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ABSTRACT 
 
 

Karst aquifers are vulnerable to contamination, as conduits and fractures in the aquifers are 

preferential flow paths where contaminants move fast. On the other hand, the presence of conduits 

and fractures make groundwater modeling for karst aquifer a challenge. This dissertation addresses 

several important issues related to groundwater contamination, numerical modeling, and 

equipment development with potential applications in karst.  

In Chapter 2, I discuss groundwater contamination in the karst aquifer of Yucatan, which 

is the only source of drinking water for the population of Yucatan but groundwater in the top of 

the aquifer has been polluted and cannot be used for human consumption. I developed a new 

statistical method to analyze temporal and spatial variation of groundwater quality in the aquifer. 

By using this method, I identified the factors that cause temporal and spatial changes in the 

groundwater quality as well as the zones of influence. The spatial changes are caused by the 

following factors: interaction between groundwater and matrix rock, distribution of precipitation, 

seawater intrusion, mixture of water rich in sulfates, and human pollution in two zones within the 

study area. The temporal variation is caused by changes in the amount and distribution of 

precipitation. The new method proves to be important for deriving information about the temporal 

and spatial processes affecting groundwater quality. 

Chapter 3 is focused on validating the MODFLOW CFP M1 model developed by the U.S. 

Geological Survey for simulating groundwater flow in karst aquifers. The model validation process 

is important to build confidence for using the model. I was interested in quantifying to what extent 

the model can accurately simulate groundwater flow in karst conduit and surrounding porous 

media, in other words, if the equation used to simulate the flow exchange between karst conduits 

and surrounding porous media was suitable for this experiment. The model validation was done 

using results of lab experiments. A sandbox lab device was developed to understand three-

dimensional (3-D) groundwater flow in a confined karst aquifer with a conduit in the middle of 

the aquifer. Thirteen lab experiments were performed. Hydraulic heads and flow rates of the 

conduit and surrounding sand were measured. I used three experimental results to calibrate the 

roughness of the conduit, hydraulic conductivity of the sand surrounding the conduit, and a 

coefficient used by MODFLOW CFP M1 for simulating the flow exchange. Using the calibrated 

model, I evaluated the estimated errors (the difference between model simulations and the 
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corresponding data) along with the 95% confidence intervals for the true error. The errors were 

calculated for flow rates at the inflow and outflow of the sandbox and the heads in the porous 

media. The confidence intervals consider measurement error, model calibration error, parameter 

uncertainty, and propagation of the measurement error in the boundary conditions. The results of 

model calibration and validation showed that the magnitude of the error was highly correlated with 

the magnitude of measured flow exchange, indicating that MODFLOW CFP M1 cannot 

adequately capture the physics of the flow exchange. Therefore, MODFLOW CFP M1 is valid 

when the flow exchange is small but invalid otherwise for this sandbox experiment. 

In Chapter 4, I developed a seepage meter to measure groundwater seepage from 

groundwater to surface waterbodies such as a lake. I was interested in verifying the accuracy of an 

analytic solution, which estimates the seepage through the bottom of a lake, using measurements 

from a sandbox experiment. However, existing methods were not useful in this case because of 

the small scale. Therefore, I proposed a new seepage meter useful for this case. The proposed 

seepage meter can be used to estimate the hydraulic conductivity as well. Therefore, I tested: (1) 

the accuracy of the seepage meter using a Darcy column, and (2) the accuracy of the analytic 

solution using a MODFLOW model and seepage measurements from a sandbox. This sandbox 

represents an unconfined aquifer with groundwater discharge into a lake. The new seepage meter 

consists of a cylinder inserted into the lake bed. The groundwater seepage is directed first to the 

cylinder and then to an external reservoir where seepage measurements are made. The laboratory 

results show that the seepage meter can be used to measure seepage for the laboratory experiment. 

However, more tests are needed to further evaluate the accuracy of the seepage meter. The 

numerical results show that the analytic solution is a good approximation for seepage estimation.  

Chapter 5 discusses the conclusions of my dissertation research and the research in future 

studies. 
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CHAPTER 1 

INTRODUCTION 
 

Karst is a geological term used to describe a type of landscapes commonly developed in 

soluble rocks such as limestone and gypsum. Sinkholes, caves and springs are characteristic 

features of karst landscapes (USGS 2016; White 1988; Ford and Williams 2007). Karst aquifers 

conduits and fractures, product of rock dissolution, are preferential flow paths for groundwater 

(Hartmann et al. 2014; White 2002). It has been estimated that about one quarter of the world 

population depends on groundwater from karst aquifers (Ford and Williams 2007). In the United 

States, about 40% of drinking water is obtained from karst aquifers (USGS 2016). While karst 

aquifers are important groundwater water resources, they are highly vulnerable to contamination 

(USGS 2016). The vulnerability of karst aquifers is due to short residence time of contaminants in 

conduits where permeability is high. For example, in karst aquifers water infiltrates directly into 

the conduits, which reduces the natural attenuation of contaminants (Backalowicz 2005; 

Shoemaker et al 2008; Doerfliger et al. 1999; White 2002). Accurate karst flow models are needed 

to design protection schemes for the valuable groundwater resource in karst aquifers (White 2007). 

The protection of groundwater resources is imperative in karst areas, where karst aquifers 

are the only source of drinking water but vulnerable to contamination. For example, the karst 

aquifer of Yucatan, Mexico, is highly heterogeneous and vulnerable to pollution. As a 

consequence, the first 15 to 20 meters of this aquifer cannot be used for human consumption, due 

to groundwater contamination. This is problematic because the Yucatan aquifer is the only source 

for fresh water for the entire population of Yucatan (INEGI 2002; Escolero et al. 2000). Chapter 

2 of this dissertation presents a new method for analyzing spatial and temporal characteristics of 

groundwater quality. Cluster analysis is a multivariate statistical technique used to classify a 

dataset into groups so that the data within each group are similar but different from data of other 

groups (Everitt and Hothorn 2011; Davis 2002). While cluster analysis is a common technique for 

the study of spatial variation, for temporal analysis, a common practice is to first apply cluster 

analysis sequentially to data of each sampling period, then examine the clusters of each sampling 

period in order to understand water quality temporal processes. However, understanding the spatial 

relation between the clusters and the temporal variation of the variables affecting water quality 
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may not be straightforward, which renders the sequential cluster analysis inefficient to reveal 

temporal variation of groundwater quality. In this study I propose to use cluster analysis for the 

lumped data set. The plots of spatial distribution of clusters show the temporal variation of the 

clusters, and with the help of boxplots of major components the spatial and temporal variables 

affecting groundwater can be derived. This new method proves to be important for deriving 

information about the temporal and spatial processes affecting groundwater quality.  

Modeling flow in karst systems can be performed using different approaches, and the 

success of a particular approach depends on the properties of the aquifer studied. Coupled discrete 

continuum models, also known as hybrid models (Kuniansky 2014), incorporate karst conduits as 

discrete pipes and couple the classical flow equations with equations of pipe flow (Shoemaker et 

al 2008; Faulkner et al. 2009; Wang 2010). The coupling is given either by using boundary 

conditions between karst conduits and surrounding porous media or by means of exchange terms 

between the karst conduits and surrounding porous media. MODFLOW CFP M1 (CFP M1 

hereinafter) is a hybrid model, developed first for the study of cave genesis and later incorporated 

to MODFLOW 2005 for the simulation of flow in karst aquifers (Shoemaker et al 2008; Clemens 

et al. 1996). The application of CFP M1 to real problems usually requires several assumptions 

because some parameters cannot be accurately measured (Hill et al. 2010; Saller et al. 2013; 

Gallegos et al. 2013). And the application of this model at laboratory scale was limited to a single 

experiment (Gallegos et al. 2013) or the exchange was omitted (Karay and Hanal 2015). However, 

no one has properly addressed the issue of model validation for CFP M1 as defined in the Guide 

for the Verification and Validation of Computational Fluid Dynamics Simulations. In this guide 

validation is defined as: “The process of determining the degree to which a model is an accurate 

representation of the real world from the perspective of the intended uses of the model” (IAAA 

1998). Where the accuracy is determined by comparison with experimental measured data (IAAA 

1998; Oberkampf and Roy 2010). Therefore, in Chapter 3 I perform model validation for a 

laboratory set up. The experiment consist in a 3D sandbox that simulate a confined karst aquifer 

with a conduit located in the center designed with the purpose of testing CFP M1 under controlled 

conditions, where most of the parameters can be measured accurately. Sandbox models are 

representations of aquifers at small scale used to collect data for better understanding of aquifer 

processes (Bear 1972; Simpson 2003). This work is not an end product, and the whole purpose of 

this chapter is to build confidence in the use of hybrid models for modeling karst flow. 
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In Chapter 4 I develop and test a device for the measurement of seepage in lakes. The 

understanding of surface water and groundwater interactions is important for management when 

water budgets are required. Several methods exists to measure water fluxes in the seepage 

boundary. Moore et al. (2016) developed an analytical solution to estimate the discharge through 

the lake bottom. I was interested in testing this formula using sandbox measurements. However, 

the measurements turned out to be more complicated than expected and an accurate method for 

measurement of seepage was required. Most of the existing studies about seepage measurements 

in lakes are at field scale. The most common method currently used to measure seepage is the 

seepage meter which consists of a bag filled with water attached to a half of a tank (Lee 1977). 

This tank is inserted into the bottom of the lake and after some time the volume of the water is 

measured and related to the discharge from the aquifer. Previous works measuring seepage at the 

lab scale used dye or the classic seepage meters (Simpson et al. 2003; Rosenberry and Menheer 

2006). Simpson et al. (2003) used a classical sandbox to estimate velocities near a seepage face 

boundary for a range of hydraulic gradients near a pumping well. The author injected dye at 

different depths and tracked the movement of the dye in the porous media to estimate the velocities. 

Rosenberry and Menheer (2006) gave the detailed information about how to build a sandbox to 

calibrate and test classical seepage meters. Although the work is at a lab scale, the scale is much 

larger than the scale that I was interested in. Preliminary measurements using seepage meters 

showed that measurements were not accurate mostly because of the error induced by handling and 

installing the seepage meter, and the use of dye was affected by the dispersion caused by the sand. 

Therefore, I propose another method to measure the discharge which consist of a cylinder inserted 

into the lake bed. An external reservoir connected to the cylinder keeps the water head in the 

cylinder at the same level as the water head in the lake. The seepage is estimated from the outflow 

of this external reservoir. There are two objectives for Chapter 4, first is the development and 

testing of the seepage meter and the second one is to evaluate the accuracy of Moore et al. (2016) 

analytic solution. 

1.1 Karst Flow Model Validation 

Modeling groundwater flow in karst aquifers is complicated because the classic theories of 

groundwater flow may not be applicable in karst aquifers. The type of flow in a karst aquifer varies 

depending on the characteristics of the aquifer. The flow range from diffuse flow, where the flow 
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is laminar and obey the Darcy law, to conduit-dominated flow, where the flow can be turbulent 

(Jeanin 2001; Ford and Williams 2007). Goldscheider et al. (2007) present an example where the 

classic theory of flow do not apply due to the presence of conduits. In May 2000, about half of the 

population of Walkerton, Canada, became ill and several died as a result of bacterial contamination 

of water supply wells. The aquifer was found to be karstic and tracer tests indicated that the 

pollution could had originated far from the supply wells and moved faster through conduits. The 

estimated velocities were up to 80 times faster than the calculated velocities using MODFLOW 

with an equivalent porous media approach (Worthington et al. 2002).  

The most used groundwater flow models for karst aquifers can be divided into three categories 

depending on the conceptualization used for conduits and fractures. Conduits and fractures are 

commonly conceptualized as either equivalent continuums (the average properties of the conduits 

are simulated using an equivalent continuum) or discrete pipes (in which the conduits are simulated 

using a discrete network of pipes). The combination of the two conceptualizations with the porous 

media leads to the following three categories: 

1.  Continuum models. The porous media are simulated as a continuous medium, and the 

conduits are considered as part of the porous media or as a separate continuum. 

2. Discrete models. The porous media are not considered, and the conduits are simulated as 

one or more discrete pipe networks. 

3. Combined discrete-continuum models. The porous media are simulated as equivalent 

continuous media, and the conduits are simulated using discrete pipes. These type of 

models are also known as hybrid models (Kuniansky 2014). 

Continuum models. The continuum models assume that the karst aquifer can be simulated 

by one or more equivalent continuous media where the flow can be turbulent or laminar. In the 

case where more than one porous media is considered, the two continua are linked by means of an 

exchange term. The simplest type of equivalent continuum model is the single continuum model 

where the aquifer heterogeneities are averaged (Hartmann et al. 2014). The flow in the porous 

media is modeled using the Darcy law (Bear 1972; Hartmann et al. 2014). This kind of model can 

be used for predictions and estimations when the scale of investigation is regional (Hartmann et 

al. 2014; Davis 1996; Scanlon et al. 2003). A shortcoming of the single continuum approach is 

that the rapid flow in the conduits is not considered (Backalowicz 2005; Hartmann et al. 2014). A 

possible solution is to include the conduits as high conductivity cells (Davis 2010; Gallegos et al. 
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2013) or to consider the conduits as other continua interacting with the equivalent porous media. 

When two continuum media are considered, one is used to represent the porous matrix and the 

other to represent the conduits. The porous media will be represented by a small hydraulic 

conductivity and large porosity and the conduits by a small porosity and large hydraulic 

conductivity (Shoemaker et al 2008). These kind of models are known as double continuum 

models or double porosity models. The coupling of the both systems is given by a linear exchange 

coefficient (Barenblatt et al 1960; Kovacs and Sauter 2007). Sauter (1992) and Kordilla et al. 

(2012) obtained a good agreement between simulated and measured spring discharge using the 

double continuum model. This approach can simulate the dual behavior of karst, and it is useful 

when there is no detailed description of the geometry of the conduit system (Sauter 1992; Kovacs 

and Sauter 2007). However the quality of modeling results depend on the location and density of 

the data used for calibration (Kovacs and Sauter 2007). Another variation of the single continuum 

model is the introduction of a nonlinear hydraulic conductivity. The idea is to introduce a critical 

hydraulic head which will indicate whether the flow in the matrix is laminar or turbulent. When 

the flow is turbulent, a nonlinear hydraulic conductivity is used to simulate the flow. This idea has 

been implemented in MODFLOW CFP M2 (Shoemaker et al. 2008; Kuniansky et al. 2008).  

Discrete models. The discrete models consider that the porous media have a very low 

hydraulic conductivity, therefore the groundwater flow in the porous media is negligible. This 

assumption simplifies the system to a discrete network of fractures. Information such as density of 

fractures, fracture length, and orientation are required. When this information is unavailable, 

fracture networks can be statistically simulated (Suter 1992; Kovacs and Sauter 2007). An example 

of the application of discrete fracture networks to a karst aquifer is given by Jeannin (2001). The 

author used a discrete set of pipes to model flow in a conduit-dominated system. Flow in the 

conduits where modeled using Saint-Venant equations.  

Combined discrete-continuum models. The combined discrete continuum models or 

hybrid models, couple a continuous medium with a discrete network of cylindrical pipes. This kind 

of approach allows simulating high conductive karst channels through the integration of existent 

information about the conduits (Shoemaker et al. 2008; Kovacs and Sauter 2007). There are 

different mathematical approximations for hybrid models, depending on the equations used to 

simulate the flow in the conduits. An example of this type of models is the Darcy-Stokes with 

Beaver-Joseph boundary condition (Faulkner et al. 2009; Cao et al. 2010). The flow in the conduits 
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is governed by Stokes equation and flow in the porous media is governed by the Darcy law. The 

Beavers-Joseph boundary condition establishes that the tangential component of the normal stress 

at the interface is proportional to the jump in tangential velocity over the interface and also 

guarantee the conservation of mass and balance of pressure at the interface (Beavers and Joseph 

1967; Cao et al. 2010). Faulkner et al. (2009) used a laboratory analog to simulate a karst aquifer 

and results were compared with Darcy-Stokes solution. While the simulated heads were higher 

than the measured heads, the simulated spatial pattern of head distributions was similar to the 

observed. The modeling results suggest that Darcy-Stokes is a valid model for conduit matrix 

systems (Faulkner et al. 2009; Hu et al. 2012). CFP M1 is another computational code based on a 

hybrid approach. This approach couples the classical groundwater flow equations with pipe flow 

equations by means of a linear exchange term. This approach is discussed with more detail in the 

next section. Gallegos et al. (2013) performed simulations at field and laboratory scale using CFP 

M1, and evaluated the model performance by comparing the modeling results with real data 

obtained by Faulkner (2009) at the laboratory scale. At the field scale, the comparison was done 

with data from the Woodville Karst Plain, Florida (Davis 2010). According to Gallegos et al. 

(2013), in comparison with the classical MODFLOW, CFP M1 can produce more accurate results 

at field and laboratory scales. Hill et al. (2008) performed a similar comparison in a karst aquifer 

in west-central Florida. In this study the authors found an improvement in the overall matching of 

12 to 40% when CFP M1 was compared to the classical MODFLOW. Saller et al. (2013) found 

similar results using data from the Madison Aquifer of western South Dakota, USA. The main 

conclusion of all these studies is that the simulation results are improved with the consideration of 

conduits as discrete pipes. 

1.1.1. MODFLOW CFP M1 

CFP M1 (Shoemaker et al. 2008) is a hybrid model based on MODFLOW 2005, and allows 

the coupling of the traditional groundwater flow equations in porous media with a discrete network 

of cylindrical pipes. Flow is coupled by means of a linear exchange coefficient, and the direction 

of flow is determined by the head difference between the conduit and porous media (Shoemaker 

et al. 2008; Barenblatt et al. 1960). CFP M1 is an updated version of CAVE - Carbonate Aquifer 

Void Evolution (Shoemaker et al. 2008). CAVE was proposed to study the evolution of conduits 

in carbonate rocks. The development of CAVE started when Deybrot (1990) studied the evolution 

of fractures in karst, with no porous media and the flow in the fracture was considered laminar. 
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Palmer (1991) analyzed the evolution of a single conduit and assumed that the flow in the conduit 

could be laminar or turbulent depending on the Reynolds number. The discharge in the conduit 

was calculated using either Hagen-Poiseuille or Darcy-Weisbach equations. Grooves and Howard 

(1994) proposed to use a network of conduits. The flow in the conduits was simulated using pipe 

flow equations. Clemens et al. (1996) finally implemented CAVE for the simulation of karst 

evolution, in this case he coupled the conduit network to the porous media. CFP M1 is an 

improvement of CAVE because of the ability to simulate partially filled conduits and it has the 

option to manually input the critical Reynolds numbers to determine when the flow becomes 

laminar or turbulent (Shoemaker et al. 2008). 

The groundwater flow in the porous media is assumed to be laminar and to obey the Darcy 

law. The governing equation for groundwater flow is (Shoemaker et al. 2008; Bear 1972): 

 ℎ + ℎ + ℎ + = ℎ, (1.1) 

 

where , ,  [L/T] are the hydraulic conductivities along the , ,  directions, 

respectively, ℎ( , , , ) [L] is the potentiometric head (head) at location ( , , ) and time  [T], 

 [1/T] is the volumetric flux per unit volume (represents sinks and sources of the system net 

recharge), and  [1/L] is the specific storage of the porous media. 

The flow in the pipes is allowed to change from laminar to turbulent depending on the 

Reynolds number. The Reynolds number is estimated for each pipe as = /  , where  is the 

diameter of the pipe [L],  is the dynamic viscosity of the water [M/TL],  is the density of the 

water [M/L3],  is the mean pipe flow velocity [L/T] calculated as the pipe volumetric flow 

divided by the cross-sectional area. Because of conservation of momentum, laminar flow tends to 

remain laminar, and turbulent flow tends to remain turbulent. Therefore, two critical Reynolds 

numbers, , are defined to indicate whether the flow change from laminar to turbulent or vice 

versa (Shoemaker et al 2008). The lower critical Reynolds number, , , indicates when to 

switch from turbulent to laminar, and ,  when to switch from laminar to turbulent. The 

pipe flow equations used are: 
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1. Laminar flow. When the flow is laminar, the volumetric flow in the conduit is 

calculated according to equation: 

 = − Δℎ128 Δ , (1.2) 

 

 where  is the diameter of the pipe [L],  is the dynamic viscosity of the water [M/TL],  

 is the density of the water [M/L3], Δℎ change in head in the pipe [L], Δ  length of the pipe 

 [L],  is the tortuosity (distance travelled by a particle in the center of the pipe over the 

 straight line distance between the nodes of the pipe). 

 

2.  Turbulent flow. The volumetric flow is calculated using a combination of Darcy-

Weisback and Colebrook-White equations (Clemens et al. 1996; Shoemaker et al. 

2008): 

 

= − |Δℎ|2Δlτ 2.512|Δh|Δlτ + 3.71 Δh|Δh|, (1.3) 

 

where  is the diameter of the pipe [L],  is the kinematic viscosity [L2/T], Δℎ head change 

within the pipe [L], Δ  length of the pipe [L],  is the tortuosity (distance travelled by a 

particle in the center of the pipe over the straight line distance between the nodes of the 

pipe),  is the gravitational constant [L/T2],  is the mean roughness height of the conduit 

wall micro-topography [L].  

 

The flow exchange between the conduits and the porous media is given by the linear 

exchange equation 1.4. This equation was introduced by Barenblatt et al. (1960) in his study of 

double continuum models and used by Clemens et al (1996) for the study of coupled continuum 

models. 

 = ℎ − ℎ , (1.4) 
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where  is the volumetric flow exchange [L3/T],  is the pipe conductance or the flow exchange 

coefficient [L2/T], ℎ  is the head in the conduit [L], ℎ  is the head in the porous media [L]. The 

flow exchange coefficient, , can be manually input or internally computed as (Shoemaker et al. 

2008):  

 = Δ , (1.5) 

 

where  is the pipe conductance [L2/T], The sum is over all the pipes connected to the node of 

interest,  is the conduit wall permeability [L/T],  is the diameter of the conduit  [L], Δ  length 

of the conduit  [L],  is the tortuosity of the conduit  [dimensionless].  

1.1.2 Model Calibration 

Groundwater modeling always faces the challenge that there is limited knowledge about 

the properties and transport characteristics of subsurface media (Oberkampf and Roy 2010). 

Aquifer parameters such as porosity and hydraulic conductivity are known at specific locations or 

completely unknown. For this reason groundwater modeling involves calibration. Calibration is 

the process of estimating a parameter or set of parameters that gives the best fit to observed data. 

As a mathematical problem, model calibration can be treated as a regression. Given a set of 

measurements {( , )| = 1, … , } , the interested is to find a set of parameters  =1, … , } of the function = ( , ) where = ( , , … , ) gives the best match between 

measurements and the corresponding simulations. Therefore, we are interested in the set of 

parameters that minimize the objective function:  

 

( ) = ( − )  (1.6) 

 

where = +  is the total number of available measurements ( ) plus prior information 

for the parameters ( ),  are either measurements or estimated prior information, =( , )  is the corresponding simulated value and  is the corresponding weight (Hill and 
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Tiedeman 2007). Equation 1.6 is also known as weighted least squares. The software UCODE 

2014 (Poeter et al. 2014) is used in this work to perform calibration. UCODE only allows the use 

of linear functions to define prior information for the parameters. UCODE utilizes a modified 

Gauss-Newton non-linear regression method (Hill and Tiedeman 2007; Poeter et al. 2014). As in 

linear regression, for a non-linear regression to be valid the errors are expected to be random and 

have a mean of zero, and the weighted errors to be independent (Draper and Smith 1998; Hill and 

Tiedeman 2007). However, when there are few observations relative to the number of parameters 

to estimate, the regression process can introduce correlations (Hill and Tiedeman 2007). The 

weights are used to make equation 1.6 dimensionless and to reflect the relative accuracy of the 

measurements, smaller weights are assigned to less accurate data (Poeter et al. 2014; Hill and 

Tiedeman 2007; Doherty 2016). The weights are always assigned as shown below (Hill and 

Tiedeman 2007):  

 = 1
 (1.7) 

 

where  is the variance related to the measurement of the -th observation or prior information. 

When repeated observations are available for a measurement, their values can be used to estimate 

the variance. When only one measurement is available there are two possible options to calculate 

the variance: (1) define a value for the coefficient of variation ( . .), using existing knowledge 

about the variable, and calculate the variance as = ( . .× ) , or (2) assume a range of 

variability for the measurement, − ≤ ≤ + , and assume that the error is normally 

distributed, if 95% of the time the error belong to such interval then 1.96 = . This procedure 

assumes that the errors are not correlated. For the definition of the weighted least squares objective 

function, correlations among errors can be considered with a full weight matrix, however this may 

not improve significantly the regression results (Poeter et al. 2005). 

The calculated error variance (equation 1.8) can be used to evaluate the model fit relative 

to the weights used for the regression. A value of ≈ 1 is expected if the model fit is consistent 

with the weights used for regression (Hill and Tiedeman 2007; Lu et al. 2012). If the values of  

are significantly different from one, then the value of  can be used to calculate weights that are 
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consistent with model fit. If the new weights are unreasonable, it may indicate the presence of 

model error (Hill and Tiedeman 2007). 

 = ( )+ − NP (1.8) 

 

Parameter uncertainty (Hill and Tiedeman 2007). The variance-covariance matrix is 

used to evaluate parameter uncertainty, parameter correlation and the importance of the 

observations for the parameter estimation process. This matrix is defined as follows: 

 ( ) = ( ) , (1.9) 

 

where  is the calculated error variance,  is the ×  weight matrix and = [ / ] is the ×  Jacobian matrix. ( ) at the optimized parameter values are used to estimate parameter 

uncertainty, however other versions can be used to evaluate other aspects of the model. The 

variance of the parameter  defined as the square root of the ( , )-element of the matrix ( ). 

The covariance among parameters are the off diagonal elements of ( ). The confidence interval 

for the parameter  is calculated as 

 ± × , / , (1.10) 

 

where  is the variance of the parameter , , /  is the -statistic with = + −  

degrees of freedom and a significance level . Correlations are defined as usual and the correlation 

coefficients obtained from this matrix can be used to evaluate the existence of multiple solutions. 

This matrix may also include other parameters not considered for the calibration. Parameters not 

considered for calibration need to be added with prior information and appropriate weight, this is 

particularly important when evaluating prediction uncertainty. 

Predictions and prediction uncertainty (Hill and Tiedeman 2007). Once calibration is 

complete, then one can proceed to perform predictions and to estimate confidence intervals for the 

predictions. First, the model is run to perform prediction at the conditions of interest, then the 
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sensitivities at those values are calculated by perturbing the prediction conditions. The confidence 

interval for the prediction  is estimated as: 

 ± × , / , (1.11) 

 

where = ,  is the predicted quantity with the calibrated parameters , , /  is the -

statistic with = + −  degrees of freedom and a significance level , and  is the 

standard deviation for this prediction, calculated as: 

 = [ ( ) ] / , (1.12) 

 

where ( ) is the variance covariance matrix, = /  is the vector of sensitivities of the 

prediction  at the parameters . The linear prediction interval takes into account the likely 

uncertainty in the measurement. The prediction interval for ′  is defined as: 

 ± ( + ) / × , / ,  (1.13) 

 

where  is the likely variance in the measurement of prediction ,  is the standard deviation 

for this prediction,  is the calculated error variance, and , /  is the -statistic with =+ −  degrees of freedom and a significance level . The prediction and confidence 

intervals defined above are linear and individual. By changing the statistic, simultaneous 

confidence intervals can be calculated. Those intervals are valid if the model is correct, linear, and 

the residuals are normal. The linearity of the model can be tested using UCODE model linearity 

function. However, Lu et al (2012) concluded that linear confidence intervals can be good 

estimates of uncertainty even when the model is non-linear. 

1.1.4 Model Validation 

Model validation in hydrology is complicated due the limited knowledge of the subsurface 

characteristics (Oberkampf and Roy 2010). The terminology of model validation in hydrology 

seems to cause disagreement among authors. Konikow and Bredehoeft (1992) suggest that models 
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cannot be validated but only invalidated; the authors claim that the use of terms as validation or 

verification “lead to a false impression of model capability”. In their work, they show three 

examples of models that were proven to be inaccurate although previously claimed to be valid. De 

Marsily et al. (1992) published a comment about this paper, and showed an example where a ten 

year old model was compared with predictions giving good results. De Marsily et al. (1992) 

claimed that this is an example of validation, and concluded that the models discussed by Konikow 

and Bredehoeft (1992) lack of considering multiple scenarios. The model is likely to fail if the 

calibration conditions change dramatically for predictions (De Marsily et al. 1993). Other authors 

adopt a different perspective of the problem. McCombie and McKinley (1993) consider that 

validated models are good enough for normal applications, that validation is subjective and depend 

on the complexity of the system and the intended use of the model. Tsang (1991) propose that the 

term validation should be always used with other qualifying phrases. Models can be validated with 

respect to a process or a site. Oreskez and Belitz (2001) suggest the use other terms like model 

evaluation or assessment instead of model validation.  

To perform model validation in hydrology one needs to deal with calibration. Usually 

models have several parameters to calibrate and a limited number of observations (Anderson and 

Bates 2001; Oberkampf and Roy 2010). However, model validation is an important step for model 

evaluation. As Hassan (2007) points out, models are used as decisions tools, and validation is a 

process to evaluate its suitability for a given purpose. Model validation helps to build confidence 

in a model for decision making (Hassan 2007). Some authors have proposed guidelines to perform 

model validation in hydrology (Davis and Godrich 1990; Hassan 2007) 

Model validation in computational fluid dynamics. The American Institute of 

Aeronautics and Aeromechanics Committee on Standards for Computational Fluid Dynamics 

(AIAA CoS) established in 1998 the Guide for the Verification and Validation of Computational 

Fluid Dynamics. The AIAA stablish guidelines and fundamental concepts to conduct model 

verification and validation in computational fluid dynamics. In this guide validation is defined as 

“the process of determining the degree to which a model is an accurate representation of the real 

world from the perspective of the intended uses of the model” (AIAA 1998; Oberkampf and Roy 

2010). The accuracy of a model is calculated as the comparison between computational and 

experimental data, by means of a validation metric (Oberkampf and Roy 2010). One fundamental 
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part of validation is the quantification of uncertainty in the model. From this perspective, validation 

assumes that the experimental data is our best representation of reality (Oberkampf and Roy 2010).  

Validation metrics. According to Oberkampf and Roy (2010) a validation metric is a 

measure of the disagreement between simulation results and experimental data. A good agreement 

is indicated by low metric values and higher values indicates a higher disagreement. In this study 

we use the mean comparison metric. Let  be the true mean of experimental measurements,  

model results from computational simulations and  the estimated sample mean based on  

measurements . The estimated error in the model  and the true error in the model  are 

defined as =   y − , = − .The validation metric is a confidence interval for the true and 

unknown error in the model at a specified level of confidence. For a level of confidence of 100(1 − α)% the interval is given by: 

 ~ − , / ̅√ , + , / ̅√ ,  (1.14) 

 

where 

 

̅ = 1− 1 ( − ) / .  
(1.15) 

 

The final conclusion is related to the accuracy of the model. This accuracy is given by the 

term  / ,  /√  (Oberkampf and Roy 2010; Oberkampf and Barone 2006). This kind of 

metrics is very useful to choose which model is more accurate given a data set (Oberkampf and 

Roy 2010). 

Sandbox as validation experiments. Validation experiment is an experiment conducted 

for the purpose of determining the predictive capability of a mathematical model to represent a 

physical process (Oberkampf and Roy 2010). In the area of hydrology sandbox models are small 

scale representations of natural porous media. Faulkner et al. (2009) used measurements of a 

sandbox for the validation of Darcy-Stokes model. Karay and Hanal (2015) used a laboratory 

experiment for the validation of CFP M1. However, their model simulated only a network of 

conduits without the consideration of the porous media. Simpson et al. (2003) used a sandbox for 
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the investigation of flow and transport processes near a seepage face boundary. In this dissertation, 

two sandboxes were built to collect data, and one of them was used as a validation experiment. 

The karst sandbox is used to collect data for the validation of CFP M1. The lake sandbox was used 

to verify the accuracy of a seepage meter. 

1.2 Seepage Measurement 

Management of lakes and other surface water bodies requires information on water budgets 

that should be measured or estimated. This is important for example, in cases of contamination, 

where restoration techniques are required, or in the presence of karst aquifers (Kalbus et al. 2006; 

Lee 1977; Motz 1998). The interaction between surface and groundwater systems is given through 

a seepage-face boundary where the surface water can recharge the aquifer or vice versa. The 

hydraulic head will control the direction of the exchange (Kalbus et. al. 2006; Simpson et al. 2003). 

The State of Florida has approximately 7800 lakes (Palmer 1984). About 70% of those lakes does 

not have surface outlets, therefore groundwater become an important part of water budgets for 

those lakes (Motz 1998). Most of those lakes are developed in sinkhole formations that occur in 

the karstic setting of Florida. The influence of the karst formation make the interactions between 

lakes and groundwater complicated (Lee 1996). 

1.2.1 Previous Studies 

Several methods exist to measure water fluxes in the seepage boundary. Kalbus et al. 

(2006) present a review of those methods and discuss specific applications for each method. In 

general the existent methods can be classified into four categories: direct measurements, heat tracer 

methods, Darcy law, and mass balance methods. A direct measurement of water flux across the 

bottom of a lake can be performed using a seepage meter. Seepage meters were first proposed by 

Lee (1977) and consisted of a bag attached to a cylinder (Figure 1.1). The cylinder was inserted to 

the porous media and the flux from or to the groundwater was measured using the plastic bag. The 

heat tracer methods use the difference into water temperature between surface water and 

groundwater to delineate exchange zones and estimate water fluxes (Taniguchi and Fukuo 1993; 

Krupa et al. 1998). The methods based on the Darcy law use the Darcy equation to estimate the 

exchange flux between surface and ground water (Kenedy et al. 2010). Information about 

hydraulic gradients and hydraulic conductivities are required. The mass balance approach are used 

to estimate the exchange flux, and assume that any gain or loss of surface water can be related to 
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the water source and therefore the groundwater component can be estimated (Kalbus et al. 2006). 

Paulsen et al. (2001) uses ultrasonic signal to estimate seepage rates. Sholkovitz et al. (2003) 

developed a method to estimate groundwater discharge into the ocean using a dye dilution 

technique. 

 

 

 

Previous works measuring seepage at the lab scale used dye or the classic seepage meters 

(Simpson et al. 2003; Rosenberry and Menheer 2006). Simpson et al. (2003) used a classical 

sandbox to estimate velocities near a seepage face boundary for a range of hydraulic gradients near 

a pumping well. The author injected dye at different depths and track the movement of the dye in 

the porous media to estimate the velocities. Rosenberry and Menheer (2006) gives detailed 

information about how to build a sand box to calibrate and test classical seepage meters. 

1.2.2 Analytical Estimation of Seepage 

Moore (2016) derived the following analytical expression for the estimation of seepage 

through a lake bottom (Figure 1.2): 

 ( ) = cosh ( /2 )sinh ( /2 ) − sinh ( /2 ), (1.16) 

 

Figure 1.1 Classic seepage meters. The seepage meter consist of a pan (1) inserted in the porous 
media, with a bag attached to it (2) (Lee 1977). 
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where  [L/T] is the specific discharge at  [L] (measured from the center of the lake), 2  [L3/T] 

is the total incoming flow rate to the lake, H [L] is the height from the lake bottom to the edge of 

the lake, 2L [L] is the total length of the lake. Formula 1.16 calculates the discharge on a cross-

section of thickness  [L] of the lake. Moore’s (2016) analytical solution is a quite interesting 

equation: with a small number of parameters the discharge at each point in through the lake bed 

can be estimated. 

1.3 Motivation and Objectives 

1.3.1 Model Validation of Karst Flow Model at Laboratory Scale 

There are several papers in the literature about validation experiments in karst hydrology 

using laboratory experiments. Kuniansky et al (2008) presented a comparison between 

experimental measurements and simulations for MODFLOW CFP M2 (CFP M2). This work 

verified the utility of simulating turbulent flow on head distributions and flux using CFP M2. 

Faulkner et al. (2009) used a laboratory sandbox to simulate a conduit and matrix domains in a 

karst aquifer for the validation of the Darcy-Stokes model. Several experiments were performed 

and one was selected for analysis. In the experimental set up the conduit head was greater than the 

matrix head at the inflow. Results from numerical simulations matched well the experimental 

measurements. Thus, the mathematical and numerical models were considered to be validated 

(Faulkner et al. 2009). Hu et al. (2012) used the laboratory results of Faulkner et al. (2009) to 

validate and compare the performance of two models: Darcy-Stokes and a coupled continuum pipe 

flow model. The coupled continuum discrete model is similar to CFP M1 (developed by Cao et al. 

2011). They concluded that the coupled continuum-pipe flow models may also reproduce accurate 

simulations when the flow exchange coefficient was large. 

For CFP M1, Gallegos et al. (2013) used the laboratory results provided by Faulkner et al. 

(2009) to compare MODFLOW and CFP M1, and concluded that CFP M1 results were more 

accurate than MODFLOW. Karay and Hanal (2015) validated CFP M1 using a laboratory 

experiment. Their experiment did not use a sand box but a network of cylindrical pipes without 

porous media. The numerical and laboratory model showed acceptable matching results. Therefore 

the numerical model is acceptable to simulate non laminar flows in fractured rocks (Karay and 

Hanal 2015). 
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The previous works about model validation are based on comparison of numerical results 

with experimental values. However, those works do not use a standard methodology, which makes 

difficult to compare their results. Moreover, there were no comments about how the different 

sources of uncertainty may affect their conclusions. The work presented by Gallegos et al. (2013) 

only consider laminar flow in the conduit, and the exchange flow is from the conduit to the matrix. 

Their conclusion is based in one simulation. The work of Karay and Hanal (2015) ignores the 

exchange which may be an important component of the flow in karst conduits. Also, Kunianski et 

al. (2011) argues whether the extra effort caused by data collection and computational time for 

CFP M1 is justified, it is also discussed that CFP M1 is only able to simulate average annual 

conditions. Wang (2010) showed that the equations of CFP M1 are ill-posed. Hill (2008) estimated 

the exchange coefficient using field measurements - one of the sites showed a non-linear behavior. 

There is also a disagreement on whether a correct characterization of the critical Reynolds number 

is important to have good simulations (Reimann et al. 2011; Ashok and Sophocleous 2008; Hill et 

al. 2010). As pointed out by (Oreskes and Belitz 2003), if a model fails to capture the underlying 

process “then the model is likely at some point to fail”. Therefore, it is important to perform 

validation into CFP M1, to verify whether it can accurately simulate the underlying processes and 

to help to build confidence in its use as a modeling tool. This is particularly relevant when the term 

“valid” can be used to indicate that the model is accurate. 

Figure 1.2 Schematic view of the lake used to derive Moore (2016) analytic solution. 2  is the 
total lake length,  is the distance of the lake edge to an impermeable boundary, and  is the 
depth of the lake. 
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In this work I only focus on model validation for CFP M1 at laboratory scale. The overall 

objective of this study is to perform model validation for CFP M1 using a sandbox as a validation 

experiment. I am particularly interested in verifying if the flow exchange equation of CFP M1 

accurately simulates the lab experiments. In other words, whether the mathematical model behind 

CFP M1 reproduces the physics behind the small scale laboratory set up. Validation is performed 

by estimating the model accuracy using a validation metric. I am following a procedure similar to 

the one used in computational fluid dynamics. From 13 experiments, three of them were selected 

to calibrate the unknown parameters and the remainder were used to perform validation.  

1.3.2 Seepage Estimation 

Estimation of groundwater flux through the bottom of a lake is important for the 

management of the systems involved. Moore (2016) developed an analytic solution to estimate the 

distribution of discharge through the lake bottom. This analytic solution is be very useful given its 

simplicity and the number of variables required. I am interested in measuring seepage into a lake 

at laboratory scale for the verification of this formula. Most of the existing literature about seepage 

measurements in lakes is at field scale. The most common method currently used to measure 

seepage in lakes is the seepage meter which consists of a bag filled with water attached to a tank 

(Lee 1977). This tank is inserted into the bottom of the lake and after some time the volume of the 

water is measured and related to the discharge from the aquifer. Previous works measuring seepage 

at the lab scale used dye or the classic seepage meters (Simpson et al. 2003; Rosenberry and 

Menheer 2006). Experiments performed at our lab showed that measurements were not accurate 

mostly because of the error induced by handling and installing the device, for the seepage meters, 

and the dye was influenced by the dispersion caused by the sand. The use of dye was also limited 

to the wall where it can be tracked. 

I was interested in measuring seepage in a shallow lake using a sandbox. I needed a lake 

with dimensions much smaller than dimensions of the sandbox. The required dimensions for the 

seepage meter were so small, that the installation of the device introduced large errors. The 

problem with the dye was the uncertainty caused by the dispersion of the dye. Therefore I propose 

another method to measure the discharge which consists of a cylinder inserted into the lake bottom. 

An external reservoir connected to the cylinder keeps the water head in the cylinder at the same 

level as the lake stage. The seepage is estimated from the outflow of this external reservoir. There 

are two main objectives for this work. First is the development and testing of the seepage meter 
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using a sandbox experiment and the second one is to evaluate the accuracy of Moore (2016) 

analytic solution. 
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CHAPTER 2 

GROUNDWATER QUALITY: ANALYSIS OF ITS TEMPORAL AND 
SPATIAL VARIABILITY IN A KARST AQUIFER 

 

This chapter presents research results published in my paper entitled “Groundwater 

Quality: Analysis of its Temporal and Spatial Variability in a Karst Aquifer” (Pacheco Castro et 

al. 2017). The overall objective is to present a method that allows an efficient and simultaneous 

analysis of temporal and spatial analysis of groundwater quality. This chapter has the purpose of 

introducing a real karst aquifer to show how human activities can impact the water quality. 

2.1 Introduction 

Protection of groundwater resources is imperative in karst areas, where karst aquifers are 

the only source of drinking water but vulnerable to contamination. Techniques of multivariate 

statistical analysis (e.g., cluster analysis, principal component analysis, factor analysis, and 

discriminants analysis) have been used widely to gain understanding of water quality with respect 

to spatial and temporal variability, hydrochemical facies, flow paths, and other factors that 

influence groundwater quality (Suk and Lee 1999; Woocay and Walton 2008; Thyne et al. 2004; 

Belkhiri et al. 2011; Mohammadi 2009; Kim et al. 2005; Nosrati and Eeckhaut 2012; Srivastava 

el al. 2012). Cluster analysis is a multivariate statistical technique used to classify a dataset into 

groups so that the data within each group are similar but different from data within other groups 

(Suk and Lee 1999; Thyne et al. 2004; Shrestha and Kazama 2007; Güler et al. 2002; Everitt and 

Hothorn 2011; Davis 2002). For temporal analysis, a common practice is to first apply cluster 

analysis sequentially to data of each sampling period, and then examine the clusters of each 

sampling period in order to understand water quality temporal processes (Suk and Lee 1994; Thyne 

et al. 2004; Hussain et al. 2008). However, understanding the spatial relation between the clusters 

and the temporal variation of the variables affecting water quality may not be straightforward, 

which renders the sequential cluster analysis inefficient to reveal temporal variation of 

groundwater quality. 

This work presents an approach to use maps and boxplots of clusters for groundwater 

quality analysis. The proposed approach is based on the following observation. Given a set of 

clusters classified using Ward method with Euclidean distance, if water quality data at the same 
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sampling location do not vary significantly in time, the data belongs to the same cluster. This 

observation allows us to identify the sample sites where groundwater quality changes in time and 

to analyze the temporal and spatial processes affecting groundwater quality. Instead of the 

sequential cluster analysis described above, cluster analysis is applied to lumped data of all 

sampling periods. This leads to maps (snapshots) of spatially distributed clusters. Principal 

component analysis is used to verify the results of cluster analysis and to derive the variables that 

explain most of the variation of the groundwater quality data. The maps and boxplots of the major 

ions are used to analyze the spatial variation of the processes that govern groundwater quality at a 

given time. The snapshots show the spatial variation of water quality at different times, and the 

temporal processes variation can be then derived from the comparison of the snapshots. If water 

quality changes significantly with time at a given area, temporal variation of water quality 

processes can be revealed by comparing the chemical characteristics of the clusters to which that 

area belongs. In other words, the proposed approach directly links cluster change with the temporal 

and spatial variation of processes controlling water quality. While applying cluster analysis to 

lumped data has been reported in the literature (e.g., Wunderlin et al. 2001; Vega et al. 1998; 

Srivastava 2012), the previous uses are limited to exploratory analysis with the objective of 

classifying water quality data, but do not analyze temporal relations among spatial distribution of 

clusters. 

This procedure is applied to the water quality data collected from the karst aquifer in 

Yucatan, Mexico (Figure 2.1). The aquifer is the only source of drinking water for a population of 

nearly two million people. This aquifer is highly vulnerable to contamination, and groundwater in 

the upper part of the aquifer is not recommended for human consumption (Escolero et al. 2000; 

Marin et al. 2000; INEGI 2002; INEGI 2010). Therefore, understanding spatial and temporal 

variability of groundwater quality in Yucatan is important for protecting the groundwater resource 

and the population that depends on it. The issue of groundwater quality has been addressed from 

the chemical and bacteriological points of view in previous studies (Back and Hanshaw 1970; 

Doehring and Butler 1974; Delgado et al 2010; Pacheco et al. 2000; Pacheco et al. 2004; Perry et 

al 2002). Back and Hanshaw (1970) concluded that dissolution of carbonate rocks and salt water 

intrusion were the major processes controlling groundwater quality in the Yucatan peninsula. 

According to Perry et al. (2002), salt water intrusion extends more than 100 km from the gulf coast. 

Doehring and Butler (1974) found that the mixing with saline water may be enhanced by high 
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pumping rates from supply wells. Pacheco et al. (2004) analyzed groundwater quality of water 

samples from supply wells in the Yucatan State, and concluded that groundwater quality was 

acceptable. However, they found that at some locations the concentrations of nitrate, chloride, total 

hardness, sodium, and cadmium exceeded the Mexican standards for drinking water. Domestic 

and municipal sewage, excreta and urine residues from domestic animals, and fertilizers have been 

identified as the major sources of groundwater pollutants (Back 1999; Doehring and Butler 1974; 

Pacheco and Cabrera 1997; Pacheco et al. 2001). 

 

 

Cabrera et al. (2002) analyzed major ions of groundwater samples from a supply well field 

and its surrounding area located in the City of Merida, the capital city of the State of Yucatan. 

Figure 2.1 Location of the study area in the State of Yucatan along with average annual 
precipitation isohyets. The dots represent the locations of some sinkholes within the ring of 
sinkholes delimited by the two semicircles (Pérez-Ceballos et al. 2012). Contours of precipitation 
are adapted from PROCOMAR (2003). 
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They concluded that, in the study area, there was no significant variation in groundwater quality 

within seasons (one dry season and one rainy season) or depths (shallow and 30 to 40 m deep). 

Pacheco et al. (2004) analyzed water samples from supply wells located throughout the entire state 

of Yucatan. They found that, in more than half of the towns within the State of Yucatan, the 

concentrations of two to three water quality variables exceeded the Mexican standards for drinking 

water. Delgado et al. (2010) analyzed groundwater samples from supply wells to examine whether 

groundwater can be used for irrigation. Based on a geostatistical analysis of effective salinity they 

divided the karst aquifer of the state into seven zones, and concluded that groundwater in only one 

zone met the quality requirements for agricultural irrigation. Pérez-Ceballos et al. (2012) studied 

groundwater quality in the Ring of Sinkholes (the boundary of our current study area, Figure 2.1) 

at three periods (dry, rain, and cold-front) and three depths (0.5, 5.5 and 10 m). By applying 

multivariate statistical techniques they split the Ring of Sinkholes into three zones, and concluded 

that water quality in each zone did not vary with time. 

The conclusions above were based on a limited amount of data, and the water samples used 

in the previous analysis did not have sufficient temporal resolution for analyzing the variation of 

groundwater quality temporal processes in the State of Yucatan. Recently, a campaign of 

groundwater sampling was conducted, and a total of 288 water samples were collected from the 

Yucatan aquifer in four sampling periods over two years. Two sampling periods were for the dry 

season, and the other two for the rain season. This comprehensive dataset was of great value for 

advancing our understanding of groundwater quality for the State of Yucatan. This study presents 

an approach for the analysis of the groundwater quality data. Cluster analysis for lumped data is 

conducted. Snapshots of groundwater quality clusters are generated and, principal component 

analysis is used to verify the validity of cluster analysis and to derive the variables that explain 

most of the variation of the groundwater quality data. Spatial and temporal variation of 

groundwater quality is derived from maps showing the temporal variations of the clusters in time 

and boxplots of the major components of the clusters. The objective of this work is to analyze the 

groundwater quality data to determine the main variables influencing groundwater quality and 

their variations in space and time. It is worth mentioning that this approach of using cluster analysis 

for lumped data is not limited to the groundwater quality data in Yucatan aquifer. It is applicable 

in other areas because no assumption is made specific to the aquifer of Yucatan characteristics. 
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2.1.1 Study Area and Groundwater Quality Data  

The state of Yucatan, Mexico, occupies the central portion of the Yucatan Peninsula 

(Figure 2.1). The aquifer of Yucatan was developed in a carbonate platform, and it is composed 

mainly of limestone, marvel, and gypsum with high heterogeneity (Doehring and Butler 1974; 

Back 1999; INEGI 2002). The study area, known as the Hydrologic Region of the Ring of 

Sinkholes (Figure 2.1), is located within a semicircular formation of sinkholes, also known as the 

Ring of Sinkholes, in the northern part of the state of Yucatan (Perry et al. 1989; INEGI 2002). 

The aquifer is unconfined (except for a narrow band close to the coast line) and under-laid by 

saline water (Doehring and Butler 1974; INEGI 2010; Perry et al. 2002). The thickness of the 

aquifer is about 55 meters at the south of Merida (Figure 2.1), the capital and the largest city of 

Yucatan hosting about half of the state population (INEGI 2002; INEGI 2010; Doehring and Butler 

1974; Back 1999; Perry et al. 2002). The aquifer is highly vulnerable to contamination, and 

groundwater of the top 15 to 20 meters of the aquifer does not meet the standards for human 

consumption (Escolero et al. 2000; Marin et al. 2000; INEGI 2002). 

Groundwater samples were taken from the water supply wells located within the Ring of 

Sinkholes (Figure 2.1) at a depth ranging from 20 to 40 m. To understand the variability of the 

spatial and temporal processes affecting groundwater quality, a total of 288 groundwater samples 

were taken in four sampling periods between 2009 and 2011. The number of samples, for each 

sampling period, were 76, 63, 74, and 75, respectively. The first and third sampling periods were 

planned to be at the end of the rainy season and the second and fourth to be at the end of the dry 

season. According to Schmitter-Soto et al. (2002) the rainy season in Yucatan occurs during the 

months of June and October. The well locations for sampling period 1 can be found in Figure 2.1. 

Water samples were collected directly from the supply wells prior to water disinfection to avoid 

possible changes in water chemistry. For each sample the parameters pH, temperature, electric 

conductivity, total dissolved solids, and salinity were measured in the field using a multiparametric 

sonde Hach model Quanta. For the measurement of major ion concentrations samples were 

collected and preserved in plastic bottles for laboratory analysis. The measured ions were calcium 

(Ca+2), magnesium (Mg+2), sodium (Na+), potassium (K+), chloride (Cl−), sulphate (SO4
−2), 

bicarbonate (HCO3
−), and nitrate (NO3

-). Major ions were determined using the method listed in 

Table 2.1, as described in APHA et al. (2005). Electrical-balance errors from the major ions in the 

samples were calculated as an indicator of data quality (Deutsch 1997). Although the common rule 
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is that the electrical-balance errors should be less than 5% for groundwater samples (Deutsch 1997; 

Hounslow 1995), in this study a sample was considered good if the electrical balance was less than 

10%. This value was chosen to take into account systematic error that may be introduced by the 

use of titration techniques. 

 

Analysis Analytical Methods 

Alkalinity Titration 

Ca+2 EDTA titrimetric 

Mg+2 Difference between hardness and calcium as calcium carbonate 

Cl− Argentometric 

SO4
−2 Turbidimetric 

Na+ and K+ Atomic absorption spectrometric 

 

2.1.2 Multivariate Statistics  

This section first explains briefly the cluster analysis techniques and its uses in hydrology 

data analysis. The following explanations assume that the data set is composed of  observations , , … , , and  measured variables ,  , … , . Therefore, the i-th observation, =( , , … , ), is a vector, where  is the value of the -th variable in the -th observation. 

Each observation represents a sampling well at a given time, and the measured parameters for this 

study correspond to the physicochemical characteristics and major ion concentrations described in 

the previous section.  

Hierarchical cluster analysis with the Ward method is an agglomerative technique. The 

method starts by treating each observation as a cluster. Each successive step, clusters are merged 

according to the Ward criterion, i.e., the minimization of the error sum of squares defined in 

equation 2.2. Suppose that at step , there are  clusters. Given cluster  with  observations 

( = 1, … , ), the error sum of squares (ESSl) for  is defined as the sum of the squared 

Euclidean distance of each element in  from the mean value: 

Table 2.1 Analytical methods used for the determination of major ion concentration. 
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 = ( − )′( − ) 
(2.1) 

 

where  ( = 1, … , ) is the i-observation of cluster  and  the corresponding mean value of 

all the observations within . The total error sum of squares (ESS) over all the clusters at this step 

is defined as: 

 

 = . (2.2) 

 

At the beginning of the cluster algorithm, = 0, since  is zero for all . In the next 

step, all possible cluster combinations are considered and the corresponding  is calculated for 

each combination. According to the Ward’s method, the pair of clusters that give the smallest 

increment in the value of  are merged. In other words, the Ward’s criterion is to minimize ESS 

within the clusters at each step (Ward 1963; Davis 2002). The procedure of merging continues 

until only one cluster is formed. When the procedure is complete, a dendrogram is created, and it 

shows the degree of dissimilarity of the clusters. For the Ward method, the dissimilarity between 

two clusters is defined as √2∆ , where ∆  is the increment in the error sum of squares caused 

by merging two clusters, this means that if cluster  is generated by merging clusters  and  then ∆ = − − . In the dendrogram, the horizontal axis is for all the observations 

used in the analysis and the vertical axis shows the dissimilarity (Kaufman and Rousseeuw 1990; 

Davis 2002; Everitt and Hothorn 2011). By using the dendrogram, one can decide the number of 

clusters to use for further analysis. The decision on the number of clusters to use is subjective; 

however, it can be supported using other techniques (Thyne et al. 2004; Woocay and Walton 2008). 

Thyne et al. (2004) justified their decision on spatial coherence and inverse geochemical modeling. 

Woocay and Walton (2008) used the biplots of principal components to justify the selection of the 

number of clusters. In this study, while the number of clusters is determined empirically, we 

discuss a procedure that may help to determine the number of clusters. Biplots are used to verify 

our selection. 
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Principal component analysis is used to reduce the dimensionality of a problem by selecting 

a new set of variables, which has lower dimensionality, but account for most of the variance of the 

original variables. Principal component analysis is basically an orthogonal transformation of the 

system axes. The new set of variables, called principal components, are the axes of the transformed 

system and linear combinations of the original variables (Johnson and Wichern 2007; Everitt and 

Hothorn 2011). Suppose = ( )  is the sample covariance of the measured variables , , … , . If  and   ( = 1, … , ) are the eigenvalues and eigenvectors of , respectively, 

with ≥ ≥ ⋯ ≥  then the new variables (principal components) are given by: 

 

 = + + ⋯ + , (2.3) 

 

where , also called loadings, is the j-th component of the eigenvector . The  values of the 

new variables  are called scores. The new set of variables are uncorrelated and ( ) =  for = 1, … , . One can chose a set of variables {Y , i = 1,2, … , P} with ≤ . The total variance of 

this new set of variables is calculated as the sum of , and the proportion of total variance 

explained by  is / ∑ . Therefore, we can explain with fewer variables most of the 

variation of the original variables {X , i = 1,2, … , N}. There are multiple ways to determine the 

number of principal components to be retained for further analysis (Johnson and Wichern 2007; 

Kaiser 1960). The results of principal component analysis can be presented by using multiple 

biplots each of which is a two-dimensional plot with two principal components as axes (Woocay 

and Walton 2008). The bottom and left axes are used for the scores, shown as a scatter plot, and 

the top and right axes are for the loadings, shown as scaled arrows from the origin. The loadings 

are scaled for visualization purposes, the main interest is in its direction (Woocay and Walton 

2008). A biplot allow a simultaneous analysis of the relation between principal components and 

the original variables and also the relation between data  expressed in terms of the new variables 

(Woocay and Walton 2008). As the main objective of principal component analysis is to confirm 

the selection of the number of clusters, in this study we use only the first principal components 

that help to define the different clusters (Thyne et al. 2004). The number of principal components 

used for further analysis is based on the minimum number of components required to delineate the 

different clusters in the biplots.  
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The two techniques of multivariate statistical analysis have been widely used in hydrology. 

Suk and Lee (1999) divided the system under study into different hydrochemical regimes. They 

applied cluster analysis to factor scores to reduce the effects of misclassification caused by outliers 

and multicollinearity. Seasonal variation is deducted from the results of cluster analysis after 

applying the analysis to data of each season sequentially. Thyne et al. (2004) developed a 

methodology to characterize watershed hydrology. For understanding temporal variation, the 

authors applied the sequential method to runoff and baseflow conditions separately. Woocay and 

Walton (2008) applied sequentially principal component analysis and k-means cluster analysis to 

groundwater quality data for a better understanding of groundwater flow and evolution. The 

authors used biplots to understand the processes affecting the groundwater chemical composition. 

By the use of biplots and digital elevation maps of the principal components, flow paths and 

interactions of groundwater with surface water and geologic features were inferred. Other studies 

have used the cluster analysis for lumped data of all the sampling periods, but their analysis is 

limited for classifying water samples into groups (Wunderlin et al. 2001; Vega et al. 1998; 

Srivastava et al. 2012), not for analyzing temporal and spatial variation of groundwater quality 

from the distribution of the clusters. 

2.2 Methods 

This section describes the proposed approach for clustering analysis to understand the 

processes affecting spatial and temporal groundwater quality and their variation. The first step 

prior to the multivariate statistical analysis is to reduce the data size by eliminating the variables 

that do not provide important information of groundwater quality. The variable elimination is 

based on two criteria: the Pearson correlation coefficient and the coefficient of variation. The 

Pearson correlation coefficient is used to measure the linear relation between two variables. When 

two variables have a high correlation coefficient (more than 90%) only one is kept. Variables 

highly correlated may introduce errors in the computations and interpretation of results for 

principal component analysis (Johnson and Wichern 2007). The coefficient of variation is defined 

as the standard deviation divided by the mean of the variable. The variables with very low (less 

than 5%) coefficient of variation, in space and time, are considered to be almost constant and thus 

excluded from the statistical analysis. After removing the unimportant variables for the analysis, 

the data are log transformed and standardized. While the log-transformation is not necessary for 
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the analysis, it helps make the data closer to normality and provides better statistical results, as 

suggested by Güler et al. (2002). The standardization removes the impacts of data units on the 

statistical analysis.  

Hierarchical cluster analysis was applied to the log transformed and standardized data. 

Based on the observation that if water quality data at the same sampling location do not vary 

significantly in time the data belong to the same cluster, the Ward’s method clusters together 

samples that have little water quality variation in time and space. Thus, allowing to derive spatial 

and temporal variation of the processes affecting the groundwater quality data. It is important to 

notice that the observation depends on the dissimilarity level chosen to form the clusters. If the 

dissimilarity is close to zero then the number of clusters is the same as the number of data and the 

observation is not true. In the other extreme if only one cluster is selected then all the data will be 

on the same cluster independent of the data values. Once the cluster analysis is complete, the 

dendrogram is used to select the number of clusters for further analysis. The decision of the number 

of clusters is empirical but justified later using principal component analysis (Woocay and Walton 

2008; Thyne et al. 2004). Principal component analysis was applied to the log transformed data to 

verify the result of cluster analysis and to identify the main variables that explain most of the 

variation of groundwater quality. This was achieved by using biplots of the first principal 

components. The number of principal components selected for further analysis is based on the 

number of principal components required to distinguish the different clusters on the biplots. Based 

on the selected principal components, the main variables affecting the groundwater quality were 

obtained. After the verification of cluster analysis result, spatial distribution of clusters is plotted 

in maps. One map per sampling period was generated, and these maps are snapshots of the 

distribution of the water quality in the study area. All parameters were plotted using boxplots 

grouped by cluster. The boxplots provide information about the main characteristics of each 

cluster, and allows a direct comparison of differences among clusters. Using the maps and 

boxplots, spatial and temporal variation of the governing processes of groundwater were analyzed. 

At the end of this analysis we discuss the procedure followed to decide the optimal number of 

clusters to use.  
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2.3 Results and Discussion 

Several variables were excluded from the statistical analysis based on Pearson correlation 

coefficient and the coefficient of variation, as described above. The parameters pH and 

Temperature were not considered for cluster analysis because the coefficient of variation were less 

than 5% in all the sampling periods. On the other hand, the correlation coefficients between Cl- 

and the variables of salinity, total dissolved solids, electrical conductivity and sodium were higher 

or equal than 0.90 for all the sampling periods. Therefore, only Cl- data were retained for further 

analysis. As a result, the multivariate statistical analysis was conducted for the following variables: 

Ca+2, Mg+2, K+, HCO3
-, Cl-, SO4

-2, and NO3
-. 

2.3.1 Cluster Analysis 

Figure 2.2 shows the dendrogram of cluster analysis for the selected variables. For this 

study a dissimilarity value of about 15 was selected which splits the dendrogram into five clusters. 

This means that, the last two elements joined in a clusters had a dissimilarity value smaller than 

15. No other two clusters are merged if the dissimilarity value was larger than 15. The selection 

on the number of clusters was based on a visual analysis of the dendrogram and supported with 

principal component analysis. However, at the end of this section we discuss a procedure that helps 

to decide the number of clusters. To verify the results of the cluster analysis, clusters were plotted 

into biplots using principal components as shown in Figure 2.3. While Figure 2.3 (a), for PC1 and 

PC2, shows that the data corresponding to Clusters 3 and 5 are apparently overlapping, the two 

clusters have substantial difference in Figure 2.3 (b) for PC1 and PC3. Therefore, three principal 

components are enough to verify cluster analysis in the sense that two clusters can be distinguished 

when they are plotted in the biplots. The first three principal components (PC1, PC2, and PC3) 

explained 75% of the total variation of the original dataset (39.63%, 18.72%, and 17.19% 

respectively). The biplots were also used to extract the main variables that explain most of 

groundwater quality data variance. The loadings of PC1 plotted in Figure 2.3 showed that the 

groundwater quality is dominated by Cl- and SO4
-2, whose loading values were -0.51 and -0.48, 

respectively. Similarly, the loadings of PC2 and PC3 indicated that NO3
- and HCO3

- were dominant 

factors, and their loading values were 0.68 and -0.69, respectively. Therefore, PC1 can be related 

to saltwater intrusion, which had been reported as a controlling factor of the groundwater quality 

in the study area (Perry et al. 2002; Back and Hanshaw 1970). PC2 can be related to contamination 
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by sewage and agricultural fertilizers. This agrees with the finding of Pacheco et al. (2004) that 

nitrate concentrations were above the Mexican standards for drinking water in 11% of the analyzed 

samples from supply wells in the Yucatan aquifer. Back and Hanshaw (1970) reported local 

contamination of groundwater by sewage; however, they concluded that it was not a dominant 

factor of groundwater quality. Results of this study showed that contamination, by sewage and 

agricultural fertilizers, are now a dominant factor of groundwater quality. PC3 can initially be 

related to dissolution of the carbonate minerals in the Yucatan aquifer. Although Ca+2 (-0.2) and 

Mg+2 (-0.34) have low loadings in PC3 they have high loading (0.5 and -0.65, respectively) in 

PC4, which explained 11.9% of the total variation. Therefore PC3 and PC4 together highlight the 

karstic nature of the aquifer.  

 

Figure 2.2 Dendrogram of cluster analysis applied to all the sampling periods and the seven 
major ions selected: Ca+2, Mg+2, K+, HCO3

-, Cl-, SO4
-2, and NO3

-. The dashed line represent the 
level of dissimilarity chosen to identify the five clusters selected for further analysis. 
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Although only three components were required to explain the variation of the clusters, we 

decided to consider PC4 because of its importance in the karstic nature of the aquifer. It is noted 

that the two major ions, Ca+2 and HCO3
-, characteristic of a karstic aquifer, were not related to the 

same principal component. This may be explained by the spatial distribution of the two major ions 

due to their genesis and chemical behaviors. Ca+2 in groundwater is mainly due to dissolution of 

carbonate rocks and have preference to form ion complexes with sulfates (Morel 1983; Perry et al. 

2002; Deutsch 1997).  

 

 

 

HCO3
- in groundwater has two sources, dissolved carbon dioxide and dissolution of 

carbonate rocks (Appelo and Postma 2005; Ibanez et al. 2007; Morel 1983). The interaction of 

groundwater with the carbonate rocks has been reported as a controlling factor of groundwater 

quality in the study area (Doehring and Buttler 1974; Back and Hanshaw 1970). Ibanez et al. 

(2007) estimated that 0.77% of the CO2 generated in soils ends in groundwater and concluded that 

this small amount has a significant impact in the groundwater chemical composition. The main 

sources of CO2 identified by Ibanez et al. (2007) were respiration processes and decomposition of 

organic matter, which are dependent on the temperature and seasonal conditions. Therefore PC3 

Figure 2.3 Biplots of the first three principal components. (a) PC1 vs PC2. (b) PC1 vs PC3.
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can be related to precipitation and PC4 to the dissolution of carbonate rocks. Back and Hanshaw 

(1970) reported that rain was not a significant controlling factor of the groundwater quality in 

Yucatan. However, this result suggests that rain is a dominant variable of groundwater quality. 

This result is further confirmed in the groundwater temporal variation section. 

2.3.2 Spatial Variation 

The clusters identified above are plotted in Figure 2.4 to analyze the spatial and temporal 

variability of the groundwater quality governing processes. The box-and-whisker plots for all 

major ions, including sodium for comparison purposes, are presented in Figure 2.5. As shown in 

Figure 2.4, Cluster 1 is located in the west boundary of the study area and at sampling locations 

close to the coastal line (Figure 2.4 (a), 2.4 (c) and 2.4 (d)). For sampling period two (Figure 2.4 

(b)), only some data in Cluster 1 are located close to the coast. This cluster is characterized by the 

highest values of all the ions but NO3
- (Figure 2.5). The high values of Cl-, Na+, K+ and SO4

-2 are 

attributed to saltwater encroachment (Perry et al. 2002; Pérez-Ceballos et al. 2012). The samples 

on the west boundary are also influence by groundwater rich in SO4
-2 coming from an evaporite 

region at the south border of Yucatan and Quintana Roo states which moves toward the west part 

of the study area through the Ticul fault (Perry et al. 2002). Cluster 2 corresponds to a zone located 

at the center of the study area with some elements at the east side of the study area (Figure 2.4). It 

is noted that this cluster has fewer elements for sampling period two than for other sampling 

periods. Figure 2.5 shows that the concentrations of Ca+2, Mg+2, Cl-, Na+, K+, and SO4
-2 are smaller 

in Cluster 2 than in Cluster 1, suggesting that Cluster 2 is less affected by saltwater intrusion and 

the groundwater rich in sulfates. The sampling locations of Cluster 3 are those located in the east 

side of the study area. The only exception is that the data of the second sampling period occupies 

a larger area extending towards the center of the study area. Figure 2.5 shows that, for Cluster 3, 

the concentrations of Ca+2, Mg+2, Na+, K+, Cl-, SO4
-2, and HCO3

- are smaller than those of Clusters 

1 and 2, except that nitrate concentrations are slightly higher. The fact that Cluster 3 has lower ion 

concentrations may be explained by the spatial distribution of average annual precipitation in the 

study area. As shown in Figure 2.1, most of the precipitation occurs at the east of the State of 

Yucatan (INEGI 2002). Cluster 4 is located in two zones in the study area, one at the east and one 

at the west (Figure 2.4 (a), 2.4 (c), 2.4 (d)). However, Cluster 4 is located mainly in the west zone 

for the data of the second sampling period (Figure 2.4 (b)). Cluster 4 is characterized by the highest 

values of NO3
- and the lowest of Mg+2 (Figure 2.5). The zone at the west (Figures 2.4 (a), 2.4 (b) 
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and 2.4 (c)) is located over Merida, the biggest city in the State of Yucatan. Pacheco (2013) found 

that the east of the state had high annual loading of nitrogen due to extensive use of fertilizers, and 

the west had also high loading of nitrogen due to livestock production, specifically pig farms. 

Therefore, this cluster can be associated with local contamination zones caused by the 

urbanization, disposal of untreated sewage, and excessive use of agricultural fertilizers (Graniel et 

al. 1999; Pacheco and Cabrera 1997; Pacheco 2013). Cluster 5 is present all over the study area 

during the second sampling period (Figure 2.4 (b)), especially at certain locations occupied by the 

data of Clusters 1 and 2. Note that this cluster is present only in the second sampling period. The 

average concentrations of Ca+2 and HCO3
- are significantly lower than those of the other four 

clusters (Figure 2.5). These may be explained by the distribution of the precipitation in 2010, more 

details will be discussed below.  

 

 

 

This analysis reveals the zones of influence of the different variables identified from 

principal component analysis. Cluster 1 shows the spatial extent of the sea water intrusion and the 

Figure 2.4 Spatial distribution of the five clusters selected for further analysis. (a) First sampling 
period, September to November 2009. (b) Second sampling period April to June 2010. (c) Third 
sampling period October to November 2010. (d) Fourth sampling period, May to June 2011. 



36 

water coming from the south, rich in sulfates. However, it does not have the capability to separate 

the zones of influence of each process. Clusters 2 and 3 have similar characteristics which are not 

affected by seawater intrusion or contamination. The average annual distribution of rain in the 

study area (Figure 2.1) causes the main differences between these clusters with Cluster 3 having 

smaller concentrations of the ions. Thus, these zones represent the natural groundwater conditions 

of the aquifer only affected by the interaction of water with the rocks of the aquifer and the average 

annual distribution of precipitation. These processes were related to PC4 and PC3 respectively. 

Cluster 4 corresponds to the influence zones of the PC2 which was related to anthropogenic 

contamination. Cluster 5 that is present only in the second sampling period will be discussed in 

more detail the next section. 

 

 

2.3.3 Temporal Variation 

Figure 2.4 is used to analyze the temporal variation of groundwater quality by paying 

special attention to the changes of the cluster locations with time, as the temporal changes of the 

cluster locations reflect groundwater quality variation. There are some details about the 

precipitation that are important to mention and help to explain the temporal variation of clusters. 

Figure 2.5 Box and whisker plots for the major ions. Sodium was not used for the analysis, it is 
presented for comparison purposes. The open circle represent the average parameter value. 
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The rainy season in Yucatan occurs between June and October (Schmitter-Soto et al. 2002). The 

Köppen-Geiger climate classification suggests that a month is dry if the total precipitation is less 

than 60 mm (Peel et al. 2007). Therefore, during 2010 the rainy season started in April and ended 

in September (Figure 2.6). Moreover, sampling period 2 planned to be at the end of the dry season 

was during the rainy season of 2010. Sampling period 3 was performed in dry months (October 

and November 2010), however, its chemical composition can be considered to be representative 

of the rainy season because the sampling was performed right after the rain season. Sampling 

period 4 is the only period performed in a dry season. Only 17 samples were taken during the first 

week of June 2011. The spatial distribution of the clusters are similar for sampling periods 1, 3 

and 4 (Figures 2.4a, 2.4c and 2.4d). Therefore, groundwater quality do not varies significantly over 

these sampling periods and the average chemical composition is given in Figure 2.5. Recall that 

the three sampling periods include two dry seasons and one rain season. This is considered to be 

the stable configuration of the aquifer. A significant change in the spatial distributions of the cluster 

is observed for the second sampling period. As shown in Figure 2.4b, Clusters 1, 2 and 4 have 

fewer wells in the second sampling period than in the other three sampling periods. In addition, a 

new cluster (Cluster 5) appears. Comparing sampling periods 1 and 2, some data in Cluster 5 

replaced data in Clusters 1 and 2. In addition, in the east part of the study area, the location resulting 

in high nitrate concentrations in Cluster 4 is occupied by data of low nitrate concentrations of 

Cluster 3.  

One hypothesis to explain the groundwater quality changes in sampling period 2 is that the 

precipitation during sampling period 2 was higher and caused the movement of water westwards. 

Corresponding, the data of Cluster 3 spread to the west and data of Cluster 1 were diluted, which 

forms the new Cluster 5. The hypothesis is supported by the following facts. First, cluster 4 is 

absent in the east part of the study area for sampling period 2, and that the concentrations of Ca+2, 

Mg+2, Na+, K+, Cl-, SO4
-, and HCO3

- in cluster 5 decreased by a factor of a half when comparing 

its concentrations with Cluster 1. The only exception is the nitrate concentration, and this may be 

attributed to high nitrate concentrations in the top of the aquifer. Second, by examining the average 

cumulative monthly precipitation plotted in Figure 2.6 for each month during 2009, 2010, and 

2011, we can see that sampling period 2 was carried out during the rainy season of 2010 and this 

may explain why the Cluster 3 increases its influence towards the center of the study area and the 

dilution effect of Cluster 5. However, the presence of Cluster 4 at the west suggests that the 
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distribution of the precipitation is also important. The distribution of the precipitation in April and 

June of 2010 is presented in Figure 2.7. The precipitation pattern shown in Figure 2.7 (b) is 

different from that of the average annual precipitation in that larger precipitation occurred in the 

west part of the Yucatan State. Therefore, Cluster 5 is formed by groundwater samples from the 

east which had lower concentrations because of the amount of rain, and in the west because of the 

amount of precipitation and changes in the spatial distribution of the precipitation. Therefore, the 

amount and spatial patterns of precipitation are dominant variables of groundwater quality 

temporal variation in Yucatan. Cabrera et al. (2002) concluded that groundwater quality was not 

different in dry and rain seasons. Their study area was smaller (a zone at the south of Merida used 

to supply water to the city) and this behavior is also observed in sampling periods 3 and 4. However 

because of the temporal and spatial resolution of the data used this study leads to a different 

conclusion: precipitation cause variations in groundwater quality. 

 

 

 

Figure 2.6 Average cumulative monthly precipitation in the State of Yucatan for the years 2009, 
2010 and 2011. 
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Figure 2.7 Distribution of the precipitation in the state of Yucatan. (a) April 2010. (b) June 2010. 

 

2.3.4 Determining the Optimal Number of Clusters 

To determine the optimal number of clusters we used an empirical procedure that starts 

with two clusters. Subsequently, we plotted the boxplots of chemical characteristics, biplots and 

the spatial distribution of the two clusters. Figures are not shown, but Figures 2.2 to 2.4 can be 

used as reference for the dendrogram, biplots and spatial distribution respectively. Based on Figure 

2.2, we chose one cluster to be Cluster 1, and the other cluster was formed by merging Clusters 2 

to 5. The biplots showed that only the first principal component is required to justify this selection 

(Figure 2.3 (a)). From the boxplots and the maps we identified the influence of the seawater 

intrusion, and all the properties of Cluster 1 discussed in the previous section. We also derived the 

properties of the second cluster. To decide if the analysis should finish at this step, we did the same 

analysis for a case of three clusters. For this case we obtained the following clusters: Cluster 1, 

Cluster 5 and a cluster formed by merging Cluster 2 to 4. Note that Cluster 1 had the same elements, 

and thus all the information gained from the previous step about this cluster remains valid. At this 

step the first three principal components were required to justify this selection of clusters. As new 

information was gained in this step, we continued with the analysis with four and five clusters by 

gradually adding Cluster 4, Cluster 3 and Cluster 2 to the analysis. Note that three principal 

components are still required for these steps. Adding a sixth cluster divided Cluster 2 into two 

clusters with slight differences in calcium and magnesium. The selection of six clusters required 

four principal components given that principal component 4 was related to calcium and 

magnesium. The two clusters formed by splitting Cluster 2 cannot be interpreted with the existent 
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information. This may serve as the basis for future studies. We decided that five clusters was the 

optimal number of clusters of this study. 

2.4 Conclusions 

The analysis of spatial patterns and temporal dynamics are important for the design of 

groundwater protection schemes, especially for karst aquifers that are vulnerable to contamination. 

An approach is developed to simultaneously analyze spatial and temporal variability of the 

processes governing groundwater quality. This approach was applied to the karstic aquifer of the 

state of Yucatan. It is found in this study that there are five dominant variables influencing the 

spatial and temporal patterns of groundwater quality: saltwater intrusion, water rich in sulfates, 

anthropogenic contamination, precipitation, and water-rock interactions. Without anomalous 

precipitation events, the spatial variability of groundwater quality is stable and can be classified 

into four zones indicating the spatial influence of the different variables. The zone at the west 

(Cluster 1) and the coastal area is characterized by the influence of sea water intrusion and the 

influence of water from the south rich in sulfates. The zone at the east (Cluster 3) has the best 

water quality caused by the average annual distribution of precipitation. The zone in the middle 

(Cluster 2) has higher concentrations of the all ions when compared to Cluster 3 and there is no 

evidence of the affectation from seawater intrusion or anthropogenic contamination. Therefore 

Cluster 2 and Cluster 3 are the zones with a natural composition of the water only influenced by 

the precipitation and carbonate rocks dissolution/precipitation. There are two localized 

contamination zones (Cluster 4), one at the west and one at the east characterized by having the 

highest nitrate concentrations. For the temporal variability the proposed approach allows us to 

conclude that the groundwater quality is not steady in time. From an analysis of the snapshots of 

spatial variability of water quality, it can be concluded that the changes in time are influenced by 

the amount and distribution of precipitation. Those two factors cause the dilution of water samples 

belonging to the other clusters and the formation of the Cluster 5.  

Results of this work increase the knowledge about how precipitation and human 

contamination impact groundwater quality in the following ways: (1) with the exception of 

changes in the amount and distribution of precipitation , the spatial variability in the study area is 

controlled by: seawater intrusion and groundwater rich in sulfates at the west and in the coast; the 

middle and the east zone represent the natural conditions of the system only affected by water-
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rock interactions and the average annual distribution of precipitation respectively; and the presence 

of two localized zones affected by human contamination one at the west under the biggest city of 

the state and one at the east under an agricultural zone, (2) changes in the amount and distribution 

of precipitation cause the temporal variation of groundwater quality by diluting groundwater in the 

aquifer. This approach allows us to analyze the variation of groundwater quality controlling 

processes efficiently and simultaneously.  

This study develops an approach to analyze the spatial and temporal variation of 

groundwater quality. The proposed approach of using cluster analysis for lumped data is proven 

to be useful for simultaneously analyzing spatial and temporal variability of groundwater quality 

efficiently and simultaneously. The proposed methodology is also applicable to other areas given 

that no assumption is made about the groundwater in Yucatan. 
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CHAPTER 3 

VALIDATION OF KARST FLOW MODEL AT LABORATORY SCALE 
 

Model validation is an important step in building confidence of models (Hassan 2007). In 

this chapter I perform model validation for our laboratory set up. The first step is data collection 

in a laboratory experiment. An important part of this step is the estimation of measurement error 

which is later used for the validation of the model. A numerical model is built using CFP M1. The 

experimental data is used to calibrate the hydraulic conductivity, roughness and the exchange flow 

coefficient. Afterward, the model is evaluated by estimating the error between simulations and 

experimental results for the cases not calibrated. Confidence intervals for this error are calculated 

to account for parametric uncertainty, uncertainty caused by measurement error at the boundary 

conditions and measurement error at the variable of interest. Validation or invalidation of this 

model is based on the magnitude of the estimated error and the confidence interval for the true 

error. Influence of the discretization of the model in the numerical results is also discussed. 

3.1 Methods 

In this section I first present the details about the sandbox experiment and the procedures 

followed to collect the data. Then, I discuss the procedures followed to perform model validation. 

3.1.1 Sandbox Characteristics 

The sandbox design is shown in Figure 3.1. This design represents a confined aquifer with 

a conduit running along the longitudinal direction. The dimensions of the tank are 

104.4×41.9×43.4 cm3. The tank was built using acrylic with a uniform thickness of 1.7 cm. Only 

the middle 80 cm of the tank are filled with porous media, the remainder is filled with gravel to 

create a uniform distribution of pressure for the water at the inflow and outflow of the porous 

media. Four external reservoirs are used to generate inflow and outflow of the system, two for the 

conduit and two for the porous media. Twenty pressure sensors are distributed in the porous media 

to estimate the head distribution.  
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The porous media used is a fine sand with hydraulic conductivity of 0.788 cm/s measured 

from a Darcy column. The porosity of the sand is estimated to be 0.416, and the bulk density of 

the dry sand in the tank is 1.31 gr/cm3. This bulk density was used as a control parameter for the 

amount of sand used in the sandbox. The pipe, made of stainless steel, had an external diameter of 

1.9 cm with a thickness of 0.1 cm, the pipe has holes on it of 0.2 cm of diameter in the 80 cm 

where sand is used. A stainless steel mesh is used to prevent infiltration of the sand into the conduit. 

A total of 29 parameters are measured during each experiment: (a) heads and flow rates at the 

inflow and outflow of the porous media, (b) head and flow rates at the inflow and outflow of the 

conduit, (c) heads in the 20 sensors, (d) temperature of the water. This sandbox is located in Hohai 

University, China. 

3.1.2 Measurements 

Head measurement. Heads at the inflow and outflow of the conduit and porous media 

were read from the piezometers, their locations are depicted in Figure 3.2 (a). The heads in the 

porous media were measured using 20 pressure transducers whose characteristics are shown in 

Table 3.1. The distribution of the sensors in the sandbox is shown in Figure 3.3. Only sensor B1-

1 is connected to a piezometer through a T-type connector.  

 

Figure 3.1 Sandbox design. (a) View from the top ( -plane) at the middle cross section of the 
sandbox. (b) Front view ( -plane) of a cross section of the sandbox, the circle represent the 
location of the conduit. (c) View from the side ( -plane) of the middle cross section of the 
sandbox, the black dots are the sensor locations. 
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Sensor B1-1 was used to calibrate all the other sensors. To perform calibration: 

1. The flow at the outflow reservoirs were shut down. 

2. When the system was in steady state, the sensor readings were recorded as well as the 

value of the piezometer reading at sensor B1-1. 

Figure 3.2 Location of piezometers to measure heads. (a) Inflow and outflow piezometers for the 
conduit and porous media. (b) Piezometers installed in the pipes connecting each one of the four 
reservoirs to the system. 

Figure 3.3 Location of head sensors within the porous media. (a) Side view. (b) Top view, upper 
sensors. (c) Top view, middle sensors. (d) Top view, lower sensors. 
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3. A calibration curve that related the sensor reading to sensor B1-1 reading was created 

for all of the remaining 19 sensors.  

4. The calibration curve for sensor B1-1 was used to estimate the head at all the other 

sensors. First, by transforming the reading of that sensor to sensor B1-1 then using the 

calibration curve for sensor B1-1. The calibration curve for sensor B1-1 is shown in 

Figure 3.4. 

Before starting a new set of measurements the sensors were checked by shutting down the 

system outflow, letting the system reach steady state and comparing the head read from sensor B1-

1 with the ones estimated by the sensor. If the difference was bigger than sensor accuracy, ±0.5 

cm, then the calibration curve between sensors was corrected. 

Flow rate measurements. The flow rates at the inflow and outflow reservoirs were 

estimated from the head drop along the pipes connecting the reservoir to the tank as shown in 

Figure 3.2 (b). For each one of the four pipes a calibration curve was generated by varying the 

head drop and manually measuring the corresponding flow rate. The calibration curves are 

generated by non-linear regression with the measured data. The four calibration curves are shown 

in Figure 3.5. 

 

Temperature sensor PT-100 

Range of Measurement −70 to 500 ℃ 

Accuracy ±0.5 ℃ 

Pressure sensor DT-3000 

Range of Measurement 0 − 20 kPa 

Accuracy 0.25% FS (±0.5 cm) 

Piezometer 

Accuracy ±0.1 cm 

 

 

Table 3.1 Equipment used for measurement and its characteristics. 
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Data quality assurance. As a measure of quality assurance in our data I estimate the 

percent of discrepancy. The percent of discrepancy is a measure to determine the mass balance 

error of the system. Given that all out measurements are performed at steady state the inflow and 

outflow rates should be equal. The percent of discrepancy is defined in equation 3.1. This is the 

same equation used in MODFLOW (Harbaugh 2005).  

 

 % = 100( − )( + )/2  
(3.1) 

 

3.1.3 Estimation of Measurement Error 

In this section we discuss the estimated measurement error in the measurements. This 

measurement error is of great importance to assign weights in the calibration process and for model 

validation. 

Heads. The reported value for a sensor was recorded when the readings were stable. 

Therefore, only one measurement was recorded for each sensor. To estimate the error, I followed 

the procedure of Hill and Tiedeman (2007). For the head measured at the sensors the precision was 

0.5 cm (Table 3.1). Assuming that the heads are normally distributed with mean ℎ  and 95% of 

the time, the true value falls within the interval (ℎ − 0.5, ℎ + 0.5)  then 1.96 = 0.5 , 

therefore  ℎ ~ (ℎ , 0.065). 

 

 

Figure 3.4 Calibration curve for sensor B1-1.
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I tested this value in two different ways. First, from the verification of the calibration curves 

realized before starting a new set of experiments. I calculated the difference between the measured 

value at sensor B1-1 and the calculated values from the corrected calibration curves. For all the 

sensors the error was in absolute value less than 0.4 cm. Only one sensor had error of 1 cm in one 

day. Another way that I verified the error in the sensor readings was by comparing the 

measurements with the MODFLOW solution when the exchange was small. It was found that the 

actual reading where consistently underestimating the values by approximately 0.55, and the 

variance of the residuals was 0.0064. The bias in the measurement of the head may be caused 

because the sensors were calibrated at steady state. Unfortunately this bias was discovered long 

after the experiments were completed.  

Flow rates. Flow rates were calculated from head drop along the pipes connecting the 

reservoirs. The heads were read from piezometers installed in a wall. Each calibration curve is 

shown in Figure 3.5. The heads were read directly from the piezometer which had an accuracy of 

0.1 cm (Table 3.1). Therefore, I assumed that the true value of head lies in the interval (ℎ −0.1, ℎ + 0.1), where ℎ  is the measured value of head. Assuming that the head is normally 

distributed with mean ℎ  and if 95% of the time the true value falls within the interval (ℎ −0.1, ℎ + 0.1) then ℎ ~ (ℎ , 0.0026). This is true for both measured heads, therefore the head 

drop in the pipe follows a normal distribution with a variance equal to twice the variance of ℎ : ∆ℎ ~ (∆ℎ , 0.0052) . In other words the 95% confidence intervals for ∆ℎ  are (∆ℎ −0.141, ∆ℎ + 0.141). 

There were four flow rates  in each experiment, each one calculated from a polynomial 

 and the measured pressure drop ∆ℎ  (Figure 3.5). The standard deviation for a flow rate was 

estimated using the coefficient of variation ( ) as = (∆ℎ ) (Hill and Tiedeman 2007). 

The coefficient of variation is defined as the ratio of the standard error to the mean. The coefficient 

of variation was approximated by using the relative error at the boundaries of the 95% confidence 

intervals for ∆ℎ  (equation 3.2). The relative error at the boundaries were an approximation of 

the maximum and minimum relative error that we may have. 

 

 = max (∆ℎ ) − (∆ℎ − 0.141)(∆ℎ ) , (∆ℎ + 0.141) − (∆ℎ )(∆ℎ )  
(3.2) 
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3.1.4 CFP Numerical Model 

A numerical model was developed using CFP M1. The model consisted of 33 rows, 54 

columns and 33 layers, as shown in Figure 3.6. The conduit was located in layer 16 and row 16, 

between columns 3 and 52. For the conduit layer, its height was 1.9 cm, the size of conduit 

diameter. The conduit was discretized following the porous media discretization. One node was 

placed within each cell that the conduit passes through. Constant head boundary conditions were 

used for the porous media and conduit inflow and outflow boundaries as measured in the laboratory 

experiments. The hydraulic conductivity measured in the Darcy column was 0.788 cm/s, this was 

used as an initial value although it was calibrated later. For the conduit, critical Reynolds numbers, 

tortuosity and diameter are considered fixed. The values for those parameters are: (a) critical 

Reynolds number between 2000 and 4000, I choose these values because it was a straight stainless 

steel pipe, (b) tortuosity for a straight pipe is 1 and, (c) for the diameter I used the pipe external 

Figure 3.5 Calibration curves for flow rate measurement of (a) porous media inflow, (b) porous 
media outflow, (c) conduit Inflow, and (d) conduit outflow.  
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diameter of 1.9 cm, (d) a value of temperature of 12 ℃ was measured for all the experiments. The 

roughness for new stainless steel is within the range 0.1 cm – 0.015 cm and it depends on the 

surface finish (Albright 2008). I used an initial value of roughness of 0.1 cm, however this value 

was calibrated as well. In my simulations the parameter SA_EXCHANGE is set to 0 always, which 

means that the input value is the flow exchange coefficient. 

 

 

 

This model was built using FloPy (Bakker et al. 2016) a package that allow the integration 

of MODFLOW 2005 with Python. However this package does not support CFP M1. A number of 

routines were written in Python to add this capability. The code also supports the automatic 

generation of mesh with different grid size to analyze the influence of discretization in CFP M1. 

The conduit is always located in the middle row and middle layer, the sizes of the other cells are 

decreased from the center to the boundaries by means of a geometric series. 

3.1.5 Model Calibration 

The main interest is in the flow exchange coefficient, however I calibrated also the values 

of the hydraulic conductivity of the porous media and roughness of the conduit to account for 

errors in the packing of the sand, the extra roughness caused by the holes in the pipe, the mesh 

surrounding the pipe as well as errors in the discretization of the pipe. The roughness coefficient 

and the hydraulic conductivity were calibrated only for a case where the flow exchange was small 

enough so its influence in the flow rates and heads of the system could be neglected. This is 

discussed in detail in the next section.  

Figure 3.6 Model discretization. (a) Front view of vertical cross section along row 16 where 
conduit is located. (b) Side view of vertical cross section along column 16. 
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Two other experiments were selected to perform calibration for the flow exchange 

coefficient. Flow rates at the inflow and outflow of the porous media and the conduit, and heads 

in the 20 sensors were used for calibration. Weights were assigned using = 1/  (equation 1.7) 

where  was calculated using the coefficient of variation for flow rates and standard deviation 

for heads. The values for the standard deviation and coefficient or variation were assigned as 

discussed in Section 3.1.3. For the coefficient of variation ( . .) the variance was calculated as = ( . .× ) . The calibration was performed using UCODE 2014 (Poetter et al. 2014). The 

validity of the calibration was tested by using plots of the weighted residuals against simulated 

values and using the calculated error variance of the regression. 

3.1.6 Model Validation 

Model validation for CFP M1 was performed following the guidelines of Oberkampf and 

Roy (2010). The estimated error (difference between simulated and measured value) was 

calculated along with the confidence interval for the true error. However, because of the 

complexity of model validation in hydrology, some changes were made. First, given that some 

parameters needed calibration, a subset of the experiments was used for model calibration. Those 

experiments were not used for model accuracy assessment because the purpose of calibration is to 

improve the match between measurements and simulations. Second, the mean comparison metric 

cannot be used in this context because it does not account for the error caused by the calibration. 

The proposed metric is: 

 

 ± ( , / + / ) (3.3) 

 

where  , , = , ,  are the true value, measured value, and the model simulation with 

calibrated parameters, , and boundary conditions of interest, , respectively, = − y  is the 

estimated error,  is the standard deviation of the simulation  (equation 1.12), , /  is the -

statistic with = + −  degrees of freedom and a significance level ,  is the 

standard error of the measurement ,  /  is the -statistic with a significance level . In my 

case, there were no repeated measurements to calculate , this value was estimated following 

the discussion of Section 3.1.3. More accurate representations of this metric can be proposed if 

repeated measurements are available. 
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Equation 3.3 is a confidence interval for the true an unknown error = − . The 

validation metric defined in quation 3.3 is equivalent to the mean validation metric of Oberkampf 

and Roy (2010) and is similar to the prediction intervals defined by Hill and Tiedeman (2007). 

This metric is derived from the fact that if the residuals in the regression are normally distributed, 

then by equation 1.11 a confidence interval for  is: ± , /  (Lu et al. 2012; Hill and 

Tiedeman 2007). Also, we assumed that the corresponding measurement  was normally 

distributed with a variance . A confidence interval for the true value  is: ± /  

(Section 3.1.3). Equation 3.3 is derived from subtracting both confidence intervals. The term  

accounts for the error due to calibration and allows the integration of linear uncertainty in the 

metric. The metric defined in equation (3.3) has the advantage of allowing the evaluation of 

uncertainty even for parameters not included in the calibration (Hill and Tiedeman 2007). 

Parameter uncertainty and boundary condition uncertainty can be calculated using the extended 

variance-covariance matrix (Hill and Tiedeman 2007). By using equation 3.3, I will estimate the 

error for the non-calibrated cases along with the contribution of the different sources of 

uncertainty.  

The conclusion about the validation or invalidation of CFP M1 to simulate the laboratory 

set up is based on the magnitude of the estimated error and the accuracy of the model given by the 

half width of the confidence interval. Although, Oberkampf and Roy (2010) suggest that the 

numerical error should be estimated, I only discuss the influence of discretization in the model 

results. To perform this analysis, I wrote a Python code to calculate the linear propagation of 

uncertainty. 

3.2 Results and Discussion 

3.2.1 Experimental Measurements 

A total of 13 experiments were performed. The 13 experiments can be classified into two 

cases. In the first case the head at the conduit inflow was gradually increased to generate flow 

exchange from the conduit to the matrix. In the second case the porous media head at the inflow 

was gradually increased, so that the flow exchange was from the porous media to the conduit. 

Measurements were made when the system reached steady state. Figure 3.7 shows the results of 

percent of discrepancy for all the experiments along with the calculated net exchange. The net 

exchange is defined as the porous media outflow minus the porous media inflow (equation 3.4). 
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Because the system is in steady state this is equivalent to the difference between conduit inflow 

( ) and outflow rate ( ). The flow exchange measured in the experiments range from -30 

ml/s to 30 ml/s. The absolute value of the percent of discrepancy is less than 5% in all the cases, 

however in 11 cases this discrepancy is negative indicating that more water was measured at the 

outflow compared to the inflow. 

 

 = −  (3.4) 

 

where  is the net exchange flow rate [ml/s],  is the porous media outflow rate [ml/s], and 

 is the porous media inflow rate [ml/s].  

 

 
 

 

Figure 3.8 shows a plot of the measured heads at the boundaries and flow rates of the 13 

experiments. We can see that for the first cases the flow exchange is from the conduit to the matrix, 

and when the porous media head is increased the flow exchange is from the porous media to the 

conduit. One interesting characteristic of Figure 3.8 is that when the inflow in the conduit increases 

the inflow in the matrix decreases. This is caused by the flow exchange between both systems. 

When the exchange is from the conduit to the porous media the conduit inflow is decreasing. All 

measured values for the karst sandbox are given in Appendix A. Finally, Figure 3.9 shows the head 

Figure 3.7 Percent of discrepancy (right axis) for each one of the 13 experiments realized along 
with the exchange flow rate (left axis). 
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distribution for experiments 07 and 13 which had the bigger exchange. Figure 3.9 is not highly 

accurate because there are only 10 measurements to generate the contours, this figure presented to 

illustrate the head behavior in the porous media. According to Figure 3.9, the exchange is occurring 

from 40 cm to 80 cm and. Flow lines are almost horizontal from 20 to 40 cm and is caused because 

of the presence of the constant head boundary condition at the outflow. Comparing Figure 3.9 (a) 

to (c) we can see that the flow exchange affect the heads in the system in different ways. When the 

exchange is positive (Figure 3.9 (a)) the boundary layer around the conduit where the exchange is 

happening is larger than the one when the exchange is negative (Figure 3.9 (b)). B sensors are less 

affected by the flow exchange. 

 

 

 

Reynolds number estimated at the inflow of the conduit ranged from 1800 to 5000 and for 

the outflow from 2900 to 3800. Reynolds number in the experiments can be seen from Figure 3.8 

(b). The Reynolds number is obtained by multiplying the inflow and outflow flow rates at the 

conduit by / =62.07. Recall = / = × / , where  is the diameter,  is the cross-

section area of the conduit and  is the kinematic viscosity of water. 

Figure 3.8 Experimental results for (a) measured heads at the inflow and outflow of the porous 
media and the conduit, (b) measured flow rates at the inflow and outflow of the porous media 
and the conduit. 
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3.2.2 Calibration 

Calibration of the hydraulic conductivity and roughness coefficient. Experiment 2 is 

of particular interest because for this case the flow exchange was small (Figure 3.7). The percent 

discrepancy was -1.8% for the porous media, 0.1% for the conduit, and -0.99% for the entire 

system. For the conduit, the small discrepancy in the mass balance indicate that the net flow 

exchange between the porous media and the conduit is small. The large discrepancy in the matrix 

is likely to be caused by measurement error. I assumed for this case that the exchange flow 

coefficient ( ) is zero and proceeded to calibrate the values of the hydraulic conductivity ( ) and 

roughness coefficient ( ) . The calibrated values of hydraulic conductivity and roughness 

reflected errors in the experimental and numerical set up and provided prior information about 

those parameters that were used for the calibration of exchange flow coefficient. The calibration 

was performed using flow rates only because the hydraulic heads in the porous media do not 

depend on the hydraulic conductivity for steady state simulations in confined aquifers. Starting 

values of 0.788 cm/s for the hydraulic conductivity, 0.1 cm for the roughness were used. For weight 

assignment, a coefficient of variation between 7 and 10% was assigned for flow rates, following 

the procedure discussed in Section 3.1.3, and for the heads a standard deviation of 0.255 was used 

which is the corresponding value for the sensor accuracy of 0.5 cm (Section 3.1.3, Table 3.1). The 

weighted residuals where not evenly distributed around zero. The weighted residuals for the porous 

media were bigger. The weights were evaluated and modified following the guidelines of Hill and 

Tiedemann (2007). The final coefficient of variation was about 10% for the porous media and 

0.1% for the conduit, which were reasonable given the small discrepancy in the conduit mass 

balance. The calculated standard deviation of the regression is 0.99 (equation 1.8), thus the 

corrected coefficient of variation is consistent with the measurement error. Results of the 

calibration along with the 95% confidence intervals for the roughness and hydraulic conductivity 

are presented in Table 3.2. 

It is important to note that for the calibration, the flow in the porous media was assumed to 

be through the entire cross section of the system including the conduit. The hydraulic conductivity 

was corrected as follows. The only change was in the area of the flow, therefore I corrected the 

hydraulic conductivity by multiplying the Darcy law equation by the ratio of the total area to the 

total area minus the area of a cross section of the conduit. This is valid because the aquifer is 

confined with a constant cross-section area. This ratio was 1.001, therefore the correction did not 
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affect the value presented in Table 3.2. The calibrated values for hydraulic conductivity and 

roughness were bigger than measured (0.788 cm/s for hydraulic conductivity) or estimated (0.01 

cm for the roughness). Bigger values were expected because the values in Table 3.2 reflect the 

errors due to packing, extra roughness caused by the mesh surrounding the pipe, the pipe holes, as 

well as errors in the discretization of the conduit. 

 

 

 

Given the small exchange, I compared the hydraulic head measured and the values 

estimated by MODFLOW. Figure 3.10 shows that there is a consistent underestimation of the 

sensor readings of about 0.55 cm. This overestimation indicated the presence of a systematic bias 

Figure 3.9 Head contours for measured values at the 20 sensors within the porous media. The red 
dots represent the location of the sensors. (a) Experiment 07 A sensors. (b) Experiment 07 B 
sensors. (c) Experiment 13 A sensors. (d) Experiment 13 B sensors. 
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in the sensors measurements. This bias was taken into account when calibrating other cases. Also 

the standard deviation of the heads is 0.08 which may indicate that the heads had smaller 

measurement error than expected. It is important to consider that even when the flow exchange is 

neglected this may influence the hydraulic heads for the sensors close to the conduit. Figure 3.10 

was repeated omitting the sensors in the row A2 (Figure 3.2), the values of the mean (-0.54) and 

standard deviation (0.07) were similar. This confirms that the assumption of zero flow exchange 

was reasonable. 

 

 Calibrated value Lower 95% CI Upper 95% CI 

 [cm/s] 2.05 1.97 2.14 

 [cm] 0.34 0.337 0.344 

 

Calibration of the flow exchange coefficient. From the remaining 12 experiments two 

were used to perform calibration of the flow exchange coefficient. The roughness coefficient and 

the hydraulic conductivity were fixed during calibration. The main reason for this was to focus on 

the flow exchange coefficient. Also, the roughness and hydraulic conductivity were not expected 

to change between experiments. Weights were assigned following the procedures discussed in 

Section 3.1.3. The first attempt was to calibrate randomly selected cases, trying to be as objective 

as possible. However the calibration process failed to converge most of the time. Therefore, two 

experiments were selected for calibration of the flow exchange coefficient. The decision on which 

experiments to use was based on visual inspection of the plots of the weighted least squares 

objective function against the flow exchange coefficient (figures not shown). Model error seems 

to be the reason for the calibration process to fail. Model error is discussed in more detail in Section 

3.2.4. 

Results for the calibrated cases are presented on Table 3.3 along with the confidence 

intervals, and the variance of the estimated parameters. The high value of the variance for 

experiment 08 was an indicator that the model is not very sensitive to the value of the exchange, 

according to equation 1.9. The confidence intervals were estimated by UCODE, however the lower 

Table 3.2 Calibrated values and 95% confidence intervals (CI) for the hydraulic conductivity and 
roughness. 
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limit was negative which was not reasonable. The residuals were approximately randomly 

distributed, had a mean of zero, and the weighted errors were independent. A plot of the weighted 

residuals can be found in Figure 3.11.  

 

 

 

Experiment Flow exchange coefficient 95% CI Variance 

05 0.829 (-0.995,2.65) 0.7772 

08 3.20 (-11.4,17.8) 50.002 

 

The residuals did not follow those requirements perfectly. For experiment 05 the weighted 

residuals for head were all above 0, therefore the mean was higher than zero. It is important to note 

Figure 3.10 Residuals for the calibrated values. (a) Histogram and fitted normal distribution. (b) 
Distribution of residuals around the mean value.  

Table 3.3 Calibrated values for the flow exchange coefficient, 95% confidence intervals (CI) and 
variance for experiments 05 and 08. 
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that the heads were corrected for the bias detected in the experiment 02, but the model 

underestimated the heads. For experiment 08, the residuals were randomly distributed around zero. 

These were considered good calibrations, however it is important to mention that: 
1. Tolerance of for convergence was increased to 0.001.  

2. The weights were modified so that the weighted residuals were independent and distributed 

randomly. This is a requirement for the confidence intervals to be valid. The flow rates 

were greatly overestimated or underestimated in some cases. For example, for experiment 

05 the coefficient of variation for porous media inflow rate was assumed to be 0.2, and for 

experiment 08 the error in the conduit inflow and porous media outflow rates were assumed 

to be 20% of the measured value. I am confident on our measurements and errors of 20% 

are not justified. 

3. In both cases the calculated error variance (equation 1.8) of the calibration was close to 1, 

which means that the residuals were consistent with the weights used. However, errors for 

some measurements were assumed bigger than estimated. This may indicate the presence 

of model error (Hill and Tiedeman 2007). 

 

 

 

Figure 3.11 Residual plots of the experiments used to calibrate the flow exchange coefficient: (a) 
experiment 05, (b) experiment 08. 
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3.2.3 Model Validation 

The model validation was performed by calculating the estimated error and the confidence 

intervals for the true error using the metric defined in equation 3.3. Figure 3.12 presents the relative 

error using the calibrated value of the flow exchange coefficient from experiment 05 and Figure 

3.13 for experiment 08. Figures 3.12 and 3.13 plot the relative error along with the confidence 

intervals for the true error for inflow and outflow rates and two sensors only. One of the sensors 

was located close to the conduit (A2-2) and one far from the conduit (B2-2), the sensors are facing 

each other (Figure 3.3). Figures B1 and B2 in Appendix B are other versions of figures 3.12 and 

3.13 showing the estimated (absolute) error. The relative error for the flow rate was calculated as:  

 

 −( + )/2, (3.5) 

 

where  is the simulated flow rate [ml/s],  is the measured flow rate [ml/s],  is the sum 

of the conduit and porous media inflow rates [ml/s],  is the sum of the conduit and porous 

media outflow rates [ml/s]. For the heads in the porous media the relative error was calculated as: 

 

 ℎ − ℎ(∑ ℎ )/20, (3.6) 

 

where ℎ  is the simulated value of head at the sensor , ℎ  is the measured value of head at sensor 

. 

The intervals presented in Figures 3.12 and 3.13 are constructed by gradually adding the 

sources of uncertainty. First, only the uncertainty given by the flow exchange is presented (CI EX), 

then I add the error measurement at the variable of interest (CI ME). This last interval is the metric 

defined by Oberkampf and Roy (2010). Finally, I added the uncertainty caused by propagation of 

measurement error at the boundary conditions and the parametric uncertainty (hydraulic 

conductivity and roughness). It is important to notice that Figure 3.13 does not have information 

for experiments 04, 06 and 07. The model did not converge in those experiments. More details are 

discussed in the next section. The uncertainty was estimated using linear propagation of 

uncertainty theory (Hill and Tiedeman 2007; Lu et al. 2012). Those intervals are more accurate if 
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the model is linear. However, linear confidence intervals can be a good approximation to the true 

values (Lu et al 2012). Linearity was verified for the flow exchange coefficient only at the 

calibrated values by using UCODE 2014. 

Magnitude of the estimated error. The estimated error is the difference between 

simulation and measurement. This value is shown in Figures 3.12 and 3.13 as a percentage of the 

average total flow rate (equation 3.5) or the average measured head in the porous media (equation 

3.6). Recall that the net flow exchange is positive (from the conduit to the porous media) for 

experiments 03 to 07 and negative (from porous media to the conduit) for experiments 01, and 09 

to 13 (Figure 3.7). 

1. Relative error in the porous media inflow (Figures 13.12 (a) and 13.13 (a)). For Figure 

3.13 (a), the relative the error increased for experiments 01 to 07, being up to 20% of 

the average total flow rate (for example, at the inflow porous media of experiment 07). 

This seems to be the same tendency in Figure 3.13 (b), however the model did not 

converge for experiments 04 to 07 for the calibrated value of flow exchange. When the 

exchange was from the porous media to the conduit the relative error was around -5% 

and it did not change as the flow exchange increased. 

2. Relative error in the porous media outflow (Figures 13.12 (b) and 13.13 (b)). For the 

outflow, when the exchange was positive, the relative error was between 0 and 10%. 

However, when the flow exchange changed direction the error increased as the 

exchange increased being as large as 20%. 

3. Relative error in the conduit inflow (Figures 13.12 (c) and 13.13 (c)). For the conduit 

inflow, there was an increasing underestimation or overestimation depending on the 

sign and magnitude of the flow exchange. This error was up to 25% the total flow rate 

in some cases. The best results are for small exchange when this error was about 10%.  

4. Relative error in the conduit outflow (Figures 13.12 (d) and 13.13 (d)). This error was 

smaller, close to 0, when the exchange was negative or small. However, there was an 

increasing relative error as the positive flow exchange increased. The largest error was 

about -15%. 
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Figure 3.12 Relative error and 95% confidence intervals for the true error. Flow exchange 
coefficient from experiment 05. CI stands for confidence interval, EX exchange flow coefficient 
only, ME for exchange flow and measurement error. The total confidence interval include also the 
uncertainty caused by error propagation at the boundary conditions and parameter uncertainty 
(hydraulic conductivity and roughness). (a) Porous media inflow. (b) Porous media outflow. (c) 
Conduit inflow. (d) Conduit outflow. (e) Sensor A2-3. (f) Sensor B2-3. The bias for sensor 
measurement is considered.  
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Figure 3.13 Relative error and 95% confidence intervals for the true error. Flow exchange 
coefficient from experiment 08. CI stands for confidence interval, EX exchange flow coefficient 
only, ME for exchange flow and measurement error. The total confidence interval include also the 
uncertainty caused by error propagation at the boundary conditions and parameter uncertainty 
(hydraulic conductivity and roughness). (a) Porous media inflow. (b) Porous media outflow. (c) 
Conduit inflow. (d) Conduit outflow. (e) Sensor A2-3. (f) Sensor B2-3. The bias for sensor 
measurement is considered. 
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5. Relative error in the heads (Figures 13.12 (e), (f) and 13.13 (e), (f)). The estimated 

errors for the heads were smaller than 2% in all the cases independent of the sign or 

magnitude of the flow exchange. 

Confidence intervals for the true error and contribution of different sources of 
uncertainty. The confidence intervals from Figures 3.12 and 3.13 have different sources of 

uncertainty. For the flow rates, considering other possible sources of uncertainty provided a range 

of variation for the true error between ±10 to ±15% the estimated value. For the heads the 

confidence intervals were small (±1.5% the estimated value). 

The confidence intervals for the heads showed that most of the uncertainty was caused by 

measurement error. Other sources of uncertainty (parameter uncertainty and propagation of 

uncertainty at the boundary conditions) were negligible compared to the measurement error. The 

following discussion is for the flow rates confidence intervals.  

1. Uncertainty by flow exchange. This uncertainty is delineated by the red lines in Figures 

13.12 and 13.13. Overall, this uncertainty was bigger for the flow exchange coefficient 

of experiment 08 (Figure 13.13) than experiment 05 (13.12). This may be expected 

given the large variance for the flow exchange in experiment 08 (Table 3.3). The effect 

was also bigger at the outflow than at the inflow, this was not expected. Recall that the 

linear propagation of uncertainty is related to sensitivity (equations 1.9 and 1.12). The 

smaller uncertainty at the inflow indicates that the model is less sensitive to the 

exchange parameter, however from Figure 3.7 and 3.8 the inflow rates are more 

sensitive to the flow exchange than the outflow rates. 

2. Measurement error. The errors at the flow rates were assigned as discussed in Section 

3.1.3. This error contributed significantly to the overall width of the confidence 

intervals in some cases (Figure 13.12 (c)), and for other cases this was not significant 

compared to the uncertainty caused by the flow exchange coefficient (13.13 (d)).  

3. The parametric uncertainty and propagation of uncertainty at the boundary conditions. 

Overall this uncertainty was not important compared to the other sources of uncertainty. 

The prior information (variances) were assigned for the boundary conditions assuming 

an accuracy of ±0.1 cm, and for the hydraulic conductivity and roughness I used the 

values from the calibration (Table 3.2, Section 3.1.3). Although the measured value = 0.788, and the estimated initial value = 0.1 were different from the ones in 
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Table 3.2. I am more confident in the values from the calibration because they take into 

consideration other errors from the assembly of the experiment as discussed in Section 

3.2.2. 

Accuracy. Oberkampf and Roy (2010) define accuracy of a model as the half width of the 

confidence interval. As discussed on the previous section, the accuracy achieved for CFP M1 to 

simulate our lab set up depend mostly on the flow exchange coefficient and on the measurement 

error. The accuracy achieved by CFP M1 and our lab experiments was between ±10 to ±15% the 

estimated error (for flow rates) and up to ±1.5% for the heads. Using more accurate measurement 

methods can improve this accuracy (reduce the width of the confidence intervals). However, if 

CFP M1 is not sensitive to the flow exchange coefficient the confidence interval can still be large. 

Form Figures 3.12 and 3.13 I conclude that CFP M1 is not a valid model for our laboratory 

set up. The best results were for small exchange which had the smaller errors. When the exchange 

increases, CFP M1 can not simulate all four flow rates with small error. The relative error can be 

between 20 and 40% of the measured total flow rate for some cases (considering all possible 

sources of uncertainty). For heads in the porous media CFP M1 had a better performance, and the 

estimated relative error was smaller than 5% always.  

3.2.4 Evidence of Model Error 

In this final section I discuss in more detail the problems encountered during CFP M1 

model validation that may indicate model structural error in CFP M1.  

Calibration of the flow exchange coefficient. As discussed in the section of calibration, 

large errors were assigned to some flow rates to have a good calibration. Those errors were not 

reasonable. This is an indication of model error (Hill and Tiedeman 2007). Another indication of 

model error is the bias for the heads in experiment 05. I took into account the bias detected in the 

measurements of the sensors but still the model results were biased. It seems that the bias depends 

on the direction of the exchange because for case 08 the bias was not detected but for experiment 

07 (results not shown) the bias was even bigger. 

If the objective function (weighted least squares) used for calibration of the flow exchange 

coefficient is plotted (figure not shown) for all the experiments (weights assigned as discussed in 

Section 3.1.3) the flow exchange coefficient calibrated to 0 for small exchange, less than 2 for 

cases 05, 06, and 07 to values of more than 10 for cases 12 and 13. Therefore the value of the flow 

exchange coefficient depends on the calibration conditions (Table 3.3). 
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Best results only for small exchange. CFP M1 yielded the best results when the system 

had small exchange flow. Seems that this is true independent of the calibrated value of the flow 

exchange (Figures 13.12 and 13.13). Apparently, that there is a threshold of exchange over which 

CFP M1 can not simulate flow rates in the system even for conditions similar to the ones used for 

calibration. For example, experiment 05 was used for calibration but experiment 06, which had 

similar boundary conditions and flow exchange, had relative errors of up to -20%.  

Hu et al. (2012) argues that large values of flow exchange coefficient yielded the best 

results for CFP-type models. This may not be always the case for CFP M1, for large values of the 

flow exchange coefficient (for example, the one calibrated for experiment 08) the model did not 

converge when the exchange was positive (experiments 04 to 07, Figure 3.13). However, the best 

results are always for the experiments that have small flow exchange. 

Insensitivity to the flow exchange coefficient. Figure 3.14 shows the estimated error 

(simulated value minus measured value) for all flow rates and sensors A2-3 and B2-3 as a function 

of the flow exchange coefficient. For all the experiments, except experiments 03 to 07 at the 

conduit outflow, it seems that the results become insensitive to the exchange after some value 

(Figure 3.14). This the reason why for some experiments the model calibration took long to 

converge, and the variance of exchange was big (for example, experiment 08). The bigger the 

exchange the less sensitive the model is. Bauer et al (2003), Birk et al. (2003) and Liedl et al. 

(2003) argued that CFP models are very sensitive for small values of exchange. This is observed 

in Figure 3.14, the model is more sensitive for small values of exchange, however for large values 

the model is either not sensitive to the flow exchange coefficient as discussed by Hu et al. (2012) 

or CFP M1 equations did not converge. 

Correlation of error between simulated and measured values. By comparing Figure 

3.12 with Figure 3.8 we can observe that the relative error is correlated with the measurements. 

For example, the error for porous media inflow, Figure 3.12 (a), when the measurement is 

decreasing the error increases. This behavior is more evident for the conduit inflow where the error 

behaves exactly opposite to the measured values. 

Dependence of the solution on the mesh. Oberkampf and Roy (2010) suggest to estimate 

the numerical error as a source of uncertainty in the predicted value. In this study I only estimated 

the influence of this value on the behavior of the output. For example, Figure 3.15 shows the 

dependence of the objective function (weighted least squares) used for calibration of experiment 
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05 as a function of the exchange. For this figure, the number of columns used to discretize the 

porous media (and conduit), was increased from 50 to 60, 80 and 100. For 100 cells, I used twice 

the number of rows and layers as well. From Figure 3.15, the domain of the function and the 

optimal value both depend on the flow exchange coefficient. Wang (2010) showed that CFP was 

ill-posed, and it is mentioned that the heads in the matrix may blow up for finer discretization. This 

was not observed in this analysis, closer to the conduits heads are overestimated and as the 

discretization gets finer the heads increase no more than 1% from the measured value. However, 

for even finer discretization CFP M1 equations do not converge. Kuniansky et al. (2011) 

mentioned that changing the temporal discretization in a CFP M1 model would require a 

recalibration of the flow exchange coefficient. Figure 3.15 shows that changes in the spatial 

discretization require as well the recalibration of the flow exchange coefficient. 

3.3 Conclusions 

A 3D sandbox model was developed to perform model validation of CFP M1. My results 

showed that CFP M1 is not a valid model for the lab sandbox, this model is not able to accurately 

simulate all our lab measurements. Model error is suspected given that: (1) higher values of error 

where required to get acceptable calibrations, (2) the calibrated value of exchange give large errors 

even in conditions similar to the calibration conditions when the exchange is large, (3) the model 

is insensitive to the flow exchange coefficient for large values, (4) there is correlation between 

flow exchange and estimated errors, (5) the dependence of the solution on the discretization. The 

best results were obtained when the exchange was small. However, the relative error increases as 

the flow exchange increases and the model is not able to accurately reproduce the inflow and 

outflow rates of the system. Although, I do not consider this model to be valid to simulate my 

laboratory set up, CFP M1 model can be useful depending on the objectives of the study. For 

example, M1 can simulate the head distribution in the system for steady state conditions. 
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Figure 3.14 Estimated error as a function of the flow exchange coefficient for all the experiments. 
(a) Porous media inflow. (b) Porous media outflow. (c) Conduit inflow. (d) Conduit outflow. (e) 
Sensor A2-3. (f) Sensor B2-3 (The bias of the sensor was taken into account in the measurement).
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Figure 3.15 Dependence of the objective function (weighted least squares) in terms of the flow 
exchange coefficient. 
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CHAPTER 4 

MEASUREMENT OF GROUNDWATER SEEPAGE AT LABORATORY 
SCALE 

In this chapter, I develop and test a seepage meter to estimate the discharge from 

groundwater to surface water bodies. A Darcy column is used to test this device. A MODFLOW 

model, and measurements from the seepage meter are used to test the accuracy of the analytic 

solution of groundwater seepage into a shallow lakes derived by Moore (2016). I first introduce 

the seepage meter and discuss the measurement procedure as well as the advantages and 

disadvantages of this method. Then, I introduce the sandbox used for data collection, and the Darcy 

column used to test the seepage meter. Finally, I discuss the details about the MODFLOW model 

used to simulate our laboratory set up and the procedures for testing the accuracy. I finally proceed 

to discuss the accuracy of the seepage meter and the analytic solution. 

4.1 Methodology 

4.1.1 Seepage Measurements 

The following explanation is in terms of a lake, however this device have potential 

applications for other superficial water bodies. 

The measuring device. I propose a new device to measure seepage flux, Figure 4.1 shows 

the proposed seepage meter installed. The seepage meter consist of a cylinder inserted into the 

porous media (1 in Figure 4.1 (a)). An external reservoir connected to the cylinder keep the water 

head in the cylinder at the same level as the water head in the lake (2). The outflow is measured 

from this external reservoir. The reservoir is placed into a laboratory jack so its height can be 

adjusted. To verify that the height is the same in the seepage meter and in the lake I use two other 

hoses (4 and 5) one connected at the lake and one connected at the reservoir of the seepage meter. 

These two hoses were placed next to each other to visually verify that the reservoir was at the right 

height.  

The lab scale seepage meter can be extended for field applications as shown in Figure 4.1 

(b). The idea is the same, however a lid is added to reduce the effects of the weather conditions, 

pressure transducers are used for measuring the heads, and a pump is installed to the cylinder 

instead of an external reservoir. 
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Measurement procedure. The seepage meter in Figure 4.1 can be used to: (1) measure 

the seepage directly, or (2) measure the seepage when the hydraulic conductivity is known, (3) 

measure the hydraulic conductivity of the lake bed and the seepage.  

1. A direct measurement of the seepage can be obtained by measuring the flow rate at the 

external reservoir.  

2. If the hydraulic conductivity is known, I can use this value to estimate the seepage by 

lowering the height of the external reservoir. This can be useful when the flow seepage is 

small, or at field scale if only a pump with fixed flow rate is available. For this case, assume 

that the cylinder is inserted at a depth  in the sand with cross-sectional area , ℎ is the 

head inside the cylinder and ℎ  is the lake stage (which is the same as ℎ at the beginning) 

and ℎ  the head at the bottom of the cylinder and  is the value of hydraulic conductivity 

of the porous media.  

 

 

 

Figure 4.1 Proposed seepage meter. (a) Lab scale seepage meter: 1) cylinder open at both ends, 
one side will be inserted on the sand at a given depth, 2) external reservoir where the flow of the 
seepage meter will be measured, 3) hoses/pipes, 4)-5) pipes used to verify that the head at the 
external reservoir and at the lake are the same. (b) Field scale seepage meter: 1) cylinder, 2) lid, 
3)-4) pressure transducers, 5) pump.  
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The specific discharge can be calculated from Darcy’s law as follows:  

 

 = = − ℎ − ℎ = − ℎ − ℎ , (4.1) 

 

where  is the flow rate at the lake bottom inside the cylinder. Now, if I lower the 

reservoir (item number 2 in Figure 4.2 (a)) such that the head in the cylinder is lower than 

the lake stage this will increase the flow rate in the reservoir to a value . The specific 

discharge  can be calculated as: 

 

 = = − ℎ − ℎ = − ℎ − ℎ + ℎ − ℎ = − ℎ − ℎ
 (4.2) 

 

 = + ℎ − ℎ
 

(4.3) 

 

The quantities , ℎ, ℎ ,  ,  are known. Then equation 4.3 can be used directly to estimate 

the seepage.  

3. If the hydraulic conductivity is unknown I can perform a set of measurements (ℎ, / ) 

of heads and flow rates and fit a line to equation 4.4. The negative of the slope will be the 

estimated hydraulic head, and the intercept will be the desired seepage flux 

 

 = = − ℎ − ℎ + . (4.4) 

 

This method should be applied carefully, lowering the height of the reservoir too much 

may influence the flow field and thus overestimate the seepage in the seepage meter. 

Therefore, this method can be used to estimate the seepage through the bottom of a lake 

and to have insight about the heterogeneity of the bottom lake which may be useful for modeling 

purposes. One advantage of this method is that can be also applied to field measurements with 

small modifications. 
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4.1.2 Accuracy 

Now, I discuss the accuracy of this device in terms of measurement errors in the heads and 

flow rates involved for measurement methods 2 and 3. If the seepage is estimated using equation 

4.3 by measuring , ℎ, ℎ  with known , , . Assume that the respective measurement errors are , ,  are normally distributed with mean 0 and variance , , , then the linearity of 

equation 4.3 imply that the error in  is normally distributed with mean 0 and variance: 

 

 = + + 1
 

(4.5) 

 

According to equation 4.5 the method is more accurate if the area is bigger or the seepage 

is pushed deeper into the sand.  

When several measurements are required, the error can be estimated using linear regression 

theory. If, given a set of  measurements (ℎ , ), a line is fitted through linear regression:  

 = = + + , = 1,2, … ,  (4.6) 

 

where = (ℎ − ℎ )/ ,  is an estimate of −  and  of . The confidence intervals for the 

coefficients are: 

 

− , ≤ ≤ + ,  
(4.7) 

 1 − , 1 + ̅ ≤ ≤ 1 + , 1 + ̅
 

(4.8) 

 

where: 
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= (ℎ − ℎ ) − 1 (ℎ − ℎ )  
(4.9) 

 

= (ℎ − ℎ )( ) − 1 (ℎ − ℎ )  
(4.10) 

 =  
(4.11) 

 

= 1 − 1 (ℎ − ℎ )  
(4.12) 

 

= − 1 −  
(4.13) 

 = − 2 (4.14) 

 

Also, = /  is the variance of the regression. By increasing the area of the seepage 

meter and the number of samples, I can reduce the confidence intervals, the error and increase the 

accuracy of the method.  

A more detailed discussion of the accuracy is needed in terms of the influence of head 

losses caused by the piping, pump and other components of the seepage meter. 

4.1.3 Advantages and Disadvantages of the New Seepage Meter 

Advantages. The proposed seepage meter offers the following advantages over the 

existing seepage meters. 

1. No constrain the outflow from the porous media. The classical seepage meter proposed 

by Lee (1977) consist of a pan (half of a barrel) with a plastic bag where the water is 

collected, the seepage is estimated by changes in the volume of water in this bag. The 

use of this bag requires the estimation of a coefficient that account for restrictions to 
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flow through the connector between the bag and the pan, and the resistance of the bag 

to flow (Rosenberry et al. 2008). Murdoch et al. 2003 showed that attaching the bag to 

the seepage meter increases the head inside the pan, thus affecting the performance of 

the seepage meters. 

The cylinder is open in both ends, thus the outflow coming from the groundwater 

is not constrained in anyway. The existent seepage meters consist of a pan where the 

outflow is directed to another container where the outflow rate is measured. This is the 

case of the ultrasonic meter (Paulsen et al 2001), dye dilution meter (Sholkovitz et al. 

2003). The Krupaseep-meter (Krupa et al. 1998) and the heat-pulse meter (Taniguchi 

1993) constrain the outflow from the porous media using a funnel, where the flow rates 

are measured by using heat pulses. The piezo-seep meter (Kelly and Murdoch 2003) 

pumps water outside the tank at a given rate. This device allows the estimation of 

hydraulic conductivity and seepage. The common characteristic in all the described 

piezometers is the use of the pan. No study had properly evaluated the effect of the pan 

in the measurements. The proposed seepage meter does not constrain the flow using a 

pan or a plastic bag. 

2. This seepage meter also allows to estimate the hydraulic conductivity. From the above 

mentioned methods only the piezo-seep meter (Kelly and Murdoch 2003) can measure 

the hydraulic conductivity of the porous media. However the piezo-seep meter may not 

be used at small scale, because we would require a small pump with a small pumping 

rate so that we do not pump more water than the seepage which was not available to 

us. 

3. For field scale application the seepage meter can be automatized for monitoring 

seepage fluxes. 

4. It can be used at small scale applications, it is simple to set up and very cheap. This 

seepage meter is suitable for lab scale, does not require specialized equipment thus 

reducing the costs. 

Disadvantages.  
1. This seepage meter is suitable for shallow surface water. The cylinder is open to the 

atmosphere, so that for deep applications the length of the cylinder may be a problem. 
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2. The applications at field scale may increase the cost because of pressure transducers 

and the pump. 

The proposed field scale application of the seepage meter is principle, similar to the piezo 

seep meter proposed by Kelly and Murdoch (2003). The main difference is that the piezo seep 

meter uses a hydraulic head measured below the lake bed and one measured between the pan and 

the porous media. The proposed seepage meter uses the lake stage and the head inside the cylinder, 

thus the equations to estimate the hydraulic conductivity are different. Both of them need to be 

tested side by side to determine which one is better for a given application. For my particular case, 

the proposed seepage meter was the best option. 

4.1.4 Sandbox Experiment and Darcy Column  

A Darcy column was used to test the accuracy of the seepage meter (Figure 4.2). The 

column measure 51.2 cm in height and 19.6 cm in diameter. The inflow is by the bottom and 

outflow at the top. At the inflow, 10 cm of gravel (river rock) was used to generate a uniform 

pressure distribution. The height of the sand was 31.5 cm. A total of 15.9 kg of sand was packed, 

370 gr of sand at a time to make the sand as homogeneous as possible. 

 

 

Figure 4.2 Darcy column used to test the seepage meter.
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The dimensions of the sandbox are 50 × 139.1 ×  19 cm  in height, length, and width, 

and the sketch of the experiment setup is shown in Figure 4.2. The water at the inflow was set to 

a constant head boundary. I kept the constant head by using another reservoir connected to it by 

means of a hose with overflow at the desired level. The outflow is at the left part of the tank. The 

water level in the lake was kept at constant height by overflow. The overflow was collected in 

other reservoir as depicted in Figure 4.2. The outflow was measured from this reservoir. The 

distance from the center of the lake to the border of the lake is 42 cm and the depth at the center 

of the lake is 6 cm. Four observation clear pipes where installed close to the wall to be used for 

measurement of heads in the porous media. I used swimming pool filter sand as the porous media 

(Brand: Quikrete, gradation 20/40). The hydraulic conductivity was calculated using the Darcy 

column. The amount of sand used to fill the big tank was 181.6 kg.  

 

 

 

4.1.5 Analytical and Numerical Solutions 

Moore (2016) derived an analytical for the estimation of seepage through the lake bottom 

(equation 1.6). This equation requires measurement of the total flow into the lake, the lake length 

and the depth form the lake depth to the bottom of an impermeable surface. Those values were 

easily measured from our lab set up.  

Figure 4.3 Experiment setup. The dimensions of the sandbox are 50×139.1× 19 cm3. 1. Lake with 
a length of 42 cm and a depth of 6 cm. 2. Inflow reservoir for constant head. 3. Outflow reservoir. 
4. Hoses to be used for head measurement. 
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For a comparison with the analytical equation, a MODFLOW model was built to simulate 

the sandbox on Figure 4.3. The discretization is shown in Figure 4.4. This model has a total of 139 

columns, 1 row and 40 layers. The model simulates a 2D unconfined aquifer with unit width. The 

boundary conditions are constant head at the lake and at the right boundary. The origin was set at 

the center of the lake surface. The first layer thickness is set such that the water table will be 

contained within that layer. Also, all the cells of the lake bottom are contained in the second layer, 

otherwise the plot of the discharge was not smooth. This model was built in Python with the help 

of FloPy (Bakker et al. 2016). 

 

 

 

The seepage from the MODFLOW model was estimated from the cell-by-cell file (CBC). 

The CBC file contains flow rates for three faces of each cell (front, right and lower). Because the 

model was 2D the seepage flux,  [cm/s] at any cell at the lake bottom was estimated as: 

 

= ∆ ∆ + ∆ ∆  
(4.15) 

 

Figure 4.4 MODFLOW discretization for the lake sandbox.
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where  is the flow rate at the cell right boundary,  is the flow rate at the cell lower boundary, 

and ∆ , ∆ , ∆  are the cell sizes in the , ,  directions. 

4.1.6 Accuracy Assessment 

The accuracy of the seepage meter was tested using the Darcy column. By varying the head 

at the inflow a seepage flux value for the column of sand can be estimated, then the seepage meter 

will be used to estimate the seepage flux at the center of the column. I expect that both fluxes will 

be equal. I estimate the relative error for each measurement as an indicator of the accuracy: 

 100 × − , (4.16) 

 

where  is the seepage flux [cm/s], and  is the Darcy column flux [cm/s]. 

MODFLOW results were used to discuss the accuracy of the analytical solution. Using the 

collected data, I calibrated the value of hydraulic conductivity in the sand using UCODE. With 

this calibrated value I calculated the discharge using equation 4.15 at each cell in the lake bottom. 

I also calculate the value of the analytic solution for each cell. I compared the results of the 

analytical solution and the measurements with MODFLOW by calculating the  error, and the  

relative error (equation 4.17, using MODFLOW as the true value): 

 

100 × ( ( ) − ( )) d /
( ( )) d / , (4.17) 

 

where ( )  is the analytic solution by Moore (2016) and ( )  is the seepage flux from 

MODFLOW, and  is the horizontal distance from the center of the lake. Also, plots of the relative 

error at each point were calculated as follows: 

 100 × ( ) − ( )142 ( ) d . (4.18) 
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Also, I show a plot of measurements of seepage at the sandbox along with MODFLOW 

results and the analytic solution.  

4.2 Results and Discussion 

4.2.1 Seepage meter accuracy 

The cylinder for the seepage meter had a length of 13.6 cm with a diameter of 6 cm. The 

depth inserted in the sand was 4 cm. For this test, first the hydraulic conductivity was estimated 

using the falling head experiment in the Darcy column. Results of this test are shown in Figure 

4.5, characteristics of the Darcy column were given in section 4.1.4. The estimated hydraulic 

conductivity for the sand was0.0458. Therefore  

 = 0.0458 ∆ℎ/  (4.19) 

 

can be used to estimate the seepage flux from the Darcy column for any given ∆ℎ. Then the 

seepage meter is inserted in the sand, and the seepage is estimated by direct measurement as 

discussed in Section 4.1.1. Figure 4.5 (b) shows the measured seepage flux from the seepage meter, 

equation 4.19 was used to estimate the seepage from the Darcy column. The actual measurements 

with the relative error are given in Table 4.1. The largest relative error was about ±15% the 

estimated value from the Darcy column. 

Also, the third method of estimating seepage (Section 4.1.1) was tested. For this method, 

the head inside the cylinder ∆ℎ  was varied, and the corresponding flow rate  was measured as 

well. Then a line was fitted to equation 4.4. This equation is shown in Figure 4.6. The estimated 

hydraulic conductivity and seepage were of the right order of magnitude but bigger than the ones 

estimated for the Darcy column, 0.0458 cm/s for the hydraulic conductivity and 0.007415 cm/s for 

the seepage. This discrepancy could be caused because when installing the hoses at the seepage 

meter I moved the cylinder disturbing the sand at the column. Given the scale of this experiments, 

small errors can have a big impact in the results. More testing is required using more accurate 

equipment or increasing the scale.  

4.2.2 Sandbox Results 

Three experiments were performed, however due to technical difficulties in the sealing of 

the sandbox, I have only one with complete measurements.  
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Table 4.1 Measured and estimated values of seepage flux:  is calculated from equation 4.19, 
 is the seepage meter flow rate divided by its cross-section area, and the relative error is 

calculated from equation 4.16. 

∆  [cm]  [cm/s]  [cm/s] Rel. Error 

1.6 0.002326 0.002333 0.285861 

1.9 0.002763 0.002345 -15.1019 

3.5 0.005089 0.005378 5.687358 

2.2 0.003199 0.003517 9.945146 

2.85 0.004144 0.004788 15.54318 

4.7 0.006834 0.006939 1.548633 

5.1 0.007415 0.006942 -6.38077 

Figure 4.5 (a) Estimation of the hydraulic conductivity for the sand in the Darcy column. (b) 
Estimated seepage flux from the seepage meter compared with the estimations from the Darcy 
column. 
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For this experiment the head at the inflow was 45.5 cm, the head at the outflow was 34.5 

cm and the measured flow rate was 7.5 ml/s. The flow per unit width was =0.3947 ml/s. This 

value was used to perform calibration of hydraulic conductivity in the MODFLOW model. 

Measurements of heads and flow rates are presented in table 4.2. Method 3 (Section 4.1.1) was 

used to estimate the seepage because of the small flow rates. At each measurement point, three to 

five different ∆ℎ  were used (equation 4.6 and Section 4.1.1). 

4.2.3 Analytic Solution Compared to MODFLOW 

The observations used for calibration were the outflow rate and the four measured heads 

(Table 4.2). The weights for the observations were assigned as the inverse of the variance. The 

variance for the flow rate was estimated from repeated measurements, and for the heads an 

accuracy 0.1 cm was assumed (Section 3.1.3). The calibration was performed using UCODE, the 

scaled sensitivities showed that only the value of  was relevant for the calibration of . The 

calibrated value of = 0.0943 cm/s, gave a residual of 0 for the flow rate, and all the heads where 

overestimated for about 0.5 cm. The overestimation for the heads may be caused because of the 

Figure 4.6 Estimation of hydraulic conductivity and seepage.
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sandbox wall, and also the packing around the hoses was more difficult. The calibrated value of = 0.0943 cm/s was used as input for MODFLOW. Figure 4.7 shows the distribution of heads 

in the sand.  

 

H inflow 45 h1 44.5 

Head Outflow 34.5 h2 42 

Q total 7.5 h3 40.2 

Q0 per unit width 0.3947 h4 37.1 

 

 

 

 

With the calibrated value of K and the measured value of , the seepage from 

MODFLOW and the analytic solution were estimated. Figure 4.8 shows the result of MODFLOW 

compared with the analytic solution. The  relative error (equation 4.17) gives a result 20% 

discrepancy between the analytic solution and the MODFLOW solution. This result reduces to 

Table 4.2 Measured values of flow rate and heads in the sandbox.

Figure 4.7 Head contours in the porous media for the experimental set up of Figure 4.1.
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19.9% if a finer discretization was used. Figure 4.4 (b) shows the values of the error relative to the 

average MODFLOW seepage. Overall, the relative error was between −10% and 10% most of 

the time. For the finer discretization there is an overall decrease of the relative error. Only at the 

center there is a slight increase in the relative error.  

 

 

 

Therefore, the analytic solution is a very good approximation to the values estimated using 

MODFLOW (Figure 4.5 (a)). The error grows quickly approaching to the lake edge, this was 

expected because equation 1.6 is discontinuous at the lake edge. 

4.2.4 Measurements of Seepage at the Lake Sandbox 

The seepage was measured by varying the head drop the seepage meter and fitting a line 

to the results Three to five head changes were tested at each measurement point and for each head 

change the measurement is repeated three times (equation 4.6 and Section 4.1.1). Figure 4.5 (a) 

shows the results of the measured values for discharge at 5 points through the lake bottom along 

Figure 4.8 Results from MODFLOW and the analytic solution. (a) MODFLOW, analytic solution 
and measurements with 95% confidence intervals. (b) Relative error of the analytic solution to the 
average discharge (equation 4.18). The finer grid is generated by doubling the number of cells. 
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with the 95% confidence intervals. Figure 4.6 shows the results of the measured hydraulic 

conductivity at the same points along with the calibrated value using UCODE. 

The results are good for the two measurements closer to the center of the lake, however the 

95% confidence intervals for those cases is large. The large error can be a consequence that those 

where the points with the smaller flow rates and the seepage meter may have a threshold below 

which the measurement is zero. For the other three points, larger (smaller) hydraulic conductivity 

had larger (smaller) discharge thus overestimating (underestimating) MODFLOW results. The 

variation in the measurements may be caused by the heterogeneity or anisotropy of the porous 

media. Those two effects are not accounted in MODFLOW and the analytic solution. Results looks 

promising however more testing is required. 

 

 

 

4.3 Conclusions 

Results from a Darcy column were used to test a new device for the measurement of 

seepage, and a sandbox experiment and a MODFLOW model were used to test the accuracy of an 

Figure 4.9 Measurements with 95% confidence intervals for the hydraulic conductivity along with 
the calibrated value. 
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analytic solution. The proposed device has the advantage that is also able to measure the hydraulic 

conductivity. The new seepage meter offers several advantages over other seepage meters, 

especially because for lab scale is cheap, easy to set up and operate. The new seepage meter yielded 

good results when compared to a Darcy column. The relative errors where between ±15% the 

value from the Darcy column. Simulations of discharge using MODFLOW were compared with 

the results of an analytic solution. The analytic solution is a good approximation for the discharge 

at the bottom of the lake. Measurements of seepage performed at the sandbox had larger errors 

than expected. This may be caused because of a threshold in the device, heterogeneity or 

anisotropy in the porous media.  
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CHAPTER 5 

CONCLUSIONS AND FUTURE WORK 
 

This dissertation addresses topics related to karst aquifers from different perspectives. 

Chapter 2 developed a method for the joint analysis of spatial and temporal variation of 

groundwater quality using cluster analysis. This method was applied for understanding 

groundwater contamination in the karst aquifer of Yucatan, a real-world example of karst aquifer 

vulnerability. The results of this study showed that the spatial variations are controlled by human 

pollution, sea water intrusion, groundwater rich in sulfates and the interaction of the groundwater 

with the rocks of the aquifer. The temporal variations are controlled by changes in the distribution 

and the amount of precipitation. The proposed methodology revealed important information about 

the Yucatan aquifer that can be used for future studies and for the development of protection 

schemes. 

In Chapter 3 a sandbox was used to simulate a karst aquifer for the purpose of model 

validation. Model validation was performed to CFP M1 to evaluate if this model reproduce the 

physics behind the sandbox experiment. Model validation was performed by estimating the error 

between simulation and measurement and the confidence intervals for this error. My results 

showed that CFP M1 is not a valid model to simulate this laboratory set up. The errors can be as 

large as 40% the measured total flow rate for some experiments. However, depending on the 

objective of the study this model may be useful. For example, heads in the porous media can be 

simulated accurately. The problem of CFP M1 to simulate our laboratory set up seems to be caused 

by model error.  

Chapter 4 presented a new device for the measurement of groundwater seepage at the 

laboratory scale. The seepage meter was tested using a Darcy column. Results showed that this 

device can over estimate or underestimate the seepage flux up to 15% the estimated value for the 

Darcy column. This large error may be attributed to disturbances in the porous media caused by 

installing the device, heterogeneity or anisotropy of the porous media. Measurements of seepage 

were performed through a lake bottom using a sandbox. Results from MODFLOW were used to 

test the accuracy of the experimental measurements and the analytical solution. The analytical 

solution proved to be a good approximation to MODFLOW estimation of seepage. Results from 
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the new device used in the sandbox had larger errors than expected. However, the MODFLOW 

model and the analytic solution assumed a homogeneous and isotropic medium. This may not be 

the case for the sandbox even though the sand was packed carefully.  

Future work. Future work in karst flow model validation is directed towards the 

estimation of nonlinear confidence intervals for the uncertainty for CFP M1 and to perform model 

validation with the existent data using other CFP-type models. I am particularly interested in 

Darcy-Stokes. I am also interested in determining whether other approximations of flow exchange 

can be used to improve CFP M1 simulations. Also, I would like to perform a more detailed analysis 

of the numerical convergence of CFP M1 equations.   

Future work for the seepage meter is directed in testing the device using more accurate 

equipment, to determine thresholds in the device, effects of piping, and the effect of pressure drop 

inside the cylinder in the measurement, comparison of this device with other existing methods and 

test this device for field applications. 
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APPENDIX A 

EXPERIMENTAL RESULTS KARST SANDBOX 
This Appendix shows the experimental measurements for the 13 cases analyzed in the karst sandbox experiments (Chapter 3, 

section 3.2). Measurements are shown in table A.1. 

 

 
Head piezometer [cm] Flow rate [ml/s] Head sensor [cm] 

Experiment C in C out PM in PM out C in C out PM in PM out A1-1 A1-2 A1-3 A2-1 A2-2 A2-3 
1 53.95 52.83 54.10 52.70 42.11 46.87 51.42 47.69 53.63 53.04 53.58 52.73 51.90 53.15 
2 54.67 53.50 54.75 53.35 50.95 51.03 48.59 49.50 53.23 53.46 53.83 53.05 53.22 53.51 
3 55.20 54.10 55.30 53.80 58.88 55.05 45.69 51.29 53.63 54.01 54.35 53.59 53.77 54.03 
4 55.75 54.60 55.85 54.20 63.67 57.13 42.73 53.06 54.20 54.54 54.85 53.99 54.28 54.52 
5 56.25 55.05 56.30 54.60 70.81 56.35 40.62 56.52 54.68 55.01 55.43 54.50 54.79 54.99 
6 56.60 55.49 56.65 55.15 76.90 60.17 38.16 56.52 55.08 55.45 55.74 54.89 55.22 55.42 
7 57.00 55.90 57.05 55.40 81.54 61.41 35.98 59.89 55.49 55.88 56.19 55.33 55.65 55.85 
8 54.80 53.50 54.90 53.30 39.80 49.66 59.54 51.29 53.30 53.54 53.92 53.09 53.24 53.55 
9 55.50 54.12 55.60 53.90 36.85 52.38 65.87 51.29 53.75 54.16 54.59 53.66 53.85 54.12 
10 56.00 54.50 56.15 54.25 35.05 56.35 73.16 53.06 54.23 54.65 55.05 54.00 54.32 54.61 
11 56.55 54.90 56.75 54.60 34.75 56.35 77.32 53.76 54.70 55.16 55.60 54.46 54.80 55.10 
12 57.05 55.30 57.30 55.10 32.61 58.91 84.38 58.22 55.17 55.63 56.15 54.86 55.26 55.54 
13 57.50 55.70 57.75 55.40 30.14 60.67 88.94 59.89 55.54 56.07 56.43 55.27 55.68 55.92 

 

 

Table A.1 Experimental results for the karst sandbox experiment. C indicated measurements of flow and PM for porous media. All the 
sensors are located in the porous media (Figure 3.3). 
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Head sensor [cm] 

Experiment A2-4 A3-1 A3-2 A3-3 B1-1 B1-2 B1-3 B2-1 B2-2 B2-3 B2-4 B3-1 B3-2 B3-3 
1 52.88 52.26 52.37 54.43 52.85 52.18 52.56 53.26 52.96 52.64 52.72 52.18 52.57 53.50 
2 54.01 53.13 53.51 53.88 53.18 53.61 53.76 53.06 53.22 53.70 54.09 53.15 53.49 53.93 
3 54.46 53.68 54.04 54.38 53.71 54.11 54.29 53.55 53.75 54.23 54.62 53.65 53.95 54.46 
4 55.00 54.14 54.56 54.89 54.22 54.63 54.82 54.04 54.26 54.77 55.14 54.16 54.45 54.97 
5 55.52 54.59 55.05 55.37 54.71 55.13 55.32 54.46 54.76 55.26 55.64 54.64 54.94 55.47 
6 55.96 54.99 55.49 55.78 55.12 55.54 55.72 54.87 55.15 55.64 56.05 55.05 55.35 55.88 
7 56.36 55.43 55.93 56.20 55.53 55.98 56.17 55.29 55.59 56.09 56.46 55.49 55.77 56.30 
8 54.12 53.19 53.56 53.97 53.23 53.67 53.91 53.16 53.29 53.78 54.25 53.22 53.53 54.01 
9 54.60 53.80 54.20 54.59 53.83 54.27 54.59 53.71 53.89 54.42 54.93 53.77 54.06 54.66 
10 55.14 54.16 54.70 55.09 54.30 54.76 55.12 54.09 54.36 54.92 55.46 54.24 54.53 55.19 
11 55.65 54.63 55.18 55.62 54.76 55.25 55.61 54.53 54.86 55.44 56.00 54.71 55.01 55.74 
12 56.13 55.09 55.66 56.10 55.23 55.71 56.11 54.91 55.28 55.90 56.47 55.14 55.45 56.24 
13 56.56 55.46 56.11 56.52 55.61 56.11 56.57 55.27 55.68 56.33 56.93 55.54 55.87 56.71 
 

 

 

 

Table A.1 Continued.
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APPENDIX B 

COMPLIMENTARY FIGURES MODEL VALIDATION 

 

Figure B.1 Estimated (absolute) error and 95% confidence intervals for the true error. Flow 
exchange coefficient from experiment 05. CI stands for confidence interval, EX for exchange flow 
coefficient only, ME for exchange flow and measurement error. The total confidence interval 
include also the propagation of uncertainty caused by error measurement at the boundary 
conditions and parameter uncertainty (hydraulic conductivity and roughness). (a) Porous media 
inflow. (b) Porous media outflow. (c) Conduit inflow. (d) Conduit outflow. (e) Sensor A2-3. (f) 
Sensor B2-3.  
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Figure B.2 Estimated (absolute) error and 95% confidence intervals for the true error. Flow 
exchange coefficient from experiment 08. CI stands for confidence interval, EX for exchange flow 
coefficient only, ME for exchange flow and measurement error. The total confidence interval 
include also the propagation of uncertainty caused by error measurement at the boundary 
conditions and parameter uncertainty (hydraulic conductivity and roughness). (a) Porous media 
inflow. (b) Porous media outflow. (c) Conduit inflow. (d) Conduit outflow. (e) Sensor A2-3. (f) 
Sensor B2-3. 
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