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The energy dissipation of quasiclassical homogeneous turbulence in superfluid 4He (He II) is controlled by an
effective kinematic viscosity ν ′, which relates the energy decay rate dE/dt to the density of quantized vortex lines
L as dE/dt = −ν ′(κL)2. The precise value of ν ′ is of fundamental importance in developing our understanding of
the dissipation mechanism in He II, and it is also needed in many high-Reynolds-number turbulence experiments
and model testing that use He II as the working fluid. However, a reliable determination of ν ′ requires the
measurements of both E(t) and L(t), which was never achieved. Here we discuss our study of the quasiclassical
turbulence that emerges in the decay of thermal counterflow in He II above 1 K. We were able to measure E(t)
by using a recently developed flow-visualization technique and L(t) via second-sound attenuation. We report the
ν ′ values in a wide temperature range determined from a comparison of the time evolution of E(t) and L(t).
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Below about 2.17 K, liquid 4He transits to the superfluid
phase (He II) in which an inviscid irrotational superfluid
component (i.e., the condensate) coexists with a viscous
normal-fluid component (i.e., the thermal excitations) [1].
The fraction of the normal fluid drops drastically with
decreasing temperature and only amounts to about 0.7% of
the total density at 1 K [2]. This quantum fluid system
exhibits fascinating hydrodynamic properties. For instance,
the rotational motion of the superfluid in a simply connected
volume can occur with the formation of topological defects in
the form of vortex lines. These vortex lines all have identical
cores with a radius a0 � 1 Å and they each carry a single
quantum of circulation κ = 10−3 cm2/s [3]. Turbulence in the
superfluid therefore takes the form of an irregular tangle of
vortex lines (quantum turbulence). Turbulence in the normal
fluid is expected to be more similar to that in a classical fluid,
but a force of mutual friction between the two fluids, arising
from the scattering of thermal excitations by the vortex lines,
can affect the flows in both fluids [4].

Above 1 K, despite being a two-fluid system with many
properties restricted by quantum effects, He II is observed
to behave very similarly to classical fluids when a turbulent
flow is generated by methods conventionally used in classical
fluid research, such as by a towed grid [5] or a rotating
propeller [6]. Even in a nonclassical thermal counterflow
induced by an applied heat current in He II, it has been revealed
that quasiclassical turbulence can emerge during the decay of
counterflow after the heat current is switched off [7–9]. The
quasiclassical behavior of He II is interpreted as the conse-
quence of a strong coupling of the two fluids by mutual friction
at large scales [10]. It is suggested that the turbulent eddies
in the normal fluid are matched by eddies in the superfluid
produced by polarized vortices [11,12], although different
views regarding the bundling of the vortices exist [13–15].
The coupled fluids behave at large length scales like a
single-component viscous fluid at high Reynolds number. At
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small scales, due to the viscous dissipation in the normal fluid
and the discrete vortex-line structure in the superfluid, the
flows in the two fluids become decoupled. Mutual friction
dissipation sets in at these small scales. This mechanism of
coupling becomes weaker at lower temperatures. Nevertheless,
at temperatures below 0.5 K where the normal-fluid fraction is
essentially zero, quasiclassical turbulence in the superfluid was
still observed [16,17]. In this case, it is generally believed that
a classical Richardson cascade of the turbulence energy in the
superfluid exists at scales greater than the mean intervortex
distance � = L−1/2 (where L is the line density, i.e., vortex
length per unit volume). But, unlike at higher temperatures,
this energy cascade can no longer be terminated by mutual
friction dissipation. Instead, the turbulence energy is further
transferred down to smaller scales via a cascade of Kelvin
wave excitations on the vortices, which eventually leads to
phonon emission [18,19].

The classical behavior of He II, especially in the two-fluid
regime at above 1 K, has brought up the feasibility of using
He II in classical turbulence research and for practical model
testing. He II has very small kinematic viscosity which allows
the generation of flows with extremely high Reynolds numbers
that can hardly be achieved with other conventional fluid
materials [20]. Various projects have been launched for this
purpose [21–23]. However, the viscosity that controls the
energy dissipation of the quasiclassical turbulence above 1 K
is not the normal-fluid viscosity but instead an effective kine-
matic viscosity ν ′ that accounts for both the viscous dissipation
in the normal fluid and the mutual friction dissipation at
small scales. The precise value of ν ′ is needed in the design
of these He-II-based quasiclassical turbulence experiments.
Furthermore, making reliable measurements of the ν ′ values
will be indispensable in rigorously testing the various theories
about the dissipation mechanism in He II [4,5,24], which will
be fundamentally important in advancing our knowledge of
quantum turbulence.

Stalp et al. first introduced ν ′ in a theoretical model for
interpreting their measured vortex density L(t) during the
decay of a towed-grid-generated turbulence in He II above
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1 K [5]. By analogy with the energy decay equation for
classical turbulence [25], Stalp et al. proposed that the total
turbulence kinetic energy per unit He II mass, E(t), decays as
dE/dt = −ν ′(κL)2 [5]. Approximately, E can be evaluated
as E = E1 + E2, where E1 comes from the flows in the
superfluid on scales at or below � associated with individual
vortex lines and E2 represents the kinetic-energy density
associated with large-scale flows in the coupled turbulence.
E1 can be estimated as E1 = B(ρs/ρ)κ2L [3], where the
dimensionless factor B � 1

4π
ln(l/a0) is typically about unity,

and ρs/ρ denotes the ratio of the superfluid density to the total
density of He II. E2 can be evaluated as E2 = 1

2 (�U )2, where
�U = 〈(U − U )2〉1/2 denotes the root mean square velocity
fluctuation of the coupled flows. For quasiclassical turbulence
in He II, E2 is normally much greater than E1 [10]. The energy
decay rate equation can therefore be formally written as

dE

dt
= Bκ2 ρs

ρ

dL

dt
+ dE2

dt
= −ν ′(κL)2. (1)

Based on Eq. (1), Stalp et al. neglected the E1 contribution and
derived an explicit expression for L(t) at large decay times as

L(t) � D(3C)3/2

2πκ
√

ν ′ t−3/2, (2)

where D is the width of the flow channel and C = 1.5 is the
Kolmogorov constant [5]. The derivation of Eq. (2) involves
two major hypotheses: (1) the size of the energy-containing
eddy is saturated by the channel width D; and (2) the coupled
turbulence has a classical Kolmogorov energy spectrum that
extends to all scales [i.e., E2 = ∫

Ẽ2(k)dk, where Ẽ2(k)

depends on the wave number k as Ẽ2(k) ∝ k−5/3] [5]. These
hypotheses are, to some extent, supported by the observed
L(t) ∝ t−3/2 behavior at large decay times. The value of
ν ′ was then determined by fitting the measured L(t) using
Eq. (2) [26,27]. This method was later used by other groups
for estimating ν ′ in decaying counterflow and decaying co-flow
in a channel [8,28]. A similar idea was also applied to
the study of quasiclassical turbulence in pure superfluid at
very low temperatures where the effective viscosity ν ′ arises
from a completely different dissipation mechanism [29–31].
Nevertheless, in all these studies the ν ′ values obtained by
using Eq. (2) are indeed dubious, as discussed by Zmeev
et al. [32]. There is no evidence showing that the energy-
containing eddy size must be the same as the channel width
D. Although intuitively they should not be too different, any
possible difference can result in significant change in the fitted
ν ′ values since ν ′ ∝ D2 according to Eq. (2). Furthermore, if
there is indeed a Kolmogorov spectrum, this spectrum must
break down near the cutoff scale D. We also note that Skrbek’s
group managed to evaluate ν ′ in steady-state co-flows [33]. But
their analysis requires additional assumptions which further
limit the result accuracy. A reliable determination of ν ′ for
quasiclassical turbulence in He II can be made only if one can
measure directly both L(t) and E2(t).

In He II, the vortex density L(t) can be readily measured
by using either second-sound attenuation [5,34] or by trapping
of negative ions [29,35]. However, a direct measurement of
the turbulence energy is challenging. Typical measurement
tools for �U , such as pitot pressure tubes [6], normally

have limited spatial resolution, and their application requires
a large mean flow velocity which is not always present in
decaying turbulence. Another route to probe the turbulence
energy is to measure the resulting heat input to the fluid as
the turbulence decays [36]. Along this line, Bradley et al.
developed a unique Andreev scattering technique and made
the first direct measurement of the energy decay in superfluid
3He-B at the zero-temperature limit [37]. However, they could
not determine the vortex density in the same experiment
and thus cannot deduce the values for ν ′. In this paper,
we report the measurements of both L(t) and E2(t) in
decaying counterflow turbulence in He II by combining the
second-sound-attenuation technique and a recently developed
tracer-line tracking flow-visualization technique [38,39]. Our
method is applicable to the two-fluid regime above 1 K. We
show that a reliable determination of the ν ′ values can be made.

Our experimental setup is shown in Fig. 1(a). A stainless-
steel channel (square cross- section: 9.5 mm2; length 300 mm)
is attached to a pumped helium bath whose temperature can
be controlled within 0.1 mK. A planar heater at the lower end
of the channel can be used to drive a thermal counterflow,
i.e., the superfluid flowing towards the heater and the normal
fluid flowing away from it [40]. The mean velocity U of the
normal fluid is related to the heat flux q by U = q/ρsT ,
where s is the specific entropy of the helium. When the
heat flux is greater than a small critical value, it is known
that the superfluid can become turbulent and a self-sustained
vortex tangle is generated by the mutual friction between the
two fluids [4]. We have reported that the normal fluid can
also become turbulent above a threshold heat flux qc (e.g.,
qc ∼ 60 mW/cm2 for 1.65 K), exhibiting a novel k−2 energy
spectrum [39]. This energy spectrum is likely caused by the
mutual friction dissipation that occurs in a wide range of scales
in the normal fluid, since the two fluids have opposite mean
velocities and therefore cannot get completely coupled. As
the heater is turned off, the heat current decays to zero with
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FIG. 1. (a) Schematic diagram of experimental setup. (b) Typical
images showing the deformation of the He∗

2 molecular tracer lines in
steady-state thermal counterflow. The white dashed lines indicate the
initial locations of the tracer lines.
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a thermal time constant τ [34,41]. In the absence of the heat
current, the two fluids can then get coupled at large scales by
mutual friction. The time it takes to establish the coupling can
be estimated by using the formula derived by Vinen [10] and
is typically in the range of 1–10 ms in our experiment. Our
analysis on ν ′ will relate to times that are greater than both
the thermal time constant and the time required for complete
coupling.

To extract quantitative flow-field information, we adopted
a recently developed flow-visualization technique by tracking
thin lines of He∗

2 molecular tracers. These tracers are created
via ionizing ground-state helium atoms by using a focused
femtosecond laser pulse [38]. Above 1 K, He∗

2 tracers are
completely entrained by the normal fluid and can be imaged via
laser-induced fluorescence [42–45]. Figure 1(b) shows typical
images of the He∗

2 tracer lines in steady-state counterflow at
1.65 K. The streamwise velocity field of the normal fluid
can be determined from the vertical displacements of the line
segments [38]. By using this tracer-line tracking technique, we
can probe the normal fluid motion (and hence the coupled-fluid
motion) at scales from the channel width (∼1 cm) down to
about half the thickness of the tracer line (∼100 μm).

For a given heat flux q, we normally maintain a steady-
state counterflow for over 20 s and then switch off the heat
current. We repeat the experiment 200 times and analyze the
200 images acquired at every decay time to produce velocity
probability density functions (PDFs). Typical results for an
initial heat flux of q = 426 mW/cm2 at 1.65 K are shown in
Fig. 2(a). These velocity PDFs can be well fit with Gaussian
functions, which allow us to determine the time evolution of
both the mean flow velocity U and the streamwise root-mean-
square velocity fluctuation �Uz. The time taken for U to decay
to nearly zero is about 100 ms for q = 426 mW/cm2 and
shorter at lower heat fluxes, in agreement with the expected
thermal time constant. The measured decay of �Uz for typical
initial heat fluxes is shown in Fig. 2(b). We observe that, after
the two fluids get coupled, the decay of �Uz is very slow
and nearly flattens off at relatively small decay times. At large
decay times, �Uz ∝ t−1 and hence the energy E2(t) ∝ t−2.
The late-decay behavior is in accordance with the decay of a
quasiclassical turbulence with a Kolmogorov spectrum [5], but
the initial flattening is more severe than the expected (t + t0)−1

behavior.
We note in passing that the energy spectrum of the

coupled turbulence can be directly probed in our experiment
by calculating the second-order transverse structure function
S⊥

2 (r) = 〈(U1 − U2)2〉 [39], where r is the separation of two
line segments [see Fig. 1(b)]. The time evolution of the
calculated S⊥

2 (r) is shown in Fig. 3. We observe that S⊥
2 (r) ∝

rn below a few millimeters. This exponent n leads to an energy
spectrum Ẽ2(k) ∼ k−(n+1) [46,47]. The observed variation of n

reveals that the coupled turbulence evolves from a nonclassical
form at small decay times with a spectrum close to that in
steady state (i.e., n = 1) to a quasiclassical turbulence at large
decay times with a Kolmogorov spectrum (i.e., n = 2/3). This
spectrum transition is found to be responsible for the initial
slow decay of �Uz and E2(t) [9].

We also measured the vortex-line density L(t) in decaying
counterflow by using the standard second-sound-attenuation
method [34]. The typical decay behavior of L(t) at 1.65 K
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FIG. 2. (a) Velocity probability density functions (PDFs) in
decaying counterflow turbulence at 1.65 K with an initial heat flux of
426 mW/cm2. The solid curves represent Gaussian fits to the data.
(b) Streamwise velocity fluctuation �Uz determined from the
Gaussian fits of the velocity PDFs.

is shown Fig. 4. We observe that, when the normal fluid
is turbulent in the steady state, the decay of L(t) always
exhibits three distinct regimes. The first regime occurs at very
short decay times where L(t) decays fast and in accordance
with Vinen’s phenomenological model [34]. Subsequently,
L(t) can grow with time and show a “bump” structure. At
large decay times, L(t) ∝ t−3/2. This L(t) decay behavior
was reported in the past [7,34]. Skrbek et al. first realized
that the t−3/2 behavior at large decay times indicated the
decay of a quasiclassical turbulence in the two coupled fluids,
similar to those generated by a towed grid [7]. However, the
underlying mechanism for the appearance of the bump and
the switching to the t−3/2 decay was unclear for many years
despite various theoretical efforts [48–50]. With the aid of our
flow visualization, we have recently elucidated that the energy
spectrum transition in the coupled turbulence is responsible
for the observed complex L(t) behavior [9].

To determine the effective kinematic viscosity ν ′, we
integrate Eq. (1) from t to infinity on both sides and write
the total energy density E(t) as

Bκ2 ρs

ρ
L(t) + E2(t) = ν ′

∫ ∞

t

κ2L2(t ′)dt ′. (3)
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FIG. 3. The calculated second-order transverse structure function
at different decay times in decaying counterflow with an initial heat
flux of 426 mW/cm2.

Here E2(t) can be evaluated as E2(t) = 3
2 (�Uz)2, assuming

that the large-scale turbulence in decaying counterflow is
isotropic. This assumption should hold reasonably well, at
least at large decay times where the coupled flow shows
a Kolmogorov spectrum for isotropic turbulence. The total
turbulence energy density E can be calculated based on
our measured L(t) and �Uz by using the expression on
the left-hand side of Eq. (3). The results for q = 426 and
150 mW/cm2 at 1.65 K are shown in Fig. 5 as circles and
triangles, respectively. For both heat fluxes, the contribution
from E2 dominates. The solid curve and the dashed curve
shown in Fig. 5 are calculated based on the integral on the
right-hand side of Eq. (3). To evaluate this integral, we assume
that the t−3/2 behavior of L(t) continues for decay times
beyond the maximum measurement time in our experiment
(about 40 s). Due to the fast decay of L(t), the contribution to
the integral at very long decay times is negligible. We then vary
ν ′ and determine its value by requiring that the energy densities
calculated with the expressions on either side of Eq. (3) give the
best agreement at large decay times. At 1.65 K, ν ′/κ = 0.46

3/2~ t−

426 mW/cm

150 mW/cm

2

2

T=1.65 K

FIG. 4. The decay of the vortex line density L(t) measured at
different initial heat fluxes at 1.65 K.

426 mW/cm2

150 mW/cm2

1.65 KT =

FIG. 5. The decay of the total turbulence energy density in
decaying counterflow turbulence. The blue circles and black triangles
are calculated based on the expression on the left-hand side of Eq. (3).
The black solid curve and the red dashed curve represent the results
calculated by using the integral on the right-hand side of Eq. (3). The
best agreement of the calculated energy density at large decay times
is achieved with ν ′/κ = 0.46.

is obtained. We note that the calculated energy density curves
indeed also show good agreement at relatively small decay
times when the energy spectrum of the coupled turbulence
still undergoes the transition.

We made similar measurements in decaying counterflow
at other temperatures above 1 K. The overall decay behavior
of the vortex density L(t) and the root mean square velocity
fluctuation �Uz is similar to that at 1.65 K. In Fig. 6, we
show the effective kinematic viscosity ν ′ obtained at different

FIG. 6. Effective kinematic viscosity in units of κ . The blue
triangles represent ν ′ values calculated by using our new method
via Eq. (3). The black squares are calculated by using our vortex
density data via Eq. (2). The red solid circles represent ν ′ values
obtained by Stalp et al. in the towed-grid turbulence experiment [26]
that are corrected by Chagovets et al. [8]. The black solid curve is
the kinematic viscosity of He II calculated based on the normal-fluid
viscosity alone [2].
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temperatures (blue triangles). To aid our discussions, we also
included in Fig. 6 the kinematic viscosity ν ′ calculated with
our vortex-density data by using Eq. (2) (black squares),
the ν ′ values obtained by Stalp et al. in the towed-grid
experiment [26] (red solid circles), and the kinematic viscosity
νn = μn/ρ calculated based on the tabulated normal-fluid
viscosity μn [2] (black solid curve). It is clear that νn is
smaller than ν ′, which reflects the fact that the dissipation
processes in quasiclassical turbulence in He II include not
only the normal-fluid viscosity but also mutual friction. We
note that the ν ′ values determined by using our new methods
appear to be greater than both the values calculated by using the
traditional method via Eq. (2) and those from Stalp et al. This
difference may reflect the inherent limitations associated with
the hypotheses involved in deriving the Eq. (2). Indeed, one can
see clearly in Fig. 3 that the structure function at large decay
times exhibits a peak at a scale smaller than the channel width,

indicating the energy-containing eddy size being smaller than
D. The black squares in Fig. 6 would appear much lower
if a smaller energy-containing eddy size were used in the
calculation. It is worthwhile noting that the ν ′ values have been
determined in a similar temperature range by Skrbek’s group
by using Eq. (2) in the study of decaying counterflow [28] and
decaying bellow-induced co-flow turbulence [51]. Despite the
large error bars, their data appear to be also greater than those
from Stalp et al. Nevertheless, without any information about
the actual energy spectrum and energy-containing eddy size in
these experiments, it is hard to comment on the reliability of
these results.
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