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Abstract 

 

Precision cyclotron frequency ratio measurements of single ions in a Penning Trap allow us to 

determine atomic masses and magnetic moments to high precision. These measurements are then used in 

the fields of fundamental physics, nuclear physics, and physical chemistry as well as used to determine 

fundamental constants. In current Penning traps for precision measurement, cyclotron frequencies are 

measured by exciting the cyclotron motion to a certain radius and then amplifying image currents induced 

by the ion’s cyclotron or axial motions in a resonant circuit connected to the trap electrodes using a FET 

or SQUID amplifier. Reducing the ion temperature in a Penning Trap is necessary to reduce relativistic 

and other systematic shifts of the cyclotron frequency. Laser cooling would allow us to reduce the ion 

temperature and laser induced fluorescence can be used in ion detection. Limitations of modern lasers and 

suitable ions for laser cooling allow for only a handful of ions to be laser coolable. In particular, trapped 
9Be+ and 24Mg+ ions have suitable cycling transitions (S1/2 – P3/2) with wavelengths that can be produced 

at reasonable intensity by modern lasers. These ions can be laser cooled to ~ 1 mK (their Doppler limits), 

much lower than our currently achievable ion temperatures (of order 100 K). Through sympathetic 

cooling, other ion species can be cooled to mK temperatures as well. In this thesis, I show how an 8.5 T 

magnetic field affects laser cooling and sympathetic cooling of ions in a Penning Trap, as well as show 

that the current Florida State University Penning Trap will need to be replaced by a newly designed trap 

in order to achieve effective cooling via these means. 
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1. Motivations for Precision Measurements of Atomic Masses and Magnetic Moments 

 

 There are many motivations for precision measurements of atomic masses and magnetic 

moments of ions in a Penning Trap. Some examples of such are given below, along with a 

description of some of the equations and ideas used in mass spectrometry in a Penning Trap. 

 

 

1.1 Testing Particle/Anti-particle Asymmetry for CPT Theorem Violations 

The Charge, Parity, and Time Reversal (CPT) Theorem states that physics is invariant under 

the simultaneous conjugation of charge, parity inversion, and time reversal. This theorem predicts 

that a particle and its anti-particle have equal, but opposite charge-to-mass ratios. One way to test 

this is to compare the charge to mass ratios of the proton and the anti-proton, by comparing their 

cyclotron frequencies in a Penning trap, so far this has been done to 69 parts-per-trillion (ppt)[1]. 

Another test is done by comparing the magnetic moments of the proton and the anti-proton, 

which has been recently been done to 1.5 parts-per-billion (ppb)[2]. 

 

1.2 Atomic Masses for the g-factors of Few Electron Ions and the Electron Mass 

The g-factors (magnetic moment in dimensionless units) of the ground states of hydrogen-

like ions can be measured using single ion Penning Trap techniques[3]. In such experiments, 

microwave radiation at the δarmor frequency のL is used to induce transitions between the ms = 

±1/2 Zeeman sub-states while the cyclotron frequency のc is measured. The g-factor of the ion is 

then obtained by 

    訣 噺 に ゲ 岾摘薙摘迩峇 ゲ 岾槌日勅 峇 ゲ 岾暢賑暢日峇        [1] 

 

where e, Me are the charge and mass of the electron and qi, Mi are the charge and mass of the 

hydrogen-like ion. Quantum-Electrodynamics (QED) Theory has made significant progress in 

determining the ground state g-factor for low-Z hydrogen-like ions (e.g. g for 12C5+ is known 

theoretically to ~.01 ppb). By assuming accurate theoretical values for g, precision measurements 

of のL/のc and Mi can be used to obtain a precise value for the mass of the electron. Precision 

measurements of these values for 12C5+ and 16O7+ have produced values of the electron mass with 

fractional uncertainties of .03 ppb[4] and .76 ppb[5] respectively. Alternatively, using the masses of 

the electron and ion as input, the value of the g-factor can be tested and has been done for 28Si13+ 

with a fractional uncertainty 4∙10-11 [6]. 

 

1.3 Atomic Masses for the Photon-Recoil Method for the Fine Structure Constant 

The best value for the fine structure constant, g z e2/(4ヾi0│c), is currently obtained from the 

comparison of QED theory[7] and experiment for the g-2 anomaly of the free electron[8]. 

Alternatively, if an independent value for the fine structure constant can be determined and used 

in the theory, this comparison can be used to test QED and beyond-standard-model physics. The 

“photon-recoil” method does just this, making use of the relation 
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   糠 噺 峙岾態眺屯頂 峇 ゲ 岾 朕陳尼峇 ゲ 岾暢尼暢賑峇峩怠 態斑
      [2] 

 

where R∞ is the Rydberg constant (known to 5 ∙ 10-12 from hydrogen spectroscopy[9]), h/ma is the 

ratio of Planck’s constant to the mass of a laser-excitable test atom (determined by measuring the 

atom’s recoil velocity after absorbing/emitting a photon), and Ma/Me is the ratio of the atomic 

masses to the electron mass. Currently, the most precise value for h/ma is for 87Rb with a 

fractional precision of 1.2 ppb[10] and precise measurements of isotopes of atoms with two 

valence electrons, such as Sr and Yb, have been proposed[11]. Thus, determining a value for g 
using eqn. [2] requires high precision mass measurements of these various atoms. 

 

1.4 Other Examples 

Precision mass measurements can also be used to provide beta-decay Q-values for the 

neutrino mass, determine neutron binding energies as a test for gamma-ray spectroscopy, 

determine the ionization energies of highly charged ions, and determine binding energies and 

polarizability shifts of molecular ions[12]. 

 

 

2. Penning Trap Mass Spectrometry 

 

2.1 Cyclotron Frequency and Charge-to-Mass Ratios 

 

For a non-relativistic charged particle of mass m and charge q in a uniform magnetic field B, 

the acceleration of the particle is orthogonal to the magnetic field and produces a circular path 

centered about the magnetic field lines (but does not affect the motion of the particle parallel to 

the magnetic field). The particle completes each orbit at a constant cyclotron frequency, のc, 

independent of the radius of the orbit. This frequency is given (in rad s-1) by 

 

    降頂 噺 槌喋陳          [3] 

 

Now, given that we know to a high precision the magnetic field and the charge of the particle, a 

precise measurement of the particle’s cyclotron frequency will yield a precise value of the mass. 
However, we do not know the magnetic field of the trap sufficiently precisely, so in practice we 

compare cyclotron frequencies of ions to accurately determine the ratio of the masses of the two 

ions. By eqn. [3] we see that we can compare the charge-to-mass ratios of both particles directly 

without needing to know the magnetic field value, so long as the magnetic field is the same for 

the measurements of the cyclotron frequencies of both ions. That is, 

 

    
摘迩迭摘迩鉄 噺 槌迭 陳迭斑槌鉄 陳鉄斑          [4] 
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Since we usually know the charges of the ions, eqn. [4] can be used to turn cyclotron frequency 

ratios directly into mass ratios. Thus, one precise value for the mass of a single ion can be used to 

obtain precise values of other ions. Variation over time in the magnetic field makes it necessary 

to take cyclotron frequency measurements of the two ions in as short amount of time as possible, 

so that the magnetic field has changed as little as possible. In the Florida State University (FSU) 

Penning Trap we use the two-ion technique[13] in which we trap two ions with similar charge-to-

mass ratios at the same time. This allows us to precisely measure the ions’ cyclotron frequencies 

within minutes of each other.  

 

 

2.2 Normal Modes and Mass Ratios 

In an ideal Penning Trap a trapped ion is in a uniform magnetic field aligned to the z-axis, as 

well as in a quadratic electric potential[13], 

 

    刷 噺�稽待檳         [5] 

    撃 噺 蝶認態 ゲ 佃鉄貸迭鉄諦鉄鳥鉄         [6] 

where Vr is the voltage applied to the ring electrode and d is the effective trap size, 

 

    穴態 噺 迭鉄 岾権待態 髪 輩轍鉄鉄 峇.        [7] 

 

where z0 is the length from the center of the trap to the end-caps and と0 is the inner radius of the 

trap’s ring electrode. This configuration of magnetic and electric field lines causes a trapped ion 
to have three normal modes: oscillations along the z-axis and two separate normal modes of 

circular motion in the xy-plane. These modes have three distinct frequencies: the axial frequency 

のz, the trap cyclotron frequency のct (distinguished from のc), and the magnetron frequency のm. For 

an ion of charge q and mass m these frequencies are given by, 

  

    降佃態 噺 槌蝶認陳鳥鉄         [8] 

 

    降頂痛 噺 摘迩袋謬摘迩鉄貸態摘年鉄態         [9] 

 

    降陳 噺 摘迩貸謬摘迩鉄貸態摘年鉄態         [10] 

 

where のc is the cyclotron frequency of the ion in just the uniform magnetic field and のct > のz > 

のm. These three frequencies can be used to find the cyclotron frequency by use of the Invariance 

Theorem[14], 

 

    降頂態 噺�降頂痛態 髪降佃態 髪降陳態  .       [11] 
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Since のc cannot be measured on its own we measure the frequencies of the three normal modes so 

that we may use eqn. [11] to obtain the cyclotron frequencies of single ions, so that we may use 

them in determining the mass ratios of different ions. It can be shown that even for non-ideal 

Penning traps, where the fields are only approximated by eqns. [5] and [6], that in the limit of 

small amplitudes of motion for the ion, eqn. [11] is still an exact prescription[14]. 

 

 

2.3 Ion Detection and Axial Cooling using Image Currents 

In existing Penning traps used for precision measurement, ion detection and also the cooling 

of the ion at the beginning of a measurement makes use of image charge detection. The trapped 

ion oscillates between two electrodes and produces an image charge on the electrodes as it 

approaches them. By connecting the two end-cap electrodes with a circuit designed to be resonant 

at the ion’s axial frequency (i.e. the frequency of oscillations between the two electrodes) an 
image current large enough to detect will flow through the circuit. Current precision Penning 

Traps use a FET or SQUID to detect this image current. 

The circuit, at its resonant frequency, acts as a resistor. So the image current produced by the ion 

produces an oscillating voltage between the end-caps. The electric field produced by this voltage 

opposes the motion of the ion and causes the ion to dissipate energy to the resonant circuit and 

subsequently damps, or equivalently cools the axial motion. However, at the same time, thermal 

fluctuating voltages across the detection circuit also drive the motion of the ion. Hence, assuming 

the detection circuit, which is immersed in liquid helium, introduces no extra noise, the 

temperature of the axial motion of the ion, Tz, can only be reduced to the temperature of the 

detection circuit[14], which is 4.2K. 

 

 

2.4 Cooling Radial Motion and Measuring Trap Cyclotron Frequency 

In the FSU Penning Trap, the cyclotron and magnetron modes are not directly detected nor 

directly cooled. Instead this is done by coupling these radial modes to the axial mode. By 

including split guard ring electrodes around the end cap electrodes in the trap we can apply an 

oscillating electric field with the right frequency and orientation to couple the axial motion of the 

ion to its cyclotron or magnetron motion[15]. The frequencies required to couple the motions, so as 

to cool them, are given by, 

  降頂頂 噺��降頂痛 伐 �降佃        [12] 

  降陳頂 噺��降陳 髪 �降佃        [13] 

To get precise measurements of the trap cyclotron frequency, のct, we use the Pulse and Phase 

(PNP) technique. In this method, after first cooling all three motions of the ion, we excite the 

cyclotron frequency by applying an oscillating voltage across the guard ring electrode halves at 

close to the predicted cyclotron frequency. Then we let the ion orbit in its cyclotron motion for a 

predetermined amount of time, Tevol, before coupling the cyclotron motion to the axial motion. By 

applying the coupling pulse for the correct amount of time (such a pulse is known as a “ヾ-pulse”) 
the cyclotron motion can be efficiently, and phase coherently, converted to axial motion. This 
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“maps” the final phase of the cyclotron motion onto the axial motion, which can be measured 
with the axial detector. The trap cyclotron frequency is then found from the gradient of cyclotron 

phase with respect to Tevol. 

 

While coupling the cyclotron motion to the axial motion, “action” from the cyclotron motion is 
transferred to the axial motion, and vice versa, constantly. All the while, the ion’s axial motion is 

being damped by the image current it produces. This allows us to dissipate the cyclotron motion 

through the resonant circuit as well. However, using cyclotron to axial coupling, the cyclotron 

motion cannot be cooled as low as Tz. In fact it can be shown that the best that can be done is to 

achieve a cyclotron temperature of (のct/のz) Tz
 [14]. For the case of a mass-3 ion in the FSU trap the 

limit on the cyclotron temperature is thus 65 ∙ 4.βK = β7γ K.  
 

2.5 Precision Limits and Motivation for Improved Ion Cooling 

Current precision of Penning Trap mass spectrometry is of the order of 10-11 as a fraction of 

mass. It is limited by variation of the magnetic field, but also by special relativistic effects, field 

imperfections, and noise interfering with detection. Our interest in laser cooling is that, by 

reducing the amplitude of the ion’s motion, it will reduce the limitations posed by special 
relativity and trap imperfections. At the same time, fluorescent detection may enable detection 

with a smaller cyclotron radius in the PnP measurements. 

 

2.5.1 Special Relativistic Effects 

From eqn. [3] we know that the cyclotron frequency is directly proportional to the magnitude 

of the magnetic field and inversely proportional to the mass of the particle. So, for a high 

magnetic field and a small mass, the cyclotron frequency of the particle is quite large (many MHz 

for a typical trap). If that particle has a relatively large radius of motion, then the particle will 

move at a speed high enough for a noticeable special relativistic mass shift[13]. The trap cyclotron 

frequency shift for this effect is given by, 

 

    
蔦摘迩禰摘迩禰 噺 伐摘迩禰鉄 諦迩鉄態頂鉄         [14] 

 

E.g. for のct = 4γ.γ εHz and とc = β5 たm (values corresponding to a mass-γ ion in our trap), 〉のct / 

のct = – β.6 ∙ 10-10 which is within the capabilities of our Penning trap to measure.  

 

2.5.2 Field Imperfections 

The magnetic field in any trap will never be perfectly uniform, nor will the electric field 

potential be perfectly quadratic. As such, the trap cyclotron and other frequencies of the trapped 

ion will shift due to the ion’s position, but also as the amplitudes of motion in the trap change[13]. 

The most significant shifts to the trap cyclotron frequency caused by field imperfections are due 

to the quadratic magnetic field imperfection, 
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蔦摘迩禰摘迩禰 噺�喋鉄盤銚年鉄貸諦迩鉄貸諦尿鉄 匪態喋轍        [15] 

and the fourth order electric potential imperfections,  

    
蔦摘迩禰摘迩禰 噺�伐 戴寵填態 摘尿摘迩 態銚年鉄貸諦迩鉄貸態諦尿鉄鳥鉄       [16] 

 

where az is the amplitude of the axial motion and とc and とm are the radii of the trap cyclotron and 

magnetron motions respectively. For light ions the largest contribution due to field imperfections 

is usually from the magnetic field imperfections and is primarily due to B2az
2 / 2B0, since az is the 

largest of these amplitudes. But, for a carefully shimmed magnet, B2/B0 < 10-8 mm-2, and the 

resulting shift is typically smaller than the relativistic shift if az is of order .1mm or less. [az
(max) ≈ 

(のct/のz)1/2 ∙ とc ≈ β00 たm for のct = βヾ ∙ 4γ.γ εHz, のz = βヾ ∙ 688000 Hz, and とc = β5 たm]. 

 

3. Laser Cooling and Fluorescence Detection 

 

 Laser cooling techniques for trapped ions have been extensively developed for Paul Traps, 

with applications to optical clocks and quantum information processing[16][17]. Ions in these traps 

can be cooled to mK temperatures and similar temperatures have been achieved in Penning 

Traps[18]. δasers have also been applied to “cool” the rotational and vibrational energy of 
molecules using “optical pumping”. 
 

Aside from cooling, laser induced fluorescence can be used to detect ion motion in place of the 

presently used image current in a resonant circuit. A laser tuned to resonance with an ion’s 
transition frequency will induce a transition in the ion to an excited state. The ion in its excited 

state will then decay spontaneously to a lower state emitting a photon in a random direction. This 

spontaneous emission happens in a very short time, typically ~10-100 ns and will happen many 

times while the laser is incident on the ion. If we detect the number of photons being produced in 

the trap, then we should see an increase in detected photons while the ion is being excited by the 

laser. If the laser is tightly focused, we may be able to detect a modulation in the detected photons 

due to the ion oscillating in and out of the laser beam. Alternatively, using the Doppler shift, we 

may be able to detect the oscillation in the ion’s velocity. 
 

3.1 Atom Recoil Due to Photon Absorption and Emission 

 

 Initially we will consider the simplest case of a ‘two-level’ atom. For an atom that has two 
electronic states, 1 and 2, with an energy difference │の between the two states, a photon of 
frequency の can be absorbed and induce a transition in the atom from state 1 to state 2. Upon 

absorbing the photon, the atom gains momentum │k in the direction the photon was traveling 

prior to absorption. Here k is the angular wavenumber of the photon and is equal to βヾ divided by 
the photon’s wavelength, そ. The atom can then transition from state 2 to state 1 through the 
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process of spontaneous emission, emitting a photon of frequency の. Upon emission, the atom 
gains momentum in the opposite direction to the emitted photon. It is these small momentum 

kicks that result in Doppler cooling. A single momentum kick changes the velocity of an atom 

with mass M by the recoil velocity: 

    v追 噺 ħ賃暢          [17] 

 

   For an atom at the recoil velocity, the equivalent temperature, Tr, is given by 

 

     倦喋劇追 噺 朕鉄暢碇鉄         [18] 

 

where kB is the Boltzmann constant. This temperature is usually of the order of several たK[19] and 

is referred to as the recoil limit.  

Figure 1: Diagram of a Two Level Atom Experiencing an Impulse due to Scattering a Single 

Photon. (A) The atom is in the groundstate and absorbing a photon. (B) Upon absorption the 

atom has transitioned to the excited state and has gained the photon’s momentum. (C) The atom 
spontaneously decays back to the ground state, emitting a photon in a random direction and 

experiencing a momentum kick opposite of the emitted photon. (D) The atom has returned to the 

groundstate, but with a different momentum than before scattering. (E) After many scatterings, 

the random momentum kicks average to zero (aside from fluctuations) and the net change in 

momentum of the atom is the sum of the momentum kicks due to absorption (minus stimulate 

emission). 

 

3.2 Doppler Cooling 

 

 In some atoms and ions there are transitions from the ground state called “cycling 
transitions”. If a laser is tuned to the correct frequency, the atom will continually cycle between 
the two levels, absorbing and scattering photons. If such a laser is aligned to the z-axis and the 

beam is incident on an atom, the atom will experience a force in the +z-direction as it absorbs 

photons, and a force in random directions as it spontaneously emits photons. The average force 

due to the absorption and emission is called the scattering force[19]. Since the force from the 

emitted photons averages to zero (except for fluctuations) this force is 
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    擦鎚頂銚痛痛 噺 ħ暫 ゲ 迎鎚頂銚痛痛       [19] 

 

where k is the wave vector of the laser photons (|k| = k = βヾ/そ) and Rscatt is the scattering rate and 

is equal to the rate of absorption minus the rate of stimulated emission. This in turn is equal to the 

rate of spontaneous emission, け, times the probability of the atom being in the excited state, とee
[19]. 

 

    迎鎚頂銚痛痛 噺 紘貢勅勅 噺 廷態 ゲ 磐波鉄鉄 卑磐弟鉄袋磐波鉄鉄 卑袋岾婆鉄峇鉄卑     [20] 

 

where っ is the Rabi frequency[19] associated with the transition and h is the detuning of the laser’s 
frequency from the atom’s resonant frequency that induces the transition. The Rabi frequency is a 

parameter that enters into the time-dependent perturbation of a two-level atom due to an 

oscillating electric field. It is defined as[19] 

 

    硬 岩 泌な弁結司 ゲ 撮待弁に秘ħ         [21] 

 

where E0 is the amplitude of the oscillating electric field of the laser light, r is the electron’s 
position with respect to the atom’s center of mass. The Rabi frequency quantifies the strength of 
the laser-atom interaction and can be written in terms of the saturation intensity, Is, the laser’s 
intensity, I, and け[19]: 

 

    硬態 噺 岾廷鉄態 峇 ゲ 岾 彫彫濡峇        [22] 

 

which allows us to write the scattering force as: 

 

    擦鎚頂銚痛痛 噺 ħ暫廷態 ゲ 鎚轍怠袋鎚轍袋岾鉄罵婆 峇鉄       [23] 

 

replacing I/Is with s0. So we see that for zero detuning the maximum scattering force is │k ∙ (け/β) 
and that when I = Is the force is │k ∙ (け/4). 
 

Over many cycles of absorption and emission, the scattering force will create a net change in the 

momentum of the atom in the direction of the propagation of the laser light. If the laser is tuned to 

a frequency slightly below the center of the transition frequency (so-called red detuned), an atom 

travelling opposite to the direction of the laser will see the laser shifted closer to resonance 

(smaller h2), thus increasing the scattering rate and the force opposing the motion; conversely, an 

atom travelling away from the laser beam will see a reduced scattering rate and force. Hence, if 

(unconstrained) atoms are subject to two laser beams, directed anti-parallel, the resultant 

scattering force on the atoms will always be opposite the atoms’ motion, and so the atoms’ 
motion will be damped. This is the principle of so-called “optical molasses” used in laser cooling 
of neutral atoms. Since the atom is always moving towards one laser and away from the other, the 

total scattering force is the sum of the two individual scattering forces: 
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    繋潮暢 噺� ħ賃廷態 鎚轍怠袋鎚轍袋磐鉄盤罵貼弁狽呑弁匪婆 卑鉄 伐�ħ賃廷態 鎚轍怠袋鎚轍袋磐鉄盤罵甜弁狽呑弁匪婆 卑鉄    [24] 

 

where のD is the Doppler shift to the laser frequency the atom sees due to the atom’s velocity and 
is equal to kv. For |のD| 企 |h| this force is approximately 

 

    繋潮暢 蛤 腿ħ賃鉄廷 ゲ 弟鎚轍磐怠袋鎚轍袋岾鉄罵婆 峇鉄卑鉄 ゲ v 噺 伐紅v      [25] 

 

where く is a positive constant when the laser frequency is red-detuned (h < 0). This force damps 

the motion of the atom and gives a cooling power FOM ∙ v. 

 

However, in an ion trap, a trapped ion oscillating parallel along the z-axis, with a laser beam 

propagating along the z-axis will move towards the laser source for half of the oscillation period 

and will move away from the source for the other half of the period. The force from a single red-

detuned laser beam will be largest when the ion is moving anti-parallel to the propagation of the 

laser beam, and results in a force opposing its motion. Whereas an ion moving parallel to the 

propagation of the laser beam will see the laser further red-detuned and will result in a smaller 

force acting on the ion in the direction of the ion’s motion. The average force from the laser is 

balanced by the force from the trapping potential due to a small displacement of the ion from its 

equilibrium position. Hence the velocity dependent part of the force is given by FIT = FOM / 2 and 

the axial motion of an ion in a Penning Trap can be cooled using a single laser beam. 

 

3.3 Doppler Cooling Limit 

 

 One might expect the lowest temperature the Doppler cooling method could achieve would 

be the recoil limit. However, as the velocity of the atom approaches zero, so does the cooling 

force, but the heating due to scattering does not. Due to the discrete size of the momentum jumps 

the atom undergoes with each absorption/emission the atom’s kinetic energy changes on average 
by at least the recoil energy (Er = ½kBTr = │のr where のr is called the recoil frequency)[20]. This 

means that on average the atom absorbs a photon that has a frequency のabs = の + のr and emits a 

photon of frequency のemit = の – のr
[20]. The average energy gain due to scattering of a photon is 

therefore 〉Escatt = │(のabs – のemit) =  β│のr. 

In the cooling of atoms with two counter propagating lasers the scattering rate is doubled (2Rscatt). 

Hence, the scattering leads to a heating rate of Pheat = 4│のrRscatt. Adding Pheat to the cooling power 

of the laser (FOM ∙ v) and setting this equal to zero will allow us to solve for the steady state 

kinetic energy. We find that the temperature of the ion is given by 

 

     倦喋劇帖 噺 伐 ħ廷鉄腿 ゲ 怠袋鎚轍袋岾鉄罵婆 峇鉄弟        [26] 
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The right hand side is a positive value as h has a negative value. Since we want the lowest 
temperature we can get, we want s0 企 1, or equivocally I 企 Is. By ignoring the s0 in eqn. [26], we 

find that the minimum value is obtained when h = – け/β. Substituting that into the equation we get 

a simple result for the expected lower limit of Doppler cooling: 

 

     倦喋劇帖 噺 ħ廷態          [27] 

 

The corresponding velocity is given by: 

 

     v帖 噺 謬ħ廷態暢         [28] 

 

Typical values for the Doppler temperature are of the order of mK or lower, with velocities of 

order of tens of cm ∙ s-1 [19]. As mentioned above, in the case of a trapped ion, the velocity 

dependent part of the force is half that of the one dimensional optical molasses. The heating rate 

is also halved; hence the Doppler limit is unchanged for an ion trap. 

 

3.4 Cooling Time 

 

 For an ion at 4.2K one has to use eqn. [24] and integrate without using the approximation 

|のD| 企 |h| to solve for the time it would take to cool the ion to the Doppler limit. However, for an 

ion of mass M, the scattering force given by eqn. [23] gives us a maximum acceleration, amax = 

│kけ / βM. Using this acceleration, the absolute minimum time to cool the axial motion is given by 

     酵陳沈津 噺 謬賃遁脹年 暢斑銚尿尼猫 噺 態紐賃遁脹年暢ħ賃廷       [29] 

 

For Tz = 4.2K, M = 9u, k = βヾ ∙ γ.β ∙ 106 m-1, and け = βヾ ∙ 18 εHz (values for 9Be+), kmin ≈ 8 たs. 
This is an underestimate in practice. 

 

3.5 Feasibly Coolable Ions 

 

 One of the main limitations of laser cooling is finding an atom or ion that has a suitable 

transition with an energy that can be matched by modern lasers. The transition must be from the 

ground state or a metastable level, and must be a so called ‘cycling transition’. In many cases, the 
transition energies of atoms and ions are too high and the atoms are not feasibly laser coolable. 

While a number of neutral atoms are feasibly laser coolable (namely Groups 1, 2, and 18 of the 

Periodic Table), there are fewer ions because of higher transition energies. These ions are the 

singly ionized Alkaline Earth metals (Be+, Mg+, Ca+, Sr+, and Ba+) and Zn+ [21], Cd+ [22], Hg+ [23], 

Tl+ [24], In+ [24], and Yb+ [25], many of which require multiple lasers for efficient laser cooling. Of 

these, Be+ and Mg+ require a single laser and will be the focus of this thesis. 
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3.6 Issue of Magnetron Cooling 

 

 In a normal harmonic potential, the potential and kinetic energy both increase with the 

amplitude of the motion, so removing energy reduces the kinetic energy. For the magnetron 

motion, the potential energy increases as the ion becomes more centered, i.e. as the kinetic energy 

is reduced. Pushing on the ion against the direction of the motion increases the magnetron 

radius[13], hence we need to push in the direction of the motion. To do this, the laser beam must be 

tightly focused and directed at one side of the trap center[18].  

 

4. Zeeman Effect 

 

 The Zeeman Effect occurs when an atom is subjected to an external magnetic field. The FSU 

Penning Trap has a rather high magnetic field, by laboratory standards, of 8.5 Tesla. However, to 

be considered a high magnetic field in the context of the Zeeman Effect for decoupling the orbital 

angular momentum L from the electron spin S, the magnetic field B must satisfy the condition た-

BB 伎 こ(L, S) [26]. Here たB is the Bohr εagneton and こ(L, S) is the LS coupling parameter. The fine 

structure splitting of levels of different J for a given L, S due to spin-orbit interaction is given by 

    弘継 噺 � 怠態�こ岫詣┸ 鯨岻 ゲ 岫蛍岫蛍 髪 な岻 伐 詣岫詣 髪 な岻 伐 鯨岫鯨 髪 な岻岻    [30] 

 

and given experimental results of the energy levels of the different J states of the ions of interest 

(namely 9Be+ [27] and 24Mg+ [28]), the value of こ for each ion can be found. For 9Be+ こ/たB is 9.39 T 

and for 24Mg+ こ/たB is 130.76 T.  So, 8.5 T is certainly a weak field for 24Mg+, but it is an 

intermediate field for 9Be+. As such, I will focus the following on discussion of laser cooling on 
24Mg+ as opposed to 9Be+, but in Table 1 I will include 9Be+ as if 8.5 T satisfies the weak field 

condition.  

 

The Hamiltonian due to an external magnetic field is given by [26] 

 

     茎暢 噺 伐侍 ゲ 刷        [31] 

 

where た is the total magnetic moment of the electrons and the direction of B defines the z-axis. 

For singly ionized alkaline earth metal atoms, the Hamiltonian can be rewritten as[26] 

 

     茎暢 噺 航喋稽岫鯖┏子 髪 訣鎚Ŝ子岻       [32] 

 

where gs is the electron spin g-factor and is approximately 2.0023[29]. According to the vector 

model L and S are precessing rapidly about J with a rate of precession proportional to こ(L,S), and 

J is precessing more slowly about the z-axis with a rate of precession proportional to たBB. To 

evaluate the matrix elements of Lz and Sz we hence take the projections of L and S onto J and 

then project onto the z-axis[26]. This gives us, 
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     鯖子 噺 鯖�ゲ�雑徴岫徴袋怠岻 雑子        [33] 

and 

     傘子 噺 傘ゲ雑徴岫徴袋怠岻 雑子        [34] 

 

Given that J = L + S, we can solve for L∙J and S∙J. 

 

     鯖 ゲ 雑 噺 � 怠態 盤蛍岫蛍 髪 な岻 髪 詣岫詣 髪 な岻 伐 鯨岫鯨 髪 な岻匪    [35] 

and 

     傘 ゲ 雑 噺 � 怠態 盤蛍岫蛍 髪 な岻 伐 詣岫詣 髪 な岻 髪 鯨岫鯨 髪 な岻匪    [36] 

   

The energy shifts due to the magnetic field are hence, 

 弘継 噺 � 盤徴岫徴袋怠岻袋挑岫挑袋怠岻貸聴岫聴袋怠岻匪袋�直濡盤徴岫徴袋怠岻貸挑岫挑袋怠岻袋聴岫聴袋怠岻匪態徴岫徴袋怠岻 ゲ �航喋稽警珍  [37] 

 

The dependency of the energy shift on Mj lifts the degeneracy of the angular momentum states. 

This energy shifts can be seen in Figure 1. 

 
 

Figure 2: Sketch depicting the Zeeman shift in relevant states of 9Be+/ 24Mg+  

 

4.1 Cycling Transition 

 

 A laser with j+ circularly polarized light will induce a transition with 〉Mj = +1. So, a laser 

of j+ polarized light tuned to the frequency of the transition between the S1/2 (Mj = 1/2) and P3/2 

(Mj = 3/2) states will cause an atom in the S1/2 (Mj = 1/2) state to transition solely to the P3/2 (Mj = 

3/2) state. Once in the P3/2 (Mj = 3/2) state, the atom has only one dipole allowed transition to a 
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lower energy state, and that is back to the S1/2 (Mj = 1/2) state. The closed transition cycle that 

occurs is: 

1) The atom starts in the S1/2 (Mj = 1/2) state 

2) The atom absorbs a photon from the laser and transitions to the P3/2 (Mj = 3/2) state 

3) The atom spontaneously emits a photon and transitions to the S1/2 (Mj = 1/2) state 

 

Hence laser cooling with a cycling transition in a multilevel atom is equivalent to the idealized 

two level atom discussed above. 

 

 
Figure 3: Depiction of Cycling Transition in 9Be+/24Mg+ 

 

4.2 Issue with Heavier Alkaline Earth Metal Ions 

 

 We focus on 9Be+ and 24Mg+ because these ions do not have dipole allowed transitions to 

from the P3/2 (Mj = 3/2) state to any state other than S1/2 (Mj = 1/2), but in the case of heavier 

alkaline earth metal ions, the P3/2 (Mj = 3/2) state can decay to D5/2 and D3/2 states. This can halt 

the cooling process by interrupting the cycling transition when the P3/2 state does not decay to the 

S1/2 state. To allow the cooling to continue, the ion in the D5/2 or D3/2 state will need to be pumped 

back to the P3/2 state, which would require additional lasers. Specifically, five additional lasers, 

called “repump lasers”, would be required to account for the necessary frequencies and 

polarizations to produce the different possible transitions. 
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Figure 4: Depiction of the Allowed Dipole Transitions  

from the P3/2 (Mj =  3/2) State in Ca+/Sr+/Ba+ 

 

 

      4.3  Values for 9Be+ and 24Mg+ 

 

Table 1: Nuclear Spin, Upper State Lifetime, Natural Linewidth, and Energy of the Cycling Transition of 
9Be+ and 24Mg+ in an 8.5 T Magnetic Field. I is the spin of the ion’s nucleus. そ is the wavelength of a 

photon with energy │の, the energy difference of the two states the ion is transitioning between. k is the 
mean lifetime of the excited state, i.e. it is the mean time it takes for the excited state to decay to a lower 

state. け/2ヾ is the natural linewidth (FWHM) of the excited state. け (= 1/k) is the rate of spontaneous 

emission of the excited state. 

 

 

Ion I Transition Energy of 

Transition 

(cm-1) 

そ 

(nm) 

Zeeman  

Shift 

(GHz) 

k  
(ns) 

け/2ヾ  
(MHz) 

9Be+ 3/2 2S1/2 - 2P3/2 31935.32[27] 313.13 118.96 8.85[30] 18.0 
24Mg+    0 3S1/2 - 3P3/2 35760.88[28] 279.64 118.96 3.67[31] 43.4 

 

 

 

Table 2: Parameters for Laser Cooling of 9Be+ and 24Mg+. jge is the effective cross-section of the ion for 

absorbing a photon with a frequency on resonance with the transition. It is equal to 3そ2/2ヾ and is 
typically of order 10-15 m2, much larger than the actual cross-section of the ion, which is of the order of 

the Bohr radius squared (10-21 m2). Is is the saturation intensity and is defined so that 

     
彫濡蹄虹賑ħ摘 噺 廷態         [38] 
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which is the maximum rate the atom can scatter photons. amax (=  vr/2k) is the maximum acceleration due 
to the scattering force. のr/2ヾ (= │k2/2M ) is the recoil frequency, i.e. the recoil energy of the atom divided 

by │. i is the ratio of the recoil frequency to the natural linewidth (のr / け). It is useful in describing the 
relation between the three primary temperature scales of laser cooling (Tr = 4iTD = 4i2Tc), see Table 3. 

 

 

Ion jge 

(10-15 m2) 

Is 

(mW/cm2) 

amax  

(106 m/s2) 

のr/2ヾ 
(MHz) 

i 

(10-3) 
9Be+ 46.81 76.6 7.99 1.419 12.6 
24Mg+ 37.33 259.3 8.11 0.669 2.5 

 

 

 

Table 3: Velocity and Temperature Scales for Laser Cooling of 9Be+ and 24Mg+. vc and Tc are the velocity 

and corresponding temperature of the capture limit, which is the upper boundary for the ion to absorb the 

laser light. They are given by vc = け/k and kBTc = Mけ2/k2. vD and TD are the root mean square velocity and 

corresponding temperature of an ion that has been cooled to the Doppler Limit. They are given by vD =  

sqrt(│け/2M) and kBTD = │け/2. vr and Tr are the recoil velocity and the temperature at the recoil limit. 

These are given by vr = │k/M and kBTr = │2k2/M. 

 

 

Ion vc  

(m/s) 

Tc 

(mK) 

vD 

(cm/s) 

TD 

(たK) 
vr 

(cm/s) 

Tr 

(たK) 
9Be+ 5.631 34.364 63.097 431.539 14.142 21.677 
24Mg+ 12.125 424.132 60.061 1040.631 5.950 10.213 

 

 

 

5. Sympathetic Cooling 

 

 As discussed above, very few ions can be feasibly laser cooled with modern lasers. However, 

if the desired ion is not suitable for laser cooling it can be coupled via the Coulomb interaction to 

an ion that is suitable. The desired ion can then be cooled through the coupling. This is called 

sympathetic cooling and it has been successfully demonstrated for a number of ions in the same 

potential well[32][33]. 

 

 

5.1 Common End-Cap 

 

 It is often the case, however, that having multiple ions in the same trap is undesirable. For 

that end, the common end-cap technique is being developed by Bohman et al[34]. In this technique, 

the two ion species can be prepared in separate, but adjacent, Penning Traps that share a common 

end-cap. The common end-cap would allow for the axial motion of the two species to be  coupled 
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as the ions will interact via image currents induced in the common end-cap. For our purposes we 

want to only trap a single ion at a time of the species that we are taking measurements  on, but 

for the laser coolable species we have no such stipulation regarding number of ions. Rather, more 

ions would result in a faster rate of sympathetic cooling and would be better for our purposes. 

This can be shown when considering the equivalent RLC circuit of the ions in a Penning Trap. 

The  resistance, Ri, inductance, Li, and capacitance, Ci, of the ith ion species are given by[34]: 

 

     詣沈 噺 陳日鳥日鉄朝日槌日鉄          [39] 

 

     迎沈 噺 紘詣沈         [40] 

    

     系沈 噺 怠摘年鉄挑日         [41] 

 

where mi and qi are the mass and charge of the ith ion, Ni is the number of ions, di is a trap 

parameter depending on the trap geometry, のz is the frequency of the axial oscillation, and け is the 
1/e damping constant of the equivalent circuit. The common end-cap coupling is represented by 

adding an additional capacitance, CT, in parallel to the equivalent circuits of the two traps. 

 

 

 
Figure 5: Diagram of the Equivalent Circuit of the Two Traps with a Common End-cap 

 

When the axial frequencies of the two ion species are brought into resonance by adjusting the 

separate trap potentials the exchange time between the ion species is given by[34] 

 

      酵勅掴 噺 講降佃紐詣怠詣態系脹 噺 �訂摘年鳥迭鳥鉄寵畷紐朝迭朝鉄 ヂ陳迭陳鉄】槌迭槌鉄】     [42] 
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Again, for our purposes N1 is necessarily 1 and q2 is necessarily e+ due to the limited set of ions 

that are laser coolable, all being singly ionized. For a double trap based on an extension of the 

current FSU Penning trap d1 = d2 = 5.5 mm, CT = 50 pF, のz = βヾ ∙ 688 kHz, with 103 9Be+ ions 

cooling a single mass-γ ion, kex = 218 s, which is inconveniently long. 

 

5.2 Ion Heating 

 

 For each of the ion species, there are two primary sources of heating: noise to the biasing of 

the common end-cap and the off-resonant interactions with the detection system of the two traps. 

The interaction timescale of heating due to a resistor with Johnson noise Pnoise = kBT〉ち (in 

bandwidth 〉ち), can be shown to be[34] 

     酵津墜沈鎚勅 噺 朕賃遁脹眺謬挑日寵日 噺� 朕摘年挑日賃遁脹眺        [43] 

 

where R is the resistance of the common end-cap biasing network. Bohman et al. chose to 

improve this by connecting the bias supply to the common end-cap through a high resistance, 

with a capacitor from the bias supply to ground, to form a low-pass filter. More important is the 

heating caused by the detector circuit used for measuring axial frequencies of the two ion species. 

This detector circuit can also be considered an RLC circuit in parallel to the trap and interacts 

with (damps) the ion with a damping time[34]  

 

     酵帖 噺 怠廷呑 噺 陳日鳥日鉄眺賑肉肉槌日鉄朝日        [44] 

 

where けD is the damping of the equivalent circuit and Reff = Re(Z), where Z is the impedance of 

the circuit. When the ion has no detuning from resonance, this timescale can be much shorter than 

the timescale of the coupling of the two ion species and may require that the ions are taken off 

resonance with the detector circuit while cooling.  

 

For effective sympathetic cooling, 1/kex must be greater than the rate of heating due to the 

detector circuit and common end-cap bias. Bohman et al. claim that mK temperatures are 

achievable through the common end-cap scheme[34]. 

 

5.3 Two Ions in Adjacent Traps 

 

 In contrast to the common end-cap technique, two separate ion species can be coupled by the 

Coulomb interaction without the intermediary circuit. Given two adjacent traps, concentric with 

the z-axis, with a distance dc separating the centers of the two traps, the ions in the separate traps 

will act as coupled harmonic oscillators, given that dc is much larger than the amplitudes of the 

ions’ motion. τf course, the distance between the two traps cannot be too large for there to be a 
reasonable cooling timescale. 
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5.4 Coupled Harmonic Oscillators 

 

 If we choose the sympathetically cooled ion to be at a position z1 and the laser cooled ion to 

be at a position z2 relative to the centers of their respective traps, we can show that z1 and z2 

satisfy two coupled equations: 

     権岑怠 噺 伐降怠態権怠 伐 怠陳迭 繋寵墜通鎮墜陳長      [45] 

 

     権岑態 噺 伐降態態権態 髪 怠陳鉄 繋寵墜通鎮墜陳長      [46] 

 

where の1 and の2 are the axial frequencies of the two ion species, m1 and m2 are the masses of the 

two ion species, and FCoulomb is the Coulomb interaction of the two ions and can be approximated 

using a Taylor expansion: 

 

     繋寵墜通鎮墜陳長 噺 槌迭槌鉄替訂悌轍 ゲ 怠岫佃鉄貸佃迭袋鳥迩岻鉄 蛤 辻鳥迩鉄 岾な 伐 に 佃鉄貸佃迭鳥迩 峇   [47] 

 with 

     康 噺 槌迭槌鉄替訂悌轍         [48] 

 

If we choose の1 = の2 = のz (i.e. choose the trap potentials so that the two ion species have the 

same axial frequency) the general solutions to these coupled equations using the approximation 

are: 

     権怠 噺 潔怠結沈碇迭痛 髪 潔態結沈碇鉄痛       [49] 

  

  権態 噺 伐潔怠 岾陳迭陳鉄峇 結沈碇迭痛 髪 潔態結沈碇鉄痛      [50] 

 

     膏怠態 噺 降佃態 髪 態辻鳥迩典 岾陳迭袋陳鉄陳迭陳鉄 峇       [51] 

 

     膏態態 噺 降佃態         [52] 

 

The solutions for z1 and z2 are the sum of two sinusoids with a beat frequency のb = |そ1 – そ2|. The 

time it takes to complete half of a beat cycle is the exchange time between the ions and is 

approximately given by 

     酵勅掴 噺� 訂摘弐 噺 訂摘年鳥迩典辻 岾 陳迭陳鉄陳迭袋陳鉄峇      [53] 

 

The dependency on dc
3 makes it necessary to have small traps within several millimeters in order 

to achieve an exchange time of under a minute. This can be better seen by rewriting eqn. [53] as 

 

    酵勅掴 噺 �ひぱ�嫌 ゲ 岾 摘年態訂ゲ滞腿腿待待待張佃峇�岾 鳥迩怠待陳陳峇戴 岾 勅鉄槌迭槌鉄峇 岾禎�通峇    [54] 

 

with た being the reduced mass of the ions. 
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5.5 Open End-cap Cylindrical Penning Traps 

 

 The current FSU Penning trap has a tiny hole in the center of each of the end-caps, 

(primarily used to allow neutral atoms/molecules into the trap to be ionized and trapped). This 

does not allow much laser light into the trap and would make laser cooling difficult at present. To 

overcome this, a new trap will need to be designed that allows in laser light. This new trap will 

also need to allow for two different ion species to be trapped in adjacent potential wells that are 

close enough together, so that they couple with a reasonable exchange time. Open end-cap 

cylindrical Penning traps[35] can accomplish both as they replace the end-caps of a typical 

cylindrical Penning trap with ring electrodes that would allow a laser beam into the trap and many 

ring electrodes can produce adjacent potential wells. Calculations of the required voltages of the 

ring electrodes have been made and are being made for different traps with 9Be+ as the laser 

coolable ion. 

 

 
Figure 6: Illustration of an open end-cap cylindrical Penning trap for a single potential well 

 

 

6. Conclusion 

 

 Reducing the ion temperature in a Penning Trap is necessary to reduce relativistic and other 

systematic shifts of the cyclotron frequency. Trapped 9Be+ and 24Mg+ ions have cycling 

transitions (S1/2 – P3/2) with wavelengths that can be produced at reasonable intensity by modern 

lasers. The FSU Penning trap’s 8.5 T magnetic field shifts the transition frequencies by nearly 
120 GHz. These ions can be laser cooled to ~ 1 mK (their Doppler limits), much lower than our 

currently achievable ion temperatures (of order 100 K). Other ions are not as practical to laser 

cool, but can be sympathetically cooled using 9Be+ and 24Mg+ and either the common end-cap 

technique or direct Coulomb interaction. In order to implement either of these techniques, a new 

Penning trap will need to be specially designed. Calculations of potentials produced by different 

configurations of ring electrodes have been started in order to explore the implementation of an 

open end-cap cylindrical Penning trap. 
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