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ABSTRACT 

The Florida State University single-ion cryogenic Penning trap mass spectrometer has 

been used to precisely measure the masses of the doublets 
76

Ge/
76

Se and 
74

Ge/
74

Se to provide 

precision Q-values to aid in searches for neutrinoless double beta decay as well as neutrinoless 

double electron capture. The observation of these processes would provide evidence for the 

Majorana nature of the electron neutrino and information on neutrino mass. The smallest known 

-decay Q-value has also been determined by the measurement of the masses of 
115

In and 
115

Sn. 

The masses of stable alkali isotopes for application as precision mass references as well as for 

the photon-recoil method of determining the fine structure constant have also been measured. For 

physical chemistry, the masses of the oxygen isotopes, 
17

O and 
18

O have been measured to test 

the Dunham-Watson formalism for the ro-vibrational energy levels of isotopic variants of a 

diatomic molecule. By measuring the small shifts in cyclotron frequency due to polarizability, 

the dipole moments of NH
+
 and the astrophysically important molecule HCO

+
 have been 

measured for the first time. The mass of 
19

F has also been measured for use as a mass standard.  

Several improvements and developments to the FSU Precision Penning Trap (FSU-PPT) 

have enabled these measurements. A vapor loader now allows vapors to be introduced into the 

trap, greatly increasing the range of species that can be measured. The previously developed 

technique for measuring a cyclotron frequency ratio, in which two ions are simultaneously 

trapped, but swapped between large and small cyclotron orbits has been further developed to 

allow the ion in the large cyclotron orbit to be constantly monitored and therefore recentered 

more efficiently. This technique has also been extended to enable two-ion cyclotron frequency 

ratio measurements of non-mass doublets, as well as of multiply charged ions.  
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1. INTRODUCTION 

1.1 History of Atomic Mass Measurements 

In the early 19
th

 century, John Dalton conveyed the first clear ideas of atomic theory and 

measured the first atomic weights [1,2]. These first atomic mass measurements used the mass of 

hydrogen as the standard, m(H) = 1, since it was the smallest known element [3]. Throughout the 

following decades, researchers built upon and improved Dalton‟s atomic mass table [β,4,5]. The 

precision of these early mass measurements was sufficient to aid in the development of modern 

chemistry: in particular, they provided a piece of the puzzle which led to Mendeleev‟s 1869 

discovery of the periodic table of elements [6].  

By the turn of the century, almost 80 atomic weights had been measured [5]. Since 

oxygen combined readily with more compounds than hydrogen (in fact, almost all masses then 

measured were relative to the mass of oxygen), the more convenient definition of m(O) = 16 was 

gradually agreed upon [2,3]. During this time period, the quantities measured by experimentalists 

were actually atomic weights
1
, which contain the mass of the different isotopes combined 

proportionally with their isotopic abundances. Chemically, isotopes of an element are the same, 

hence indistinguishable to early researches. In the words of Frederick Soddy, winner of the 1921 

Nobel Prize in Chemistry for his work on isotopes, “their atoms have identical outsides but 

different insides [7].”  

Over one hundred years passed between Dalton‟s first mass table and the next major 

breakthrough in atomic mass measurement in the early 20
th

 century. J.J. Thomson, aided by F.W. 

Aston, found that if he passed ionized neon through electric and magnetic fields and detected the 

neon beam at the end of its path with a photographic plate, that two parabolic curves were 

detected. He had discovered the two isotopes of neon. Since each isotope had a different mass, 

they were deflected differently through the fields [8]. After World War I, Aston continued his 

work and built his first mass spectrograph in 1918 [9]. Adding to Thomson‟s work, this 

spectrograph used a focusing technique to improve resolution. Two more iterations of his mass 

spectrograph refined its resolution even further, eventually leading to his measurement of 212 

isotopes and the 1922 Nobel Prize [10,11].  

 In the early 19γ0‟s, a paper in a German electrical engineering journal describing the 

concept for a linear accelerator inspired Ernest Lawrence to create a device which used the 

                                                 
1
 This terminology is used for historical reasons and is admittedly confusing. 
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circular motion of charged particles about a magnetic field, combined with an oscillating electric 

field to accelerate ions (we now call this a cyclotron) [12,13]. The principle of cyclotron motion 

and in particular, the inverse dependence of the frequency on the mass, led to the development of 

ion cyclotron resonance (ICR) mass spectrometry in the early 1950‟s [14].  

Building on all previous work, the next revolution in precision atomic mass 

measurements came with the development of the Penning trap by Hans Dehmelt in the 1960‟s 

and the isolation of a single electron in 1973 [15,16]. This trap consists of a magnetic field used 

to confine ions radially, and a quadropole electric field to confine the ions axially (see Chapter 

2). These experiments at the University of Washington spawned many Penning trap groups 

worldwide (see next section). The most precise mass measurement to date is the mass of 
16

O 

with a precision of 11 ppt [17].  

While the rest of this dissertation will concentrate on the relatively small field of high 

precision atomic mass measurements, it should be noted that mass spectroscopy for chemical 

analysis has become an enormously powerful technique and has developed and branched into 

many areas of the sciences over the past century, and is a much larger field. Mass spectrometers 

have become common-place in laboratories for chemical analysis. Very good techniques (such as 

FT-ICR [18,19,20]) have been developed for chemical analysis of complex samples, able to 

measure 50,000 peaks in a single spectrum [21]. 

Figure 1.1 is a timeline of the fractional uncertainty of fluorine
2
. Fluorine was chosen 

since it is mononuclidic and therefore its atomic weight is its atomic mass
3
 and because it has 

been measured with the Florida State University Precision Penning Trap (FSU-PPT). 

   

 

                                                 
2
 The masses in Figure 1.1 have been corrected for the differences over time in the definition of the atomic mass 

unit. With the determination of oxygen‟s isotopes in 19β9 [ββ], physicists chose the definition m(16
O)=16, while 

chemists chose to remain using the mass of naturally occurring oxygen m(O) = 16. This disagreement continued 

until 1961, at which time it was agreed that the mass standard should be m(
12

C) = 12 u [2,3]. This standard is still 

used today. 
3
 Before the mass spectrometer, the quantities measured were atomic weights. 
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Figure 1.1 Timeline of the fractional uncertainty in the mass of fluorine [4,23]. 

 

 

1.2 Modern High Precision Penning Traps 

 It is possible to divide most modern high precision Penning traps into two classes 

determined by the techniques used to detect the ions [24-26]. The first class of experiments is 

non-destructive, relying on image currents to detect the ions. The most accurate work has been 

done with this category of traps. In addition to the MIT/FSU trap whose achievements will be 

discussed in Section 1.3, this category of traps includes work done at the University of 

Washington, Harvard and Mainz. 

 In pioneering work at the University of Washington, Hans Dehmelt and his associates 

measured the free electron g-factor in 1987 [27]. More precise measurements, with careful 

control of the quantized cyclotron motion, have recently been accomplished in 2008 by the 

Harvard group [28]. These measurements are important for the determination of the fine 

structure constant and to test QED (see Section 4.1). These two groups also each have the most 

stringent tests of CPT invariance, with lepton and baryon systems, respectively. The University 

of Washington compared the electron and positron magnetic moments [27] and the Harvard 

group compared the antiproton and proton mass-to-charge ratios [29]. At the University of 

Mainz, measurements of the g-factor of electrons bound in hydrogen-like ions have been 
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measured [30]. These can be used to determine the atomic mass of the electron and can also be 

used to test QED calculations.  

The development of the modern Penning trap with image current detection for precision 

atomic mass measurements with “heavy” ions was first undertaken by Van Dyck at the 

University of Washington, leading to the most precise atomic mass to date [17], but also by 

David Pritchard and his associates at the Massachusetts Institute of Technology (MIT) [31-39]. It 

is this last system that is now housed at FSU and will be described in detail later in this 

dissertation. Recently, the University of Washington traps have been moved to the University of 

Heidelberg, under the direction of Klaus Blaum, where various high precision atomic mass and 

g-factor measurement experiments are under way.    

The second class of precision Penning traps are those that use the time-of-flight detection 

technique. They generally approximate the free space cyclotron frequency through the 

measurement of just one frequency, which is the sum of the magnetron and trap-modified 

cyclotron frequencies of the ion in the trap (see Section 2.1). Excitation of the cyclotron motion 

by an rf drive at this frequency is detected using a destructive method, which expels ions from 

the Penning trap, and measures how fast they reach a detector. Faster ions correspond to a 

resonance with the drive frequency. This method is generally less precise than the method 

described in this dissertation, but is able to measure short-lived species
4
. Many of these types of 

Penning traps exist in nuclear physics laboratories.
5
 Notable Penning trap mass spectrometers 

using time-of-flight detection  (with recent publications referenced) include ISOLTRAP [41-43], 

JYFLTRAP [44-46], TITAN [47-50], SMILETRAP [51-53], LEBIT [54-56], CPT [57], and 

SHIPTRAP [58,59].  

  

1.3 Brief History of the MIT/FSU Penning Trap 

 The Penning trap mass spectrometer now housed in the basement of the Collins Research 

Laboratory at Florida State University (FSU) was developed and operated at MIT from 1984 to 

2003, producing the majority of the world‟s most precise mass measurements up to that time. 

This system was moved to its current location in the spring of 2003. This chapter serves as a 

                                                 
4
 The shortest-lived isotope ever measured in a Penning trap was 

11
Li, with a half-life of 8.8 ms [40]. 

5
 For a review of time-of-flight spectrometers and their applications, see [24-26]. 
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brief summary of the past mass measurements, along with my contribution to the world of 

precise measurements. 

 

1.3.1 MIT Mass Table 

 The eighteen year history of the trap at MIT was filled with many developments in 

precision measurements, leading to the first sub-ppb mass measurements [31-39] and the first 

sub-10 ppt measurements of mass ratios [60]. Notable Penning trap advances at MIT included a 

phase-coherent method of determining the cyclotron frequency by mapping the phase of the 

cyclotron motion onto the axial motion (see Section 2.2.2) [61,62], a simultaneous two-ion ratio 

measurement technique [60], and the first detection of shifts to an ion‟s cyclotron frequency in a 

Penning trap due to electric polarizability (see Section 4.2) [63]. 

 

 

Table 1.1 Precision atomic masses measured at MIT (prior to 2002) [64,65]. 
 

 MIT Measurements 

Atom Mass (u) σm/m (ppb) 
1
H 1.007 825 031 6(5) 0.50 

2
H 2.014 101 777 9(5) 0.25 

13
C 13.003 354 838 1(10) 0.08 

14
N 14.003 074 004 0(12) 0.09 

15
N 15.000 108 897 7(11) 0.07  

16
O 15.994 914 615 5(21) 0.13 

20
Ne 19.992 440 175 4(23) 0.12 

23
Na 22.989 769 280 7(28) 0.12 

28
Si 27.976 926 532 4(20) 0.07 

40
Ar 39.962 383 122 0(33) 0.08 

85
Rb   84.911 789 732(14) 0.16 

87
Rb   86.909 180 520(15) 0.17 

133
Cs 132.905 451 931(27) 0.20 

 

 

1.3.2 2003-2007 FSU Mass Table 

  In the summer of 2003, the MIT Penning trap was relocated to Tallahassee by Edmund 

Myers and Matthew Redshaw. After rebuilding the apparatus, over the next four years the FSU 

group measured several atomic masses, along with the dipole moment of PH
+
 [66].   
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Table 1.2 Precision atomic masses measured at FSU between 2003 and 2007 [67-70].  

FSU Measurements 2003-2007 

Atom Mass (u) σm/m (ppb) 
28

Si 27.976 926 535 0(6) 0.02 
31

P 30.973 761 998 9(9) 0.03 
32

S   31.972 071 173 5(16) 0.05 
84

Kr      83.911 497 731(8) 0.10 
86

Kr      85.910 610 628(8) 0.09 
129

Xe    128.904 780 859(11) 0.09 
132

Xe    131.904 155 086(10) 0.08 
136

Xe    135.907 214 484(11) 0.08 

 

 

1.3.3 My Career at FSU 

 I began working in the FSU Precision Penning Trap (FSU-PPT) lab in the spring of 2007, 

approximately four years after it had been moved. Matt was finishing up the second set of 
84,86

Kr 

and 
129,132Xe mass measurements (see Table 1.β), and I “got my feet wet” during these 

measurements, learning how to make and manipulate ions and how to take and analyze data. The 

krypton and xenon measurements were the last to use the single ion make-kill-remake technique. 

All the following measurements from the FSU-PPT involve the two-ion swapping technique (see 

Section 2.2.3).  

 After Matt graduated, he decided to stay on as a post-doc. Therefore, for most of my time 

at FSU, Matt was involved in the measurements to varying degrees. The considerable quantity of 

measurements accomplished in 2008 and 2009 was due in large part to Matt‟s decision to stay at 

FSU, and the teamwork that followed.  

There are two phases of the measurementμ data taking and analysis. The “data taking” 

involves learning how to make new ions (Section 2.2.1), setting up the code to interchange the 

ions (aka “swapping scripts”) (Section β.β.γ), then setting up and executing runs (Section β.β.4), 

as well as making any auxiliary measurements necessary to determine systematic effects (Section 

2.3.3). Because one is always working with signals that are close to the noise level, 

measurements with single ions are highly non-trivial, and considerable skill and ingenuity, as 

well as large amounts of patience and perseverance are necessary to obtain useful data.  The 

analysis involves sifting through all the acquired data and deciding what parameters to use to 

apply systematic shifts, and in fact is far less demanding. 
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 Although I was involved a little with the 
18

O and 
19

F data, the measurements were 

mostly done by Matt. 
 
Following this data set, I would generally take most of the data, and Matt 

would do the analysis, parts of which I would check. However, at the end of October 2008, I 

graduated to being responsible for the HCO
+
 and 

74,76
Se/Ge data and analysis. Since the 

115
In/Sn 

measurement was considered time-sensitive, data was taken by me and the analysis was mostly 

done by Matt (and again partly checked by me) in an effort to publish expediently. The last set of 

data Matt was involved in before he left was the 
23

Na data. It was taken and analyzed completely 

by Matt. The 
6
Li and NH

+
 data were taken after Matt had left for Michigan State and were 

analyzed solely by me. 

 

1.4 Structure of this Dissertation 

 The motivations of the high precision atomic mass measurements discussed in this 

dissertation are diverse and include measurements for atomic and nuclear physics, as well as 

physical chemistry. I have decided to organize the measurements described in this thesis by their 

applications and not in chronological order. 

 

 

Table 1.3 Chronological order of data taken during my time at FSU. 

Approximate Date Measurement 

March 2008 
19

F, 
18

O 

May 2008 
85,87

Rb 

June 2008 
39

K 

July 2008 
41

K 

August 2008 
133

Cs 

September 2008 
130

Xe/Te 

October 2008 
17

O (dimer) 

HCO
+
 

November 2008 

 through  
74,76

Se/Ge 

February 2009 

 March 2009 
17

O (monomer) 

April 2009 
115

In/Sn 

May 2009 
23

Na 

June 2009 
6
Li 

September 2009 NH
+
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Chapter 2 is an introduction to Penning trap physics and describes several improvements 

to the FSU-PPT since Matt‟s dissertation. Chapter γ describes the mass measurements conducted 

for nuclear physics applications, such as neutrinoless double beta decay. Mass measurements 

relevant to atomic physics and physical chemistry are described in Chapter 4. Dipole 

measurements are discussed in Chapter 5. Finally, Chapter 6 is a summary of the work contained 

in this dissertation as well as possible future measurements.  
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2. EXPERIMENTAL APPARATUS AND TECHNIQUES 

2.1 Penning Trap Introduction 

The theory of Penning traps has been discussed in detail in a review by Brown and 

Gabrielse [71] as well as in all the MIT theses [31-γ9] and Matthew Redshaw‟s thesis [66]. I will 

only introduce the most important ideas and highlight the new developments to the system in the 

last few years. 

It is well known that a charged particle within a magnetic field undergoes circular 

motion, known as the cyclotron motion, at an angular frequency [72]:  

              



c 
qB

m
                       [2.1]       

where q is the ion‟s charge, m is the ion‟s mass and B is the magnetic field. The basic idea 

behind the Penning trap is to utilize the ratio of two different ions‟ cyclotron frequencies to 

obtain the mass ratio of those ions. There is an abundance of complications to this idea. While 

the magnetic field (8.5 T for the FSU-PPT) confines the ion radially, a quadropole electric 

potential of the form 
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        [2.2] 

is used to confine the ion axially, where d is the characteristic trap size parameter given in terms 

of the axial and radial trap dimensions z0 and ρ0 by 
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.         [2.3] 

  This potential is realized with voltages applied to a ring electrode and two end-cap 

electrodes (upper and lower). To confine positive ions, the ring must be biased negatively with 

respect to the end caps. These electrodes are located on equipotential surfaces of the potential 

described by Equation 2.2. 
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Figure 2.1 Cross-section of the FSU-PPT electrodes 

 

 

The electrostatic potential introduces a harmonic oscillatory axial motion along the 

magnetic field lines, modifies the cyclotron frequency and introduces a second circular motion 

called the magnetron motion. The magnetron motion consists of a relatively slow drift about the 

electrostatic axis of the trap resulting from the balance between the Bxv


magnetic force and the 

outward pull of the electrostatic field. Therefore, the resulting motion of an ion inside a Penning 

trap is comprised of three distinct modes each with its own frequency: axial (ωz), magnetron 

(ωm), and trap (modified) cyclotron (ωct). In a perfect Penning trap with ring voltage VR, with an 

ion of mass m and charge q, these three eigenfrequencies are given by: 

2
md

qVR

z                        [2.4] 
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Figure 2.2 The three harmonic modes in a Penning Trap 

 

 

Remarkably, for a uniform magnetic field and purely quadratic electrostatic potential, all 

three motions are harmonic, meaning their frequencies are independent of the amplitude of their 

motion
6. Also remarkably, the “true” cyclotron frequency ωc that the ion would have in a 

uniform magnetic field without the electrostatic potential, can be obtained from the observable 

frequencies, namely the trap cyclotron frequency, the magnetron frequency, and the axial 

frequency, by means of the Brown-Gabrielse Invariance Theorem [71]: 

                                                                



c

2 ct

2 m

2 z

2
          [2.7] 

The power of this theorem lies in the fact that it remains exact for a real Penning trap in which 

there will be some misalignment of the trap electrostatic axis relative to the magnetic field and 

the quadratic potential near the ion‟s equilibrium position will not be perfectly cylindrical. Due 

to the hierarchy ct >> z >> m, only ct must be measured to the same fractional precision as is 

desired for c. 

 

2.2 Atomic Mass Measurement Process 

To obtain a mass ratio it is necessary to measure the ratio of cyclotron frequencies of two 

different ions in the same magnetic field. The time variation of the magnetic field in the trap 

necessitates measuring the two cyclotron frequencies as simultaneously as possible. 

 Before the development of the “swapping” technique described in Section 2.2.5, the 

normal operating procedure was to make one ion, measure its cyclotron frequency, “kill” that ion 

(see Section 2.2.1), then make an ion of the different species, measure its cyclotron frequency 

                                                 
6
 This is actually only true in the non-relativistic limit. 
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and repeat. To minimize the time between measurements of two different ions‟ cyclotron 

frequencies, a swapping procedure has been developed. This technique allows two ions to be 

trapped in the Penning trap simultaneously. Therefore, the swapping procedure reduces the time 

between cyclotron frequency measurements and enables more interchanges in a given run time. 

The result is a reduction of the „noise‟ of a ratio measurement due to magnetic field fluctuations.  

The swapping procedure was initially developed at FSU by Matthew Redshaw [66] and 

further developed by myself, and is completely automated (once a pair of ions is made) using a 

massive LabView program originally designed at MIT called ICR-Master [38]. The swapping 

procedure would be very difficult to implement without ICR-Master, which manipulates and 

measures the cyclotron frequencies of pairs of ions in the FSU-PPT. This flexible system allows 

data to be taken with the two ions continuously, day and night, limited by the lifetime of the ions 

against collisions with background gas, and the need to refill a liquid nitrogen dewar of the 

cryogenic insert containing the Penning trap every 15 hours (see Figure 2.3). 

 

 

 

Figure 2.3 Penning trap apparatus.  
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2.2.1 Making Ions 

 The process of making ions involves letting a small amount of gas or vapor into the top 

of the insert, a tiny fraction of which enters the trap through a hole in the upper endcap, two 

meters below. A field emission point produces an electron beam, with 5-20 nA at 1 keV, which 

is used to ionize the neutral molecules or atoms by electron impact, see Figure 2.1. Unwanted 

ions (such as N2
+
) are always made out of background gas in the trap, possibly liberated by the 

electron beam hitting surfaces on which gases have condensed,  as well as from the gas that we 

intentionally let in the trap. Multi-charged ions always involve large numbers of background 

ions. While making a single triply-charged ion, roughly 10 doubly charged ions and 100 singly 

charged ions are made. Since the “good” ion (the ion that we would like to trap) is near the 

resonance of our detection circuit and is therefore damped (see Section 2.2.4), it should have a 

smaller axial amplitude than the unwanted or “bad” ions. Therefore, lowering the voltage on the 

lower endcap will cause the bad ions to strike the endcap, hopefully leaving just the good ion in 

the trap (this we call a “dip”).  

 In practice, we do a series of progressively stronger dips, making a “weaker” trap with a 

less negative ring or more negative lower end cap, before we deem an ion as “clean.” We start 

with gentle dips because when an ion is made it may be axially excited by bad ions. With each 

dip more bad ions are killed, resulting in a less excited good ion able to withstand stronger dips. 

Mixed in with the dips are processes which we call “kills.” These processes consist of exciting 

the axial motion of the bad ions by applying rf noise to the lower endcap and then doing a dip. 

During ion making and the “clean-up” process, we continually monitor the FFT (see 

Figure 2.6) of the axial signal following pulsed excitation of the axial mode. The FWHM of the 

axial signal gives a clear indicator of the number of “good” ions, since the ring-down time is 

inversely proportional to the number of good ions. The signal amplitude also increases with the 

number of good ions. The presence of “bad” ions is indicated by distortion and non-

reproducibility of the axial signal: with many bad ions, the good ion signal will not even be 

detectable. The presence of a single bad ion may lead to intermittent “bad peaks” from the good 

ion, depending on how close the bad ion‟s orbit is. Checking the stability of successive ring-

downs of the axial frequency can also indicate “bad” ions (a single ion‟s axial frequency should 

be stable to about 0.03 Hz over a few minutes). 
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The process of producing a single ion of the desired species and charge state and 

eliminating contaminant ions can take a considerable amount of time: anywhere between fifteen 

minutes to days, depending on how difficult it is to make as well as the ion-making skill of the 

operator.  

 

2.2.2 Making Two Ions 

 Section 2.2.1 described making a single ion in the trap. However, all the measurements in 

this dissertation were accomplished with two ions simultaneously trapped: one ion at the center, 

with the other ion in a large “parking” cyclotron orbit, generally of 1.5-2.5 mm radius (see 

Section β.β.5). Simultaneously trapping two ions requires making a single ion, “cleaning” it up 

(removing all the unwanted ions), and then exciting it with a pulse at the trap cyclotron 

frequency to a large cyclotron orbit. The second ion can then be made at the center of the trap. 

 In our trap we observe that the “dip of death,” or the dip voltage required to kill a single, 

axially damped ion, decreases in strength as an ion‟s cyclotron orbit increases. Therefore, 

keeping an ion in a large cyclotron orbit while cleaning the ion at the center of the trap can be 

tricky. The ion in the large orbit must be constantly monitored during the dip and kill process. 

Large cyclotron amplitudes can shift the axial frequency as much as 100-200 Hz (see Section 

2.3.1), much larger than the bandwidth of our detector. In order to monitor the axial motion of an 

ion in a large cyclotron orbit, the ring voltage, Vr, and the guard ring voltage, Vgr, must be 

adjusted. 

As discussed in Sections 2.3.1 and 2.3.2, a large cyclotron radius shifts the axial 

frequency: 
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Since the axial frequency has shifted, the ring voltage (see Equation 2.4) must be adjusted to 

bring the ion back on resonance with the detector circuit. Additionally, the axial motion of the 

ion becomes anharmonic. By adjusting the guard ring voltage to the value of C4 which makes the 

derivative of the shift to the axial frequency with respect to the axial amplitude small, the motion 

may be made more harmonic. In principle this can be calculated, however in practice, it works 

best to simply use trial-and-error guided by the model, combined with past experience. The 

process of finding the “best” combination of Vr and Vgr then becomes an iterative process of 
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setting the voltages to one setting, and then optimizing until the ion‟s ring-down after an axial 

excitation is narrow and on resonance with the detector circuit.   

 

2.2.3 Vapor Loader 

Until the alkali measurements, the only measurements carried out at FSU were those that 

could be made using ions made from gases. As the demand for measurements grew, it became 

obvious that to move forward, the FSU-PPT needed to be able to work with metal vapors as well. 

A vapor loader had actually been developed at MIT and used in their alkali mass measurements 

[37]. It is designed to rest on a gate valve at the top of the insert to the trap (about 2 meters above 

the trap, see Figure 2.3) with a line-of-sight to the hole in the upper endcap. This vapor loader 

was completely rebuilt with various improvements. Inside the vapor loader, an “element” is 

attached to two copper electrical feed-throughs which extend outside the vapor loader. The ends 

of the rods are attached to a current source, which electrically heats the element. The currents 

used for heating the elements varied from 5-15 A. This set-up lets small, controllable amounts of 

metal vapor into the trap (see Figure 2.4).  

 

 

 

Figure 2.4 Rough schematic of the vapor loader. Since its use at MIT, the titanium wire, ion gauge and 

bellows (not shown here) were all added. 
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We used two different kinds of elements: alkali metal dispensers supplied by SAES 

Getters, and homemade. The elements from SAES Getters were designed to make very pure 

alkali films and contain alkali metal chromate and a reactive agent, which release small amount 

of pure alkali vapor when heated [73]. The homemade dispenser was roughly modeled on the 

alkali dispensers and consisted of a slit tube about 1 mm in diameter made of either stainless 

steel or niobium (see Figure 2.5). This tube was partially stuffed with a few mg of metal foil or 

oxide powder. 

 

 

 

Figure 2.5 Sketch of a homemade element. One of the legs contains metal powder, which vaporizes when 

heating, flowing to the outlet. A tiny fraction (<0.0001%) of this vapor enters the trap.  

 

 

In addition to making homemade elements, other additions were made to the vapor loader 

as it was known at MIT: a bellows was added to the bottom of the vapor loader, and a tilt stage 

(in fact a modified laser mirror mount) in order to enable the alignment of the element with the 

hole in the top endcap; an ionization gauge was used to monitor the vacuum in the vapor loader; 

and a titanium wire, which was heated for several hours before operating the vapor loader, was 

used as an evaporable getter to improve the vacuum.  

  

2.2.4 Measuring the Cyclotron Frequency: Pi Pulses and PNPs 

In the FSU-PPT, the axial motion of the ion is the only mode detected directly. This is 

accomplished by measuring the image current induced in a circuit connected between the upper 

and lower endcaps of the trap utilizing a high-Q (resonator “quality factor”) inductor (which is 

called “the coil” because it is indeed a toroidal coil of niobium wire [74]) coupled to a DC 

SQUID [75]. In the process, the axial motion is damped by a back electromotive force from the 

detector circuit. Typically, the axial motion is excited using a 1 ms rf pulse centered 500 Hz 

below the axial frequency or using a “PNP” (see next paragraph). The resulting damped 
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sinusoidal “ring-down” is detected, and analyzed online to provide the amplitude, phase and 

frequency of the ion‟s axial motion [66]. The Fourier transform of the axial ring-down signal of 

an ion is shown in Figure 2.6.   

 

 

 

Figure 2.6 Fast Fourier Transform (FFT) of an ion’s axial ring-down signal as it appears on the screen of 

ICR-Master (a LabView program developed specifically for this Penning trap at MIT). 

 

 

The Pulse aNd Phase (PNP) technique [76] is used to determine the modified cyclotron 

frequency of an ion in the trap and this method is currently unique to the FSU-PPT. In the PNP 

technique, an rf pulse, applied to one half of one of the guard ring electrodes in the trap, excites 

the ion into a small cyclotron orbit (50-150 m). The ion is then allowed to continue in its 

cyclotron motion, that is, “evolve cyclotron phase” for a predetermined amount of time called the 

evolution time, Tevol. A cyclotron-to-axial rf coupling pulse (-pulse
7
) then transfers the classical 

action of this small cyclotron orbit into axial motion. This resulting axial motion is then damped 

and detected by the SQUID (Super-conducting quantum interference device). The axial ring-

down signal is typically recorded for four to eight seconds and is analyzed online to obtain a 

phase, frequency and amplitude. The phase of the ring-down corresponds directly to the phase of 

the cyclotron motion at the time the π-pulse was applied, and hence effectively gives the final 

cyclotron phase.   

                                                 
7
 A “π-pulse” refers to the correct product of pulse amplitude and duration for complete conversion from one mode 

to another [76]. The correct duration of a π-pulse is measured using the avoided crossing method [66], and is 

referred to as the π-pulse time. 
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To obtain a single measurement of ωct, the PNP process is repeated ten times, each with a 

different evolution time, from 0.2-58 sec, producing ten measurements of the phase ct and axial 

frequency z of the ion. This set of ten PNPs (each with a different ct and Tevol)  is referred to as 

a PNP cycle. The modified cyclotron frequency of the ion is then determined by fitting the graph 

of ct versus Tevol with a straight line and noting the relation: 

             



ct 
dct

dTevol

                                   [2.9] 

 The modified cyclotron frequency is hence mainly determined by the phase of the PNPs 

with the longest Tevols
8
. However, the values of the phases returned are within the range ±180º, 

i.e. are modulo 360º, therefore the total number of revolutions must be predicted using the initial 

measurements of the cyclotron frequency from the “avoided crossing” technique, and obtaining 

successively more precise estimates of fct by working from shorter to longer Tevols, see Reference 

[66]. 

 The axial frequency is obtained by averaging the ten measurements of ωz (one ωz 

measurement from each PNP) obtained from the PNP cycle. Once the axial and modified 

cyclotron frequencies have been determined, the magnetron frequency is obtained using the 

formula [71]: 
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                       [2.10] 

where mag is an angle characteristic to the trap and may also be measured using the avoided 

crossings technique. Now that all three eigenfrequencies have been measured, the free space 

cyclotron frequency may be calculated using the Brown-Gabrielse Invariance Theorem 

(Equation 2.7). Typically, the cycle of ten PNPs yields a single measurement of ωc to about a 

3x10
-10

 precision in the ratio and lasts about ten minutes. The PNP technique allows precise 

measurement of the trap cyclotron frequency. This technique sets the FSU-PPT apart from other 

Penning traps. 
 

 

2.2.5 Swapping Ions 

The swapping process begins with one ion in the center of the trap (the inner ion) and 

another in a large cyclotron orbit with radius of generally 2.0-2.5 mm (the outer ion). Cyclotron 

                                                 
8
 If the phase of a 58 sec Tevol PNP at fct = 5 MHz  is determined to 30 degrees, then  fct is determined to 3 x 10

-10
. 
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frequency measurements of the inner ion are carried out and then the ions are swapped. The first 

step of the swapping process consists of reducing (“cooling”) the orbital radius of the outer ion to 

a radius of approximately 1 mm. A pulse at the trap cyclotron frequency is then applied to the 

inner ion, pushing it into the large orbit. The former outer ion is subsequently cooled to the 

center of the trap and its cyclotron frequency is measured using the PNP technique, etc. This 

procedure of swapping the ions can take anywhere from five to fifteen minutes depending on the 

outer ion‟s radius. 

 

 

 

Figure 2.7 Swapping Procedure. Start: One ion is at the trap center, the other is in a large (2.0-2.5 mm) orbit. 

Step 1: The ion formerly in the large orbit is now cooled to about 1 mm. Step 2: The ion formerly at the trap 

center is “kicked” out to the large cyclotron orbit. Step 3: The ion at the 1 mm orbit is now cooled completely.  

  

 

The swapping time is completely dominated by the time involved in cooling the ion. 

Unfortunately, since we do not know the phase of the ion in its large cyclotron orbit, we cannot 

simply use a single pulse at the modified cyclotron frequency to drive the ion to the center of the 

trap. Instead, partial
9
 π-pulses at the cyclotron-to-axial coupling frequency are used. Each partial 

π-pulse converts a bit of cyclotron amplitude into axial amplitude. A large cyclotron amplitude 

shifts the axial frequency (see Section 2.3.1), so the ring and guard ring voltages must be shifted 

to bring the axial amplitude resulting from each π-pulse onto resonance with our detector circuit 

to then be damped (see Section 2.2.4). Since the cyclotron radius is shrinking, the ring and guard 

ring voltages must be changed constantly (see Equation 2.8).  

                                                 
9
 A “partial π-pulse” is a pulse applied at the cyclotron-to-axial coupling frequency, but with a shorter duration than 

a complete π-pulse. Instead of transferring all the cyclotron motion to axial motion, only part of the cyclotron 

motion is converted into axial motion. Such a pulse is needed for large cyclotron radii, because of the anharmonicity 

that a large resultant axial amplitude would cause. 
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 The flexibility of ICR-Master allows “swapping scripts” to be set up for each m/q. Loops 

in the scripts may be set up to do a certain number of π-pulses at each guard ring and ring voltage 

setting. For example, commands may be written which “tell” ICR-Master to apply the coupling 

drive for w ms, x number of times, with guard ring voltage setting y, and ring voltage setting z.   

Therefore, in the ICR-Master script, there are 4 lists: partial π-pulse times, number of repeats, 

guard ring voltage, and ring voltage. These lists usually contain around 10-15 entries each. With 

each loop, the π-pulse times get closer to the full π-pulse times, and the ring and guard ring 

voltage settings get closer to the “normal” settings (the settings for an ion at the center of the 

trap). 

Setting up such a script is time-consuming, and generally takes about a day, depending on 

the parking radius
10

. However, once a reliable algorithm has been found, data taking becomes 

almost completely automated. Since quite a bit of the data is taken at night, when no one is 

watching the script, it is essential that the script reliably cools the ion. To guard against possible 

problems, the script is set up to monitor the axial frequency of the ion after each partial π-pulse. 

If the axial frequency is outside of a 5-10 Hz imaginary box around the detector resonance, the 

ring voltage is adjusted to bring the ion back on resonance with the detector. 

 This technique of varying the ring and guard ring voltages while monitoring the axial 

frequency was developed during my time at FSU. This procedure has been extended for the use 

of multi-charged ions as well as for non-mass doublets. For the non-mass doublets, separate 

swapping script parameters (ring and guard ring voltages) are used for each ion, however the 

same number of partial π-pulses are applied to each ion, to ensure any heating effects [66] are 

even.  

 

2.2.6 Ratio Measurement 

 A ratio measurement consists of several “runs,” like the one in Figure β.8. Normally, runs 

consist of three PNP cycles (see Section 2.2.4), followed by a swap of the ions (see Section 

2.2.5), three PNP cycles of the other ion, then another swap, etc., repeated as many times as 

possible for up to 15 hours. An example run is shown in Figure 2.8. 

                                                 
10

 For future students: I think the easiest way to find the cooling algorithm for a new m/q-value is to start with a 

small radius (0.75-1 mm or so) and cool the ion from this point. Then, find the parameters that will cool the ion from 

a slightly larger radius to the first radius. Keep going to slightly larger radii, until you have obtained the script for 

the radius that you wish to take data with. This seems to produce a more reliable script than trying to find an 

algorithm starting with a large (2 mm or so) radius. 
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Figure 2.8 Typical cyclotron frequency ratio data. The cyclotron frequency of one ion at the center of the trap 

being measured, while another is “parked” in a large cyclotron orbit.  

 

 

Both ions’ cyclotron frequency data is fit simultaneously with a set of polynomials (with 

different constant terms) ranging from 0
th

 order (straight line with no slope) to an 8
th

 order 

polynomial. The so-called F-Test [77] is then used to determine the optimal fit for both curves. 

From the difference in the constant terms in this simultaneous fit, the ratio of the two ions’ 

frequencies may be obtained. The cyclotron frequency data for one ion is first rescaled using a 

previous estimate of the ratio, to make the difference in the constant terms small.  

 

2.2.7 Mass Difference and Resultant Mass 

The mass differences and the ratio of the atomic masses may then be obtained from the 

cyclotron frequency ratio of the ions as shown in the following example. The ratio obtained from 

a run is equal to the inverse of the mass ratio of the ions. The masses of the two ions being 

compared can each be broken into the mass of its constituent atom(s) less the electron(s) mass 

plus the mass energy required to make the ion from its constituent atoms: 
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The energy required to make an ion from its components may be written in terms of the heats of 

formation at 0K (ΔfH
0
) and the ionization energies, IE, as: 
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The mass of the electron and usually the heats of formation are known to more than the 

necessary precision, so the precision for the final mass depends mainly on the uncertainty of the 

measured cyclotron frequency ratios and of the reference masses. 

 

2.3 Systematic Effects 

While the swapping technique reduces random error associated with the magnetic field 

variation, there are many sources of systematic error which must be considered. In general, small 

shifts to the eigenfrequencies ct, z and ωm are calculated, and their effect on c is then 

determined using: 
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 Once the shifts to the free-space cyclotron frequency in the imperfect trap have been 

determined for both ions, the resulting shift to the ratio is determined. The fractional shift to the 

ratio resulting from shifts of the free space cyclotron frequency for two ions, Δω0 and Δω1 is 
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It is actually an imbalance in the fractional shifts of the cyclotron frequencies between the two 

ions which creates systematic shifts. Hence, by measuring mass doublets we achieve suppression 

of systematic shifts that are “common mode.”  Note that while Equation 2.14 gives the predicted 

shift to the cyclotron frequency ratio, to correct the observed cyclotron frequency ratios to obtain 

the desired inverse mass ratios, this shift must be subtracted.  

 

2.3.1 Trap Imperfections: Electrostatics 

The electrostatic potential in the Penning trap is not a pure quadrupole due to machining 

and assembly imperfections, the truncation of electrodes, and most importantly, due to “charge 

patches” on the electrode surfaces. In as much as the ion’s motion averages over the azimuthal 

coordinate, the potential at the trap’s center can be modeled as being cylindrically symmetric and 

may be approximated by the first few even terms in an expansion of Legendre polynomials Pn 

(reflection symmetry has also been assumed, see Reference [39] for discussion of odd terms): 
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where VR is the voltage of the end caps with respect to the ring electrode. From this expression 

for the electrostatic potential, the amplitude dependent (anharmonic) shifts to each normal mode 

frequency of an ion in the center of the trap may be calculated in terms of the axial, trap 

cyclotron and magnetron amplitudes (az, ρc and ρm, respectively). The values of Cn quantify the 

strength of the field imperfections with the C2 term being the unperturbed term. In practice, only 

the C4 and C6 terms are generally relevant and the shift to the already small magnetron frequency 

is negligible. C4 can be adjusted (or set to zero) by applying a variable voltage to the guard rings 

(see Figure 2.1). The leading order electromagnetic shifts to ωct and ωz (and hence to ωc, see 

Equation 2.13) given by this potential are therefore [38]: 
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and 
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2.3.2 Trap Imperfections: Magnetic Field 

Analogous to these electrostatic shifts, the dominant shifts due to the magnetic field non-

uniformity are [38]: 
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where B0 and B2 are expansion coefficients of the magnetic scalar potential ψ, where  

B (Note: A more complete description is given in Reference [38]). The auxiliary 

measurements needed to determine the various expansion coefficients are described in Section 

2.4. 

 

2.3.3 Trap Imperfection: Equilibrium Position 

In addition to the amplitude-dependent shifts in the free-space cyclotron frequency due to 

the trapping field imperfections, there may also exist a non-amplitude dependent shift in the ratio 

due to linear gradient in the magnetic field in the trap. Suppose there is a linear term in the axial 
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coordinate of the magnetic field such that B(z) = B0 + B1z. If the ion of interest‟s axial 

equilibrium position in the trap were different than the reference ion‟s, this linear term in the 

magnetic field would introduce a shift in the free-space cyclotron frequency of: 
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where Δz is the difference in axial position and is given by [66]: 
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where C1 is a constant that relates the axial electric field seen by the ion due to the voltage 

difference across the endcaps to that of a parallel plate capacitor with the electrode spacing 2z0 

and VLEC  is the effective voltage difference between the upper and lower endcaps, including any 

effects due to charge patches and contact potentials.  

It is important to note the dependence of Δz on the ring voltage, which in turn carries a 

mass dependence. Therefore, this effect introduces a shift in a ratio of a non-perfect mass 

doublet, proportional to the difference in 1/m.    

 

2.3.4 Image Charge  

An additional shift to the eigenfrequencies of an ion in a Penning trap is produced by the 

redistribution of the charge on the conducting trap electrode surfaces by the field produced by 

the ion itself. This surface charge redistribution is usually treated in terms of fictitious image 

charges [78]. This image charge creates an additional electric field as seen by the ion at the 

center of the trap. However, the shift in the mass ratio due to this additional field is small when 

comparing ions of the same charge state as is common practice for the FSU-PPT. It can be 

shown that image charge shifts produce a fractional shift in an ion‟s cyclotron frequency 

proportional to its mass. A detailed discussion and analysis of these shifts is given in Reference 

[66]. 

 

2.3.5 Ion-Ion Interactions 

Another contribution to the overall potential experienced by an ion near the center of the 

trap must be of course the Coulomb potential due to the ion in the large orbit. To first order, this 

interaction may be modeled by averaging over the orbit of the outer ion to produce a ring of 
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charge qk and radius ρck, where qk and ρck are the charge and cyclotron radius of the parked outer 

ion.    

In analogy to the trap electrostatic imperfections, the perturbation to the electrostatic 

potential seen by the inner ion can also be written in terms of a Legendre polynomial expression. 

Following the discussion given in Jackson (pg 103) [78], the expansion coefficients are given by: 
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where  
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where qi and mi are the charge and mass of the inner ion [79]. The shifts to the cyclotron and 

axial frequencies due to the ring of charge may then be obtained: 
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and 
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If the frequencies of the motions of the two ions are close (the difference of the axial frequencies 

of the ions is not much greater than Ωz, then dynamical effects must also be considered. For 

example, one ion excites motion in the second which resonantly back acts on the first and so on, 

thereby shifting the eigenfrequencies. 

 

2.3.6 Fz Shifts: Ion-Detector Interaction (Coil Pushing) 

Yet another source of error is the so-called coil-pushing shift to the axial frequency. This 

coil (inductor), mentioned briefly in Section 2.2.4 is part of a resonant tuned LC circuit which 

causes the ion‟s axial motion to be damped and enables it to be detected. The interaction of the 

tuned circuit and the ion‟s axial motion causes the ion‟s axial frequency to be perturbedμ it is 

“pushed” away from the resonant frequency of the coil. The shift to the ion‟s axial frequency, ωz,  

can be obtained from ac circuit theory and has a dispersion form, namely [66]: 



26 

 

                    



z

CP 
0 z

4









z 0 

z 0 2


0

2









2
                                                [2.27] 

where (all in angular units) ωz is the unperturbed axial frequency, ω0 is the resonant frequency of 

the coil, and 0 is the full-width at half-maximum of the coil resonance. The inverse of the ring-

down time of the ion, z, is given by: 
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 in terms of the known values of the coil Q, inductance L, the constant C1, the axial trap 

dimension z0, the mass of the ion m, and charge of the ion q. 

 

2.3.7 Fz Shifts: Differential Voltage Drift 

 This systematic effect is subtle and generally only effects measurements of non-doublet 

masses. As explained in Section 2.2.4, a single measurement of ωct consists of ten PNP 

measurements, also known as a PNP cycle. With each PNP, a ring-down and therefore an axial 

frequency is recorded. The question then is: which axial frequency measurement should we 

combine with the trap cyclotron frequency measurement to obtain the free space cyclotron 

frequency? 

 Currently, we are using the average of the ten ωz measurements from each PNP cycle. 

However, due to the varying length of the evolution times of our PNPs, this average may not 

correspond to the measurement time of the trap cyclotron frequency [66], which is determined by 

the time, in the cycle of 10 PNPs, of the two long Tevol PNPs. If there is a drift in the axial 

frequency during the PNP measurements, there will be a systematic shift in the resultant free 

space cyclotron frequency. However, if both ions‟ axial frequencies are drifting at the same rate 

and direction, the systematic shift will cancel in the ratio (see Equation 2.14).  

The axial frequency is dependent on the charge and mass of the ion, the characteristic 

trap size, and the ring voltage as shown in Equation 2.4. The voltages for the trap are controlled 

by a very stable voltage source we call the V-box (as well as add-on computer voltages)
11

. The 

V-box contains two “channels,” or potentiometer settings to be used in the case of non-doublet 

                                                 
11

 The add-on computer voltages are small compared with the voltage from the V-box. They are essential in 

allowing changing voltages (for example ring and guard ring voltages during a swapping script) without having to 

manually adjust the potentiometers of our voltage source.   
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masses, where the add-on computer voltage does not have the range to accommodate both ions‟ 

voltages. In the case of non-doublet masses, there is the possibility for the two ions‟ ring voltages 

(and therefore axial frequency) to drift in different directions, causing a systematic shift to the 

free space cyclotron frequency. 

 

2.4 Trap Characterization 

The trap imperfection ∆trap (Sections 2.3.1, 2.3.2, 2.3.3, 2.3.4), ion-ion interaction ∆i-i 

(Section 2.3.5), coil-pushing and differential voltage drift, ∆fz (Sections 2.3.6, 2.3.7) shifts are 

currently the largest sources of systematic shifts in the FSU-PPT system. With the models 

outlined above, the data may be corrected for these effects, however uncertainty in these 

corrections remains. By obtaining the various parameters using auxiliary measurements and with 

careful analysis, it is usually possible to reduce the final systematic error in a mass ratio to below 

10
-10

, and in some cases to 10
-11

. 

 The most important parameters for quantifying the systematic shifts and uncertainties of 

the measurements in this dissertation are the cyclotron radius ρc, the electrostatic imperfection 

terms C4 and C6 (see Sections 2.4.4, 2.4.5), and the magnetic field imperfection terms B1 and B2 

(see Section 2.4.1). The magnetic field characterization will be discussed first, followed by the 

methods in which we determine ρc and then C4 and C6.   

 

2.4.1 Magnetic Field “Event” of January 2009 and Characterization 

 

 Using the known charge and the mass of an ion, the magnetic field may be calculated 

from the cyclotron frequency to follow the long term drift of the magnetic field of our 

superconducting magnet. The recorded magnetic field variation since the relocation of the trap is 

shown in Figure 2.9.  
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Figure 2.9 Magnetic field variation since the start of measurements at FSU.  

 

 

 The installation of the ferroshims in 2005, in order to reduce B2, caused an expected 

decrease in the constant magnetic field, B0, and was discussed in [66]. In January 2009, a sudden, 

spontaneous increase in the magnetic field occurred. This jump occurred between the 

measurements of the 
76

Ge and 
74

Se Q-values (see Section 3.1). In addition to B0, a measurement 

of B1 was also made at this time by varying the lower endcap voltage and looking for a shift to 

the cyclotron frequency due to Equations 2.20 and 2.21. It was found that B1 had increased from 

-1.8(5) x 10
-8

 to 2.8(1.0) x 10
-8

 mm
-1

. A measurement of B2 was also made (see next Section) and 

it was found that it had jumped from -5(3) x 10
-9

 mm
-2

 to 8(5) x 10
-8

 mm
-2

. Whereas before the 

magnetic field event, the systematic shifts due to B1 and B2 could be neglected, after they could 

not. 

 

2.4.2 Obtaining Cyclotron Radii 

 Since the ion-ion interactions depend upon the cyclotron radii, it is vital that the absolute 

radii are determined reliably. Since there is no meter stick within the Penning trap, we rely on a 

linear relation between the product of the voltage amplitude of the cyclotron drive (at the 

frequency synthesizer) and the duration of the drive pulse and the cyclotron radius produced. 

Hence we assume a calibration between the drive and the absolute radius: 
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where ρc
cal

 is the calibration constant, CDT is the cyclotron drive time, and CDA is the cyclotron 

drive amplitude. CDT and CDA are well-controlled, so the crucial parameter to determine is ρc
cal

. 

(Note a similar equation can be written for the magnetron radius.) 

ρc
cal  

depends on cyclotron frequency. Using a reference ρc
cal

 at one frequency, we obtain 

values at different frequencies in three ways. This ρc
cal

(ref) was measured using light ions, and 

the known shift to the cyclotron frequency due to special relativity: 
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The following expressions enable the transfer of ρc
cal

(ref) to a ρc
cal

 of a different mass. The first 

method compares the axial amplitudes resulting from PNPs between the mass being considered 

and the reference mass using 
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where the ratio of the axial amplitudes are measured from the runs. 

 The second method compares the π-pulse times obtained with the avoided crossings 

method. This value may be calculated using the relation 
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where tπ is the π-pulse time and CCA is the cyclotron coupling amplitude used in the avoided 

crossing. 

 The third method of evaluating ρc
cal

 is to use the fz vs ρc vs Vgr method discussed in the 

next section. For an example of these measurements, see Section 3.1.2. 

  

2.4.3 Measuring Amplitude Dependent Frequency Shifts: fz vs ρm and ρc 

 Probing the amplitude dependent shifts of the ion requires varying a motional amplitude 

and recording the observed frequency shifts. Although in general there are three motional 

amplitudes that each affect three frequencies, in practice we can obtain the parameters we require 

to determine the systematic shifts from just two sets of measurements of shifts to the axial 

frequency.  
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fz vs ρm vs Vgr. According to Equation 2.17, the largest systematic shift to the axial frequency for 

an ion with a large magnetron radius and a small cyclotron radius and axial amplitude is 
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where  m  m

cal MDT  MDA  and  C4 
D4 Vgr Vgr

0 
VR

.   [2.34,35] 

D4 is a constant of our trap [38], MDT is the time the magnetron drive is applied (ms), MDA is 

the amplitude at which the magnetron drive is applied (Vpp), Vgr is the guard ring voltage, Vgr
0
 is 

the guard ring voltage which makes C4 zero. Therefore, by varying the magnetron radius and 

guard ring voltage, and measuring the resultant fz shift, Vgr
0
 and C6 may be measured [66].   

 

fz vs c vs Vgr. According to Equation 2.17, the largest systematic shift to the axial frequency for 

an ion with a large cyclotron radius and a small magnetron radius and axial amplitude is 
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If Vgr
0
 has been determined from the fz vs ρm vs Vgr measurement, then B2 may be determined 

from this measurement. Likewise, if C6 has been determined from the fz vs ρm vs Vgr 

measurement, then the ratio of the ρc
4
 terms from this measurement, and a measurement 

conducted at the reference mass will yield a value for ρc
cal

 at this mass. 

 

 

 

 

 

 

 

 

 

 

 



31 

 

3. CYCLOTRON FREQUENCY MEASUREMENTS FOR 

NUCLEAR APPLICATIONS 

3.1 Q-value Measurements for Neutrinoless Double Beta Decay and Double Electron 

Capture 

 

3.1.1 Motivations  

 

3.1.1.1 Neutrinoless Double Beta Decay 

Double beta decay is the process in which a nucleus with Z protons and mass number A 

emits two electrons and transforms into a nucleus with Z+2 protons while maintaining mass 

number A via the conversion of two neutrons into two protons. In “ordinary” double beta decay 

(β ), two electron antineutrinos are emitted in addition to the two electrons. This process was 

observed in the laboratory for the first time in 1987 [80]. It gives no information as to whether 

neutrinos are Majorana particles (particles that are their own antiparticles).  

Another form of double beta decay has been postulated, however: neutrinoless double 

beta decay (0 ). This process does not emit any neutrinos: it therefore violates lepton number 

conservation and requires that neutrinos are Majorana particles [81]. Further, the rate at which 

this process occurs would help in the determination of an absolute neutrino mass scale. 

 Atmospheric, solar and nuclear reactor neutrino oscillation experiments have shown that 

neutrinos indeed have mass, but only give information on the differences in the squares of these 

masses. There exist two of these ∆m2 
= |mi

2
-mj

2
| values, usually labeled in the literature as 

∆m2
atm [82] and ∆m2

sol [83]. These two values can be arranged to construct two different possible 

mass hierarchies: normal and inverted [84] (see Figure 3.1). 
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Figure 3.1 Possible neutrino mass hierarchies [84] 

 

 

While the very observation of 0  would indicate neutrinos are Majorana particles, 

additionally, a measurement of the half-life, T1/2, of the decay would provide information about 

the absolute mass scale of the neutrinos since 

  



T1/ 2

0 1

 m

2

                    [3.1] 

where <m > is the effective Majorana mass of the electron neutrino [85] and is related to the 

neutrino mass eigenstates mi by 

     



m  miUei

2

i

 .                    [3.2] 

where the neutrino-mixing matrix, Uαi, relates the three mass eigenstates, |υi>, and three flavor 

eigenstates, |υα>, of the neutrinos [86]: 

    



 i  Ui 
i

                     [3.3] 

where α runs over the flavor eigenstatesμ e,  and . The index i indicates the mass eigenstates: 1, 

2 and 3. This neutrino-mixing matrix transforms states with well-defined mass into states with 

well-defined flavor [86]. 

The signature of 0  is a peak in the spectrum of the sum of the kinetic energies of the 

two emitted electrons at the decay‟s Q-value. Here, the Q-value is the mass-energy of the 

products subtracted from the mass-energy of the parent nucleus. This can be determined by 
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precise measurement of the mass difference between the parent and the daughter atoms.  

 

 

 

Figure 3.2 Double beta decay total electron energy spectrum [84]. 

 

 

The larger, broader peak in the spectrum in Figure γ.β is due to β . The total energy 

spectrum of these electrons is peaked at about half that of the 0  electrons because they must 

share the released energy with the emitted neutrinos, whereas in 0 , the electrons contain all 

the emitted energy of the reaction. Since the 0  peak is always much smaller than the β  

peak and overlaps its tail, it is essential to obtain a precise Q-value for which to search in order to 

differentiate any suspected 0  peak from fluctuations in the β  electron spectrum, as well as 

from background peaks from various sources [85].   

There are several candidate nuclei in the search for 0 , most of which have been or are 

currently involved in the many searches for 0  worldwide [84,85]. These candidates possess 

essential qualities: they must be unstable against double beta decay (they are more massive than 

their (Z+2, A) daughter atom), yet must be stable against single beta decay to the (Z+1, A) 

nuclide to avoid being overwhelmed by background. It is also important that the Q-value for the 

0  decay be high to maximize the transition rate. A list of the most prominent candidates as 
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well as their 0  Q-values are given in Table 3.1.  

 

 

Table 3.1 Neutrinoless double beta decay candidates. Note that the Q-values for the 
76

Ge, 
130

Te, and 
136

Xe  

decays are the current, most precise FSU-PPT values [68,87,88] and the Q-values of the 
100

Mo and 
150

Nd  

decays were measured by the JYFLTRAP [45,89]. All other masses were obtained from the 2003 AME [90]. 

Any conversion factors were taken from CODATA [91].   

Parent  Daughter Q(keV) Error (keV) 
48

Ca 
48

Ti 4273.42 4.56 
76

Ge 
76

Se 2039.061 0.007 
82

Se 
82

Kr 2995.50 3.82 
96

Zr 
96

Mo 3347.70 4.75 
100

Mo 
100

Ru 3034.40 0.17 
110

Pd 
110

Cd 2003.55 3.82 
116

Cd 
116

Sn 2808.45 5.59 
124

Sn 
124

Te 2287.75 2.89 
130

Te 
130

Xe 2527.518 0.013 
136

Xe 
136

Ba 2457.83 0.37 
150

Nd 
150

Sm 3371.38 0.20 
160

Gd 
160

Dy 1729.41 5.03 

 

 

The experiments that have thus far obtained the highest sensitivity for detecting 0  

decay are those utilizing 
76

Ge [92,93]. A subset of one of the large collaborations presenting 
76

Ge 

data has even claimed to have observed 0  after reanalyzing the initially reported data [94]. 

This controversial claim based on data with poor statistics and unidentified background lines has 

been disputed [95]. Obviously for the 0  mechanism to be accepted as valid, there needs to be 

another observation by a different group and perhaps even with a different atomic species. There 

are many collaborations around the world developing apparatuses in this search, employing a 

variety of the candidates listed above. 

 One such collaboration is the CUORE experiment [96]. In March 2008, Frank Avignone, 

senior U.S. member of this experiment (currently at the University of South Carolina), contacted 

the FSU group concerning the Q-value for the 
130

Te 0  decay. There is a need for a more 

precise value than the currently accepted Q-value of 2530.3 ± 2.7 keV [97]. In fact, the next-

generation CUORICINO experiment currently being developed has an anticipated FWHM 

energy resolution of 5 keV and absolute energy calibration uncertainty better than 0.4 keV 

[96,98]. To obtain a higher precision Q-value we used the FSU-PPT to measure the masses of 
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both 
130

Te (parent) and 
130

Xe (daughter).  

 

3.1.1.2 Neutrinoless Double Electron Capture 

 In addition to neutrinoless double beta decay, information concerning the nature of 

neutrinos could be obtained from the related neutrinoless processes of double positron emission, 

positron emission and electron capture, or double electron capture [99]. In general, these 

processes are strongly disfavored due to reduced decay energy and hence available phase space 

[100,101]. However, there are conditions under which neutrinoless double electron capture, 0 εε, 

can compete with the more popular 0  (see below). 

 Neutrinoless double electron capture is the process in which two atomic electrons are 

captured by two protons and become two neutrons (without emitting two electron neutrinos). 

Stated in another way, a nucleus with Z protons and mass number A is transformed into a nucleus 

with Z-2 protons and remains with mass number A:  

                  radiationdecayAZAZAZ
HH  

,2,2,
*

         [3.4] 

where the symbols H and H' identify the holes in the daughter atom, the levels from which the 

electrons were captured [10β]. The daughter atom is unstable and can decay emitting -rays, X-

rays, Auger electrons, etc. In particular, the double electron capture can be to an excited state. 

As stated above, generally the rate of 0 εε is too low for detection of this process to be 

considered as a viable experimental option. However, rate enhancements of ~10
5
-10

6
 are 

possible if there is a fortuitous near degeneracy of the energies of the parent and excited daughter 

atom of much less than 1 keV [101,103]. Possible situations such as this have been discussed 

recently in 
112

Sn [102] and 
74

Se [100]. Their related mass differences needed to be measured 

precisely to determine if the rates of 0 εε are greatly enhanced for these atoms, as the rates are 

affected by several orders of magnitude when there is just a few keV in the uncertainty in the Q-

value [103]. When this problem was initially brought to the attention of our group, the 0 εε Q-

value of 
112

Sn  had already been measured by the University of Jyväskylä Penning trap, 

JYFLTRAP, to a sufficient precision [104] to rule out a useful degeneracy in that atom.  

Double electron capture in the 
74

Se-
74

Ge system is shown in Figure 3.3. Two possible 

decays are expected from the excited daughter atom: either a two gamma cascade of energies 

608.355(9) and 595.850(6) keV or one gamma quantum of energy 1204.205(7) keV [101,105]. 
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Detection of this cascade originating from a sample of 
74Se would be the signature of the 0 εε 

and confirm that neutrinos are Majorana particles [100]. 

 

 

 

Figure 3.3 Level scheme for the double-electron capture decay of 
74

Se to the second excited (2
+
) state of 

74
Ge. 

The 
74

Se-
74

Ge Q-value is from [90], and the energies of the first two excited levels of 
74

Ge are from [106]. 

 

 

Before the FSU-PPT measurement, the best 0 εε Q-value for 
74

Se was 1209.7(2.3) keV 

[90]. The initial and final states are closest in energy (leading to the largest enhancement rate) for 

the capture of two electrons from the L shell. For the case of (L2L3) capture, which would be 

necessary for decay to the 2
+
 state conserving spin and parity without other radiation emitted 

[46], the necessary binding energy is 2.465(3) keV [107], making the difference between the Q-

value and resulting energy of the daughter atom 3.0(2.3) keV, which does not necessarily rule 

out the hoped for degeneracy (see Figure 3.3). Therefore, we set out to measure the 0 εε Q-value 

of 
74

Se. 

 

3.1.2 
130

Xe/
130

Te Data and Analysis 

 Since the analysis for this data set was accomplished by Matt, I will only summarize it in 

favor of devoting more details to the selenium and germanium data in the next section (which I 

analysed). The obvious method of measuring a Q-value would be to directly measure the ratio, 

and hence the mass difference, of the parent and daughter atoms of the decay. However, the 

single-ion make-kill-remake technique is problematic when using a difficult to make ion such as 

130
Te

3+
, and would yield low statistics (one such run was attempted, however, see Table 3.2). 
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Using the two-ion swapping technique would generate better statistics and ensure the trap 

conditions (and systematic effects) would be nearly identical for the two ions. However, the 

closeness of the masses of 
130

Te and 
130

Xe make this proposed method difficult. Since the 

masses are only separated by a fractional difference of ~2 x 10
-5

, the ions cannot be manipulated 

independently. Indeed, this scheme involving directly measuring the ratio 
130

Xe
3+

/
130

Te
3+

 was 

attempted, but it was observed that while exciting the ion with the radial drive at the center of the 

trap, the ion in the parking orbit was also observed to be resonantly excited. Because this leads to 

additional, complicated systematic mode frequency shifts that we did not investigate, this 

130
Xe

3+
/
130

Te
3+

 ratio measurement (along with the single-ion measurement) were used only as a 

further test of the Q-value.  

It was decided instead to measure the ratio of the parent and daughter atoms‟ masses 

relative to the mass of a reference ion. The mass of 
129

Xe had previously been precisely 

measured by the FSU-PPT trap using the single ion make-kill-and-remake technique [70] and 

was chosen as the reference mass. Since the mass of 
129

Xe is known to 0.1 ppb, this route had the 

added benefit of allowing the precise measurement of the masses of 
130

Xe and 
130

Te. 

Additionally, the ratio 
130

Xe
3+

/
132

Xe
3+

 was measured to test for systematics.
  

The ratios measured to obtain the Q-value were 
130

Xe
3+

/
129

Xe
3+ 

and 
130

Te
3+

/
129

Xe
3+

. The 

xenon ions were made by letting gas into the top of the trap, and then ionizing the gas using 

electron-impact ionization in the usual way (see Section 2.2.1). The tellurium ions were made 

using the vapor loader (see Section 2.2.3) by heating a few mg of enriched tellurium powder. 

Once the ions were made, runs were conducted where the inner ion‟s cyclotron orbit was 

approximately 60 m and the parking orbit of the outer ion was approximately β mm.  

As a verification that trap conditions did not vary between the measurement of the ratio 

of 
130

Xe
3+

/
129

Xe
3+ 

and 
130

Te
3+

/
129

Xe
3+

, three runs measuring the ratio of 
129

Xe
3+

/
132

Xe
3+

 were 

completed (the mass of 
132

Xe also being well-known [70]) before and after the Q-value ratio 

measurements to ensure that any systematic shifts between the mass-129 and mass-130 cyclotron 

frequencies, which may affect the measurements, do not change between the measurements of 

130
Te and 

130
Xe, and so have negligible effect on the 

130
Te-

130
Xe mass difference . The weighted 

mean of the three runs before and after the Q-value measurement agreed within their weighted 

errors.  
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Table 3.2 Average cyclotron frequency (i.e. inverse mass) ratios and systematic corrections for the 
130

Xe/
130

Te 

data. N is the number of runs included in the average. trap, i-i, and fz are the estimated systematic 

corrections in parts-per-trillion (ppt), with estimated uncertainty in parentheses, due to trap field 

imperfections, ion-ion interaction, and shifts in fz due to ion-detector interaction and differential voltage drift, 

respectively. syst is the total systematic error and stat is the statistical error (in ppt) for each average ratio.  

<R> is the average ratio after applying systematic corrections, with statistical and systematic uncertainties 

combined in quadrature, in parentheses. The three entries for 
130

Te
3+

/
130

Xe
3+

 correspond to results obtained 

with a single ion in the trap, with two ions in the trap, and from the ratio of the 
130

Te
3+

/
129

Xe
3+

 and 
130

Xe
3+

/
129

Xe
3+

 ratios, respectively.  

Ion pair N trap i-i fz syst stat <R> 

130
Xe

3+
/
129

Xe
3+

 5  1(18) 1(11) -18(31) 38 73 0.992 311 669 329(82) 

130
Te

3+
/
129

Xe
3+

 3 -5(17) 1(11) -11(30) 36 75 0.992 290 942 332(83) 

132
Xe

3+
/
130

Xe
3+

 5 -5(34) 2(22) -35(34) 53 83 0.984 832 390 737(98) 

132
Xe

3+
/
129

Xe
3+

 6 -8(45) 2(33) -22(38) 68 65 0.977 260 673 493(94) 

130
Te

3+
/
130

Xe
3+

 (1 ion) 1 -7(26) 0(0)  34(15) 30 252 0.999 979 112 310(254) 

130
Te

3+
/
130

Xe
3+

 (2 ion)
 

1  2(6) 0(60)  0(16) 62 182 0.999 979 112 415(192) 

[
130

Te
3+

/
130

Xe
3+

] (
129

Xe
3+

)
 

 -6(11) 0(2)  7(13) 17 97 0.999 979 112 412(98) 

 

 

Table 3.2 summarizes all the ratios obtained from these runs with their systematic and 

statistical errors. Notice the three methods of determining the 
130

Te
3+

/
130

Xe
3+

 ratio agree. 

Additionally, the ratio obtained from the 
132

Xe
3+

/
129

Xe
3+

  measurement in Table 3.2 agrees with 

the ratio obtained previously using the FSU-PPT in Reference [70] of 0.977 260 673 508(95). 

While the statistical uncertainty dominates the error, the largest systematic shifts (and 

uncertainties) were due to the shifts to the axial frequency due to the C4az
2
 shift (see Section 

2.3.1) and the fz drift shift (see Section 2.3.7). In addition to the ratios measured under optimum 

conditions, several tests of systematic effects were performed by measuring the ratio of 

129
Xe

3+
/
132

Xe
3+

 while varying the parking radius and guard ring voltage. Being a worse mass-

doublet than either 
130

Xe
3+

/
129

Xe
3+ 

or 
130

Te
3+

/
129

Xe
3+

, this ratio is a stringent test of the mass 

dependent systematic effects. While these measurements were used in the analysis of the 

systematic errors, they do not appear in Table 3.2. The mass difference equations corresponding 

to the ratios in Table 3.2 are given in Table 3.3. 
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Table 3.3 Mass difference equations corresponding to the ratios given in Table 3.2. The statistical, systematic 

and total errors are shown in parentheses. 

Ion pair Mass Difference Result (u) 

130
Xe

3+
/
129

Xe
3+

 
130

Xe–129
Xe

 
0.998 728 483(10)(5)(12) 

130
Te

3+
/
129

Xe
3+

 
130

Te–129
Xe 1.001 441 885(10)(5)(12) 

132
Xe

3+
/
130

Xe
3+

 
132

Xe–130
Xe

 
2.000 645 724(11)(7)(14) 

132
Xe

3+
/
129

Xe
3+

 
132

Xe–129
Xe 2.999 374 229(9)(9)(13) 

130
Te

3+
/
130

Xe
3+

 (1 ion) 
130

Te–130
Xe 0.002 713 416(33)(4)(34) 

130
Te

3+
/
130

Xe
3+

 (2 ion)
 130

Te–130
Xe 0.002 713 402(24)(9)(26) 

[
130

Te
3+

/
130

Xe
3+

] (
129

Xe
3+

)
 130

Te–130
Xe 0.002 713 402(13)(3)(14) 

 

 

 We choose to use the mass difference of the last line of Table 3.3 to give the Q-value and 

leave the other two results as redundant checks. Expressing it in energy units, Q (
130

Te) = 

2527.518(13) keV. From the mass differences, the masses can also be obtained, and are listed in 

Table 3.4. 

 

 

Table 3.4 Atomic masses of 
130

Xe and 
130

Te obtained from the different ratios, and their weighted averages, 

compared with previous values. 

Atom Source Atomic Mass (u) 

130
Xe 

130
Xe

3+
/
129

Xe
3+

 129.903 509 342(16) 

 
132

Xe
3+

/
130

Xe
3+

 129.903 509 362(17) 

 Average 129.903 509 351(15) 

 AME [90] 129.903 508 0(8) 

130
Te 

130
Te

3+
/
129

Xe
3+

 129.906 222 744(16) 

 AME [90] 129.906 224 4(21) 
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3.1.3 
76,74

Ge/
76,74

Se Data and Analysis 

 Data. The measurement of the Q-values and masses of 
76,74

Ge/
76,74

Se took over three 

months to complete. The mass-76 ratios were measured first, followed by the mass-74 ratios. For 

the two ion swapping technique, it is important to use ions of the same charge state. Doubly 

charged ions were chosen because they are within the mass range of our detector, and are easier 

to make than triply charged ions. The mass of 
84

Kr is the closest precisely known mass [70] to 

mass-74 and mass-76, so the ion 
84

Kr
2+

 was chosen as the reference. 

 To ensure that there were no drastic changes in the trap environment during the 

measurement, the ratio 
76

Se
2+

/
84

Kr
2+

  was measured before and after the 
76

Ge
2+

/
84

Kr
2+

 

measurement. The weighted average of the 
76

Se
2+

/
84

Kr
2+

 ratios from runs measured before and 

the weighted average from runs measured after the 
76

Ge
2+

/
84

Kr
2+

 ratio measurements agreed with 

each other within their statistical uncertainties. Similarly, the 
74

Se and 
74

Ge measurements were 

interleaved and the like measurements also agreed within error bars as demonstrated in Figure 

3.4. 

 

 

 

Figure 3.4 Cyclotron frequency ratios relative to 
84

Kr
2+

, uncorrected for systematic errors, obtained from 

each run. The horizontal bands correspond to the averages of each group of data. The reference ratios <R> 

are the final, corrected average ratios, as given in Table 3.6. 

 

 

Analysis. The larger difference in m/q between the two ions trapped simultaneously 

requires careful consideration. In general, the systematic shifts and errors are larger than in 

experiments of the past [66].  For example, while in the 
130

Te/Xe measurements the statistical 

errors were the limiting factor, here the systematic uncertainties dominate the error in the masses. 
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However, these systematic shifts cancel in the ratio of the ratio obtained for the Q-value and only 

run-to-run variations remain in the systematic uncertainty for the Q-value. These ratios along 

with a break-down of the systematic shifts are given in Table 3.6. 

For the mass 76 ratio measurements, a CDT of 22 ms was used for both the 
84

Kr
2+

 and 

76
Ge/Se

2+
 ions (see Section 2.4.2), corresponding to ρci of approximately 107 m and 1β1 m, 

respectively. Once these measurements had begun, it was apparent that smaller radii could have 

been used, but it was decided to continue with the measurements instead of introducing any 

variations into the systematic effects of the Q-value. However, a smaller CDT of 15 ms was used 

for the mass 74 ratio measurements, corresponding to cyclotron radii of 7γ m and 85 m for the 
84

Kr
2+

 and 
74

Ge/Se
2+

 ions, respectively. In the order 
84

Kr
2+

 and 
76

Ge/Se
2+

, 
74

Ge/Se
2+

, the parking 

radii were approximately 2.3, 2.5 and 2.6 mm. While the mass 74 measurement had the 

advantage of smaller ρci, it had the disadvantage of occurring after the “magnetic field event” 

described in Section 2.4.1. 

 As described in Section 2.4.2, the estimations in the above paragraph rely on the 

measurement of cal

c which depends on m/q. Also described in that Section are the three different 

methods of measuring cal

c  using  28m
cal

c  as a reference. For this set of data, all measured 

cal

c  values are summarized in Figure 3.5.  

 

 

 

Figure 3.5 Measured 
cal

c values for m/q = 37, 38, 42 (see Section 2.4.2). The value of 
cal

c  used for each ion 

was obtained from the straight line fit to the data. 
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The cal

c  values used in the analysis to determine ρci, ρck and az are from the fit of the line to the 

data in Figure 3.5. The errors associated with these values are the fit error, error in the 

 28m
cal

c  reference, and difference between the cal

c  used from the furthest cal

c  

measurement combined in quadrature. The values used in the final analysis of this data set are 

given in Table 3.5. 

 

Table 3. 5 
cal

c  values associated with each m/q. 

m/q ρc
cal

 ( m/Vppms) 

37 14.2(8) 

38 13.8(6) 

42    12.2(1.1) 

 

 

 In addition to cal

c , another important mass-dependent parameter is 
0

grV  (see Section 

2.4.3). Several fz vs ρm vs Vgr measurements were taken, and the resulting 
0

grV  are plotted versus 

m/q in Figure 3.6. 

 

 

 

Figure 3.6 Values of 
0

grV  from  fz vs ρm vs Vgr measurements versus m/q. 

 

 

From the fit to this line, it is clear that it is safe to use 600(7) mV for
0

grV .   Supporting evidence 

comes from several runs with 
74

Ge
2+

, where Vgr was set to 580 and 620 mV. The ratios for these 
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runs were shifted in opposite directions by equal amounts. Using these values for ρc
cal

 and Vgr
0
, 

along with the models described in Section 2.3, the systematic shifts and uncertainties in the ratio 

of the cyclotron frequencies may be determined and are listed in Table 3.6. 

 

 

Table 3.6 Average cyclotron frequency (i.e. inverse mass) ratios and systematic shifts for the 
74,76

Ge/
74,76

Se 

data. N is the number of runs included in the average, Δtrap, Δi-i, and Δfz are the estimated systematic 

corrections in parts-per-trillion (ppt), with estimated uncertainty in parenthesis, due to trap field 

imperfections, ion-ion interactions, and shifts in fz due to ion-detector interaction and differential voltage 

drift, respectively. σsys is the total systematic error and σstat is the statistical error (in ppt) for each average 

ratio. <R> is the average ratio after applying systematic corrections, with statistical and systematic 

uncertainties combined in quadrature. [
74

Ge
2+

/
74

Se
2+

] (
84

Kr
2+

), etc. for mass-76, denotes the ratio of the 

previous two ratios, with allowance for cancellation of common systematic errors. 

Ion pair N trap i-i fz syst stat <R> 

84
Kr

2+
/
74

Ge
2+

 4 26(126) -7(20) 50(58) 140 60 0.880 940 623 463(153) 

84
Kr

2+
/
74

Se
2+

 6 26(126) -7(20) 56(58) 140 61 0.880 956 094 495(153) 

[
74

Ge
2+

/
74

Se
2+

] (
84

Kr
2+

)
 

 0(42) 0(4) 5(5) 42 97 1.000 017 561 935(106) 

84
Kr

2+
/
76

Ge
2+

 4 85(187) -13(39) 31(42) 195 74 0.904 778 252 053(209) 

84
Kr

2+
/
76

Se
2+

 6 83(186) -13(39) 33(47) 196 45 0.904 752 164 530(201) 

[
76

Ge
2+

/
76

Se
2+

] (
84

Kr
2+

)
 

 2(40) 0(6) 1(20) 45 96 0.999 971 166 953(106) 

 

 

The largest systematic shifts for the mass-76 measurement were the C4z
2
 and C6z

4
 trap 

imperfections shifts. Due to the increased magnetic field inhomogeneity for the mass-74 

measurements (see Section 2.4.1), B2ρc
2
 was the largest shift, followed by the C4z

2
 shift. To 

confirm our model of the systematic effects of our trap, we measured the ratio of 
84

Kr
2+

/
84

Kr
3+

. 

This is a stringent test of the charge-dependent and m/q-dependent (Δm/q = 14) systematic 

effects. As can be seen from Figure 3.7, the corrected ratios all correspond within error bars with 

the ratio calculated from the masses. 
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Figure 3.7 
84

Kr
2+

/
84

Kr
3+

 ratio measurements corrected for systematic effects. The error bars include the 

systematic and statistical errors combined in quadrature. The horizontal band corresponds to the weighted 

average and error bar including common systematic errors. Each point corresponds to one run taken with 

the ρci and Vgr indicated on the x-axis. The y-axis is the ratio calculated from the best-known value of the 

mass of 
84

Kr [70], the mass of the electron [91], and the ionization energies of the doubly and triply charged 

states of Kr [108], subtracted from the measured corrected ratio. 

 

 

The mass differences obtained from the ratios in Table 3.6 combined with the mass of the 

electron [91], the mass of 
84

Kr [70], and the ionization energies of the ions [108,109] are given in 

Table 3.7. 

 

 

Table 3.7 Mass difference equations corresponding to the ratios given in Table 3.6. The statistical, systematic 

and total errors are shown in parenthesis.  

 

 

 

From the mass differences the mass of 
74,76

Se and 
74,76

Ge may be obtained (see Table 3.8), as 

well as the Q-values. The Q-value for double -decay of 
76

Ge was found to be 2039.061(7) keV, 

and the Q-value for the double-electron capture of 
74

Se was found to be 1209.240(7) keV. 

800

400

0

-400

R
 -

 R
c
a
lc
 (

p
p
t)

12, 620 12, 620 12, 615 12, 615 12, 620 12, 620 15, 620 15, 620 22, 620 15, 600 15, 600
pci (ms), Vgr (mV)

Ion pair Mass Difference Result (u) 

74
Ge

2+
/
84

Kr
2+

 
84

Kr–74
Ge

 
 9.990 319 966 3(51)(117)(128) 

74
Se

2+
/
84

Kr
2+

 
84

Kr–74
Se

 
 9.989 021 793 4(51)(118)(128) 

[
74

Se
2+

/
74

Ge
2+

] (
84

Kr
2+

)
 74

Ge–74
Se -0.001 298 172 9(74)(13)(75) 

76
Ge

2+
/
84

Kr
2+

 
84

Kr–76
Ge

 
 7.990 095 001 7(62)(164)(175) 

76
Se

2+
/
84

Kr
2+

 
84

Kr–76
Se

 
 7.992 284 023 8(38)(164)(169) 

[
76

Se
2+

/
76

Ge
2+

] (
84

Kr
2+

)
 76

Ge–76
Se

 
 0.002 189 022 1(73)(34)(80) 



45 

 

Table 3.8 Atomic masses (in u) of 
74,76

Ge and 
74,76

Se.  

Isotope FSU-PPT Measurement 

74
Ge

 
73.921 177 765(15) 

74
Se 73.922 475 938(15) 

76
Ge 75.921 402 729(19) 

76
Se

 
75.919 213 707(19) 

 

 

3.1.5 Discussion 

 The 0  Q-value of 
130

Te was measured to be 2527.518(13) keV. This Q-value is two 

orders of magnitude more precise than the current AME 2003 value and is more than of 

sufficient precision for the CUORICINO experiment and the future CUORE experiment. Our 

result has recently been confirmed (within 1.5σ), but with a standard deviation a factor of β5 

larger than our result, by the Canadian Penning Trap, (see Table 3.9) [110]. Our measurement of 

the Q (
76

Ge-
76

Se) agrees and is a factor of seven more precise than the next-most precise 

Penning trap measurement [111]. The many measurements of this particular Q-value is a 

testament to its importance in the search for 0  [88,104,111]. The overall abundance of 

precision Q-value measurements in general underscores the prominence of the many ongoing 

0  searches [46,68,87,88,104,110-113].  

 

 

Table 3.9 The three Qββ decay values measured by the FSU-PPT compared to other recent mass spectrometer 

measurements. Note that for the 
136

Xe-
136

Ba Q-value, only the 
136

Xe mass was measured by FSU and 

ISOLTRAP, and the 
136

Ba mass was taken from the AME 2003. However, the Manitoba II spectrometer 

measured the mass difference directly. 

Q  (keV) ISOLTRAP[113] FSU[68,87,88] CPT[110] SMILETRAP[111] JYFLTRAP[89] Manitoba II[112] 

76Ge-76Se 

 

2039.061(7) 

 

2039.006(50) 2039.04(16) 

 130Te-130Xe 

 

2527.518(13) 2527.01(32) 

   136Xe-136Ba 2462.7(4.3) 2457.83(37) 

   

2458.73(56) 

 

 

 The 0 εε Q-value of 
74

Se was found to be 1209.240(7) keV. Allowing for the L2L3 

electron binding energies [107], the energy difference between the second excited state of 
74

Ge 

[106] and the 0 εε Q-value of 
74

Se was found to be 2.570(10) keV. JYFLTRAP has measured 
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this value to be 2.50(5) keV. Both the FSU-PPT and the JYFLTRAP values are greater than the 

hoped-for value of a few eV, and no helpful resonant enhancement is expected. 

 

3.2 “World’s Smallest Beta Decay Q-value” 

 

3.2.1 Motivation 

As of the publication of the AME 2003, the energy difference listed between the ground 

state of 
115

In and the first excited state of 
115

Sn was 1.7(4.0) keV, see Figure 3.8. Since this 

uncertainty did not preclude the possibility that the energy difference was negative, it was not 

known whether a -decay from 
115

In(9/2
+) →115

Sn(3/2
+
) was possible (whether the ground state 

of 
115

In was higher or lower in energy than the first excited state of 
115

Sn). Cattadori et al. were 

the first to discover the beta decay of 
115

In(9/2
+)→115

Sn(3/2
+
)
12. They observed a line in their  

spectrum, located at 497.48(21) keV with a relative intensity of 1.18(31) x 10
-4

% compared to 

the 
115

In(9/2
+) →115

Sn(1/2
+
) intensity (see Figure 3.8)

13
, which they inferred must have followed 

the 
115

In(9/2
+)→115

Sn(3/2
+) -decay [114].  

 

 

     

Figure 3.8 Level scheme for the beta-decay of the ground state of 
115

In showing relevant half-lives and 

branching ratios. 

                                                 
12

 The purpose of the Cattadori et al. experiment was to investigate the  spectrum of 115
In, which was being 

considered for possible use as a detector of solar neutrinos through the 
115In( e,e

-
)

115
Sn

*
  neutrino capture reaction.  

13
 
115

In is unstable with a half-life of 4.41(25) x 10
14

  yrs [116] and almost always -decays to the grounds state of 
115

Sn (see Figure 3.8).  
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From their half-life measurement, they were able to deduce a range of possible Q-values 

from 0.12 to 2.85 keV, implying the possibility that 
115

In(9/2
+)→115

Sn(3/2
+
)  is the  smallest 

known -decay Q-value
14

. This Q-value may be obtained more precisely from measuring the 

mass difference of 
115

In and 
115

Sn combined with an already precise gamma-ray measurement of 

the first excited level of 
115

Sn, 497.334(22) keV [115]. 

 

3.2.2 
115

In/
115

Sn Data and Analysis 

 The 
115

In/
115

Sn Q-value is the latest Q-value to be measured by the FSU-PPT. By the time 

this Q-value was measured, the techniques developed with other FSU-PPT Q-value 

measurements had almost become routine. The entire 
115

In/
115

Sn measurement took less than two 

weeks to accomplish. The 
115

In and 
115

Sn ions were made via the vapor loader (see Section 2.2.3) 

with natural indium (95.7% 
115

In) and an enriched sample of tin (32.4% 
115

Sn) loaded into a 

1mm diameter niobium tube. The Q-value measurement consisted of four runs of the ratio 

115
In

3+
/
129

Xe
3+

, followed by five runs of 
115

In
3+

/
129

Xe
3+

, followed by four additional runs of 

115
In

3+
/
129

Xe
3+ 

(see Figure 3.9).    

  

  

 

 Figure 3.9 Cyclotron frequency ratios, uncorrected for systematic errors, obtained from each run. The 

horizontal lines and error bands correspond to the averages of each of the three sets of data. 

                                                 
14

 The smallest -decay Q-value known at that time was that of 
187

Re: 2.470(4) keV [117]. 
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Like the Se and Ge measurements, the ratios measured here are not good mass doublets 

(Δm/q≈4.7) and so the systematic uncertainty is the largest contributor of error. For the ratio of 

the ratio for the Q-value, most systematic effects drop out, leaving the statistical error to 

dominate the uncertainty. 

 

 

Table 3.10 Average cyclotron frequency (i.e. inverse mass) ratios and systematic corrections for the 
115

In/
115

Sn 

data. N is the number of runs included in the average. trap, i-i, and fz are the estimated systematic 

corrections in parts-per-trillion (ppt), with estimated uncertainty in parentheses, due to trap field 

imperfections, ion-ion interaction, and shifts in fz due to ion-detector interaction and differential voltage drift, 

respectively. syst is the total systematic error and stat is the statistical error (in ppt) for each average ratio.  

<R> is the average ratio after applying systematic corrections, with statistical and systematic uncertainties 

combined in quadrature, in parentheses. The entry for 
115

In
3+

/
115

Sn
3+

 correspond to the ratio of the above two 

ratios, allowing for cancellation of common systematic errors. 

Ion pair N trap i-i fz syst stat <R> 

115
In

3+
/
129

Xe
3+

  8 -10(63) 10(18) 11(32) 73 45 0.891 384 316 786(86) 

115
Sn

3+
/
129

Xe
3+

 5 -11(63) 11(19) 28(39) 76 66 0.891 380 173 543(101) 

[
115

Sn
3+

/
115

In
3+

] (
129

Xe
3+

)
 

 -1(4) 1(1) 17(7) 8 90 0.999 995 351 900(90) 

 

Like the mass-74 ratios, the 
115

In/
115Sn set of measurements occurred after the “magnetic 

field event,” and therefore one of the biggest systematic shifts was the B2ρc
2
 shift. The C4az

2
shift 

was also a major contributor, as was the fz drift shift (see Section 2.3). The mass difference 

equations obtained from the ratios in Table 3.10 are given in Table 3.11.  

 

Table 3.11 Mass difference equations corresponding to the ratios given in Table 3.10. The statistical, 

systematic and total errors are shown in parentheses. 

Ion pair Mass Difference Result (u) 

129
Xe

3+
/
115

In
3+

 
129

Xe–115
In

 
14.000 902 084 5 (58)(94)(111) 

129
Xe

3+
/
115

Sn
3+ 129

Xe–115
Sn 14.001 436 161 3 (85)(98)(130) 

[
115

In
3+

/
115

Sn
3+

] (
129

Xe
3+

)
 115

In–115
Sn    0.000 534 076 8 (103)(9)(104) 
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 From these mass differences, the atomic masses of 
115

In and 
115

Sn were obtained (see 

Table 3.12). The last row of Table 3.11 is the Q-value of the -decay from the ground state of 

115
In to the ground state of 

115
Sn. Expressed in terms of energy, the Q-value for the 

115
In(9/2

+
) 

→115
Sn(1/2

+) -decay is 497.489(10) keV. Subtracting the energy difference between the first 

excited state and the ground state of 
115

Sn, gives the Q- value for the 
115

In(9/2
+) →115

Sn(3/2
+) -

decay as 155(24) keV. 

 

 

Table 3.12 Atomic masses (in u) of 
115

In and 
115

Sn compared with values in the AME2003 [11]. 

Isotope AME2003 This Work 

115
In 114.903 878(5) 114.903 878 774(16) 

115
Sn 114.903 342(3) 114.903 344 697(17) 

 

 

3.2.3 Discussion 

This measurements confirms that the 
115

In(9/2
+)→115

Sn(3/2
+) -decay has the smallest 

known -decay Q-value, 155(24) eV. JYFLTRAP has also measured this Q-value with the result 

of γ50(170) eV [118]. Additionally, -ray spectroscopy measurements carried out at the HADES 

underground laboratory determined the half-life of the decay, which was then used along with 

theoretical nuclear matrix element (NME) calculations to determine another Q-value of 19

1257
  eV 

[118]. 

 

 

Table 3.13 Comparison of the determinations of the 
115

In(9/2
+)→115

Sn(3/2
+) β-decay Q-value. Where 

applicable, 497.334(22) keV has been assumed for the energy difference between the first excited state and 

ground state of 
115

Sn.  

Determination Q-value (eV) 

AME 2003 [90] 1700(4000) 

Cattadori et al.[114] 120-2850 

JYFLTRAP 
 [118] 350(170) 

Half-life + NME [118] 
19

1257
  

FSU-PPT [119] 155(24) 
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Figure 3.10 The three most precise β-decay Q-values of 
115

In(9/2
+
)→115

Sn(3/2
+
) from two Penning trap 

measurements (JYFLTRAP [118] and FSU-PPT[119]) and a measurement of the half-life combined with 

nuclear matrix elements (NMEs) [118]. 
 

 

While the two Penning trap measurements almost agree within 1σ, the theoretical 

calculations using the half-life are several σ away from either value. The apparent error in the 

theoretical Q-value is described in [120] as possibly being due to the common neglect of atomic 

effects in the theory, which cannot be neglected for this uncommon case of ultra-low Q-values. 

Our precise Q-value, combined with measured decay rates provides a test case for the theory of 

very low Q-value beta-decay. 
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4. CYCLOTRON FREQUENCY MEASUREMENTS FOR 

ATOMIC PHYSICS AND PHYSICAL CHEMISTRY 

APPLICATIONS 

4.1 Stable Alkali Masses 

 

4.1.1 Motivation 

The fine structure constant, , sets the scale of the electromagnetic interaction, and so 

connects a wide range of fundamental and applied science. In particular, the level of agreement 

of the value for  obtained from different areas of physics can be used to test the consistency of 

current physics theories. The fine structure constant is defined through the relation [91]: 

      
c

e



2

04

1


                                 [4.1] 

where 0 is the electric constant, e is the charge of the electron,  is h/2 where h is Planck‟s 

constant and c is the speed of light. Note that the electric constant and the speed of light are both 

constants fixed by definition and therefore contain no error. 

 The most accurate method to date of determining the fine structure constant is through 

the comparison of theory and measurement of the g-factor of the electron. Following the seminal 

developments in single particle Penning trap physics, a measurement of the electron‟s g-factor 

with a precision of 20 ppb was achieved at the University of Washington [27]. The precision has 

since been improved to the 0.37ppb level by the Harvard group [28]. The g-factor of the electron 

may be calculated as a sum of a power series in  using Quantum Electrodynamics (QED) and 

taking into account small terms associated with short-distance physics [121,122]:      
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 ... aI  ahadronic aweak     [4.2] 

Hence, using this equation, electron g-factor measurements yield values for the fine structure 

constant. However, if an independent, precise value for  is available, a measurement of the 

magnetic moment of the electron can then be used to test the above equation and therefore test 

QED. As a prototype field theory, QED is already one of the most precisely tested theories and is 

of central importance to modern physics.  
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Currently, the second most precise method for the determination of the fine structure 

constant is obtained from photon recoil experiments with alkali atoms. These experiments 

measure the recoil velocity of an atom after it has absorbed an optical photon and yield values of 

h/malkali. The fine structure constant is then obtained using the equation:     

     



 2 
2R

c









malkali

me











h

malkali









        [4.3] 

where R∞ is the Rydberg constant [123], me is the mass of the electron [124], and malkali is the 

mass of the alkali atom. Compared to the g-factor method, this approach only depends on QED 

calculations in the corrections to the energy levels of hydrogen used to obtain R∞ [123]. At this 

time, the photon recoil velocities of 
133

Cs and 
87

Rb have been measured using atom 

interferometry [125,126].  In addition to the g-factor and photon recoil measurements, a third 

competitive determination of the fine structure constant may be derived from the fine structure of 

helium and helium-like ions [127].  

 

 

Table 4.1 Determinations of the fine structure constant.  

Measurement -1
 Fractional Error 

Electron g-factor, Harvard [28] 137.035 999 084(51) 0.37ppb 

87
Rb photon recoil [126] 137.035 999 45(62) 4.5ppb 

133
Cs photon recoil [125] 137.036 000 0(11) 8.0ppb 

Electron g-factor, University of Washington [27] 137.035 990 0(27) 20ppb 

Helium fine structure [127] 137.036 001 1(42) 31ppb 

 

 

 

Figure 4.1 Determinations of the fine structure constant. 

600.4600.2600.0599.8599.6599.4599.2599.0598.8

(alpha
-1

 - 137.03)/10
-5

University of Washington g-factor (1987) Helium Fine Structure (2010)

Cesium Photon Recoil (2006)

Rubidium Photon Recoil (2008)

Harvard g-factor (2008)
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 Another generation of photon recoil measurements is in development [128] with the aim 

of yielding precision competitive to that of the electron g-factor experiment. Eventually, these 

experiments may approach the limit of precision of the particular mass of the alkali. Although no 

competitively precise results for h/malkali based on the other stable alkalis have yet been reported, 

we note that all these species have been subjects of numerous investigations with ultra-cold 

atoms, and have now been Bose-Einstein condensed (or, for 
6
Li, Fermi-condensed). Since the 

lighter alkalis have the advantage of higher photon-recoil velocities, h/malkali measurements may 

be expected in the future. 

Additional motivations for our measurements of the atomic masses of the alkalis are 

provided by nuclear physics. All of the alkalis, because of their low ionization energies [129], are 

both easy to produce and resistant to charge exchange with background gas. This makes them 

convenient reference ions for the many mass spectrometers, already commissioned or under 

development, that use gas stopping of short-lived radioactive species produced in nuclear 

reactions (see Section 1.2). In the case of lithium, there is particular motivation due to 

discrepancies between masses in the literature: a precision Penning trap mass measurement of 

6
Li [130] is in disagreement with masses obtained via two different Penning traps with time-of-

flight detection [49,52]. Another mass measurement, utilizing distinct techniques, would be 

useful in verifying the mass. The mass of 
6
Li is also important to calculations of the mass-shift 

contribution to the isotope shift as determined using laser spectroscopy [131]. These are needed 

to correct measured isotope shifts used to determine changes in nuclear charge-radii of the stable 

and also exotic “halo-nucleus” isotopes. Additionally, a more precise mass of 6Li (along with the 

mass of the neutron and 
7
Li) can determine the 

6
Li(n,)7

Li Q-value, serving as a check of thermal 

neutron capture experiments [132,133].  

Although the masses of the rubidium, cesium and sodium isotopes have already been 

measured to ≤ 0.β ppb at MIT, it is important to check these values due to various problems with 

their measurements as described in ref. [65]. Although the same Penning trap was used for the 

measurements described in this paper and the MIT measurements, there were many differences 

in techniques, reference ions and systematic effects (see explanation below). A comparison of a 

FSU-PPT measurement of these alkalis with the MIT masses also serves as a test for our 

previous measurements of the reference ions 
84,86

Kr and 
129,132

Xe. 
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4.1.2 Experimental Details      

As previously discussed in Section 1.3.3, the analysis of most of this data (with the 

exception of Li) was accomplished by Matt Redshaw, however I was mostly responsible for the 

data taking (except for Na). Therefore, I will describe the experimental details and summarize 

the analysis. This set of data is simply enormous. In total
15

, there were 104 runs, each lasting 6-

15 hours. The order of the measurements was 
85,87

Rb, 
39,41

K, 
133

Cs, 
23

Na and 
6
Li. 

 
85,87

Rb, 
39,41

K, and 
133

Cs were measured in the summer of 2008, and the masses of 
23

Na 

and 
6
Li were measured in the summer of 2009. Between these sets of measurements, many other 

mass measurements were obtained and the trap conditions had changed. The biggest event that 

occurred in the interim was the decrease in the magnetic field (see Section 2.3.2) in January 

2009.  

The alkali mass measurements were the first in which the vapor loader was used (see 

Section 2.2.3) at FSU. During this set of data, the alignment of the vapor loader was tested. The 

vapor loader sits on a converted optics mount. By turning the screws to adjust the mount, thereby 

adjusting the vapor loader‟s line-of-sight with the small hole in the upper endcap, and attempting 

to make an ion, the “best” alignment was found. With the exception of 6Li, for which a home-

made niobium dispenser containing isotopically enriched (>90%) 
6
Li was used, the alkali vapors 

were produced by electrically heating commercial alkali dispensers from SAES [134], with 

natural isotopic abundances (
23

Na 100%, 
39

K 93.3%, 
41

K 6.7%, 
85

Rb 72%, 
87

Rb 28%, 
133

Cs 

100%).     

All the reference ions were made from gasses. Although this is not necessary, usually 

making from a gas is easier than making from the vapor loader. Additionally, the current vapor 

loader is set up to allow only one element at a time to be used (see Section 2.3.2). As mentioned 

above, there are several differences in the measurements described in this dissertation and the 

MIT alkali mass paper [65]. The first major difference between this measurement and the MIT 

measurement was the use of different sets of reference masses, see Table 4.2.  
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 Including runs which were not used in the determination of the final masses, but were used as checks of 

systematics. 
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 Table 4.2 Comparison of FSU and MIT reference ions.  

Alkali Ion MIT Reference FSU Reference 

6
Li2

+
 N/A 

12
C

+
 

23
Na

+
 

12
C

+
,
12

C2
+
 

20
Ne

+
,
12

C2
+
 

39
K

+
 N/A 

40
Ar

+
 

41
K

+
 N/A 

40
Ar

+
, 

40
ArH

+
 

85
Rb

3+
 N/A 

86
Kr

3+
 

85
Rb

2+
 

12
C3H6

+
, 

12
C3H7

+
 

86
Kr

2+
, 

84
Kr

2+
 

87
Rb

2+
 

12
C3H7

+
, 

12
C3H8

+
 

86
Kr

2+
 

133
Cs

2+
 

12
C5H6

+
 N/A 

133
Cs

3+
 

12
CO2

+
 

132
Xe

3+
, 

132
Xe

3+
 

 

 

 The MIT measurements compared the cyclotron frequencies of multiply charged alkali 

ions and singly charged reference ions. Given the various asymmetries in this procedure, and 

because following similar procedures when measuring isotopes of krypton and xenon we 

encountered various systematic errors not discussed in [65], we compared ions only of the same 

charge state. The other difference with respect to the reference ions was that we chose not to use 

hydrocarbons due to possible “polarizability shifts” (see Chapter 5) to the cyclotron frequency 

for these ions [135]. Instead, we used our own previously measured masses of 
84,86

Kr and 

129,132
Xe as reference masses.  

The second major difference is that the MIT data was taken with a single ion in the trap at 

a time, while our data was taken with two simultaneously trapped ions using our swapping 

technique (see Section 2.2.5). The laborious technique used by MIT to measure the alkali masses 

involved making and isolating a single ion of the desired species in the trap, measuring its 

cyclotron frequency, then “killing” it by adjusting the trap voltage such that the ion strikes an 

endcap. This process of making, isolating, measuring cyclotron frequency and “killing” was then 

repeated with the reference ion. The entire process would be repeated several times, making this 

technique demanding in the sense that an operator is needed for the duration of the entire 

measurement (~12 hours) to keep making the ions. 
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85,87
Rb and 

133
Cs: The measurements involving 

85,87
Rb and 

133
Cs used multi-charged ions, 

which have two main advantages: it increases the signal size for a given axial amplitude and also 

the cyclotron frequency, both of which improve statistical precision. Additionally, smaller mode 

amplitudes may be used, reducing systematic shifts ii and trap, which depend on az and c. 

Further, the contribution of shifts to fc due to shifts to fz goes as (fz/fc)
2
 and is hence reduced for 

increased fc. 

Because these measurements were at higher m/q, and required a higher trap voltage than 

is provided by our V-box, we increased its output by placing some lithium batteries (in a 

carefully temperature controlled housing) in series. However, when the batteries were being 

installed, they were accidentally shorted, and this caused a drift in the voltages of the trap during 

the measurements of rubidium. Therefore, the largest systematic shift for 
85,87

Rb was a shift due 

to a differential voltage drift (see Section 2.3.7). To test that the correction used for the 

differential voltage shift was correct, the voltage channels associated with each channel were 

switched, and data was taken. The data with the ion voltage channels switched did indeed result 

in a shift equal, but in the opposite direction as when the ion voltage channels were not switched.  

 The second largest sources of systematic error were the C4z
2
 and C6z

4
 shifts to the axial 

frequency. For 
133

Cs, the largest systematic shifts were due to C4z
2
 and the differential voltage 

drift. For the 
133

Cs
3+

/
132

Xe
3+

 ratio, these shifts were small, and totaled to less than a part in 10
-11

. 

The shifts for the ratio 
133

Cs
3+

/
129

Xe
3+

 were larger due to the greater mass difference (Δm/q = 

1.33 vs. Δm/q = 0.33).  

39,41
K: For 

39,41
K we used the reference 

40
Ar. We also investigated systematic shifts to the 

ratio for the more severe non-mass-doublet ratios 
12

C
16

O2
+
/
40

Ar
+
 and 

40
Ar

+
/
18

O2
+
. Within these 

data sets, we varied several experimental parameters and found good agreement for trap shifts, 

but found that the predicted ii shifts were too small by a factor of 3(1). Nevertheless, for both 

ratios we obtained agreement with the ratio determined using the masses in ref. [65] to within the 

combined statistical and systematic uncertainties. For the ratios 
40

Ar
+
/
39

K
+
 and 

41
K

+
/
40

Ar
+
 we 

increased the uncertainty in ii to 3 x ii. Even then, the uncertainty in ii contributed little to the 

total systematic error because of the larger Δtrap shifts and uncertainties. These shifts are due to 

axial amplitude imbalance between the two ions and a non-optimal setting of the guard ring, so 

that C4 was not close to zero.   
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We also performed one data run each for the ratios 
40

ArH
+
/
40

Ar
+
 and 

41
K

+
/
40

ArH
+
. On 

two occasions a 
40

ArH
+
 was made serendipitously from a single 

40
Ar

+
 ion that was already 

confined in the trap, presumably via collisions with background hydrogen gas via the interaction 

Ar
+
 + H2  ArH

+
 + H. We observed that a 

40
Ar

+
 disappeared from the trap and a 

40
ArH

+
 had 

appeared. 

23
Na: For m/q = 23 there is no convenient mass-doublet to use as a reference. Instead, as 

in ref. [65], we measured the ratio 
12

C2
+
/
23

Na
+
. This larger difference in m/q of the reference ion 

and the alkali ion results in larger systematic shifts due to trap imperfections and ion-ion 

interactions. We carefully investigated these systematic shifts by taking a series of data runs 

where we systematically varied the parking radius of the outer ion and the cyclotron amplitude 

(and hence axial amplitude) of the inner ion used in the PNP measurement. The data were well 

described by the models of ref. [67,79]. However for determining the final ratio, we used only 

data taken under optimal conditions, with the smallest inner cyclotron radius ci (~100 m) and 

the largest practical parking radius ck (~1.6 – 1.7 mm). We also measured the ratio 
23

Na
+
/
20

Ne
+
 

and took data where we systematically varied ci and ck. For this ion pair, shifts to the cyclotron 

frequency ratio were as large as ~2 x 10
-9

. However, the data were well described by the ii and 

trap model. The mass of 
23

Na obtained from the ratio 
23

Na
+
/
20

Ne
+
 differed from that of 

12
C2

+
/
23

Na
+
 by 3.1(6.2) x 10

-10
, where the uncertainty is dominated by systematic uncertainty. 

Hence, we used only the 
12

C2
+
/
23

Na
+
 data to obtain the final value for mass of 

23
Na. 

6
Li: The measurements on 

6
Li required extending our techniques, which we have 

previously implemented in the mass range m/q = 17 – 45, to significantly lower m/q. The main 

challenge in working with light, singly-charged ions is that, for a given axial amplitude, the 

energy in the harmonic axial mode decreases with mass. Larger axial amplitudes are required to 

detect the ion, which gives rise to larger systematic shifts. In addition, for fixed fz (which in our 

case is fixed by the resonant frequency detector of our detector) lower m/q ions require a lower 

trapping potential, increasing sensitivity to stability of the ring voltage. Furthermore, the 

magnetron frequency is also lower. This results in a magnetron-axial coupling frequency: 

mzmc   , that is close to ωz, making it difficult to properly eliminate any magnetron 

motion.  

Rather than work with the lithium monomer at smaller m/q, we worked with the dimer, 

and measured the mass-doublet ratio 
6
Li2

+
/
12

C
+
. Producing and isolating a single 

6
Li2

+
 was 
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challenging due to the ~1% dimer population in the lithium vapor, and the ~10% dimer ion 

ionization fragment. Nevertheless, we were able to isolate single 
6
Li2

+
 ions. However, we failed 

to make a single 
7
Li2

+
 ion due to an overwhelming signal from 

14
N

+
 ions made from background 

gas. 

Since 
6
Li2

+
/
12

C
+
 is a mass doublet, the systematic effects were smaller than most of the 

other alkali ratio measurements. However, the statistical error was large. There was larger scatter 

than normal within a run (of an average of 4.5 x 10
-10

) as well as scatter between successive runs.  

 

 

Table 4.3 Average cyclotron frequency (i.e. inverse mass) ratios and systematic corrections for the alkali data. 

The upper half of the table lists ratios used for the final masses. The lower portion of the table are ratios 

measured as tests for systematic errors.  N is the number of runs included in the average. trap, i-i, and fz are 

the estimated systematic corrections in parts-per-trillion (ppt), with estimated uncertainty in parentheses, due 

to trap field imperfections, ion-ion interaction, and shifts in fz due to ion-detector interaction and differential 

voltage drift, respectively. syst is the total systematic error and stat is the statistical error (in ppt) for each 

average ratio.  <R> is the average ratio after applying systematic corrections, with statistical and systematic 

uncertainties combined in quadrature, in parentheses. 

Ion pair N trap i-i fz pol syst stat <R> 

6
Li2

+
/
12

C
+
 7 3(55) -2(20) -1(33) - 67 249 0.997 485 741 614(258) 

23
Na

+
/
20

Ne
+
 9 -784(427) -345(415) 12(5) - 595 38 0.869 620 239 184(596) 

12
C2

+
/
23

Na
+
 9 -118(56) -32(53) -1(1) - 77 74 0.957 906 091 266(107) 

40
Ar

+
/
39

K
+
 7 -170(95) 14(31) -9(17) - 101 33 0.975 009 239 187(106) 

41
K

+
/
40

Ar
+ 

7 145(75) -14(32) -11(5) - 82 52 0.975 600 318 068(97) 

40
ArH

+
/
41

K
+ 

1 1(11) 0(1) 6(5) 92(2) 12 147 0.999 795 387 703(148) 

86
Kr

3+
/
85

Rb
3+

 1 -40(18) 7(1) -37(19) - 26 78 0.988 373 496 338(82) 

86
Kr

2+
/
85

Rb
2+

 2 46(37) -15(11) 106(27) - 47 50 0.988 373 570 567(69) 

85
Rb

2+
/
84

Kr
2+ 

4 1(52) -14(15) 37(27) - 60 47 0.988 219 481 271(76) 

87
Rb

2+
/
86

Kr
2+ 

3 -36(39) 18(8) 74(28) - 49 49 0.988 510 045 784(69) 

133
Cs

3+
/
132

Xe
3+ 

3 -8(31) 2(3) 12(15) - 35 70 0.992 466 003 022(78) 

133
Cs

3+
/
129

Xe
3+

 3 30(27) -9(7) 31(27) - 39 70 0.969 897 994 594(80) 

23
Na

+
/
20

Ne
+
 9 -784(427) -345(415) 12(5) - 595 38 0.869 620 239 184(596) 

40
Ar

+
/
18

O2
+
 3 -283(247) 36(93) 24(6) - 264 46 0.900 803 755 223(268) 

40
ArH

+
/
40

Ar
+ 

1 155(82) -27(28) -16(9) -92(2) 87 129 0.975 400 698 085(156) 

12
C

16
O2

+
/
40

Ar
+ 

8 -25(201) 80(55) 137(29) - 210 56 0.908 444 829 304(217) 

86
Kr

2+
/
84

Kr
2+

 5 51(48) -34(15) 20(24) - 56 42 0.976 730 017 167(70) 

132
Xe

3+
/
129

Xe
3+ 

6 19(21) -17(10) 11(20) - 31 55 0.977 260 673 537(63) 
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 Atomic masses of  
6
Li, 

23
Na, 

39,41
K, 

85,87
Rb and 

133
Cs: To obtain the masses of neutral, 

ground state atoms, we first convert the cyclotron frequency ratios into mass differences between 

neutral atoms. To do this we account for the mass of the missing electrons, and the ionization 

and chemical binding energies, which we obtained from References [136-142]. The mass 

differences corresponding to the ratios in Table 4.3 are given in Table 4.4.  

 

 

Table 4.4 Mass differences and derived atomic mass of the relevant alkali, corresponding to the ratios given 

in Table 4.3. For the mass differences, the statistical, systematic and total uncertainties are shown in 

parentheses, respectively. For the mass the total uncertainty, including that of the reference atom, is given. 

Ion pair Mass Difference Result (u) Atom  Mass (u)   

6
Li2

+
/
12

C
+
 2(

6
Li) – 

12
C

 
0.030 245 774 8(30)(7)(31) 

6
Li   6.015 122 887 4(31) 

23
Na

+
/
20

Ne
+
 

23
Na – 

20
Ne

 
 2.997 329 114 7(9)(137)(137) 

23
Ne  22.989 769 290(14) 

12
C2

+
/
23

Na
+
 2(

12
C) – 

23
Na

 
1.010 230 717 2(18)(19)(26) 

23
Ne  22.989 769 282 8(26) 

40
Ar

+
/
39

K
+
 

40
Ar – 

39
K

 
0.998 676 636 9(13)(41)(43) 

39
K  38.963 706 485 6(52) 

41
K

+
/
40

Ar
+ 41

K – 
40

Ar
 

0.999 442 134 8(21)(33)(39) 
40

K  40.961 825 257 4(48) 

40
ArH

+
/
41

K
+ 40

Ar
 
 + 

1
H – 

41
K

 
0.008 382 900 5(60)(5)(61) 

40
K  40.961 825 254 1(68) 

86
Kr

3+
/
85

Rb
3+

 
86

Kr – 
85

Rb
 

0.998 820 891 7(67)(23)(71) 
85

Rb  84.911 789 736(10) 

86
Kr

2+
/
85

Rb
2+

 
86

Kr – 
85

Rb
 

0.998 820 892 8(43)(41)(59) 
85

Rb  84.911 789 735(10) 

85
Rb

2+
/
84

Kr
2+ 85

Rb – 
84

Kr
 

1.000 292 012 1(39)(51)(64) 
85

Rb  84.911 789 743(10) 

87
Rb

2+
/
86

Kr
2+ 87

Rb – 
86

Kr
 

0.998 569 906 8(42)(42)(59) 
87

Rb  86.909 180 535(10) 

133
Cs

3+
/
132

Xe
3+ 133

Cs – 
132

Xe
 

1.001 296 877 2(93)(46)(103) 
133

Cs 132.905 451 963(15) 

129
Xe

3+
/
133

Cs
3+ 133

Cs – 
129

Xe 4.000 671 097 5(90)(50)(103) 
133

Cs 132.905 451 956(14) 

40
Ar

+
/
18

O2
+
 

40
Ar – 2(

18
O) 3.964 063 913 3(18)(105)(107)   

40
ArH

+
/
40

Ar
+ 1

H
 

1.007 825 041 8(53)(36)(64)   

12
C

16
O2

+
/
40

Ar
+ 12

C
 
 + 2(

16
O) – 

40
Ar

 
4.027 446 119 2(24)(93)(96)   

86
Kr

2+
/
84

Kr
2+

 
86

Kr – 
84

Kr
 

1.999 112 904 6(36)(48)(60)   

132
Xe

3+
/
129

Xe
3+ 132

Xe – 
129

Xe 2.999 374 222 9(73)(40)(83)   
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 The data in Table 4.4 is intended for use in global, least-squares mass evaluations. Here, 

for simplicity, we obtain the alkali masses directly from each of the mass differences listed in the 

top half of Table 4.3, treating the other atomic masses as references. The mass of 
12

C is defined 

to be 12 u exactly. We used the masses of 
1
H, 

14
N, 

20
Ne and 

40
Ar as given in the AME2003 [90], 

and the masses of 
84,86

Kr and 
129,132

Xe from ref. [23]. For 
23

Na, 
41

K, 
85

Rb and 
133

Cs, where more 

than one mass value was determined, we took the weighted average, linearly propagating the 

systematic uncertainty and the uncertainties in the reference masses. Our final atomic masses are 

listed in Table 4.5 and are compared to the values from the AME2003 and other recent Penning 

trap measurements [49,143]. 

 

 

Table 4.5. Final atomic masses of 
6
Li, 

23
Na, 

39,41
K, 

85,87
Rb and 

133
Cs obtained from the different ratios, and 

their weighted averages, compared with previous values.  

Atom This Work AME2003 [90] Other Penning Traps [49, 143] 

6
Li    6.015 122 887 4(31)    6.015 122 795(16) 6.015 122 889(26) 

23
Na  22.989 769 282 8(26)   22.989 769 280 9(29)  

39
K  38.963 706 485 6(52)   38.963 706 68(20) 38.963 706 52(17) 

41
K  40.961 825 257 4(48)   40.961 825 76(21)  

85
Rb  84.911 789 738(9)   84.911 789 738(12)  

87
Rb  86.909 180 535(10)   86.909 180 527(13)  

133
Cs 132.905 451 960(13) 132.905 451 933(24)  

 

 

4.1.3 Discussion 

 The atomic masses of 
23

Na, 
85,87

Rb, and 
133

Cs confirm the AME 2003 data, which is 

derived largely from data taken at MIT [65]. The good agreement between the masses presented 

in this paper and the MIT masses support our previous mass measurements of 
84,86

Kr and 

129,132
Xe.  
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Figure 4.2 Comparison of masses from MIT, AME 2003, and FSU. 

 

 

 A measurement of the mass of 
39

K by ISOLTRAP [143] was verified and improved by 

over a factor of 30. The first-ever Penning trap measurement of 
41

K disagrees by over 2AME 

with the AME 2003 value (calculated using neutron and proton capture experiments) and 

improves upon the precision by a factor of 40.  

 

 

 

Figure 4.3 Comparison of potassium masses. 

 

 

 The 
6
Li measured mass agrees with the measurements from the time-of-flight Penning 

traps (SMILETRAP and TITAN) [49,52] and improves the uncertainty of the previously most 

precise mass from the TITAN experiment by over a factor of eight. With this 
6
Li mass, combined 

with the values of the masses of 
7
Li [52] and the neutron [90] the Q-value of the 
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reaction may be calculated: Q = 7251.101(5) keV.  This Q-value obtained from the masses 

deviates significantly from the AME2003 [90] value of Q = 7249.97(8) keV measured by 

neutron capture experiments. 

  

 

 

Figure 4.4 Comparison of Penning Trap mass measurements of 
6
Li. 

 

 

4.2 
18

O (and 
19

F)  

 

4.2.1 Motivation  

 This work was instigated following a request by Holger S.P. Müller and collaborators at 

the University of Cologne who have executed high precision rotational and vibrational 

spectroscopy, at GHz and THz frequencies, of carbon monoxide with all six stable isotopic 

variants (all combinations of  
12,13

C and 
16,17,18

O). They have analyzed the data in a manner 

similar to their work on SiS [144]. Their technique involves fitting their entire data set with a 

single Dunham expression for the rovibrational energy levels of a diatomic molecule (in this case 

CO)
 
[145]: 

           



E(,J)  Yij  
1

2









i

J j (J 1) j

ij

                                                 [4.4] 

with the Dunham parameters for the different isotopomers given by the expression of Watson 

[146]: 
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where J is the rotational angular momentum quantum number, υ is the vibrational quantum 

number, me is the electron mass, ΔC,O
 are the Born-Oppenheimer break-down terms, MC,O is the 

atomic mass of the respective isotope and μ is the reduced mass (MCMO)/(MC+MO). 

In their preliminary analysis, the data gave a poor fit using masses for 
16

O, 
17

O and 
18

O 

from the AME2003 tabulation [90]. They found a much better fit could be obtained by letting the 

least well determined mass in the AME 2003, that of 
18

O, float. Doing this, they obtained a value 

of the mass of 
18

O of 17.99915974 (5)(12)u [147] . The errors quoted in the parentheses are from 

the fit error and error in the mass of 
17

O [m(
17

O) = 16.99913170 (12)], respectively.  

It was proposed that FSU measure the value of 
18

O to the usual FSU-PPT precision of 

approximately 10
-10

 (an improvement of two orders of magnitude from the current accepted 

value), then let the Cologne group refit the data to obtain the various spectroscopic constants as 

well as a predicted mass of 
17

O.  While the trap was set up for this mass value, it was decided to 

also measure the mass of 
19

F, so that the hydroflurocarbon series might be used as convenient 

mass references in the future. The mass of 
18

O given in the AME2003 was determined from 

linking it to the mass of 
16

O via nuclear decay and reaction data [90]. The mass of 
19

F contained 

in the AME2003 [90] was measured using an rf spectrometer.  

 

4.2.2 Experimental Details 

           As with the 
23

Na data, the 
18

O and 
19

F measurements and analysis were mostly 

accomplished by Matt. Prior to these measurements, we had removed the insert containing the 

Penning trap and warmed it to room temperature. After re-cooling the insert, several 

measurements were performed to characterize the new trap environment. It was found that C6 

had increased by about a factor of 3 and also that the guard ring voltage required to make C4 zero 

had shifted.  

 The mass of 
18

O was measured using three different ratio comparisons: 
12

CD3
+
/
18

O
+
, 

12
C2D6

+
/
18

O2
+
, and 

12
C3

+
/
18

O2
+
, and the mass of 

19
F was measured using the ratios 

13
CD3

+
/
19

F
+
 

and 
28

SiH3
+
/
12

C
19

F
+
. In Table 4.6, the number of runs (N), the systematic corrections (trap, i-i, 

fz, pol), errors (sys, stat) and the final ratios (<R>) for each ion pair are presented. It should be 

noted that while trap, i-i and fz are those shifts outlined in Section 2.3, there is an additional 

shift Δpol applied to the CF
+
 data due to a dipole moment and hence polarizability shift as 

discussed in Chapter 5. 
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Table 4.6 Error budgets for mass ratios obtained during the 
18

O and 
19

F experiments. 

Ion pair N trap i-i fz pol sys stat <R> 

12
CD3

+
/
18

O
+
 7 -6(37) -1(3) -7(11)  39 30 0.997 608 564 116(50) 

12
C2D6

+
/
18

O2
+
 7 3(51) 0(7) 7(13)  54 55 0.997 608 600 273(78) 

12
C3

+
/
18

O2
+
 3 0(16) -4(51) -9(12)  55 88  0.999 953 311 506(104) 

13
CD3

+
/
19

F
+
 5 -1(26) 0(17) 5(10)  32 35 0.997 518 681 645(48) 

28
SiH3

+
/
12

C
19

F
+
 6 -1(17) 9(38) 0(10) -80(40) 59 42 0.999 935 533 127(72) 

 

 

The mass difference was obtained from the cyclotron frequency ratio of the ions (Table 4.7).  

 

 

Table 4.7 Mass difference equations corresponding to the ratios given in Table 4.6. The statistical, systematic 

and total errors are shown in parentheses. 

Ion Pair Mass Difference Result (u) 

12
CD3

+
/
18

O
+ 12

C + 3(D) – 
18

O 0.043 145 722 16(54)(69)(88) 

12
CD6

+
/
18

O2
+ 12

C + 3(D) – 
18

O 0.043 145 721 16(98)(95)(136) 

12
C3

+
/
18

O2
+
 3(

12
C) – 2(

18
O) 0.001 680 769 5(32)(20)(38) 

13
CD3

+
/
19

F
+ 13

C + 3(D) – 
19

F 0.047 257 006 69(66)(62)(91) 

28
SiH3

+
/
12

C
19

F
+ 28

Si + 3H – 
12

C – 
19

F 0.001 998 468 7(13)(18)(22) 

 

 

 The masses of 
18

O and 
19

F were obtained from the mass differences and the reference 

masses. The final masses were the weighted averages of the masses for each data set, where the 

systematic errors and errors in the mass references have been linearly propagated. The good 

agreement between the three values of the mass of 
18

O obtained using different reference ions 

lends high confidence to the final mass. 
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Table 4.8 Masses for 
18

O and 
19

F from various sources 

Atom  Source Atomic Mass (u) 

18
O 

12
CD3

+
/
18

O
+
 17.999 159 612 3(10) 

 
12

C2D6
+
/
18

O2
+
 17.999 159 613 3(15) 

 
12

C3
+
/
18

O2
+
 17.999 159 615 3(20) 

 Final Average 17.999 159 613 0(13) 

 AME2003  17.999 161 0(7) 

 Savard et al. [148]  17.999 159 35(25) 

19
F 

13
CD3

+
/
19

F
+
 18.998 403 163 0(11) 

 
28

SiH3
+
/
12

C
19

F
+
 18.998 403 162 5(23) 

 Final Average 18.998 403 162 9(11) 

 AME2003  18.998 403 22(7) 

 

 

4.2.3 Discussion 

The suspicions of the researchers at the University of Cologne are therefore confirmed in 

that the mass of 
18O is lower than the accepted AME 2003 value by 1.4(7) μu. It should also be 

mentioned that after measuring the mass of 
18

O, the FSU group became aware of a measurement 

by the Canadian Penning Trap (CPT) [148]. The FSU-PPT and CPT measurements agree, with 

the FSU-PPT contributing over two orders of magnitude improvement in the mass. In addition, 

our results for the mass of 
19

F agree with the AME 2003 value, but are a factor of 60 more 

precise.  

 

4.3 
17

O 

 

4.3.1 Motivation 

Since the masses of 
16,18

O have been measured precisely, they can now be used in the fit 

of the molecular spectra to provide a value for the mass of the now least precisely known 

isotope: 
17

O. This was done, and the result was: m(
17

O) = 16.999 131 644(30). The FSU-PPT 

then measured the mass of 
17

O, thus providing a precise test of the fitting methodology for the 
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molecular spectra, and in particular of the Dunham and Watson expressions above which are 

used to relate rovibrational spectra of different isotopic variants. In particular, it provides a 

bound on the size of second order Born-Oppenheimer breakdown parameters.    

 

4.3.2 Experimental Details  

 To determine the mass of 
17

O, two ratios were measured: 
17

O2
+
/
28

SiD3
+
 and 

17
O

+
/
16

OH
+
. 

These measurements were separated by six months. While a total of ten runs were taken of the 

ratio of 
17

O
+
/
16

OH
+
, only four were taken under “optimum conditions” (ρci = 100 m, ρck = 1 .8 

mm). The rest were taken with varied ρci and ρck and used as systematic tests. Eight runs were 

averaged to find the final frequency ratio for 
17

O2
+
/
28

SiD3
+
, completed with three different 

17
O2

+
 

ions. As tests, other runs were measured which varied the inner and parking cyclotron radii, and 

no significant systematic variation was observed. 

  

 

Table 4.9. Average cyclotron frequency ratios (i.e. inverse mass ratios) and systematic corrections for the 
17

O 

data. N is the number of runs. trap is the estimated systematic correction in ppt, with uncertainty in 

parentheses, for trap field imperfections; i-i for ion-ion interaction;  fz for shifts in fz due to ion-detector 

interaction and differential voltage drift; and mol for polarizability shifts (for OH
+
) and vibrational 

excitation (for 
17

O2
+
), respectively. sys is the total systematic uncertainty and stat is the statistical uncertainty 

(in ppt) for each average ratio.  <R> is the average ratio after applying systematic corrections, with statistical 

and systematic uncertainties combined in quadrature.  

Ion pair N trap i-i fz mol sys stat <R> 

OH
+
/
17

O
+
 4 0(25) 0(5) 1(28) 161(9) 39 82 0.999 787 798 486(91) 

28
SiD3

+
/
17

O2
+
 8 1(16) 0(3) 1(3) 13(7) 18 33 0.999 383 622 618(38) 

 

The largest systematic shift in the monomer ratio was due to the polarizability of OH
+
. However, 

the largest systematic uncertainty resulted from C4z
2
. The largest contributor to the systematic 

uncertainty for the dimer ratio was also from the C4z
2
 shift to the axial frequency. 
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Table 4.10 Mass difference equations corresponding to the ratios given in Table 4.9. The statistical, 

systematic and total uncertainties are shown in parentheses. 

Ion Pair Mass Difference Result (u) 

16
OH

+
/
17

O
+
 

16
O + H  

17
O  0.003 607 896 1 (14)(7)(16) 

28
SiD3

+
/
17

O2
+
 

28
Si + 3D  2(

17
O)  0.020 968 355 7 (12)(7)(14) 

 

Table 4.11 Atomic masses for 
17

O obtained from the different ratios, and their weighted average, compared 

with the result of the AME2003 and the Cologne group’s molecular spectroscopy result. 

Source Mass (u) 

OH
+
/
17

O
+ 

16.999 131 755 5(16) 

28
SiD3

+
/
17

O2
+
 16.999 131 756 9(9) 

Weighted Average 16.999 131 756 6(9) 

AME 2003 16.999 131 70 (12) 

Cologne 16.999 131 644 (30) 

 

 

4.3.3 Discussion 

 From Table 4.11, it is evident that while the new FSU-PPT mass of 
17

O agrees with the 

AME β00γ value, it differs from the Cologne group‟s value by 6.6(1.8) ppb. This difference 

could be due to the neglect of second-order Born-Oppenheimer terms in Equation 4.5, however it 

is more likely that uncertainties of some of the molecular spectroscopy data have been 

underestimated. This comparison, with agreement below 10 ppb, of the FSU-PPT mass of 
17

O 

and the Cologne mass is the most precise test to date of the Dunham-Watson model, with first 

order Born-Oppenheimer breakdown parameters.   
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5. MEASUREMENTS OF MOLECULAR ION ELECTRONIC 

DIPOLE MOMENTS BY MEASURING POLARIZABILITY 

SHIFTS TO THE CYCLOTRON FREQUENCY 

5.1 Motivations for Measurements of Molecular Ion Electric Dipole Moment 

Aside from the measurement of an ion‟s mass, another fundamental quantity of a 

molecular ion may be measured in a Penning trap: its electric dipole moment
16

. This chapter 

describes measurements of the dipole moments of HCO
+
 and NH

+
. Both HCO

+
 and NH

+
 were 

chosen because they have large polarizabilities in their ground state, leading to measurable shifts 

in the cyclotron frequency. As opposed to neutral molecules, there are very few laboratory 

measurements of dipole moments of molecular ions, while there have been extensive theoretical 

calculations [135,150]. An FSU-PPT measurement would confirm the theoretical calculations 

with an experimental value. The many theoretical calculations of the dipole moments (which 

determine the strength of pure rotational transitions) may be attributed to their use in various 

astrophysical calculations.  

HCO
+
 has a rich history in astrophysics as it was in fact the first molecular ion discovered

 

by radio astronomical observation [151]. It has now been observed in stellar atmospheres, 

comets, and in a variety of environments in the interstellar medium including giant molecular 

clouds, starbursts, active galactic nuclei, and in the dense cores of dark molecular clouds [152-

155]. In addition, HCO
+
 is used as a H2 mass tracer [156]. The dipole moment of HCO

+
 is used 

in many of these studies to determine the column densities, and is also used in modeling 

dissociative recombination of HCO
+
 in interstellar clouds [157].  

NH
+
 has not yet been observed in space. However, it has been postulated that NH

+
 should 

be present in interstellar molecular clouds and in the tails of comets [158-160]. Besides the 

possible astrophysical applications, NH
+
 was an attractive candidate to measure due to its large 

expected polarizability shifts. In fact, NH
+
 has the largest polarizability of the hydride cations 

LiH
+→ArH+

, as noted in [135]. 

 

 

                                                 
 
16

 In this chapter, by dipole moment we mean the body frame electric dipole moment, as if the atomic nuclei could 

be fixed. A state of definite parity has no electric dipole moment in the laboratory frame. 
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5.2 Polarizability Shifts to the Cyclotron Frequency 

The polarizability of an ion causes a shift (termed a polarizability shift) in its cyclotron 

frequency given by [135]: 

    



c

c


B2

m
                                          [5.1] 

where B is the magnetic field, m is the mass of the ion, and α is the polarizability. This 

expression can be obtained by including a term in the Lagrangian of an ion moving in the 

magnetic field to allow for the potential energy of a polarizable object due to the 



v xB  motional 

electric field seen by the object [39,78]: 

      



V  
1

2
E 2  

1

2
 v xB  2                    [5.2] 

The energy shift due to the polarizability in Equation 5.2 is also known as the quadratic 

Stark Effect and can be obtained from second order perturbation theory. Hence, the polarizability 

of an ion in state |i> is given by a summation dependent on the dipole matrix elements, <j| X|i>, 

and the transition energies, Ej-Ei, between its states [135,161]: 

        



XX (i)  2
jX i

2

E j  E ij i

                     [5.3] 

Note that αXX = αYY is the component of the polarizability tensor corresponding to an electric 

field perpendicular to the quantization axis (determined by the magnetic field), as is the case for 

the 



v xB  motional electric field, and so is the appropriate component to use in Equation 5.1.  

 

5.3 Calculating Orientation Polarizabilities of Linear Molecules 

 Equation 5.3 is a general equation for calculating the electric dipole polarizability of any 

atom or molecule. For linear molecules, it is convenient to use the Born-Oppenheimer 

approximation where the Hamiltonian and the wave function of a molecule may be separated 

into electronic, vibrational and rotational parts. Since electrons have lighter mass yet experience 

the same fields as the nuclei, they have higher velocities. Therefore, the electronic structure is 

calculated assuming the nuclei are fixed.  

 While a linear molecule is not spherically symmetric, there is cylindrical symmetry along 

the internuclear axis. The component of electronic orbital angular momentum along the 

internuclear axis is generally denoted using the quantum number, Λ. Analogous to spectroscopic 
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atomic notation (which employs Latin letters), the Λ = 0,±1,±β states are denoted by Σ, Π, Δ 

[162,163]. Additionally, superscripts are used to represent the electronic spin and parity of the 

state. For example, the ground electronic state of HCO
+
 is denoted 

1Σ+
, indicating a closed 

electronic shell with electronic quantum numbers of S = 0, Λ = 0, and + parity. On the other 

hand, NH
+
 has a ground electronic state of 

2Π. 

The nuclear contribution to the Hamiltonian corresponds to vibrational and rotational 

excitation.  For each electronic state, there is a series of vibrational levels designated by the 

quantum numbers v1, v2, v3, etc. for each mode of vibration. For each of these vibrational levels, 

there is then a series of rotational levels. The total angular momentum of the molecule, which is 

the combination of electronic angular momentum and the angular momentum due to the motion 

of the nuclei is denoted J. 

 In the cryogenic environment of a Penning Trap, the ion is in its ground electronic and 

vibrational (v = 0) energy states, and only the lowest rotational states are populated. Following 

the terminology in Reference [1γ5], the “distortion polarizability” (polarizability due to the 

rearrangement of charge within a molecule) may be neglected at this temperature in favor of the 

larger “orientation polarizability” (polarizability due to the rotational alignment of the body 

frame dipole moment of the molecule with the external electric field). 

 

5.3.1 HCO
+
 Molecular Structure and Polarizability 

For electronic and vibrational quantum numbers equal to zero, the rotational quantum 

number is equal to the total angular momentum quantum number. The energy for a rotational 

state with rotational quantum number J can be approximated by the energies of a rigid rotor: EJ 

= B0J(J+1 )[163], where B0 is the rotational constant. The energy level diagram for the lowest 

rotational levels J = 0,1,2 of HCO
+
 is given in Figure 5.1. 
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Figure 5.1 Energy level diagram of HCO
+
 for rotational levels J = 0,1,2 in its electronic and vibrational 

ground state [164].  

 

 

Using rigid rotor wave functions, Equation 5.3 becomes [162]: 



XX J,MJ 

2

3B0

for J  0

J(J 1) 3MJ

2

2J(J 1)(2J 1)(2J  3)










2

B0

for J  0










                 [5.4] 

Clearly, the polarizability of the ion depends on the ion‟s (J, MJ) state. This expression for the 

polarizability can then be substituted into Equation 5.1 to determine the cyclotron frequency 

shifts for an ion in state (J,MJ). 

 

 

Table 5.1 Polarizabilities, α, and resultant cyclotron frequency shifts, Δωc/ωc, for the lowest rotational levels 

of HCO
+
 assuming μ = 3.888(4)D and B0 = 44594.42873(28) MHz [135,150,164]. An atomic unit of 

polarizability is equal to 4πε0a0
3
, where ε0 is the permittivity of free space, and a0 is the Bohr radius. 

(J, MJ) α (au) Δωc/ωc (ppb) 

(0,0) 115078 -2.867 

(1,-1) -17262 0.430 

(1,0) 34523 -0.860 

(1,1) -17262 0.430 

(2,-2) -8220 0.205 

(2,-1) 4110 -0.102 

(2,0) 8220 -0.205 

(2,1) 4110 -0.102 

(2,2) -8220 0.205 
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5.3.2 NH
+
 Molecular Structure and Polarizability 

Unlike HCO
+
, the electronic ground state of NH

+
 does not have a closed electron shell. It 

falls under the category of Hund‟s Rule (a) in that is has a well-defined component of electronic 

angular momentum along the internuclear axis, Λ, and component of spin, Σ [163], along the 

internuclear axis that couple to give a total component of electronic angular momentum 

designated by Ω.  

The electronic ground state of NH
+
 has |Λ| = 1 and |Σ| = ½, coupling to give Ω = ±½. 

Therefore, the electronic ground state is doubly degenerate, and the sign of Ω dictates whether 

the electronic angular momentum is directed towards or away from the H atom. This degeneracy 

is lifted by interactions of the electronic and rotational states, resulting in two close lying states 

of opposite parity, which are known as lambda doubling components. These two close lying 

states of opposite parity result in a large polarizability due to the small Ei-Ej denominator of 

Equation 5.3. The 
2Π1/2, =0, J=1/β and 3/2 levels of NH

+
  are shown as a function of magnetic 

field in Figure 5.2 [135]. 

 

 

 

Figure 5.2 Zeeman energies of NH
+
, X

2Π1/2 (υ = 0), B = 0-10T. (a) υ=0, J= 1/2 , 3/2, (b) expanded view of J=1/2 

[135]. 
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The polarizability cannot be given in a simple expression, but has been calculated as a function 

of magnetic field using energies and matrix elements obtained from an effective Hamiltonian 

[135]. 

 

 

Table 5.2 Polarizabilities from the theoretical calculations of Reference [135] and resultant cyclotron 

frequency shifts for NH
+
. 

J MJ α (au) Δωc/ωc (ppb) 

½
+ −½ 64300 −3.09 

½
+
 +½ 74205 −3.57 

½
-
 −½ −71009   3.42 

½
-
 +½ −61105   2.94 

 

 

5.4 Polarizability “Jumps”  

The above sections show how the polarizability, and hence shifts to the cyclotron 

frequency depend on the state of an ion. When an ion makes a transition between two states, the 

cyclotron frequency data shows a “jump.” This was first discovered at MIT. While carrying out a 

measurement of a mass ratio involving CO
+, seemingly unexplainable jumps in that ion‟s 

cyclotron frequency were observed. These jumps were eventually understood to be caused by 

jumps in the polarizability of CO
+ 

and are similar to the jumps in HCO
+
 reported here [63].  

Remarkably, in addition to spontaneous emission, absorption of black body radiation also 

induces transitions between energy levels of an ion within the Penning Trap. The transition rate 

due to absorption of black body photons from state |j> to state |i> is given by (Ei>Ej): 

      



abs  n Aij                      [5.5] 

where Aij is the Einstein coefficient for spontaneous emission for the electromagnetic transition 

from level |i> to |j>. 



n  is the mean number of photons per mode at frequency 
h

EE ji

ij


   and 

temperature T, and is given by the black body (Planck) distribution: 

   



n 
1

e
h ij / kBT 1

                    [5.6] 
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where kB is the Boltzmann constant. Likewise, stimulated emission increases the transition rate 

|i> to |j> to   ijstimspont An 1 . For an electric dipole transition [158, 165], 

  



Aij 
16 3 ij

3

30hc 3
ij

2

                               [5.7] 

Here, ε0 is the permittivity of free space, c is the speed of light, and ij is the dipole matrix 

element. 

 

5.4.1 HCO
+
 Jump Rate 

For a linear molecule with no electronic orbital angular momentum, like HCO
+
, the 

electric dipole matrix elements are given by [162]: 

  



ij

2

 imi er 
mi

 jm j

2



2 J 1 
2J 1

J  J 1

2 J 1 
2J  3

J 1 J









                  [5.8] 

For the transition J=0→1 (see Figure 5.1), | ij|
2
 = 

2
, resulting in a calculated lifetime against 

absorption of approximately 4.0 hours (assuming a black body radiation temperature of 4.2K). 

See Table 5.3 for the details of the estimation. 

 

 

Table 5.3 Quantities needed in the calculation of the lifetime against absorption of the ground state of HCO
+
, 

assuming T = 4.2K, μ = 3.888(4)D and B0 = 44594.42873(28) MHz [150,164] and standard CODATA [91] 

values for the other constants. 

| 01|
2
 2.340 (ea0)

2 

01 89.188 857 46 GHz 

A01 1.248 x 10
-4

 s
-1 

 0.56 

01 4.0 hrs 

 

  

Data was taken over a two week period, and the observed mean lifetime of the J=0 state (the 

time the HCO
+
 was observed in the J=0 state divided by the number of observed jumps) was 

approximately 3.4(1.0) hours.   



n 
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Figure 5.3 All cyclotron data for HCO
+
, showing polarizability jumps. The vertical axis is proportional to the 

polarizability of the HCO
+
 ion. R = fc[SiH

+
]/fc[HCO

+
]. 

 

 

5.4.2 NH
+
 Jump Rate 

Since the J=3/2 rotational level is approximately 1000 GHz above J=1/2 (See Figure 

5.2), transitions to J=3/2 can be neglected (assuming black body radiation of 4.2K), so we only 

consider jumps between the lambda doubling states J=1/2
+
 and J=1/2

-
. The lifetime of the upper 

J=1/2
-
 state against spontaneous decay and stimulated emission may be estimated using the 

Einstein coefficient for spontaneous emission, Aij, following the same method as HCO
+
. For 

molecules with electronic orbital angular momentum in Hund‟s case (a), the z-component of the 

dipole matrix element in the laboratory frame is given by [166]: 

  1212
0

1

0

1
22

22























 JJ

JJ

MM

JJ
MJMJ

JJ

JzJ            [5.9] 

Here, J = J' = ½ , MJ = MJ' = ½ , and Ω = Ω' = ½ , leading to | z|
2
 = 2

/9. By symmetry, for the 

J=1/2 states, | ij|
2
 =γ| z|

2
 = 

2
/3. Assuming =0.790 ea0, the spontaneous emission coefficient is 

Aij=3.9(4)x10
-8 

s
-1

, and the mean lifetime for the J = ½
-
 state against spontaneous and stimulated 

emission at 4.2 K is approximately 42 days. In fact, there was an observation of one 

polarizability jump from J = ½
-
 to J = ½

+
   during only one run, over the course of the 

approximately 150 hours (6 days) of data. 
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Figure 5.4 The only set of NH
+
 vs 

15
N

+
 data showing a jump in the polarizability of NH

+
. This jump 

corresponds to a jump from J=1/2
-
 to J=1/2

+
.  

 

 

5.5 HCO
+
 Data Collection and Analysis 

The HCO
+
 data was comprised of 25 runs collected over a two week period. HCO

+
 was 

made by heating polymerized formaldehyde (also known as polyoxymethylene and marketed as 

Delrin by Dupont [167]) in our vapor loader.  

 

 

 

Figure 5.5 Chemical structure of Delrin, or polyxymethylene.  

 

 

28
SiH

+
 was chosen as the reference ion because it is a mass-doublet with HCO

+
 and the masses of 

28
Si and H are known to 0.02 and 0.1 ppb, respectively [69,90]. It was made by introducing 

Silane (SiH4) gas into the Penning Trap. 
28

SiH
+
 in fact has its own small dipole moment, but the 

resultant constant polarizability shift of 7 ppt is small, and was accounted for in the analysis. 

During each run, four HCO
+
 PNP cycles were alternated with two 

28
SiH

+
 PNP cycles (see Figure 

5.5). 
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Figure 5.6 Sample HCO+ Run.  

 

 

Since the HCO
+
 and 

28
SiH

+
 cyclotron frequencies were not obtained at exactly the same 

time, two interpolation methods were developed for obtaining the ratio for each HCO
+
 PNP 

cycle. Each determines the effective value of the 
28

SiH
+
 cyclotron frequency at the time of every 

HCO
+
 cyclotron frequency measurement. The first fits the 

28
SiH

+
 data to a polynomial, and then 

uses the equation for the polynomial to obtain an interpolated 
28

SiH
+
 cyclotron frequency 

corresponding to the time of the measurement of the HCO
+
 cyclotron frequency. The second 

(piece-wise) method simply used the average of the two 
28

SiH
+
 measurements before and after 

each HCO
+
 measurement. The entire set of data was analyzed using these two procedures.  

A histogram was then compiled where the x-axis is the measured ratio for each HCO
+
 

PNP cycle and the y-axis the number of PNP cycles. The resultant three peaks (see Figures 5.7 

and 5.8) coincide with the predicted (J, MJ) = (0,0), (1,0) and (1,±1) polarizability shifts (See 

Section 5.3.1). Data corresponding to J≥β would be clustered near the unshifted frequency (0 on 

the x-axis) and does not produce resolvable peaks.  
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Figure 5.7  Piece-wise versus Polynomial Interpolation. 

 

 

      

Figure 5.8 All cyclotron frequency measurement shifts, indicating the states of the HCO
+
 ion. The dotted line 

indicates the fit to the histogram (the reduced Χ2
 for this fit is 1.02). The solid bars indicate the position and 

amplitude of the J=2 for the temperature returned from the fit. 

 

 

Only two HCO
+
 ions were needed for the entire two week measurement, indicating good 

vacuum conditions in the trap. Each run was taken under the same conditions (same ρci, ρck, etc.). 

A parking radius of only 1 mm was used to facilitate a quick interchange of ions, consequently 

the ion-ion interaction (Sec 2.3.5) produced the largest systematic shifts and errors. The expected 
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cyclotron frequency ratio from the ion masses and after applying the corrections for the 

systematic shifts was fc[
28

SiH
+
]/fc[HCO

+
] =  1.000 620 616 459(156). 

This expected ratio was subtracted from the observed ratio to produce the x-scale for the 

histograms in Figures 5.7 and 5.8. To determine the dipole moment, each peak was fitted with a 

Gaussian lineshape [39]: 

f (R)  e

RbRJM R0








2

                  [5.10] 

Each peak is centered around bRJM+R0, where R0 is the ratio that would be observed without 

the polarizability of HCO
+
, and RJM is the shift of the peak corresponding to the state (J, ±M) 

that is calculated from the theoretical values of  and B0 (See Table 5.1). For example, 

combining Equations 5.1 and 5.4, for (J, MJ) = (0,0):  

R00 
c

c

 
2B2

3mB0

                    [5.11] 

The parameter b (which the fit determines) is the ratio of the observed shifts to the predicted 

shifts, which are proportional to the dipole moment squared. Therefore, it follows that the 

observed dipole moment is



obs  bpred . 

 The amplitudes of the peaks give information about the relative populations of the levels. 

Assuming the ion is in thermal equilibrium with the environment at temperature, T, the 

Boltzmann distribution gives the relative population of state J as: 

P(J)  gJe
EJ /kBT  (2J 1)eB0 J (J1)/kBT                 [5.12] 

where the degeneracy gJ is the number of MJ states and the energy is given by the rigid rotor 

expression in Section 5.3.1 for each rotational state J. The ratio of the amplitudes of the peaks 

can therefore be used to determine a rotational temperature for the ion. 
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Table 5.4 Expressions for the amplitudes of the peaks in the histogram of the ratio of the cyclotron 

frequencies of HCO
+
 versus 

28
SiH

+
 assuming a Boltzmann distribution at temperature T. 

(J, M) Amplitude 

(0,0) a00 = a00 

(1,0) a00exp(-2B0/kBT) = a00a1 

(1,1) 2a00exp(-2B0/kBT) = 2a00a1 

(2,0) a00exp(-6B0/kBT) = a00(a1)
3
 

(2,1) 2a00exp(-6B0/kBT) = 2a00(a1)
3
 

(2,2) 2a00exp(-6B0/kBT) = 2a00(a1)
3
 

 

 

The actual lineshape used to perform the fit was: 

                
f (R)  a00e


RbR00 R0








2

 a00a1e


RbR10 R0








2

 2a00a1e


RbR11 R0








2

 a00a1

3e


RbR20 R0








2

 2a00a1

3e


RbR21 R0








2

 2a00a1

3e


RbR22 R0








2
              [5.13] 

where T is the temperature in K, and  is the usual Gaussian standard deviation corresponding to 

the scatter in our measurement of the cyclotron frequency. In the analysis of this data, the RJM  

have been fixed to the calculated values (See Table 5.1) and all other parameters are allowed to 

float.  

 

 

Table 5.5 Results from fitting the histograms of the ratio of the cyclotron frequencies of HCO
+
 versus 

28
SiH

+
.  

Analysis R0(ppt) (D) T(K) 

Polynomial 71(22) 3.898(22) 5.90(39) 

Piece-wise 70(25) 3.917(24) 5.80(44) 

 

 

The fit was made to the histogram data which had the predicted ratio, including 

systematic shifts, subtracted. R0 is therefore the shift between the predicted ratio and the 

measured ratio. The predicted ratio had an uncertainty of 156 ppt. Hence, the expected value of 

R0 is 0(156) ppt, and the observed R0 in Table 5.5 are in good agreement. 
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From the amplitudes obtained from fitting the histogram, the temperature in the trap was 

estimated to be approximately 5.85(42) K, mysteriously higher than the expected 4.2 K 

temperature of the liquid helium surrounding the vacuum can containing it. 

Another way to obtain an effective rotational temperature is to measure the population 

ratio of state J=0 to all higher states. 

 



Population Ratio 
P J 1 
P(J  0)

 (2J 1)e

B0J(J 1)

kBT

J1



                 [5.14] 

Table 5.6 Population of all states J  1 relative to J = 0. The first two entries in the table correspond to 

Equation 5.14 assuming temperatures 4.2 K and 5.85 K. The third entry is the relative integrated area of all 

peaks J  1 relative to J = 0 with one standard deviation error calculated using a binomial distribution. 

Method Population Ratio Corresponding Temperature (K) 

Boltzmann Factor (4.2K) 1.334 4.2 

Boltzmann Factor (5.85K) 2.093 5.85 

Integrating Histogram 1.94(17) 5.5(1.1) 

 

 

Averaging the two dipole moments from the piece-wise and polynomial interpolation 

methods, we extracted a dipole moment of  = γ.907(β6) D. The error is derived from the 

histogram fit error (See Table 5.5) combined in quadrature with half the difference in the results 

of different methods of interpolating the 
28

SiH
+
 cyclotron frequency measurements. 

 

5.6 NH
+
 Data Collection and Analysis 

 Unlike HCO
+
, where the jump rate is fast enough to complete the experiment with a 

single ion, for NH
+
, because of the much slower jump rate,

 
it is necessary to make and remake 

the ion to sample the different states (See Section 5.4.2). Hence we used 17 NH
+
 ions. In fact, the 

HCO
+
 and NH

+
 measurements were separated by a year, during which time the vacuum in the 

trap had degraded (the masses of 
76,74

Ge/Se, 
115

Sn/In, 
23

Na, and 
6
Li were measured in the mean-

time), causing a shorter lifetime for the NH
+
 ions, so we never had to actually kill any NH

+
 ion. 

 The measurement of the mass of 
7
Li had been attempted in the weeks before the 

measurement of NH
+
. According to the chemistry literature [168], Li can react with nitrogen to 

form Li3N, which can then react with water molecules to form ammonia. From ammonia, NH
+
 

could then be made. This was tested by looking for NH
+
 after passing current through the Li 
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element and running the FEP. NH
+
 was observed using this method, however it was not observed 

after several attempts at making it from background gas. Therefore, it is apparent that some 

mechanism involving heating the Li element was producing NH3, or possibly NH. 
15

N
+
 was 

chosen as the reference ion because it is a mass-doublet with NH
+
 and the mass of 

15
N is known 

to 0.05 ppb [90]. 

For each NH
+
 ion made, we obtained one run of cyclotron frequency ratio measurements 

of NH
+
/
15

N
+
. Since one of these ions showed a jump, we were able to extract 18 separate 

measurements of the ratio over a two month period. For each run, the statistical and systematic 

errors were calculated and combined in quadrature to form the final error. Since NH
+
/
15

N
+
 is a 

mass doublet, the systematic shifts were small for each measurement, and the statistical 

uncertainty dominates each measurement‟s error. Scatter in the cyclotron frequency data similar 

to the scatter observed in the 
6
Li data (taken two months before the NH

+ 
data, see Section 1.3.3) 

was responsible for an increased statistical error. Initially, it was suspected that this increase was 

due to noise in the smaller voltages needed for the lighter ions. However, now it is believed to be 

due to magnetic field instability. Figure 5.9 is a plot of the average cyclotron frequency ratios for 

each different NH
+
 ion (with two ratios for the NH

+
 which was observed to jump). 

 

 

 

Figure 5.9 All ratio measurements for NH
+
/
15

N
+
 with an enlargement showing the two opposite parity states. 

The bands indicate the weighted average and error. 
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From these plots, the weighted average cyclotron frequency ratio with the ion in the two 

opposite parity states was obtained. The difference in the averages of the measured ratios in the 

upper and lower states was found to be Δmeas = 6386(151) ppt. The calculated difference in 

polarizability shifts from [135] is Δcalc = 6512(227) ppt. Here, the uncertainty is due to an 

inability to resolve the MJ states for each J=1/2
±
 state (see Figure 5.2), which have somewhat 

different polarizabilities. The calculation of this uncertainty is similar to that of [66]. The 

measured dipole moment may be obtained by scaling the calculated dipole moment, calc = 

0.790(8) ea0 [135], by the square root of Δmeas / Δcalc. The dipole moment that was obtained is 

hence meas = 0.782(18) ea0. 

 

4.7 Conclusion 

 While there have been many theoretical calculations of the dipole moments of HCO
+
 and 

NH
+
, this section has described the first experimental determination of these values (it is difficult 

to measure the Stark Effect for ions since they are swept away by the electric field). In both 

cases, the experimental measurements confirm the theoretical calculations. Note that since we 

measure the polarizability (which is proportional to 
2
), the FSU values in the tables are actually 

| |, that is we are unable to determine the sign. 

  

 

Table 5.7 The FSU HCO
+
 dipole measurement compared to calculated dipole moments. 

Determination Method HCO
+ μ(D) 

Yamaguchi 1994 [150] Theory 3.888(4) 

FSU-PPT 2010 [169] Experiment 3.907(26) 

 

 

Table 5.8 The FSU NH
+
 dipole measurement compared to calculated dipole moment. 

 Determination Method NH
+ μ(ea0) 

Cheng 2007 [135] Theory 0.790(8)    

FSU-PPT 2010 [169] Experiment 0.782(18) 
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 HCO
+
 and NH

+
 join PH

+
 [69] and CO

+
 [63] as the only precision Penning Trap dipole 

moment measurements and number among the highest precision experimental dipole moments of 

molecular ions. Other less accurate experimental determinations of molecular ion dipole 

moments are obtained through measurements of the isotopic dependence of the rotational 

Zeeman effect by far-IR laser spectroscopy [170]. 

 Future possible dipole moments measurements may include N2H
+
, which is another 

molecular ion important to astrophysics (similar applications as HCO
+
) [171,172]. Another 

interesting measurement would be to revisit NH
+
 using molecular spectroscopy techniques. 

Transitions could be induced with a microwave generator, however admitting microwaves into 

the Penning Trap would be a development project.  
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6. SUMMARY AND FUTURE WORK 

6.1 Summary 

 This dissertation has described many mass measurements accomplished by the FSU-PPT 

in the past four years for a variety of applications. Table 6.1 is the summary of these values, 

along with their purposes. 

   

 

Table 6.1 Summary of Mass Measurements in this Dissertation. 

Atom 

 

Mass (u) 

 

σm/m (ppb) 

 

Reference 

 

Why? 

 

17
O   16.999 131 756 6(9) 0.05 [173] Molecular Spectroscopy 

18
O 

19
F 

  17.999 159 613 0(13) 

  18.998 403 162 9(11) 

0.07 

0.06 

[23] Molecular Spectroscopy 

Mass Reference  
130

Xe 
130

Te 

129.903 509 351(15) 

129.906 222 744(16) 

0.12
 

0.12 

[87] Neutrinoless Double Beta Decay 

6
Li 

23
Na

 

39
K 

41
K 

85
Rb 

87
Rb 

133
Cs 

    6.015 122 887 4(31) 

  22.989 769 282 8(26) 

  38.963 706 485 6(52) 

  40.961 825 257 4(48) 

  84.911 789 738(9) 

  86.909 180 535(10) 

132.905 451 960(13) 

0.52 

0.11 

0.13 

0.12 

0.11
 

0.12
 

0.10 

[174] Photon Recoil, Mass Reference 

74
Se 

74
Ge 

76
Se

 

76
Ge 

  73.922 475 938(15)  

  73.921 177 765(15)  

  75.919 213 707(19) 

  75.921 402 729(19) 

0.20
 

0.20
 

0.25
 

0.25 

[88] Neutrinoless Double Electron Capture 

 

Neutrinoless Double Beta Decay 

115
Sn 

115
In 

114.903 344 697(17) 

114.903 878 774(16) 

0.15
 

0.14 

[119] Lowest Q-Value Beta Decay 

 

 

In addition to these masses, two electric dipole moments were also measured: 

(HCO+
) = 3.907(26) D 

  (NH+
) = 0.782(18) D. 

Several improvements and advancements to the FSU-PPT have enabled these 

measurements. A vapor loader now allows vapors to be introduced into the trap, greatly 

increasing the range of species that can be measured. The two-ion swapping technique, first 

developed and described in [66], has been further developed to allow the ion in the large 

cyclotron orbit to be constantly monitored and therefore cooled more efficiently. This technique 



86 

 

has also been extended to include the first two-ion swapping measurements of non-mass doublets 

in the FSU-PPT, as well as multiply charged ions.  

 

6.2 Future Work with Current Detection Circuit 

 The following measurements could be done with the current detection circuit, which has 

a resonant frequency of 213 kHz, and an m/q-bandwidth of 12 - 45 u. 

 

6.2.1 
174

Yb Mass Measurement for the Fine Structure Constant 

 Photon recoil measurements, using Yb isotopes (initially 
174

Yb which is the most 

abundant) for the determination of the fine structure constant (similar to those for the alkalis) are 

in progress at the University of Washington using a novel BEC atom interferometer [175,176]. 

Several Yb isotopes can be cooled to quantum degeneracy. The current precision of the mass of 

174
Yb is known to 15 ppb. Measurements of the mass of 

174
Yb with the FSU-PPT have been 

attempted, but were delayed due to magnetic field instability and short ion lifetime, presumably 

due to a deterioration of the vacuum. The trap has now been warmed to room temperature to 

outgas it and the magnet has been re-shimmed. Measurements should resume in the near future.  

 

6.2.2 NH
+
 Molecular Spectroscopy 

Another interesting measurement would be to revisit NH
+
 using molecular spectroscopy 

techniques. Transitions between the two Λ-doubling states could be induced with a microwave 

generator. These transitions could then be detected. In fact, since the difference in the cyclotron 

frequency due to the two polarizabilities of the states is so large (see Chapter 5), the evolution 

times required to differentiate the states is only about 5 sec (compared to the normal 58 sec 

cycles). However admitting microwaves into the Penning Trap would be a development project.  

 

6.2.3 Direct Test of E = mc
2
 with 

35,36
Cl 

 Einstein‟s famous equation, E = mc
2
, is perhaps the best-known equation in all of 

physics. Thermal neutron capture experiments combined with precision mass measurements 

provide a direct test of this relation. Tests of this nature have already been performed using 
33

S 

and 
29

Si [177]. An additional test using 
36

Cl is being considered. The gamma rays emitted after 

the reaction: 
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sClCln '3635   

have been measured [178], but the atom‟s masses are not yet precisely known. The mass of 35
Cl 

is known to 1.1 ppb, and the mass of 
36

Cl is known to 2.1 ppb [90]. To compare with the gamma 

energy precision, the mass difference must be improved by about two orders of magnitude. The 

measurement consists of measuring the cyclotron frequency ratio of H
35

Cl
+
 and 

36
Cl

+
 and is 

complicated by the radioactivity of 
36

Cl
+
 and polarizability shifts in H

35
Cl

+
.  

 

6.2.4 Mass of 
136Ba for Neutrinoless Double β-decay 

 While the mass of 
136

Xe was measured by the FSU-PPT for the neutrinoless double -

decay [68], the mass of 
136

Ba was not. If the mass of 
136

Ba was measured to the same precision 

as the mass of 
136

Xe, the uncertainty in the Q-value would be reduced by about a factor of 40.   

 

6.3 Future Work with New Higher Frequency Detection Circuit 

 Measurements with lighter ions require a detection circuit with significantly higher axial 

frequency, in the region of 600 kHz, in order to produce a sufficiently large axial signal for the 

PNP method to work. A new superconducting coil has been wound and is ready to be installed.  

 

6.3.1 The Mass of the 
6,7

Li Monomers  

 A good test of the Penning trap with the new detector would be to first measure the mass 

of the 
6
Li monomer, since the dimer has already been measured by the FSU-PPT (see Section 

4.1). Additionally, a measurement of the mass of 
7
Li would complete the FSU-PPT stable alkali 

mass measurements (the mass of the dimer was made almost impossible by the presence of 
14

N 

in the trap).  

 

6.3.2 
3
He/

3
H Q-value for Neutrino Mass Measurements 

 This measurement has been described in almost every MIT/FSU Penning trap dissertation 

on the future “to-do” list, however this mass difference is as important now as it ever was. It has 

not been attempted yet for three main reasons: it requires that the coil be changed, tritium is 

radioactive, and 
3
He and hydrogen isotopes can spoil the cryogenic vacuum.  

 The tritium -decay 

eeHeH  33  
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will be studied by the KATRIN experiment, which should be running within the next decade. 

This new experiment will improve upon previous Kurie-plot experiments and ultimately provide 

a limit on the electron neutrino mass at the level of 0.2 eV/c
2
 [179]. KATRIN measures the shape 

of the energy spectrum near the end-point of the -decay spectrum and also determines the Q-

value for the decay. The Q-value that can be obtained from the 
3
He-

3
H mass difference will 

check this value and hence provide an independent check of the systematics for KATRIN. 
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