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1 Introduction

In differential topology, Hassler Whitney developed the idea of strafied
spaces in the context of singular sets, formalized by the so called Whit-
ney conditions [2], [3]. The more general concept of topologically stratified
spaces were introduced by René Thom [6] who proved that Whitney strat-
ified spaces were special cases of this more general construction. A topo-
logically stratified space is, informally, a topological space equipped with a
filtration by closed subsets such that the difference between successive strata
is either empty or a topological manifold of some fixed dimension. Later,
again in differential topology, the concept of a stratifold was introduced by
Matthias Kreck to generalize the idea of a smooth manifold to allow for cer-
tain types of singularities, [32]. In algebraic topology, and more specifically
in the cases of interest in this paper, we take the definition of a topological
(2-layer) 2-stratifold as a Hausdorff space with a finite set of simple closed
curves such that removing a neighborhood of each curve leaves a (possibly
disconnected) 2-manifold. These ideas will be made more precise in section
2.

The goal of this project was originally to look at certain ”small” strat-
ifolds (in the sense of having only one or a few singular boundary curves)
and determine the extent to which these spaces could be classified by their
fundamental groups since it is known in that in the unrestricted class of
all stratifolds there are infinitely many nonhomeomorphic 2-stratifolds with
isomorphic fundamental groups. This goal was achieved for a small set of
limited special cases which will be described in 2.4, but solving the isomor-
phism problem for arbitrary 2-stratifold fundamental groups even when the
2-stratifolds were restricted to lie in a very restricted class proved to be quite
a challenge. Trying to solve this problem eventually led me to explore small
cancellation theory which allowed me to show that a large class of interest-
ing 2-stratifolds have hyperbolic fundamental groups. Only a few years ago,
Dahmani and Guirardel proved that the isomorphism problem was solvable
for all hyperbolic groups [33]. This exciting result has very interesting appli-
cations to the study of 2-stratifold fundamental groups; however, there was
a significant amount of prerequisite material in the area of geometric group
theory and related ideas taken from 3-manifold topology that prevented my
immediate use of Dahmani and Guirardel’s solution. A large amount of the
effort that went into this project was therefore directed towards a self-study
of combinatorial group theory, geometric group theory and the tools such
as graphs of groups, splittings, JSJ decompositions, and deformation spaces
that are used in the solution to the isomorphism problem. Nevertheless,
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with regards to the minimal yet still interesting questions about decidabil-
ity of certain group theoretic decision problems for 2-stratifold fundamental
groups, we were able to prove some interesting new results which were not
previously known, see section 4. The problems themselves are strongly re-
lated to various ideas in geometric group theory and therefore it seemed
appropriate to also briefly discuss some of the relevant ideas from that field.

The rest of this paper will be as follows. In section 2, we will precisely
define the 2-stratifolds of interest here in the relevant context, set a nota-
tion, describe a fully general presentation of the fundamental group of any
stratifold, and discuss some naive approaches to the classification problem
of small stratifolds mentioned previously with the hope of shedding light on
various aspects of the problem that were illuminated through our investi-
gation. In section 3, we will define several group theory decision problems
which are of fundamental importance to various areas in topology includ-
ing the classification of 2-stratifolds. After defining these problems, we will
discuss the special class of hyperbolic groups along with some of their impor-
tant properties and then we will discuss useful tools from small cancellation
theory. We will then move on to discuss some tools from geometric group
theory with the goal of presenting a very coarse sketch of the main ideas
behind Dahmani and Guirardel’s solution to the isomorphism problem for
hyperbolic groups. Finally in section 4, we discuss group theory problems
for the fundamental groups of 2-stratifolds and prove several new results
including solutions to some of these problems.

2 2-Stratifolds and their Graphs

2.1 Basic Definition

Let L = {1, 2, ..., d} be a finite set of cardinality greater than 2; then let CL
denote the open cone on L. A 2-stratifold is a compact, connected Hausdorff
space X, together with a filtration ∅ = X0 ⊂ X1 ⊂ X2 = X by a closed
subspace such that X1 is a closed 1-manifold, each point x ∈ X1 has a
neighborhood homeomorphic to R × CL, and each point x ∈ X2\X1 has a
neighborhood homeomorphic to R

2 [37].

4



Figure 1: A neighborhood of a point x in X1 when |L| = 3

x

Now let Y be the closed cone on the discrete space formed from L. Let
h : Y → Y be a homeomorphism such that the restriction h|1,2,...,d is a
permutation π : L → L. Each component, B, of X1 is homeomorphic to
S1 and has (the closure of) a regular neighborhood N(B) = Nπ(B) :=
(Y × [0, 1])/(y, 1) (h(y), 0). Further, we make the observation that if π′ is
conjugate to π, then the Nπ(B) = Nπ′(B). Thus if B is a component of X1,
a neighborhood N(B) as described above depends only on the partition of
d. Furthermore, a component of ∂Nπ(B) corresponds to a summand of the
partition π. We choose the neighborhoods N(B) sufficiently small so that
if B, B′ are distinct components of X1, then N(B) and N(B′) are disjoint.

An alternative construction of the neighborhood Nπ(B) is as follows.
Let n1 + ... + nr be a partition of d. Let f : B̃ → B be the covering of B
where B̃ has components B̃1, ..., B̃r, and the restriction f

∣

∣

B̃i
is an ni-fold

covering. Then Nπ(B) is the mapping cylinder of f .
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Figure 2: A neighborhood Nπ(B), where B is the singular boundary curve
shown in red, |L| = d = 3, and the permutation π corresponds to the
partition 3 = 2 + 1.

B

2.2 Notation

We shall use the following notation throughout this paper:

W = {wi}i∈I = a set of compact, connected 2-manifolds, each with a fi-
nite number of oriented boundary components (the components of X \X1),
indexed by some finite set I.

For each wi ∈ W, we have a finite set:

Ci = {cij}j∈Ji of oriented boundary components of wi.

Also, let

B = {bk}k∈K = a finite set of (oriented) disjoint copies of S1 (the components
of X1)

Given a 2-stratifold X, we can now form the associated labeled, bipartite
graph Γ = ΓX as follows. Let the vertex set of Γ be V = W ∪ B (we shall
call a vertex white if it lies in W and black if it lies in B). Let E be the
edge set of Γ, with an edge eijk ∈ E precisely when cij ⊂ N(bk) ∩ wi, with
wi ∈ W, cij ∈ Ci, and bk ∈ B. Indeed, there is a one-to-one correspondence
between the set

C :=
⋃

i

Ci
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and the edge set E, so for convenience we will sometimes equate the boundary
component cij and its corresponding edge eijk in Γ.

Now, ∀i ∈ I, and for each j ∈ Ji, we have a unique k ∈ K such that
cij ∩ N(bk) 6= ∅. To the corresponding edge eijk ∈ E (or equivalently, as
mentioned above, to cij ∈ C), we associate a label nij ∈ Z \ {0} which
represents a summand of the partition π mentioned in the previous section.

In addition, for each white vertex wi ∈ W , we associate the label gi =
g(wi), the genus of that component (using the convention of negative genus
for nonorientable surfaces).

2.3 A Presentation of π1(X)

Let X be a 2-stratifold. There is a natural presentation for π1(X) which is
(roughly) as follows. Let T be a spanning tree for Γ.

generators:

{b}b∈B,
{x1, y1, ..., xg, yg, c1, ..., cm} for each orientable w ∈ W,
{x1, ..., xg, c1, ..., cm} for each nonorientable w ∈ W,
{te}, one te for each edge e /∈ T .

relations:

c1 · · · cm ·

g
∏

i=1

[xi, yi]

for each orientable w ∈ W,
c1 · · · cm · x21 · · · x−g for each nonorientable w ∈ W,
bni = ci, for each edge (boundary) ci ∈ T , with corresponding label ni,
t−1
i citi = bni , where ci /∈ T .

Of course, although this description is convenient, it is not perfectly
precise. Therefore, a rigorous construction of this presentation is provided
below. We can construct the presentation for π1(X) as follows.

For each wi ∈ W , a surface of genus gi with mi boundary components,
we have

π1(wi) ∼= 〈Si|Ri〉

where Si = {xi,1, yi,1, ..., xi,gi , yi,gi , ci,1, ..., ci,mi
} if wi is orientable or

Si = {xi,1, ..., xi,gi , ci,1, ..., ci,mi
} if wi is not orientable.
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For the relator sets, we have that Ri = {ci,1 · · · ci,mi
· qi}, where qi =

∏

s[xi,s, yi,s] if wi is orientable, otherwise qi = x2i,1 · · · x
2
i,gi

. Let

SI :=

(

⋃

i∈I

Si

)

and let

RI :=

(

⋃

i∈I

Ri

)

Now, for each bk ∈ B we have (with a convenient abuse of notation),
π1(bk) ∼= 〈bk〉. Let

SK =

(

⋃

k∈K

{bk}

)

Now, choose a spanning tree T for Γ. Since edges of Γ correspond to
boundary components as mentioned previously, we have for each eijk ∈ T ⊂
E a relation of the form b

nij

k = cij in our presentation of π1(X). Let

RT :=
⋃

eijk∈T

{b
nij

k c−1
ij }

For each edge eijk /∈ T , we get a new generator tijk for our presentation
of π1(X) and a new relation of the form b

nij

k tijkc
−1
ij t

−1
ijk. Let

SNT :=





⋃

eijk /∈T

{tijk}





RNT :=





⋃

eijk /∈T

{b
nij

k tijkc
−1
ij t

−1
ijk}





Finally, we can define our complete generating set as

S := SI ∪ SK ∪ SNT

And similarly, we define our complete relator set as

R := RI ∪RT ∪RNT

Then our presentation is π1(X) ∼= 〈S|R〉.
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2.4 Naive Approaches to the Classification Problem of Small

2-Stratifolds

Early on, our research was focused on trying to understand to what de-
gree small (in the number of vertices and edges of the associated graph) 2-
stratifolds could be homeomorphically classified by their fundamental groups.
It is known in general that this is not possible for arbitrary 2-stratifolds.

Lemma 2.1. There exist infinitely many 2-stratifolds which are not home-
omorphic but which have isomorphic fundamental groups.

Proof. Consider a linear 2-stratifold where all white vertices have genus 0
and with labels as shown in figure 3. That is, the 2-stratifold with successive
vertices w0, b1, w1, b2, w2, ..., br, wr and with successive labelsm1, n1, ...,mr, nr,
with the edge between the (i − 1)th white vertex and ith black vertex la-
beled by mi and the edge between the ith black vertex and ith white vertex
labeled by ni. If we require that gcd(mi,nj)= 1 for i ≤ j ≤ r − 1, then for
any natural number r, the fundamental group of this stratifold, as proven
in Corollary 2 of [37], is trivial. Since such linear stratifolds may have ar-
bitrarily long graphs (for instance by taking successive labels as successive
primes), then the result follows.

Figure 3: Simply-Connected Linear 2-stratifold

w0 w1 wrb1 b2 br

n1 n2 nrm1 m2
mr

Therefore given that we know fundamental groups do not uniquely de-
termine a stratifold, an early question that we asked was whether we could
place restrictions on the graph of a stratifold to regain uniqueness. For a
few special cases, we were able to prove this.

Let X be a 2-stratifold such that the graph of X has two terminal white
vertices connected to a single common black vertex as in figure 4. We can
obtain a simplified presentation of the fundamental group of such a stratifold
as

π1(X) ∼= 〈 S1 ∪ S2 ∪ {b} | bn1q1, b
n2q2 〉
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Where S1, S2 are the generating sets for π1(w1), π1(w2) and the qi are
products of commutators or of squares as discussed in section 2.3, and the
ni are nonzero integer labels of the edges between the wi and b vertices.

Figure 4: 3-vertex stratifold

w1 w2b

n2n1

It turns out that even in this restricted setting, the question of whether
non-homeomorphic stratifolds necessarily have nonisomorphic fundamental
groups is answered with a resounding no.

Lemma 2.2. Let X be a linear 3-vertex stratifold as described above. If
both w1 and w2 have genus 0, then the fundamental groups only uniquely
determine the stratifold up to gcd(n1,n2).

Proof. For this case, the presentation given in (2.4) reduces to π1(X) =
〈b | bn1 , bn2 〉. By an obvious sequence of Tietze transformations (corre-
sponding to performing the Euclidean algorithm on the numbers n1, n2), this
reduces to the presentation π1(X) = 〈b | bd 〉 ∼= Z/dZ where d =gcd(n1,n2).

Lemma 2.3. Let X be a linear 3-vertex stratifold, again as described before.
Suppose that exactly one of w1, w2 (WLOG, assume w2) has genus 0. Fix
any integer t. Then for every k ∈ Z, fixing n2 and letting n1 = kn2 + t
produces stratifolds which are not homeomorphic but which have isomorphic
fundamental groups.

Proof. Our standard presentation in this case reduces to
π1(X) = 〈 S1 ∪ {b} | bn1q1, b

n2 〉.
Since n1 = kn2 + t, then by standard division with remainder over Z in

the form of Tietze transformations, we can always reduce our presentation
to the form

π1(X) = 〈 S1 ∪ {b} | btq1, b
n2 〉
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. However, for different n1’s, the stratifolds are not homeomorphic since the
neighborhoods of the singular boundary curve will have different numbers
of sheets.

With these two results, it is obvious that there is still much ambiguity
in the homeomorphism class of a 2-stratifold given full knowledge of the
fundamental group even in this restricted setting.

In the case that neither w1 nor w2 have genus 0, there are a some small
results which we present here not so much for their importance to the main
question addressed in this section as simply for their interesting nature.

Lemma 2.4. Let X be a linear 3-vertex stratifold as described before. Sup-
pose that neither w1 nor w2 are orientable, and suppose d =gcd(n1,n2) = 1.
Let gi =genus of wi. Let N be the least normal subgroup of π1(X) contain-
ing all squares. Then π1(X)/N ∼= B(g1 + g2, 2), where B(m,n) denotes the
Burnside group on m generators with nth powers killed.

Proof. Since both of w1, w2 are non orientable, then the qi, i = 1, 2 are both
products of squares. Since d = 1, we can eliminate the b generator and
obtain a resulting group presentation for π1(X) with |g1| + |g2| generators
and a single relation which consists of products of squares. Since this relation
is redundant given the relations necessary to define the burnside subgroup
from a free group, then π1(X)/N ∼= B(g1 + g2, 2).

3 Group Theory

3.1 Group Theoretic Decision Problems

The decision problem is a problem from computational complexity theory
but which often arises in various degrees of disguise in group theory ([8],
[22], [23]): given a boolean-valued question in a formal system, does there
exist an algorithm to answer the question in finite time for every possible
input?

Definition 3.1. A decision problem for which it is impossible to construct
an algorithm to correctly answer every input is called undecidable.

There are four group theoretic decision problems which are of well-known
significance.
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Problem 1. (Word Problem)
Let G be a group with presentation 〈S|R〉, where S is finite. Does there

exist an algorithm which, given two words w1, w2 ∈ G, decides in finite time
if w1 = w2 in G?

Problem 2. (Conjugacy Problem)
Let G be a group with presentation 〈S|R〉, where S is finite. Does there

exist a finite-time algorithm which, given any two words w1, w2 ∈ G, decides
if w1 is conjugate to w2 in G?

Problem 3. (Isomorphism Problem)
Given two groups with presentations, G = 〈S1|R1〉, H = 〈S2|R2〉, does

there exist a finite-time algorithm which decides if G and H are isomorphic?

Problem 4. (Subgroup Membership Problem)
Let G be a finitely-presented group, let H be a subgroup of G, and let

g ∈ G be any element of G. Does there exist a finite-time algorithm which
decides if g ∈ H?

The first three problems were proposed by Dehn as fundamental group
theory decision problems while the fourth is another common problem that
arises in practice.

Remark 3.1. If the conjugacy problem is solvable for a given group G, then
the word problem is also solvable for G.

This follows from the fact that if w1, w2 ∈ G, deciding if w1 = w2

is equivalent to deciding if w1w
−1
2 is the identity, which is equivalent to

deciding if it is conjugate to the identity.

3.2 Geometric Group Theory

Our analysis of the fundamental groups of 2-stratifolds relies crucially on
several constructions in geometric group theory and therefore it seems ap-
propriate to review some of these ideas here.

3.2.1 Hyperbolic Groups

Definition 3.2. A metric space is said to be δ-hyperbolic if, for any geodesic
triangle T, we have that each geodesic edge of T is contained in a δ-neighborhood
of the other two edges. A metric space is said to be hyperbolic if it is δ-
hyperbolic for some δ > 0.

12



Let G be a group with presentation 〈S|R〉, and let C be the Cayley
graph corresponding to that presentation. Equipping C with the word metric
makes C into a metric space. We then say that the group G is hyperbolic if
C is hyperbolic with this metric. This property is independent of the choice
of presentation.

Hyperbolic groups are an especially nice class of groups. Only recently,
Dahmani and Guirardel proved the extremely powerful result that the iso-
morphism problem for all hyperbolic groups was solvable.

Theorem 3.2 (DG11, Theorem 1). There is an explicit algorithm that takes
as input two presentations of hyperbolic groups, and which decides whether
these groups are isomorphic or not.

The proof will not be given here as it is especially lengthy and quite
involved, but is given in [33].

It is interesting to point out a subtle yet remarkable fact now. Every
finite group is hyperbolic, and in particular the trivial group is hyperbolic.
This means that given any presentation which defines a hyperbolic group,
there is in fact an algorithm to determine if the specified presentation rep-
resents the trivial group. The remarkable fact is that this very strong state-
ment exists harmoniously with one famous consequence of the Adrian-Rabin
theorem which is that there is no algorithm which decides if an arbitrary
finitely presented group is actually the trivial group. Together with theorem
3.2, this immediately yields the following corollary.

Corollary 3.2.1. The problem of deciding whether an arbitrary finite pre-
sentation defines a hyperbolic group is undecidable.

Proof. If the problem were decidable, then it would be possible to first de-
termine if a finite presentation defined a hyperbolic group and then to use
theorem 3.2 to contradict the Adrian-Rabin theorem.

We now wish to give another definition which is often useful.

Definition 3.3. A group G is relatively hyperbolic with respect to a subgroup
H if contracting the Cayley graph of G along H-cosets results in a hyperbolic
space in the sense defined above.

3.2.2 Small Cancellation Theory

In this section, we review the basic notions of small cancellation theory and
clarify our definitions, following closely the theory described by Lyndon and
Schupp, [10].
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Let S be a finite set, and let F = F (S) be the free group on S. Let R
be a finite subset of F, and let N = 〈R〉 be the normal closure of R in F.
Then we can present a group G as 〈S|R〉, by which we mean G ∼= F/N . If
w = s1 · · · sn ∈ G is a reduced word, then we define the length of w to be
|w| = n.

Definition 3.4. Let R ⊂ F . We say that R is symmetrized if every r ∈ R
is cyclically reduced and if (r ∈ R) ⇒ all cyclically reduced conjugates of r±1

are also in R.

In the rest of our discussion of small cancellation groups, we shall always
assume that a relator set R is symmetrized.

Definition 3.5. Suppose r1, r2 ∈ R are distinct words, and suppose r1 =
uv1, r2 = uv2, with u and v1,2 subwords. Then u is called a piece relative to
the set R.

Small cancellation theory is concerned with bounding just how large
pieces can be for certain nice properties to hold for the corresponding group
presentations. This is made precise with the following definition.

Definition 3.6. Let λ ∈ (0, 1). Let 〈S|R〉 be a group presentation with
symmetrized relator set. We say that the C ′(λ) metric small cancellation
condition is satisfied by the given presentation if ∀r ∈ R, with r = uv where
u is a piece, we have that |u| < λ|r|.

Groups which admit a presentation satisfying the C ′(1/6) condition
are sometimes referred to as sixth-groups (and more generally, for n ≥ 4,
C ′(1/n) groups are called nth-groups.

A fundamental result of small cancellation theory is that Dehn’s algo-
rithm for solving the word problem is valid for any presentation with R
satisfying the C ′(1/6) condition; however, more can be said [10]. We cite
some known results here without proof.

Lemma 3.3. Let G be a group with a presentation satisfying the C’(1/5)
condition. Then G has solvable conjugacy problem.

This proof was completed by Schupp, [14](pp 31).
However, perhaps the most remarkable result and useful (at least in our

context) result from small cancellation theory is the following fundamental
result (again stated without proof):

Lemma 3.4. Let G be a group with a presentation satisfying the C’(1/6)
condition. Then G is hyperbolic.

14



3.3 Graphs of Groups

Our descriptions of graphs of groups are those of Serre, see [11] for more
details.

Definition 3.7 ([11], 2.1 Def. 1). Graph

A graph Γ consists of a set X =vertΓ, a set Y =edgeΓ, and two maps

Y → X ×X, y 7→ (o(y), t(y))

and

Y → Y, y 7→ y

which satisfy the following condition: for each y ∈ Y , we have y = y,
y 6= y, and o(y)− t(y).

An element P ∈ X is called a vertex of Γ; an element y ∈ Y is an
(oriented) edge. The vertex o(y) is the called the origin of the edge y while
the vertex t(y) is called the terminus of y. The edge y is the inverse edge
of the edge y. Together, the vertices o(y) and t(y) are called the extremities
of the edge y. Two vertices p1, p2 ∈ X are said to be adjacent if they are
extremities of some edge y ∈ Y .

Definition 3.8 ([11], 4.4 Def. 8). Graph of groups

A graph of groups (G,T) consists of a graph T, a group Gp for each
P ∈vert(T), and a group Gy for each y ∈edge(T), together with a monomor-
phism Gy → Gt(y) (denoted by a 7→ ay); one requires in addition that
Gy = Gy.

Definition 3.9 ([11], 5.1). Fundamental group of a graph of groups

Let Y be a connected, nonempty graph and let (G,Y) be a graph of groups.
Define F(G,Y) to be the free product of the vertex groups Gp and the free
group with basis edge(Y), quotiented by the least normal subgroup generated
by the relations y = y−1 and yayy−1 = ay for y ∈edge(Y), a ∈ Gy. Choose
a distinguished vertex P0 ∈vert(Y). Let c be any path in Y starting at P0,
corresponding to the sequence of edges y1, ..., yn, and with the ith vertex of
the path Pi = o(yi+1) = t(yi). We say that a word of type c in F(G,Y) is
a pair (c,µ) where µ = (r0, ..., rn) is a sequence of elements ri ∈ Gpi. The
element

|c, µ| = r0y1r1y2 · · · ynrn of F (G, Y )

15



is said to be associated with the word (c,µ).
Now, we define the fundamental group of (G,Y) based at the vertex P0,

π1(G, Y, P0), to be the set of elements of F(G,Y) of the form |c, µ|, where c
is a path whose extremities both equal P0.

It is a basic result of Bass-Serre theory that the fundamental group of
a (connected) graph of groups based at a vertex P0 is isomorphic to the
fundamental group based at any other vertex P1.

There is an alternative way to define the fundamental group of a graph of
groups without reference to a basepoint but instead to a maximal (spanning)
tree, and which produces a resulting group which is isomorphic to the group
produced by our first definition.

Definition 3.10 ([11], 5.1). Fundamental group of a graph of groups (al-
ternative definition)

Let Y be a connected, nonempty graph and let (G,Y) be a graph of groups.
Let T be a maximal (spanning) tree of Y. With F(G,Y) defined as before,
we take π1(G, Y, T ) to be the quotient of F(G,Y) by the normal subgroup
generated by the elements y of edge(T).

The next result is the foundation for many of the useful applications of
Bass-Serre theory in practice: the celebrated structure theorem (albeit not
in full strength).

Theorem 3.5. Bass-Serre structure theorem

Let G be a group which acts without inversion on a connected nonempty
graph X. If X is a tree, then G can be identified with the fundamental group of
a certain graph of groups (G,Y), where Y = X/G. For a vertex v ∈vert(Y),
define the vertex group as the stabilizer subgroup for a vertex from the fiber of
the quotient map X ։ Y , and edge groups are similarly defined as stabilizer
subgroups from appropriate edges X.

3.4 Solvable Isomorphism Problem for Hyperbolic Groups

Theorem 3.2 is an incredibly important result for studying the fundamental
groups of a large and interesting class of 2-stratifolds, and so we would like
to take the time to study and develop the background theory, albeit with
many details left out, with the goal of outlining the proof and corresponding
algorithm. It is our goal that this introductory material will enable easier
future applications of theorem 3.2 to the study of 2-stratifold fundamental
groups beyond what was covered in our work so far.
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3.4.1 Ends of Groups

Let Γ be an infinite graph. A ray in Γ is a semi-infinite simple path. That
is, a ray is an infinite sequence of vertices (v0, v1, v2, ...) in which each two
consecutive vertices are the endpoints of an edge in the graph and in which
no vertex appears more than once. Two rays r1, r2 are said to be equivalent
if there is a ray r3 (not necesarily distinct from r1, r2) that contains infinitely
many of the vertices in each of r1, r2.

Definition 3.11. Let Γ be an infinite graph. An end of the graph Γ is an
equivalence class of rays in Γ. We will denote the number of ends of the
graph as e(Γ) = number of equivalence classes of rays in Γ.

We can extend the notion of ends of a graph to ends of a group using
Cayley graphs.

Definition 3.12. Let G be a group generated by a finite set S ⊂ G, and let
Γ be the Cayley graph of G with respect to the generating set S. The number
of ends of G is defined as e(G) = e(Γ).

An important result in the area of Bass-Serre theory is Stallings theorem
about ends of groups, stated below [7].

Theorem 3.6 (Stallings theorem). Let G be a finitely generated group G.
Then G has more than one end if and only if the group G admits a nontrivial
decomposition as an amalgamated free product or an HNN extension over a
finite subgroup.

Equivalently, this Stallings theorem about ends of groups could be re-
stated as below.

Theorem 3.7 (Stallings theorem in Bass-Serre language). Let G be a finitely
generated group G. Then G has more than one end if and only if G admits
a nontrivial (that is, without a global fixed point) action on a simplicial tree
with finite edge-stabilizers and without edge-inversions.

3.4.2 Splittings

The next definition, quoted from Dunwoody [12], could be informally de-
scribed as a measure of the complexity of graph of groups decompositions
for a discrete group.

Definition 3.13. A finitely generated group G is said to be accessible if
there is a G-tree T such that the stabilizer Ge is finite for each e ∈edge(T)
and the stabilizer Gv for every vertex v ∈vert(T) has at most one end.
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Formally, we can generalize the notion of decompositions of a group as an
HNN extension or amalgamated free product using the language of graphs
of groups and the idea of splitting.

Definition 3.14. An isomorphism between a group G and the fundamental
group of a graph of groups is called a splitting of G. If the edge groups of
the aforementioned graph of groups come from a particular class of groups,
then G is said to split over that class of groups.

We can can then rephrase our definition of accessible as, for G a finitely
generated group with e(G) ≥ 1, G is accessible if and only if the process of
successively decomposing factors with more than one end terminates after a
finite number of steps, [12]. Dunwoody proves accessibility for the important
class of almost finitely presented groups.

Theorem 3.8 ([12] theorem 5.1). If G is an almost finitely presented group,
then G is accessible.

In our work, we will only care about the slightly weaker statement that
all finitely presented groups are accessible.

3.4.3 Free Decompositions

Recall that a group G is said to be freely indecomposable if it cannot be
decomposed as a free product of two nontrivial factors. The following im-
portant result is by Grushko [4].

Theorem 3.9 (Grushko’s decomposition theorem). Let G be a nontrivial
finitely generated group. Then G can be decomposed as a free product

G = G1 ∗G2 ∗ ... ∗Gr ∗ Fs

where each of the groups Gi is nontrivial and freely indecomposable and not
infinite cyclic, and where Fs is a free group of rank s. Furthermore, the
Gi are unique up to a permutation of their conjugacy classes in G, and the
numbers r and s are unique. That is, if G = H1 ∗ ...∗Hk ∗Ft is another such
decomposition, then k = r, t = s, and ∃σ ∈ Sr such that for each i = 1, ..., r,
the subgroups Gi, Hσ(i) are conjugate in G.

In the language of Bass-Serre theory, we can consider the Grushko (free)
decomposition G = G1 ∗G2 ∗ ... ∗Gr ∗ Fs as a decomposition corresponding
to the fundamental group of a graph of groups with vertex groups Gi, trivial
edge groups, and with s generating cycles for the underlying graph of the
graph of groups.
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3.4.4 JSJ Decompositions

Consider a tree T together with an action of a finitely generated group G.
Let A be a family of subgroups of G closed under conjugating and taking
subgroups. If we require that all edge stabilizers of T be in A, then T is an
A-tree.

For a subgroup H ⊂ G, we say that H is elliptic in T if it fixes a point
in T (that is, if H is contained in a conjugate of a vertex group).

Definition 3.15. An A-tree is universally elliptic if its edge stabilizers are
elliptic in every A-tree.

Example 3.16. Grushko (free) decompositions are universally elliptic since
edge stabilizers are trivial.

Suppose we have two G-trees T1, T2. We say that T1 dominates T2 if
there is a G-equivariant map T1 → T2. We define JSJ decompositions in the
manner of [30]:

Definition 3.17. A JSJ decomposition of G over A is an A-tree T that
satisfies the following two conditions:

• T is universally elliptic

• T dominates any other universally elliptic tree T’

We call the quotient graph of groups Γ = T/G a JSJ splitting, or JSJ
decomposition.

It is important to note that JSJ trees do not always exist. Nevertheless,
for many important classes of groups JSJ decompositions do exist.

Theorem 3.10 ([30] theorem 1). Let A be an arbitrary family of subgroups
of G, stable under taking subgroups and under conjugation. If G is finitely
presented, it has a JSJ decomposition over A. In fact, there exists a JSJ
tree whose edge and vertex stabilizers are finitely generated.

3.4.5 Stallings-Dunwoody deformation space

Definition 3.18. Let G be a group. The Stallings-Dunwoody deformation
space of G is the set of decompositions of G as graphs of groups with finite
edge groups and finite or one-ended vertex groups.
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3.4.6 Rigidity

Various rigidity conditions frequently arise in the study of hyperbolic groups
and especially in the work leading to the solution of the isomorphism prob-
lem for hyperbolic groups, [17], [33]. For this reason, we give a brief discus-
sion of rigidity here.

Definition 3.19. Let Γ be a discrete group, G a topological group, and con-
sider the set Hom(Γ,G) of homomorphisms φ : Γ → G. Define a topology on
this set by pointwise convergence; that is, φn → φ if φn(γ) → φ(γ) for every
γ ∈ Γ. Equipped with the induced topology, this set is called a representation
space, and an element φ ∈ Hom(Γ,G) is called a representation.

Equipped with our definition of representation, we can then state one of
the standard notions of rigidity.

Definition 3.20. (Local rigidity). Let Γ be a discrete group and G a topo-
logical group. A representation q : Γ → G is called locally rigid if there exists
a neighborhood U(q) in Hom(Γ,G) such that every p ∈ U is conjugate to q
in G.

This definition illustrates our intuitive idea of rigidity as a property of
a group action for which small ”deformations” of the action are ”trivial” in
some sense. In the definition above, ”trivial” means conjugate.

We now specialize to the type of rigidity of interest to us, namely that
used by Dahmani and Guirardel in their solution to the isomorphism prob-
lem for hyperbolic groups. Adopting their notation, we call virtually cyclic
groups with infinite center Z-groups. When discussing subgroups of a larger
group G, a Zmax-subgroups is a Z-subgroup which is maximal with respect
to inclusion, [33].

Condition 3.21. (Rigidity criterion, [33] Proposition 6).
Let G be a one-ended hyperbolic group. Then the following assertions

are equivalent:

1. G does not split non-trivially over a Zmax-subgroup

2. Out(G) is finite

3. ∃R > 0 such that, modulo inner automorphisms, there are only finitely
many endomorphisms of G injective on the ball of radius R

4. For all hyperbolic groups H, ∃R > 0 such that, modulo inner automor-
phisms of H, there are only finitely many morphisms G→ H injective
on the ball of radius R in G
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3.4.7 The Isomorphism Problem for Hyperbolic Groups

We now present a very course outline of the solution to the isomorphism
problem for hyperbolic groups as given in [33].

Theorem 3.11. (3.2) There is an explicit algorithm that takes as input two
presentations of hyperbolic groups, and which decides whether these groups
are isomorphic or not.

In the formulation of the proof of theorem 3.2, it is necessary to compute
decompositions of hyperbolic groups as graphs of groups. In doing this, there
is a question of whether and when different vertex groups are isomorphic
relative to their adjacent edge subgroups. To address this question in a
more formal manner, we introduce the following definition.

Definition 3.22. Let G be a group. A marked peripheral structure on G is a
tuple (S1, ..., Sn), where each Si is a tuple of elements of G, with tuples being
understood up to conjugacy. In a graph of groups, the Si can be thought of
as generating sets of adjacent edge groups.

The marked isomorphism problem is a variation of the conventional iso-
morphism problem for groups wherein, given two groups G,G’ with cor-
responding marked peripheral structures (S1, ..., Sn), (S

′
1, ..., S

′
n), one must

decide whether there exists an isomorphism φ : G → G′ such that each Si

is send to a conjugate S
′g′i
i of S′

i and some g′i ∈ G′.
In [30], an algorithm, partially credited to Gerasimov, is described which

detects whether a given hyperbolic group splits over a finite subgroup.

Proposition 3.12 ([30]). There exists an algorithm which, given a hyper-
bolic group, detects whether the group splits over a finite subgroup.

Another algorithmic tool that will be needed in the proof is a solution
to the word problem for hyperbolic groups, which is provided in [31].

Proposition 3.13 ([31]). There is an algorithm that solves the word problem
for any hyperbolic group.

In the absence of torsion, uniqueness of Grushko decompositions (and
their computability) reduces the isomorphism problem for hyperbolic groups
to the case of freely indecomposable hyperbolic groups. In the presence of
torsion, a different approach must be taken.

Let G be a hyperbolic group. The terminology and conventions for moves
on G-trees in deformation spaces are those of [28] and we shall only repeat a
few definitions here, with the interested reader referred to the bibliography.
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Definition 3.23. Let T be a G-tree. An edge e ∈edge(T) is said to be
collapsible if Ge = Go(e) and its endpoints are not in the same orbit. A
collapse move consists of collapsing {e, e} and all of its translates to vertices.
The reverse of this move is called an expansion move.

We recall that a (G-)tree is said to be fully reduced when no collapse
moves are possible.

Definition 3.24. The composite deformation shown below is a slide move.
The edge groups of the edges that slide do not change during the deformation.
Therefore, in order to perform this move, it is necessary that these sliding
edge groups must be contained in C.

A B A B A BC

exp. coll.

C C C C

Now, returning to our discussion of the case when torsion is present,
we use the fact that the action of the outer automorphisms Out(G) on the
Stallings-Dunwoody deformation space is cocompact and the fact that two
reduced trees in this deformation space are connected by slide moves [33].
We can then start with any particular decomposition in this deformation
space that is provided by Gerasimov’s algorithm, consider the finite set of
all isomorphism classes of reduced Stallings-Dunwoody decompositions (i.e.,
quotient of this space by Out(G)), and compute the vertices of this quotient.
This allows us to reduce the isomorphism problem for multiply-ended hy-
perbolic groups to that of one-ended hyperbolic groups with a peripheral
structure corresponding to finite groups.

Consider now the following strategy. Suppose G, G’ are two hyperbolic
groups. Any morphism G → G′ can be encoded by a system of equations
using presentations, and injectivity on an R-radius ball as a system of in-
equations. The use of rational constraints for solving such systems of equa-
tions was described and used in [29]. Informally, rational constraints detect
whether two morphisms φ, ψ are the same up to inner automorphisms of G’.
Assuming condition 4 of our rigidity criterion holds, we see that we can now
explicitly enumerate all morphisms from G to G’, modulo inner automor-
phisms and injective on the ball of radius R. Thus, we eventually get a finite
non-solvable system of equations, hence showing that every monomorphism
is post-conjugate to some φ in our enumeration.
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Now, if we start with a one-ended hyperbolic group G, we can determine
if G is rigid. If not, then we can split non-trivially over a Zmax-subgroup. If
so, and if also G’ is rigid (otherwise they are not isomorphic) we can apply
our previous argument to compute two finite lists of morphisms φi : G →
G′, ψj : G′ → G, which contain all monomorphisms. The solution to the
isomorphism problem is then finished by checking if there exist a φi, ψj such
that φi ◦ ψj and ψj ◦ φi are inner automorphisms.

4 Group Problems for 2-Stratifolds

It was recently shown that the fundamental group of any 2-stratifold has
solvable word problem, [40]. For certain classes of 2-stratifolds, we extend
this result and claim affirmative results for the conjugacy and isomorphism
problems.

Let X be a 2-stratifold. For b ∈ B, let Kb := K(b) be the subgraph of Γ
which consists of the vertex b, all white vertices adjacent to b, and all of the
adjoining edges.

Figure 5: Example 2-Stratifold graph with the subgraph K(b0) indicated by
the dotted quadrilateral

b0
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Recall that, given our presentation of π1(X), we have exactly one relator
from π1(wi) for each white vertex wi; let Rb be the set of all those relators
which also correspond to white vertices in Kb.

Let Lb be the set of all edge labels for edges adjacent to our distinguished
black vertex b. Let Mb = max{|nij | : nij ∈ Lb} be the magnitude of the
largest label of edges adjacent to b.

Theorem 4.1. Let X be a 2-stratifold. Suppose Γ(X) is a tree with at least
one black vertex (that is, X is not just a 2-manifold possibly with boundary),
and suppose for every b ∈ B, we have that for all r ∈ Rb, Mb < |r|/5. Then
π1(X) has a solvable conjugacy problem.

Proof. Let X be a stratifold satisfying the given hypotheses. Consider the
presentation of π1(X) given in 2.3. It is apparent that we can remove every
cij generator from the set S, with suitable updating of the relator set R. Let S̃
be the set S with the cij ’s removed, and let R̃ be the symmetric closure of the
set R after the corresponding changes have been made to remove the cij ’s.
Since Γ is a tree, neither the presentation 〈S|R〉 nor our new presentation
〈S̃|R̃〉 have any relations of the form bntct−1. Additionally, since our new
presentation eliminated all the cij generators, our only relations are of the
form bn1 ···bnm ·q (plus cyclic permutations and inverses), where q is a product
of commutators or of squares, depending on whether the corresponding white
vertex is orientable or nonorientable as a 2-manifold.

Observe that we have precisely one relator r ∈ R for each white vertex
and no other relators. I shall refer to such a relator as a primary relator.
Clearly R ⊂ R̃, so every primary relator is also in R̃. Now, for two relators
r1, r2 ∈ R̃ corresponding to (in the sense of being cyclic permutations or
inverses of) different primary relators, we must have that q1 and q2 have only
the empty subword in common. This is because two relators derived from
different primary relators must correspond to disjoint white vertices (disjoint
manifold components). Furthermore, since Γ is a tree, two black vertices can
never both be adjacent to two distinct white vertices otherwise a 4-vertex
circuit would exist. In particular, this means that given any two relators
derived from different primary relators, the longest possible common initial
segment would have lengthMb. Similarly, looking at all cyclic permutations
and inverses derived from a single relator r = bn1

1 · · · bnm
m · q, we can see that

the maximum possible length of any piece in this subset of relators derived
from r is less than or equal to Mb.

In summary, two relators which do not have an adjacent black vertex
in common must have only the empty subword (length 0) in common. If
two black vertices do have a black vertex in common, then they both are

24



elements of some subgraph Kb and by hypothesis, then any common initial
subword must have length at most Mb. Again by hypothesis then, it follows
our presentation of π1(X) satisfies the C’(1/5) metric small cancellation
condition. Applying lemma 3.3 concludes the proof.

Theorem 4.1 provides an additional tool, solvability of the conjugacy
problem, for the study and classification of certain 2-stratifolds up to ho-
motopy beyond the known solvability of the word problem. The next result
applies to a smaller subclass of 2-stratifolds but provides a solution to the
often elusive isomorphism problem of their fundamental groups.

Theorem 4.2. Let X be a 2-stratifold. Suppose Γ(X) is a tree with at least
one black vertex and suppose for every b ∈ B, we have that for all r ∈ Rb,
Mb < |r|/6. Then π1(X) has a solvable isomorphism problem.

Proof. The first part of the proof proceeds exactly as for theorem 4.1, but
now with the conclusion that π1(X) satisfies the C’(1/6) small cancellation
condition. By lemma 3.4, π1(X) is hyperbolic. By theorem 3.2, π1(X) has
solvable isomorphism problem.

Corollary 4.2.1. Let X be a 2-stratifold where all white vertices are ori-
entable surfaces (with boundary), and assume Γ(X) is a tree with at least
one black vertex. For w ∈ W, let Mw = max{Mb : b − w} (that is, the
maximum value of Mb over all black vertices b which are adjacent to w).
Suppose that for every w ∈ W, with genus gw, we have that 3Mw < 2gw.
Then π1(X) has a solvable isomorphism problem.

Proof. Note that for any r ∈ R̃, we have |q| ≤ |r|. Since every w ∈ W
is orientable, we have that |qw| = 4gw, where gw is the genus. For any
two relators which have a nonempty subword in common, the corresponding
white vertices must have a single black vertex in common. Let u be any
piece for which ∃r1, r2 ∈ R̃ with r1 = uv1, r2 = uv2; if b is the shared black
vertex, then we have |u| ≤Mb ≤Mw (which holds for both w vertices under
consideration). But now, by hypothesis, we have |u| ≤ Mw < 2/3gw =
(1/6)4gw = (1/6)|q| ≤ (1/6)|r|. Then the C’(1/6) condition is satisfied, and
we apply theorem 4.2.

There is another consequence of theorem 4.2 which is interesting to note.
In [37] and [41], the authors are concerned with the classification of simply-
connected trivalent 2-stratifolds (a trivalent 2-stratifold being one in which
every component of X1 has a neighborhood consisting of 3 sheets). Here, a
different set of trivalent 2-stratifolds are considered. The following result is
a useful step towards the classification of more general 2-stratifolds.
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Corollary 4.2.2. Let X be a trivalent 2-stratifold with no terminal black
vertices which is also a tree with at least one black vertex. Suppose that
every orientable white vertex has genus g ≥ 3 and every nonorientable white
vertex has genus |g| ≥ 6. Then π1(X) has a solvable isomorphism problem.

Proof. This proof closely follows the previous proof in the application of
theorem 4.2. First observe that every relation is either of the form b21b2q
or b1b2b3q. The longest possible piece then has length 2, and the theorem
follows by considering that our hypotheses require |q| ≥ 12, implying the
C’(1/6) condition, hence hyperbolicity, hence solvability of the isomorphism
problem.

Another interesting result can be obtained demanding a suitably large
number of edges with respect to the corresponding edge labels.

Definition 4.1. For any vertex v of a stratifold graph Γ, we define the
number of edges incident to that vertex to be the simple valence. If all white
vertices of the graph are orientable, then define the total valence, or just
valence, to be the sum of the magnitudes of all incident edge labels.

Corollary 4.2.3. Let X be a 2-stratifold. Suppose that Γ(X) is a tree, that
every edge has label ±1, and that every vertex has simple valence at least 7.
Then π1(X) has solvable isomorphism problem.

Proof. The proof follows as an easy application of theorem 4.2.

The next result is a more powerful version of theorem 4.2, pertaining
to 2-stratifolds whose graphs are not necessarily trees. First, we introduce
some modified notation:

Let X be a 2-stratifold. For b ∈ B, let Kb = K(b) be the subgraph of
Γ(X) which consists of the vertex b, all white vertices adjacent to b, all black
vertices adjacent to those white vertices, and all edges with both adjoining
vertices in Kb. In other words, Kb is equal to Kb union all black vertices
adjacent to Kb and the corresponding adjoining edges.
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Figure 6: Example 2-Stratifold graph with the subgraph K(b0) indicated by
the dotted quadrilateral

b0

Again recall that we have exactly one relator from π1(wi) for each white
vertex wi, and let Rb be the set of all those relators which also correspond
to white vertices in Kb.

Let Lb be the set of all edge labels for edges adjacent to our distinguished
black vertex b. Let Mb = max{|nij | : nij ∈ Lb} be the magnitude of the
largest label of edges adjacent to b.

Note that for a given black vertex b, we have that Rb = Rb, while the
same is not true in general for the sets Lb, Mb, and respectively Lb, Mb.

Theorem 4.3. Let X be a 2-stratifold such that Γ(X) is connected and has
at least one black vertex. Suppose that for every b ∈ B, we have that for all
r ∈ Rb, Mb < |r|/6. Then π1(X) has solvable isomorphism problem.

Proof. In the case that Γ(X) is a tree, the theorem is exactly theorem 4.2;
therefore assume Γ(X) is not a tree. Using the same reduced presentation
as in the proof of theorem 4.1, we see that any relator is of the form bni0

0 ·
· · bnik

k · (ti1b
ni,k+1

i,k+1 t
−1
i1 ) · · · (ti,rb

ni,r

i,r t
−1
ir ) · qi, with k ≥ 1 (otherwise, since every

vertex is in the spanning tree, this would reduce our 2-stratifold to a 2-
manifold), r ≥ k; or, the relator is of the form just described but with some
permutation of the bnk and tbnl t

−1 factors.
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Observe that each such relation corresponds to a single distinct white
vertex in our graph Γ. Since each tij corresponds to an edge not in the
spanning tree of our graph, and since our graph is bipartite, then each tij
occurs only in relators derived from a single primary relator. Since the qi, qj
share only the empty word for wi 6= wj , then we have that, for two relators
not derivable from a single primary relator, only one or more bi’s may be
shared. Now if any two white vertices are adjacent to the same two or more
black vertices, then all white and black vertices are present in Kb, for some
any shared black vertex b. It then follows that the longest possible piece
again has length Mb. By hypothesis now, the C’(1/6) condition is satisfied,
and the result follows as in theorem 4.2.
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