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I. ABSTRACT

Restricted Hartree-Fock (RHF) theory has been used to investigate the optical prop-

erties of cubic nanoparticles, which can serve as a model for plasmonic nanoparticles, us-

ing a finite jellium model. Optical investigations were carried out using real-time time-

dependent Hartree-Fock theory and configuration interaction with single excitations for val-

idation against each other. An investigation was also carried out to determine the effect that

the spatial symmetry of the system plays in the computational effort required to generate

the necessary one and two electron integrals. Additionally, the spatial symmetry was in-

vestigated for its effect on the computational effort required to solve the ground state RHF

equations. Throughout these investigations, convergence of the ground state was difficult to

achieve and care must be taken even after convergence to ensure that the calculations have

found the ground state.

II. INTRODUCTION

Plasmons are a collective oscillation of free electrons [1]. The oscillations can be induced

by applying an external field, in this case a laser pulse to excite the system and allow the

free electrons to oscillate. The properties of the plasmon excitation depend upon the size

and shape of the nanoparticle, which allows one to tune the plasmon resonance to a specific

frequency by varying the nanoparticle’s size and shape[2]. The collective oscillations of the

free electrons can be thought of as an electron cloud displaced from its equilibrium posi-

tion around the positively charged lattice [1]. The oscillations allow for increased electron

density away from the lattice which can enable the plasmon to inject electrons onto neigh-

boring molecules [3]. Plasmons have many applications in areas such as catalysis [4] and

photography [5]. Thus the ability to accurately predict the properties of plasmons and their

interactions with light is desirable.

One way to model a plasmonic system, within electron structure theory, is through the

Jellium model. Jellium is a popular model used in solid state physics[6] with a infinite

uniform electron gas with uniformly distributed positive charges and is characterized solely

by its electron density ρ. Finite jellium, as defined by Ghosh et al.[7], is a system of n

electrons confined within a cube, with a positive uniform background charge. The electrons
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orbitals are given as a basis of particle in a cube functions with sides of length π.

Classical methods have also been used for the investigation of plasmonic interactions with

light with one of the most popular being Finite Difference Time Domain (FDTD)[8]. FDTD

uses Maxwell’s equations to model the change in an electric and magnetic field through

mediums, however this breaks down as the systems that they are investigating approach the

quantum scale [8]. FDTD is derived using the dielectric constant which does not enable it

to model quantum effects such as hot-electron charge injection. By utilizing an quantum

chemical model additional properties of plasmons can be investigated such as electron charge

deposition.

III. THEORY

A. Restricted Hartree Fock

The simplest form of a wavefunction is an antisymmetrized product of one electron func-

tions (orbitals) known as a Slater determinant. The Hartree-Fock (HF) method describes

the wavefunction using a single Slater determinant. In HF, electrons feel an averaged repul-

sion of all other electrons, and in its restricted formulation (RHF) all orbitals are taken to

be doubly occupied.

The Finite jellium model is one in which the electrons are confined to a cube with a

positive background charge of equal magnitude to the total charge of the electrons. This

electrically neutral system is associated with the Hamiltonian

Ĥ = −
1

2

n
∑

i=1

∇2

i +
1

2

∫ ∫

V

(n/π3)2

r − r′
drdr′ −

n
∑

i=1

∫

V

(n/π3)

ri − r
dr +

n
∑

i<j

1

|ri − rj|
(1)

where V is the volume of the cube. The first term is the kinetic energy operator contribution

from the electrons, the second is the self interaction of the background positive charge.

Within the second term r and r
′

are points within three dimensional space associated with

the positive background charge. The third term is the attraction between the electrons and

the positive background charge with ri being the ith electron in three dimensional space.

The fourth term is the repulsion between the electrons. Solving the Schrödinger equation

HΨ = EΨ (2)
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exactly is not possible but it can be solved approximately using the RHF approximation for

Ψ and through the introduction of known set of basis functions. The orbitals that comprise

the RHF wavefunction are expanded in terms of these basis functions, and the expansion

coefficients are the variational parameters mentioned above. The basis functions we choose

for the finite jellium model[6] are particle-in-a-cube solutions of the form

φm = (2/π)3/2sin(mxx)sin(myy)sin(mzz) (3)

where the cube has sides of length π and, thus

0 ≤ x, y, z ≤ π (4)

Energy mx my mz

3 1 1 1

6 2 1 1

6 1 2 1

6 1 1 2

9 2 2 1

9 1 2 2

9 2 1 2

11 3 1 1

11 1 3 1

11 1 1 3

12 2 2 2

14 3 2 1

14 3 1 2

TABLE I: Energy levels for different particle in a cube states given in atomic units

The particle-in-a-cube energy levels as shown in Table 1 illustrate how the energy depends

on the quantum numbers mx, my, and mz. Note that, the system has many potentially

degenerate energy levels which need to be taken into account when running calculations. For
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example, for a system with partially filled energy levels, an RHF computation can converge to

states other than the ground state (i.e, excited states). Given the RHF parameterization of

the wavefunction, the application of the variational principle leads to the following eigenvalue

problem

Fψa = ǫaψa (5)

Where F is the Fock matrix, ψa is a molecular orbital, and ǫa is the corresponding orbital

energy. The Fock matrix is then given by

Fab = Tab + nVab +
∑

cd

Pcd[(ab|cd)−
1

2
(ad|bc)] (6)

Where the first term is the matrix element of the kinetic energy, the second term is a potential

energy matrix element. Pcd is the density matrix element and (ab|cd) and (ad|bc) are two

electron integrals corresponding to the coulomb and exchange contributions respectively.

The kinetic energy element is defined as

Tab =
δ

2
(a2x + a2y + a2z) (7)

where δ is the kronecker delta and therefor is zero unless a = b in which case it equals 1.

The potential energy for this system, in the absence of an external field, is just the electrons

attraction to the background charge which is defined as

Vab = −
1

π3
(a|b) (8)

where (a|b) is the one electron integral given by

(a|b) =

∫ ∫

V

φa(r1)φb(r2)

|r1 − r2|
dr1dr2 (9)

where φ is an atomic orbital. The two electron integral used in the calculation is given as

(ab|cd) =

∫ ∫

V

φa(r1)φb(r1)φc(r2)φd(r2)

|r1 − r2|
dr1dr2 (10)

The self interaction of the positive charge is given as

E0 =
1

π6

∫ ∫

V

1

|r1 − r2|
dr1dr2 (11)

One of the useful functions of the finite jellium model is that, given the definition of the

basis functions in eq. 3, one can model cubes of any size by applying appropriate scaling

factors to the one and two electron integrals. Using the trigonometric identity

2sin(ax)sin(bx) = cos(a− b)x− cos(a+ b)x (12)
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the one electron integral (9) can be rewritten as a combination of 8 terms having the form

(a|b) = π−6

∫ ∫

V

cos(axx1)cos(ayy1)cos(azz1)cos(bxx2)cos(byy2)cos(bzz2)

|r1 − r2|
dr1dr2 (13)

The most computationally demanding part of the Fock matrix construction is the evaluation

of eq. 10 the two-electron integrals. Equation 10 can also be rewritten using eq. 12 to give

equations of the form of eq. 13. Using the rewritten form of eq. 10 allows the two electron

integrals to be represented using the one electron integrals (eq 9). Hence, the two electon

integrals never need to be stored in memory. Rather, they can be calculated on the fly,

provided that the one electron tensor, (a|b) is stored in memory. The ability to recreate

the two electron integrals from the stored one electron integrals is useful as the number

of two electron integrals increase as N4 while the number of one electron integrals only

increases as N2, where N is the number of basis functions used. Additionally, the symmetry

of the problem is such that the integrals (a|b) are only non-zero if ax + bx, ay + by, az + bz

are all even[7]. Furthermore the (a|b) tensor possess 48-fold permutationally symmetry[7].

Therefore, only a fraction of the full tensor needs to be stored in memory. Also, due to the

condition that ax+bx, ay+by, az+bz must be even the Fock matrix can be broken down into

8 irreducible representations (irreps), blocked by the parity of the orbitals. The different

parity combinations of mx,my,mz from equation (3) can be represented in bitwise notation

as 0 and 1 for even and odd respectively, giving the following eight possible combinations.

irrep mx my mz

0 0 0 0

1 0 0 1

2 0 1 0

3 0 1 1

4 1 0 0

5 1 0 1

6 1 1 0

7 1 1 1

TABLE II: Possible irreducible representations that arise within the finite jellium model
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By organizing the basis functions by irreps the Fock matrix becomes block diagonal;













































F1 0 0 0 0 0 0 0

0 F2 0 0 0 0 0 0

0 0 F3 0 0 0 0 0

0 0 0 F4 0 0 0 0

0 0 0 0 F5 0 0 0

0 0 0 0 0 F6 0 0

0 0 0 0 0 0 F7 0

0 0 0 0 0 0 0 F8













































TABLE III: Block diagonal structure of the Fock matrix

where off diagonal blocks are zero by symmetry and thus can be ignored within the RHF

procedure.

Equation 5 must be solved self consistently as the Fock matrix depends on the density

and the density depends on the Fock matrix. Therefore, solving the Hartree-Fock equations

is an iterative processes where an original guess density matrix is created which is then

used to create a Fock matrix. This process is then repeated until the change in the density

and energy from one iteration to the next is below a certain threshold, at which point the

calculation is considered converged. By removing portions of the Fock matrix from the RHF

procedure each iteration is sped up.

B. Excited states

After solving for the ground state, excited-state properties can be considered. Sev-

eral methods that exist to investigate excited state properties include, Real-Time Time-

Dependent Hartree-Fock (RTTDHF) theory, and configuration interaction with single exci-

tations (CIS). RTTDHF has the advantage of being easily formulated in terms of particle in

a cube functions while CIS is most easily formulated in the molecular orbital (MO) basis.

Hence, CIS requires that one transform the two electron integral to the MO basis. Hence in
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CIS we lose the nice property of the jellium model for the ground state that the two electron

integrals do not need to be stored. However, using RTTDHF requires that the system be

propagated through time which is a expensive operation. CIS alternatively is faster as it

does not require time propagation.

1. RTTDHF

RTTDHF uses the equation

i
∂D(t)

∂t
= [F (t), D(t)] (14)

to describe a change in the density matrix, D(t) with respect to time. The Fock matrix then

gains a time dependence through its dependence on the density matrix. While propagating

the system through time the system can can interact with a time dependent external electric

field from a laser pulse which allows the electrons to be excited to higher energy states. The

system’s time dependent dipole moment serves as a signal which can be transformed into

an absorption spectrum through a fourier transformation.

The propagator used to step the density through time is a 4th-order Runge-Kutta (RK4)

integrator. The Fock matrix, augmented by an external field, is

F (t)ab = Tab + nVab +
∑

cd

P(t)cd[(ab|cd)−
1

2
(ad|bc)]− µabǫ(t) (15)

where µ is the matrix representation of the dipole operator

µab = q

∫

φa(r)xφb(r)dr (16)

Where q is the charge of an electron. Due to the symmetries of the system the polarization

of the laser pulse is irrelevant as all polarizations of the laser access the same excited states.

However, the presence of the dipole moment term in the Fock matrix breaks its symmetry.

The light allows coupling in the x direction and reduces the number of irreps down to the 4

with unique y and z values.
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irrep mx my mz

0 x 0 0

1 x 0 1

2 x 1 0

3 x 1 1

TABLE IV: Symmetry broken irreducible representations used within RTTDHF. The

external field is assumed to be polarized in the x direction

In the table above x can be either even or odd.

2. CIS

Singlet excitation energies were also calculated using configuration interaction with single

excitations (CIS), in which one can define an excitation Hamiltonian

Hia,jb = (ǫa − ǫi)δijδab + 2(ia|jb)− (ij|ab) (17)

where the indices a,b represent unoccupied orbitals, i,j represent occupied orbitals, and ǫa

and (ab|cd) represent orbital energies and the electron repulsion integral in the molecular

orbital basis respectively. This means that all quantities used must be transformed from the

atomic orbital basis to the molecular orbital basis. By diagonalizing the CIS Hamiltonian the

single excitation energies are obtained. Using the transition dipole operator in the molecular

orbital basis the optically accessible configurations could be found and then compared to

the spectrum from RTTDHF to determine the validity of both implementations.

IV. COMPUTATIONAL DETAILS

The RHF, RTTDHF, and CIS algorithms were implemented as a plugin in the PSI4

electronic structure package[9]. The plugin takes in a user defined number of basis functions

and grid points to calculate the integrals using Gauss-Legendre quadrature[10]. The RHF

procedure is accelerated to convergence using the direct inversion of the iterative subspace

procedure (DIIS)[11].
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V. RESULTS AND DISCUSSION

The plugin is capable of converging the RHF procedure within an arbitrary sized box.

However, the direct inversion of the iterative subspace (DIIS) needed to be utilized as the

system’s many degeneracies result in either slow convergence or no convergence at all without

it. Even using DIIS, the RHF procedure may not always converge to the correct ground

state. Finding the correct ground state is easiest when the density of the system (i.e the

number of electrons) is chosen such that the ground state is represented by a completely

filled shell configuration.

Grid points Absolute error

20 10−5

60 10−7

100 10−8

140 10−8

180 10−9

220 10−9

260 10−9

300 10−10

TABLE V: The absolute error of the one electron integral (000|000), as compared to the

exact value.

The Gauss-Legendre quadrature method used in the integral calculations uses weighted

points to generate values for integrals that are more accurate than a trapezoidal method

with an identical number of grid points.
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FIG. 1: The time in seconds for the one electron integral construction as a function of the

number of basis functions used.

The different quadrature points are calculated for the one electron integral in 1-dimension.

∫ ∫ π

0

cos(mxx1)cos(nxx2)

|x1 − x2|
dx1dx2 (18)

and then multiplied by the one electron integrals in the y and z dimensions to give the three

dimensional 1-electron integral. Due to the dependence on the maximal quantum number

m used, the time it takes to generate the integrals only increase when the number of basis

functions used grows large enough to incorporate a higher level energy state. In Figure

1, it can be seen that a transition from 70 to 80 basis functions would result in increased

computational time required for the 1-electron integrals construction as a higher quantum

number m state is incorporated into the calculation.
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FIG. 2: The time in seconds for the one electron integrals to be constructed as a function

of the number of grid points used.

The formal scaling of the one electron integral construction time is O(n3), as each one

dimensional integral is combined to produce the three dimensional integral. This scaling

is reduced from the O(n6) scaling that would arise if the integrals were calculated in three

dimensions at once. However, by calculating each dimension of the integral separately, the

calculation of the value of the integral at each grid point becomes the most expensive step.
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FIG. 3: The time in seconds for each Fock matrix build.

The Fock matrix construction’s computationally intensive portions are the Coulumb and

Exchange integral construction, which scale as O(N4). The difference shown above between

using the symmetry of the problem and not using it in the Fock constructions are due to the

integrals between irreps not being evaluated in the symmetry version as they are known to

be zero. The symmetry allows for an approximately 12 fold increase in speed when enabled,

almost allowing for a system with double the number of basis functions to be investigated

in the same amount of time.
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FIG. 4: The dipole moment of eight electrons in a 1 nm cube with 68 basis functions used.

The system was propagated through time using 0.0002 femtosecond time steps.

After calculating the RHF ground state the system is then propagated through time using

RTTDHF. Figure 5 is the dipole moment of the RTTDHF calculation in the time domain.

By using a Fourier transform the signal is then converted to the frequency domain to find

the frequencies of light absorbed by the system.
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FIG. 5: A comparison of the spectra obtained from 8 electrons in a 1 nm sized cube with

varying numbers of basis functions. The system was propagated in time for 1000

femtoseconds with 0.0002 femtosecond time steps.

FIG. 6: A magnified look of FIG. 5 from 370 to 430 nm.

The resulting spectra from the RTTDHF fourier transformed dipole moment are shown in

figures 5 and 6. Here, we consider the convergence of the spectrum obtained by RTTDHF and

its dependence on the number of basis functions used. The calculations must be investigated

to ensure that the spectrum has converged and that increasing the number of basis functions

any further does not change the resulting spectrum. The spectrum’s dependence on the

number of basis functions used it due to larger basis sets providing higher energy orbitals for

the electrons to occupy. However, beyond a certain number of basis functions the spectrum

converges as the additional basis functions are too high in energy to be seen in the ultraviolet

to infrared region investigated.
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FIG. 7: CIS spectrum for 92 electron in 100 basis functions with a 1 nm cube.

FIG. 8: RTTDHF spectrum for 92 electron in 100 basis functions with a 1 nm cube.

FIG. 9: FDTD spectrum for a 1 nm Au cube.
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Figures 7 and 8 were created using 92 electrons in a one nanometer cube as this gives

the same electron density, as calculated using the fermi energy, for Au. Comparing figures

7 and 8 reveals that, although they were created from the same number of electrons and

basis functions, they predict very different excitations to occur. The spectra were generated

using RTTDHF and CIS respectively. However, the spectra created by both methods should

produce very similar results implying that there are still bugs within at least one of them.

Figure 9, however, was generated using FDTD for the same 1 nm cubed Au nanoparticle and

shows a peak centered around 500 nm. This is comparable to the RTTDHF spectrum which

also has many peaks centered around 500 nm. However, with wavelengths of light below 400

nm the two spectra diverge with the RTTDHF spectrum not showing the excitations that

the FDTD spectrum does.

VI. CONCLUSIONS

This project has consisted of developing ground state and excited state quantum chemical

models that could be a model for plasmonic nanoparticles. This investigation is useful

because FDTD, which is used to calculate nanoparticle’s spectrum, begins to break down

as the system becomes smaller, due to quantum effects. The ground state development

has involved using finite jellium with RHF to calculate the ground state for an arbitrary

even number of electrons in any sized cube. The excited state has been investigated using

RTTDHF and CIS to allow them to be compared to one another to determine if they are

working.

While the excited state methods are not yet working properly, as can be seen by the

substantially different RTTDHF and CIS spectra in figures 7 and 8, the high symmetry of

the problem makes simulating it with the finite jellium model promisingly efficient. With a

near 12 time increase in speed, due to the symmetry, systems almost twice as large can be

run in the same amount of time as without the symmetry. This is especially important for

the RTTDHF calculations as the Fock matrix generation is the most expensive part of the

calculation. The excited state codes are being debugged and tested with small systems to

ensure that they are consistent with each other.
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