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Abstract 

In many fields of statistical research, statisticians are challenged in producing risk 

limited, bias controlled data near instantaneously. For instance, in the area of signal detection, 

there exists a need to process mass quantities of data in a short time frame while simultaneously 

detecting the time at which a change in the process occurs. This has been a daunting task for 

many analytics professionals. Hawkins et al. (2003) outlined the traditional implementation of 

control charts for process monitoring. Charts including the cumulative sum and exponentially 

weighted moving average control chart were introduced as standard methods for identifying and 

monitoring process shifts. Unfortunately, these methods are limited by the need to estimate 

parameters, or are limited by simplifying parameters and known error distributions. To confront 

this challenge, we propose the use of a nonparametric method for process modeling of functional 

data that incorporates a variety of resampling methods.   

1. Introduction 

Statistical process control often requires a well-structured series of procedures to both 

monitor and regulate patterns in process output. This poses a challenge to many fields in science, 

research, and development that incorporate large volumes of data into their daily operations. In 

scenarios involving sequential process monitoring, analytics professionals are tasked with 

confronting errors that arise when trying to detect changes in observed data. Sectors of 

government and industry involved in stock analysis, weather forecasting, and even intelligence 

need to be able to accurately account for changes in a process almost immediately after they 

occur. Some sectors are even dedicating a considerable amount of time and resources to 

proactively predict when process instability will occur, based upon preceding systemic patterns 

(McClelland, 2011). 

Such changes that alter process output are characteristically referred to as special causes. 

Traditional methods to detect special causes include the exponentially weighted moving average 

control chart (Roberts, 1959), cumulative sum control chart (CUSUM) (Page, 1954), and 

adaptations of Shewhart control charts (Shewhart, 1931), which all require a parameterization, 

such as the in-control mean, standard deviation, and an out-of-control mean (Montgomery, 

2007). Consequently, we are interested in a nonparametric approach to process monitoring, thus 

limiting the number of assumptions needed to provide definitive results. Specifically, our interest 

lies in detecting a change in a sequence of functions (Noorossana et al., 2011). Let the point in 

which a sequence of functions changes be denoted with ߬, and indicates the time at which a 

special cause originates. This special cause could suggest the origin of an isolated or sustained 



shift in a sequential process, however, whether this cause is isolated or sustained in nature is of 

little interest to the scope of this study.  

A sequence of functions sampled at n equally spaced points will be observed: 

ଵ݂, ଶ݂, � , ఛ݂, ఛ݂ାଵ, � 

These functions are typically observed along with errors: 

݂ + ߳ , 
where the ߳ are errors obscuring the true underlying functions ݂ at observation i. In the 

situation considered here, the sequence of functions will remain in-control until the ߬th 

observation is observed. From this observation on, the sequence will be considered out-of-

control. The primary inferential goal of this simulated study is to detect as soon as possible after 

time ߬ that a change has occurred.  

A commonly practiced schematic for constructing a process monitoring approach is as 

follows. After ensuring initial process stability is achieved, each subsequent iteration of the 

process that produces output goes through a thorough analysis. For example, all accumulated 

process readings from previous iterations may be compared to the current observation’s output. 

Whether the process diverges from its in-control state depends on specifications of the scenario. 

Another commonly practiced methods involve comparing the current observation to assumed 

“true” observations that follow particular assumptions about the form of the function and the 

distribution of any observational errors. However, this method can rely heavily on the 

assumptions and perform poorly when they do not hold. An alternative method to detect ߬ 
accurately with little reliance on assumptions made prior to process monitoring is desired. In 

practice, corrective action is taken if the process is determined to be out-of-control, regardless to 

whether the detected divergent observation is truly divergent or simply the occurrence of a false 

signal (Hawkins et al., 2003).   

We develop a nonparametric methodology and will test it by means of a simulation study. 

We assume a set of data “known” to be in-control is available.  In this known set, both the form 

of the function and the distribution of the errors is constant.  The efficiency of the proposed 

procedure will be measured by both the statistical power involved in the detection of out-of-

control observations and controlling the type I error of the procedure. 

2. Review of Current Approaches to Process Monitoring 

Conventional methods for sequential process monitoring rely heavily on the use of 

various control charts to better understand the true nature of the population. However, before 

such modes of analysis can be devised, quality management professionals must ensure that 

assignable causes, measurement errors, outliers, and data entry errors are accounted for and then 

removed to ensure a stable process is being analyzed. Not accounting for such complexities in 

the design of the experiment will likely exhibit inaccurate results, wasting both time and 

resources of all parties involved (Montgomery, 2007). 



This process of determining what “good” data observations look like is referred to as 

Phase I, see Chakraborti et al. (2008). This thesis will not focus on Phase I.  Instead, we generate 

an initial set of in-control data using R software (R Core Team, 2016), a reliable statistical 

software package, and assume that this pooled set of data originates from stable operating 

conditions identified in Phase I. 

Traditionally, after Phase I provides an assumed, approximately stable process, the 

second phase of statistical process control (Phase II) involves the construction of appropriate 

control charts. Unfortunately, the situation that we consider renders most control charts popular 

in a wide variety of industrial applications ineffective for process monitoring of functional data. 

Specifically, we make no assumptions about the form of the functions being monitored, and only 

assume that the observed errors are independent and identically distributed with center 0.  To 

make this point, we will review and discuss some of the limitations associated with existing 

approaches to process monitoring.  

In this section, we will use the univariate data setting (i.e., non-functional data) to discuss 

the current approaches to process monitoring. Thus, we deviate slightly from the notation from 

Section 1 as follows. In the univariate setting a single observation is denoted with Xi and the 

sequence of observations X1 , …, Xk Xk+1 , …, are considered in-control until observation k is 

observed. Additionally, let µ 1  and µ2  denote the true mean of the in-control set of data (i.e., X1 , 

…, Xk-1) and out-of-control set of data (i.e., Xk Xk+1 , …), respectively. 

2.1 Shewhart’s Approach to Process Monitoring 

In many industrial applications, data is monitored in real-time to gain insight into the 

stability of a process. A multitude of different control charts are used to accomplish this feat by 

means of on-line monitoring and surveillance of sampled data. Once the stability of an in-control 

process is thought to be compromised, the entire process is usually stopped, inspected, and some 

corrective action is subsequently taken. One of the most popular process monitoring techniques, 

adopted by many analytics professionals today, incorporates Shewhart control charts (Shewhart, 

1931). 

These control charts are adaptable to many scenarios in industry for understanding 

process shifts and stability. Shewhart’s approach to system surveillance involves monitoring how 

data behaves over time through the implementation of control limits. If observed data falls 

outside the set of control limits, or a systemic pattern of output arises, then the assumption of 

process stability is no longer an adequate assumption, and corrective action must be taken. Most 

applications of Shewhart process monitoring involve an upper and lower control limit, spaced 

around a center line. Such a chart can be derived using this general model, used to monitor some 

statistic of interest to the process: 

 

 

. 



In this model the upper control limit (UCL) and the lower control limit (LCL) are equally spaced 

around the center line. This center line, uw = σ ܺ /݇, is the average of the historical set of 

sampled data. Furthermore, L represents the distance from the center expressed in standard units 

(assumed known) denoted with ߪ௪. Today, effort is being placed in achieving “6-sigma” quality 

(i.e., L = 6), or two defective observations for every billion pieces of output produced 

(Montgomery, 2007). 

Although this mode of signal detection is widely accepted in many sectors of industry by 

quality assurance professionals, this method does have risk associated with it. In particular, false 

signals frequently occur. Such potential shortcomings will be considered as we progress through 

this study, but the implementation of an upper control limit to monitor process stability will be 

used extensively.  

2.2 Limitations of the Cumulative Sum control chart 

The cumulative sum control chart (Page, 1954) renders itself useful in scenarios when all 

parameters except ߬ are known. This includes the values of µ1  and µ2 , where recall that µ 1  and µ2 

denote the mean of the in-control set of data and out-of-control set of data respectively. The 

common formulation of the cumulative sum control chart is defined: 

ܵ = ,0)ݔܽ݉݃ݎܽ ܵିଵ + ܺ െ ܾ), 

where ܵ = 0 and b = (µ1  + µ2)/2.  For this method of process surveillance, the cumulative 

control chart signals a shift in the sequential process if Si > h where h represents a predefined 

reference value, or “decision interval,” to signal a model has diverged from its in-control state. 

Typically, this value is chosen with consideration of achieving a specified average run length 

when all the data is in-control (see Montgomery, 2007). However, to extend this model to the 

situation of functional data we would need to replace a single observation, Xi, with a function fi 

sampled at n points x1, x2, …, xn.  One could substitute the average of the function fi taken across 

the xj, but monitoring a sequential process in this way would be ill-advised, in that this mode of 

signal detection relies heavily on knowing a single value of the mean of the out-of-control data to 

which in-control data diverges, a rarity in practice (Hawkins et al., 2003). 

2.3 Limitations of the Exponentially weighted moving average control chart 

The exponentially weighted moving (Roberts, 1959) average monitors a process by 

placing substantially less weight on data farther removed in time from the current observation: ݖ = ݔߣ + (1 െ  ,ିଵݖ(ߣ

where 0  ߣ  1. In this model, a proportion, そ, is assigned as the weight the current observation 

carries and the previous observation carries the remainder of this weight, 1- そ. 

This chart can be easily adapted to monitor any process parameter of interest using the 

distribution associated with {ݖ}.  Conventionally, the average of all historical data is used as the 

initial value z0. Unfortunately, extending the above method to functional data would have the 

same limitations as the Shewhart method. 



3. A Simulation Model for Functional Data 

Constructing an in-control set of data and a sequence of follow-on observations is 

straightforward. A function, denoted by f0, will serve as a basis for the historical, in-control set of 

data. In one of our simulation studies, we assume that the historical data takes the following 

linear form: 

(ݔ)ݕ                                                         = ݂݅ ቀ ݆ݔቁ +  ߝ
݂(ݔ) = ݔ3 + 2,     (1) 

where ߝ~ܰ ቀ0, ଶߪ  =
ଵସቁ, i = 1,…, k, j = 1,…, n,  and ݔ =  

 .  Additionally, let ݂ =

{ ݂൫ݔ൯: ݆ = 1, � ,݊}. We will refer to the normally distributed error tied to each element of an 

observation as “noise”. This is done to simulate realistic data, which typically has much noise 

associated with it. 

We let k = 100 historical observations be observed, each of length n=10. That is, this 

linear function will subsequently serve as the historical in-control set of data to be compared to 

the generated functional data observed in a new sequence. Each function generated in the 

sequence will follow an approximately in-control state (2) until the time at which a divergence 

occurs and process stability is compromised. Functions generated after ߬ are different from those 

shown in (2).  Specifically, 

݂൫ ݔ൯ =  ൜݂0݅(݆ݔ) ݅ < ݂߬(ݔ) ݅  ߬,
 

where ߜ~ܰ ቀ0,  
ଵସቁ, i = 1,…, j = 1,…, n,  ݔ =  

 and ݂ is a real-valued function to be defined 

later. Here, ߜ also represents noise, but in the values in the process that we monitoring. Here, a 

shift, sustained or isolated, occurs at ߬, and the sequence is then out-of-control. Our main 

objective is to devise an algorithm that minimizes the number of subsequent observations it takes 

to detect this function’s out-of-control state, while also limiting the probability of type one error, 

denoted g. For instance, if a change occurs on the 5th iteration (߬ = 5), an algorithm with high 

statistical power would detect the shift immediately on the 5th iteration. We choose the value of g 
to be 0.005 to reduce the probability of type I error and extend the average run length (ARL) 

following commonly practiced process control procedures. In particular, we wish to have the 

ARL be 200 when all observations are in-control. For a good discussion on the ARL, see 

Montgomery (2007). 

We consider several choices for the out-of-control functions. In practice, the form of the 

out-of-control function is unknown, but for the purposes of simulation, we consider three classes 

of out-of-control functions. We refer to these class of functions as the “divergent quadratic” 

function, the “divergent slope” function, and the “divergent intercept” function. Details are 

provided below.  



The divergent quadratic function: We consider this out-of-control function to be one of the 

more moderate shifts from in-control to out-of-control. Consider the following: 

݂൫ ݔ൯ = ଶݔ ߛ + ݂
;(݆ݔ)0݅ ݅ = ߬, ߬ + 1, �,    (2) 

j = 1,…, n,  and ݔ =  
. When ߛ = 0 then we obtain the in-control function stated in the 

beginning of Section 3. Thus, we are interested in the case when ߛ ് 0. Additionally, the values 

in the set { ݔ} are between zero and one, which suggests that the divergent slope function 

differs from the in-control function more so when  ݔ is close to 1. 

 

The divergent slope function: We consider this out-of-control function to be one of the more 

difficult shifts from in-control to out-of-control. Consider the following: ݂൫ ݔ൯ = ݔ ߙ3 + 2 + ;ߝ ݅ = ߬, ߬ + 1, �, 

j = 1,…, n,  and ݔ =  
. When ߙ = 1 then we obtain the in-control function stated in the 

beginning of Section 3. Thus, we are interested in the case when ߙ ് 1.  

 

The divergent intercept function: We consider this out-of-control function to be one of the 

easier shifts to detect. Consider the following: 

݂൫ ݔ൯ = ݔ 3 + 2 + ߚ + ;ߝ ݅ = ߬, ߬ + 1, �, 

j = 1,…, n,  and ݔ =  
. When ߚ = 0 then we obtain the in-control function stated in the 

beginning of Section 3. Thus, we are interested in the case when ߚ ് 0. One reason this choice is 

considered easier to detect is that all the function changes the same way for all values in the set 

 where recall, the divergent quadratic function differs more from the in-control function ,{ݔ }

when  ݔ is close to 1. 

Other Out-of-Control Functions: Although the scope of the study focuses on these specific 

classes of out-of-control functions, others may, and do, occur in practice. For example, a 

“divergent shift function” may occur, 

݂൫ ݔ൯ = {݂
0݅൫݆ݔ൯݆ݔ)ܫ  ܿ) + {݂

0݅൫݆ݔ൯ + ݆ݔ)ܫ{߂ > ܿ); ݅ = ߬, ߬ + 1, �, (3) 

where c is a number between zero and one, I(∙) is the indicator function, j = 1,…, n,  and ݔ =  
. 

Another consideration is that the latent functions themselves may not change, but the variance of 

the data may change following k. Although such a change may lead to a signal being detected, it 

doesn’t hold any practical significance for this study. In part, we are only interested in changes to 

the true nature of a function, not to the variability of which it is associated. In Section 7, we 

provide additional simulation results to investigate these important issues. 



4. The Bootstrap 

One of the goals of this thesis is to forgo strong assumptions about the distribution of the 

error terms in the observations.  Fortunately, there exists a nonparametric approach that is very 

useful in scenarios where such assumptions about the distribution of these error terms cannot be 

made. Such an approach is commonly referred to as bootstrapping. In this study, the desire to 

limit time in detecting a shift while also extending the mode of analysis to nonparametric 

distributions suggests this mode of resampling would be appropriate. 

The bootstrap (Efron and Tibshirani, 1994) is commonly used to understand the true 

nature of the sampling distribution by repeatedly generating surrogate samples of the initial set of 

collected data. These surrogate samples, referred to as bootstrap samples, are then used to 

approximate the statistic of interest. Singh and Xie (2008), outlined the useful applications of 

these bootstrap samples, their formalization, and even some of the limitations that often arise 

when estimating a statistic of interest. The repeated bootstrapping of a sample can be used in the 

estimation of the unknown distribution. 

To express the bootstrap principle, consider the traditional method of estimation. Suppose 

{ ଵܺ, � ,ܺ} is a sample of non-functional data obtained from randomly sampling from a 

distribution S, which depends on an unknown parameter し belonging to a generic parameter 

space. We then compute a statistic using the sample { ଵܺ, � ,ܺ}, which estimates the unknown 

parameter し. 

The bootstrap mimics this procedure, but replaces the distribution S with an 

approximation, say ├. Here, ├ is found by repeatedly sampling with replacement from a single 

sample, { ଵܺ, � ,ܺ}. Subsequently, ├ will then be used to calculate the statistic of interest that 

will be used as an estimate of し.  

Referring to the context of our study, we have an historical set of data considered to be 

in-control. Therefore, abiding by the bootstrap resampling approach and employing our own 

statistics, we can infer “parameters” from the sampling distribution by repeatedly bootstrapping. 

Thus, the bootstrap provides a means of monitoring a sequence relative to this initial bootstrap 

sampling distribution.  

We extend the bootstrap approach to functional data.  Let 

݂ = { ଵ݂, ଶ݂, � , ݂} 

be the set of in-control functional observations.  Each ݂ is a function sampled at the fixed, 

equispaced ݔ, j = 1, 2, …, m described above.  Consider ݄ = ݂௪ െ ݂ҧ(), 
where ݂ҧ() is the average of ݂ taken over j = 1, 2, …,i-1, i+1,… k . If ݂௪ is in-control, then h 

is a vector of errors that have approximately the same distribution as any of the error vectors in ݂. If we had this distribution, then we could determine how likely our observed value of the 



statistic h is.  If ݂௪ is out-of-control, then h will not have the same distribution as the error 

vectors in ݂.   

Rather than work with the distribution of a vector of errors, we will work with the 

distribution of a function of this error vector.  Our statistic for determining if a new observed, 

noisy function ݂௪ is in- or out-of-control is  ݃ = ൫ܮ ݂௪ െ ݂ҧ()൯ =  ,(݄)ܮ

where j is a randomly selected index from {1,…, k}, and Lr is one of two loss functions. If 

w={ݓଵ, � (ݓ)ଵܮ } is a real-valued vector of length m, defineݓ, =  |ݓ| ݊ܽ݅݀݁݉

and ܮଶ(ݓ) =
ଵσ ଶୀଵ(ݓ) , 

where |w| denotes the absolute value of each of the elements in w, and ݉݁݀݅ܽ݊ |ݓ| returns the 

median value among elements of w. The statistic g is univariate and its distribution is easier to 

work with than a distribution for an entire error vector.  Now, if ݂௪ is in-control, then g is a 

statistic that has approximately the same distribution as  ݃כ = ൫ܮ ݂ െ ݂ҧ()൯. 
We can estimate the distribution of ݃כ using bootstrap.   

To do so, we find ݂ െ ݂ҧ() for i = 1, 2, …, k.  For each i, we get m errors.  Pool these mk 

errors together and take a random sample with replacement of size m from them. Apply the loss 

function Lr to this sampled vector and obtain a bootstrap value for ݃כ, say ଵ݃כ.  Repeat this B 

times, resulting in ଵ݃כ,݃ଶכ, � ,݃כ .  We use this collection of bootstrapped values of ݃כ to estimate 

the distribution. 

Once this distribution is estimated, we then have a way of determining if a new 

observation ݂௪ is in- or out-of-control. The loss functions are always non-negative, and large 

values indicate large distances from the in-control average function, so large values of the g 

should indicate an out-of-control condition exists, while small values correspond to in-control.  

To determine “large” versus “small”, use the estimated distribution of ݃כ found via the bootstrap 

method outlined above.  “Large” will be values that are unusually large with respect to the 

distribution, i.e., values in the upper tail of the distribution.  

Some analytics professionals implement some form of trimming prior to finalizing the 

estimate of the distribution above. In this study, this approach was tested by omitting the most 

extreme 5 percent of observed data in each bootstrap sample. Unfortunately, this impeded on the 

power of the model that was formalized, suggesting that the tails provide substantial information 

in the deduction of the bootstrapped statistic of interest. For this reason, this approach was 

abandoned. This is just one of several considerations that were considered. In Sections 4.2 – 4.4, 



we elaborate on the three different bootstrapping methods that were tested, which lead to the 

final bootstrap described above.  

The bootstrap distribution does an adequate job in approximating the sampling 

distribution of the statistic.  This distinctive feature of the bootstrap, described by Singh and Xie 

(2008), along with its efficiency in approximating the sampling distribution in scenarios where 

any assumptions regarding the nature of the data is scarce makes this approach to resampling 

ideal for the scope of this study. 

4.1 Choice of Loss and Type I Error 

After obtaining the distribution for g*, we can then approximate an upper control limit. 

This value will be obtained by selecting the (1-h)B observation from g*. We choose h to be 1/200 

in order to correspond to an average run length of 200 if the proposed methods is applied to a 

process that is always in-control. The (1- h)B observation from g* will be referred to as the upper 

control limit. 

Our study provided evidence that the effect of using L2 severely altered calibration 

expectations when simulating stable operating conditions. Thus, any conclusions made regarding 

the detection of ߬ couldn’t be made in confidence. For this reason, we use L1, the loss function 

based on the median.  This loss function is more robust against outliers that end up sampled too 

frequently in the bootstrap procedure. 

In practice, measures of central tendency such as these are typically the most sought after 

estimates in a process, implying what an individual can expect to observe on average. However, 

the bootstrap’s role in this study is less direct then its traditional applications. In this study, this 

resampling methodology serves more as a tool in a process, rather than a method that directly 

contributes some statistic with significant semantic meaning about the distribution. For this 

reason, the distribution of g* will serve as a reference statistic that each function in a sequence 

will be compared to. Specifically, an observation having an average difference that exceeds the 

(1- h)B element of the g* distribution will be assumed to be out-of-control.  

In an effort to simulate real world application, we wanted the process to detect a false 

signal on the 200th observation on average, implying the probability of type I error being 

equivalent to 0.005. This value for h would return an average run length of 200, and is 

commonly used in practice as an alternative to the generally accepted default value of the 

significance level, 0.05. This is in part due to the fact that a process is traditionally stopped 

following the detection of a divergent observation, requiring a period of investigation of the 

process by quality assurance professionals. The effect of a false signal occurring, on average, on 

the 20th observation (h = .05) as opposed to the 200th (h = .005) would slow down a process 

dramatically.  

4.2 The First Candidate Bootstrap Method 

Before settling on the above method, we also considered other methods of resampling.  

One of these alternative methods sampled not from the pooled errors as above, but instead 

sampled an entire column from the in-control set ݂. In this case, 



݄ = ݂௪ െ ݂ҧ 
and ݃כ = כ൫݂ܮ െ  തതത൯כ݂
where ݂ҧ is the component-wise average of all the in-control functions in ݂, ݂כ is a randomly 

selected column of ݂, and ݂כതതത is the average of k randomly selected (with replacement) columns 

of ݂. The bootstrap sample ଵ݃כ,݃ଶכ, � ,݃כ  is found be resampling the columns many times. 

Translating this theory into a useable R script is relatively straightforward. The function, 

“boot.01”, for this bootstrap resampling method is listed Code Set 1, which can be found in the 

Appendix. The default parameters it takes include the number of replicates, b, and the in-control 

set of data, ic. It then returns a sorted g distribution. 

Note the two measures of central tendency, the average of the median absolute difference 

and average of the mean squared difference, which correspond to values of “loss=1” and 

“loss=2” respectively. And following the formulation of the g* statistic, or “g” in R, the upper 

control limit was determined to be a value approaching that of 0.54 for “loss=1” and 0.42 for 

“loss=2”. 

Unfortunately, both measures of central tendency used in the derivation of the g* 

distribution exhibited remarkable skewness in the bootstrap distribution; see Figure 1. This 

skewness was evident especially in a region where the upper control limit was located. 

Concerned for the integrity of the model, an alternative approach to resampling would be desired 

prior to formulating a comparison function. Such a model would both reduce the inherent 

skewness present in the extremities of the distribution, hopefully providing a more accurate 

depiction of the true upper control limit, and show an adequate upper control limit for sequences 

where k is never introduced.  

 
Figure 1: Density plot of bootstrap sampling distribution of g* using L2 function and the Rscript “boot.01”  

 



4.2 The Second Candidate Bootstrap Method 

The shortcomings of the previous bootstrap were thought to have been the fault of an in-

control set of data that was too small to gain meaningful insight to the bootstrapped g* 

distribution. To ensure that this wasn’t the issue, twenty additional observations where generated 

and added to the in-control sample. After finding no inherent change to the skewness a new 

method was proposed. 

 

Figure 2: Density plot of bootstrap sampling distribution of g* using L2 function and the Rscript “boot.02”  

 

Above, we randomly chose an entire observation from the in-control set of historical data 

and applied the bootstrap.  Now, we create the ݃כ component-by component.  A single 

observation is generated by randomly selecting a value for component 1 from all the component 

1 values, then the same for component 2, and so on.  This is subtracted from the average of all 

the columns and the loss function is applied. This method was devised because of the effect that 

dependency among components had on estimating averages of the observations from which the 

component observations were sampled. The function h is the same as the previous method. 

This new procedure improved the performance over the previous bootstrap distribution 

considerably. However, this approach to resampling was abandoned for its lack of efficiency in 

detecting ߬. Additionally, there was still a significant amount of skewness in the bootstrap 

distribution, which could potentially exhibit inaccurate results (see Figure 2).  

4.3 The Third Candidate Bootstrap Method 

Another approach modified the previous schematic described in Section 4.2 by using a 

different form for the average of the in-control functions.  Instead of using all the columns of the 

in-control set, we use all the columns except the one that was sampled to create the single 

observation in ݃כ. The R code used to implement this is provided in Code Set 2 in the Appendix. 



The sampling distribution found using Code Set 2 showed considerable improvement 

from the two previous resampling strategies. The new formulation of bootstrapping revealed a 

reduction in skewness and less variability in the higher extremities of the tail of the bootstrap 

distribution (see Figure 3 below). 

 

 

 

 

 

 

 

Figure 3: Density plot of bootstrap sampling distribution of g* using L2 function and the Rscript “boot.01” 

 

This gave a significant improvement over the previous alternative resampling 

methodologies, but not as good as the final version described first in this section.  The R code for 

the final version is shown in Code Set 3 in the Appendix. 

 

 
Figure 4: Plot generated from simulating boot.04 in R; Horizontal bar represents the (1-g)N value obtained from the 

bootstrap function to be served as upper control limit 

4.5 Finding the Upper Control Limit 

The (1- g)N observation of the bootstrap distribution is defined to be the upper control 

limit. Using Code Set 3 we obtain a series of sorted values obtained using our final bootstrap 

method. In Figure 4, we display an example of these sorted values, where the horizontal line 

indicates the upper control limit (or the (1- g)N observation). 

  

 



5. Important R Code for the Simulation Study 

In this section, we describe the R code used to perform the simulation study. Specifically, 

we describe the code to simulate a sequence of functions, and the code to detect when the 

function is out-of-control. As with the bootstrap, we considered multiple approaches to code the 

sequence of functions. The R scripts used in our analysis are provided in the Appendix.  

5.2 Signal detection function 

The procedure to produce a sequence of data to be monitored is given in Code Set 4 

found in the Appendix. On each iteration, an observation, either in-control or out-of-control, is 

generated and subsequently monitored by the compare function. All observations preceding k 
will follow the same distribution as the in-control set. Then, once k occurs in the sequence, an 

out-of-control function will be used. 

After generating a functional observation, deciding whether a function exhibits out-of-

control or in-control behavior is implemented by a script that obtains either ܮଵ or ܮଶ, and checks 

to see if the statistic falls below the upper control limit. The R script, “compare2”, achieves this 

task and can be found in Code Set 5 in the Appendix. 

In trace.t (Code Set 4), we see that for every observation we apply “compare2,” which 

computes either the ܮଵ or ܮଶ statistic and indicates whether there exists evidence to suggest that 

the current function is in-control. However, one should be cautious in concluding that a 

functional observation is in-control or out-of-control. If an out-of-control observation is detected, 

then it could be considered a false signal, which has a non-negligible probability. Although 

“compare2” worked with adequate statistical power, a revised function allowed for the 

incorporation of larger sets to be monitored in a generated sequence. 

Code Sets 4 and 5 were useful, however, so this code was revised model to run more 

efficiently. These revisions combined two steps into one function. Here, observations for the 

sequence are simultaneously generated and monitored with respect to the in-control distribution.  

The revised code is presented in Code Set 6. 

5.2. Average Run Length 

To evaluate the performance of our method we consider two properties. The first is called 

the false signal rate. Here, k is never introduced to the sequence, and we observe the “average run 

length” (ARL) of the sequence. If the model is calibrated correctly, we expect to observe an 

average run length ARL = 1/ h. The second way we evaluate our method is through the “power.” 

Specifically, we investigate the ARL when k =1. In this setting we hope to observe an ARL = 1. 
That is, we only need to see a single out-of-control observation (on average) in order to detect 

that an out-of-control condition has occurred. (Montgomery, 2007) 

It is worth emphasizing that for a process shift to be detected, we compare to in-control 

observations instead of any preceding observed functions of the sequence. This places a 

considerable amount of reliance on the in-control distribution. Therefore, in practice an 



individual must ensure that only chance variation is being observed in the in-control set by 

removing any special causes. 

To gain insight into how the method would perform, results from multiple replications of 

the same experiment would need to be obtained. In Code Set 7, we conduct “b” experiments 

under the same operating conditions. Prior to conducting such tests, the upper control limits must 

be obtained, and used as an input to Code Set 7. Upper Control limits were found using the 

bootstrap with a large number of replicates. A large number of replicates was chosen so that the 

expected average run length (when all observations are in-control) is approximately 1/ h.  

6. Results 

6.1 Mean Squared Error 

In our first experiment we considered the squared error loss, used 1000 bootstrap 

replicates, and set h = 0.005. The corresponding upper control limit is given by the (1- h)B = (1 – 

0.005) 1000 = 995th ordered value of the 1000 bootstrap replicates. Additionally, for the type one 

error of 0.005, we expect an ARL = 1/ h = 1/0.005 = 200. 

In Figure 5, we plot the ARL when using the divergent slope function (see Section 3) 

with various values of g. The raw values are also given in Table 1. Here, we see that we can 

detect a change very quickly (g ± 0.3). However, the ARLs appear to suggest there exists 
calibration errors; namely, when g= 1 the ARL is dramatically different from 200.  We observe 
ARL = 363.65 (> 200). 

  

Figure 5: ARLs by g, when (1- h)B = (1 – 0.005) 1000 = 995, the mean squared error loss is used, and the divergent 

slope function is used 

Similar findings occurred when changing the divergent slope function to the divergent 

intercept and divergent quadratic functions. See Tables 2 and 3. These tables show an ARL of 

356.74 (>200) for the divergent intercept and ARL of  316.83 (>200) for the divergent quadratic 

functions, respectively. 



These results imply that the upper control limit was too high (i.e., it was less likely to 

observe a value larger than the upper control limit than expected). We considered outliers as a 

potential cause of large upper control limits. Thus, we increased the number of bootstrap 

replicated to mitigate the influence of outliers. The new results rendered only slightly different 

upper control limits. As a second attempt to address outliers we considered “trimming” (i.e., 

removing extreme values). Unfortunately, trimming values from the in-control set exhibited 

results returning an average run length substantially lower than expected (see Table 4 for an 

example).This example produced an ARL = 74.52 (<200), and no considerable improvement in 

the power for when g ≠ 1. 

 

g 0.05 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.5 1.5 

ARL 1 1 1.01 1.72 48.4 363.65 24.24 1.67 1 1 1 
Table 1: ARLs by g, when (1- h)B = (1 – 0.005) 1000 = 995, the mean squared error loss is used, and the divergent 

slope function is used 

 

く -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1 

ARL 1 1 1.01 1.72 48.4 363.65 24.24 1.67 1 
Table 2: ARLs by く, when (1- h)B = (1 – 0.005) 1000 = 995, the mean squared error loss is used, and the divergent 

intercept function is used 

 

け -2 -1.75 -1.5 -1.25 -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1.25 1.5 1.75 2 

ARL 1 1 1 1 1.03 2.23 14.98 124.78 316.83 97.1 9.99 1.81 1.07 1 1 1 

Table 3: ARLs by け, when (1- h)B = (1 – 0.005) 1000 = 995, the mean squared error loss is used, and the divergent 

quadratic function is used 

 

g 0.05 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.5 1.5 

ARL 1 1 1.01 1.72 48.4 363.65 24.24 1.67 1 1 1 
Table 4: ARLs by g, when (1- h)B = (1 – 0.005) 1000 = 995, the divergent slope function is used, and a trimmed 

squared error loss is used 

 

6.2 Mean absolute errors 

Our third attempt to address outliers was to use the mean of the absolute errors in place of 

the mean squared errors. As shown below, this investigation led to reasonable ARLs. We again 

consider 1000 bootstrap replicates and set h = 0.005.  

In Figure 6, we plot the ARL when using the divergent slope function (see Section 3) 

with various values of g, but now using the different loss function. The raw values are also given 
in Table 5. Here, we obtain similar results in terms of the change of g needed to detect (g ± 0.4). 
However, we now obtain an ARL very close to 200 when g = 1. 



Similar findings occurred when changing the divergent slope function to the divergent 

intercept and divergent quadratic functions. See Figures 7 and 8, and Tables 6 and 7 for the raw 

values. That is, for both the divergent intercept and divergent quadratic functions we see 

reasonable values of ARLs.  

  

Figure 6: ARLs by g, when (1- h)B = (1 – 0.005) 1000 = 995 

 

g 0.05 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3 1.5 1.5 

ARL 1 1 1.11 4.36 57.32 204.19 35.6 2.95 1.13 1 1 
Table 5: ARLs by g, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, and the divergent 

slope function is used 

 

く -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1 

ARL 1 1 1.07 14.85 203.48 14.77 1.11 1 1 
Table 6: ARLs by く, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, and the divergent 

intercept function is used 

6.3 Noteworthy Values of け, g, and く 

After obtaining a range of average run lengths by け, g, and く, we were able to identify values for 

け, g, and く that successfully determined a process change with a high degree of certainty (e.g.,    
け = 2 in Table 7 had an ARL = 1). 

The minimum positive values of け, g, and く required to detect a divergence with high 

probability are plotted in Figure 9. Specifically, from Tables 5 – 7, these divergent functions 

correspond to け = 2, g = 1.5, and く =0.75. Here, we identify, in a sense, an “extreme” case for our 

methodology. That is, cases where we immediately know when a process change has occurred. 

6.4 A Non-Linear In-Control Function 

The simulation studies in Sections 6.1 and 6.2 assumed simple forms of the latent 

unknown function (i.e., linear and quadratic). Thus, a natural setting to consider is the case where 

the latent function { ݂(ݔ)} is in some sense more complicated, since in practice, we often do 



not observe linear and/or quadratic functions. Wavelet functions cannot be computed analytically 

and would be an interesting alternative to the linear function outlined in Section 3. For example, 

consider Figure 10 which plots a wavelet over a discrete set of values, and connects these points 

with a linear interpolator. We consider two cases for a process change with this new choice of 

{ ݂(ݔ)}: the divergent quadratic function in Equation (2), and the divergent shift function in 

Equation (3) with c = 0.5. 

 

け -2 -1.75 -1.5 -1.25 -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

ARL 1 1 1.03 1.27 1.93 5.05 27.37 134.86 206.51 95.57 23.73 4.00 1.69 1.15 1.02 1 1 

Table 7: ARLs by け, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, and the divergent 

quadratic function is used 

 

Figure 7: ARLs by く, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, and the divergent 

intercept function is used 

In this section, we replace the function { ݂(ݔ)} in Equation (1) with the function plotted 

in Figure 10. Straightforward modifications to the code in Section 5 will allow us to replace the 

line in Equation (1) with the wavelet presented in Figure 9, and conduct a simulation study to test 

our methodology. See Code Sets 10 – 12 for these modifications to Code Sets 5 – 7. There are a 

total of n = 1000 values of x in Figure 10. We found that j = 0.2 gave a good balance between 
power and computation time. Additionally, the results on the ARL appear to be sensitive to the 

number of observations in the in-control dataset; consequently, we chose k = 2000. The 

sensitivity to k can be seen in Table 8, which is based on k = 200 in-control observations. Here, 

the upper control limit is equal to 0.1798. When applying this same upper control limit to a 

different set of 200 in-control observations we find remarkably different ARLs. 



As before, signals were detected with impressive power while simultaneously exhibiting 

ARLS close to 200. Below Tables 9 and 10 (also visually displayed in Figures 10 and 11) reveal 

an average run length slightly larger than 200. Hence, our method appears to be performing well 

when a large enough in-control set is made available. 

 

Figure 8: ARLs by け, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, and the divergent 

quadratic function is used 

 

 In-control set 1 (UCL≈0.1798) In-control set 2 (UCL≈0.1804) 
ARL 241 305 

Table 8: ARLs by UCL, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, the wavelet in-

control function is used, and the divergent quadratic function is used 

 

d -2 -1.75 -1.5 -1.25 -1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

ARL 1 1 1 1 1 1 1.14 7.62 211.93 10.23 1.13 1 1 1 1 1 1 

Table 9: ARLs by け, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, the wavelet in-

control function is used, and the divergent quadratic function is used 

 

〉 -0.25 -0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2 0.25 

ARL 1 1.06 2.14 12.19 77.75 212.85 89.36 11.89 2.28 1.1 1 

Table 10: ARLs by 〉, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, the wavelet in-

control function is used, and the divergent shift function is used 

6.5. False Signal Rates 

The g level 0.005 was specified. This value implied that with repeated trials (10,000), one 

could expect to see an average run length to be approximately equivalent to 200. An additional 



test provides further confirmation of this conclusion. After repeated simulations we computed 

the proportion of times a false signal rate was observed. 

 

Figure 9: The in-control function, and divergent functions corresponding to け = 2, g = 1.5, and く =0.75. These are the 

minimum positive values of け, g, and く required to detect a divergence with high probability 

 

 

Figure 10: A wavelet over a discrete set of values, and connects these points with a linear interpolator 

 The results for both the linear in-control set and wavelets in-control set reaffirmed our 

conclusion of adequate calibration. In the table that follows we find promising false signal rates 

nearly equivalent to the probability of type I error, g=0.005. 
  



6.6. Non-Normal and Non-Constant Errors 

As discussed at the end of Section 3, there are many more types of divergent anomalies 

than the ones used in this simulated study. For instance, the divergence may be the result of a 

different distribution for the error (i.e., non-normal). In this section, we consider errors to be re-

scaled t-distributions with に degrees of freedom. Specifically, let ߝ in Equation (1) be independent 

and equal in distribution to  

ߪ ൬ɓ െ 2ɓ ൰ଵ/ଶ  ,ݐ

where ݐ is a random variable with a t-distribution with ɓ > 0 degrees of freedom. Note that we 

re-scale by ߪ ቀିଶ ቁଵ/ଶ
 so that the variance of ߝ  is equal to ߪଶ. The t-distribution was chosen 

because it has heavier tails than the normal distribution. 

 

Figure 11: ARLs by け, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, the wavelet in-

control function is used, and the divergent quadratic function is used 

 

 Linear in-control set Wavelet in-control set 

False Signal Rate 0.0039 0.0056 
Table 11: False signal rates found using 10,000 replicates for both linear and wavelet in-control Sets 

Consider an in-control set of observations with {ߝ} that followed a scaled t-distribution 

with ɓ = 6 degrees of freedom. Also suppose ߝ  for i = k, k +1, … is also a scaled t-distribution 

but with ɓ ≠ 6 degrees of freedom. The in-control set containing t-distributed errors with six 

degrees of freedom would be compared to t-distributions with different degrees of freedom. 



In Figure 13 (raw values in Table 9), we plot the ARL by different degrees of freedom for ߝ  with i = k, k +1, …. By changing the degrees of freedom associated with t-distributed error, the 

methodology incorrectly detects divergent signals as the degrees of freedom diverge. Such a 

finding, suggests that our proposed methodology is only suitable for when the constant error 

assumption holds. 

 

Figure 11: ARLs by 〉, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, the wavelet in-

control function is used, and the divergent shift function is used. 

7. Future goals 

Our process monitoring procedure appeared sensitive to the in-control set of observations 

due to its inherent dependence on the in-control set’s upper control limit.  This provides one area 

for further analysis. Interestingly enough, this problem wasn’t resolved by using traditional 

methods to improve the accuracy of the statistic of interest:  increasing the number of bootstrap 

replicates, or enlarging the size of the in-control set with respect to the number of observations or 

to the number of elements comprised within each observation. One would anticipate that through 

the implementation of such methods, any vulnerabilities involved in estimating an accurate upper 

control limit would be addressed and remove the upper control limits dependency on the in-

control set. New methods will need to be devised if one wishes to deduce an upper-control limit 

that exhibits flexibility in detecting divergences accurately when using other in-control sets to 

monitor a sequence, thereby making the methodology more robust. 

Additional study into this area of signal detection would surely involve analysis of the 

efficiency of the proposed procedure when faced with multiple divergences occurring at once, 

and how the relationships between divergences effect how the power of the method. Perhaps a 

brief consideration into the role higher order divergences from linearity may play (such as a 

cubic relationship and others) could be beneficial to an understanding of just how adaptable the 

model is in detecting a variety of divergences. 



The proposed methodology does not require that the distribution of the errors ߝ be 

known. Although we used normal errors for most of the simulations involving changes to the 

underlying function, we never made explicit or implicit use of fact that these errors were 

normally distributed. Further simulations could be performed to check this by generating an in-

control set of functional observations where the errors ߝ come from a distribution other than 

normal. For example, errors following a t-distribution. The distribution of the errors would 

remain constant in these proposed simulations, only the underlying function would change. Note 

how this differs from the simulations presented in this paper where we used errors following a 

scaled t-distribution to illustrate the shortcomings of the proposed method when a critical 

assumption is not met (the distribution of the errors remains unchanged). 

A look into these areas may render a stronger understanding into the robustness of the 

proposed methodology, and may even improve it to make it more practical for everyday use in a 

variety of scenarios that require the need to monitor a process of observations which are complex 

in nature. 

 

Figure 11: ARLs by に, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, the wavelet in-

control function is used, the in-control has a scaled t-distribution with 6 degrees of freedom, and after k the error is 
changed to a scaled t-distribution with に degrees of freedom. 

 

に 5 6 7 8 9 10 11 12 13 14 15 

ARL 706.04 230.74 123.76 74.26 56.42 55.23 46.18 35.86 35.68 34.83 28.59 

Table 12: ARLs by に, when (1- h)B = (1 – 0.005) 1000 = 995, the mean absolute error loss is used, the wavelet in-

control function is used, the in-control has a scaled t-distribution with 6 degrees of freedom, and after k the error is 
changed to a scaled t-distribution with に degrees of freedom. 
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Appendix. 

In this Appendix we formally list the R scripts used to produce the results in this Thesis. 

Specifically, we display textboxes referred to as “Code Sets,” which contain R code. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Code Set 1: Bootstraps from set of historical data, “f.0”, and returns bootstrap sampling distribution for the first 

approach in Section 4.2 

 

 

 

 

 

boot.01 <- function (b=1000, ic=f.0, loss=1)  

{ 

 g <- numeric(0) 

 m <- dim(ic)[2]  

# m = number of observations of the in-control sample 

 

 for(i in 1:b) 

 { 

# Sample m of the in-control functions (columns) of ic, the 

# in-control sample 

  ind <- sample(1:m, size=m, replace=T) 

  f.b <- ic[, ind] 

 

  # Get average of the sampled in-control functions 

  f.b.bar <- apply(f.b, 1, mean) 

 

  # Get the statistic from this sample 

  k <- sample(1:m, size=1) 

  g.star <- f.b.bar - f.b[, k] 

  if (loss==2) g.star <- g.star^2 

  if (loss==1) g.star <- abs(g.star) 

  g.star <- mean(g.star) 

  g <- c(g, g.star) 

 } 

 # Plot the estimated distribution of the bootstrap samples 

 plot(density(g)) 

 

 # Pass the sample to some other program 

 sort(g) 

} 

 



 

Code Set 2: Bootstraps from set of historical data, “f.0”, and returns bootstrap sampling distribution for approach 3 

in Section 4.3 

 

 

 

 

 

boot.03 <- function (b=1000, ic=f.0, loss=1)  

{ 

 g <- numeric(0) 

 obs.size <- dim(ic)[1] 

 num.obs <- dim(ic)[2] 

 

 for (j in 1:b) 

 { 

  # Get the statistic from this sample 

  ic.new <- f.new <- numeric(0) 

 

  # Generate a new single observation and 

  # collect the remaining observations. 

  for (i in 1:obs.size) 

  { 

   k <- sample(1:num.obs, size=1) 

   f.new <- c(f.new, ic[i, k]) 

ic.new <- rbind(ic.new, ic[i, -k]) 

  } 

 

  f.b.bar <- apply(ic.new, 1, mean)   

  g.star <- f.b.bar - f.new 

  if (loss == 2) g.star <- g.star^2 

  if (loss == 1) g.star <- abs(g.star) 

  g.star <- mean(g.star) 

  g <- c(g, g.star) 

 } 

 

 # Plot the estimated distribution of the bootstrap samples 

 plot(density(g)) 

 

 # Pass the sample to some other program 

 sort(g) 

} 



 
Code Set 3: bootstraps from the errors associated with all the observations from the historical data set “f.3”. Then it 

returns the value of the 1-“alpha”/(m*n) value to be defined as the upper control limit 

boot.04 <- function(b=1000, ic=f.3, loss=1, trim=FALSE) 

{ 

 obs.size <- dim(ic)[1] 

 num.obs <- dim(ic)[2] 

 g.star <- numeric(0) 

 

 # Get the errors: 

 g <- numeric(0) 

 for(k in 1:num.obs) g <- c(g, apply(ic[,-k], 1, mean) - ic[, k]) 

 

 if(trim==TRUE) # trim 

 { 

  qq <- quantile(g) 

  q1 <- qq[2]  

  q3 <- qq[4] 

  iqr <- IQR(g) 

  U.bound <- q3 + 1.5 * iqr 

  L.bound <- q1 - 1.5 * iqr 

 

  g <- g[g >= L.bound] 

  g <- g[g <= U.bound] 

 } 

 

 for(B in 1:b) 

 { 

  g.boot <- sample(g, obs.size, replace=T) 

  if (loss == 2) g.boot <- mean(g.boot^2) 

  if (loss == 1) g.boot <- median(abs(g.boot)) 

  g.star <- c(g.star, g.boot) 

 } 

 

 g.star <- sort(g.star) 

 

plot(sort(g.star)) 

 sort(g.star) 

 abline(h=g.star[floor(b*(1-1/200))]) 

 g.star[floor(b*(1-1/200))] 

} 

 



 

Code Set 4: R code to simulate in-control and out-of-control data, as described in Section 3 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

trace.t <-function(g=g.02, ic=f.0, alpha=0.005, tau=0, loss=1) 

{ 

 loop <- numeric(0) 

 loop <- 0 

 same <- TRUE 

 x <- c(1:10)/10 

 while(same) 

 { 

  loop <- loop + 1 

  noise <- rnorm(10, mean=0, sd=1/2) 

  f <- 3 * x + 2 + noise 

  f.a <- 4 * x + 1 + noise 

  if (loop <= tau) same <- compare2(f, ic, g, alpha, loss) 

  if (loop > tau) same <- compare2(f.a, ic, g, alpha, loss) 

 } 

 loop 

} 

 



 

 
Code Set 5: R code to monitor functional data 

 

  

compare2<- function(f, ic, g, alpha, loss) 

{ 

 # Assumes the distribution g is generated from boot.01 or boot.02. 

 # 

 # The distributions do not match reality: new  

 # observations are independent of ic, but g is generated by  

 # observations that are not necessarily so. 

 

 same <- TRUE 

 f.b.bar <- apply(ic, 1, mean) 

 g.star <- f.b.bar - f 

 if (loss==2) g.star <- g.star^2 

 if (loss==1) g.star <- abs(g.star) 

 g.star <- mean(g.star) 

 ind <- round(length(g) * (1 - alpha)) 

 if(g.star > g[ind]) same <- FALSE 

 if(g.star <= g[ind]) same <- TRUE 

 same 

} 
 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Code Set 6: R code to monitor functional data at a distinct level 

trace.4 <- function(ic=f.3, tau=0, loss=1, trim=FALSE, UCL=0.451, alpha=1, 

gamma = 0, beta=0, delta) 

{ 

 # Goes with function compare4. 

 # UCL is determined by ucl.04. 

 

 loop <- 0 

 same <- TRUE 

 n <- dim(ic)[1] 

 m <- dim(ic)[2] 

 x <- c(1:n)/n  

 

 while(same) 

 { 

  loop <- loop + 1 

  noise <- rnorm(n, mean=0, sd=1/2) 

 if (loop < tau)  f <- 3 * x + 2 + noise 

 if (loop >= tau)  

 { 

 if (gamma==0) f <- 3 * alpha * x + 2 + noise 

 if (gamma!=0 || alpha != 1 || beta !=0 ) 

  f <- gamma * x^2 + 3 * alpha * x + 2 + beta + noise 

  if (delta!=0) 

  { 

   for(j in 1:length(f)) 

   { 

    if (j < floor(.5*length(f))) f[j] <- f[j+delta] 

   } 

  } 

 } 

  

 k <- sample(1:m, 1) 

 g <- f - apply(ic[, -k], 1, mean) 

 if (loss==2) g <- mean(g^2) 

 if (loss==1) g <- median(abs(g)) 

 } 

 if (g >= UCL) same <- FALSE 

 } 

loop 

} 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Code Set 7: R code to monitor functional data at a distinct level multiple times 

 

 

 

  

loss.loop <- function(ic=f.3, loss=1, b=10, UCL=.451, tau=0, alpha=1, 

gamma=0, beta=0) 

{ 

if (loss==1) UCL <- .451 

if (loss==2) UCL <- 0.368 

 

ARL <- matrix(0,b,1) 

answers <- matrix(0, 1, 2) 

for(j in 1:b) 

{ 

ARL[j] <- trace4(ic = ic, UCL=UCL, tau = tau, loss= loss, alpha=alpha, 

gamma= gamma, beta=beta) 

} 

 

print(sort(ARL)) 

answers <- c(round(mean(ARL), log(b, 10)),  round(sd(ARL), log(b, 10))) 

print(answers) 

answers[1] 

ARL 

} 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Code set 8 (part 1): detecting signals over different levels of divergent parameters of interest 

 

 

 

loss.loop <- function(ic= f.3, b=10, loss=1, tau=0, alpha=1, gamma=0, beta=0, 

test.a=FALSE, test.g=FALSE, test.b=FALSE) 

{ 

if (loss == 1) 

{ 

        if (test.a==TRUE) 

        { 

                alpha <- seq(.5,1.5, by=.1) 

                len.a <- length(alpha) 

                sequence <- matrix(0, 1, len.a) 

                for (j in 1:len.a) 

                { 

                   sequence[j] <- mean(loss.loop(ic=ic, loss=loss, b=b,                                      

                        UCL=.451, tau=tau, alpha=alpha[j], gamma=gamma,  

                        beta=beta)) 

                } 

                v1 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

                v2 <- log(v1) 

                plot(alpha, log(sequence), type="l", ylab="ARL", axes=F) 

                axis(2, at=v2, labels=v1) 

                axis(1, at=alpha, labels=alpha) 

                box() 

                ans <- rbind(alpha, sequence) 

                rownames(ans) <- c("alpha", "ARL") 

                colnames(ans) <- rep("", length(alpha)) 

                } 

           if (test.g==TRUE) 
      { 

                gamma <- seq(-2,2, by=.25) 

                print(gamma) 

                len.g <- length(gamma) 

                print(len.g) 

                sequence <- matrix(0, 1, len.g) 

                for (j in 1:len.g) 

                { 

                        sequence[j] <- mean(loss.loop(ic=ic, loss=loss, b=b, 

UCL=.451, tau=tau, alpha=alpha, gamma=gamma[j],  

beta=beta)) 

                } 

                v3 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

                v4 <- log(v3) 

                plot(gamma, log(sequence), type="l", ylab="ARL", axes=F) 

                axis(2, at=v4, labels=v3) 

                axis(1, at=gamma, labels=gamma) 

                box() 

                ans <- rbind(gamma, sequence) 

                rownames(ans) <- c("gamma", "ARL") 

                colnames(ans) <- rep("", length(gamma)) 

                } 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Code set 8 (part 2): detecting signals over different levels of divergent parameters of interest 

 

 

 

 

 

 

 

        if (test.b==TRUE) 

                { 

                beta <- seq(-1,1, by=.25) 

                print(beta) 

                len.b <- length(beta) 

                print(len.b) 

   sequence <- matrix(0, 1, len.b) 

                for (j in 1:len.b) 

                { 

                        sequence[j] <- mean(loss.loop(ic=ic, loss=loss, b=b,  

    UCL=.451, tau=tau, alpha=alpha, gamma=gamma,  

    beta=beta[j])) 

                } 

                v5 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

                v6 <- log(v5) 

                plot(beta, log(sequence), type="l", ylab="ARL", axes=F) 

                axis(2, at=v6, labels=v5) 

                axis(1, at=beta, labels=beta) 

                box() 

                ans <- rbind(beta, sequence) 

                rownames(ans) <- c("beta", "ARL") 

                colnames(ans) <- rep("", length(beta)) 

                }        

} 
 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Code set 8 (part 3): detecting signals over different levels of divergent parameters of interest 

 

 

 

 

if (loss == 2) 

{ 

        if (test.a==TRUE) 

        { 

                alpha <- seq(.5,1.5, by=.1) 

                len.a <- length(alpha) 

                sequence <- matrix(0, 1, len.a) 

                for (j in 1:len.a) 

                { 

                        sequence[j] <- mean(loss.loop(ic=ic, loss=loss,  

    b=b, UCL=.551, tau=tau, alpha=alpha[j],  

    gamma=gamma, beta=beta)) 

                } 

                v1 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

                v2 <- log(v1) 

                plot(alpha, log(sequence), type="l", ylab="ARL", axes=F) 

                axis(2, at=v2, labels=v1) 

                axis(1, at=alpha, labels=alpha) 

                box() 

                ans <- rbind(alpha, sequence) 

                rownames(ans) <- c("alpha", "ARL") 

                colnames(ans) <- rep("", length(alpha)) 

                } 

        if (test.g==TRUE) 

                { 

                gamma <- seq(-2,2, by=.25) 

                print(gamma) 

                len.g <- length(gamma) 

                print(len.g) 

                sequence <- matrix(0, 1, len.g) 

                for (j in 1:len.g) 

                { 

                        sequence[j] <- mean(loss.loop(ic=ic, loss=loss,  

    b=b, UCL=.551, tau=tau, alpha=alpha,  

    gamma=gamma[j], beta=beta)) 

                } 

                v3 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

                v4 <- log(v3) 

                plot(gamma, log(sequence), type="l", ylab="ARL", axes=F) 

                axis(2, at=v4, labels=v3) 

                axis(1, at=gamma, labels=gamma) 

                box() 

                ans <- rbind(gamma, sequence) 

                rownames(ans) <- c("gamma", "ARL") 

                colnames(ans) <- rep("", length(gamma)) 

                } 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Code set 8 (part 4): detecting signals over different levels of divergent parameters of interest 

  

        if (test.b==TRUE) 

                { 

                beta <- seq(-1,1, by=.25) 

                print(beta) 

                len.b <- length(beta)    

                print(len.b) 

                sequence <- matrix(0, 1, len.b) 

                for (j in 1:len.b) 

                { 

                        sequence[j] <- mean(loss.loop(ic=ic, loss=loss, b=b,  

    UCL=.551, tau=tau, alpha=alpha, gamma=gamma,  

    beta=beta[j])) 

                } 

                v5 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

                v6 <- log(v5) 

                plot(beta, log(sequence), type="l", ylab="ARL", axes=F) 

                axis(2, at=v6, labels=v5) 

                axis(1, at=beta, labels=beta) 

                box() 

                ans <- rbind(beta, sequence) 

                rownames(ans) <- c("beta", "ARL") 

                colnames(ans) <- rep("", length(beta)) 

                } 

} 

ans 

} 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Code set 8 (part 5) : wavelet sequence generating function 

function(ic=f.0.wave, tau=0, loss=1, trim=FALSE, UCL=0.18, alpha=1, gamma = 0, 

beta=0, delta=0, t.dist=F, t.df=6) 

{ 

loop <- 0 

same <- TRUE 

n <- dim(ic)[1] 

m <- dim(ic)[2] 

x <- seq(.01,1,.01)  

while(same) 

{ 

 loop <- loop + 1 

 noise <- rnorm(n, mean=0, sd=1/2) 

 if (loop < tau)  

 { 

  if (t.dist==F) f <- d4.fun(x) + rnorm(100,0,.2) 

  if (t.dist==T) f <- d4.fun(x) + rt(100,6)/sqrt(3/2)*.2 

 } 

  

 if (loop >= tau)  

 { 

  if (gamma!=0)f <- gamma*x^2 + d4.fun(x) + rnorm(n, mean=0, 

 sd=.2) 

  if (t.df != 6) f <- d4.fun(x) + rt(100,t.df)/sqrt(t.df/ 

(t.df-2))*.2 

  if (delta!=0) 

  { 

   f <- d4.fun(x) + rnorm(100,0,.2) 

   for (i in 1:n) 

   { 

    if (i >.5*length(n)) f[i] <- f[i] + delta  

   } 

  } 

  if (gamma==0 && delta==0 && t.dist==F) f <- d4.fun(x) +  

   rnorm(100,0,.2) 

  if (gamma==0 && delta==0 && t.dist==T && t.df==6) f <- d4.fun(x)  

   + rt(100,6)/sqrt(3/2)*.2 

 } 

 k <- sample(1:m, 1) 

 g <- f - apply(ic[, -k], 1, mean) 

 if (loss==2)  g <- mean(g^2) 

 if (loss==1) g <- median(abs(g)) 

 if(g >= UCL) same <- FALSE 

}  

loop  

} 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Code set 9: function monitors for divergent functions in a series of wavelet functions 

  

function(ic=f.0.wave, loss=1, b=10, UCL=.1823, tau=0, alpha=1, gamma=0, 

beta=0, delta=0, t.dist=F, t.df=6) 

{ 

if (t.dist==F)  

{ 

 if (loss==1) UCL <- .1782 

 if (loss==2) UCL <- 0.368 

} 

if (t.dist==T)  

{ 

 if (loss==1) UCL <- .1584 

 if (loss==2) UCL <- 0.368 

} 

 

false.sig <- 0 

ARL <- matrix(0,b,1) 

answers <- matrix(0, 1, 2) 

for(j in 1:b) 

{ 

ARL[j] <- trace4.wave(ic = ic, UCL=UCL, tau = tau, loss= loss,  

 alpha=alpha, gamma= gamma, beta=beta, delta=delta, t.dist=F,  

 t.df=t.df) 

if(ARL[j] < tau) false.sig <- false.sig+1 

} 

 

print(sort(ARL)) 

answers <- c(round(mean(ARL), log(b, 10)),  round(sd(ARL), log(b, 10))) 

print(answers) 

print(false.sig) 

answers[1] 

ARL 

} 
 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Code set 10 (part 1): Monitors functions across distinct series of divergent parameters 

 

 

 

 

 

 

 

Loss.sequence.wave <- function(ic= f.0.wave, b=100, loss=1, tau=0, gamma=0, 

delta=0, t.df=6, test.g=FALSE, test.d=FALSE, test.t=FALSE) 

{ 

if (loss == 1) 

{ 

if (test.t==TRUE) 

{ 

t.df <- seq(6,9, by=1) 

len.t.df <- length(t.df) 

sequence <- matrix(0, 1, len.t.df) 

for (j in 1:len.t.df) 

{ 

sequence[j] <- mean(loss.loop.wave(ic=ic, loss=loss, b=b, UCL=.1584, tau=tau,  

 alpha=alpha, gamma=gamma, beta=beta, t.dist=T, t.df=t.df[j])) 

} 

v1 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

v2 <- log(v1) 

plot(t.df, log(sequence), type="l", ylab="ARL", axes=F) 

axis(2, at=v2, labels=v1) 

axis(1, at=t.df, labels=t.df) 

box() 

ans <- rbind(t.df, sequence) 

rownames(ans) <- c("t.df", "ARL") 

colnames(ans) <- rep("", length(t.df)) 

} 

if (test.g==TRUE) 

{ 

gamma <- seq(-2,2, by=.25) 

print(gamma) 

len.g <- length(gamma) 

print(len.g) 

sequence <- matrix(0, 1, len.g) 

for (j in 1:len.g) 

{ 

sequence[j] <- mean(loss.loop.wave(ic=ic, loss=loss, b=b, UCL=.1823, tau=tau,  

 alpha=alpha, gamma=gamma[j], beta=beta)) 

} 

v3 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

v4 <- log(v3) 

plot(gamma, log(sequence), type="l", ylab="ARL", axes=F) 

axis(2, at=v4, labels=v3) 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Code set 10 (part 2): Monitors functions across distinct series of divergent parameters 

 

 

 

 

 

axis(1, at=gamma, labels=gamma) 

box() 

ans <- rbind(gamma, sequence) 

rownames(ans) <- c("gamma", "ARL") 

colnames(ans) <- rep("", length(gamma)) 

} 

if (test.d==TRUE) 

{ 

delta <- seq(-.25,.25, by=.01) 

print(delta) 

len.d <- length(delta) 

print(len.d) 

sequence <- matrix(0, 1, len.d) 

for (j in 1:len.d) 

{ 

sequence[j] <- mean(loss.loop.wave(ic=ic, loss=loss, b=b, UCL=.451, tau=tau,  

 alpha=alpha, gamma=gamma, beta=beta, delta=delta[j])) 

} 

v5 <- c(1, 2, 3, 5, 10, 25, 50, 100, 150, 200) 

v6 <- log(v5) 

plot(delta, log(sequence), type="l", ylab="ARL", axes=F) 

axis(2, at=v6, labels=v5) 

axis(1, at=delta, labels=delta) 

box() 

ans <- rbind(delta, sequence) 

rownames(ans) <- c("delta", "ARL") 

colnames(ans) <- rep("", length(delta)) 

} 

} 

ans 

}  

 



 

Code set 11: Function detects the false signal rate 

 

function(ic=f.3, kk=10000, UCL=0.451) 

{ 

     # Goes with function compare4. 

     # UCL is determined by ucl.04. 

 

     n <- dim(ic)[1] 

     m <- dim(ic)[2] 

     x <- c(1:n)/n  

     G <- numeric(0) 

 

     for(m in 1:kk) 

     { 

         noise <- rnorm(n, mean=0, sd=1/2) 

         f <- 3 * x + 2 + noise 

         k <- sample(1:m, 1) 

         g <- f - apply(ic[, -k], 1, mean) 

         g <- median(abs(g)) 

         G <- c(G, g) 

     } 

 

     G <- G[G >= UCL] 

     length(G)/kk 

} 
 


