |

Lemma 3.2.8 Suppose the assumptions in lemma 3.2.7 hold and A. € L>(0,T; L)),
then for any e >0, n >0 and T > 0,

VY7 0c20y) + V5 2o (01202 (62)) (3.38)
<G [E + G (I8l e orricain) + I105al Bmorcrcay ) I (AS + Al o rmsca |

where the constant E is defined in corollary 3.2.5, and Cy and Cs are independent of € and
n. Therefore, the sequences {5, } and {15, } are uniformly bounded in L>(0,T;H'(Q)),

independent of n but dependent on €.
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Proof

2

J

Gﬁv+ uv+A0¢;
A1
- {(—1) VUL + () (AL + AP,
Q A

+iSH (AL + A - T, —winwi::)}da

> [ {7 wunr -2 v (g + A0 fao
Q

1

> (2 SR —(51)||wm||04||A6+A||04 VG2

Similarly, we have

J

From the energy functional (3.27), we have for ¢ € (0,77,

Al A

Combining the above inequalities, we get for ¢ € (0,77,

2

(zf—zv + V—(Ae +A )) Vs,

Zo A2

2 ) L, &2y . e :
> (x_) V5,115 — E(V)\—) [[95,115 2| | A, + Acll5 .4 — el V5,115
0 1

2
Pﬁgﬁ.

(zév T A Ac>) %5,
A2

Lo

(1) = Jwwsal + [(2) - <lliwysali
0 Lo
1 1
<B4+ LS 2185 + A+ L 5 s Bl 1AG + AL
1 € 1

Now by lemma 3.2.4, {¢¢,} and {¢5,} are uniformly bounded in £>(0,T; £L*(©)). Also
by lemma 3.2.7, {A¢} is uniformly bounded in L*(0,T;H}(Q)), dependent on e. So if in
addition A, € L*°(0,T;L*(Q)), then by choosing ¢ small enough, we arrive at the inequality
(3.38) and thus the lemma is proved. |

Up to this point, we summarize the requirement of the spaces for ¢., A. and H.. We need
¢, € L*0,T;L*) and A, € L>(0,T;L*)). For H,, we require H, € H'(0,T;L*(2)) N
L>(0,T;L*(Q)). For the initial conditions, we need ;0 € H'(2) and Ay, A.(x,0) € H.(Q),
and also H,(x,0) € L%(Q).
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Hereafter unless otherwise stated, we will assume that the following regularity assump-

tions are satisfied throughout the rest of this work:

RA1: Assume that ¢y € HY(Q), Ag, A(x,0) € HL(Q), H.(x,0) € L*(Q), ¢. €
LY0,T; HY()), A. € L*(0,T;HL(Q)) (A, -n = 0, see equation (2.60)) and H, €
H'(0, T; L3(Q2)) N L>°(0, T; L2(2)).

Now with all the a priori estimates established, the remark following lemma 3.2.1 says

that T,, = T.

Corollary 3.2.9 Gwen ¢ > 0, n > 0 and T > 0, there exists a unique global solution
(V5,,, V5, AS) €V x V x V satisfying the problem (WP:,) in [0,T].

Corollary 3.2.10 Given ¢ > 0 and T > 0, the sequence {(v5,,15,,AS)} is uniformly
bounded in ¥V x V x 'V, independent of n only.

The following standard lemma and corollary can be found, for example, in [2] and [46].
Lemma 3.2.11 (Aubin-Lions) Let B be a Banach space and B;, i = 0,1, be Hilbert spaces.
Suppose that By —<— B, 1.¢e., the embedding is compact, and suppose that B — By, i.e., the
embedding is continuous, then

LP(0,T; By) N\ W9(0,T; By) —— LP(0,T; B) V1< p,q< oo.
Corollary 3.2.12 Givene >0 and T > 0, there exists an element (¢, 1§, A) € VXV XV,
and subsequences {5, }, {15, } and {As, } such that as n — oo,
U5, — f weakly (and = weakly®) in V,
V5, — 5 weakly (and = weakly®) in V,
A5, — A weakly (and = weakly”) in 'V,

and

Y5, — Uf strongly in LP(0, T; £4(9)),
V5, — Wy strongly in LP(0,T; £(Q)),
A — Afstrongly in LP(0, T; L9(2)),

Nk

where p € (1,00), and q € (1,00) for d =2 and q € (1,6) for d = 3.
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With the weak (weak™) and strong convergence of the limits, we can pass to the limit
ny — oo to prove that the limits together form a solution satisfying the modified problem

(WP,

Theorem 3.2.13 Given € > 0 and T > 0, the weak (weak*) limit (Y5, 1S, A€) in corollary
3.2.12 is a solution of the problem (WP).

Proof We want to show that when passing to the limit ny — oo, the system equations (3.16)-
(3.21) in the problem (WP ) converge to the system equations (3.9)-(3.14) in the problem
(WP), respectively. Once we have shown the convergence of the following nonlinear terms,
it remains to be a standard procedure to show the convergence of the system equations and
the initial conditions, see for example [45], [46]. For convenience, we will write an element
of a subsequence, for example, 9{, ~simple as 9f,,.

For ¢ € C°[0,T] and ¢ € Z,,

0 [[ (Wil wires. 5) o

T ~
S/‘/{W%A”ﬂ%ﬁbW&%H%FW&—%@WWﬂMt
0 Q

=// (vl = 1o

T ~
S/O 145, — ¥l [(IltbinllﬁII@/)iIIl)||¢in||1+II%IIf]IIWHldt

) (] = ) [ 2 o5, — wﬂ} (o] dt

< V1 = ¥illc20.152(0)) {(l|¢§n||zoo(o,T;H1(Q)) + [05| 0,01 ))) |10l 2o 0,520 (92))

+ ||¢ﬂ|%°°(0,T;H1(Q)):| HSO@ZJHﬂ(O,T;Hl(Q))

— 0 as n — o0.

Here in the above second inequality, we have use the Sobolev embedding H'(Q2) — L(Q),
for 1 < ¢ < 6. The convergence in the last inequality is justified by the fact that {, — ¥
strongly in £2(0, T’; £2(2)) by corollary 3.2.12, and that 5, , ¢ € £L(0,T; H'(€2)) by lemma
3.2.8 and corollary 3.2.12, respectively.

For the convergence of the nonlinear term in

&1

Zo
—_— /I/_
Zo

(_@'i_lvlpin - (AS, + A5, —i>—Vi) — %(AZ + AC)JJ) ;
0 1 1

23



we have, after dropping the constants,

(11)

T
/Q [(AS +Al) - VU5, — (A°+ A,) - Vi i det‘
T g ~
< / / [\(Win — Vi) - (A + A)pd| + | Vi, - (A;, — A€)Wu dQudt
0 Q

< [ (95— VoD, A+ M) a

+ [Vl e omscz ) [1AG — A L2y || 0¥ 2207001 dt

— 0 as n — o0.

In the above last inequality, the first right hand side (R.H.S.) term converges to zero
by the fact that 7, 595 in £2(0,T;H'(Q)) as shown in corollary 3.2.12, and note
that now by the regularity of A and A, we have (A€ + A.)pp € L£2(0,T; L£2(2)* c
L£10,T;£2(2))% here d = 2,3. The second R.H.S. term converges to zero because
A¢ — A€ strongly in L2(0, T; L*(Q)), again from corollary 3.2.12.

(I11)

T ~
/ [(AS + AU, — (AT + A)US ] - oV det‘

/ [ 11685~ A9 w090+ 0, — w(A - A V3]
< [|AS — A |Le.rn 150 e om0 )) 10V | c20,7,02) dt

+ [0, — ¥l 2o JAS — Acl o [0V c20mc2)

— 0 as n — 00.

Again, the above convergence is justified by lemma 3.2.7, lemma 3.2.8 and corollary
3.2.12.

Now for the boundary term, first note that the trace operator
v £9(0,T; HA(Q)) — L£9(0,T; H2(99))
defined upon the usual trace operator v, as

YW (t)) = v (¥(t)) :=1(t)|aq in the trace sense, Vt € [0, T,

is linear and continuous. Indeed, if 1, — ¢ in £(0,T; H*(2)) as n — oo, then by the trace

theorem, we have

T T
/OH’Yol/Jn—’YofﬂH;%(aQ))SC/O || — ¢||H1Q) —0 asn — oo.
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Therefore the operator v is also weakly continuous [53]. As a result, we have
Wi, = ¥ in £2(0, Ty HN Q) = y(1,) = Y(ef) in £2(0, T; 12 (99)), (3.39)

So by the weak convergence, and note that (1) € £2(0,T; L2(09)) C £2(0, T; H™2(09)),

we have

(IV)

([@1,) = @) ], v0(ed) I dt‘ —0  asn — oo,

here (-, -)aq denotes the duality pairing on the boundary 052.
The convergence of rest of the other terms can be derived either analogous to the proof

in (I) or in (II). For instance, following the steps in (I), we get

UA; + A PS5, — |A+ AC|21/1ﬂng det‘ — 0 asn —oo. |
Q

Lemma 3.2.14 Given ¢ > 0 and T > 0, let (Y, st AY) and (Y2, 952 A?) be any
two solutions of the problem (WP®); let (5(x,0), w5 (x,0), A% (x,0)) = (i, ¥y, A}) and
(V§2(x,0), 153 (x,0), A?(x,0)) = (%), V3, A2) be any two corresponding initial conditions.
Also let ¢ = St — b2, s = bt — 452, and A = A — A, then for t € [0,T],

15115 + s @117 + A<D
C(T) (110 — ¥iollg + (1920 — ¥30ll5 + [ Ag — AGI[5) - (3.40)
where the constant C(T) is dependent of T' but independent of €.

Proof Let the weak form (3.9) of the problem (WP€) be denoted as G1((¢, 5, A€); ),
then G1((u', vs!, A%); 9f) — GU((U2, ¥, A%); 0f) gives

/ / { OV e it + (W11 — T — (2P — Tous?)
+(x—0) V2 405

_zi_ll<A62+Ac)-( TV - PV

<Ad +AL) - (YTVYE — Yt Vs

Jj 2 € € ~€* x 2 € € ~E* ~E ~€*
+(—°) A APt — (—°) |A? 4+ A 2208 + s 1}d9ds

// " 2|¢1| doQds = 0.
o Tp
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Taking the real part of the above equation, we get for ¢ € [0, T] that

1 ["d - t ~
3 | Glias+ (&) / 92 ds
< [ [wd e - mor - quitr - mour) i

§11<A€1+A> (5 VU — )

18 SLAT A (VU - uPVD)

Tex T € €2 Tex Te Tex
- (_) |AE1 + Ac|2wil¢i + (_0)2|A ? + Ac|2¢12¢1 - 77¢Q 1 dQdds
)\1 )\1

< [ [ R = (o - Tt + witeds + wirye) o
‘i%f‘e-ﬁi*vwil—w?v&i) & AT+ A (VY - V)
- (A (A61+A62+2AC)¢51¢§*+|Af2+Ac|2!zﬁil2] — 05 ~;*}de3
1

< [ LTI+ 1 oal ol 51, + 1ol 51l
S Ao G 1965 T + 1A o 95 o 1958
+ 2|4+ Ao 1illoa 175l
+ (%)QHAEHM A + A%+ 2A [0 [[¥1'[[oa Wf“m}dé’
< [ {0 + ot oaltelol51+ L1505 + 1651
S VAR TG I+ 1518 + SIATR 1R + 193815
# 2IA% AR 15+ 220191

Loy 2 A€ € € € Te
+ () [IIA B (1A7 + AR+ 1A2 + AR 6512, + ||w1||3,4} }ds

o6



; In]
~ . ¢ Te € n|
S/0 {lmleua+wauo,mwﬂ10,4(csf\w1\\3+a’\|wlué) 5 (sl + [1¥5115)
5 € 1 € A € G
4L (VB + 2 16 I3.) (DA + < IVACR)
1 € Te Te Ty€
(14 1A+ A80) (Corllil} + IV 11) + 3¢V o113
Zo

+(+

2 € € € A € A€
)\1) [(HA P A A AL L) [95H[6 4 (Der | A5 + " [[VA[F)

+ (Caf||15il|3+6'llvtﬁillﬁ)] }dﬁ

In the last inequality, we have used the following Sobolev inequality

ulls.e < Cllullo]lull
1
= Ollullo ([|ulls + 1IVull5)>
1 €
< CQgHUH%Jr§(HU|I3+HWH3)
<

9
Cellulls + 51[Vullg.

Rearranging the terms gives

1 (td, -
3 | glvlgas
w [y -t

& / 1 2 2 r(L0N2 Tel2
S L 1+ -[|A?+ A — (27 ||V
2)\1(35—1—8( +-[[A%+ 1) 5(A1) IVeillg

" € 1 €
— e | S ITUE + 2 et
Lo\ 2 € € € A€
+ (1A + AR+ ||A2+Ac|r%>|wfr|ﬂuvfx It}
< ' T |n‘ +C el €2 51 1 Ae? A 2 @ 2 T€112
< [z s o (ol + S04 21A% 4 AdR) + (27) 10318

Dz—:”
# D

€ 1 € Lo\2 €
= (V115 + = i 17) + (5) (AT + Al
)\1 £ )\1

€ € A€ |77|
+ !|A2+Ac\\?)llwllllf}HA 5+ = II%HO (3.41)
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Similarly, for ’J);, we have
1 [td -
5/ i
52 £2 / 1 AeZ A 2
[ =gl - v (3 + /(1 + ZA% + AR)
0 Zo g
r(. T0N2 Tel12
GO T
2
& o L
— e[ (vus 1B + 2 Ius'1)
Lo\ 2 € € € A€
F O UAT+ AR + A+ AL 5| VA3 b
t Il
T]| € f 1 € x 2 ~€
< [A]mre 2By (st + v 20 2ia® 4 adR) + 207 dsie
0 2)\ 3 )\2
3 ] 1 c
+ Do v (V0SB + 2 1) + (3 (1A + A
2/\2 9
€ € A€ M 7e
+ A+ AR | IAE + u?%muz}d& (3.42)

As for A€, first let the weak form (3.11) of the problem (WP€) be denoted as
G2((45, Y5, A); A), then G2((U",v5', A%); A) — G2((U2, ¥, A®); A°) gives

2t
950

d,  ~ t ~ ~
2)\2 —]|A€||g ds +/ [eHdivAeHg + chrlAEHg] ds

! V 61* V 62* e
+/0{ ( L (gt Yeg), A )
x_?)

s (101! PA" + A0 = WP P(A% + A, A)
+ §R( li(v¢ 61* V@Z} 62*)7 e)
UV Ko

[USH 2 (A + AL) — [92 2 (A2 + A,), Ae) }ds =0.
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This gives

X td A € ' c A€ A€
2;2/ —tHA||§ds+/0 [ el|divA][§ + [|curlA<[|3] ds

t
< /
0

— R <ii(v¢§ "+ Vi), AE)
R1

ON/—/H&

8

U5 AT+ (U — [027) (A% + A.), AY)

E:JI

1 -
i (Vg - Vi), &)

&
o

R

PR+ (U - 0PI A + A, A) L

|
=]
i U NN
| =

@\vw Howi|\o,4+HW;HOWHOA] 1A 0.

VAN
e o~
—N

K1

leum(uw lloa + 13 [lo.a) |A® + Aclloa [|A o

+
H[\')l@l\)

11 T e e € A€
; ——[HW loll@Slo + 11755110 WHM} 1A 0.

+ )\—g||¢§||0,4(||1/1§1||0,4 + 05 0.4) [|AZ + Aclloa ||A€||0,4}d3
2

IN

/0 t {QL [nglng (Der || A“[[f + "IV AF) + (Col 95115 + </l V745]12)
+ éuw?n% (Der||A][5 + " VAT[3) + s||W%II%)}

" r {(me% FUPIRIAZ + Al (DA + "IV A

+ (Carll5 1 +6’HV@EEIIS)]

N EL [HW 12 (Der | [AC| 2+ £”|[ VA 2) + (Curl |05 + /]| V5] |2)
+ gHw;?Hf (Dol [AS][2 + " VAY[2) + <[V d5]12)

l'2 € € € A€ A€
+ 28 Iog 1+ 1) 14 + A (DA + I VAT
2

£ (Ol +s’||v¢;||3)] }ds
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Rearranging the terms gives

930 td A€2d ! C " 1 el||2 1 €22
2)\2 %H g ds + ; eC —¢ ﬁ(||v¢1||o+g||¢1||l)

2 . . . 11 1, .
+A—Q(IIWH%||W||?)|IA2+A||1+——(|IWJ 16+ Zllve’l[7)
1

‘7:2 € € € Ac
# SRR + IgIIIA® + ) [IVAR
2
1, ST B B 2
(5 €+ e+ 5e)lIVeills - (;g(s +e) + S0 || V|2 bs

2

B 2K
t
1
< [{Da g 9618 i) + 1P + 102 1A% + Al
11 5 € € A €
5o (1765 I+ ZIOIE) + 3 (s I+ ) IA2 + AdlR| AR
1

+Co| (e EIEIR+ G o + S11S1E] s (3.43

In the left hand side (L.H.S.) of the last inequality, we have used the following inequality
which is from (2.23)

GC’||VA€||(2) < e||divA€||§ + ||CU_1"1A€||(2) VA € H}L(Q)

Now choose ¢, ¢ and &” small enough such that the integrands in the L.H.S. of the
inequalities (3.41), (3.42) and (3.43) are all positive, then combining these three inequalities,
we get for t € [0, 7] that

N | —

~ ~ 2 ~
)15 + 1950015+ o3 SIA OIR]
1
; / {quvd;(wua+c;\|ws<t>u3+cz||vA6<t>H3}ds

%[le( >r|§+||z/55<o>uo+aﬁ||Aﬁ< >H§}

t
+/0 {Cz’sllwi(t)H% + Cillos ()5 +Cé||AE(t)||3}d8, (3.44)
where all the constants are greater than zero and bounded independent of time. They are
bounded independent of time because all the norms appearing in these constants involve

only ||t ||, and/or ||AY||,, where i, 7,m = 0,1; and recall that ¢, 15 € £2(0,T; H*(R2))
and A° € L>(0,T;H*(Q2)). Also note that all these constants, except C’, are implicitly
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dependent on ¢, this is because the bound of the norm [[A€||pw~(rm1()) is dependent of
€. In theorem 3.2.22, we will show that this bound is actually independent of €, thus the
constants on the R.H.S. of the inequality (3.44) are actually independent of e. This fact is
reflected in the statement of this lemma. Applying Gronwall’s inequality in integral form to
the inequality (3.44) gives the continuous data dependency of the solution (1§, 15, A€) on
the initial data, as expressed in (3.40). [

By setting (1, %30, Ad) = (¥, 13, AZ), we conclude that all weakly (and weakly™)

convergence subsequences have the same limit. This gives us the following theorem.

Theorem 3.2.15 Given ¢ > 0 and T > 0, the sequence {(V%,,, 5, AS)} converges weakly
(and weakly™) in V x V x V to the unique solution (5,105, A€) of the problem (WP*).

We want to stress that the uniqueness of (¢{, 15, A¢) depends on the choice of a particular
A, which in turn depends on the choice of j.. Recall that j. as a divergence free lifting
function of j, - n|sq is not unique.

Next we state that the solutions v{ and 1§ satisfy the “maximum” principle.

Theorem 3.2.16 For any e > 0 and T > 0, let (5,15, A) be a solution of the problem
(WP9), and let T = max{|T|, |Z2|}, n* = max{|n|,|n|v*} and a = Ap* + Y. Suppose
[V$(x,0)] = || < a and [Y5(x,0)] = |e| < a ae. in Q, then |Yi(x,t)] < a and
[Ys$(x,t)| < a a.e. in Q x[0,T].

Proof Let ¢ = firexp (ith) and ¢y = fyexp (if), where fi = [¢1] and fo = |¢)5], and 6,

and 6, are the phases of ¥ and s, respectively. Then we have

R {( N R (e AT L A R nws}
= (fi)e — 3 Afl + |— — —V91| fi+ (ff = 1) f1 + nfzcos(fy — 6;)
=0 in Q x (0, T),(3.45)
%{ (%5 vigus) + (us - Ty v+ (29— 20) s+ nvw}
0 2
— T(f)i — 5—2Af2 v oA - —ve2| fot (f2 = 1)fo + 2 fy cos(0s — 0,)
=0 in Q x (0, T). (3.46)
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And f; and f, also satisfy the real parts of the boundary and initial conditions, namely,

the following boundary and initial conditions:

Vfi-n = —mfi  ondQx (0,7T), (3.47)
Vin = —vyfs on o) x (0,7T), (3.48)
fi(z,0) = |¢i(x,0)] in Q, (3.49)
fa(x,0) = |P5(z,0)] in . (3.50)

Recall that v; € L>(092) and v;(x) > 0 on 0S.

Assume momentarily that a, with ¢ > 1, is an unknown constant to be determined.
Define time-independent subdomain Q, = {f; > a or fy > a} for almost all ¢ € [0,7], and
define time-dependent subdomain Y, = {fi(t) > a or fo(t) > a} for a specific t € [0, T].
Then for a specific t € [0,7], Qf = QF UQ, U Q, where Q) = {fi(t) > a and fo(t) > a},

— {/i(t) > a and fy(t) < a} and 94 = {f(t) < a and fo(t) > a}.

We want to find an appropriate value of a such that the measure |2, | = 0. Multiplying
both sides of equations (3.45) and (3.46) by (f1 — a); and (fy — a); respectively, then

integrating over (2, we get

1d

0= S <<f1—a>+>2d9+j—1 190 - a),Pas

/ |_A - —V91| fi(fi —a)dQ

+/ [(ff = T0) fr + nfacos(B — 01)] (f1 — a);.dQ
Q

—/ Vfi(fi —a); -ndS
o0

- 14 ((fl_a)+>2d9+i—l/‘v(fl_a>+‘2d9

2 dt
/’_ - _V01| fi(fi —a)4dQ
+/ [(ff = ) f1 + nfacos(B2 — 01)] (f1 — a)+d
Q

+/ m fi(fi —a); dS, by boundary condition (3.47). (3.51)
o0

62



And similarly,

1d
0 =35% QF((f2 —a)1)%dQ + i—z /Q IV (f2 — a)4]?dQ
+/Q |yi—ZA - i—Zveg\?fz(fg — a).dQ

+/Q [(f3 = T2) fo + v fr cos(62 — 61)] (f2 — a)4d

+/ Y2 fa(fa — a)4 dS, by boundary condition (3.48). (3.52)
00

Then by adding equations (3.51) and (3.52), dropping some positive terms including the

boundary integrals, and replacing cos(fs — 61) with —1, we get

1d
>
= 24t J,

+/Q [(ff =T A —a)s + (ff = T2) f2(f2 — a)4] dQ

[((fi = a)4)* + T ((f2 — a)4)*] dQ2

—/977* [f2(f1 = @)+ + fi(fo — a)+] A (3.53)
For the integrand in the second term of the above inequality (3.53), we have
2 2
YT =) = D (=N - )y (3.54)
i=1 i=1

Applying the Chebyshev’s sum inequality + 1" a;b; > (2300 a;)(2 >0, b;) twice to

n i=1

the above inequality (3.54), we get

Z(ff =T)fi(fi—a)y > i [Z(ff - T)

i=1 i=1

Zf] [Z(f,- —a)+] . (3.55)

i=1

For the integrand in the third term of the inequality (3.53), we get

N

[l —a)e + il —a)) > =0 [+ 127 [((h = a)a)? + (o — 0)1)?]
> =20 [fi+ fol [(fi —a)y + (fo—a)y]. (3.56)

In the above inequality (3.56), the first inequality is obtained by applying the Cauchy-
Schwarz inequality S a:b; < (3 a2)2(3b2)2, and the second inequality is by applying the
. . 1 1 1 1
inequality |a + b|z < 22(Jalz + |b]2).
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Combining these two inequalities, (3.53) becomes

> 5o [G— a2+ 1 - a2 an
w3 = )~ 2| 1k £

x[(fi —a)+ + (fa — a)4] dS. (3.57)

Now we investigate the conditions (values of a) that make the last integral in the above
inequality (3.57) greater or equal to zero, in particular, in the term 1 ((f£ — ) + (ff — 1)) —
2n*.

If for some t € [0, 7], the integration domain is Q¢, i.e., both fi(¢) and fo(t) > a > 1,
then we need

inf {(f7 + f3 —27)} > 8n".
1
We set inf f; = inf fo = a in Q) and this gives
a? — T > 4n*.

Thus we require

a >/ + 7. (3.58)

Therefore, if we set a = v/4n* + T, then the last integrand in (3.57) is always greater or
equal to zero in QF.

Now we want to consider the case in Qf and Q. First suppose for some ¢ € [0,T], the
integration domain is in Q% i.e., fi(t) > a > 1 and f5(t) < a, then from equation (3.53) all

terms involving f, vanish so we have

0 = 5% [(—a0res [ (7= Ton—7k] (h - aa
> g [ =t [ (- T5—wd (- ade. 359)

Here we have replaced max fy in Q4 with @ in the last integral. We set inf f; =a > 1 in

Q% and use the value of a we obtained previously, i.e., a = v/4n* + T, then we have

inf{(ff =) fi—n'a} = (" =T)a—n"a
= (" —n)a

> 0. (3.60)
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Therefore in the case of 2, we have

1d

0 > -=
= 24t J,

((f1 — a)4)?dQ. (3.61)

This same argument for 24 but now with f; < a and f, > a > 1 gives us the same result

for the case in Qf, i.e.,

1d

Pg— — 24Q. .
= Sdt QF((fz a)4)"ds (3.62)
Combining all the above three cases, we conclude that for almost all ¢ € [0, 7],
d 2 2
i /. [((fr = @)+ (x,1))* + T((f2 — a)+(x,1))*] dO2

B %[/g [((f1 = @)+ (x,1))* + T((fo = a)+(x,1))*] Xy (x, ) A
+/Q((f1 —a)(x, t))ZXQg(X’ t)dQ + /QF((f2 _ @)+(X,t))2x%(x, £) do
=0 (3.63)

where X (X, t) is the characteristics function dependent on time, since ¢ is time-dependent.

Integrating (3.63) w.r.t. time from 0 to t, we get
/Q [((f — )+ (. 5)) + T((fo — ) (x,£))?] 42
< / [((f — a)+(x,0))® + T((fo — a) - (x, 0))?] 2. (3.64)

But the R.H.S. of equation (3.64) is equal to zero, since by assumption fi(x,0) < a and
f2(x,0) < a. This implies that || = 0. Therefore we must have f;(x,t) = |:(x,t)| < a
a.e. in Q x [0, 7], for both ¢ = 1,2. This completes the proof. |

From lemma 3.2.7 we know that |[divA®||pe7,12)0) is not uniformly bounded w.r.t. e
and hence {(¢§, ¥5, A°)} is not uniformly bounded in V x V x V. In order to pass to the limit
¢ — 0 to obtain a solution for the original problem (WP), we need to establish a uniform
bound on ||divA€||fee(o,r;12)(). This implies that ||A€||ge(rm1(q) is uniformly bounded,
independent of € which in turn, from lemma 3.2.8 implies that {¢{} and {1§} are uniformly
bounded in £>(0,T;H*(2)), independent of e. Finally, this says that {(uf, s, A€)} is
uniformly bounded in ¥V x V x V, independent of e.

We will prove that ||divA€||;e(r;2) is uniformly bounded in theorem 3.2.22. But first

we need to establish some results of higher regularities for later proofs. By expanding and
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rearranging the terms in the PDEs (2.71)-(2.73), the differential equations corresponding to

the problem (WP) can be rewritten as the following two boundary-value problems:

Problem (P1): Fori = 1,2,

2
—I—ZQA@/)E = f; in Q, x(0,7),
0
o5
on

= —y ondQ x (0,7T),

where 7;(x) > 0, for x € 992 and ~; € L*(012). And
&1

ot

a €
i = ‘( - +¢¢wi) ~ (WP = i — i (AT A Vi -V

x(2) € 2 /€ €
- p|A + A" — ns,
1
&2

ot

o= T (81”5 +i¢c¢;) (sl — Ty — i (AT AL - Vi -

A
2
T
— TOIAT+ Ay - s,
2

And for A€,
Problem (P2):

—eVdivA© + curl(curlA°—H,) = g Qx(0,7),

An = 0 ondQ,x(0,7),
(curlA°—H.,) xn = 0 ondQx (0,7,

where

x2 OAC
_O'_
MOt

N 1 € €% €% € :,EQ € €
+ i (PIVYT = 1VYL) — —8W1|2(A +A.)

1

+ Qs
1%

1 * €k € a:‘2 € €
(Y Vhy" — 5" Vh5) — g|¢2‘2(A +A,).

(3.65)

(3.66)

(WA +AL))

(3.67)

V- (WA +AL)))

(3.68)

(3.69)
(3.70)
(3.71)

(3.72)

Clearly the unique solution (¢f, 5, A¢) of the weak problem (WP€) in [0,7] is weak
solutions of the above boundary-value problems (P1) and (P2). Since (¢, 95, A9) € YV x V x

V, together with the regularity assumptions made in RA1 and note that the compatibility
condition [, f; 2 = (vit)§, 1)aq is satisfied by the weak form with ¢ = 1, then after two
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successive applications of the theory of H?2-regularity on elliptic BVPs on a convex polygon €2
(see e.g., [44]), we obtain for i = 1,2, f; € L*(0,T; L*(2)), 9U5/0n|aq, € L*(0,T; H2(9))),
where 99, € {edges of the polygon}, and thus ¢§ € L2(0,T; H*(Q2)).

With this new regularity result of 1§, plus the regularity assumptions RA1, we can
see from equation (3.72) that g € L?(0,T;L?*(2)). Then by using the result of Helmholtz

decomposition of L?(Q) (see e.g.,[44]), we obtain the following lemma.

Lemma 3.2.17 For a.e. t € [0,T], assume g € L?(Q) and H, € H'(Q). Then the problem
(P2) has a unique weak solution A € HL(Q) such that div A® € H'(Q) and curlA¢ € H' ().

Proof The proof is similar to that of Theorem 2.1 in [17] with minor modification to take

into account the regularization coefficient e. |
Again using Helmholtz decomposition, for a.e. t € [0, T], g can be decomposed as
g = Vg + curld, (3.73)
where ¢ € H'(2)/R is the only solution of
(Vq, Vv) = (g, Vov) Yo € H(Q), (3.74)
and 0 € H}(Q) (in R? case) is the only solution of
(curld, curlw) = (g — Vg, curlw) Yw € Hy(92). (3.75)
Comparing to equations (3.69), we set

g = —edivA€, (3.76)
0 = curlA°— H,, (3.77)

and provided H, € L*(0,T; H*(Q2)) (here in 2D, we assumed that H, = H.z), then we can
see that by the results in theorem (3.2.17) and by virtue of the lemma 3.2.20 below, equation
(3.69)-(3.71) satisfies equation (3.74). From the Neumann problem (3.74), we get

ledivAly < [[Vdqllo
< llgllo, (3.78)
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where the first inequality are obtained by the fact stated after the inequality (2.52), and
the second inequality (3.78) follows directly from equation (3.74). We can also see that
equation (3.69) with (3.76)-(3.77) satisfies (3.75). From the fact that in R?, (curlu, curlv) =
(Vu, Vo) for all u, v € H*(2), we obtain from the Dirichlet problem (3.75) and Poincaré
inequality that

[leurl Al < [[VO]]o
< Cllgllo- (3.79)

Therefore, from the H' norm estimates (3.78) and (3.79), we get divA® € L?(0,T; H'(2))
and curlA°¢ € L?(0, T; H(Q)).
Next we want to show that A/t € L?(0,T; H*(Q2)). We start with a lemma.

Lemma 3.2.18 Given a fized e > 0, assume £ € L2(0,T; (H(Q))), H € L*(0, T; H(curl; Q))
and A(0) € L2(Q). Then the following IBVP has a unique weak solution A €
L2(0, T HA()) N HY (0, T (HL()).

0A

5 eV(divA) +curl’A = f4+cuwrlH  inQ (3.80)
A-n =0 on 092, (3.81)

(curlA—H) xn = 0 on 02, (3.82)

A(0) = A, inQ. (3.83)

Proof We demonstrate the proof by using Rothe’s method (see, e.g. [47] and [45]) which
is useful to find higher regularity for time-dependent problem. First consider the following

problem

—eV(divA) +curlPA +7A = f+cwlH  inQ
A-n =0 on 052,
(curlA—H) xn = 0 on 0,

where T is a real positive constant. Denote V = H} (). Define L:V—V as
(L(A), B) = e(div A, divB) + (curlA, curl B) + 7(A, B) VA, Be V.
Then the weak form of the above problem can be written as
(L(A), B) = (f, B) + (H, curlB) VB eV,
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By Lax-Milgram’s theorem, the above problem has a unique weak solution A € V.
Let k =T/n, for n > 1, and t,,, = mk. Define L : L(0,7; V) — L(0,T; V') as

(L(A), B) = ¢(div A, divB) + (curlA, curl B).
Also define f* H™ € V', 1 <m <n as

1 [tm
fm = — f(t)dt
k/tm_lm,

1 [fim
H" = - H(t)dt.

Define the following problem from which we want to use Rothe’s method to show that it’s

tm—1

solution when pass to limit is a solution of the problem (3.80)-(3.83).
Problem (FP): Find A™ € V, for m =1,--- ,n, such that
A™ — Amfl

——+LA") = F" mV, (3.84)

AO — Ao,

where (F™, B) = (f"", B) + (H™, curl B), for all B € V.

Then by the result above, there is a unique solution A™ € V. Thus this problem is
well-defined.

Next we get a priori estimate independent of k. By applying the identity 2(a — b,a) =

la|? — [b|*> + |a — b|* to the following equation
(A™ — A™ 1 A™) 4 ke(div A™, div A™) + k(curl A™, curl A™) = k(f™, A™) + (H™, curlA™)
we get
JA™][5 = [JA™ MG+ [JA™ — A™7H[G + 2ke|[divA™|[§ + 2k||curl A™[[3
< B g+ SR AT -+ I3 4 Klleurt A7)

k : m m m m
§5|\fmy|v,+5k0(ude |12 + ||curl A™|2) + k||[H™||2 + k||curl A™||3.

By choosing § = ¢/C' and using the discrete Gronwall’s inequality, we get

1<m<n

max [[A”[[F+ D [[A™ = A" [§ 4 ek Y |ldiv A™[F+ (1 - ek ) [leurl A”|[3
1 1 1

kC N | om N
< [|A%][F + TZ |75 +k2 |[H™|[5
1 1
C
< [|A%[F + ;Hf”%Q(O,T;V’) + [ H 2070200 (3.85)
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where we have used the inequality (see [45])

n T n T
EY R < / (OIS - G = / EL(0)| 2t
1 1

From (3.84), we get

VAN

Am — Am—l
k

[IL(A™)[[v + [[F™|[v
V/

IN

e||div A" || + ||curl A [|o + ||1£"]|v+ + |[H™||o- (3.86)
Using the result in (3.85) and summing the inequality above from m = 1 to n, we get
>
1
Define A,, : [0,7] — V as A,(t) = A™, for t € [(m — 1)k, mk], m = 1,--- ,n. Also

define A, : [0,T] — V as A,(t) = A™ — (t,, — t)(A™ — A" ) /k, for t € [(m — 1)kmk],
m=1,---,n. Note that

2

< C(||A°][5 + ||f||i2(0,T;V’) + ||H||i2(O,T;L2(Q)))' (3.87)
V/

A™ — Amfl
k

0A, (1) = Am— A1
ot k

for (m — 1)k <t < mk.
Then from the estimates (3.85) and (3.87), we have
{A,} and {A,} uniformly bounded in L*(0,T; L*(Q)) N L3(0,T; V),

9(A,)

{T} uniformly bounded in L?(0,T; V).

As a result, there are subsequences {A,, } of {A,} and {A,,} of {A,} such that

A, A inL*0,T;V), (3.88)
SOA in L2(0, T; L)), (3.89)
A, — A inL*0,T;V), (3.90)
SOA in L0, T; LA(Q)), (3.91)
a‘/;t”k — (A), mL*0,T;V"). (3.92)

Now we show that A, — A, in L?(0,7;L?(Q2)). Indeed, since

~ _t—mk

A, —A, ? (A™ — A™h for (m — 1)k <t < mk,
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this gives

n mk n
~ k _
S0 WA Al =30 gA" - A
1 - 1

By the estimate in (3.85), the right hand side turns to zero as k — 0, i.e., as n — oc.

From this result, we know that the weak limits are the same, i.e., A = A.

Now we are ready to pass to the limit n — oo in equation (3.84) of problem (FP).
Equation (3.84) can be rewritten as

OA,,
ot

where F,, is defined as F,,(t) = F™ for (m — 1)k <t < mk, m =1,--- ,n. It can be shown
that (F,, B) — (f, B) + (H, curlB) as n — oo for any B € L?(0,7;V) (see [45]).

Now by the weak convergence of A,, and (A); in L(0,7; V'), a passage of the limit n — oo

+L(A,) = F,, (3.93)

in equation (3.93) gives
%
ot
where F is defined as (F, B) = (f, B) + (H, curlB) for B € L*(0,7; V).
Finally, because of (3.90) and (3.92), A,, € C([0,T]; L*(Q)), thus

+L(A) =F, (3.94)

(A, (1), ) — (A(t),®) VYdeV', VYtel0,T],
this gives
A(0) = A, (0) = A,. (3.95)

Together the (3.94) and (3.95) show that A € L*(0,T; HL(Q))NH (0, T; (HL(Q2))') is a weak
solution of the problem (3.80)-(3.83). We omit the standard uniqueness proof. |

Now with lemma 3.2.18, we are ready to show dA</dt € L*(0,T; H'(Q2)). Consider the
following IBVP

ai—éaa—(f — eV(div®) + curlP® = £, + curl (H,), in Q (3.96)
1 d-n = 0 on 09, (3.97)
(curl® — (H.);) xn = 0  on 09, (3.98)

B0) = B inQ, (3.99)
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where
. 1 € €* €k € 'T(2) €12 €
f = i— (VIVY —9iVyg) — _2|1/}1| (A°+A,)

1 1 € €k €*x € x2 € €
+ 252_@ (Y V" — 5" Vp5) — )\_§|@/’2|2(A +A).

1 11
o= S (VU V) — S () VS — ()
. UV Ko
9 2
~ SR A + A~ BP(AY + (A
2 2
— 2D ) (A + A — g (A + (A
5 2

dy = £(0)+ eV (div A%(0)) — curl?A%(0) + curl H.(0).

From the regularity results we obtained so far, we know that ¢¢ € £(0,T; H?*(2)) N L>®(2 x
(0,7)) N HY0,T; £%)) and A € L>*(0,7;HY(Q)) N H'(0,T;L*(2)). Assume A, €
L2(0,T; HY(Q)) N H'(0, T; L*(Q)) also, we can show that f; € L*(0,7; (H.(Q))). Further
assume (H.); € L*(0,T; H(curl;Q)), then the right hand side of equation (3.96) belongs
L2(0,T; (HL(Q))"). For the initial conditions @y, first assume that A.(0) € H(dive; ), then
divA.(0) = 0. Also if j.(0) € H(dive; (), then curl?’A.(0) = curl H.(0) € L%(f2), where
H.(0) € H(Q) is a solution of curl H.(0) = j.(0). The existence of H.(0) is guaranteed
since divj.(0) = 0 and (j.(0) - m, 1)sq = 0, see [44]. Now if we assume Ay € H?*(Q), then
since A€(0) = Ay — A.(0), we can see that V(div A¢(0)) — curl?A(0) € L?(Q2). Further
assume that 5(0) € H*(R2), H.(0) € H(curl;2) and A.(0) € H' (), then we can show
that ®(0) = ®y € L?(2). Therefore, an application of lemma 3.2.18 gives us that the IBVP
(3.96)-(3.99) has a unique solution ® € L2(0,T;H!(Q)) N (HY(0,T;HL(Q2))"). Tt can be
shown that (A€), = @, see, for example, [50].

By this new results together with an additional assumption that ¢. € L*(0,T; H(Q2)) N
HY0,T; L*)) and ¢.(0) € H'(Q), the same method presented above can also be applied
to equations (3.65)-(3.68) to get Ovs/ot € L2(0,T; H'(2)). Consider the following IBVP

260 & :
00
I +ne = 0 on 012, (3.101)
0(0) = 6, inQ, (3.102)
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where

fi = 6= (WP = Tous — S (AT A Vi - V- (A" + A))

- ”j—?w AL —
(F)e = —i((@e)ets + de(85)) — (51 — To) (W), — 2R((W5))
_ z§ (A, + (Ad),) - Vo5 + (A + A,) - V(),]

— S [(9),V - (A + AL) 95V - (A%, + (A),)]
- i— (A + A2(60), + 2((A), + (A (A + Avs] — n(ws),

2
b = f1<0>+§—%Awi<0>.

With the above additional assumptions on ¢. and ¢.(0), we can show that (fi); €
L£20,T;(HY(Q))) and 6y € £2(Q). Then by the standard theory of parabolic IBVP with
homogeneous Robin boundary condition, the IBVP (3.100)-(3.102) has a unique solution
0 € L£*0,T;HY Q) NHY0,T; (HY(Q))"). We can show that (¢¢); = 6. Similarly, we get
(¥5)e € L2(0, T HY(Q)) NHI(0, T (H(Q))).

Summarizing all the regularity results we have obtained, we arrive at the following

theorem.

Theorem 3.2.19 In addition to the regularity assumptions RA1, assume that A. €
L2(0,T; HY(Q)) N HY(0, T;L*(Q)), H. € L?(0,T;HY(Q)) N HY(0, T; H(curl; ), A.(0) €
H(divy; ), j.(0) € H(dive; ), Ay € H2(Q), ¥£(0) = vio € H*(Q) and || < a fori=1,2,
where a is defined in Theorem 3.2.16. Then given € >0 and T > 0,

UL vy € L0, Ty H(Y), (3.103)

curlA° € L*(0,T;H'(Q)), (3.104)

divA® € L*0,T; H'(Q)), (3.105)

O e 1207 H() 0 (H(0,T: (HA(0))), (3.106)

If in addition, ¢. € L*(0,T; H(Q))N HY(0,T; L*(Q)) and ¢.(0) € HY(Q), then we also have
TL TR 20T @) N0, T (). (3107

Moreover, the bound of the respective norm of each function depends on €.
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These regularity results will be used in lemma 3.2.21 to find the uniform bound of divA*¢
in L*>=(0,T; L*(Q)), independent of €. The proof of this lemma follows that of lemma 3.11 in
Du’s paper [2]. We first show the following lemma.

Lemma 3.2.20 Recall that H(curl;Q) = {u € L*Q)|curlu € L*Q) in Q} and
Hy(curl; Q) = {u € H(curl; Q)| u x n|spo = 0}. The norm for H(curl; Q) is ||u|gewso) =
(Ial[f2(q) + [lewrlul[fs g )12, Then for u € Hy(curl; Q) and v € H(curl; Q), we have

/ curlu-vdQ) = / u - curl v dSQ. (3.108)
Q Q

Proof We quote a fact that the closure of C*(Q) in the H(curl;2) norm is the space
H(curl; ), see, e.g., [57]. Let the sequence {®,} C C=(Q) be such that ®,, — v, then by

integration by parts we have
/curlu-@ndQ = / u-curlq)ndQ+/ nxu- o, dos.
Q Q o9

But since u € Hy(curl; 2), the above boundary integral vanishes. So by the continuity

of each integral on the function ®,, in €2, we have

/curlu-de—/u-curlde: lim {/curlu-@ndﬁ—/u-curl@ndQ}:0. |
Q Q n—oo Q Q

Lemma 3.2.21 Suppose the assumptions in theorem 3.2.19 hold, then given € > 0 and
T > 0, we have fort € [0,T],

2
728 i A“ (1) 0 /||Vd1vA 9|z
1

- [of (% s inouico gjlothE( poi(s)) s

+P/Ot%{<a¢§t(s) HiG)Es), iy ideAE( )¢;(s))}ds. (3.109)

Proof Let the test function in the weak form (3.9) in the problem (WP¢) be ¢ =
51 5 wlv Ac. Note that by theorem 3.2.16, v¢ is uniformly bounded in € x [0,7] and
so by theorem 3.2.19, we know that ¥{V - A€ € £2(0,T;H'(©2)). Then taking the real parts,
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we have

&1 . 51 . . . . .
%{_l—v%_)\_(A + Ay, Z:zc_ V(e 1A1¢1v A>_/\_1(A +A) (i 51/\1¢1v A)}
R / { Sy — A+ AJT] - [TV A+ VUV A

+z&7<A€ + AUV - A)] }dQ

_%/{Al “( wl——(Aﬁ+A)w1)- V(V - A9

2

—Z—\lef V-A°— )\%(AE—FAC)%ﬁV?ﬁ*V-AE
2 4
A2(A€+A) UIVUY AT iy )\3|A€+A\ <PV - Af}dQ
X
= [ {0t (- ivut - A+ AJu) - (V- A9
Q 1

+ DA+ AL) - (YUY — sV V- AE}dQ

$ * € €
=R AO “(—i flvzpl—A—(A +A)Y) - V(V - A% dQ.
o Al
Similarly, substituting ¢ = it 5:;’\2 PSV - A€ in the weak form (3.10), we get
2
L RS L SR e S R SR A O).
)\2 22 A2 S22

1
:5}3/—@ (- &WQ (A€+A)w2)- V(V - A9) dQ.
QVA >\2
For the two n coupling terms, when adding them together, we get

x2 1 a3

773%(@[’27 2_¢1V AE) +v 77%(7/% i— Y5V AE)
52)\2

= 8N SN g e*] - A€ }
77%{/ {51)\1¢ et 202 £ 0 52)\2¢1 5 |V - A°dS)

2
S i, o e |74l

= 0.

We also have for j =1, 2,

2
%{(W ~ T iV AE} —0,

8%{ ‘, z’—wv AE} = 0.
5] oN
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Therefore, we get for t € [0, T],

¢1 € ¢2 €
/ éR( ot o, flelv A ) +P§R( 52/\2%v A )d
[0 [ s w
iio (i & V% vy SO(AC+ A - V(V - AY) |dQds. (3.110)
2 2

Next we multiply the PDE for A€, repeated below, by —V(V - A€) and integrate on (2,

2 €
ig aéAt —eV(V-A°) = —curl?A° + curl H,
Lo | ex '51 Lo € 1
FOR[T (=i - AT A
1.T0 52 Lo € R
* [I/)\Qw (- a:o )\2(A + )]

then through integrations by parts, we obtain for ¢ € [0, 7] that

¢ OV - A€ t
/ “"g< v v-A6>ds+e/ IV(V - A9)||2ds

= / /(curlA6 —H,) - curl(V(V - A°)) dQds
/%/{ 70— AT+ AU - V(YA
l@¢ (=& 9y~ A+ AU V(T A d0ds,

Since we have proved in theorem 3.2.19 that A /dt € L?(0,T; HL(Q2)), the integration
by parts involving the time derivative term can be justified. The integral involving the
curl operator on the R.H.S. of the inequality above is obtained by the integration by parts
showed in lemma 3.2.20. This integral vanishes by the identity curlVy = 0. By the
regularity results (3.105)-(3.106), we have for a.e. ¢t € [0,T] that (OV - A(t)/0t, V- Ac(t)) =
(d/2dt)||V-AS(t)]|2, see, for example, [53]. Therefore by using equation (3.110), for ¢ € [0, 77,

we get
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[IIV A5+ 1V - A0)[[5 ] + /IIVv A5 ds
0% 9%

2/\2

?R(

0oy A“)ds +F/ R( Ty A°)ds

SA gA

a;|rods+||w1||m - / rwcuods}uv Aods

g—A[HanmMT] [iZ
/0 [ oYy
wo [

here we have used the fact from theorem 3.2.16 that ¢f € £>*(Q x [0,7]) to obtain the

2
<§—0[leuc o)

A
L

i+ 151 e oy | el 119 Al

o+ ||¢c||o} ds+/ V- A2 ds
o

o+ rmuo] ds + / IV A2 ds, (3.111)

constant C' which is independent of €. This proves the lemma. |

Theorem 3.2.22 Suppose the assumptions in theorem 3.2.19 hold and A, € H}(div; ),
then for any e > 0 and T > 0,

||diVA€||L°°(OTL2(Q))

os
< C(1+ DTePT) || Hc? o2 1l 2||£2 (0,T:£2(%2)) + 2/ @] |72 o012 «(3-112)

where the constant C and D are independent of €. Since from lemma 3.2.6, both {0v5/0t}
and {050t} are uniformly bounded in L*(0,T;L%*(Q))) independent of €, so {divA<} is
uniformly bounded in L>®(0,T; L*(QY)), independent of €. As a result, {(¢5, 15, A°)} is
uniformly bounded in V x V x V, independent of €.

Proof Applying Gronwall’s inequality in integral form to the inequality (3.111), we get for
a.e. t € 0,77,
A€ < C(1+ DTeP" A0 0 12
IV - Aoz < C(1+ DT IV - ACO)[G + 17 22 07,0200

=118

12 2 ey +2|r¢cummm>)

By the assumption of Ay and since A¢(0) = Ay, we have divA(0) = 0. This gives the
inequality (3.112). By using the same a priori estimates for the problem (WP) as before,
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but now for {(¢, s, A°)}, we get the uniform boundedness of the solution in V x V x V

In theorem 3.2.19 and theorem 3.2.22 we see that in addition to the regularity assumptions
RA1, we also need A. € L%*0,7;H'(Q)) n H'(0,T;L*)), ¢. € L*0,T;H () N
HY0,T;L*)), H. € L*(0,T;H () N H'(0, T; H(curl; 2)), Ay € H.(div; Q) N H*(Q),
je(0) € H(divy; ), A.(0) € H(dive; ), ¢.(0) € H'(Q), 1:0(0) € H*(Q) with [¢] < a for
1 = 1,2. Therefore, hereafter unless otherwise stated, we will assume that the following

updated regularity assumptions are satisfied throughout the rest of this work:

RA2: Assume that v € H?(Q) with [¢] < a for i = 1,2, where a is defined in Theorem
3.2.16, Ay € H(div; Q) N H%(Q), je(x,0) € H(dive; ), A.(x,0) € H(divy; Q), ¢.(x,0) €
H'(Q). We also assume A. € L>(0,T;H(Q)) N HY (0, T;L*(Q)), ¢. € L*0,T; H(2)) N
HY(0,T; L*(§)) and H, € L*°(0,T; L?(Q))NL2(0, T; H'(Q))nH' (0, T; H(curl; Q)). The last
relation gives H.(x,0) € H(curl; Q).

Remark Now up to this point the regularity requirements are all clear and we want to
derive the regularity requirement of the Type-A applied current j, - n|sq such that that
regularity requirements for both A, and ¢, as listed in RA2 can all be satisfied. From the
norm estimates in inequalities (2.52) and (2.55), (2.62), (2.64), and the comments following
them, we can see that if j. € H*(0,T; H(divo; Q) NL*>°(0, T; H(div; 2)), then we have ¢, €
HY0,T; HY ()N L>(0,T; HY(Q))NC([0,T]; H(Q)), and also A, € H' (0, T; H! (div; Q2)) N
L>(0, T; HE (div; ) N C([0, T]; H.(div; Q)). These regularities imply ¢.(x,0) € H'(Q)
and A.(x,0) € H.(div;Q). Lastly, from the norm estimates (2.46) and (2.47), we see
that it is enough to have the Type-A applied current satisfying the regularity j, - n|sq €
HY0,T; H2(8Q)) N L=(0,T; H2(9Q)) in order to obtain j, € H(0,T;H(divy;Q)) N
L*>(0, T; H(divo; 2)). The last relation implies j.(x,0) € H(divy; 2). However, to guarantee
that the internal current j. is divergence free as a solution to the BVP (2.39)-(2.40), we need
to define jau|oo € H(0,T; Hz (9Q)) N L>(0, T; Hz(%)).

The regularity assumptions RA found at the beginning of our analysis section summa-

rized all the regularity requirements we needed in our analysis.

Now we are ready to pass to the limit € — 0. Analogous to corollary 3.2.12 with the role

of n replaced by €, we obtain a weak (weak™) and strong limit (i1, 15, A) as ¢, — 0.
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Lemma 3.2.23 Given T > 0, there exists an element (1,109, A) € V XV x V, and
sebsequences {11*}, {v5"} and {A*} such that as e — 0,

¥ — by weakly (and N weakly”) in V,

€k
2

A

€k
1

€k
2

A

AN

—\

—

—

—

Y weakly (and = weakly*) in V,
A weakly (and = weakly*) in V,
Yy strongly in £F (0, T; £Y()),
1y strongly in £F(0, T; L)),
A strongly in LY (0, T; LY(Q)),

where p € (1,00), and q € (1,00) for d =2 and q € (1,6) for d = 3.

Observe that with the uniform boundedness of the divA€ term asserted in theorem 3.2.22,

the term involving edivA€ in the modified problem (WP) now tends to zero as € — 0.

Following the proof of theorem 3.2.13 in passing to the limit, now with ¢, — 0, and we can

show that (11,1, A) is a solution for the original problem (WP).

Theorem 3.2.24 Given T > 0, the weak (weak™) limit (11,19, A) in lemma 3.2.23 is a
solution of the original problem (WP).

Following the proof of theorem 3.2.15, we can show that the solution (t¢,19, A) also

satisfies the “maximum” principle as stated below.

Theorem 3.2.25 For any ¢ > 0 and T > 0, let (¢1,19, A) be a solution of the problem
(WP), and let T = max{|7Ti|, |T2|}, n* = max{|n|, |n|v?*} and a = VAn*+T. Suppose
[U1(x,0)] = || < a and |[a(x,0)] = |iha| < a a.e. in Q, then |P1(x,t)] < a and

[ (x,t)] < @ a.e. in Qx[0,T].

Theorem 3.2.26 Given T > 0,

wh 1/J2
o Oy

ot ot

curlA

divA

odivA
ot

M M M M M

Moreover, the bounds of the norms are independent of €.

79



Proof Each of the first four relations follows from theorem 3.2.22 and the weak or weak™
convergence of its € counterpart sequence. We now show that d(divA)/ot € L?(0,T; L*(Q)),
with bound of its norm independent of €. By taking the divergence of equation (2.73) with

m =0, we get
22 OdivA 1 N . .
o = S (VD) = 5 PRV - (A A + [ div(A + A
2 1

2
- S (V) - 53 [ZRLYU) - (A+ A+ [P div(A+ A)] . (3113

From theorem 3.2.25, we have ¢, 1o € L2(Q2 x (0,7)) and from previous regularity
results, we have ¢, 1o € L2(0,T; H*(Q)), A € L*(0,T;H}:(Q)) and A, € L*(0,T;H)(Q)),
with bounds of their norms independent of €. From these regularities, the terms on the right
hand side of equation (3.113) belong to L*(0,T; L*(Q2)) with bound of its norm independent
of e. |

By using the result of theorem 3.2.25 and following the proof of theorem 3.2.14 with some

minor modifications, we arrive at the following theorem.

Theorem 3.2.27 Given T > 0, let (1,03, AY) and (¢?, 92, A?) be any two solutions of the
problem (WP) with initial conditions (11y, ¥, Ab) and (3,13, A3) respectively, then for
te[0,77,

11 () = i[5 + [[¥2(t) — L2 (Il + [[AN(E) — A* (D)l L2q)
< C (Ilh1o — ¥ioll + [l — ¥inllo + [[Ag — AGIlS) - (3.114)

Corollary 3.2.28 Given T > 0, the sequence {(¢5,¥5, A°)} converges weakly (and weakly*)
inV xV xV to the unique solution (11,19, A) of the problem (WP).

As in lemma 3.2.14, we want to stress that the uniqueness of (¢, 12, A) depends on the
choice of A, which in turn depends on the choice of j.. As stated at the beginning of section
3.1, we are eventually interested in the total solution (t1,12, A) = (¢1,%, A + A,). From
the regularity of A. as stated in the regularity assumption RA2, we find the total solution
(Y1,99,A) €V x V x V by adding up A as A + A,.
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Theorem 3.2.29 Given T > 0, there exist a weak total solution (1,9, A) = (Y1, 9, A +
A.) € VxVxV to the problem IBVPI and IBVP2. Let (¥}, 41, A" and (2,42, A°) be any
two weak solutions of the problem IBVP1 and IBVP2 with initial conditions (11y, 10y, A})
and (V?y, 13y, A2) respectively, where for i = 1,2, in the case of IBVP1, A} = Ki(x, 0) —
A.(x, 0), and in the case of IBVP2, A} = Ki(x, 0). Then fort € [0,T],

ok (e) — 21+ 103() — B3I + A" (1) — A (1)l
< C ([0 — whll+ 110k — vl + 1AL - AZI) . (3.115)

Hence, the total solution (11,19, A) is unique, independent of the choice of A..

Proof The existence of the weak total solution of the problem IBVP1 is obvious. We only
need to show the uniqueness of the total solution. As mentioned in the previous remark,
the solution (¢1, 19, A) depends on the choice of A., so our question is whether a different
choice of A. would give the same total solution. First recall that ¢. is uniquely determined
by a Type-A applied current j, in the form j, - n|aq (see 2.50)-(2.51)). In view of equation
(2.70), repeated below

o 12 0A
—— V¢, = A, 07 e
s Vo cur + UA% T

in €,

and also by the construction of A, that we have divA, =0in 2, A.-n = 0 and curlA.,xn =0
on 0f2, we can see that by setting ¢. = ¢, the first approach problem IBVP1 as in (2.71)-
(2.73) and (2.75)-(2.95) are equivalent to the second approach problem IBVP2 as in (2.85)-
(2.87) and (2.88)-(2.95). By this equivalent relation, it is clear that there exists the same
weak total solution for the problem IBVP2. Following exactly the same proof of lemma
3.2.14 but with the superscript ¢ and A, removed everywhere and A7 replaced by Kj,
J = 1,2, and notice that the terms involving V¢, are cancelled out in the proof, we obtain
the data-dependency inequality (3.115). From this, we see that given a unique ¢,, the weak
solution (¢1,,, A) for IBVP2 is unique. In other words, given j, - n, there exists a unique
weak solution (¢1,1,, A) to the problem IBVP2. By the equivalence of IBVP1 and IBVP2,

the same data-dependency equation holds for the same weak total solution for the problem

IBVP1. This completes the proof. |
The exact result in theorem 3.2.25 hold for (1,12, A), as shown in the next corollary.
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Corollary 3.2.30 For any ¢ > 0 and T > 0, let (11,12, A) be the weak total solution of
the problem IBVP1 and IBVP2, and let T = max{|T1|, |T2|}, n* = max{|n|, |n|v?*} and

a = An* + Y. Suppose |11(x,0)] = [1h1o| < a and |1P2(x,0)] = |thoo| < @ a.e. in Q, then
|1 (x,t)] < a and |1pa(x,t)| < a a.e. in Q x [0,T].

However, due to the fact that A, only has spatial regularity of up to H', we don’t have
the same higher regularity for A as in theorem 3.2.26 for A.

Corollary 3.2.31 Given T > 0,

¢17¢2 S £2(O7T7H2(Q))7
%, % e L2(0,T; HY(Q) N HY(0, T; (H(Q))),

divA € L>(0,T; L*(Q)),

odivA

ot

e LX(0,T;L3(Q)).

Moreover, the bounds of the norms are independent of €.
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CHAPTER 4

Finite Element Approximations

4.1 Backward Euler Finite Element Approximations

Throughout this work, we will use ||.|lo to denote the norms of any L? Lebesgue spaces, be
it a real, complex or vector valued space; and ||. ||, for any W"?(€2) spaces, for 1 < ¢ < oo,
q # 2. Also, we use |.||s for any H*(2) spaces, and ||.||s.00 for any norms defined on the
boundary 0f).

We assume 0 C R? is at least a simply connected bounded domain with a boundary
O of C1! class or is piecewise smooth with no reentrant corners. When higher regularities
are needed for the solution 11, ¥ and A as are required in the error estimates that we
will present later, we may need a smoother domain. However we will not go into details
to elaborate the necessary requirements in order to attain the required regularities of the

solution. With the first assumption on €2, we have [44]
IA[l; < C(||divA]lo + [[curlAllo)) VA € H(Q). (4.1)

We will discretize the problem (WP€) in time by using backward Euler scheme, and in
space by finite element methods. In time, let At = T'/N, where N is a positive integer, be the
time step. Let to =0, t, = t,_1+At, forn =1,...,N. Also let " = (-, t,), A" = A°(-, L),
and define §;9" = (" —y"" 1) /At and 6; A" = (A"—A""1)/At. In space, let {7}, } be a family
of regular, quasi-uniform triangulations over {2 with h defined as h = maxger, {diam(K)}.
Let Z;, C H'(Q) and Aj, C HL(Q) be the H' conforming finite element spaces under the 7,

triangulation with

Z, = {YeC(Q): Y|k € Py, for each K € T},
Ay = {A€C(Q): Alg € Py, foreach K € 7,} N H,.(Q),
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where P, and P, are polynomial spaces of degree up to k.

We now state some of the approximation properties of our underlying finite element
spaces. Let I, : C(Q) — Z;, and I, : C(Q) — A, be finite element global interpolation
operators. So for ¢ € C(Q) and A € C(Q2), we have

N N
Lo =Y v(a))e;,  TiA=> AP,
j=1 j=1
where {@;}1_, and {®;}}_, are the nodal bases of the spaces Zj, and A, respectively, with

the associated global nodes {&j};v:l. Then for 0 <m < s+1and 1 < s < k, the interpolation

errors in €2 satisfy

[ = Intlm < CRTTM gl Vo € HTTH(Q), (4.2)
A —T,Al, < ORI ™Al VY € HPH(Q). (4.3)

Let 7 be the trace operator. Let I° and I)° be the interpolants of continuous functions

on the boundary, i.e., for g € C(092) and g € C(012),

Bg= > glanle). T'g= Y sla)n(®).

{j‘(ﬁG@Q} {j|a]‘63Q}
Then for % <m <rand 1 <r <k, the interpolation errors on the boundary 02 satisfy
m ro1
Y0t — IZO(’YOWM—%,OQ <Cn ”YOWT—%@Q Vi € H'2(09Q2), (4.4)

oA =T (10A) 11 90 < CH " |0Al 150 Vi € H'2(09), (4.5)

Note that for u € C(Q) N HY(Q), we have yo(Iu) = I)°(yu). Similarly, for u €
C(Q) NHY(), we have vo(Iyu) = I)°(you).

The spaces Z;, and Ay, also satisfy the inverse inequalities:,

nlly < Ch7Hnllo Vi € Zn, (4
ALl < Ch7Y[ALlo VA € Ay, (4
1enlloce < Ch72|[Ynlle  Yaon € 24, (4.
[Anlloce < CR7E|[Anllo VAL € Ag, (4

where d is the dimension of the domain {).
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We also assume that for sufficiently smooth ¢ and A, the finite element spaces Z; and

A}, satisfy the approximability properties, see [19],

lim [ sup inf <||1/1(t) — Pnlloo + h2J(t) — %Ho)] =0, (4.10)

h—0 tE[O T] PYhEZR

lim | sup _inf (||A(t) = Bl + h~4||A(t) — Billo

(4.11)
h—0 t€[0,T] BpeA,

Hereafter, we will use C' to denote a generic constant. The context should make clear
that the same constant C' appearing at different places refers to the same or different values.

Throughout the rest of the work, we assume that ¢., A. and H, are given, and that ¢.,
A., H,, 91, 1o, and A satisfy the following regularity assumptions:

RA3: For 1 <k and s =2 if k =1, otherwise s = k if k£ > 2, assume that

Ui vy € C([0, Tl HMH(9)), (4.12)
a(;f, a(;i; € L*0,T;H(Q)), (4.13)
A¢ ¢ C([0,T; H*(Q) n HL(Q)), (4.14)
a(,;f € L%0,T;H*(Q) N HL(Q)), (4.15)
. € C([0,T]; LY(Q)), (4.16)

88620 € L*0,T; LY(Q)), (4.17)
A. € C([0,T]; H,(Q)), (4.18)
6’54; € L*0,T;L%(%)), (4.19)
H. € C([0,T];L*Q)), (4.20)
826 € L*0,T;L*(%)), (4.21)
V1o, Yoo € HFTHQ), (4.22)
A, € H"(Q)NnHL.(div;Q)). (4.23)

The fully discretized approximation of the problem (WP€) is defined as the following

problem.
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Problem (DP¢): For each fixed €, where 0 < ¢ < 1,and n =0,1,... N, find (¢}, ¥}, A}) €
2y, x 2, X Ay, such that for ¢t € [0, 77,

(B0t ) + (G600, Bn) + (0% = To)t, )

. T . ~ T N
" (—zﬁwﬁ T Ay AT, i, — (AT Acm)
To )\1 Zo )\1
~ 2 ~ ~
+ (5, ¥n) + (%%wﬂ, wh) =0 V€ 2, (4.24)
0 o0

DG, n) + LG0T, On) + (W3l — To), i)

. X o . ~ €T n 7
T+ (—i2vyp — (AT + AT, —i 2V, — v (AT + AT),
Zo Ao o Ao
~ 2 ~ ~
+ 77’/2<¢711h7 Uy) + (72%7#3}” ¢h) =0 YV, € Zy, (4.25)
0 a0

2

o (6:A%, An) + (cuarlAf, curlAy) + e(divAy, divAj)
1
: n x n n\,/n T n A
- R ( - Zév%h - _O(Ah + A7) 1h)7 —O?/)mAh
& " o, T I T
- R (( - Zx_zv%h - V)\_Z<Ah + Ac)%h)a ;)\—Z%hAh
= (HY, curlA,) VA, €A, (4.26)

with the initial conditions w?h = Iy = L € 2y, wgh = oy = L9 € 2, and
A?Z =I1,Ap = IhAO € Ay,

4.2 Existence and Uniqueness of the Problem (DP)

Theorem 4.2.1 Assume A., He, {10, 190 and A satisfy the reqularity assumptions (4.18),
(4.20), (4.22) and (4.23), respectively, then for small enough At%/h and for 1 < n < N,
there exists a unique solution (Y, V8, AY) € 25 x Z, X Ay, to the problem (DP€).

Proof We will use Banach’s fixed-point theorem to prove the existence and uniqueness of
the solution to the problem (DP¢).

Define a finite-dimensional Hilbert space
B = Zh X Zh X Ah,
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with norm

[[(V1h, Yan, An)llB = |[t1nlls + |[¥2nll1 + [|An]]1-

Let € > 0 be given. For each fixed n, given a unique (¢, ', ¢ ! A?1) € B with
(V0,0 AY) = (Inthio, Inthao, InAg), define an operator G, : B — B as follows: for
(1n, Von, Ap) € B, Gp(Uip, Yon, Ap) = (Yun, an, Ap) is the solution to the following

problem:

ar(bin,p) = {fr(Din, Yon, As), ©) Vo € Zp, (4.27)
as(Yon, ©) = (fo(¥in, Yon, Ap), ) Vo € Zy (4.28)
b(An, @) = (g(tn, Pan, As), ®) Vo e Ay, (4.29)

where (-, -) is the duality pairing in Q; and for i = 1,2, a; : 2, x 2, — C is a sesquilinear

form, and b : A x A, — R? is a bilinear form defined as

a (o, ) = 51h<w1h, Vo) + (L A (s ) + Atya (i, 9o, (4.30)
0
2

as(Vaon, ) = At%(vwzh, V) +T(1+ i Atd})(an, @)+ Atya(tan, ©)aa, (4.31)
0

b(Ay, ) = eAt(divA,, divd) + At(curlAy, curld) + U—Q(Ah, D), (4.32)

)\2

and

(fi(Din, Yo, An), @) = ([ - At — )
At il (Ap+ Ao Vi + V- (din(An + A))

—At—|Ah + Al — nAtda], @), (4.33)
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(f2(brn, Yo, An), @) = ([Tbpt —

At([thon|* — To)han

_ZAtgz ((Ah +A,) - Vihoy + V - (1/;2h(Ah + Ac)))

—AtA—3|Ah + Ao — A, @), (4.34)
2

(g(V1h, Yo, Ap), ®) = (H,, curld) + <[

Anl

- Atﬁ_lé}%(“zikhvi}lh) At—|1/11h| (A +A,)
- A5 R(05, V) - At—wzh\ (A +AJ)], @) (439)
= (H,, curl®) + <h(z/?1h,1;2h,Ah), D). (4.36)

Note that the above problem is equivalent to the following distributional problem:

—Atglh Aty 4+ (1 + 0 AL, )y,

O,
on

—Atgzh Athgp, + T(1 + i Atg™) oy,

OVan,
an

—eAtVdivA, + Atcurl’A,, + a/\ Ah

(curlA, —H,) X n
Ah n

Fr(hin thon, Ap)  in Q, x[0, 77,
—y1¢1,  on 09 x [0, 7],
Fo(an, Yon, Ap) in ©, x[0, 77,
—othgp, on 0 x [0, 7],

CUI'lHe -+ h('L;lh, QZJQ}L, Ah) Q x [0, T],
0 ondQ x[0,T],
0 on 99, x[0,T7,

where h(?Zlh, Pon, Ah) is defined in the last term in (4.36).

We first show that the operator is well-defined. We note that the sesquilinear form a,

and ay are continuous and strongly coercive. Indeed, we have

ai(Vn, )| = }aAt|W¢h|’(2)+5/Q(1+iAt¢?) b ]? + VAL [Yn]]3 o6 |
> alt|Vl[§ + B lnll;

where «,  and v are positive real constants.

> min(aAt, 3)||vn [,

Similarly, the bilinear form b is continuous and coercive.



It is easy to show that fi, fo € (H') C Z; and g € (HL)’ C A},. So by the Lax-Milgram
theorem, given (@Elh, Von, Ah), there is a unique solution (¢, Pap, Ap) = Gh(zﬂlh, Pon, Ah) €
B. Therefore the operator Gy, is well-defined.

Next we show that the operator Gy is strictly contractive when Atz /h is chosen
sufficiently small. Let (¢, .41, AL) and (¢2,, 42, A2) be two elements in the space B.
Also let iy = b}, — b2, by = L, — b2, and A = A} — A2, Then for any ¢ € 2,

<fl (&%h? @Z}%h’ Allz) - fl (@E%h? &;ha Aizz)a 90>
— At / (042 = Tk — (02 — Tr)i2,]

2 A (A ;
—ZN% / (A} +A) -V, — (A2 +A,) - V2] pdt
Q
_ z’Atf\—ll / [0,V - (A} + A.) — 3,V - (A7 + A,)]pdt
Q

o088 [ (1AL A, 1AL + Aot — nt [ Gy
Q Q
< _Af /Q [ = To)ds + (i + D3} o3 ot

2 - - - -
- z’At% / [A -V, + (A} + A.) - Vb pdt
Q

1

—z’At% / [0,V - (AL + A) + 03,V - A pdt
1JQ
2

-t / [A - (A + AL +2A)01, + |A] + A1) edt — At / Yoot
1JQ @
<o [(H&ihn@ 1T [l

+(11e1a o [1¥1llo.a + P30 101 ]loa) 1474 lo.4

+1|Alloa VY140 + I[(A% + Alloa [V lo

1o IV - (Ah + Ao + 4541 loa [V - Allg

+ [ Alloa (A} + A% + 280 [loa 1014l lo.a + IAT + Acllf o l]eh1]]o.a
(2o |0

< CA[|[¢n]l1 + [12lh + [|A[[] ] elo.a- (4.37)

In the above last two inequalities, we have used the embedding relation H'(2) —

LA(Q)) — L?*(2). We will use this relation repeatedly later.
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Likewise, we have

(f2(1, V3 AL) — F2(10, 03, AT), @) < CAL[|[Un]]1 + |[0all1 + ||A[1]1]#]]0.4.

As for the functional g, for any ® € A, we have

<g<1;ih7 &%h? A}lz) - g(&%ha ’&ghv Ai)a (I)>

1 - T1x 7 - T % T
— At [ RV - W05V - 00
Q

a2 ~ - - -
~art [ [BPAL+ A - 33, 2(A + AJ)] - 0a
1

11 Ty
— At—— / R (inhay, Vibyy, — 193, V4h3,) - dQ)
Q

UV Ko

x2 ~ ~ ~ ~
~at53 [ TIhPAL+ A~ 1 (A + A0)] - a0
2

: o o
< —At— [ RV, + BV, ) - BdQ

K1 Ja
x? o ~ ~ -
—a53 [ [IBhEA+ (04 ~ 105 P)AG + AJ)] - 2de
1
11 . - -
— At—— / R (15 V iy, + ih5; Viby) -
V Ky Jo

x2 ~1 g ~ ~ ~
~at53 [ T1BPA+ (3 - 155,P)AF + A)] - @d0
2

< CAt{H?/;lHOA V1o + [0 lo.a || V41 lo

HID1lR 4 A oa + [ lloa ([P1nlloa + [[30llo.a) || AT + Acllo.4
+1alloa [1VE3mllo + 1934l lo.a [[V2llo

(4.38)

+[anlle 4 1A o4 + 1¥2lloa ([[¥anlloa + [[030]l0a) | AT + Aclloa | ||@]]o.4-

< CAUd ]y + 1l + IAIL] 18] oa.

(4.39)

Now Let (@Z}%hv ¢%hv Allz) = Gh(q/;%hvgz%h’ A}z) and <¢%h7¢§h’ Af2z) = Gh(qu%h’ @E%}w AIQL) Also

let ¢y = w%h - w%h» Py = @D%h - @ngh and A = Alll - Ai-
Then by using (4.30) and (4.37),

%a1(¢17 ¢1) =R <f1(77[)%h7 &%h? A}L) - fl(qz%ha &gm A%L)? ¢1>
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gives

&
||r ][ + At 1h||V1/11||o+71||¢1||ag
< CAt[leHl + [[@al1 + ||A1] ||21]]0.4
< CAL[|[dn|[f + ([} + [|A|F] + At[Ce|[n 3 + ][V 3],

here the last term enclosed in brackets is obtained from the following inequality which is a

result of the Nirenberg-Gagliardo inequality
1all5a < Cllalloll¥nll
C
= 1llo + el

C
= 1llo + elllallg + 11V Ig]
= Cellvulls + el Vells. (4.40)

IN

IN

This gives

(1= CAt)|lyall5 + Alt(ih —)IVenlls < CAL[ ([l + (142 + ||AIS].

To
Therefore by choosing € small enough such that 2, /22 — e > 0, and At small enough
such that 1 — C.At > 0, we get

191115 < CAL[ [ [F + [[2fF + [|AlI7]. (4.41)
Similarly, by using (4.31) and (4.38), we get
[12l[5 < CA[ [ [F + ([ + [|AIIZ]. (4.42)
By using (4.32) and (4.39),
b(A, A) = <g(7ﬂh7@hal&flz) - g@%m&ghal&i% A),
gives
2
a/\—(%||A||g + eAt||divA||§ + At||curlA|[3
< CAL[[[Gall + el + [|All1] [ Alloa
< CAt[[[Gulff + 112l + [|Al[F] + At[ Cel|A[[§ + eC(||divA| [} + [[curlAl[) ],
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here the last term enclosed in brackets is obtained from the following inequality in a similar

way as in (4.40) and by using inequality (4.1)

C
A6, < LIIAIG+ellAlR

< CL|A|l§ + e C[lldivAl[§ + [leurlAl7]. (4.43)
This gives
2
(033 = C-ADIA + At(e — £O))|divA[lf + Ab(1 — C)eurl A}
1

< CAM[|[d]; + [l } + [|AI]-

Therefore by choosing € small enough such that e —eC > 0, and At small enough such
that oz2/\2 — C.At > 0, we get

IAJI§ < CAL[ [Ji][§ + 1l [§ + [JAI]. (4.44)

By applying the inverse inequalities (4.6) and (4.7) on the inequalities (4.41), (4.42) and
(4.44), the resulted inequalities together give

1ealls + [l + [[AllL < CRTXALE [ |9 ||y + [[a]1 + || AL,

where the constant C' is independent of n, N, h and At. Therefore, by choosing At2 /h
sufficient small such that CA¢2 /h = a < 1, independent of n and N, we get

H(%a%»A)HB < OKH(QZDJJZ)A)HB

which is equivalent to
||Gh(7vz)%h7 &%h? Allz) - Gh(’&%hv @Zgha Ai)”B < O‘H(@E%hv &%hv Allz) - (@E%hv &gh’ AZ)HB

This shows that the operator Gy, is strictly contractive. Whence Banach’s fixed point
theorem implies that there exists a unique fixed point (Y1p, Yon, Ap) = (¢V7,, V5., A7) as a
solution to the problem (DP) at time step n. Finally, an induction starting from the initial
time step with (9,49, AY) = (I110, Intheo, InAg) shows the existence and uniqueness of

the solution (7,5, , A}) to the problem (DP) for all time step n, 1 <n < N. |

92



4.3 Stability Estimates of the Problem (DP)

Theorem 4.3.1 Assume A., He, V10, 190 and Ay satisfy the reqularity assumptions (4.18),
(4.20), (4.22) and (4.23), respectively, then for At < min(1,T')/(|n|(1+v?)4+max (|7, |T])),
the solution of the problem (DP€) satisfies the following estimates:

max (IR + 113+ 11AF1] < (4.45)
N
S 10 — w3 1, — v 12 + 1AL — ALE] < C, (4.46)
n=1
N
> AV R+ 1 IVesliE] < ¢ (4.47)
n=1
N
> At [e||divAp[3 + [JcurlAp|[3] < (4.48)
n=1
N
S| s 1051 + 1A M <c (4.49)
n=1
N
ZA{MH&@Q ; wshuam] <c. (4.50)
n=1

where the constant C' > 0 is independent of h, At and N but dependent on e.

Proof By choosing the test function ), = Attt € Zp, in (4.24) and taking the real part of
the resulted equation, we obtain by using the identity 2(a — b,a) = |a|? — |b|> + |a — b|* that
(after the superscript € is dropped)

1 n n— n n— n
§U|¢1hH(2J — [ Ml + et — i 18] + At et 6.4
3 n n &
+At |[—i 1V¢1h X (A + AN+ ™ 1At”¢1h”089

< At /Q GBS + AL || 2

TI n n n
< At% L1516 + 11116 | + At Tl [[¥7,[5. (4.51)

93



Likewise, equation (4.25) becomes

F n - n - n
5 LIO3I1G = 1155 116 + 115, — v 116] + Atllvgll.
&2

n_ An &
+At||_l v¢2h /\ (A + ADYG + 72 2At||¢2h||089
< AP 3+ 1] + A1l ) (4.52)
Combining the two mequahtles (4.51) and (4.52) and choosing At small enough such that
1 r
At < , At < ) 4.53
(7 7 17 o0+ 7)1 173 -

Then the discrete Gronwall inequality gives

n |12 n |2
max [ {19l + 15116

N
+ 3 [, — WM R+ e, — v M12]
n=1

N
+ Z At[ ”w?h“é,4 + AtlwthéA}

n=1
+ Z At | —Z—V%h (An + AU
5 x n n n
+H—z—2vwzh S (A7 + AL, ]

"
N

+ Z At[ [T ‘3,89 + |[1an| |g,89]
n=1

< A, (4.54)

where the constant A depends only on the norms of the initial conditions, namely |1/, ||
and |9, ||o; and is independent of At, h, N and e.
Now by choosing the test function A, = AtA} € Aj, in (4.26), then we obtain by using

the identity 2(a — b,a) = |a|* — |b|> + |a — b|* that (after the superscript € is dropped)
2

x n— n n— : n n
75 IIATIE— |4} 1||0+\|A — ALR] + eAd]|div AZ]2 + Alewr] A
xz * n
- at [ R](=ifva, - AZ’(AZ+M;>w?h)k—° W] Ando
- ot [ RI(=i29ug, - v AL+ ADU) 5 o0k - Afan
2 2

= At/ H? - curlAydSQ.
Q
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This gives
.
AP ] + eAt||div ARG 4+ At|[curl AR [

2)\2[HA 05— 1A IS+ 1|AF —
5 n n
< C At —i IWJUL N AR+ A UG + e AT 154 1AL 4
5 n n
2 Ay +A )¢2h||0+5At||¢2h||04||A ||04

+CaAt|| Z_vah )\ (
—l—At[C’gHH’,}HO + g||cur1Ah||0}. (4.55)

Since by the inequality (4.1), [|A7]|? < C'(]|div A?||2 + [|curl A7[|2), we have

193104 ARG < CllUTAlloa ALl [|ARIL
< CllTulloa ARG + [[leurl ARG + [[div AR[[5 ]

So the inequality (4.55) becomes

.Z' n— n n— n

2;2 AR = AR+ ||AY — A7 5] + eAt||div A7 [S + At[curl A}[3
&

< CLAt| _Z leh " (An+An)¢1h|’0+5CAt|W1hH04HA 115

5 n o Am
+CAL| —i 2v¢2h /\ (A + A )¢2h||0+50At||¢2h||04||A ||0
+25At[|]curlA 5+ [|div A7 |5 ] + At[ C|[HZ|[G + el|curlAL|[2]

< 2C.A + 2:C A||A}| 2

+2eAt]||curl AR|[3 + ||div AR|[5 ] + At[ Ce|[HZ|[§ + | [curl A [7], (4.56)

where the constant A is derived from the inequality (4.54).

Now choose ¢ small enough such that
£ < min | axo L
3’ 2)\2 204

then by the discrete Gronwall inequality and by the regularity assumption of H,., we have

max [[Aj \IO+Z|IA" AL

1<n<N
n=1

+Zm e||div AZ|[2 + ||curl A7[|2]

< B, (4.57)
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where the constant B depends on € and [|AY||o; but is independent of At¢, h and N.

Lastly, by the above estimates we have

N
S TAL[ARE L+ IVElIE + V512
n=1
N
< ZAt[HAZHéA
n=1
/ -51 n Zo n ny . n (12 Zo n n\.n |12
+C'|| = i==Vl, — — (A} + AUl + — (AL + AD)YN G
3’}0 )\1 )\1
& o To

+ Ol = 129, — v SUAL+ ADURIR + v I(AL + AT

A2
N

<oryas [ ool + o)
n=1

xAt[HAzH% (Ildiv AZ|2 + [Jeurl A7) + ||Az||é,4}
S C)

here we have used the regularity assumption of A., and the constant C' depends on € but is

independent of At, h and N. This completes the proof. |

4.4 Error Estimates of the Problem (DP°)

We follow the methods used in [16] to deal with the cubic nonlinear term and to estimate

the errors, also see [17].

Lemma 4.4.1 Under the reqularity assumptions (4.12) and for sufficiently small h, we have
fori=1,2 that

[nax 1n7 oo < Oy, (4.58)
no_ o n < _ .
max, [ 1n7 = Ui lfoee < Cyy, (4.59)

where Cy, is a constant which depends on the magnitude of ||1;]|k+1-
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Proof Forn=1,--- /N, k> 1 and any ¢, € Z},

10 oo < |00 — i llo,00 + 117" ]]0,00
< i = @nlloeo + |len — i llo,00 + 197 0,00
< Ch 3L — @allo + llen — ¥ lloso + 147 lo.co
< Ch 2|1} — ¥2llo + 167 — @allo] + llon — ¥¥lloo + 1970
< CR72 )| kgr + [Ch2]10 — @nllo + llen — U2 o] + 117000,

where the third inequality is a result of the inverse inequality (4.8) and the last inequality
is a result of the interpolation error property (4.2).

Now by virtue of the approximation property (4.10), given a constant J, for sufficiently
small h and k+ 1 > d/2, and by the regularity assumptions (4.12) which gives ¢} € £L>(Q),

we get

_d n n
i lose < CHE2 ][00 kg1 + 0 4 |47 0,00,
< CM" I

Lemma 4.4.2 Fori = 1,2, define function g; : C — C by setting g(v) = (|v|* —T;)1), where
7 € R is defined in (2.17). Then we have

R{(g:(¥) —gi(@)) (" =)} <[ —o]* Vo, peC, (4.60)
9:(¥) — gi(@)| < Cl— | Vb, p € Csit. [, || < K for K € (0,00). (4.61)

Proof For the first inequality,

R = T = (Jol* = T)e) (¢ — ¢%)}
= TP + Tl — 2TR(We") + [ + ooy — [0 — |ol*
< Tl — o + [Pl + loPl] = [91" — |l
=Tl — o’ = (lel = [N (el = [¥)
<|Tilly — ol
For the second inequality, suppose [1], |p| < K, for some K € (0,00), then

([P = T = (el = T)e| < |K = Til[v - ol | (4.62)
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Lemma 4.4.3 For 1 < s <k, assume ¢ € H'(0,T; H*T(Q)),

1 0 2
atfawr = oyl < Canet| [ IS ]
where I, = [t,_1,tn].

Proof By the definition of ;1" = (¢" — "~ 1) /At, we get

(" = Lip™) = (" = I" )l =] / M’( dt
[h
< /H ‘””Hodt
S / %52

< carn| / 12501 ]

where the third inequality is obtained from the interpolation error (4.2), and the last

inequality is obtained by using the Schwarz inequality. |

Lemma 4.4.4 For ¢ € H*(0,T; £*(Q)),

[ [0 :
I [ vt aeor o< ] [ 1SR
I In

Proof
I [ e = sl = [ wio) - v
- [ ddtuo
In Jtn
(W
< I [1%
< Atu/! \duo
< At / |
< Amt%[/ str,
I,
where the last inequality is obtained by using the Schwarz inequality. |
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Theorem 4.4.5 Under the regularity assumptions (4.12)-(4.23), then for small enough
h and At, the solution of the approzimation problem (DP€) satisfies the following error

estimates:

max [dei(atn) - 77ZJ?}7,||(2) + ||¢§(atn) - ¢;h||g + ||A€('atn) - AZH(Q)}

1<n<N

N
+2At{|l¢i(-,tn) — Pl + 105G ) — Y513
n=1
N
e At|A(t,) — A3
n=1

N
+ ) AL tn) = UG o0 + 1U5( ) — 54115 00]
n=1

< C5 (W 4+ AP),
where k > 1 and CY, is a constant independent of h and At but dependent of € and N .

Proof For i = 1,2, let the errors be e} = 9} — ¢! and E" = A} — A", recall that
Y = Yi(e, tn), A" = A°(+, t,). Split the errors as e = 0 + pI' and E" = ©" + ®", where
0 =, — Iy, pif = Lyl — 9, O = Ay — I,A" and ®" = I,A" — A". By the finite
element interpolation errors (4.2) and (4.3), we know the errors for p!' and ®", so we only
need to estimate the errors for 6 and ©".

By choosing the test function 1), = Atf? € Z, in (4.24) and ¢ = Atf? in the weak
form for ¢ of the problem (WP), and subtracting (4.24) by 1/At [ ;, of the weak form
for ¢¢ of the problem (WP), where I,, = [t"!,#"], then we obtain by using the identity
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2(a —b,a) = |a|* — |b]* + |a — b|? that (after the superscript € is dropped)

(6,07, AtOT) + At (71 & Lo, 0")
0 oN

SO(A7 + Ay, — 51 Ve - S0 (Af+ A”)G")
1

1 oo
(o :

Y
n n— n n— 5 n
LHOT1IS — 1167~ IE + Nlor — 077 IG] + Aty 10H9 118,00

4 At —zéven - )\—(A” + AT

= (6: () Ih¢1 ), At@“)

.51 51 n n

—At —zg—lwhwl (AR + AN, — éV@’f — O (Ap AN
A o Al

i / (igetpr, OF) dt — At (igyh, 9?)}
LJIn

] [ o = Ty, ) de - e (i = Tyt 07)|

LJ In

+ /n(wz, 07 )dt — At n(¢y,, 9?)]
In

+{/( 51%9”) dt—At( glfwl,e") ]
In o0 o0

=)+ L)+ (III)+ (IV)+ (V) + (V). (4.63)

Since (£)°(|VO7| |2 < [|—i&V0p — 2(Af + AD)OF| + || 22 (Af + AZ)O7][2, we have

zo

3 LIGRIE = 1187 18] + A (S2)* 6711 + A6
< R{(I) + (1) + (IT1) + (IV) + (V) + (V1))
+ (Lo + A3 (AL + AL (164)

We now estimate the terms on the R.H.S. of the above inequality. By lemma 4.4.3, we

have
oY n
m < oaae [ [ 1%z g
< ot [ )5 o
o
where s =2 if k=1, and s =k if £k > 2.
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Rewrite (/1) as

/[/Q[_Zi_l (1 ¢1)__(A+A>¢1_A_1(An+An>¢ﬂ

(i 3 SLygp — ZU(A + AL)0F)dQ dt
Zo )\1

st [ v - nop) - (a7 + ADWE — )]

(iéve?* — 0(A} + A dO
i )\
+A / [—ii—lwl TA" ALY - (A7 + AD) — (LA™ + AL) 67dD
Q 0 1

+AL / [—iéwl AT+ AT - (LA™ + AT) — (A" + AT)) 67+dS)
Q Lo )\1

é - " " n ny _ UK
+/1n/g[ VTN (A ALY (A" + AZ) — (A + A,)) 07 ddt

+AE | (A} + A7) — (T,A" + A?) ¢7 - [i il Ve — )\—(A” + AT)0] dO
0

(LA™ + A7) — (A" + AD)) v - [i> 3 S - SO (A7 + A7)0} dO

At
+ N

=) +{U)a+ (ID)s+ (I1)a+ (I1)s + (U)6 + (I1)7.

:>\:>

Then by using lemma 4.4.4, we have

RUDI| < [ =559 00— ) = A+ AJwr + T (A + AN
I o
><||z€1V9”—)\—(A—I—A)9?||odt
1
< CAt> U ||agtw1 (A+A>w1)l|3dt ’

V67 )]0 + max. ||A+A lo,411671]0.4]

oY n
< @Aﬂ/l 0% 1||1+|r (A -+ A3t + o

For (1), first note that the regularity of A, (4.18) and the stability result (4.49) give
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||A} + Al|]o.4 < C. Then making use of the interpolation error (4.2), we get

RUDel < A[ll=2E907 — Bl + 1T (AR + ADlloa 107 — 160

To
f n z n n n
X [=HIIV87 o + 1152 (AT + AL loal 167]]0.4]
o 1
< CAtRM |9 ks 167
CEAER™|[47 |74 + eAtl67]]3,

A\

(R(UID)s| < CAL[[VE]]Joa + [A™ + Allloa %7 lo] 1070 1167104
< CAH]O"[5 + eAt]|67]]3,

By the interpolation error (4.3),

R4 < CAL[|VUoa + [|A™ + Ao U7 |o0c] B [A™|[5s1 167 0.4
< CAtRPFD AR +eAt)|07]]3,

RUDS| < CLITE s + 147+ AZllos 10510
5 0 B
<ot | [ 115+ Al 167
I,

< C.AP (A + A,)|[5dt +eAt]|67][3,

12
I ot

(R(1De] < CALIO™[o [[U7 oo [[IVOT]lo + (AL + A [o.al167 []o.4]
< CAH|OM[g +eAt]|o7]]7,

By the interpolation error (4.3),

IRUID)7| < CALEM A e [[97 oo [IIVO]lo + [1(AT; + AL lo.al 165 lo.a]
< CAERPED|AM R + eAt][67]]7.

Rewrite (I11) as
(I = / / i(behy — P B dQdt + At / 6P (U — [yt) 97
I, JQ Q
iy / iR (Lt — ) 07 dCL,
Q
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then we have

murn) < oaid| [ 18 za o
O A6 loa 1167 o 1671l
FAER / 197107 [*dS2

a(¢cwl)
ot

9% 12

o
< cmz/ [0l B I SEH B 4 a1 Dt

+CAt ||¢c||0,4 |47 ||k+1 + 2At||‘9?||0'

By using the notation of function g; in lemma 4.4.2, we rewrite (IV') as

/I / (91 () — 02 (67)) 030t + At / (61 (67) — g1 (1) 07O

Iy /Q (g1 (1) — gu (7)) 0792,

then by the regularity assumption (4.12), |[¥7 /000 < C and by lemma 4.4.1, ||1,97]0.00 <

Cy,. Thus by lemma 4.4.2, we get

=

a91( 1)

6 dt| 116710
+C¢ At“% — LY7o

0
< oAl /|| 910112 | fgm1l,

+Cy, At h’““!lwl k41 HH?HO + AT 167113
91(1/11)

RIV)| < oAt Al

|9”||0+At|71| 167115

IA

C At || ||0 dt
A h2 S| g2,y + AKR 4 (T (16712
Rewrite (V) as
/ /Q Nty — U0 B7*dQt + At /ﬂ D03 — L) 07d0,
In

st [ it - o) 0,
Q
then we have
a¢2 n k+1 n n
R(V)| < CAt: H Hodt H91|!o+CAth 195 141 1107 |0

+At||9"||o||9”||o
0
CA? || %IlodHCAthQ’””II%IIM+ 1216515 + Atler][s.

VAN
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Rewrite (VI) as

2
Vi) = vi—[ / [ (- orrasie - ¢ / (67 — L) or°ds|

o0N

then using an analogue result of the lemma 4.4.4 and the boundary interpolation error (4.4),

we get

SHPVE o .
ROVD| < Ok adt| [ ISR o de| 68 o
I’VL

0

_1 n n
+ALRFD7S [y H(kJrl)—l,r?Q jick Ho,ﬁﬂ]
awl ’715 n
<0At2/ = Hoaﬂdt"‘CAthzk+ )‘|¢1||k+1+At > 1107 ||039’
5

where in the second term of the last inequality, we have used the trace embedding theorem.

Combining all the above estimates, the inequality (4.64) becomes
L [l13 - oz 1] + 8¢ o7 + e, oy
5 LIIoTTlo = 11 "o T+ Aty 0|| 115,00
n n n ’715 7
< (8+ |Tu|)At||67 1[5 + Alf||9 15 + TeAt]|6F ||1+At 1||9 15,00

n § n n n 3
+CA|07][5 + At( : 167116 + At Al H(A +AD0T[;

o 0

+Ch2k/ |I%H§dt+ceﬁt2/ L] ¢1||1+|I—(A+A)||3]dt
In In

+ AL h”“ll@/)?lliﬂ + CALRPFD AR,

el At2/ 12 (A+ AN dt + OO [6u] . 15 4

adjl a¢c

+0At2/[||¢c|lo4|| 16,4 + !|¢1|!o4|l ||o4}t

0
oA / iz Wuém%Ath“’“*”!rwniﬂ
0
L OAP / I ¢2y|odt+cmh2 D)y 2,
oY Ly 1m
* OM/I 152 B o e+ CALRED [l 2, (4.65)

where s=2ifk=1and s=kif k > 2.
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Now since

(AL +ADOTIG < [I(AR+ADIG 1671154
(AL +ADIG4 (ClIE7 o [1671]]1)
CA||07][5 + A 67|,

A

IN

the inequality (4.65) becomes

3 n— 3 g n
[H9 15— 1167115 ] +At H9 17+ Aty EHG 116,00

< C.At|07|[g + A15||9 16+ 8eAt]|07 ]t + At 1 1H9 16,00 + C-A]|67][5.

o 0
+Ch2k/ |I%H§dt+ceﬁt2/ L] ¢1||1+||—(A+A)||o]dt
In I’n
‘f‘CaAt h2k||1/’?||i+1 + CsAt h2(k+1 ||An||k+1
0 n
AP / 5 (A + AL de+ CALR |63 1031

% e 2 1 Ja

0
oA / 1220 2 4, A g
Iy

0
+0AﬁﬂHJ@%ﬁ+0AMMHWWMH

+0At2/ [ella Nl o0 + [1¥nlGa

+CAL H Hoaszah“rCA“‘L“+ 19751 (4.66)

Similarly, by applying the same technique to the equation (4.25) and to the weak form
for 1§ of the problem (WP®), we get

105



N | —

n n— & 1 S
1165115 — 1165115 ] + At= |9 I1E+ Aty 231165116 00
Lo
< CAt|03][5 + A7f||9 16+ 8eAt]|051[ + At : 2||9 16,00 + C=A|67][5.

o 0
wh%/ | 1”2” avoar [ ) w2!|1+\|—(A+A>Ho]dt
+ CsAt h2k”¢2 ||k+1 + CsAt h2(k+1 HAnHiJrl
0 n
OO [ A+ AN+ OO 1o 1051

8¢2 a¢c

+cm2/ [0l 112 10+ Nl 1 52N

roar [ 92<¢2>||0dt+0¢2mh2<’f“ 193112,

+CAP? / 1203 dt 4+ CAERED g,

C A2 % dt + CAE R2E+F2) |72 4.67
008 [ 1521 pade + CALIED g, (4.67)

where s =2ifk=1and s=k if k > 2.

Now by choosing the test function A, = AtO" € Ay, in (4.26) and A = AtO" in the weak
form for A€ of the problem (WP®), and subtracting (4.26) by 1/At [, of the weak form for
A€ of the problem (WP€), we get (after the superscript € is dropped)
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%
A
= (5,(A™ — I, A™), AtO")

g

(0,07, AtO") + At(curl®”, curl®™) 4+ eAt(dive", divO")

+ [/ [(curlA, curl®™) + e(divA, dive™)]dt

In

— At(curll, A", curl®™) — eAt(divI, A", div@")}

&1 Zo To n
— |:/In ER (( — Zx—OV'(h - )\_1(A + Ac)wl), )\—17#1@ > dt

év%h - )\_O(Ah + Ac)¢1h)a )\—O%h@ > ]
1 1

+ AtR <( — 1
Zo

— =
Zo

&2

/L_
Zo

_|:/In§R (( 52 v¢2 — V%(A+AC)¢2)7 ;i—;)’wg@ )dt

Zo

+AtR <( —1==Vihy, — 1/)\2 (Aj + Ac)¢2h)7 ;)\—Z%fz@ ) }

+ [At(HZ, curl@™) — / (H,, curl@”)}

In

= (VII)+ (VIII)+ (IX) + (X) + (X1). (4.68)
So by using the identity 2(a — b, a) = |al* — |b|* + |a — b|?, we get

2
o5 1167113 = 1187 |] + et ldiv ©71[f + Atfleurt €
1

< (VII)+ (VIII) + (IX)+ (X) + (XI). (4.69)
We now estimate the terms (VII)-(X1). Similar to the term (/), we have
An
winl < o [ %50 e adjer)
In

where s=2ifk=1and s=kif k > 2.
Rewrite (VIII) as

(VIII) = / [(curl(A — A™), curl®”) + e(div(A — A™), dive™)]dt

+ At(curl(A™ — I,A"), curlO™) + eAt(div(A" — I,A"), dive"),
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so we have

OcurlA 8d1VA 3 "
(I < oad /|| 2+ ||odt} e
LA A”—IhA“m |I@”H1
< oad /|| ||1dt] 16711 + CALRH| A s 07

< co|ar [ IR cotIATE ] + 2 len e

Rewrite (/X)) as

/In §R/ le " (A” + ANt ) 3 ”*

1

—(- z—wl - —(A + A ?zm L O"dQ dt

T n* n
§<A2+A2><wlh 7)) 20t - € de

FALR / —z— (L™ — ) — (A”+A")(Ihw1 w))A—1 Q" dQ)

+At§R/( 51 V(@i — Iny) —

TALR / —z—vwl—A—(AwA“)wl) 2 (0t — o) - 014

FALR / - @—vzpl - )\—(A” + A”)¢") (Ihw* — ) - O

FALR / A—O((A" +AY) = (I,A" + A7) gpr 2 Ut - e
1 1

+At§R/ 0 (LA™ + A7) — (AZ+A2))¢1"/\_ - emdQ
1
(IX)1 + ( IX o+ (IX)s+ (IX)s+ (IX)s + (U X)s + (1X)r7.

then we have

\ B :
(IX),| < OAt2[/I 15 [(Vr + (A + Ao ) o] Il5de | 116" lo
; OV B
< cadt| [ (IR T30 s

(A+A)
ot

15+ va1H04H

1164

Iy

1
H 1116 oo 16+ [1A + Acllg.allvll6oo 151164 ] “11e"lo

o, n
< w/} [k 1||1+|| (A A[]dt + Atje"] 3
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By the stability result that ||¢7,|los < C and ||A} + AZ||o4 < C, we get

|(1X)2]

IN

CAL[[|V (@7, = In))lo + [|AL + Allloa |7, — Intorlloa ] 11Tllo.a [0l
eAt]|07][F + C-At||0"]3 4

eA]|07][T + CAt([[0"|o 10" )

eA|07|[F + Co o At]|07|[5 + €' At]|O" |7,

INIA

IN

XYl < AV~ )l + 1A + AZlloa [11f — ¥7lloa ] 953 ll04 €70
< Lt Il + < ader?

((IX)al < CAL[[IVYTlloa + [[A" + AZlloa [[U7 o.oo] 167 10,4 110710
< CAH|OM[5 + eAt]|o7]]],

[(1X)s]

IN

CAL[ IV oa + IA™ + Allloa 1T o] 12T — ¢TI0, 110”0
CAtR*M[¢7 |54y + Atl|O"][5,

IA

(IX)s < CALR*[|A™ w1 [0} ]o.00 P70 0,4 11070
< CAth*||A™ME,, + At]|O]3,

(IX)7] < CAt|0"]|oa [|¥7]]0,00 [|UT0]]0,4 110" ([0
CoAt]|0"[3 + ' At]|0"3.

A

Therefore, we have

(0] < 20107+ Co 11107+ 87500
o0
+0At2[[|| O A+ A3

+Co AR [T [[54r + CALR*|JA"[ .
Similarly, we have for the term (X),

(CO1 < 22800+ Cot 07+ 3501
o
+0At2[[|| Ot 1 (A ANt

+ Co At h* |5 [§ 40 + CALR™|| A [,
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For the last term (XI), we have

(XD)| < CoAr || ||odt+6'At||@”||1

Combining all the estimates for ©" and by using the inequality (4.1), D||©"|]3 <
||curl ©||2 + [|div ©"||2, the inequality (4.69) becomes
22

vl
< C.oAt|O"]2 + 85’At lle™||? + 25At||0"||§ + 2eAt||03)?

+0h2k/| d{m?/ 1R e+ OA AR,

&D oY
+0At2/1{|| P 1218 oA+ A3

©7I5 — 10" [5] + eDAt]|©"|}

+Oa’At h2k||¢1 Hk;+1 + Ca’At h2k|’¢2 Hk+1 + CAt thHA”HiH
H
+06/At2/ |8 “||3dt, (4.70)
L Ot

where s=2ifk=1and s=kif &k > 2.
Finally, by combining the inequalities (4.66), (4.67) and (4.70), we get

167115 — 1oy~ 116 +At ||9 ||1+At—1—1||9 15,00
Lo

n n— n /y 5 n
+5 [ 193115 = 11657116 +At H9 1} + At 2!!9 16,00

DN | —

h)l)—l

+JW[H@”HO H@"’ng]—i—eDAtH@”Hf
< CAH|07]]5 + 10eAt][67]3
+CCAL|03][5 + 10=At]|63] |}

+ C. o At]|0" 2 4+ 8/ At |02 + (h*F + At?) Ve, (4.71)
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where

o
/H |MH%{[U|1m+H<A+Ammﬂ
ARy + CALR|AM 2

+Co [ 115+ Al dt+ OOl 51
+C [ TN+ I3 51
+C [ IR G+ Cou
+0AJQQMﬁ+CAHﬂmeI
15 o+ CAE [

aw o
+C/H ﬂwu4ﬁﬁﬂ|2m+W4A+Anmﬁ
ARy + CoA R AM 2,

+C. [ 5508+ AN+ Ctlod 1051

a¢2 8¢c

+C/ [19ell.a 11755 16,4 + 1eallo.a 1=~ Mlg.a ]t

7

992y n
e[ 22me4%AMW%MH
9
v [ UGB+ CARIIE,,

Y n
+c/u—ﬁmmﬁ+cmhwmal

0A
g[/u—ﬁﬁﬁ+cAmxwal

8¢ o
/ [H 1H1+H 2H1+H—(A+A)H§]dt
+05’At ||¢1 ||k~+1 + Cs’At ||w2 ||k+1 + CAt ||An||2+1
+C. H ||0dt (4.72)

where s =2ifk=1and s=kif k > 2.
All the terms in W€ can be bounded by constants. For example, for ¢ = 1,2, by the
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Sobolev embedding theorem,

i 1o
/[||¢c||o4|| N5 < el or:zscon) 15

||z:2 0,T;HL(Q))>

9gi(¢
[ = [ g - Ty

i |1
(O + il 2= 0,5 (o) 157 1122 072220,

IA

and by the trace theorem,

O |1y i |1y
/|| Bondt < ClI S o

By the regularity assumptions in (4.12)-(4.21), we get ¥¢ < C¢, where the constant C¢
is independent of At, h, and N but is dependent on € due to the fact that we have used the
stability estimates which depend on € to get the generic constants appeared in the inequality
(4.72), and C. depends on ¢, see below for the choice of £’.

Now choose ¢ small enough such that 7 /22 —10e > 0 and &2 /22 — 10e > 0; also choose €’
small enough such that D —8ee’ > 0. Next choose At small enough such that 1/2—C.At > 0
and o22/2)\} — C. At > 0. Then inequality (4.71) becomes

[allP15 = 11677 [5 ] + Ateal 67117 + Ates] 67115 a0
+callO5115 = 110575 ] + Ates|105]1F + Ates|105]]3 o0
+[erl|07[5 — 10" H[5] + ecsAt]|O(|?
< (R 4+ A1), (4.73)

where the constant ¢;,i = 1,--- ,8 are positive and independent of ¢, At, h and N.

Then by applying the discrete Gronwall inequality to the inequality (4.73), we obtain

max [ [|071[5 + (163115 + 116”115 ]

1<n<N

N
+ ZN L6711 + 116511 + +ellen[F] + D At[1167115 00 + 1165115.00]
n=1

n=1

< Oy (B + AP),

where the constant C'§ is independent of At and h but is dependent of € and N. Note that
in the above estimate, we have used the fact that [|69]o = 0 and ||©°||o = 0, this is because

we assumed in the discrete problem (DP) that ¢), = I = I,1) and AY) = T,A, = I,,A°.

112



Now since by the finite element interpolation errors (4.2) to (4.4), we have for i = 1,2

and m =0, 1,

IN

17|13

12"([7,

IA

IN

||P?||(2), GlY)

IA

where the last inequality is obtained

ChAEHI=m) |2,
Ch2EFI=m | Am)2
_1 n
ChQ(k+1 2) | |¢z | |i+17%, o0
ChED)| |2,

from the trace embedding theorem.

application of the triangle inequality completes the proof. |
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CHAPTER 5

Computational Results

In this chapter we present some computational results and investigate the properties and
dynamics of the 2B-TDGL model in response to an applied magnetic field and/or an applied
current under various Ginzburg-Landau (GL) parameter settings. In particular, we will focus

our study on the following two-dimensional simulation topics:

1. Steady-state vortex lattices under the effect of a steady applied magnetic field.
This includes cases involving samples consisting of Type-1/Type-I1T and Type-II/Type-I1

condensates, with two distinct critical temperatures.

2. Vortex dynamics under the effect of either a stationary or non-stationary applied
current with or without an application of a steady applied magnetic field. A superconductor-
normal metal (S-N) interface type boundary condition is used in simulations with current

involved.

Our computational model is based on the 2B-TDGL equations gauged with the “current
gauge” on a two-dimensional rectangular sample. Again, as in the analysis and finite element
approximation, we assume that the gradient coupling effect is negligible, i.e., we set n; = 0.
The external magnetic field is assumed to be applied in a direction perpendicular to the
two-dimensional surface of the sample. In the simulation cases with an applied current, the
applied current is injected in the y-direction at the two sides of the sample parallel to the
x-axis. We ignore the existence of the physical current leads which should otherwise be in
contact with the superconductor to feed the current. However, we include the S-N interface

type boundary condition in our computational code. Our computational code is implemented
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by finite element methods. We use quadratic elements on a regular, uniform triangulations for
approximation in space and the backward Euler discretization for approximation in time. To
solve the system of nonlinear equations resulting from the discretization, we utilize Newton’s
linearization method on the fully discretized equations to obtain a system of linear equations

which can then be solved by standard linear solvers.

5.1 Steady-State Vortices under Stationary Magnetic
Field

Our main references in this section are some detailed studies done by E. Babaev in [34] and
[35] (also see [36] and [39]) and by L.F. Chibotara et al. in [40]. Following the work in [34],
two vortices generated by two distinct order parameters concentered to form one vortex core
are together called a composite vortex and two vortex sublattices which consist of composite
vortices are together called a composite lattice. Define a phase change quantity around a

vortex core as
Af = ]{Vle, (5.1)

where ¢ is a closed curve winding around the vortex core, and 6 is the phase of the order
parameter ¢. If the phase change Af around a vortex core is 27, then the vortex carries one
flux quantum. When an external magnetic field is applied to a two-band superconductor
sample at low temperature, the system is in a state such that A(6; — ;) = 0 and
A(#y + 63) = 4w, and both the sublattices generated by the two distinct order parameters
form a composite lattice which is energetically favorable. The phase changes A#; and Af, of
both order parameters winding around a composite vortex are equal to 27, i.e., the composite
vortex carries one magnetic flux quantum. This phenomenon holds in both cases of the zero
and nonzero coupling parameter 7, where in the former case, the only coupling between the
two order parameters is through the vector potential A. One interesting result stated in [34]
is that this phenomenon also holds when one band is of Type-I condensate and the other
is of Type-II condensate, even when the external magnetic field has exceeded the critical
field of the Type-I condensate. However, Babaev’s studies are based on the assumption that
the sample is of infinite dimension. For a finite dimension sample in which non-negligible

boundary effects must be taken into account, the existence of thermodynamically stable
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noncomposite vortices in small samples with size of the order of the coherent length ¢ is
studied by L.F. Chibotara et al. in [40].

We will present the results of many simulations and show that the composite and
noncomposite lattice phenomena mentioned above appear only with special combinations of
values of the coupling parameter n and the applied field H.; different phenomena appear in
other combinations of the values of n and H,.. In the dimensional two-band TDGL free energy
functional (2.3), the dimensional interband coupling energy term Fi,, 1= [, €(¢19054+151)2)d<2
can be rewritten as Fiy = [, €|t1]? [1h2]? cos(6y — 62)d2. Observe that in the case of € # 0,
in order to perform an evolutional simulation with a stable initial state, we need to set
the initial condition of 1, and %5 such that the interband energy term JF;,; is minimized.
Therefore, if € > 0 (or n > 0 for nondimensionalized equations), we set the phase difference
0, — 0y = m, and if € < 0 (or n < 0), we set 6, — 0y = 0. In our simulations, we set
1 = 08|71, ¥i1 = 0.6|71] and 1,2 = —0.8 sign(n)| 72|, i = —0.6sign(n)|Zz|, where 1),; and
1;; are the real and the imaginary parts of the order parameter v;, respectively. The values
of the real and imaginary parts of the order parameters are chosen to make the simulations
start with a near superconducting state. As we have just mentioned, when ¢ = 0 (or n = 0),
the only coupling between the two bands is through the same magnetic field induced by the
vector potential A.

We use the two upper critical fields of the two individual bands together as reference
values to set the values of the applied field in our numerical simulations. We first derive
an equation for the dimensionless upper critical field Hgé, where 7 = 1, 2, for band one,
band two. From the conventional one-band GL theory we know that the dimensional
thermodynamic critical field H? at temperature 7 close to and below 7, (see section 1.2.4,
also see, e.g., [62]), is given as
— ®0
V2N (T)E(T)
where ®, = 2whc/|e*|. By using the approximation «;(7) = «;(0)[7/7. — 1] and
B,(T) = 5,(0) which gives A (T) = A, (0)/[1 — T/T; "2 and &(T) = &(0)/[1 — T/T;,]"”
(see (2.16)), we get

HY(T)

C

(5.2)

HAT) = 80) |1~ | (53)



where

. ®,
H!(0) = . 5.4
)T e 050 oy
Again from the one-band GL theory the dimensional critical field H £2 is given by
. D, 4 4 T
H,(T)= ——=—=V2x;H(T) =V2x;H(0) |1 — —| . 5.5
02< ) 27T€]2(T) \/_KV] c( ) \/_KJ c( ) |: 7’6‘| ( )

By using the nondimensionalization equation for the magnetic field defined in (2.16),
namely, H, = v/2H!(0)H!, where H! is the magnitude of the nondimensionalized field, we
obtain the dimensionless field (with " dropped)

HL(T) = Ky {1 — %1 = k174, (5.6)
2 oy H2(0) T] _ 20860 .
HAL(T) = ko H1(0) [1 — 7,62] = W@TQ = vkoTs. (5.7)

Remark All of the above results are based on a nondimensionalization of the 2B-TDGL
equations by using «;(0) and 5;(0), j = 1,2, as the base parameters. When doing so,
all the dimensionless paramters appear in the nondimensionalized 2B-TDGL equations are
referred at 7 = 0.0; we obtain the temperature dependent terms (|¢;]> — 7;)¢; in the
nondimensionalized 2B-TDGL equations; and the upper critical fields are expressed as in
(5.6) and (5.7). In view of this nondimensionalization, (|¢;|* — 1.0)¢); will mean that the
operating temperature is equal to 7 = 0.0. On the other hand, if we use o;(7") and 3;(7)
as the base parameters to nondimensionalize the 2B-TDGL equations, all the parameters
appear in the nondimensionalized 2B-TDGL equations are now referred at 7 equals to the
operating temperature. The temperature dependent terms in the nondimensionalized 2B-

TDGL equations now become (|1;]> — 1.0)1); and the upper critical fields (5.6) and (5.7)

become
HL(T) = ky, (5.8)
HZ(T)
H?Q(T) = Ko HI(T) = VKo, (5.9)

where now v = (A2(7)&(7))/(M(T)&(T)). Note that we don’t have to distinguish #;(0)
from k;(7), since they are the same by our approximation 3(0) = (7). So when we set
7; = 1.0, we could mean 7 = 0.0 or 7 equals to whatever the operating temperature is,

depending on what nondimensionalization we intend to use.
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Now we are going to investigate in details our simulation results of the 2B-TDGL model.
From an observation on a large amount of simulation results that we obtained, we are able
to speculate that there exists a vortex phase diagram, as shown in Figure 1 below, which
governs how the vortex phase of each band behaves under various combinations of the values
of the coupling parameter 1 and the applied field H, with a fixed operating temperature 7 .
After a discussion of the meaning of this phase diagram, we will present some representative
numerical examples to illustrate how the vortex phases change in the regions on a n — H,

plane.

Region A

Interband Coupling Parameter

Applied Magnetic Field He

Figure 5.1: Vortex Phase Diagram (Coupling Parameter n vs. Applied Field H,.) for the
2B-TDGL model under fixed temperature 7 and GL parameters.

In Figure 5.1, the Region A, B, C and D are regions on the 7-H, plane. Region A
is a region in which the values of n and H, together give no vortex nucleation inside the
two-band superconductor. Region B is a region in which the values of n and H, together
cause the superconductor to produce composite vortices which can be comprised of a set
of strong vortices corresponding to one band (called the strong band) and a set of strong
or weak vortices corresponding to the other band (called the weak band in case of weak
vortices). Region C is a zone in which 1 and H, together cause the superconductor to produce

noncomposite vortices which can be comprised of a set of strong vortices corresponding to
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the strong band and a set of strong or weak vortices corresponding to the other band. The
two noncomposite sublattices, each corresponding to one particular band, may have the same
topological structure despite the fact that the vortices are spatially not concentric, or they
may have two totally different topological structures in which the two set of vortices from
both bands are distributed evenly in some sense over the spatial domain of the sample. When
two noncomposite sublattices with different topological structure are formed in steady state,
we discovered that the vortices of the weak band (with weak vortices) always go through a
series of evolutional transitions- as time elapsing, they first form composite vortices but then
shrink or merge to form blocks of large normal region (called giant vortices) and finally they
split to form a noncomposite sublattice which has a totally different topological structure
from that of the stronger band at steady state. Lastly, Region D is a zone in which the values
of n and H, together cause at least one band to reside in the normal state over the whole
spatial domain or form some large blocks of normal region (giant vortices) in the domain.
We want to stress that our numerical data show that Region C only happens with relatively
small or null coupling effects, i.e., noncomposite vortices only happen when 7 is relatively
small or equal to zero. The parabolic curves that define the boundaries of the regions are
used to convey the conceptual idea of the existence of the regions, their actual shapes are
not known without additional numerical results.

Suppose we perform a series of simulations on a sample of fixed size at fixed temperature
by varying the values of n and H, along the vertical dashed-line shown in Figure 5.1, i.e., by
keeping the applied field H, fixed while changing the value of n. Starting with the values in
Region D, we will obtain a vortex phase in which one band, say band one, with its domain in
whole or in part resides in the normal state or with giant vortices, while band two is either
in the same phase as band one or in a phase with or without vortices. When we increase the
value of 1 to Region C, we will obtain a result with noncomposite vortices. When we increase
the value of 1 to Region B, we will obtain a result with composite vortices. However, when
we further increase the value of n, we will obtain a vortex phase with no vortices in both
bands in the bulk, i.e.; a strong enough coupling suppresses vortex nucleation. However, this
last result is not too exciting, as we will see later that a sample with the same characteristic,
i.e., with the same GL parameters and the same 7, but of larger size will behave in a vortex
phase in a region other than Region A under the same applied field H.. We will obtain the

same results if now we vary the values of n and H, along the horizontal dashed-line as shown
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in Figure 5.1, i.e., by changing the value of H, while keeping the value of 7 fixed. We want
to stress that there is no clean cutoff boundaries between the regions- there are results that
seem to fit into two adjacent regions. Also, the area of a region, particular that of Region
B, Region C or Region D, can be diminished or even disappear with some combinations of

n and H, for some superconductors.

® ® @

Interband Coupling Parameter
N \\\\

Region D

®
AN VAN D
U 2/ &/ O/

2 1
HCZ HC2

Applied Magnetic Field Hc

Figure 5.2: Example-set 1, Vortex Phase Diagram with H2% << H, < HJ,.

Example-Set 1 (Figure 5.2)

Our first set of numerical examples use the following parameters:
A1(0) = 0.6, X\2(0) = 0.2, &(0) =0.05, &(0) =0.1, 1 =1 =0.0, 7, = 0.7, T, = 0.2
, and size of sample = 20&;(0) x 20&;(0), mesh = 1.95 points per & (0). This gives
v=0.67, ky = 12.0, ky = 2.0, H, = 8.4, H% = 0.27,

where the upper critical fields are calculated according to equations (5.6)-(5.7). Note that
we are using a Type-1I1/Type-II superconductor here and we do not use S-N interface type

boundary conditions in the simulations of this example set, i.e., we set 73 = 75 = 0.0 (see
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(2.88)-(2.89) as boundary conditions and (4.24)-(4.25) in weak form). The applied field we
are going to use varies in values that are much greater that the upper critical field of the
second band, i.e., H2 but always smaller that H],, see Figure 5.2 above.

The purpose of the arrangement of this set of examples, namely with H2, << H, < H},,
is to demonstrate how the vortices of a strong band in a sample with strong coupling can
induce a formation of vortices, either composite or noncomposite, in a weak band which
supposedly to be in the normal state in a one band setting due to H2, << H,. Each circled

number in Figure 5.2 represents the example named with that number.

Example 1.1. (see Figure 5.3 and Figure 5.4) With n = 0.0 and H. = 0.5. No vortex

nucleation in the bulk, so the vortex phase is in Region A.

Example 1.2. We have not found any example in the Region B with n = 0. This would

mean that this region is very narrow, or even may not exist at all on the n = 0 line.

Example 1.3. We have not found any example in the Region C with n = 0. This would

mean that this region is very narrow, or even may not exist at all on the = 0 line.

Example 1.4. (see Figure 5.5 and Figure 5.6) With n = 0.0 and H. = 1.6. The vortex
phase is in Region D.

Example 1.5. (see Figure 5.7 and Figure 5.8) With n = 0.000005 and H, = 1.6. These two
set of vortices are not concentric and band 2 has very weak vortices with |¢)5] < 0.00003,
i.e., the vortex phase is weakly noncomposite in Region C. Notice that 7 is very small, this

shows that the Region D would be a very thin phase region.

Example 1.6. (see Figure 5.9 and Figure 5.10) With n = 0.1 and H, = 1.6. These two set

of vortices are not concentric, i.e., the vortex phase is noncomposite in Region C.

Example 1.7. (see Figure 5.11 and Figure 5.12) With n = 0.8 and H, = 1.6. These two

set of vortices are concentric, i.e., the vortex phase is composite in Region B.
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Example 1.8. (see Figure 5.13 and Figure 5.14) With n = 1.0 and H, = 1.6. The vortex
phase is in Region A.

Example 1.9. We have not found any example in the Region B with n = 0.1. This would

mean that this region is very narrow, or even may not exist at all on the n = 0.1 line.

Example 1.10. (see Figure 5.15 and Figure 5.16) With n = 0.1 and H, = 0.6. The vortex
phase is in Region A.

All the vortex phases depicted in the above examples occur only in two-band super-
conductors. It would be interesting to see what vortex phase would be generated by a
corresponding one-band superconductor with the same material characteristic (i.e., with the
same A, £ and 7;.) as that of one particular band of a two-band superconductor, under the
same operating temperature and applied field. The following two numerical examples use
the same material parameters of one of the band as in Example 1.1 to Example 1.10 but

now they are simulated with a one-band TDGL code.

Example 1.11. (see Figure 5.17) This example use the following parameters
A(0) = 0.6, £(0) = 0.05, T = 0.7

This gives k = 12.0, Hq = 8.4. Size of sample = 20£(0) x 20£(0), mesh = 1.95 points
per £(0). Applied field H, = 0.6. This one band parameter setting is exactly the same as the
parameter setting for the band one in the two-band superconductors we used in Example

1.1 to Example 1.10.

Example 1.12. (see Figure 5.18) This example use the following parameters
A0) =02, £(0) = 0.1, T =0.2

This gives k = 2.0, H. = 0.27. Size of sample and applied field are the same as that in
Example 1.11. This one band parameter setting is exactly the same as the parameter setting

for the band two in the two-band superconductors we used in Example 1.1 to Example 1.10.
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psi2

psit 0405
0.835 0.3985
08325 0392
085 0.3855
0.8275 0379
0825 03725
0.8225 0.366
0.82 0.3595
08175 0353
0815 0.3465
0.8125 034
0.81

Figure 5.4: Example 1.1: 15, n = 0.0,

Figure 5.3: Example 1.1: ¢y, n = 0.0, H =05

H, =05

psi2

Figure 5.5: Example 1.4: ¢y, n = 0.0, Figure 5.6: Example 1.4: 15, n = 0.0,
H, =16 H, =16

Figure 5.7: Example 1.5: ¥1, 7 = 0.1, Figure 5.8: Example 1.5: ¥9, 7 = 0.1,
H, =16 H, =16
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psit
0.8 psi2
oze 03
- 0275
0.56
ose 0.25
- 0225
04 o2
032 -
- 0.175
024
0.15
0.16 0.125
0.08 o
9 -
0.075
0.05
0.025
0

Figure 5.9: Example 1.6: ¥1, 7 = 0.1,
H.=1.6

Figure 5.10: Example 1.6: 19, n
0.1, H, = 1.6

psit psi2
1 075
0.9 0675
08 06
07 0525
06 045
05 0375
0.4 03
03 0225
02 0.15
0.1 0075
0

Figure 5.11: Example 1.7: ¢y, n =
0.8, H.=1.6 0.8, H.=1.6

17:

psit psi2
1.18 0.85
1.146 0.8
1112 0.75
1.078 0.7
1.044 0.65
1.01 0.6
0.976 0.55
0.942 0.5
0.908 0.45
0.874 0.4
0.84 0.35

Figure 5.13: Example 1.8: iy, n = Figure 5.14: Example 1.8: 1o, n =
1.0, H.=1.6 1.0, H.=1.6
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Figure 5.16: Example 1.10: ¢, n =
0.1, H. = 0.6 0.1, H. = 0.6

psit
0.0001
9E-05
8E-05
7E05
6E-05
5E-05
4E-05
3E-05
2E05
1E-05
0

Figure 5.17: Example 1.11: ¥, A = Figure 5.18: Example 1.12: ¢, A =
0.6, £=0.05,7 =0.7, H. = 1.6. 02,£=01,7=02, H.=1.6.

Note that due to H., << H,, the one-band superconductor is in the normal state.

In the above Example-set 1, we observe that with no coupling, i.e., n = 0, the coupling
through the vector potential A alone does not seem to cause the strong band one which has
already generated vortices to induce vortices, either composite or noncomposite, in the weak
band two. In other words, there is no Region B and Region C on the n = 0 line (the x-axis) in
our Example-set 1. We want to ask if this is generally true. In Example-set 3 below, we will
show that there are vortex phases occurring in Region B and Region C on the n = 0 line under

different parameter settings. On the other hand, we also observe that with strong enough
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coupling 7, the vortices of the strong band one can induce the band two which supposedly to
be in the normal state in a one band setting due to H2, << H, as shown in Example 1.12,
to produce vortices, either composite as shown in Example 1.7 or noncomposite as shown
in Example 1.5 and Example 1.6. We suspect whether this same situation will happen in
an analogous case where the band two is a type-I band with H? << H,. The following

Example-set 2 will show that indeed this is true.

Region A
Cg)/
Region B

Region C

©
C) Region D
%

Interband Coupling Parameter (-)

A DD
0 5 U & &/ 1
He Applied Magnetic Field He He

Figure 5.19: Example-set 2, Vortex Phase Diagram with H? << H, < H,. Note that the n
axis is in negative values.

Example-Set 2 (Figure 5.19)

Our second set of numerical examples use the following parameters:
A1(0) = 0.3, X2(0) = 0.06, &(0) = 0.05, £(0) = 0.1, 71 =7 = 0.0, 7, = 0.7, T, = 0.2,
and size of sample = 20£;(0) x 20&;(0), mesh = 1.95 points per &;(0). This gives
v=204, k1 =6.0, kg = 0.6, H, = 4.2, H?, = 0.048.

Note that we are working on a Type-I1/Type-I superconductor here and we do not use S-N

interface type boundary conditions in the simulations of this example set. Here H2 = 0.048
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is used as a reference for H? which is greater that H% in a Type-I superconductor setting.
The applied field we are going to use varies in values that are much greater that the upper
critical field of the Type-I band two, i.e., H2, but always smaller that HY,, see Figure 5.19

above.

Example 2.1. (see Figure 5.21 and Figure 5.22) With n = 0.0 and H, = 0.5. The vortex
phase is in Region A.

Example 2.2. We have not found any example in the Region B with n = 0. This would

mean that this region is very narrow, or even may not exist at all on the n = 0.0 line.

Example 2.3. We have not found any example in the Region C with n = 0. This would

mean that this region is very narrow, or even may not exist at all on the n = 0.0 line.

Example 2.4. (see Figure 5.23 and Figure 5.24) With n = 0.0 and H, = 1.6. The vortex
phase is in Region D.

Example 2.5. (see Figure 5.25 and Figure 5.26) With n = —0.00001 and H, = 1.6. The

vortex phase is in Region D.

Example 2.6. We have not found any example in the Region C with H, = 1.6. This would
mean that this region is very narrow, or even may not exist at all on the H, = 1.6 line.
Note that in Example 2.5, with H, = 1.6, n = —0.00001 is in Region D; and in Example 2.7
below, n = —0.0005 is in Region B.

Example 2.7. (see Figure 5.27 and Figure 5.28) With n = —0.0005 and H, = 1.6. Note
that band 2 has very weak vortices, with [¢)5] < 0.0002. The two set of vortices are weakly

composite in Region B.

Example 2.8. (see Figure 5.29 and Figure 5.30) With n = —0.8 and H, = 1.6. The two set

of vortices are composite in Region B.
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Example 2.9. (see Figure 5.31 and Figure 5.32) With n = —1.2 and H, = 1.6. The vortex
phase is in Region A.

Example 2.10. (see Figure 5.33 and Figure 5.34) With n = —0.8 and H., = 1.35. The

vortex phase is in Region A.

Region A
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© .
[V Region B
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g
— 9
] ©,
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3
- Region C 1_
=
W
H
) (N
g ® ® @ ®
& Region D
/A /22 D JA
0 U 2/ 2/ N
H’Z H!
c2 c2

Applied Magnetic Field He

Figure 5.20: Example-set 3, Vortex Phase Diagram with H2, ~ H, < HJ,.

Example-Set 3 (Figure 5.20)

Our third set of numerical examples use the following parameters:
M(T)=0.6, \a(7) =0.2, £&,(7) =0.05, &(7) =0.1, 3 =7 =0.0, 7, =1.0, 7, = 1.0,
and size of sample = 20&,(7) x 20&, (7 ), mesh = 1.95 points per & (7). This gives
v =0.67, k1 = 12.0, Ky = 2.0, H), = 12.0, H2, = 1.33.

Note that we are working on a Type-II/Type-II sample here and as before, we do not
use S-N interface boundary conditions in this example set. As we mentioned before, we can

interpret 7; = 1.0 in either way- with 7 = 0.0 or with nondimensionalization using «;(7)
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psit psi2
0.836 0.425
0.834 0.42
0.832 0.415
0.83 0.41
0.828 0.405
0.826 0.4
0.824 0.395
0.822 0.39
0.82 0.385
0.818 0.38
0.375

n = Figure 5.22: Example 2.1: 1o, n =
0.0, H. = 0.5 0.0, H. = 0.5

= Figure 5.24: Example 2.4: 1y, n =
0.0, H.=1.6 0.0, H.=1.6

psiz
o

Figure 5.25: Example 2.5: iy, n = Figure 5.26: Example 2.5: 1, n =
—0.00001, H. = 1.6 —0.00001, H. = 1.6
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psi2
0.00017
0.000153
0.000136
0.000119
0.000102
8.5E-05
6.8E-05
5.1E-05
3.4E-05
1.7E-05
0

Figure 5.27: Example 2.7: iy, n = Figure 5.28: Example 2.7: 19, n
—0.0005, H. = 1.6 —0.0005, H. = 1.6

Figure 5.29: Example 2.8: ¢, n =
—-0.8, H.=1.6 —-0.8, H.=1.6

psit psi2
1.18 0.7

1.167 0.68
1.154 0.66
1.141 0.64
1.128 0.62
1.115 0.6

1.102 0.58
1.089 0.56
1.076 0.54
1.063 0.52
1.05 0.5

Figure 5.31: Example 2.9: iy, n = Figure 5.32: Example 2.9: 1o, n =
—-12, H. =16 —-12, H. =16
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Figure 5.33: Example 2.10: ¢y, n = Figure 5.34: Example 2.10: ¢, n =
—0.8, H. = 1.35 —0.8, H. =1.35

and (;(7) as base parameters, in this case 7 is equals to whatever the operating temperature
is. In the latter case, the second critical fields are calculated according to equations (5.8)-
(5.9). The applied field we are going to use varies in values around H2 but always smaller

that HJ,, see Figure 5.20 above.

Example 3.1. (see Figure 5.35 and Figure 5.36) With n = 0.0 and H, = 1.0. The vortex
phase is in Region A.

Example 3.2. (see Figure 5.37 and Figure 5.38) With n = 0.0 and H. = 1.6. The two set

of vortices are composite in Region B.

Example 3.3. (see Figure 5.39 and Figure 5.40) With n = 0.0 and H, = 3.0. These two
vortex sublattices have completely different topologies, so the vortex phase is noncomposite

in Region C.

Example 3.4. (see Figure 5.41 and Figure 5.42) With n = 0.0 and H, = 5.0. The vortex
phase is in Region D.

Example 3.5. (see Figure 5.43 and Figure 5.44) With n = 0.05 and H, = 1.0. The vortex
phase is in Region A.
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Example 3.6. (see Figure 5.45 and Figure 5.46) With n = 0.05 and H, = 1.6. The two set

of vortices are composite in Region B.

Example 3.7. (see Figure 5.47 and Figure 5.48) With n = 0.05 and H, = 2.5. These two

set of vortices are not concentric, i.e., the vortex phase is noncomposite in Region C.

Example 3.8. (see Figure 5.49 and Figure 5.50) With n = 0.05 and H, = 4.0. The vortex
phase is in Region D.

Example 3.9. (see Figure 5.51 and Figure 5.52) With n = 0.08 and H, = 1.6. The vortex
phase is in Region A.

We observe that in Example 3.9 (also in Example 1.8 and Example 2.9) that a strong
coupling 7 inhibits the generation of vortices in both bands in a 20&,(7") x 20&,(7") sample.
However, if we increase the size of the sample, keeping every other parameters fixed, the
new sample will response in a vortex phase other than the no-vortices phase Region A. The

following example demonstrates this phenomenon.

Example 4. (see Figure 5.53 and Figure 5.54) All parameters are the same as those in
Example 3.9, except now the sample’s size is increased to 30&,(7) x 30&(7). In contrast

to example 3.9, now a larger sample produces composite vortices in Region B.

Let us make a remark to this section. We found a rough phase diagram that relates the
combinations of the values of n and H, to the vortex phases of a two-band superconductor
modeled by the 2B-TDGL equations. However, we have not tried to add another dimension to
the phase diagram to include the effect of the operating temperature 7 and size of the sample.
According to Chibotara et al.’s paper [40], the vortex phase diagram depends on the sample’s
size R, the operating temperature 7 and the applied field strength H. All of our comparable
numerical results are in consistent with the results mentioned in Babaev’s paper [34] and
[35] about composite vortices in Type-I/Type-IT and Type-11/Type-II superconductors (in
the Region B); and also in Chibotara et al.’s paper [40] about phase changes versus applied
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psi1 psi2
0.998 0.99
0.9948 0.98
0.9916 0.97
0.9884 0.96
0.9852 0.95
0.982 0.94
0.9788 0.93
0.9756 0.92
0.9724 0.91
0.9692 0.9
0.966

Figure 5.35: Example 3.1: ¢y, n Figure 5.36: Example 3.1: 1o, n =
0.0, H.=1.0 0.0, H.=1.0

Figure 5.37: Example 3.2: ¢, n = Figure 5.38: Example 3.2: 1, n =
0.0, H.=1.6 0.0, H.=1.6

psit psi2
0.95 07
0.855 0.65
0.76 0.6
0.665 0.55
0.57 05
0.475 045
0.38 0.4
0.285 0.35
0.19 03
0.095 0.25
0 02
0.15
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Figure 5.39: Example 3.3: ¢, n = Figure 5.40: Example 3.3: 1o, n =
0.0, H. = 3.0 0.0, H. = 3.0
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Figure 5.41: Example 3.4: iy, n =
0.0, H.=5.0 0.0, H.=5.0

Figure 5.43: Example 3.5: ¥, n = Figure 5.44: Example 3.5: 19, n =
0.05, H. =1.0 0.05, H.=1.0

Figure 5.45: Example 3.6: ¢, n = Figure 5.46: Example 3.6: 1o, n =
0.05, H. = 1.6 0.05, H.=1.6
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0.8
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n
0.05, H, = 2.5 0.05, H, = 2.5

17 —_=
0.05, H. =4.0 0.05, H. =4.0

Figure 5.51: Example 3.9: ¢y, n = Figure 5.52: Example 3.9: 1o, n =
0.08, H. = 1.6; size =20&(7) % 0.08, H. = 1.6; size =20&(7) %
206,(T). 20,(T).
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Figure 5.53: Example 4: ¢y, n = Figure 5.54: Example 4: vy, n =
0.08, H. = 1.6; size =30&(7) x 0.08, H. = 1.6; size =30&(7) x
30&(7). 30&(7).

field (at fixed 7 and size). We have seen that the Region C which exhibits noncomposite
lattices only exists for zero or small 7. According to Babaev’s paper in [34], in the presence
of an external magnetic field noncomposite vortices is energetically prohibited in an infinite
dimensional sample. However, in [40], noncomposite vortices are observed in small sample
of finite dimension. Our numerical results show that besides composite and noncomposite
vortices, at least in small samples with sizes in an order of ten of the smallest coherent
length of the two individual bands, there are also phases belong to Region A and Region D.
Region A is in particularly more interesting when we are considering a sample of the size
last mentioned in the presence of an applied magnetic field or current- we can explore the
possibilities of modifying material properties of a two-band superconductor to enhance its
interband coupling strong enough to inhibit the generation of vortices while hoping other
critical material properties such as the critical temperature is not weakened too much if not

strengthened.
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5.2 Vortex Dynamics under Non-Stationary Applied
Current and Stationary Magnetic Field

In this section, we are going to investigate the influence of an applied current on the vortex
dynamics. The currents we added to the finite element simulations are always constant in
space but varying in time as a sin function. In some cases in addition to the current, we
also added an external magnetic field to the model to induce vortices. Denote the applied

current appearing on the boundary of the sample as j,|sq. Suppose we set

T o0
where (-, ) denotes a vector on an X-Y plane and w is the harmonic frequency of the current.
The boundary 0€2, C 02 is the subset of the sample’s boundary on which we injected the
current into the sample and we set it to be the two opposite sides of the sample parallel
to the x-axis. The direction of the current is in the y-axis direction. Therefore, we have
Ja - = jgsin(wt) on 09, and j, -n =0 on 9Q/9€,.

Recall that we denoted the normal current inside of the superconductor corresponding
to the applied current j,|on as j.. For any time ¢ > 0, the current j.(x, t) inside the
superconductor sample in the normal state as a good conductor can be found by solving
(2.39)-(2.40). It is easy to see that for any fixed ¢t > 0, j.(x, t) = (0, j, sin(wt)) is a solution
to this problem with boundary condition (5.10). So we have j.(x, t) = (0, j,sin(wt)) in
Q). Since for any fixed ¢t > 0, j.(x,t) = constant in 2, so we have curlj.(t) = 0 in Q
and thus j.(t) = V¢(t) for some ¢ € H'(Q). Therefore from (2.48), also (2.50)-(2.51)
and the comments after it, we see that we can find a unique ¢, such that for any ¢ > 0,
Je(t) = —ZVe(t). Solving this we get ¢. = —j,sin(wt)y. On the other hand, we have
je(t) = curlH.(t), solving this we get H. = —j, sin(wt)zx, here z and y are the 2-dimensional
domain spatial coordinate variable. When replacing V¢. by H., we can roughly view the
applied current j. as a Type-B current (not exactly is, since we have a term involving ¢, in
the 2B-TDGL equations for ¢ 2). Taking into account the external magnetic field H,., we
can roughly view the system as being presented in an external field with magnitude equals

to H, — j, sin(wt)x.
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Example 5. (see Figure 5.55 and Figure 5.56 to Figure 5.61 and Figure 5.62)) This numerical

example uses the following parameters:

M(T) =06, M(7) =02, &(7) =0.05, &(7) =01, 71 =12 =0.1,
n=15, j,=6.0, H . =0.0, 7, = 1.0, 7, = 1.0,

and size of sample = 20&(7) x 20&(7), mesh = 1.95 points per & (7). It shows that a
strong enough direct current (dc) will induce vortices and antivortices which annihilate at
the center of the sample. Note that the moving vortices and antivortices are not composite.
The nucleation and annihilation processes shown in Figure 5.55 and 5.56 to 5.61 and 5.62

are repeated indefinitely as long as the dc is applied to the sample.

Example 6. (see Figure 5.63 and Figure 5.64) This numerical example uses the same
parameters as in Example 5, except that now we increase the coupling to n = 2.0. It shows
that a strong enough coupling will inhibit the generation of vortices and antivortices which
would otherwise annihilate at the center of the sample. Note that the magnitudes of the
order parameters are large, e.g., it is well over 1.6 for ¢);. This is a result of the theorem

3.2.16 which says that for j = 1,2, [¢;| < v/4max{|n|, |n[v2} + max{|T1|,|Z2|}.

Observe that in Example 5, without the help of an external magnetic field, we need to
use a very large current and a large coupling 7 to induce vortices and antivortices in the bulk
superconductor (numerical results showed that no vortices could be generated with a smaller
n or j,), this is due in part to the gradient of the induced field H. = j,z which has null value
at the center vertical line of the sample. To investigate the influence of a current, stationary
or nonstationary, with parameters that can be projected to the vortex phase diagram 5.2,
we add an applied magnetic field to the sample, with values of H. in the range that was
used the in Example-set 1. By doing so, vortices are first provoked by a reasonably small
applied field with a small 7, and then a much smaller applied current can be used to affect

the dynamics of the vortices.

Example 7. (see Figure 5.65 and Figure 5.66 to Figure 5.73 and Figure 5.74)) This numerical
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Figure 5.55: Example 5: 11, n = 1.5, Figure 5.56: Example 5: 15, n = 1.5,
H, = 0.0, j, = 6.0, 73 = 7 = 0.1, H, = 0.0, j, = 6.0, 4 = 7y = 0.1,
t = 10. t = 10.

Figure 5.57: Example 5: 11, n = 1.5, Figure 5.58: Example 5: 15, n = 1.5,
H, = 0.0, j, = 6.0, 73 = 7 = 0.1, H, = 0.0, j, = 6.0, 4 = 7 = 0.1,
t=18. t=18.

Figure 5.59: Example 5: 11, n = 1.5, Figure 5.60: Example 5: 15, n = 1.5,
H, = 0.0, j, = 6.0, 73 = 7 = 0.1, H., = 0.0, j, = 6.0, 4 = 7 = 0.1,
t=21. t=21.
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Figure 5.61: Example 5: 11, n = 1.5,
H, = 0.0, j, = 6.0, vy = 7 = 0.1,
t=22.
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Figure 5.63: Example 6: 11, n = 2.0,
H, = 007 ja = 607 M= 72 = Ol;
t>8.

example uses the following parameters:

Figure 5.62: Example 5: 15, n = 1.5,
H, = 0.0, j, = 6.0, 77 = 7 = 0.1,
t =22

Figure 5.64: Example 6: 15, n = 2.0,
H, = 007 ja = 607 M= 72 = Ol;
t>8.

)\1(0) = 0.6, )\2(0) =02, 51(0) = 0.05, 52(0) =0.1, 1 =7 =0.1,

n=20.01, H. =16, 7; =0.7, 7, = 0.2,

and size of sample = 20&;(0) x 20£,(0), mesh = 1.95 points per & (7). Now we delay the

application of an applied alternative current (ac) until steady state noncomposite vortices

are generated in the bulk at ¢ = 60. After the vortex phase has reached a steady state in



Region C, see Figure 5.65 and Figure 5.66, the following ac is then added to the sample.

i = { 0.0 for t < 60, (5.11)

2.0sin(wt) with w = 0.025 for t > 60.

From Figure 5.65 and Figure 5.66 to Figure 5.73 and Figure 5.74 we can see that the
two sets of vortices, each corresponding to a separated distinct band, behave differently in
dynamics and in topological patterns. When the ac flows in the y-axis direction, the vortices
are forced by a non-symmetric magnetic field of magnitude equals to H, — j, sin(wt)x to
shift to the right side of the sample. Eventually one vortex from each band escapes from
the right and two vortices from each band enter at the left, see Figure 5.67 and Figure 5.68.
When the ac changes its direction, the vortices are now forced by another non-symmetric
magnetic field of magnitude equals to H, + j, sin(wt)x to shift to the left side of the sample.
Eventually two vortices from band one escape from the left and two vortices from band two
first merge and then split again and only one escape from the left, see Figure 5.71 and Figure
5.72. Then one vortex from each band enters at the right, see Figure 5.73 and Figure 5.74.
The vortex phases corresponding to the second band are actually in a mixture of Region
C which consists of noncomposite vortices, and Region D which consists of a large block of
normal region or giant vortex, see for example, Figure 5.72 and Figure 5.74. Also note that
the vortices corresponding to the second band are all weak vortices. The same dynamics
start over repeatedly from Figure 5.65 and Figure 5.66 to Figure 5.73 and Figure 5.74 as

long as the same magnetic field and current are applied to the sample.

Example 8. (see Figure 5.75 and Figure 5.76 to Figure 5.83 and Figure 5.84)) This numerical
example uses the same material parameters and same applied field and current as in Example
7, but now we increase the coupling parameter to n = 0.8. In the absence of an applied
current, this setting is exactly the same as that in Example 1.7 which showed that when
in steady state, the sample generates composite vortices in Region B in the presence of an
applied field of magnitude H, = 1.6, see Figure 5.11 and Figure 5.12. Observe that the two
vortex sublattices shown in Figure 5.11 and Figure 5.12 look the same as those shown in
Figure 5.75 and Figure 5.76 which are the steady vortex lattices of the sample in this example,
despite now a S-N interface (with 7, = 75 = 0.1) exists on the boundary of this sample. The
same ac as in Example 7 is applied to the sample after it has reached the steady vortex phase

Region B at ¢ = 60. This simulation shows that a strong enough coupling “binds” the two
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set of vortices together, even when they move accordingly to the vortex dynamics induced
by a strong current. The same dynamics start over repeatedly from Figure 5.75 and Figure
5.76 to Figure 5.81 and Figure 5.82 as long as the same magnetic field and current are
applied to the sample. However, other simulations not shown in this work showed that a
combination of stronger applied field and current may create more complex dynamics which
includes transverse movements of vortices as we have seen here, as well as twists of vortex
lattices which would make the topology of the vortex lattice highly non-symmetry. As we
mentioned before, a S-N interface with v; = 79 = 0.1 on the boundary of the sample does
not make any obvious changes to the generation of steady state vortex sublattices. The next
example shows that a S-N interface effect with larger 7,, 7, does affect the generation of the

vortices of both bands.

Example 9. (see Figure 5.85 and Figure 5.86 to Figure 5.93 and Figure 5.94) This numerical
example uses the same material parameters and same applied field and current as in Example
8, but now we increase the S-N interface parameters to 73 = 75 = 1.0. In the case
v1 = 72 = 0.1, the sample in Example 8 produces four steady vortices at ¢ = 60 in the
presence of an applied field, see Figure 5.75 and Figure 5.76 to Figure 5.77 and Figure 5.78.
However, when the interface parameters are increased to 73 = 75 = 1.0, the sample in this
example produces only two steady vortices at ¢ = 60, see Figure 5.85 and Figure 5.86 to
Figure 5.87 and Figure 5.88. As a result, the samples produce different vortex dynamics.
However, for ¢ > 166, the vortex dynamics of the sample in this example repeat in a sequence
which resembles the dynamics shown in Figure 5.77 and Figure 5.78 to Figure 5.83 and Figure
5.84 of Example 8.
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Figure 5.65: Example 7: ¢y, n =
0.01, H.=1.6,7,=0,v =% =0.1,
t = 60. Steady state- noncomposite.

Figure 5.67: Example 7: ¢, n =
0.01, H, = 1.6, j, = 2.0sin(0.025¢),
71 =72 = 0.1, t = 87. One Vortex
exits from the right. Two enter at
the left.

Figure 5.69: Example 7: ¢y, n =
0.01, H, = 1.6, j. = 2.0sin(0.025¢),
Y1 =72 = 01, t =118.

Figure 5.66: Example 7: 5, n =
0.01, H.=1.6, 7, =0, =% =0.1,
t = 60. Steady state- noncomposite.

Figure 5.68: Example 7: 9, n =
0.01, H, = 1.6, j, = 2.0sin(0.025¢),
71 =72 = 0.1, t = 87. One Vortex
exits from the right. Two enter at
the left.

Figure 5.70: Example 7: vy, n =
0.01, H, = 1.6, j. = 2.0sin(0.025¢),
Y1 =72 = 01, t =118.



Figure 5.71: Example 7: ¢y, n =
0.01, H. = 1.6, j, = 2.0sin(0.025¢),
v1 =72 = 0.1, £ = 135. Two vortices
exit from the left.

Figure 5.73: Example 7: ¢y, n =
0.01, H. = 1.6, j, = 2.0sin(0.025%),
v = 72 = 0.1, t = 143. One vortex
enter at the right.
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Figure 5.72: Example 7: 9, n =
0.01, H. = 1.6, j, = 2.0sin(0.025%),
v1 =72 = 0.1, £ = 135. Two vortices
merging into one.

Figure 5.74: Example 7: 1y, n =
0.01, H, = 1.6, j, = 2.0sin(0.025¢),
v =72 = 0.1, t = 143. One vortex
exits from the left, one enters at the
right.






Figure 5.81: Example 8: 11, n = 0.8, Figure 5.82: Example 8: 19, n = 0.8,
H. = 1.6, j, = 2.0sin(0.025t), v, = H., = 1.6, j, = 2.0sin(0.025t), v =
v = 0.1, t = 110. v = 0.1, t = 110.

Figure 5.83: Example 8: ¢y, n = Figure 5.84: Example 8: vy, n =
0.8, H. = 1.6, j, = 2.0sin(0.025%), 0.8, H. = 1.6, j, = 2.0sin(0.025%),
v1 = v = 0.1, £ = 137. One vortices v1 =72 = 0.1, t = 137. One vortices
enters at the right. enters at the right.
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Figure 5.85: Example 9: 11, n = 0.8,
H, =16, j, =0, i = 7 = 1.0,
t = 25.

Figure 5.87: Example 9: 11, n = 0.8,
H, =16, j, =0, 1 = 7 = 1.0,
t = 60. Steady state- composite.

Figure 5.89: Example 9: 11, n = 0.8,
H. = 1.6, j, = 2.0sin(0.025t), v =
v = 1.0, t = 78. One Vortex enters
at the left. 147

Figure 5.86: Example 9: 15, n = 0.8,
H, =16, 5, =0, 1 = % = 1.0,
t = 25.

Figure 5.88: Example 9: 15, n = 0.8,
H, =16, j, =0, 1 = 7 = 1.0,
t = 60. Steady state- composite

Figure 5.90: Example 9: 15, n = 0.8,
H. = 1.6, j, = 2.0sin(0.025t), v =
v = 1.0, t = 78. One Vortex enters
at the left.



Figure 5.91: Example 9: 1, n = 0.8, Figure 5.92: Example 9: 19, n = 0.8,

H. = 1.6, j, = 2.0sin(0.025t), v, = H., = 1.6, j, = 2.0sin(0.025t), v =
v = 1.0, t = 138. One Vortex enters v = 1.0, t = 138. One Vortex enters
at the right. at the right.

Figure 5.93: Example 9: 1, n = 0.8, Figure 5.94: Example 9: 15, n = 0.8,
He = 1.6, j, = 2.0sin(0.025¢), 1 = H, = 1.6, j, = 2.0sin(0.025t), 7, =
Yo = 1.0, t = 166. 7o = 1.0, t = 166.
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CHAPTER 6

Conclusions and Future Research

6.1 Conclusions

In this work we studied some analytical and approximation issues of a coupled isother-
mal, isotropic two-band time-dependent Ginzburg-Landau (2B-TDGL) equations in a two-
dimensional bounded domain €2 with inclusions of time-dependent applied magnetic field and
time-dependent applied current. We introduced a “current gauge” to take time-dependent
applied current into account. Based on variational formulations of the 2B-TDGL equations
gauged by this “current gauge” and modified to include a regularization term, we developed
some theorems concerning the global existence, uniqueness and continuous initial data
dependency of the solutions. We also proved that the solution satisfies a maximum principle.
In the course of developing our results, we derived the necessary regularities for the data,
namely, the time-dependent applied field in the domain €2, the time-dependent current on
the boundary 02, and the initial condition at ¢ = 0.

In the finite element analysis, a backward Euler finite element approximations of the
2B-TDGL equations under the “current gauge” were studied. The existence and uniqueness
of the approximated solutions were proved. Stability and error estimates of the numerical
scheme were developed. However, we have not sought higher regularities of the solutions and
specified the smoothness of the domain which are needed to meet the regularities required
by the finite-element analysis. Neither have we found the error estimate with respect to the
regularization coefficient e.

Through simulation results, we discovered that in a sample with size in the order of ten of
the coherent length, there exists four vortex phases which change according to the strengths
of the interband coupling and applied magnetic field. For example, in the presence of a fixed

magnetic field, by merely changing the coupling strength of a sample, the sample would
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response in different vortex phases- a weak coupling would produce non-concentric vortices;
a strong enough coupling would induce concentric vortices, however, a too strong coupling
would inhibit the nucleation of vortices. The vortex dynamics induced by an applied current
in the 2B-TDGL model with an inclusion of a superconductor-normal metal interface were
also investigated. Numerical results showed that under an applied current, the motions
of each set of vortices corresponding to each individual band may not be synchronized or
concentric to the other set when the coupling strength is not strong enough. For the vortex
phase phenomenon, we need to find experimental results to judge whether the mentioned
numerical phenomenon produced by an isotropic 2B-TDGL model is physical. For the
phenomenon under an applied current, it would be interesting to investigate the differences in
pinning strength required to pin a pair of non-concentric vortices versus a pair of concentric

vortices; or to see how the pinning strength affected by the coupling strength.

6.2 Future Research

To complete the current two-dimensional analytical work and for similar future work, we need
to prove higher regularities of the solutions in order to meet the regularities required by the
finite element analysis. Also we need to estimate the approximation error with respect to
the regularization coefficient €. In this present work, we have simplified the 2B-TDGL model
by ignoring the gradient coupling term, as most physicists and scientists used only the non-
gradient coupling term in their researches that involve a variant of the 2B-TDGL model. For
a more complete work in analysis, we need to consider the inclusion of the gradient coupling
term in the same analytical framework of our current work, and in computation, we need
to investigate the influence of this additional term in various simulation cases. The study
of the dynamical properties of the solutions of the 2B-TDGL model such as its long-time
asymptotic behavior and the existence of global attractor is another interesting topic to
explore.

The intermetallic compound superconductor M gB5 is known to be anisotropic in physical
parameters. From a practical point of view, it is necessary to study an anisotropic variant
of the 2B-TDGL model, both analytically and numerically. A more realistic 2B-TDGL
model could be a valuable numerical experiment tool for physicists and scientists to explore,

understand and even modify the characteristics of multi-band superconductors under various
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settings of material parameters, operating temperature and external excitations. The
development of analytical results and computational codes for a three-dimensional 2B-TDGL
model which must now include the coupling of Maxwell equations at the exterior of the
superconductor domain, is another important step to bring more practical analytical results
and computational tools of the 2B-TDGL model to the real world. Computation of a two-
dimensional finite element code for a sample of the size in the order of ten of the coherent
length is already a challenging job, for three-dimensional finite element computations, speed-
up of the code by using parallelizations such as domain decomposition methods is an
indispensable job. Inhomogeneities and material defects of a superconductor sample play
a crucial role in the study of vortex pinning and dynamics. It has been a common and
easy practice to add spatial inhomogeneities such as normal inclusions to a TDGL model
to act as vortex pinning sites. An equally important but more challenging issue in the
study of vortex pinning and dynamics is to include random noise into the model. In real
world where noises such as thermal fluctuation or random drift in applied field can not be
ignored, a deterministic 2B-TDGL model may not be able to produce physically meaningful

computational results. All of the above considerations are subjects of our future research.
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