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ABSTRACT 

DIF detection methods identify the difference between the performances of subgroups 

when the subgroups are matched by examinees’ ability level or a proxy variable, such as total 

test score (Holland & Wainer, 1993). The Log-linear Models (LLM) method is one of the DIF 

detection methods. This method was first introduced by Mellenbergh (1982) to investigate the 

relationship among item responses, subgroups, and categorized total test scores in terms of DIF 

detection.  

This study examined the performance of LLM as a DIF detection method for 

dichotomous items and polytomous items. The LLM method was compared with Mantel-

Haenszel (MH) and logistic regression (LR) methods to detect uniform DIF and with LR to 

detect non-uniform DIF in dichotomous item response data. MH was not included in non-

uniform DIF detection, because, previous studies indicated that it is not able to detect non-

uniform DIF (Narayanon & Swaminathan, 1996; Uttaro & Milsap, 1994). In addition, LLM was 

compared with Mantel, generalized Mantel-Haenszel (GMH), ordinal logistic regression (OLR), 

and logistic discriminant function analysis (LDFA) methods in polytomous item response data. 

For this purpose, both simulation and empirical studies were conducted under various sample 

sizes, ability mean differences (impact) and item parameters. Since the previous studies did not 

investigate the effect of ability mean differences on DIF detection with LLM, this study also 

focused on the effect of ability mean differences between subgroups. This study found that MH 

was better to detect uniform DIF when LR and LLM indicated equally well performance on 

uniform and non-uniform DIF detection. In addition, GMH and LLM performed better than 

Mantel, OLR, and LDFA approaches for the polytomous item response data. 
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CHAPTER 1 

INTRODUCTION 

 The aim of using tests, surveys, and exams is to provide valid and reliable information 

about respondents on the trait being measured. Based on these results, respondents are selected, 

classified or ordered by considering the purpose of the test/survey. Educational Testing Service 

(ETS) has developed standards standard 5.1 to standard 5.7 “to help ensure that ETS will take 

into account the diversity of the populations served as it designs, develops, and administers 

products and services. ETS will treat people comparably and fairly regardless of differences in 

characteristics that are not relevant to the intended use of the product or service” 

(ETS, 2014, p. 19). In these standards, they have mentioned the importance of Differential Item 

Functioning (DIF) to provide a piece of evidence for fairness of the assessment products when 

these products are developed. On these bases, DIF becomes more of an issue because DIF 

methods investigate whether an item measures the performance of respondents fairly when they 

have the same latent trait level. This study investigates the performance of the log-linear model 

(LLM) as a DIF detection method for the detection of both uniform and non-uniform DIF with 

dichotomous item response data and uniform DIF with polytomous item response data. 

 In this chapter, first, I will define DIF and related concepts of item bias and impact to 

distinguish these similar concepts and to make the understanding of DIF clear. Second, I will 

explain uniform and non-uniform DIF. Next, I will elaborate the purpose of this study and 

address the significance of the study.  

1.1 Bias, DIF, and Impact 

1.1.1 Bias 

 Fair test scores are very important when they are used to make decisions about test takers. 
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They may provide very useful information about test takers' ability, knowledge and progress in 

the decision process when they are free of bias. For this reason, a test and its items should be 

unbiased across subpopulations, such as gender, ethnicity, etc. “The bias is defined as invalidity 

or systematic error in how a test measures for members of a particular group” (Camilli & 

Shepard, 1994, p. 8). Examinees from two different subpopulations with the same ability trait are 

supposed to show the equivalent performance on a test item. For example, according to Camilli 

and Shepard’s bias definition, if an achievement test is biased, respondents in one subpopulation 

have advantages over the respondents in the other subpopulation in solving an item. Biased items 

should be investigated to avoid making unfair decisions about test takers’ performances. At that 

point, DIF methods are used to find the items that function differently from one subpopulation to 

another subpopulation under the same latent trait (Holland & Wainer, 1993). DIF provides a 

piece of statistical evidence for bias item, but it is not sufficient to prove it (Clauser & Mazor, 

1998) because the term bias is not only a statistical, but also a qualitative concept. To investigate 

item bias, statistical procedures and construct validity evidence should be utilized.  

1.1.2 Differential Item Functioning (DIF) 

An item indicates DIF when it has different measurement properties across subgroups 

that are matched on a criterion such as test score, ability level, etc. (Hanson, 1998). This criterion 

is called matching variable. The purpose of using a matching variable is to put examinees on the 

same ability scale and to facilitate comparison of subgroups. Because ability is a latent variable 

and cannot be observed, observed test scores (e.g., number-rights scores) are mostly used as a 

popular matching variable in practice (Longford, Holland, & Thayer, 1993).  

DIF is an important issue for the examinees that belong to different, but typically minor, 

subpopulations (Millsap & Everson, 1993). In terms of achievement tests, when the examinees 
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are compared, they should be treated and measured fairly. When controlling for the examinees’ 

ability level, the performance of the examinees in the different subpopulations is expected to be 

the same (Angoff, 1993).  If items in a test are not fair across different subpopulations, unfair 

decisions could be made against a particular group of examinees. Some tests or items may be in 

favor of one group of examinees against another group of examinees, despite the fact that the 

two groups of examinees have the same ability level (Osterlind & Everson, 2009). If an item 

functions differently across subpopulations under the same latent trait level, such item is called 

DIF item.   

1.1.3 Impact 

 Unlike DIF, item impact occurs when different subpopulations have actual differences in 

their performances on the construct that is being measured. Item impact represents the difference 

between ability distributions of different subpopulations on the target construct (Dorans & 

Holland, 1993). In terms of dichotomous cases, Wainer (1993) also addressed item impact as the 

difference between probabilities of getting the correct answer for two different subpopulations 

under the true score or true ability level when there is no DIF. 

As it is clear from the definition of impact, any differences between performances of 

subpopulations on the target construct may not necessarily imply DIF.  

1.2 Types of DIF 

Mellenbergh (1982) defined two types of DIF; uniform DIF and non-uniform (crossing) 

DIF. Based on his definition, uniform DIF exists when one group has consistent advantages over 

the other group to answer the item correctly across all the levels of an ability matching variable. 

In other words, for a dichotomously scored item, the probability of a correct answer is 

consistently higher for one group than for the other group across all levels of ability when an 
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item indicates uniform DIF (Mellenbergh, 1982).  On the other hand, non-uniform DIF exists 

when one group has advantages over the other group to answer the item correctly at some 

level(s) of the ability matching variable but disadvantages at other levels of the ability matching 

variable. That is, the significant interaction between the matching variable and the group variable 

indicates non-uniform DIF (Mellenbergh, 1982). Uniform DIF and non-uniform DIF can be 

visualized by Figure 1.1(a) and Figure 1.1(b), respectively. 

 

      (a)                                                       (b) 

        
______ Focal Group …… Reference Group 

Figure 1.1. (a) Uniform DIF and (b) Non-uniform DIF. 

 

1.3 The Purpose of the Study 

After Mellenbergh (1982) introduced LLM as a DIF detection method for dichotomous 

items, few studies have evaluated this method. Only five studies have used LLM for the 

dichotomous case (Kelderman, 1989; Kelderman & Macready, 1990;Welkenhuysen-Gybels & 

Billiet, 2002; Welkenhuysen-Gybels, 2004; Wiberg, 2009). Even in these five studies, clear 

limitations exist, such as no accommodation of group ability difference, use of only real data, 

very limited numbers of replications, and focusing only on uniform DIF. Table A1 in Appendix 
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A provides a summary of these studies. 

  The present study has two major purposes. One is to evaluate the performance of LLM as 

a DIF detection method for dichotomous items and polytomous items. As shown in Table A1, 

previous studies using LLM as a DIF detection method are fragmented in the sense that real data 

were used or no inclusion of the impact parameter in a usual way was made in the simulation, or 

potential guessing impact was not considered for multiple-choice test in the simulation studies.  

There are even more limitations of the past studies for researching LLM as a DIF method with 

the polytomous data. Hanson and Feinstain (1997) used polynomial LLM (PLLM) in their 

equating study for a real data set. The current study attempts a more detailed, systematic 

evaluation of LLM as a DIF method under a variety of conditions, where impact, DIF sizes, 

sample sizes, item parameters, and types of DIF are taken into account. The other purpose is to 

provide information on the relative performance of LLM to the performance of other existing 

DIF methods. For dichotomous item response data, I compare the performance of LLM with 

those of logistic regression (LR) and Mantel-Haenszel (MH) methods. For polytomous item 

response data, I compare LLM with logistic discriminant function analysis (LDFA), ordinal 

logistic regression (OLR), Generalized Mantel-Haenszel (GMH), and Mantel methods. LDFA 

(Miller & Spray, 1993) was introduced in 1993, but has rarely been employed in DIF research 

with polytomous data. Thus, this study also provides an opportunity to take a look at the 

performance of LDFA compared with LLM and other well-known polytomous DIF methods.  

Note that the current study limits the choice of DIF methods to those which use observed score 

matching. Unobserved latent score matching DIF methods, such as the item response theory 

approach (Thissen, Steinberg, & Wainer, 1993), are not considered in this study. 
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1.4 The Significance of the Study 

 Only a handful of studies exist for investigating the performance of LLM for detecting 

DIF in both dichotomous cases and polytomous cases. Kelderman (1989) proposed the LLM for 

uniform DIF and non-uniform DIF, and he investigated uniform DIF using a real data set. He 

applied this model to the real data set that was previously used in Kok’s study (1982). This data 

set included 15 items (12 items with Dutch numbers and 3 items with Roman numbers) and 287 

examinees. 144 examinees out of 287 had a background with Roman numbers, therefore he 

tested hypothesis based on items related to the Roman numbers. He compared these 144 

examinees with the rest of the examinees using the likelihood ratio test for each item. Because of 

the small sample sizes and lack of the true, or criterion, values of DIF, this study provided 

limited information about the performance of the LLM technique in terms of investigating DIF. 

Wiberg (2009) also used a real data set that included 65-items with 3,002 male examinees and 

2,402 female examinees to compare three DIF detection methods: LLM, LR, and MH for both 

uniform and non-uniform DIF. According to Wiberg’s study, LLM is more appropriate for 

mastery tests because this model uses categorical variables. Like Kelderman, Wiberg’s study 

lacked the true, or criterion, values of DIF. For this reason, his study provided limited 

information about the LLM performance in terms of DIF detection method as well. 

Welkenhuysen-Gybels and Billiet (2002), and Welkenhuysen-Gybels (2004) compared 

observed conditional score methods (LLM and LR) and unobserved conditional score methods  

by simulating dichotomous data under the 1-Parametric Logistic Model (1PLM) and the 2-

Parametric Logistic Model (2PLM) for uniform DIF and non-uniform DIF. Welkenhuysen-

Gybels and Billiet (2002) considered three factors when data were generated: item difficulty 

differences between groups (0.4), item discrimination differences between groups (0.7), and DIF 
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conditions (uniform DIF in 1PLM, non-uniform DIF in 1PLM, and uniform DIF in 2PLM). 

Their study was restricted to a constant sample size (1,000 examinees per group), single ability 

distribution (normal distribution with no impact), and test length (20 items). They concluded that 

these methods performed equally well for detecting DIF when data fitted the 1PLM and the 

2PLM.  Welkenhuysen-Gybels (2004) expanded the previous study with a six factor data 

generation procedure; factors were sample size (1,000/1,000 and 1,000/300), item difficulty 

differences between groups (0.2 and 0.6), item discrimination differences between groups (0.4 

and 0.8), percentage of DIF item (10%, 20%, and 50%), ability distribution (standard normal 

distribution, and skewed to the left and to the right), and test length (20 and 30 items). 

Welkenhuysen-Gybels concluded that the IRT signed area method performed better than  the 

other techniques for uniform DIF, while observed score methods (LLM and LR) performed 

better than IRT methods (signed area and unsigned area) for non-uniform DIF. In this study, 

Welkenhuysen-Gybels interpreted the results in terms of a comparison of observed score 

methods and unobserved score methods for the dichotomous case. He did not compare LLM and 

LR directly, but he displayed results for power, Type I error rate, and type II error rate for each 

method. According to the results, LR performed better than LLM for non-uniform DIF. On the 

other hand, it is hard to interpret the results for uniform DIF because Type I error rates were 

varying from 10.8 to 39.8 for LLM, and from 4.5 to 44.1 for LR, under the different conditions. 

In addition, the study did not include small sample size and impact factor in the usual way for the 

comparison purpose. To conduct a comprehensive investigation of the performance of LLM, 

these factors should be included in a study. 

Hanson and Feinstein (1997) proposed a polynomial log-linear model (PLLM) to detect 

DIF for polytomous data. PLLM is a LLM with polynomial terms for matching variable, item 
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score, and grouping variable. They used this model to investigate how common items function 

across groups in the test score equating with the common item nonequivalent groups design. 

They illustrated the model using real data that included 1,976 examinees and 27 items (12 

multiple choice items, 9 gridded response items, and 6 open-ended items). Comparing with 

LLM, PLLM is more complex and harder to implement in general. It considers polynomial terms 

in the LLM structure based on the number of score levels and the number of response categories. 

When the number of categories for the variables increases, the degree of the polynomial terms 

and the number of the nested models increase. PLLM compares all nested models in an 

application to DIF investigation until the best model is obtained. As Hanson and Feinstein (1997) 

mentioned, an application of this model for each item in the test is not realistic because the 

degree of polynomial terms changes from item to item. Thus, a common model selection for 

each item is not practical. Because of these drawbacks, PLLM is not a practical DIF detection 

method. When compared with LLM, which does not include polynomial terms, PLLM takes a 

longer time to run and it is harder to apply. 

 In comparison to the previous studies, the significance of this study is twofold.  First, no 

study in the past conducted a systematic investigation of the performance of LLM that considers 

simultaneously different sample sizes, different item parameters, various sizes of impact, and 

two types of DIF (uniform and non-uniform DIF).  Although Welkenhuysen-Gybels and Billiet 

(2002) and Welkenhuysen-Gybels (2004) used simulated data to compare LLM, LR, and IRT, 

they used only the 1PLM and the 2PLM in their simulation as a condition. They used a limited 

number of sample sizes and test lengths; they did not include small sample size; and they did not 

consider the usual ability differences (impact) between groups. However, the performance of 
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LLM may display different patterns under different conditions from their limited simulation 

conditions.   

 Second, to the author’s knowledge, the performance of LLM has not been investigated 

for polytomous case and there is lack of comparative evaluation of LLM with other methods, 

such as OLR, LDFA, GMH, and Mantel. Dancer, Anderson, and Derlin (1994) used LLM for 

their survey items that included 4-category responses. They investigated DIF items from the real 

data set with 36 survey items based on the gender variable (627 male and 338 female). On the 

other hand, they did not consider the performance of LLM by conducting simulation study and 

they did not compare the performance of LLM with the other DIF methods. Hanson and 

Feinstein (1997) have proposed the Polynomial-LLM for polytomously score item responses, 

which has polynomial terms. LLM, on the contrary, does not need those polynomial terms. LLM 

can be extended to detection of DIF for polytomous item cases and more than two groups 

because the variables in this model are categorical (Agresti, 1990).  Since the use of polytomous 

items are not uncommon in educational and psychological testing, it is of great interest to assess 

the applicability and the performance of LLM in the polytomous item DIF investigation. 

1.5 Research Questions 

 As mentioned in this chapter, the performance of LLM will be investigated in the DIF 

analysis for both dichotomous item response and polytomous item response data. This study will 

address four research questions. 

1. What is the effect of the impact (group ability difference as defined before) between the 

reference and focal groups on both Type I error rate and power in moderate uniform DIF 

investigation under various sample sizes, item discriminations, item difficulties, and 

pseudo-guessing parameters for dichotomous item response data? 
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2. In investigating moderate uniform DIF, does LLM perform better than or as well as other 

observed score matching DIF methods under different impact, sample sizes, item 

discriminations, item difficulties, and pseudo-guessing parameters for dichotomous item 

response data in terms of Type I error rates and power? 

3. What is the effect of the impact between the reference and focal groups on both Type I 

error rate and power in moderate non-uniform DIF investigation under various sample 

sizes, item discriminations, item difficulties, and pseudo-guessing parameters for 

dichotomous item response data? 

4. In investigating moderate non-uniform DIF, does LLM perform better than or as well as 

other observed score matching DIF methods under different impact, sample sizes, item 

discriminations, item difficulties, and pseudo-guessing parameters for dichotomous item 

response data in terms of Type I error rates and power? 

5. What is the effect of the impact between the reference and focal groups on both Type I 

error rate and power in moderate DIF investigation under various sample sizes and DIF 

types for polytomous item response data? 

6. In investigating moderate DIF, does LLM perform better than or as well as other 

observed score matching DIF methods under different impacts, sample sizes, and DIF 

types factors for polytomous item response data in terms of Type I error rates and power? 
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CHAPTER 2 

LITERATURE REVIEW  

2.1 DIF Detection Methods 

 DIF detection methods attempts to identify differential group performance when the 

groups are matched by examinees’ ability level or a proxy variable, such as total test score 

(Holland & Wainer, 1993). The overview of DIF detection methods for dichotomously and 

polytomously scored items will be provided in this chapter. 

 The literature review will begin by introducing LLM method and describing its use in 

DIF studies. Next, the MH method for dichotomously scored items and its extensions; Mantel 

and GMH for polytomously scored items will be mentioned. Finally, LR method for 

dichotomously scored items and its extensions will be explained, followed by the description of   

OLR and LDFA for polytomously scored items. 

2.1.1 Log-Linear Model (LLM) 

2.1.1.1 Introduction to LLM 

 LLMs are generalized linear models which use the logarithmic link function. They are 

used to analyze a multidimensional contingency table when variables are categorical and to 

investigate the relationship between the variables (Agresti, 2013). In the analysis, all variables 

are considered as response variables that have Poisson distribution. LLMs follow four steps 

(Green, 1988): 

1) Models are proposed. LLMs can be built using any combination of factor effects and 

interaction effects based on the research interest.  

2) Expected cell frequencies in the contingency table and parameter estimates for the models 

are calculated. Expected cell frequencies are the function of total sample size and the probability 
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of felling into each individual cell. For instance, under the assumption that variables are 

independent, expected cell frequencies are calculated as follows for the three-dimensional ××  table: 

 = � ++�+ +�++  (2.1) 

where   is the expected cell frequency for cell ijk in the contingency table,  

n is the total number of observations, � ++ is the probability of falling into the ith  category for variable I, �+ + is the probability of falling into the jth  category for variable J, and �++  is the probability of falling into the kth   category for variable K. 

LLM is specified by taking the natural logarithm of both sides of Equation 2.1. Then, for 

this example, independence model is obtained (Equation 2.2): 

 log  = log +log � ++ + log �+ + + log �++   (2.2) 

This model is generally represented by following equation, which is similar to main effect 

ANOVA: 

 log( ) = + + +  (2.3) 

where 

 is the overall effect, 

 is the effect of variable I, 

 is the effect of variable J, and 

 is the effect of variable K. 
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When interaction effects on expected cell frequencies are of interest, interaction terms are 

added to independence model.  

3) The best fit model is identified. For each proposed model, the goodness of fit is measured 

using the Pearson chi-square statistic (Equation 2.4) or likelihood ratio chi-square statistic 

(Equation 2.5).  

  � = ∑ ∑ ∑ ( − )2
 (2.4) 

 = ∑ ∑ ∑ × ln  (2.5) 

where 

  is the observed cell frequency for cell ijk in the contingency table, and  

 is the expected cell frequency for cell ijk in the contingency table.  

Then, either the difference between Pearson chi-square statistics or the difference 

between likelihood ratio chi-square statistics for two nested models is calculated to test the 

hypothesis that the parsimonious model fits as good as the complex model. The difference tests 

of Pearson (Equation 2.6) and likelihood ratio chi-square statistics (Equation 2.7) follow a chi-

square distribution whose degrees of freedom is determined by the number of different 

parameters between the two models (Equation 2.8) (Agresti, 1990). If these tests are not 

significant, the parsimonious model is not rejected.  

  � = � − �   (2.6) 

 = −  (2.7) 

 = −  (2.8) 
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 When the models do not have a nested structure, Akaike Information Criterion (AIC) 

(Equation 2.6) or Bayesian Information Criterion (BIC) (Equation 2.7) may be used. The model 

with the small value of AIC or the small values of BIC is defined as the favorable model 

(Agresti, 2013). 

 = − × � �  ℎ + ×                            (2.9) 

 = − × � �  ℎ + ×                            (2.10) 

where 

p is number of parameters in the model, and 

n is the sample size. 

4) The results are interpreted in the context of research questions. 

2.1.1.2 DIF Detection with LLM 

Mellenbergh (1982) proposed LLM as a DIF detection method for dichotomous items. 

For the DIF detection purpose, LLM analyzes a three-dimensional contingency table: Total score ×  Item response × Group (Table 2.1) that indicates frequencies in each cell.  

 

Table 2.1. ×  Contingency Table for the kth Score Level  

Item Score 

Group 0 1 Total 

Focal nF0 nF1 nF 

Reference nR0 nR1 nR 

Total n0 n1 n 
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The natural logarithm of the expected frequencies is modeled as a function of categorical 

variables (group category, total score level, and item response level). Although internal or 

external observed matching variables, or internal or external unobserved matching variables, can 

be used in DIF detection methods, Mellenbergh (1982) suggested to use an internal observed 

matching variable, such as total test scores, because they are obtained easily and they generally 

measure the same construct as the studied items do. Since LLM analysis requires categorical 

data, the matching variable should be divided into categories. There are two approaches to 

dividing the matching variable into categories: thin matching and thick matching. Thin matching, 

where each score of the total score level is used, may decrease statistical bias. On the other hand, 

thick matching, where a small number of ability strata is used for a matching variable by 

categorizing the levels of total scores, may increase the stability of frequency estimation in each 

cell. This allows researchers to use most of the data (Donoghue & Allen, 1993). For contingency 

table methods, Scheuneman (1979) and Welknhuysen-Gybels and Billiet (2002) suggested that 

dividing a matching variable into 3 to 5 categories based on the sample size, test length, and item 

parameters is adequate. However, Clauser, Mazor, and Hambleton (1994) investigated the effect 

of the number of categories in the matching variable for the MH method. They indicated that the 

number of categories in the matching variable may affect the Type I error rate along with the 

characteristic of the data set such as sample size and ability mean difference. For this reason I 

varied the number of categories in LLM, the matching variable was divided by two different 

number of categories: 5 (LLM5) and 10 (LLM10) in this study. 

With respect to detecting DIF after a contingency table is created, the saturated model 

(Equation 2.11) and the two models nested within the saturated model are taken into 

consideration (Equation 2.12 and Equation 2.13). The saturated model includes all variables and 
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all possible interactions among the variables. It also fits the data perfectly. For the three-

dimensional contingency table Total score ×  Item response ×  Group), the saturated model 

is represented by:  

 log( ) = + + + + + + +                            (2.11) 

with constraints: 

∑= = ∑ == ∑ ==  

∑ = ∑ = ∑ = ∑ = ∑ = ∑ =======  

∑ = ∑ = ∑ ====  

where 

 is the expected frequency at the ith  response level for the kth score level and jth group, 

 is the overall effect, 

 is the effect of the score level variable, 

 is the effect of the group variable, 

 is the effect of the item-response variable, 

 is the interaction effect of score level and group, 

 is the interaction effect of score level and response level, 

 is the interaction effect of group and response level, and 

 is the interaction effect of score level, group and response level. 
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 Non-saturated models are obtained by removing the three-way interaction and/or two-

way interactions from the saturated model. For the purpose of DIF detection, two non-saturated 

models nested in the saturated model are considered: 

 log( ) = + + + + + +                (2.12) 

 log( ) = + + + + +                            (2.13) 

 The DIF analysis starts with comparing the model in Equation 2.11 and the model in 

Equation 2.13. The goodness of model-data-fit is investigated by the likelihood ratio chi-square 

test for each model. Then two models are compared using the likelihood ratio chi-square 

difference test under the hypothesis that the model in Equation 2.13 fits as well as the model in 

Equation 2.11. When the difference test is not significant, it indicates that the studied item has no 

DIF. If the test is significant, the studied item shows DIF. To find the type of DIF, first, the 

model in Equation 2.12 and Equation 2.11 are compared using the likelihood ratio chi-square 

difference test, under the hypothesis that the model in Equation 2.12 fits as well as the model in 

Equation 2.11. The rejection of the hypothesis indicates the studied item has non-uniform DIF. If 

the test is not significant, the item does not show non-uniform DIF. Then, the model in Equation 

2.13 and Equation 2.12 are compared using the likelihood ratio chi-square difference test, under 

the hypothesis that the model in Equation 2.13 fits as well as the model in Equation 2.12. When 

the test is significant, the studied item includes uniform DIF.  

 Although Mellenbergh (1982) introduced LLM as a DIF detection method for 

dichotomous items, the same procedure within the framework of LLM can be applied to 

polytomously scored items as well. Since LLMs analyze categorical variables, it is applicable not 

only to polytomously scored items, but also to multiple groups and simultaneous DIF 

investigation of more than a single item (Wiberg, 2007). 
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2.1.2 DIF Detection with Mantel-Haenszel (MH) Method 

2.1.2.1 MH for dichotomously scored items 

 Mantel and Haenszel (1959) proposed a chi-square method to investigate the association 

between response variables in medical research. After the proposal of this test in the medical area 

was made, Holland and Thayer (1988) introduced the Mantel-Haenszel method for DIF 

investigation studies. Because its application to test the null hypothesis of no DIF is easy, it 

became one of the most commonly used DIF detection methods (Monnicci, 2009) to investigate 

uniform DIF. On the other hand, since the MH assumes no interaction between variables, it is not 

suggested to use non-uniform DIF detection (Narayanan & Swaminathan, 1996).  

 In terms of dichotomous items, Holland and Thayer (1988) matched the reference group 

and focal group based on their abilities (e.g. using a total test score), and then they stratified the 

ability distribution to apply the method. The general principles of the method can be summarized 

as follows: According to the number of correct answers (coded as 1) and number of incorrect 

answers (coded as 0), ×  contingency tables are created within each stratum for the studied 

item (Table 2.1). The association between the group and item response variables is examined by 

calculating the odds ratio of the number of correct answers to the studied item for the reference 

group, to the number of correct answers to the studied item for the focal group (Equation 2.14). It 

is formulated as: 

 = � ×× �   (2.14) 

where 

�  is the number of examinees with correct answers for the reference group at kth  score level,  

 is the number of examinees with incorrect answers for the focal group at kth score level,  

 is the number of examinees with correct answers for the focal group at kth score level, and 
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�  is the number of examinees with incorrect answers for the reference group at kth score level.  

If the odds ratio is different from one and constant for each level of ability (stratum), the 

studied item is accepted as a uniform DIF item (Narayanan & Swaminathan, 1996). 

The hypothesis of no DIF is tested by a chi-square statistic, � , with one degrees of 

freedom (Mantel & Haenszel, 1959). It is represented as follows: 

 � = [|∑ �= − ∑ �= | − . ]∑ �  =  (2.15) 

in which  

0.5 is continuity correction and 

 � = × �
 (2.16) 

 

 � = × × � ×
 (2.17) 

where 

 is the number of examinees with correct answers at the kth score level,  

 is the number of examinees with incorrect answers at the kth score level,  

�  is the number of examinees in the reference group at the kth score level , 

 is the number of examinees in the focal group at the kth score level , and 

 is the number of examinees at the kth score level.  

Since there are K strata, the common odds ratio, ̂ , is computed to make a general 

interpretation of the studied item (Equation 2.18): 

 ̂ = ∑ � ×=∑ × �=  (2.18) 
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The scale of ̂  is located between zero and positive infinity, with no DIF indicated at 

the value of one. When ̂  is equal to one, the item is interpreted as a no-DIF item statistically. 

On the other hand, if ̂  is much smaller or larger than one, the item is considered to be a DIF 

item. The value of ̂  smaller than one indicates that the focal group has an advantage on the 

item. However, if it is larger than one, the reference group has an advantage on the item 

(Osterlind & Everson, 2009). This asymmetry in the scale makes the interpretation of the 

magnitude of DIF difficult. Holland and Thayer (1988) suggested the natural logarithm 

transformation for ̂  to make the interpretation straightforward. After the transformation, the 

new scale is located between negative infinity to positive infinity, with no DIF indicated at the 

value of zero. It is represented by ∆̂ , which is called MH-delta here: 

 ∆̂ = − . × ln ̂  (2.19) 

If the MH-delta ( ∆̂ ) is equal to zero, the studied item is considered a no-DIF item. When 

it is much greater or smaller than zero, the item supports the reference group or the focal group, 

respectively (Camilli and Shepard, 1994).  

Once a DIF item is investigated, the delta scale is used as an effect-size measure to make a 

decision about the item. Educational Testing Service (ETS) suggested the following 

classification rules to identify the magnitude of DIF (Dorans & Holland, 1993): 

1) A-item (negligible or non-significant item): MH-delta is not significantly different from 

zero or  |∆̂ |<1 

2) B-item (moderate DIF item): MH-delta is significantly different from zero and either 

1<|∆̂ |<1.5, or it is not significantly larger than 1 

3) C-item (large DIF item): Absolute value of MH-delta is significantly larger than 1 and 

1.5>|∆̂ | 
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2.1.2.2 MH for polytomously scored items 

Generalized Mantel-Haenszel (GMH) method 

The GMH method is the extension of MH method for nominal variables with more than 

two categories (Mantel & Haenszel, 1959). Zwick, Donoghue, and Grima (1993) used GMH in 

DIF studies for polytomously scored items that have J score categories. Like with MH method, 

the reference and focal groups are matched on their ability distribution using the total test score 

in the GMH method. Next, the matching variable is divided into k strata. For each stratum, a × contingency table is created (Table 2.2) for two groups of examinees.  

 

Table 2.2. ×  Contingency Table for the kth Score Level 

 kth  Score Level 

 Item Score 

Group 0 1 … j … J Total 

Focal nF0 nF1 … nFj … nFJ nF 

Reference nR0 nR1 … nFj … nRJ nR 

Total n0 n1 … nj … nJ n 

 

Then, based on Table 2.2, the following chi-square statistic with −  degrees of 

freedom is used to test the null hypothesis, which is no DIF:  

 � = [∑ �� − ∑ ��== ]′ [∑ ��= ]− [∑ �� − ∑ ��== ]  (2.20) 

in which  

 ��′ = ( � , � , … , � − ) (2.21) 

 ��′ = � �′
 (2.22) 
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 �′ = ( , , … , − ) (2.23) 

 �� = � × � − � �′−  (2.24) 

where ��′  is the vector that contains the frequencies of the reference group for the (j-1)th response 

category at the kth  score level, and �′  is the vector that contains the frequencies of all examinees for the (j-1)th response category at 

kth score level. 

 GMH does not take into account the order of item response categories. It assumes that the 

variables are nominal variables (Zwick, Donoghue, & Grima, 1993). When the item responses 

are ordered, it treats responses to the item as a nominal variable. It considers the distribution of 

all item categories to assess how differently the item functions among the groups. 

Mantel method 

 Mantel (1963) presented an extension of the MH method for variables with ordered 

categories. The Mantel method tests the null hypothesis of no association between an ordinal 

variable and a factor of interest. Zwick, Donoghue, and Grima (1993) examined an application of 

this method for DIF detection. They used the item response variable as an ordinal variable, and 

the matching and group variable as nominal variables. 

 In this method, after groups are matched, the performances of groups for the studied item 

are assessed considering the order of item response categories. To this end, the means of the item 

scores for the reference and focal groups are compared. Like with MH and GMH, a contingency 

table is arranged for item responses and a group variable at each score level (Table 2.2).  

The null hypothesis of no DIF is tested by the following chi-square statistic with one 

degrees of freedom:  
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 � = [|∑ ∑ × − ∑ ×=== |]∑ ∑ ×=  =  (2.25) 

in which  

0.5 is the continuity correction and 

 (∑ ×= ) = � ∑ ×= , (2.26) 

and   

 ∑ ×= = � ×− × { × ∑( ) − [∑ × ]^ }.==  (2.27) 

 

2.1.3 DIF Detection with Logistic Regression (LR) Method 

2.1.3.1 LR for dichotomously scored items 

 Although the MH method is frequently used in DIF detection studies, it is not useful for 

detecting non-uniform DIF (Hambleton & Rogers, 1989). A logistic regression method was 

introduced by Swaminathan and Rogers (1990) to investigate both uniform DIF and non-uniform 

DIF. In their study, they indicated that LR was powerful to detect non-uniform DIF and it was as 

useful as MH to detect uniform DIF.  

In this method, the probability of getting a correct answer on item i for person s is 

represented as follows: 

 P Uis = = �+ �  , (2.28) 

in which = ln [ �− �] = + + +   , (2.29) 

where 

 is the correct response on item i for person s, 
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 is the matching criterion (i.e., the total test score) for person s, 

 is the group variable for person s,   is the interaction between matching criterion and group variable for person s,  is the intercept of the model, and 

,  and   are the slopes of the model related to the matching criterion, group variable, and 

interaction between the matching criterion and group variable, respectively. 

Swaminathan and Rogers (1990) stated that a significant interaction between the 

matching criterion and group membership shows non-uniform DIF ( ≠ ) and a significant 

group variable shows uniform DIF ( ≠  and = ). To investigate uniform and non-

uniform DIF, they used a chi-square test, which is the Wald test (Paek, 2012), based on the 

following models:  

Model 1:  ln [ − ] = +  (2.30) 

Model 2:  ln [ − ] = + +  
(2.31) 

Model 3:  ln [ − ] = + + +  (2.32) 

Because of the nested structure of the models above, the likelihood ratio test can be 

applied to compare the models (Camilli & Shepard, 1994). For general DIF detection purposes, 

Model 1 and Model 3 are compared by a chi-square difference test with 2 degrees of freedom. If 

the results show that Model 3 fits the data better than Model 1, the item is called a DIF item. This 

comparison does not determine the type of DIF. Then, Model 2 and Model 3 are compared to test 
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the hypothesis that the interaction of the group variable and the matching variable does not have 

an effect on the probability of getting a correct response on the item for an examinee: 

 : =  (2.33) 

A significant result shows that the item has non-uniform DIF. Otherwise, the item does not have 

non-uniform DIF. Last, Model 1 and Model 2 are compared to test the hypothesis that the group 

variable does not have an effect on the probability of getting a correct response on the item for an 

examinee: 

 : =   (2.34) 

When the test is significant, the item is concluded to be a uniform DIF item.  

When an item is detected as a DIF item, either the odds ratio or the �  difference 

between models can be used as an effect-size measure. The exponential of the appropriate model 

coefficient estimate, ̂ , gives the odds ratio estimate (Hosmer & Lemeshow, 2000):  

 ̂ � = exp ̂   (2.35) 

Like ̂  , ̂ � is located between zero and positive infinity, with the value of 1 meaning 

no DIF. The asymmetry in the scale makes interpretation of the magnitude of DIF difficult. 

Holland and Thayer (1988) suggested the natural logarithm transformation for the odds ratio to 

overcome this difficulty. After the transformation, the new scale is located between negative 

infinity to positive infinity, with the value of zero meaning no DIF. To transform the natural 

logarithm of ̂ � into the delta scale, it is multiplied by -2.35. It is on the same scale as the MH-

delta and it is represented by ∆̂ �: 

 ∆̂ �= − . × ln ̂ � = − . × ̂  (2.36) 
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ETS classification rules that were mentioned for the MH method may be used also for the effect 

size ∆̂ �. 

 Zumbo and Thomas (1997) suggested the use of the weighted least squares based pseudo-�  difference between models, ∆� , as an effect-size measure. ∆�  follows a chi-square 

distribution with two degrees of freedom. For the uniform DIF, it is calculated by: 

 ∆� = � − �  . (2.37) 

For the non-uniform DIF, it is calculated by:  

 ∆� = � − �  , (2.38) 

within 

 � = ∑�=  , (2.39) 

where 

  is the coefficient for the tth predictor of the model, and  

 is the correlation between the dependent variable and the tth  predictor of the model. 

 They proposed the following classification criteria for ∆�  at the decision making step: 

1) A-item (negligible or non-significant item): ∆� < .  

2) B-item (moderate DIF item): . < ∆� < .  

3) C-item (large DIF item): ∆� > .  

2.1.3.2 LR for polytomously scored items 

Ordinal logistic regression (OLR) 

French and Miller (1996) argued that the logistic regression model is applicable for 

polytomously scored items with i categories, substituting the following cumulative logit into the 

LR models: 
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 � ≤ = � = + � = + ⋯ + � =  (2.40) 

 [� ≤ ] = ln � �≤− � �≤  ,  (2.41) 

where 

 is the item score that is equal to or smaller than the score for category s on item i for person s. 

Then, the logistic regression for polytomously scored items is represented as: 

 ln � �≤− � �≤ =  + + +  . (2.42) 

DIF is investigated and interpreted in the same way for the logistic regression DIF method as 

dichotomously scored items. 

Logistic discriminant function analysis (LDFA) 

Miller and Spray (1993) proposed LDFA as a DIF detection method for polytomously 

scored items to detect uniform DIF and non-uniform DIF. In terms of the DIF identification 

process, LDFA calculates the probability of being in group g when the examinee has a total score 

of X and an item score of U. It is written as follows: 

 P Gs|Xs, Uis = �+ � , (2.43) 

in which = ln [ �− �] = + + +  , (2.44) 

where 

 is the item response on item i for person s, 

 is the matching criterion (i.e. total test score) for person s, 

 is the group variable for person s,  is the interaction between the matching criterion and the item response variable for person 

s,  is the intercept of the model, and 
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,  and   are the slopes of the model related to the matching criterion, the item response 

variable, and the interaction between matching criterion and item response variable, respectively. 

 The coefficients of the model,  and , are considered to identify uniform DIF and non-

uniform DIF, respectively (Spray & Miller, 1994). A significant item-response variable shows 

uniform DIF ( ≠  and = ), and a significant interaction between matching criterion and 

item response variable shows non-uniform DIF ( = ). A chi-square difference test assesses 

the statistical significance of these coefficients based on the following models:  

Model 1:  ln [ �− �] = +  , (2.45) 

Model 2:  ln [ �− �] = + +  , (2.46) 

Model 3:  ln [ �− �] = + + +  . (2.47) 

Like with LR, the DIF investigation is started with the comparison of Model 1 and Model 

3, using the chi-square difference test with 2 degrees of freedom. If the results show that Model 3 

fits the data better than Model 1, the item is called a DIF item. Next, Model 2 and Model 3 are 

compared to test the hypothesis that the interaction of the item response variable and the 

matching variable does not have an effect on the group variable. If the difference test is 

significant, the item indicates non-uniform DIF. If the test is not significant, the item does not 

include non-uniform DIF. Then Model 1 and Model 2 are compared to test the hypothesis that 

the item response variable does not have an effect on the group variable. If the difference test is 

significant, the item is considered a uniform DIF item.  
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CHAPTER 3 

METHODOLOGY 

 The main purposes of this simulation study were (i) to investigate how the impact factor 

affected the performance of MH, LR, and LLM in terms of Type I error rate (rejection rate) and 

power (detection rate) under the different level of sample size, item discrimination, item 

difficulty, and pseudo- guessing parameter and (ii) to investigate the performance of LLM as a 

DIF detection method. Its performance was compared with that of the commonly used observed 

score based DIF methods. In the dichotomous case, it was compared with MH and LR, and in the 

polytomous case, it was compared with Mantel, GMH, OLR, and LDFA.  

Since the LLMs requires categorical variable, matching score should be divided into 

categories (or strata). To find the reasonable numbers of category, a small scale preliminary 

analysis was conducted with different number of matching variable strata which included 3, 4, 5, 

10, 15, and 20. Based on the preliminary analysis result, the number of the matching variable 

strata chosen 5 and 10 categories for dichotomously scored items and polytomously scored items 

in this study.  

Several factors were examined for comparison purposes. In this chapter, I describe these 

factors for the dichotomous item response data and the polytomous item response data 

separately, and I presented how to analyze the data. 

3.1 Simulation Study for Dichotomous Item Response Data 

As is known from much research, while the LR method is a powerful method to detect 

uniform and non-uniform DIF, the MH method is powerful in detecting only uniform DIF (Guler 

& Penfield, 2009; Hambleton & Rogers, 1989; Hidalgo & Lopez-Pina, 2004; Narayanan & 

Swaminathan, 1996; Swaminathan & Rogers, 1990). In addition to the LR method, previous 
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studies considered different methods for non-uniform DIF analysis, such as Crossing-SIBTEST 

and IRT based methods (French & Finch, 2010; Li & Stout, 1996; Thissen, Steinberg, & Wainer, 

1993). In this study, the LLM method will be investigated and compared with the LR and MH 

methods for detecting not only uniform DIF, but also non-uniform DIF. 

In order to inspect the performance of LLM as a DIF detection method for the 

dichotomous case (uniform and non-uniform), data were generated under Lord’s (1980) 3-

Parametric Logistic model (Equation 3.1). It is a commonly used model for dichotomously 

scored items because it considers the item difficulty, item discrimination, and pseudo-guessing 

parameters (Osterlind & Everson, 2009). It is represented as: 

 Pi = + − �−+ �−  (3.1) 

where �  is the probability that person s with ability level  gets a correct answer for item i, 

 is the item-discrimination parameter for item i, 

 is the item-difficulty parameter for item i, and 

 is the pseudo-guessing parameter for item i. 

 For the non-studied items, item parameters were sampled to approach realistic test values. 

Item-difficulty parameters were generated under a normal distribution, with a mean of zero and a 

standard deviation of one, and truncated with lower bound of -2 and upper bound of 2. Item 

discrimination parameters were generated under the normal distribution, with a mean of 1.5 and 

a standard deviation of 0.5, truncated with lower bound of 0.5 and upper bound of 3. Finally, 

pseudo-guessing parameters were generated under the uniform distribution on the interval of [0, 

0.25]. For each replication, item parameters were sampled again. The studied item was simulated 
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based on the varied item difficulty, item discrimination, and pseudo-guessing parameter to 

represent uniform DIF and non-uniform DIF.  

Data sets were simulated under the combination of five factors: sample size, mean ability 

difference (impact), item discrimination, item difficulty, and pseudo-guessing parameter by 

using the statistical language R (R Core Team, 2013). The test length was held constant which 

influences the reliability of the test. When the number of items increases, the test becomes more 

reliable (Crocker & Algina, 1986). In this study, the test length was fixed at 40 items, which is 

accepted as a long test (Shealy & Stout, 1993), to resemble many tests in educational settings. 

Rogers and Swaminathan (1993) have also shown that test length does not affect detection rate 

when a test includes more than 40 items. 1000 replications were created for each combination of 

factors. One item out of 40 items was set as a DIF item.  

3.1.1 Sample Sizes 

When the sample sizes for reference and focal groups are large, the stability of DIF 

results increases (Zieky, 1993). However, even when groups show no practically important 

differences, a large sample size may lead to a statistically significant difference between groups 

(Cohen, 1988; Fan, 2001; Jodoin & Gierl, 2001; Lenth, 2001). Many studies have shown that 

when there is an impact (group ability difference) between reference and focal groups, increases 

in the sample size may result in higher Type I error rate and power under MH and LR methods 

(DeMars, 2009; Guler & Penfield, 2009). These studies have used samples of 200 to 250 per 

group to represent a small sample, and samples of 500 to 1,000 per group to represent a large 

sample. Studies using LLM were limited to large sample sizes (Welkenhuysen, 2004; 

Welkenhuysen & Billiet, 2002). They have used � = , �� = ,  to represent unequal 

large sample sizes, and � = , , �� = ,  to represent equal large sample sizes. In this 
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study, the LLM method was compared with the LR and MH methods under not only a large-

sample-size conditions, but also under small-sample size conditions. Four focal-group sample 

sizes (200, 300, 500, and 1,000) were partially crossed with four reference-group sample sizes 

(200, 400, 500, and 1,000) (Table 3.1). 

 

Table 3.1. Sample Size Conditions  

                                        Equal                    Unequal 

 Focal/Reference Focal/Reference  

Small 200/200 200/400  

Medium 500/500 300/500  

Large 1000/1000 300/1000  

 

 

3.1.2 Ability Mean Difference (Impact) 

 In real data, ability mean differences between groups are typical. Previous studies for the 

LR and MH methods have shown that when the groups had different ability distributions, Type I 

error rates and powers were affected (DeMars, 2009; Guler & Penfield, 2009; Narayanan & 

Swaminathan, 1996). Narayanan and Swaminathan (1996) and DeMars (2009) have concluded 

that Type I error and power increased when the ability mean difference between the reference 

group and focal group increased. In the LLM DIF detection studies, the impact factor has not 

been investigated clearly. In this current study, three levels were examined with a normal 

distribution:  

1. Equal ability: means for both groups were set at a mean of zero and a standard deviation 

of 1.  
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2. A 0.5 standard deviation (SD) ability mean difference between groups; a mean of 0.25 

and a standard deviation of 1 were used for the reference group, and a mean of -0.25 and 

a standard deviation of 1 for the focal group. 

3. A 1 SD ability mean difference between groups; a mean of 0.5 and a standard deviation 

of 1 were used for the reference group, and a mean of -0.5 and a standard deviation of 1 

for the focal group. 

3.1.3 Item Discrimination 

 Many studies have observed that item-discrimination indices affect Type I error rates and 

powers for MH and LR in DIF detection (DeMars, 2009; Li, Brooks & Johanson, 2012; 

Monahan & Ankenmann 2005; Narayanan & Swaminathan, 1996; Rogers & Swaminathan, 

1993). These studies have agreed that when there is a high item discrimination, Type I error rates 

and power for MH and LR are inflated. However, the effect of item discrimination was not 

investigated in the earlier LLM studies.  

In this study, three levels were generated for this factor: low, medium, and high item 

discriminations. The values were manipulated with a medium magnitude of DIF based on Raju’s 

(1988) area between two item characteristic curve (ICC) equations. He formulated the area 

between two ICCs by the following equation: 

 = − | �− �� � × + exp � � �− �� � − − � | , (3.2) 

where  

D is the scaling constant, 

 is the item-discrimination parameter for the focal group, 

� is the item-discrimination parameter for the reference group, 

 is the item-difficulty parameter for the focal group, 
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� is the item-difficulty parameter for the reference group, and 

 is the pseudo-guessing parameter (assuming that it is equal for both the focal and reference 

groups). 

The values of the area between two ICCs from 0.4 to 0.6 represent moderate DIF (Jodoin 

& Gierl, 2001). Based on this formula, item-discrimination values for uniform DIF and non-

uniform DIF were calculated by considering the item difficulties and pseudo-guessing 

parameters used in this study. For the uniform DIF, item discrimination was held constant across 

the two groups. For the non-uniform DIF, the item difficulty was held constant across the two 

groups. Item-discrimination differences of 0.4, 0.75, and 1.3 were calculated to represent 

medium non-uniform DIF for low, medium, and high item-discrimination levels, respectively. 

Considering medium DIF, low, medium, and high item discriminations were selected as in Table 

3.2 for the studied item.  

 

Table 3.2. Item Discrimination Conditions 

 Uniform DIF Non-uniform DIF 

 Reference Focal Reference Focal 

Low 1 1 0.8 1.2 

Medium 1.4 1.4 1 1.75 

High 2 2 1.2 2.5 

 

 

3.1.4 Item Difficulty 

 In the previous studies, the importance of item difficulty in DIF detection was 

investigated for MH and LR methods (Clause, Mazor, & Hambleton (1994); Donoghue, Holland, 

& Thayer, 1993; Monahan & Ankenmann 2005; Narayanan and Swaminathan 1996; 
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Swaminathan & Rogers, 1990). Narayanan and Swaminathan (1996) and Rogers and 

Swaminathan (1990) included different item-difficulty levels in their study, however, they 

examined the effect of item difficulty on DIF detection with the varied item discrimination in 

MH and LR. Moreover, Clause, Mazor, and Hambleton (1994) have shown the effect of the 

item-difficulty differences between groups in DIF detection for MH. They concluded that when 

item-difficulty differences increased, the power of MH on DIF detection increased.  

  In this study, the magnitude of DIF was held constant and medium DIF was assigned for 

each condition. Then, three levels of item difficulty were selected for the studied item based on 

medium DIF. For the reference group, -1, 0, and 1 were assigned as low, medium, and high item 

difficulties, respectively. Because the c parameter was set to 0 or 0.2 in the current study, an 

item-difficulty difference of 0.5 was selected to represent medium uniform DIF holding the item 

discrimination constant across the two groups. As a result, for the focal group, -0.5, 0.5, and 1.5 

were assigned as low, medium, and high item difficulties, respectively under uniform DIF. 

3.1.5 Pseudo-guessing Parameter 

 The pseudo-guessing parameter represents the chance of a correct answer being guessed 

by an examinee, despite his/her low ability (Camilli & Shepard, 1994). Finch (2005) and French 

and Finch (2010) have investigated the effect of the pseudo-guessing parameter on DIF detection 

under various factors, such as sample size and ability mean difference. They conducted their 

studies with the 2PL model and the 3PL model for item response data generation. They have 

found that the pseudo-guessing parameter did not have any important effect on Type I error rates 

for MH and LR under their simulated conditions. That is, the Type I error rates for MH and LR 

were not affected much when data sets were generated by both 2PL and 3PL models.  On the 

other hand, the power was influenced by the size of the ability mean difference under the 3PL 
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model. Since the influence of the pseudo-guessing parameter on DIF detection has not been 

investigated in the earlier LLM studies, it was considered in this study. Two levels of pseudo-

guessing parameter were set: 0 (2PL) and 0.2 (3PL). 

3.2 Simulation Study for the Polytomous Item Response Data 

In order to inspect the performance of the LLM method as a DIF detection method for 

polytomous cases, data sets were generated with Samejima’s (1969) graded response model 

(GRM) (Equation 3.3).  It gives the probability that a person with an ability level of  gets item 

score r for item i. Items in the model have R ordered categories (r=1,…R). It is represented as: 

                  � = �∗ − � +∗  (3.3) 

  � = { − �∗                        = � −∗ − �∗     ≤ < ��∗                               = �  (3.4) 

 �∗ = exp[ ( − )]+ exp[ ( − )] (3.5) 

where �∗  is the cumulative probability of an item score above category r for item i, 

 is the item-discrimination parameter for item i (it is consistent for each category), and 

 is the jth threshold for item i. 

GRM is a commonly used item response model in simulation studies (Fidalgo & Bartram, 

2010; French & Miller, 1996; Gomez-Benito, Hidalgo, & Zumbo, 2013; Wang & Su, 2004; 

Woods, 2011). Item-discrimination parameters and threshold parameters were borrowed from 

Wang and Su’s study (2004) (Table 3.3) and their item-threshold parameters were adjusted. 

Because almost all items in Wang and Su’s study were difficult, the constant value of 0.5 was 
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subtracted from the all threshold parameters to make items have approximately medium 

difficulty.  

The data sets were simulated under the combination of three factors: sample size, mean 

ability difference (impact), and types of DIF. Previous studies have used test lengths from 10 to 

40 items (Gomez-Benito, Hidalgo, & Zumbo, 2013; Kristjansso, Aylesworth, McDowell & 

Zumbo, 2005; Wang & Su, 2004; Woods, 2011) for Mantel, GMH, OLR, and LDFA methods. 

Wang and Su (2004) have shown that the Type I error rate and power for Mantel and GMH 

methods are slightly increased under the GRM when the number of items is higher than 10. They 

have concluded that 10 items with 5 categories provided reliable results because the total test 

score (matching variable) ranged from 0 to 40. Here, the test length was fixed at 10 polytomous 

items with 5 categories. 1000 replications were created for each combination of factors. One item 

out of the 10 items was set as a DIF item. Again, the statistical language R (R Core Team, 2013) 

was used for the data simulation. 

 

Table 3.3. Item Parameters of Reference Group Adopted from Wang and Su’s Study 

 Item Parameters 

Item      

1 1.46 -0.85 0.17 0.47 1.44 

2 1.73 -0.68 0.40 0.79 1.44 

3 1.81 -0.87 -0.57 0.41 1.89 

4 1.53 -1.06 -0.63 0.30 1.72 

5 1.57 -0.88 -0.01 0.54 1.83 

6 1.58 -1.11 0.13 0.87 1.84 

7 1.75 -0.59 0.17 0.83 1.68 

8 1.48 -0.73 -0.81 0.48 1.96 

9 1.85 -0.81 0.10 0.77 1.94 

10 1.53 -0.85 0.03 0.70 1.84 
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3.2.1 Sample Sizes 

 Studies in the past have examined DIF in polytomous cases under a variety of sample 

sizes that have ranged from 750 to 4,000 (French & Miller, 1996; Gomez-Benito, Hidalgo & 

Zumbo, 2013; Kristjansso, Aylesworth, McDowell & Zumbo, 2005; Wang & Su, 2004; Woods, 

2011). In this study, LLM was compared with Mantel, GMH, OLR and LDFA by taking into 

account small, medium, and large sample size conditions. The same sample size combinations 

described for the dichotomous cases were used. Four focal-group sample sizes (200, 300, 500, 

and 1,000) were partially crossed with four reference-group sample sizes (200, 400, 500, and 

1,000) (Table 3.1) 

3.2.2 Ability Mean Difference (Impact) 

 As was mentioned for the dichotomous case, ability mean differences between groups are 

typical in real tests. Earlier studies found that when ability mean differences increased the Type I 

error rates increased as well for GMH, Mantel, and LDFA (Kristjonson, 2001; Tian, 1999; Wang 

& Su, 2004). Kristjonson (2001) found that when the ability mean difference increased, OLR 

was less affected by the difference when compared with Mantel, GMH, and LDFA. Kristjonson 

(2001) also stated that OLR was robust against the ability mean difference between groups. 

  For the polytomous item response data, the same ability mean differences used to 

generate the dichotomous item response data were adopted. Three levels were examined with a 

normal distribution:  

1) Equal ability: means for both groups were set at a mean of zero and a standard deviation 

of 1.   
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2) A 0.5 SD ability mean difference between groups; a mean of 0.25 and a standard 

deviation of 1 was used for the reference group, and a mean of -0.25 and a standard 

deviation of 1 for the focal group. 

3) A 1 SD ability mean difference between groups; a mean of 0.5 and a standard deviation 

of 1 was used for the reference group, and a mean of -0.5 and a standard deviation of 1 

for the focal group. 

3.2.3 DIF Type 

Since there were many ways to create uniform and non-uniform DIF items, interpretation 

of both DIF types would be complicated in polytomous case. For this reason, DIF types were 

generated by varying only threshold parameters between the two groups in this study. Following 

Wang and Su’s study (2004), six uniform DIF types were generated: constant, balanced, 

partial_1, partial_2, partial_3, and partial_4 (Table 3.4). Although the balanced condition was 

considered as a non-uniform DIF condition in some studies (Spray & Miller, 1994; Wilson, 

1993) it was used as a uniform DIF condition in this study. 

 

Table 3.4. DIF Conditions in Polytomous Case for Item 10 

DIF     

NoDIF = �  = �  = �  = �  

Constant + . = �  + . = �  + .= �
+ . = �  

Balanced + . = �  + . = �  = � − . = � − .  

Partial_1 + . = �  = �  = �  = �  

Partial_2 = �  + . = �  = �  = �  

Partial_3 = �  = �  b + .= bR
= �  

Partial_4 = �  = �  = �  + . = �  
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In the balanced DIF condition, the first two response categories were made more difficult 

for the focal group by adding a certain value to the first two threshold parameters, and the last 

two categories were made less difficult for the focal group by subtracting the same value from 

the last two threshold parameters (Wang & Su, 2004; Zwick, Donoghue & Grima, 1993).In the 

constant DIF condition, all response categories were made more difficult for the focal group by 

adding a certain value to all threshold parameters. In the partial DIF conditions, the response 

category of interest (e.g. for partial_1, the interested response category was the first category) 

was made more difficult for the focal group. Wang and Su (2004) have set the parameter 

difference between two groups to 0.25 in order to represent moderate DIF, based on Raju’s 

(1988) averaged sign area formula for GRM (Equation 3.6): 

 = ∑ ∑ ( − � )−== ∑ −=  
(3.6) 

where  

 is the jth threshold for the ith item in the focal group, 

�  is the jth threshold for the ith item in the reference group, and 

 is the number of categories for the ith item. 

As mentioned before, the item parameters for the reference group were adopted from 

Wang and Su’s study (Table 3.3).  Item parameters for the focal group were set at the same 

values for non-studied items as well. The studied item was varied based on the DIF type as 

follows (Table 3.4): 

1) No DIF condition: The item difficulty and item discrimination for the focal group were 

the same as the item difficulty and item discrimination for the reference group. 
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2) Constant DIF: The difference between the item-threshold parameters of the two groups 

was set to 0.25. The item was created to favor the reference group. The item 

discrimination parameters were the same for both groups. 

3) Balanced DIF: The difference between the item-threshold parameters of the two groups 

was set to 0.25. The first two response categories favored the reference group and the last 

two response categories favored the focal group. The item discrimination parameters 

were the same for both groups. 

4) Partial_1: The difference between the first item threshold parameters of the two groups 

was fixed at 0.25. The other parameters were the same for both groups. 

5) Partial_2: The difference between the second item threshold parameters of the two groups 

was fixed at 0.25. The other parameters were the same for both groups. 

6) Partial_3: The difference between the third item threshold parameters of the two groups 

was fixed at 0.25. The other parameters were the same for both groups. 

7) Partial_4: The difference between the last item threshold parameters of the two groups 

was fixed at 0.25. The other parameters were the same for both groups.  

The studied DIF types are shown in Figure A1 in Appendix1.  

3.3 Data Analysis 

 In the simulation study, according to the factors, 6×3×3×3×3×2=972 combinations and 

6×3×7=126 combinations were considered for the dichotomous and polytomous item response 

data, respectively. For each combination 1000 data sets were simulated. Each replication in the 

dichotomous case was analyzed by LLM, MH, and LR, while each replication in the polytomous 

cases was analyzed by LLM, Mantel, GMH, OLR, and LDFA. The R language (R Core Team, 

2013) and SAS program (SAS Institute, Cary NC) were used to conduct LLM, MH, LR, Mantel, 
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GMH, OLR, and LDFA. I calculated the empirical Type I error rate (rejection rate) and the 

power (detection rate) for each of the methods and conditions. The empirical Type I error rate is 

the percentage of significant results in the DIF investigation of the studied item, which has no 

DIF. On the other hand, power is the percentage of significant results in testing DIF for a studied 

item which has DIF. Since inflated Type I error affects power, Type I error rates of the methods 

should be comparable in terms of the powers of the methods (Jodoin & Gierl, 2001). In this 

study, 95% CI was calculated to investigate if Type I error rate is within the expected value of 

0.05. 

I detected the effect of the relevant factors on the Type I error rate and power by using repeated 

measure ANOVA analyses.  
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CHAPTER 4 

RESULTS 

4.1 Simulation Study for Dichotomous Item Response Data 

 This chapter summarizes the result of simulation study for dichotomous item response 

data and polytomous item response data to investigate the effect of impact factor on DIF 

investigation and to compare the performance of the DIF investigation methods. 

4.1.1 Uniform DIF Case 

Research Question 1: What is the effect of the impact (group ability difference as 

defined before) between the reference and groups on both Type I error rate and power in 

moderate uniform DIF investigation under the various sample sizes, item discrimination, item 

difficulty, and pseudo-guessing parameter for dichotomous item response data? 

To seek an answer for this research question, the Type I error rates and the powers for 

four methods were individually analyzed by a three-way repeated measure ANOVA. The 

normality and homogeneity of the residuals were checked first. The residual distribution showed 

some departures from the normal distribution, with being skewed to the left.  Also, the 

homogeneity of residual variance did not appear to hold. However, each cell in ANOVA, in this 

study, had equal number of observations, which can reduce the impact of the violation of the 

normality and homogeneity assumptions. Also, since the sphericity assumption was not met, the 

Greenhouse-Geisser test was used to correct degrees of freedoms. The Type I error rates and the 

powers of the methods were assigned as dependent variables. Type I error rate was calculated as 

the percentage of significant results across 1000 DIF investigations of a studied item, which has 

no DIF. Power was calculated as the percentage of significant results in testing DIF for a studied 

item, which has DIF over the 1000 replications. Different DIF investigation methods were 
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treated as a within-subjects factor. Sample size, ability mean difference between groups, item 

discrimination, item difficulty, and pseudo-guessing parameters were between-subjects factors.  

i) Type I error Rate: 

  Table 4.1 presents the between-subjects effect and within-subjects effect. The statistical 

significance of the main effects and the interaction effects were evaluated based on the p-values 

of F-tests. When an effect was statistically significance, its practical importance was investigated 

using the eta squared ( ̂ ) associated with that effect. The ̂  represents the proportion of the 

variance related to each effects. In this study, the effects were considered “practically important” 

when their η2 values were equal to or larger than 0.01. Table 4.1 indicates that method had 

statistically significant effect and it accounted for the greatest degrees of variation in the data set 

(F(1.27, 327.91) = 596.61, p < .001, ̂  = 0.139).  

However, there were also significant higher order effects. Based on Table 4.1, the method 

and ability mean difference had statistically and practically significant three-way interactions 

with the sample size, item discrimination and pseudo-guessing parameter. Among these effects 

the three-way interaction between method, ability mean difference, and sample size explained 

the largest variation in the data (F(12.71, 327.91) = 31.276, p < .001, ̂  = 0.029). It can be seen 

in Table A2 in Appendix A and Figure 4.1 that the Type I error rates of methods differed across 

the levels of sample size for various ability mean difference conditions. For example, when the 

ability mean difference was 0, the Type I error rates of LR and LLM5 had similar values across 

the levels of the sample size. However, when the ability mean difference was equal to 1, the 

Type I error rate of LLM5 was inflated for large sample sizes and the Type I error rates of LR 

still indicated similar results across the sample size levels. Figures 4.2 and 4.3 also indicate the 
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Type I error rates of methods across the item discrimination and pseudo-guessing parameter 

under the various ability mean difference conditions, respectively.  

 

Table 4.1.  The ANOVA Results of Type I error Rates under the Uniform-Dichotomous Case 

Source 
Sum of 

Squares 
df 

 Mean 

Square 
F p 

Eta 

Squared 

Between Subjects 543526.46 323     
N 25673.00 5 5134.60 10.99 <.001 0.027 
MD 126326.92 2 63163.46 135.21 <.001 0.132 
A 67153.67 2 33576.83 71.88 <.001 0.070 
B 5043.65 2 2521.83 5.40   .005 0.005 
C 20592.25 1 20592.25 44.08 <.001 0.022 
N ×  MD 28132.74 10 2813.27 6.02 <.001 0.029 
N ×  A 14769.43 10 1476.94 3.16   .001 0.015 
N ×  B 5406.89 10 540.69 1.16   .320 0.006 
N ×  C 5459.18 5 1091.84 2.34   .042 0.006 
MD ×  A 64239.07 4 16059.77 34.38 <.001 0.067 
MD ×  B 9657.25 4 2414.31 5.17   .001 0.010 
MD ×  C 21570.42 2 10785.21 23.09 <.001 0.023 
A ×  B 7802.71 4 1950.68 4.18   .003 0.008 
A ×  C 19603.34 2 9801.67 20.98 <.001 0.020 
B ×  C 1572.91 2 786.45 1.68   .188 0.002 
Ss w/in groups 120523.04 258 467.14    

Within Subjects 413154.50 411.80     
Method 133304.02 1.27 104882.97 596.61 <.001 0.139 
Method ×  N 13501.43 6.36 2124.57 12.09 <.001 0.014 
Method ×  MD 62169.67 2.54 24457.40 139.12 <.001 0.065 
Method ×  A 30642.70 2.54 12054.77 68.57 <.001 0.032 
Method ×  B 7741.74 2.54 3045.58 17.32 <.001 0.008 
Method ×  C 17383.09 1.27 13676.93 77.80 <.001 0.018 
Method × N ×MD 13126.97 12.71 1032.82 5.88 <.001 0.014 
Method ×  N ×  A 5802.83 12.71 456.56 2.60   .002 0.006 
Method ×  N ×  B 6190.68 12.71 487.08 2.77   .001 0.006 
Method ×  N ×  C 2909.71 6.36 457.87 2.60   .016 0.003 
Method ×  MD × A 27952.91 5.08 5498.31 31.28 <.001 0.029 
Method ×  MD × B 9178.33 5.08 1805.37 10.27 <.001 0.009 
Method ×  MD × C 16047.11 2.54 6312.90 35.91 <.001 0.017 
Method ×  A ×  B 3178.37 5.08 625.18 3.56   .004 0.003 
Method ×  A ×  C 3042.82 2.54 1197.04 6.81 <.001 0.003 
Method ×  B ×  C 3335.20 2.54 1312.06 7.46 <.001 0.003 
Methods × Ss w/in 57646.94 327.91 175.80    

Total       

956680.96 
737.80     

Note. N, MD, A, B, and C indicate, sample size, ability mean difference between reference group 

and focal group, item discrimination, item difficulty, and pseudo-guessing parameter, 

respectively. 
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                                 (a) MD=0                                                             (b) MD=0.5       

                                         

 

 

 

 

     (c) MD=1 

 

                                    
 

 

Figure 4.1. Three-way interaction between method, ability mean difference, and sample size 

under the uniform dichotomous case.  
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      (a) MD=0                                                               (b) MD=0.5 

      

 
 

 

                                                                  (c) MD=1 

 

 
 

 

Figure 4.2. Three-way interaction between method, ability mean difference, and item 

discrimination under the uniform dichotomous case.  
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(a) MD=0                                                           (b) MD=0.5 

 

 
 

 

 

 (c) MD=1 

 

          
 

               

Figure 4.3. Three-way interaction between method, ability mean difference, and pseudo-

guessing parameter under the uniform dichotomous case.  
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   ii) Power (DIF Detection Rate)     

          Table 4.2 displays the three-way repeated measure ANOVA results for uniform DIF in 

which power was considered as the dependent variable. Table 4.2 summarizes the between-

subjects effect and within-subjects effect for studied factors. Again, the Greenhouse-Geisser test 

was used in the table because of the violation of the sphericity assumption.            

           Table 4.2 indicates that the method had a statistically significant effect and it accounted 

for 2.4% of the variation in the data set (F(2.77, 713.66) = 244195.69, p < .001, ̂  = 0.024). 

Even though, the level of variance explained for the method factor had practical importance, 

method did not have any interaction effect which was practically important. That is, no important 

differences were seen in power across all the methods under the studied factors. Regarding 

between-subjects effects, sample size accounted for the largest variation in the data (F(5, 258) = 

3544733.25, p < .001, ̂  = 0.633). Sample size also had practically important two-way 

interactions with item discrimination, item difficulty, and pseudo-guessing parameter. On the 

other hand, the two-way interaction between ability mean difference and sample size was not 

significant (F(5, 258) = 12761.391, p > 0.05, ̂  = 0.005)). Table A2 and Table A3 (Appendix A) 

presents the averaged Type I error rates and power level of all the methods, respectively, for the 

two way interactions between ability mean difference and other factors. When the differences 

between power levels of the methods were not important, the differences between Type I error 

rates of the methods were found to be practically important across the levels of ability mean 

difference under the various sample size, item discrimination, and pseudo-guessing parameter. 

As a result, the methods indicated better performance on DIF detection when the ability means 

did not differ. On the other hand, when the ability mean difference increased, the Type I error 

rates of the methods increased as well. All in all, MH performed slightly better than the other 
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methods across the conditions derived from the interaction between ability mean difference and 

the other factors. Additionally, LR and LLM10 had notably similar results for Type I error rate 

and power under these conditions. 

Table 4.2. The ANOVA Results of Power under the Uniform-Dichotomous Case 

Source 
Sum of 

Squares 
         df 

 Mean 

Square 
      F p 

Eta 

Squar

ed Between Subjects 27646616.70 323     
N 17723666.2 5 3544733.25 342.77 <.001 0.63
MD 457762.06 2 228881.03 22.13 <.001 0.01
A 9635603.56 2 4817801.78 465.87 <.001 0.34
B 8714444.16 2 4357222.08 421.34 <.001 0.31
C 11538816.3 1  11538816.38 1115.78 <.001 0.41
N × MD 127613.91 10 12761.39 1.23   .269 0.00
N × A 2161938.05 10 216193.80 20.91 <.001 0.07
N × B 932575.90 10 93257.59 9.02 <.001 0.03
N × C 1777187.45 5 355437.49 34.37 <.001 0.06
MD × A 96481.24 4 24120.31 2.33   .056 0.00
MD × B 343957.19 4 85989.30 8.32 <.001 0.01
MD × C 350980.67 2 175490.34 16.97 <.001 0.01
A × B 103982.61 4 25995.65 2.51   .042 0.00
A × C 178337.90 2 89168.95 8.62 <.001 0.00
B × C 4140811.82 2 2070405.91 200.21 <.001 0.14
Ss w/in groups 2668092.99 258 10341.45     

Within Subjects 358904.21 896.22      
Method 675471.41 2.77 244195.69 66.84 <.001 0.024 
Method × N 155869.43 13.83 11269.95 3.09 <.001 0.006 
Method × MD 130599.12 5.53 23607.03 6.46 <.001 0.005 
Method × A 66619.06 5.53 12042.02 3.30   .004 0.002 
Method × B 56086.96 5.53 10138.25 2.78   .014 0.002 
Method × C 11223.69 2.77 4057.58 1.11   .342 0.000 
Method × N × MD 176221.04 27.66 6370.72 1.74   .011 0.006 
Method × N × A 25903.92 27.66 936.48 0.26 <.001 0.001 
Method × N × B 117379.63 27.66 4243.50 1.16   .260 0.004 
Method × N × C 50787.30 13.83 3672.11 1.01   .446 0.002 
Method × MD × A 58846.34 11.06 5318.52 1.46   .143 0.002 
Method × MD × B 63677.51 11.06 5755.16 1.58   .101 0.002 
Method × MD × C 30616.76 5.53 5534.27 1.52   .176 0.001 
Method × A × B 64645.46 11.06 5842.64 1.60   .094 0.002 
Method × A × C 23585.35 5.53 4263.27 1.17   .323 0.001 
Method × B × C 44276.13 5.53 8003.33 2.19   .047 0.002 
Method × Ss w/in 2607495.51 713.66 3653.72       

Total 2800552091 1219.2     

Note. N, MD, A, B, and C indicate, sample size, ability mean difference between reference group 

and focal group, item discrimination, item difficulty, and pseudo-guessing parameter, 

respectively. 
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Research Question 2: In investigating moderate uniform DIF, does LLM perform better 

than or as well as other observed score matching DIF methods under different impact, sample 

sizes, item discriminations, item difficulties, and pseudo-guessing parameters for dichotomous 

item response data in terms of Type I error rates and power? 

The performance of four DIF detection methods was investigated by examining Type I 

error rates and power levels for the uniform DIF case. Power was used for evaluating the 

performance of different methods. The method comparisons can be more meaningful if Type I 

error rates were examined by computing 95% confidence intervals (CI) for the expected Type I 

error rates (Jodoin & Gierl, 2001). In this study, 95% CI for the expected Type I error rate was 

calculated as based on the product of number of conditions and number of replications (1000). 

The intervals for each factor are presented in Table 4.3. After Type I error rates were examined 

with the 95% CIs, power of the DIF methods were evaluated and discussed. 

 

Table 4.3. 95%CI for Factors in Dichotomous Case 

Factor              95%CI 

 N (0.0481 , 0.0518) 

 MD (0.0487 , 0.0513) 

 A (0.0487 , 0.0513) 

 B (0.0487 , 0.0513) 

 C (0.0489 , 0.0511) 

 

 

i) Type I error Rate: 

  The Type I error rates averaged across different levels of each factor for MH, LR, LL5, 

and LL10 are summarized in Table 4.4. According to the table, the Type I error rates of MH 

method were generally lower than expected across the levels of each factor. Only MH Type I 

error rates fell into the nominal range under the high ability-mean difference condition and high 
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item-discrimination condition. The Type I error rates for LR, LL5, and LLM10 always higher 

than the nominal range for each condition, except for the equal ability mean difference condition. 

    a) Sample Size: The Type I error rates of the methods generally indicated similar trends 

across varying levels of sample size in the study. When the sample size was increased, the Type I 

error rates also increased. However, no method had the Type I error rate within the expected 

range (Table 4.4). Comparing MH method to the other methods, it had the smallest Type I error 

rate for each level of sample size. On the other hand, LL5 method had the highest Type I error 

rates across the levels of sample size and its Type I error rate was inflated at the high sample size 

condition (1000/1000). For LR and LL10 methods, Type I error rates were similar at each 

sample size condition. The effect of sample size on the Type I error rates of the methods is 

presented in Figure 4.4. 

 

                                   (a)                                                                             (b) 

 
 

Figure 4.4. Type I error rate by sample size for MH, LR, LLM5, and LLM10. 
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 b) Ability mean difference: The Type I error rates for all methods increased with 

increasing ability mean differences (Table 4.4). MH had the lowest Type I error rate for each 

level of ability mean difference between groups among the other methods. The Type I error rates 

of MH were lower than the expected value if the ability mean difference was equal to 0 and 0.5. 

On the other hand, the Type I error rates fell into the nominal range when the ability mean 

difference was equal to 1.  

LR and LL10 had considerably similar patterns of Type I error rates. The Type I error 

rates for LR and LLM10 were higher than expected when there was an ability mean difference 

between the ability of the focal group and ability of the reference group. For both methods, the 

Type I error rates were within the nominal range under the equal ability mean difference 

condition. LL5 had an acceptable Type I error rate for equal ability mean difference as well. Like 

with LR and LLM10, its Type I error rates were higher than expected if there was an ability 

mean difference. The Type I error rates for LLM5 were inflated, especially, when the ability 

mean difference was 1. Figure 4.5 presents the effect of ability mean difference on the Type I 

error rates of the methods.  

According to the Figure 4.5, MH had the lowest Type I error rates and LL5 had the 

highest Type I error rates across the level of ability mean difference. For LR and LL10, the Type 

I error rates showed similar trend with varied ability mean differences. The Type I error rates of 

the methods increased as the ability mean difference increased. LL5 had the highest increase in 

the Type I error rate among the methods. The Type I error rate for LLM5 was inflated under the 

large ability mean difference condition. 

 

 



54 

 

                                     (a)                                                                          (b) 

 

 
 

Figure 4.5. Type I error rate by ability mean difference for MH, LR, LLM5, and LLM10 

 

c) Item Discrimination: All methods showed a similar pattern for the Type I error rates 

under the item discrimination conditions. The Type I error rates for the methods increased as the 

item discrimination increased (Table 4.4). MH had the Type I error rates that were smaller than 

expected at low and medium item discrimination conditions. For the high item discrimination 

condition, its Type I error rate was within the nominal range. On the other hand, LR, LLM5, and 

LLM10 had the higher Type I error rates rather than expected. LL5 had the largest Type I error 

rate for each level of item discrimination. According to Table 4.4, LR and LLM10 had similar 

Type I error rates under the item discrimination conditions. Figure 4.6 displays the pattern of 

Type I error rates under the varied item discrimination values.  

Figure 4.6 indicates that the Type I error of the methods had similar trend under the 

ability mean difference conditions.  MH method had the lowest Type I error rates and LL5 

method had the highest Type I error rates across the levels of item discrimination. The Type I 
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error rate of the methods increased with the rise of the item discrimination. However, the Type I 

error for LLM5 showed more inflation under the high item discrimination condition. 

 

                                    (a)                                                                          (b)        

 

 

Figure 4.6. Type I error rate by item discrimination for MH, LR, LLM5, and LLM10. 

 

d) Item Difficulty: None of the methods had its Type I error rates within the nominal 

range across the levels of item difficulty. As with the previous factors, the Type I error rates of 

MH were smaller than expected, and the Type I error rates of LR, LLM5, and LL10 were higher 

than expected value of 0.05. Again, LR and LLM10 had similar Type I error rates across the 

levels of item difficulty. The Type I error rates for MH, LR, and LLM10 did not show any 

considerable change with increase in the item difficulty (Table 4.4). Unlike these methods, the 

Type I error rate was inflated under the low item difficulty condition for LL5. Figure 4.7 

supports these findings.  
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It can be seen from Figure 4.7 that for various levels of item difficulty, the MH method 

provided the lowest Type I error rates while the LL5 method provided the highest Type I error 

rates. There were not visible difference between the Type I error rates of LR and LL10. In 

addition, there was no noticeable increase in the Type I error rates when the sample size 

increased for the MH, LR, and LL10 methods. However, the Type I error rate was inflated for 

DIF detection in easy items for LLM5. 

 

                                     (a)                                                                       (b)         

 
 

Figure 4.7. Type I error rate by item difficulty for MH, LR, LLM5, and LLM10. 

 

e) Pseudo-guessing Parameter: Table 4.4 displays that the Type I error rates for all 

methods were lower when pseudo-guessing parameter was equal to 0.2 rather than 0. MH had 

the lowest Type I error rate while LL5 had the greatest Type I error rate for the levels of pseudo-

guessing parameter. As Table 4.4 indicates, the Type I error rates of MH were lower than 



57 

 

expected and the Type I error rates of LR, LLM5 and LL10 were higher than expected under the 

pseudo-guessing parameter conditions.  

As shown in Figure 4.8, MH had the lowest Type I error rates and LL5 had the highest 

Type I error rates for the varied pseudo-guessing parameter. LR and LL10 methods had the same 

Type I error rate, when the pseudo-guessing parameter was equal to 0.2. For LR, there was not 

an important increase in the Type I error rates when a (non-zero) pseudo-guessing parameter was 

added to the model in data generation. For LLM5 method, Type I error was inflated when the 

pseudo-guessing parameter was equal to 0.  

 

                          (a)                                                                        (b)        

Figure 4.8. Type I error rate by pseudo-guessing parameter for MH, LR, LLM5, and LLM10. 
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Table 4.4. Averaged Type I error Rates of MH, LR, LLM5, and LLM10 for Uniform DIF 

 Method 

Factor        MH    LR     LLM5    LLM10 

Sample Size     

200/200         0.038     0.054     0.061     0.056 

400/200         0.041     0.057     0.065     0.057 

500/300         0.044     0.056     0.068     0.056 

500/500         0.045     0.056     0.072     0.058 

1000/300         0.045     0.058     0.078     0.058 

1000/1000         0.052     0.060     0.091     0.063 

Ability mean 

difference     

0         0.040 0.050* 0.050* 0.051* 

0.5         0.043     0.055     0.065     0.056 

1         0.050*     0.065     0.102     0.068 

Item Discrimination    

Low (1)         0.042    0.053     0.057     0.053 

Medium (1.4)         0.042     0.053     0.068     0.055 

High (2) 0.049*    0.064     0.093     0.067 

Item Difficulty     

Low (-1)         0.044    0.057     0.081     0.060 

Medium (0)         0.045    0.057     0.070     0.059 

High (1)         0.043    0.056     0.067     0.058 

Guessing Parameter    

0         0.045    0.058     0.083     0.062 

0.2         0.043    0.055     0.062     0.055 

* Type I error rate within the 95%C 

 

ii) Power (DIF Detection Rate) 

 Power for MH, LR, LL5, and LL10 are summarized under the studied factors in Table 

4.5. The table indicates how power changed for the methods when the factors were varied on 

different levels. MH generally had the lowest power whereas LL5 had the highest power under 

the studied factors. A previously stated, it would be more meaningful to consider DIF detection 

rates as power in the DIF conditions, and comparison of the DIF detection rates as power 

comparisons when the Type I error rates are not much different or the same. The current 
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adoption of the word “power” here was used more for the simplicity of the description of the 

results rather than the correctness of the terminology. The methods were compared based on the 

power for each factor bellows; 

a) Sample Size: The power for the methods had the same tendency under the sample size 

conditions and they had similar values for power (Table 4.5). LLM5 had the highest power for 

each level of sample size while MH had the lowest across the sample size conditions, as 

expected. The methods had fairly strong power for DIF detection and performed equally well 

when the sample size increased to 2000 in total (NF=1000, NR=1000). For the small and medium 

sample size conditions, LLM5 and LLM10 had slightly better performance in DIF detection. 

Figure 4.9 agrees with these findings.  

 

                                    (a)                                                                         (b)   

 

  
 

 

Figure 4.9. Power by sample size for MH, LR, LLM5, and LLM10. 
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Figure 4.9 displays that MH had the smallest power and LL5 had the highest power under 

the levels of sample size. All methods showed the same pattern with increment of the sample 

size. The power for the methods increased when the sample size increased. The methods showed 

highest power at the largest sample-size condition. 

b) Ability mean difference: As seen from Table 4.5, the power decreased as the ability 

mean difference increased. MH had the lowest power and LLM5 method had the highest power 

under the ability mean difference conditions. After all, the power of the methods were 

considerably similar for each ability mean difference condition (Table 4.5). For the methods, 

power ranged from 0.78 to 0.84. Figure 4.10 shows the pattern of power for the methods under 

the varied ability mean difference. 

 

                                     (a)                                                                        (b) 

 

 
 

Figure 4.10. Power by ability mean difference for MH, LR, LLM5, and LLM10. 
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It can be seen from Figure 4.10 that the power of the methods did not show visible 

differences when the ability mean difference increased. Although MH had the smallest power 

and LL5 had the highest power among these methods, the methods had similar strengths for DIF 

detection. 

c) Item Discrimination: All methods showed the same direction on the power with 

different item discrimination values. For the methods, power increased when the item 

discrimination increased (Table 4.5). MH had the smallest power while LL5 had the greatest 

power for all levels of item discrimination. Like with the previous factor, LR and LLM10 

displayed equally well performance on DIF detection, even if LLM10’s power was higher. 

Figure 4.11 provides the graphs for power of the methods under the item discrimination factor.  

 

 

                                  (a)                                                                          (b)  

 

 
 

 

Figure 4.11. Power by item discrimination for MH, LR, LLM5, and LLM10. 
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Figure 4.11 indicated that the power for the methods became higher with the increment of 

the item discrimination. MH had the smallest power and LL5 had the highest power across the 

levels of item discrimination. The methods indicated highest power at high item discrimination 

condition. 

                   

d) Item Difficulty: For the different levels of item difficulty, MH, LR, LLM5, and LL10 

had the similar results on the power (Table 4.5). The power of the methods fell into the range of 

(0.64, 0.89) under the item difficulty conditions. The methods reached the highest power when 

the item difficulty was low. In other words, when the item difficulty was low or medium, the 

methods were more powerful in DIF detection. Figure 4.12 illustrates the results visually. 

        

                                     (a)                                                                        (b)    

 

 
 

 

Figure 4.12. Power by item difficulty for MH, LR, LLM5, and LLM10. 
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Based on Figure 4.12, the power of the methods had similar direction on the levels of 

item difficulty. Like with other factors, MH had the lowest power and LLM5 had the highest 

power across the levels of item difficulty. When the studied item was an easy item, the methods 

had the highest power for DIF detection.                    

  e) Pseudo-guessing Parameter: Table 4.5 presents that power for all methods were 

weaker when pseudo-guessing parameter was equal to 0.2. The methods had better performance 

on DIF detection, when there was not pseudo-guessing parameter in the generated model. As in 

the previous factors, MH had the lowest power while LL5 had the largest power across the levels 

of pseudo-guessing parameter. LR, LLM5, and LLM10 had equally well and strong performance 

on DIF detection with the power of 0.89, 0.92 and 0.90. Figure 4.13 agrees with these results.  

 

                                    (a)                                                                         (b) 

 

 
 

 

Figure 4.13. Power by pseudo-guessing parameter for MH, LR, LLM5, and LLM10. 
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Figure 4.13 shows that including pseudo-guessing parameter in the generated model 

influenced the power of the methods adversely. The power of the methods decreased when there 

is a pseudo-guessing parameter of 0.2. As experienced in the previous factors, MH method had 

the lowest power and LLM5 method had the highest power under the levels of pseudo-guessing 

parameter. 

 

Table 4.5. Averaged Power of MH, LR, LLM5, and LLM10 for Uniform DIF 

 Method 

Factor      MH        LR LLM5    LLM10 

Sample Size     

200/200 0.535 0.602 0.639 0.612 

400/200 0.657 0.698 0.738 0.715 

500/300 0.753 0.794 0.830 0.808 

500/500 0.849 0.868 0.897 0.877 

1000/300 0.826 0.834 0.876 0.855 

1000/1000 0.946 0.951 0.965 0.955 

Ability mean 

difference     

0 0.785 0.815 0.821 0.823 

0.5 0.775 0.804 0.836 0.807 

1 0.723 0.754 0.816 0.782 

Item Discrimination    

Low (1) 0.638 0.675 0.723 0.691 

Medium (1.4) 0.775 0.811 0.842 0.823 

High (2) 0.870 0.888 0.908 0.897 

Item Difficulty     

Low (-1) 0.835 0.854 0.885 0.870 

Medium (0) 0.808 0.848 0.864 0.857 

High (1) 0.640 0.671 0.723 0.684 

Guessing Parameter    

0 0.858 0.889 0.915 0.896 

0.2 0.664 0.693 0.733 0.711 
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4.1.2 Non-uniform DIF Case 

  Research Question 3: What is the effect of the between the reference and focal groups 

on both Type I error rate and power in moderate non-uniform DIF investigation under the 

various sample size, item discrimination, item difficulty, and pseudo-guessing parameter for 

dichotomous item response data? 

In order to address this research question, the three-way repeated measure ANOVA was 

utilized. The influences of the DIF detection methods and the studied factors on Type I error 

rates and powers were investigated. The Type I error rates and the powers of the methods were 

assigned as dependent variable. Methods were employed as a within-subjects factor and sample 

size, ability mean difference between groups, item discrimination, item difficulty, and pseudo- 

guessing parameter were employed as between-subjects factors. 

i) Type I error Rate     

  Table 4.6 consists of the results of three-way repeated measure ANOVA for non-uniform 

DIF case. To evaluate the statistical and practical significance of the main and interaction effects, 

p-values of F-tests and η2 were used, respectively. The p-values of F-tests were obtained from 

the Greenhouse-Geisser test because of the violation of sphericity assumption. When a factor 

indicated statistically significance effect on the dependent variable, its practical importance was 

investigated by η2 associated with that effect. The η2 values were compared with the cutoff point 

of 0.01. Additionally, the effects were considered “practically important” when their  ̂   were 

equal to or larger than 0.01. 

Table 4.6 indicates that the effect of ability mean difference was statistically significant 

on Type I error rate and it accounted for the largest variation in the dataset (F(2, 323) = 46.11, p 

< .001, ̂  = 0.367). Furthermore, item difficulty became more of an issue in non-uniform DIF 
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case. It accounted for the second largest effect on the Type I error rates (F(2, 323) = 38.95, p < 

.001, ̂  = 0.310). However, the analyses revealed some significant higher order effects that were 

the main interest in this analysis. Based on Table 4.6, method and ability mean difference had 

statistically and practically significant three-way interactions with item discrimination, item 

difficulty and pseudo-guessing parameter. Among these effects, the three-way interaction 

between method, ability mean difference, and pseudo-guessing parameter explained the largest 

variation in the data (F(2.49, 402.71) = 14.164, p < .001, ̂  = 0.02). Also, there was statistically 

and practically significant three-way interaction effect between method, sample size, and item 

difficulty on the Type I error rates. It explained the larger variation than the three-way interaction 

between method, ability mean difference, and pseudo-guessing parameter (F(12.429, 402.71) = 

3.62, p < .001, ̂  = 0.025).  

Table A4 in Appendix A summarizes the Type I error rates of methods for various ability 

mean difference under the other factors and Figure 4.14, Figure 4.15, Figure 4.16, and Figure 

4.17 display these findings visually. For example, the Type I error rates of LLM10 decreased 

when ability mean difference was equal to zero across the levels of item discrimination in Figure 

4.14. However, the Type I error rates of LLM10 increased with the increment of item 

discrimination when the ability mean difference was equal to 0.5. Figure 4.15 also indicated that 

the Type I error rates of methods did not show considerable difference across the item 

discrimination levels under the equal ability mean difference condition. On the other hand, when 

the ability mean difference was equal to 1, the Type I error rates of methods inflated across the 

item discrimination levels. Additionally, the Type I error rates of LLM5 and LLM10 under the 

low item difficulty condition and the Type I error rates of LLM5 and LLM10 under the high item 

difficulty condition had opposite direction across the levels of sample size (Figure 4.17). 
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Table 4.6. The ANOVA Results of Type I error Rates under the Non-uniform Dichotomous Case 

Source Sum of Squares df 
Mean 

Square 
F p 

Eta 

Squared 

Between Subjects 352846.11 323       
N 75580.13 5 15116.03 9.51 <.001 0.189 
MD 146631.67 2 73315.83 46.11 <.001 0.367 
A 26550.06 2 13275.03 8.35 <.001 0.067 
B 123860.21 2 61930.11 38.95 <.001 0.310 
C 59517.73 1 59517.73 37.44 <.001 0.149 
N × MD 92297.96 10 9229.80 5.81 <.001 0.231 
N × A 8337.86 10 833.79 0.52  .872 0.021 
N × B 97035.20 10 9703.52 6.10 <.001 0.243 
N × C 30735.02 5 6147.00 3.87   .002 0.077 
MD × A 30672.73 4 7668.18 4.82   .001 0.077 
MD × B 84494.20 4 21123.55 13.29 <.001 0.212 
MD × C 41594.04 2 20797.02 13.08 <.001 0.104 
A × B 33113.21 4 8278.30 5.21 <.001 0.083 
A × C 18199.85 2 9099.93 5.72   .004 0.046 
B × C 70440.77 2 35220.38 22.15 <.001 0.177 
Ss w/in groups 410195.53 258 1589.91     
Within Subjects 46158.38 402.71     
Method 29939.22 1.24 24087.93 108.51 <.001 0.075 
Method × N 1827.11 6.22 294.00 1.32   .244 0.005 
Method × MD 11367.54 2.49 4572.94 20.60 <.001 0.028 
Method × A 3041.23 2.49 1223.43 5.51   .002 0.008 
Method × B 7640.96 2.49 3073.81 13.85 <.001 0.019 
Method × C 3950.93 1.24 3178.76 14.32 <.001 0.010 
Method × N × MD 2890.32 12.43 232.54 1.05   .405 0.007 
Method × N × A 1105.10 12.43 88.91 0.40   .966 0.003 
Method × N × B 9990.45 12.43 803.79 3.62 <.001 0.025 
Method × N × C 1556.76 6.22 250.50 1.13   .345 0.004 
Method × MD × A 4406.49 4.97 886.32 3.99   .002 0.011 
Method × MD × B 7075.43 4.97 1423.16 6.41 <.001 0.018 
Method × MD × C 7816.26 2.49 3144.33 14.16 <.001 0.020 
Method × A × B 3238.61 4.97 651.41 2.93   .013 0.008 
Method × A × C 2674.73 2.49 1075.99 4.85   .005 0.007 
Method × B × C 2357.94 2.49 948.55 4.27   .009 0.006 
Method × Ss w/in 71185.59 320.67 221.99      

Total 399004.49 725.71       

Note. N, MD, A, B, and C indicate, sample size, ability mean difference between reference group 

and focal group, item discrimination, item difficulty, and pseudo-guessing parameter, 

respectively. 
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(a) MD=0                                                   (b) MD=0.5 

 

 
 

 

 

(c) MD=1 

 

                                    
 

 

Figure 4.14. Three-way interaction between method, ability mean difference, and item 

discrimination under the non-uniform dichotomous case.  
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  (a) MD=0                                                    (b) MD=0.5 

 

 

 

 

 

(c) MD=1 

 

       
 

 

Figure 4.15. Three-way interaction between method, ability mean difference, and item difficulty 

under the non-uniform dichotomous case.  
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   (a) MD=0                                                    (b) MD=0.5 

 

 
 

 

 

 

                                                                        (c) MD=1 

 

              
 

 

Figure 4.16. Three-way interaction between method, ability mean difference, and pseudo-

guessing parameter under the non-uniform dichotomous case. 
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   (a) B=Low                                                  (b) B=Medium 

 

 

 

 

 

(c) B=High 

 

         
 

 

Figure 4.17. Three-way interaction between method, sample size, and item difficulty under the 

non-uniform dichotomous case. 
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ii) Power (DIF Detection Rate).     

          Table 4.7 consists of the results of three-way repeated measure ANOVA under the non-

uniform DIF case in which power was considered as the dependent variable. The table 

summarized the between-subjects effects and within-subjects effects for studied factors and 

methods by using Greenhouse-Geisser test.  

           Based on Table 4.7, method had statistically significant effect on power, however, it was 

not practically important (F(1.90, 490.82) = 283586.28, p < .001, ̂  = 0.006). Also, the method 

did not have any practically important interaction effects with the other factors on the power. In 

other word, there was not important difference in power between the methods under the studies 

factors. Table 4.9 presents the averaged power for each method under the studies factors.  It 

indicates that the power of the methods had close values for each condition.  

  For the between-subjects effects, all main effects were statistically and practically 

important with respect to power. Item discrimination accounted for the largest variation in the 

data (F(2, 258) = 593.32, p < .001, ̂  = 0.229). It explained 22.9% of variation in the data. Item 

discrimination. Pseudo-guessing parameter accounted for the second largest variation in the data 

(F(1, 258) = 1075.53, p < .001, ̂  = 0.208). The more concerning outcome was the statistically 

and practically important two-way interaction effect between the item discrimination and the 

pseudo-guessing parameter on power (F(2, 258) = 38.663, p < .001, ̂  = 0.015). Moreover, there 

are statistically and practically significant two-way interaction effect between ability mean 

difference and item difficulty (F(4, 258) = 18.28, p > 0.001, ̂  = 0.014). There were also 

important two-way interaction effects among item discrimination, item difficulty, and pseudo-

guessing parameter.  
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 Table 4.7. The ANOVA Results of Power under the Non-uniform Dichotomous Case 

Source 
Sum of 

Squares 
df 

    Mean 

Square 
F p 

Eta 

Squared 

Between Subjects 89440462.00 323       
N 16857499.94 5 3371499.99 190.25 <.001 0.184 
MD 1414112.49 2 707056.24 39.90 <.001 0.015 
A 21028695.12 2 10514347.56 593.32 <.001 0.229 
B 13538692.32 2 6769346.16 381.99 <.001 0.148 
C 19059600.93 1 19059600.93 1075.53 <.001 0.208 
N  ×  MD 400639.50 10 40063.95 2.26   .015 0.004 
N  ×  A 610346.50 10 61034.65 3.44 <.001 0.007 
N  ×  B 799654.19 10 79965.42 4.51 <.001 0.009 
N  ×  C 449428.52 5 89885.70 5.07 <.001 0.005 
MD ×  A 102116.91 4 25529.23 1.44   .221 0.001 
MD ×  B 1295669.71 4 323917.43 18.28 <.001 0.014 
MD ×  C 193828.19 2 96914.10 5.47   .005 0.002 
A  ×  B 1001892.28 4 250473.07 14.13 <.001 0.011 
A  ×  C 1370297.53 2 685148.76 38.66 <.001 0.015 
B  ×  C 6745948.96 2 3372974.48 190.34 <.001 0.074 
Ss w/in groups 4572038.92 258 17721.08    

Within Subjects 2210934.67 616.38     
Method 539496.35 1.90 283586.28 279.64 <.001 0.006 
Method × N 138394.27 9.51 14549.39 14.35 <.001 0.002 
Method × MD 5675.29 3.81 1491.61 1.47   .212 0.000 
Method × A 18755.61 3.81 4929.44 4.86   .001 0.000 
Method × B 208610.64 3.81 54828.10 54.07 <.001 0.002 
Method × C 277088.12 1.90 145651.38 143.62 <.001 0.003 
Method × N × MD 155257.61 19.02 8161.12 8.05 <.001 0.002 
Method × N × A 73708.78 19.02 3874.50 3.82 <.001 0.001 
Method × N × B 44288.85 19.02 2328.04 2.30   .002 0.000 
Method × N × C 34503.29 9.51 3627.33 3.58 <.001 0.000 
Method × MD × A 10974.51 7.61 1442.19 1.42   .188 0.000 
Method × MD × B 67540.14 7.61 8875.62 8.75 <.001 0.001 
Method × MD × C 68028.45 3.81 17879.58 17.63 <.001 0.001 
Method × A × B 28529.29 7.61 3749.11 3.70 <.001 0.000 
Method × A × C 29112.69 3.81 7651.54 7.55 <.001 0.000 
Method × B × C 13220.46 3.81 3474.67 3.43   .010 0.000 
Method × Ss w/in 497750.32 490.82 1014.12      

Total 91651396.67 939.38     
Note. N, MD, A, B, and C indicate, sample size, ability mean difference between reference group 

and focal group, item discrimination, item difficulty, and pseudo-guessing parameter, 

respectively. 

 

 

The averaged Type I error rates and powers for the interaction between ability mean 

difference and the other factors are presented in Table A4 and Table A5 (Appendix A), 
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respectively. As it was shown in the ANOVA analysis,  the difference between powers of the 

DIF methods were not important, however, the difference between Type I error rates of the 

methods had practical importance across the levels of ability mean difference under the various 

item discrimination, item difficulty, and pseudo-guessing parameter. Table A4 and Table A5 

indicated that the Type I error rates of the methods increased when the ability mean difference 

and item discrimination increased. In particular, the Type I error rates for LR became inflated 

when the ability mean difference and item discrimination were high. In general, LLM5 

performed better to detect DIF across the levels of other factors under the non-uniform case. 

Research Question 4: In investigating moderate non-uniform DIF, does LLM perform 

better than or as well as other observed score matching DIF methods under the different impact, 

sample sizes, item discriminations, item difficulties, and pseudo-guessing parameters for 

dichotomous item response data in terms of Type I error rates and power? 

The performance of the DIF detection methods were investigated by Type I error rates 

and power for non-uniform DIF case. As in the uniform dichotomous case, powers for evaluating 

the performance of different methods were used, after Type I error rates were examined by 95% 

confidence interval (CI). As before, after Type I error rates were examined with the 95% CIs for 

the expected Type I error rate, power of the DIF methods were evaluated and discussed. 

i) Type I error Rate: 

  The averaged Type I error rates across different levels of each factor for LR, LL5, and 

LL10 were presented in Table 4.8. The table indicated that the Type I error rates of LR, LLM5, 

and LLM10 generally fell outside of the nominal range across the levels of factors. LR had the 

Type I error rates that were higher than expected except equal ability mean difference condition 

in which the Type I error fell into the nominal range. On the other hand, LLM5 and LLM10 
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indicated different results under the different conditions. For example, LLM10 had Type I error 

rate that was lower than expected value under equal ability mean difference condition and Type I 

error rate that was higher than expected value under the ability mean difference of 1 condition. 

However, the Type I error rate fell into the nominal range when the ability mean difference was 

equal to 0.5. 

a) Sample Size: The Type I error rates of the methods increased as sample size increased 

(Table 4.8). Among the methods, LLM5 had the lowest Type I error rate that varied from 0.047 

to 0.076 and LR had the highest Type I error rate that varied from 0.05 to 0.085. Table 4.8 

indicated that the Type I error rate of LR did not fall into nominal range under any sample size 

condition and they were higher than expected. Especially, the Type I error rate of LR inflated at 

large sample size condition. The magnitude of the Type I error rates for LLM5 and LLM10 were 

similar at each level of sample size. They were not within the nominal range and they inflated at 

large sample size, as well. The Type I error rates of LLM5 and LLM10 were lower than expected 

for small sample size conditions and higher than expected for large sample size conditions. 

Nevertheless, LLM5 and LLM10 models indicated more reasonable results than LR method did. 

Figure 4.18 presented the graph of the Type I error rates of the methods under the sample size 

conditions. 

Figure 4.18 showed that the Type I error rates increased with the increment of the sample 

size. The Type I error rates for LR were higher than the Type I error rates for LLM5 and LL10. 

As for LLM5 and LLM10, the Type I error rates were similar from small sample size to medium 

sample size. For the large sample size condition, the Type I error rate of LLM10 became larger 

than Type I error rate of LLM5. Even so, LLM5 and LLM10 did not have noticeable difference 

in Type I error rates. 
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                                  (a)                                                                         (b)         

 
 

Figure 4.18. Type I error rate by sample size for LR, LLM5, and LLM10. 

 

b)  Ability mean difference: The Type I error rates of the methods increased when the 

ability mean difference increased. Table 4.8 indicates that LLM5 and LLM10 had the lowest 

Type I error rate across the levels of ability mean difference. The Type I error rates for LLM5 

changed from 0.049 to 0.064 with the increment of ability mean difference. Comparing with 

LLM10, LL5 had considerably similar results on the Type I error rates under the ability mean 

difference conditions. The Type I error rates for LLM10 ranged from 0.044 to 0.072. The Type I 

error rates for the both methods were fell into the nominal range when the ability mean 

difference was equal to 0.5. On the other side, LR had the highest Type I error rates ranging from 

0.050 to 0.089. However, these values were close to the Type I error rates of LLM5 and LLM10. 

All models, especially LR, resulted in Type I error rate inflation when the ability mean 

difference was equal to 1. Figure 4.19 supports these findings. 
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According to Figure 4.19, when ability mean difference increased, the Type I error rates 

of the methods increased. LR had the largest Type I error rate under different ability mean 

difference conditions. The Type I error rates for LLM5 and LLM10 overlapped at small and 

medium ability mean difference conditions. When the ability mean difference between two 

groups was 1, LLM5 had the smallest Type I error rate. 

 

                        (a)                                                                      (b) ‘ 

 
 

Figure 4.19. Type I error rate by ability mean difference for LR, LLM5, and LLM10. 

 

 c) Item Discrimination: As it can be seen in Table 4.8, the Type I error rates of the 

models increased when item discrimination increased. LLM5 had the lowest Type I error rate 

while LR had the greatest Type I error rates across the levels of item discrimination. The Type I 

error rates of LR were higher than expected value at the each level of item discrimination. 

Regarding LLM5, the Type I error rates were close to lower and upper boundary of nominal 

range under the low item discrimination and medium discrimination, respectively. The Type I 
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error rate of LLM10 was within the nominal range at low item discrimination condition. At the 

same time, the Type I error rates of LLM10 went away from the nominal range with the 

increment of the item discrimination. The pattern of the Type I error rates of the models was 

presented in Figure 4.20.   

  As seen in Figure 4.20, the Type I error rate of LR was larger than the Type I error rates 

of LLM5 and LLM10. Even though the Type I error rates for LLM5 and LLM10 were similar at 

low item discrimination condition, LLM5 had lower Type I error rate at medium and high item 

discrimination conditions. 

 

                                     (a)                                                                       (b)         

 
 

Figure 4.20. Type I error rate by item discrimination for LR, LLM5, and LLM10. 

 

 

d) Item Difficulty: None of the Type I error rates of the model was within the nominal 

range under the item difficulty conditions. Type I error rates of LR, LLM5 and LL10 displayed 

different directions for different item difficulties. For example, the Type I error rate of LR 
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increased as the item difficulty increased and it was inflated when the studied item was difficult. 

On the other hand, LLM5 and LLM10 had the lowest Type I error rate at the medium item 

difficulty condition. They also had the inflated Type I error rate when the studied item was 

difficult. The Type I error rates for LLM5 varied from 0.048 to 0.066 and LLM10 varied from 

0.048 to 0.075. Moreover, the Type I error rates of LR were the largest and varied from 0.054 to 

0.082 across the levels of item difficulty.  

Based on Figure 4.21, LR had the largest Type I error across the levels of item difficulty. 

The Type I error rates increased as item difficulty increased. LLM5 and LLM10 indicated the 

similar Type I error rates at low and medium item difficulty conditions and inflated Type I error 

rate at high item difficulty condition. The Type I error rates of LLM5 and LLM10 were lower 

than the Type I error rate of LR at each item difficulty condition. 

 

                      (a)                                                                       (b)         

 
 

Figure 4.21. Type I error rate by item difficulty for LR, LLM5, and LLM10. 
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 e) Pseudo-guessing Parameter: Table 4.8 displayed that the Type I error rates for the 

methods were higher than expected when pseudo-guessing parameter was equal to 0.2. Only, 

LLM10 had the Type I error rate that was within the nominal range when the guessing parameter 

was 0. Like with the previous factors, LR had the largest Type I error rate while LL5 had the 

lowest Type I error rate across the levels pseudo-guessing parameter. The findings were identical 

with Figure 4.22.                    

As experienced in the other factors, LR had the highest Type I error rate while LLM5 had 

the lowest Type I error rate (Figure 4.22). As seen from the figures, including pseudo-guessing 

parameter in the generated model caused an increase in Type I error rates of the methods. 

However, when the pseudo-guessing parameter was equal to 0 in the generated model, the Type I 

error rates became closer to expected. 

 

                                     (a)                                                                       (b)         

 
 

Figure 4.22. Type I error rate by pseudo-guessing parameter for LR, LLM5, and LLM10. 
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Table 4.8. Averaged Type I error Rates of LR, LLM5, and LLM10 for Non-uniform DIF 

 Model 

Factor LR LLM5    LLM10 

Sample Size    

200/200    0.056    0.047    0.047 

400/200      0.058    0.047    0.048 

500/300    0.064    0.048 0.050* 

500/500    0.067    0.055    0.057 

1000/300    0.066    0.054    0.058 

1000/1000    0.085    0.068    0.076 

Ability mean 

difference     

0   0.050*      0.045    0.044 

0.5     0.060 0.050* 0.051* 

1     0.089    0.064    0.072 

Item Discrimination    

Low      0.059    0.049 0.050* 

Medium      0.064    0.052    0.057 

High      0.076    0.058    0.061 

Item Difficulty     

Low (-1)    0.054    0.048    0.048 

Medium (0)    0.062    0.046    0.045 

High (1)     0.082    0.066    0.075 

Guessing Parameter    

0    0.055    0.047 0.049* 

0.2     0.077    0.059    0.063 

* Type I error rate within the 95%CI 

 

ii) Power (DIF Detection Rate) 

 Table 4.9 provides the power for the methods across the levels of each factor. In general, 

LR had the highest power and LLM5 had the lowest power under the studied factors. However, 

the powers were not considerably different for the methods. The powers of the methods that 

varied from 0.28 to 0.76 were examined by each factor below.  
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a) Sample Size: The power of the methods increased as sample size increased (Table 4.9). 

Despite the highest power of LR across the levels of sample size, it had inflated Type I error 

rates on the large sample size conditions. The powers of LLM5 and LLM10 were close to power 

of LR. Likewise LR, LLM5 and LLM10 had inflated Type I error rates at the large sample size 

condition. The methods were more powerful on detecting DIF under the large sample size as a 

result of inflated Type I error rate. Figure 4.23 illustrated power of the models under the varied 

sample size.  

 

                                (a)                                                                       (b) 

 

Figure 4.23. Power by sample size for LR, LLM5, and LLM10. 

 

Figure 4.23 displays that LR had the highest power while it had inflated Type I error rates 

at high sample size conditions. LLM5 and LLM10 overlapped in this figure. They almost had the 

same power across the levels of sample size. The power of LLM5 and LLM10 were also inflated 

at large sample size condition. 



83 

 

b) Ability Mean Difference: As observed from Table 4.9, when the ability mean 

difference increased, the methods slightly lost power on DIF detection. Although LR had the 

largest power and LLM5 had the lowest power, the power of the methods were close to each 

other and varied around 0.50 across the levels of ability mean difference. Generally, the methods 

had equally well performance on DIF detection. Figure 24 displays the power change in the 

methods by the levels of ability mean difference. 

 

                                   (a)                                                                         (b)         

 
 

Figure 4.24. Power by ability mean difference for LR, LLM5, and LLM10. 

 

It can be clearly seen from Figure 4.24 that the powers of the methods had the same 

direction across the ability mean difference conditions. The power of the methods decreased with 

the increment of ability mean difference. LR had the largest power among the methods. For 

LLM5 and LLM10, there was not noticeable change in power under the factor.  
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c) Item Discrimination: Different methods showed the same pattern on the power as the 

level of item discrimination changed. Power for the methods increased as increment in the item 

discrimination (Table 4.9). LR had the largest power while LL5 had the lowest power for all 

levels of item discrimination. On the other hand, there were not important difference between the 

power of LLM5 and the power of LLM10. Figure 4.25 provides the results for power of the 

methods under the item discrimination factor visually.    

 

                                    (a)                                                                        (b)         

 
 

Figure 4.25. Power by item discrimination for LR, LLM5, and LLM10. 

 

The findings in Table 4.9 are in agreement with Figure 4.25. Again, the power for the 

methods increased with the increment of the item discrimination. As Figure 4.25 shows, LR had 

the highest power across the levels of item discrimination. Additionally, LL5 and LLM10 did not 

indicate any visible difference on the power. 
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d) Item Difficulty: As for the studied levels of item difficulty, the power of the methods 

decreased when the difficulty of an item increased. LR indicated more power on DIF detection 

(Table 4.9). On the other hand, although the power of LLM5 and LLM10 were smaller than the 

power of LR, all models had the similar values on the power. Figure 4.26 illustrates the results 

for the power of the models visually. 

 

                       (a)                                                                           (b)        

Figure 4.26. Power by item difficulty for LR, LLM5, and LLM10. 

 

  Based on Figure 4.26, the power of the methods had similar direction on the levels of 

item difficulty. When the studied item was an easy item, the methods had the highest power on 

DIF detection. Like with the other factors, LR had the highest power when compared with LLM5 

and LLM10. However, LR, LLM5 and LLM10 were equally powerful to detect DIF when the 

item was easy. 
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  e) Pseudo-guessing Parameter: Table 4.9 displays that the power for all methods became 

weaker when pseudo-guessing parameter was equal to 0.2. The methods had better performance 

on DIF detection, when there was not pseudo-guessing parameter in the generated model. As in 

the previous factors, LR had the largest power across the levels of pseudo-guessing parameter. 

On the other hand, LLM5 and LLM10 had equally well performance on DIF detection across the 

levels of pseudo-guessing parameter. Figure 4.27 agrees with Table 4.9. 

   

                                  (a)                                                                          (b) 

 

Figure 4.27. Power by pseudo-guessing parameter for LR, LLM5, and LLM10. 

 

Figure 4.27 shows that including pseudo-guessing parameter in the generated model 

changed the power of the methods adversely. In other words, the power of the methods 

decreased when there is a pseudo-guessing parameter of 0.2. As experienced in the previous 

factors, LR had the highest power among the methods under the levels of pseudo-guessing 
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parameter. As seen from the figure, the lines that represent LLM5 and LLM10 overlapped across 

the levels of pseudo-guessing parameter, that is, they had the close values in power. In general, 

all methods perform equally well to detect DIF, when the generated model included pseudo-

guessing variable of 0.2. 

 

Table 4.9. Averaged Power of LR, LLM5, and LLM10 for Non-uniform DIF 

 

 

 

4.2 Simulation Study for Polytomous Item Response Data 

In this section, LLM method was applied to polytomous item response data to detect DIF 

item. The performance of six DIF detection methods were investigated with regard to Type I 

error rates and powers. 

 Model 
Factor         LR  LLM5  LLM10 
Sample Size    

200/200 0.362 0.279 0.285 
400/200 0.440 0.392 0.398 
500/300 0.524 0.476 0.478 
500/500 0.605 0.532 0.529 
1000/300 0.581 0.565 0.587 
1000/1000 0.757 0.711 0.709 

Ability mean     
0 0.599 0.540 0.549 

0.5 0.536 0.489 0.489 
1 0.500 0.455 0.457 

Item Discrimination    
Low  0.347 0.307 0.310 

Medium  0.575 0.514 0.515 
High  0.713 0.657 0.668 

Item Difficulty     
Low (-1) 0.696 0.640 0.656 

Medium (0) 0.574 0.496 0.495 
High (1) 0.404 0.342 0.342 

Guessing Parameter    
0 0.709 0.623 0.624 

0.2 0.381 0.363 0.371 
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Research Question 5: What is the effect of the impact between the reference and focal 

groups on both Type I error rate and power in moderate DIF investigation under the various 

sample size and DIF type for polytomous case? 

The 2-way repeated measure ANOVA was conducted to analyze how the Type I error 

rates for GMH, Mantel, OLR, LDFA, LLM5 and LL10 were affected by the studied factors. The 

Type I error rates of the methods were assigned as dependent variable. The methods were 

considered as within-subjects factor while the sample size and ability mean difference between 

groups were considered as between-subjects factors. The DIF type was not included in this 

analysis because all DIF type have the common Type I error rates. At the same time, the three-

way repeated measure ANOVA was conducted to analyze the power for the methods that was 

assigned as a dependent variable. Again, the methods were considered as within-subjects factor 

while sample size, ability mean difference between groups, and DIF type were considered as 

between-subjects factors.  

i) Type I error Rate 

  Table 4.10 demonstrates repeated measure ANOVA results for polytomous DIF case. 

Since the three-way interaction caused insufficient degrees of freedom (df), the two-way 

interaction was considered in this ANOVA analysis. The table indicates the between-subjects 

effects and within-subjects effects. The Greenhouse-Geisser test was used as a result of the 

violation of sphericity assumption. The p-value of F test and eta squared related to the effect 

were used to investigate the statistical and practical significance of that effect on the Type I error 

rate, respectively. From Table 4.10, all main effects were statistically and practically significant. 

That is, the Type I error rate was sensitive to method, ability mean difference and sample size. 

Although, the sample size and method accounted for the largest variation in the data F(5, 17) = 
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10.09, p < .001, ̂ = 0.132 and F(1.95, 35) = 26.18, p < .001, ̂ = 0.116, respectively, the two-

way interaction between method and sample size did not have practically important effect on 

Type I error rate (F(9.72, 35) = 1.71, p < .001, ̂ = 0.038). However, the significant higher order 

effects were the major interest in this analyses. Based on Table 4.10, the two-way interaction 

effect between method and ability mean difference was statistically significant and practically 

important on Type I error rate. The interaction between method and ability mean difference 

accounted for 9.8% of the variation in the data (F(3.89, 35) = 11.08, p < .001, ̂ = 0.098). Figure 

4.29 and Table 4.11 support these findings. For example, as seen in Figure 4.29, LLM5 had the 

lowest Type I error rate at equal ability mean difference condition while it had the highest Type I 

error rate at ability mean difference of 1.  

 

Table 4.10. The ANOVA Results of Type I error Rates under the Polytomous Case 

 

Source 

Sum of 

Squares       df 

Mean 

Square   F p 

Eta 

Squared 

Between Subjects 18345.49 17     

MD 4074.57 2 2037.29 8.628   .007 0.045 

N 11909.71 5 2381.94 10.088   .001 0.132 

Ss w/in groups 2361.20 10 236.12    

Within Subjects 26738.16 35     

Method 10461.38 1.95 5379.50 26.18 <.001 0.116 

Method × MD 8854.87 3.89 2276.70 11.08 <.001 0.098 

Method ×  N 3425.23 9.72 352.27 1.71   .149 0.038 

Method × Ss 

w/in groups 

3996.69 19.45 205.52    

Total 90167.314 52.004     

Note. N and MD indicate, sample size and ability mean difference between reference group and 

focal group, respectively. 
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ii) Power (Detection Rate) 

  Table 4.11 presents the results of three-way repeated measure ANOVA for polytomous 

DIF case in which power was considered as the dependent variable.  The table summarizes the 

between-subjects effects and within-subjects effects for studied factors. Again, Greenhouse-

Geisser test was used in the table because of the violation of the sphericity assumption.            

       Table 4.11 indicates that the main effects for the method, sample size, and DIF type were 

statistically and practically on the power. Although the ability mean difference had statistically 

significant effect on the power, it did not have a practical importance (F(2, 108) = 9178.58, p < 

.001, ̂ = 0.000). As it can be seen in Table 4.13 and Table 4.14, although the averaged Type I 

error rates for the methods were similar under the various ability mean difference, there was a 

visible discrepancy between the averaged powers of Mantel and OLR and the averaged power of 

GMH, LDFA, LLM5, and LLM10 under the various ability mean difference conditions. 

Furthermore, this discrepancy became considerably large under the various DIF type. None of 

the statistically and practically important three-way interactions included ability mean difference. 

The only important three-way interaction occurred between the method, sample size, and DIF 

type. It accounted for 1.7% of the variation (F(80.88, 349.11) = 55.43, p < .001, ̂ = 0.017). 

Figure 4.28 shows these results visually. It can be seen clearly from the figure that 

methods indicated the different pattern for DIF type under the various sample size conditions. 

For example, the power of the methods were almost the same for the constant DIF, however, 

there was a big discrepancy between the power of Mantel and OLR and the power of the other 

methods for balanced DIF under the large sample size. 
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 Table 4.11. The ANOVA Results of Power under the Polytomous Case 

Source 
   Sum of 

Squares 
     df 

   Mean 

Square 
F p 

Eta 

Squared 

Between Subjects 39717648.66 108     

DT 27259917.94 5 5451983.59 6954.97 <.001 0.388 

MD 18357.15 2 9178.58 11.71 <.001 0.000 

N 8718996.16 5 1743799.23 2224.53 <.001 0.124 

DT × MD 65371.68 10 6537.17 8.34 <.001 0.001 

DT × N 3610413.01 25 144416.52 184.23 <.001 0.051 

MD × N 5397.85 10 539.79 .69   .730 0.000 

Ss w/in groups 39194.87 50 783.90    

Within Subjects 30554242.67 349.11     

Method 15673151.27 3.24 4844487.39 18231.84 <.001 0.223 

Method × DT 12307740.23 16.18 760851.36 2863.40 <.001 0.175 

Method × MD 79454.52 6.47 12279.49 46.21 <.001 0.001 

Method × N 1171518.90 16.18 72422.05 272.56 <.001 0.017 

Method × DT× MD 70889.54 32.35 2191.16 8.25 <.001 0.001 

Method × DT × N 1191181.16 80.88 14727.51 55.43 <.001 0.017 

Method × MD × N 17324.15 32.35 535.48 2.02   .002 0.000 

Method × Ss w/in 

groups 
42982.90 161.76 265.72      

Total 70271891.33 457.11     

Note. N, MD, and DT indicate, sample size, ability mean difference between reference group and 

focal group, and type of DIF, respectively. 
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                             (a) Constant                                        (b) Balanced 

        
 

   (c) P1                                                            (d) P2 

 
 

   (e) P3                                                            (f) P4 

 
 

Figure 4.28. Power by sample size and DIF type for GMH, Mantel, OLR, LDFA, LLM5, and 

LLM10. 
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Research Question 6: In investigating moderate DIF, does LLM perform better than or 

as well as other observed score matching DIF methods under the different impact, sample size, 

and DIF type factors for polytomous item response data in terms of Type I error rates and 

power? 

The performances of six DIF detection methods were investigated by Type I error rates 

and powers. Since the inflated Type I error rate is associated with increased power which is the 

DIF detection rate when there is DIF, the powers for evaluating the performances of different 

methods were interpreted after Type I error rates were examined (Jodoin &Gierl, 2001). The 

Type I error rates were evaluated based on the one sample proportion test for 95% CI. It was 

calculated by utilizing the product of number of replications and number of conditions (Table 

4.12).   

 

Table 4.12. 95%CI for Factors in Polytomous Case 

Factor 95%CI 

N (0.0422 , 0.0578) 

MD (0.0440 , 0.0555) 

DT (0.0468 , 0.0531) 

 

 

i) Type I error Rate: 

  Table 4.13 summarizes the averaged Type I error rates across the various levels of each 

factor for GMH, Mantel, OLR, LDFA, LL5, and LL10. The overall Type I error rate for each 

method was added to the last row of Table 4.14 to facilitate the interpretation of power of DIF 

type. According to the table, the Type I error rates of the method were either within the nominal 

range or higher than expected. For the sample size, the Type I error rates of the methods for 
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equal sample size were lower than that of the methods for unequal sample size. The Type I error 

rates of the methods were elaborated for each factor below.  

  a) Sample Size: The Type I error rates for the methods are represented in Table 4.13. 

Among the DIF methods, Mantel method had the lowest Type I error rates under different levels 

of sample size. Its Type I error rates fell into the nominal range under the equal sample size 

conditions. On the other hand, they were higher than expected. GMH, OLR, and LLM10 had the 

same pattern across the sample size levels. They had the Type I error rates that were within the 

nominal range under the equal sample size conditions, whereas they were higher than expected 

under the unequal sample size conditions. In addition, LDFA and LLM5 had the worst Type I 

error rates across the levels of sample size. Type I error rates for these methods were generally 

higher than expected and inflated at each sample size. To understand the tendency of Type I 

error rates of the methods, Figure 4.29 and Figure 4.30 are presented below.  

Figure 4.29 indicates that the methods did not follow a regular pattern under the sample 

size conditions. They had the highest Type I error rates at unequal sample size conditions. In 

particular, OLR, LDFA, LLM5, and LLM10 reached the highest Type I error rate values at 

medium and high unequal sample size conditions. GMH and Mantel typically had the lowest 

Type I error rates across the levels of sample size. When the sample size factor was examined 

based on the equal or un equal sample size, Figure 4.30 indicates the pattern of the Type I error 

rates for the methods.  

There was an inclination of Type I error rates for the method when the sample sizes were 

unequal for the groups. It can be clearly seen that the lower Type I error rates for the methods 

occurred when the focal group and the reference group had the equal sample sizes. On the other 

hand, the methods encountered with Type I error rate inflation when the focal group and the 
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reference group had the different sample sizes. In general, GMH and Mantel methods still had 

the lowest Type I error rates. Especially, the Type I error rates of Mantel did not showed large 

difference between equal and unequal sample sizes. 

                 (a)                                                            (b) 

 

 
Figure 4.29. Type I error rate by sample size for GMH, Mantel, OLR, LDFA, LLM5, and 

LLM10.    

 

 

          (a)                                                              (b) 

 
Figure 4.30. Type I error rate by equal/unequal sample size for GMH, Mantel, OLR, LDFA, 

LLM5, and LLM10. 
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b) Ability mean difference: As seen in Table 4.13, the Type I error rate of GMH and 

Mantel decreased and the Type I error rate of OLR, LDFA, LLM5, and LLM10 increased when 

the ability mean difference increased. GMH and Mantel methods generally provided lower Type 

I error rates across the ability mean difference conditions. The Type I error rate of GMH was 

within the nominal range when the ability mean difference was 0.5. The Type I error rates of 

Mantel were within the nominal range when there was an ability mean difference. On the other 

hand, OLR, LDFA, LLM5 and LLM10 had the Type I error rates that were higher than expected 

across the ability mean difference levels. These findings are supported by Figure 4.31. 

 

          (a)                                                            (b) 

 

 
 

Figure 4.31. Type I error rate by ability mean difference for GMH, Mantel, OLR, LDFA, LLM5, 

and LLM10. 

 

Figure 4.31 indicates that GMH and Mantel methods generally had the lowest Type I 

error rates under the ability mean difference conditios. However, LLM5 indicated best Type I 
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error rate at the ability mean difference  of 0 condition. This result changed adversely at the 

ability mean difference of 0.5 and 1 conditions. Likewise, LDFA method also had the Type I 

error rates that were inflated with the increment of ability mean difference. OLR and LLM10 

showed the similar tendency across the levels of ability mean difference. Their Type I error rates 

increased as ability mean difference increased. 

c) DIF Type: The last row of Table 4.13 presents the Type I error rate of each method for 

DIF type. Although Mantel had the lowest Type I error rate and LLM5 had the largest Type I 

error rate, none of the Type I error rates for the methods was within the nominal range. Namely, 

they were relatively higher than expected.  

 

Table 4.13. Averaged Type I error Rates of GMH, Mantel, OLR, LDFA, LLM5, and LLM10 

                 Method   

Factors GMH Mantel OLR LDFA LLM5 LLM10 

Sample Size       
200_200 0.052* 0.049* 0.055* 0.059 0.052* 0.051* 
200_400 0.057* 0.048*  0.065 0.076 0.084   0.073 
300_500  0.070  0.061  0.072 0.086 0.100   0.090 
500_500 0.051* 0.055* 0.052* 0.067 0.069   0.057* 
300_1000  0.066  0.062  0.078 0.091 0.105   0.083 

 1000_1000 0.048* 0.051* 0.056* 0.077 0.082   0.054* 
Mean DIF       

0  0.061  0.058  0.061 0.063 0.056   0.063 
0.5 0.054* 0.054*  0.064 0.072 0.080   0.068 
1  0.057 0.051*  0.065 0.095 0.111   0.073 

DIF Type       
(overall mean)  0.057  0.054  0.063 0.076 0.082   0.068 

 

 

ii) Power (DIF Detection Rate):  

 Power for six methods are summarized across the various sample size, ability mean 

difference, and DIF type in Table 4.14. The powers of the methods were expected to be 
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increased under the conditions in which the Type I error rates of the methods were inflated 

(Jodoin & Gierl, 2001). The comparison of the DIF detection rates as power comparison would 

be more meaningful when the Type I error rates are not much different. The powers of the 

methods were evaluated and discussed for each factor separately. In general, Mantel had the 

lowest powers whereas LL10 had the highest powers under the studied factors. These methods 

were compared based on the power for each factor below.  

  a) Sample Size: The power for the methods increased when the sample size increased. 

Generally, Mantel and OLR had the lowest powers and LLM5 and LLM10 had the highest 

powers across the sample size conditions (Table 4.14). Because of the well-controlled Type I 

error rates for GMH, Mantel, OLR and LLM10, LLM10, these methods were equally powerful 

to detect DIF under the equal sample size conditions. On the other hand, although the power for 

GMH, LLM5 and LLM10 seemed equally well to detect DIF, they has considerably different 

Type I error rates across the unequal sample size conditions. Figure 4.32 displays the powers of 

the methods across the sample size levels. 

 

         (a)                                                                      (b) 

 
Figure 4.32. Power by sample size for GMH, Mantel, OLR, LDFA, LLM5, and LLM10. 
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Figure 4.32 indicates that Mantel and OLR had the smallest power and LL5 had the 

highest power under the sample size conditions. GMH, LDFA, LLM5, and LLM10 showed the 

same pattern across the levels of sample size. The powers of these methods increased when the 

sample size increased. On the other hand, the powers of Mantel and LDFA did not increase for 

equal-medium and equal-high sample size conditions. 

b) Ability mean difference: Table 4.14 indicates that Mantel had the lowest power 

whereas LLM5 method had the highest power under the ability mean difference conditions. 

Although the methods had close Type I error rates in general, there was a considerable 

discrepancy between the powers of Mantel and OLR and the powers of GMH, LDFA, LLM5, 

and LLM10. Moreover, for each method, the power did not increase or decrease across the 

ability mean difference conditions. Figure 4.33 shows the pattern of power for the methods under 

the varied ability mean difference. 

 

                              (a)                                                                      (b) 

 

 
Figure 4.33. Power by ability mean difference for GMH, Mantel, OLR, LDFA, LLM5, and 

LLM10. 



100 

 

It can be seen in Figure 4.33 that the power of each method did not show visible 

difference when the ability mean difference increased. According to the figure Mantel had the 

lowest power and LL5 had the highest power among the methods, and the methods had the 

similar strength on DIF detection. This figure also supports the finding that there was a large 

difference between the powers of Mantel and OLR and the powers of GMH, LDFA, LLM5, and 

LLM10. 

 

c) Type of DIF: Table 4.14 presents the averaged powers of the methods for each DIF 

type. For the constant DIF, the powers of the methods varied around 0.60. Among the methods, 

OLR and Mantel had highestpower values. However, for the other DIF types, they had 

considerably small powers comparing with the power of other methods. GMH, LDFA, LLM5, 

and LLM10 displayed high power for balanced DIF. In particularly, based on the Type I error 

rate and power, GMH had better performance on DIF detection. For the partial DIF types, LLM 

5 had the highest power. As mentioned before, the inflated Type I error rate might have 

increased the power. Additionally, none of the methods was capable of detecting DIF when the 

threshold parameter of the last category was different for the groups. Figure 4.34 supports these 

findings visually.      

Figure 4.34 presents how different the power of methods for each DIF type is. In general, 

the power of the methods were similar for constant DIF and partial_4  DIF. However, there was 

a big difference between the power of Mantel and OLR and the power of GMH, LDFA, LLM5, 

and LLM10. GMH, LDFA, LLM5, and LLM10 had the highest powers under the balance DIF 

while Mantel and OLR had the highest powers under the constant DIF. 
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                                  (a)                                                              (b) 

 
 

Figure 4.34. Power by type of DIF by GMH, Mantel, OLR, LDFA, LLM5, and LLM10. 

 

Table 4.14. Averaged Power of GMH, Mantel, OLR, LDFA, LLM5, and LLM10 

 Method 
Factors GMH Mantel OLR LDFA LLM5 LLM10 
Sample Size       

200_200 0.342 0.111 0.133 0.323 0.390 0.378 
200_400 0.413 0.179 0.216 0.398 0.478 0.452 
300_500 0.514 0.215 0.261 0.486 0.584 0.546 
500_500 0.608 0.202 0.236 0.565 0.657 0.628 
300_1000 0.602 0.289 0.346 0.575 0.669 0.632 

 1000_1000 0.799 0.291 0.347 0.784 0.823 0.806 

Mean Dif       

0 0.564 0.230 0.251 0.525 0.58 0.584 
0.5 0.552 0.217 0.265 0.522 0.602 0.579 
1 0.523 0.197 0.253 0.519 0.618 0.558 

DIF Type       

constant 0.561 0.635 0.686 0.533 0.654 0.598 
balanced 0.985 0.150 0.249 0.981 0.992 0.991 

p1 0.515 0.143 0.239 0.473 0.597 0.556 
p2 0.655 0.167 0.165 0.612 0.705 0.692 
p3 0.502 0.135 0.137 0.455 0.56 0.532 
p4 0.061 0.056 0.064 0.078 0.093 0.073 
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4.3 Empirical Data Analysis 

 In this part, LLM and other observed score DIF detection methods were applied to real 

data sets. The data sets were obtained from the Trends in International Mathematics and Science 

Study (TIMSS) 2011 achievement test. TIMSS 2011 was collected from 4th and 8th grade 

students from 45 countries (Foy, Arora, & Stanco, 2013), and it consisted of 14 booklets each of 

which had 26 items (21 dichotomous items and 5 polytomous items). The items in TIMSS 2011 

were written in English and then they were translated into other languages. Since the native 

language of both the United States of America (USA) and England (ENG) was English, the data 

from the USA and England were used as the reference group and the focal group in this study, 

respectively.  Booklet 1 was selected for DIF analysis. It was administrated to 728 students in the 

USA and 282 students in England. The descriptive statistics for the empirical data are displayed 

in Table A7 (Appendix A) in which Item 3, Item 4, Item 7, Item 8, and Item19 are polytomous 

items and the rest of the items are dichotomous items. When DIF was detected, the total test 

score from the dichotomous items and the polytomous items were used as a matching variable.  

The consistency of the DIF detection among the methods was investigated. For this 

purpose Cohen’s Kappa coefficient was used (Cohen, 1960): 

 � = −−  (4.1) 

where 

 is the observed agreement 

 is the chance agreement 

Landis and Koch (1977) suggested following cutoff points for Cohen’s kappa coefficient: � < .  is weak agreement . < � < .  is fair agreement 
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. < � < .  is moderate agreement . < � < .8 is high agreement .8 < � is almost perfect agreement 

 Table 4.15 shows the dichotomous items that were flagged as DIF by MH, LR, LLM5, 

and LLM10. MH detected nine items as DIF item. These items were also flagged as DIF items 

by other methods. Different from these items, LR and LLM5 flagged two items as DIF item and 

LLM10 flagged one item as DIF item. LR and LLM5 detected the same items as DIF item. From 

Table 4.17, LR and LLM5 had almost perfect agreement. Although MH and LR indicated lowest 

agreement among the methods, the agreement between these methods was still high (0.72). 

 

Table 4.15. Dichotomous Items Flagged as DIF  

  NR=728, NF=284  

Item �  � � �  �  

1  44.2***    9.2 **   41.7***  42.3*** 

2 × 4.0 * 4.0* × 

5 × × × × 

6 × × × × 

9  8.2**        4.6*   8.5**  9.0** 

10 5.9* 6.7** 6.3*      6.5* 

11 14.5*** 14.0***   15.9*** 16.0*** 

12 59.8*** 61.5***   59.2*** 60.5*** 

13 8.9** 11.9***   9.4** 9.7** 

14 7.6** 8.1**   9.5** 9.4** 

15 × × × × 

16 × × × × 

17 ×        4.5* 4.1* × 
18 17.8*** 18.5***   17.4*** 18.0*** 

20 25.6*** 23.1***   26.5*** 26.3*** 

21 × × × × 

22 × × × × 

23 × × × × 

24 ×        4.5* 4.9*      4.9* 

25 × × × × 

26 × × × × 

*p<0.05, **p<0.01, ***p<0.001 and ×= Flagged as no DIF item 
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Table 4.16. Polytomous Items Flagged as DIF  

   NR=728, NF=284   

Item GMH Mantel OLR LDFA LLM5 LLM10 

3 × × × × × × 

4 × × × × × × 

7 × × × 16.9** × × 

8 × × × × × × 

19 20.6*** 20.4*** 19.01*** 33.3*** 14.6** 19.6*** 

*p<0.05, **p<0.01, ***p<0.001 ×= Flagged as no DIF item 

 

 

 

Table 4.16 shows the polytomous items that were flagged as DIF by GMH, Mantel, OLR, 

LDFA, LLM5, and LLM10. One item out of five items was commonly flagged as DIF item. 

Only LDFA method detected one additional item as DIF item.  From Table 4.18, the agreement 

between LDFA and the other method was 0.55 which is moderate agreement. The other methods 

had almost perfect agreement. 

 

 

Table 4.17. Cohen’s Kappa Coefficients for Dichotomous Items 

 

 MH LR LL5 

LR 0.72   

LLM5 0.72 1  

LLM10 0.90 0.81 0.81 

 

 

 

Table 4.18. Cohen’s Kappa Coefficients for Polytomous Items 

 

 GMH Mantel OLR LDFA LLM5 

Mantel 1     

OLR 1 1    

LDFA 0.55 0.55 0.55   

LLM5 1 1 1 1  

LLM10 1 1 1 1 1 
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CHAPTER 5 

CONCLUSION 

5.1 Overview 

 LLMs are commonly used models to analyze a multidimensional contingency table when 

variables are categorical (Agresti, 2013). They examine the relationship between the categorical 

variables. LLMs were first introduced as a DIF detection method by Mellenbergh (1982). He 

applied LLM to investigate DIF in a real data set which consisted of dichotomous items. After 

Mellenbergh’s study, a few simulation studies were conducted to determine the performance of 

LLM as a DIF detection method (Welkenhuysen-Gybels & Billiet, 2002; Welkenhuysen-Gybels 

2004). These studies did not examine the effect of impact on DIF detection with LLM under 

various sample size, item discrimination, item difficulty, and pseudo-guessing parameters,  

which this research investigated.  

5.2 Conclusion  

 The first objective of this study was to investigate the effect of an ability mean difference 

between the reference group and focal group which was defined as impact on DIF detection. It 

was investigated under the following factors: sample size, item discrimination, item difficulty, 

and pseudo guessing parameter for dichotomous item response data and sample size and DIF 

type for polytomous item response data. The simulation study was repeated for dichotomous 

item response data (uniform and non-uniform) and polytomous item response data (balanced, 

constant, and partial). To investigate the influence of impact on DIF detection, repeated measure 

ANOVA analysis was conducted on Type I error rates and power.  

 For dichotomous item response data with uniform DIF, the methods and the ability mean 

difference (impact) individually had significant interactions with sample size, item 
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discrimination, and pseudo-guessing parameter on Type I error rates. When the two groups had 

the same ability mean, LLM5, LLM10, and LR showed considerably well-controlled and similar 

Type I error rates across the levels of each factor. MH had the lowest Type I error rates which 

were lower than expected. The variety in the sample size, item discrimination, and pseudo-

guessing parameter did not seem to influence the Type I error rates of the methods when the 

ability means of the reference and focal group were equal. On the other hand, when the ability 

mean difference between the two groups increased, the Type I error rates of the methods 

increased accordingly. Especially, LLM5 revealed the highest inflation in the Type I error rate 

with the high ability mean difference under the large sample size and high item discrimination. 

However, MH still indicated better Type I error rates when the ability mean difference increased. 

Although the ability mean difference had significant effect on the power, it did not show 

important interaction effects with the other factors. Each method had similar power across the 

levels of ability mean difference for the studied factors. In general, LLM10 indicated similar 

results with LR for the uniform DIF in terms of Type I error rate and power.  

 For dichotomous item response data with non-uniform DIF, the results from repeated 

measure ANOVA analysis indicated that the ability mean difference had the largest effect on 

powers. When the ability mean difference interacted with item discrimination, item difficulty, 

and pseudo-guessing parameter, the methods had significantly different Type I error rates. LR 

generally had the higher Type I error rates than other methods. LLM5 and LLM10 had the 

closest and smallest Type I error rates across all ability mean difference levels. When the two 

groups had the same ability mean difference, LR, LLM5, and LLM10 had fairly close and good 

Type I error rates across the levels of each factor. On the other hand, the Type I error rates of LR 

increased with increasing mean differences. In particular, the Type I error rates of LR were fairly 
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inflated at the highest level of each factor when the ability mean difference was 1. As with the 

uniform DIF case, power levels were not influenced by the interaction between the factors. The 

methods had similar power for each condition. All in all, when there was an ability mean 

difference, LLM5 indicated better results to detect non-uniform DIF under the various 

combination of item parameters.  

 For the polytomous item response data, the ability mean difference and method had an 

important interaction effect on the Type I error rates. When the reference group and focal group 

had equal ability means, LLM5 was better at detecting DIF. When the two groups had different 

ability means, GMH displayed better performance than the other methods. Kristjonson (2001) 

stated that OLR was robust against mean difference when it was compared with Mantel, GMH, 

and LDFA. In this study, Mantel and OLR were found to be less affected by the ability mean 

difference. However, these methods had very low power to detect DIF. In terms of the DIF type, 

OLR and Mantel were not capable to detect balanced DIF and partial DIF. In the current study, 

GMH and LL10 were better able to detect polytomous DIF under the various DIF type and 

ability mean differences.  

The second objective of this study was to investigate the performance of LLM and other 

observed score matching DIF methods under the different impact, sample sizes, item 

discriminations, item difficulties, and pseudo-guessing parameter factors for uniform and non-

uniform dichotomous item response data and for polytomous item response data. For this 

purpose, the Type I error rates and power levels for the methods were examined under each 

studied factor. The comparison of DIF detection rates in the DIF condition (“power” hereafter  

for simplicity) should be interpreted with caution, keeping in mind that the comparison of power 

levels requires the same or similar Type I error rates across the methods that are being compared.   
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Expectedly, for the dichotomous item response data with uniform DIF, MH had better 

performance than the other methods on DIF detection for each level of the factors. LLM10 and 

LR revealed quite similar Type I error rates and powers across the levels of each factor. Thus, 

LR and LLM10 performed equally well to detect DIF under all studied factors. For dichotomous 

item response data with non-uniform DIF, LLM10 showed lowest Type I error rates and power 

while LR had highest Type I error rates and power for each level of the factors. Generally, the 

investigation resulted in the close Type I error rates and power levels for all the methods. Thus, it 

can be concluded that all the methods had equally good performance on DIF detection. For the 

polytomous item response data, Mantel and OLR indicated very low power for DIF detection. 

Generally GMH and LLM10 detected DIF more effectively across different sample sizes. When 

the ability mean difference was equal, GMH, LDFA, LLM5, and LLM10 had comparable 

performance for DIF detection. However, when there was an ability mean difference between the 

reference group and focal group GMH performed better to detect DIF. Overall, GMH and 

LLM10 were better at detecting DIF for polytomous item response data under the various DIF 

types, sample sizes, and ability mean differences. 

In addition to the simulation study, the empirical data study indicated that all the methods 

had high agreement with each other to detect DIF. They generally flagged the same items as DIF 

items with more than 80% agreement. 

5.3 Practical Implication 

This study revealed important results for the LLM method. The performance of LLM and 

the effect of impact on LLM as a DIF detection method under the various factor was not clear in 

previous studies (Mellenbergh, 1982; Welkenhuysen & Billiet, 2002; Welkenhuysen, 2004). This 

dissertation, first, indicated that LLM with an appropriate number of ability strata (i.e. the 
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number of categories in the matching variable) performed as well as LR to detect uniform DIF 

and non-uniform DIF.  That is, it can be used for DIF detection purposes instead of LR or 

interchangeably with LR and MH. Since LLM includes only categorical variables, it can be 

applied to the mastery tests, tests that classified test takers, or tests that simply ordered the test 

takers.  

Second, this dissertation found that LLM is appropriate to detect DIF in polytomous item 

response data. Hanson and Feinstein (1997) proposed a polynomial log-linear model (PLLM) to 

detect DIF for polytomous data and they used LLM with polynomial terms for the matching 

variable, item score, and grouping variable. They illustrated the model using real data; however, 

the polynomial terms increased the complexity of DIF detection modeling. In general, LLM is 

easier to implement. In terms of MH and LR, the modeling of these methods were extended to 

the polytomous item response data (GMH and OLR). However, LLM can be used for both 

dichotomous or polytomous item response data without changing the modeling framework. In 

addition, LLM can be easily applied to mixed item format tests (which have dichotomous and 

polytomous response items), which can save time for researchers and practitioners.  

5.4 Limitations 

  It is acknowledge that this study has several limitations. First, as an initial evaluation of 

performance of LLM, this study investigated the importance of impact on DIF detection and the 

performance of LLM as a DIF detection method by manipulating only one DIF item. Godoin and 

Gierl (2001) as well as Narayanan and Swaminathan (1996) reported that the percentage of DIF 

did not influence the performance of MH in their studies, however, when the percentage of DIF 

increased the Type I error rate increased and power decreased for LR. The effect of the 

percentage of DIF items in a test on DIF detection is not yet investigated for LLM. In general, 
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different factors and their levels can be incorporated with this DIF contamination issue in future 

studies.  

Second, the difference between ability distributions of the two groups constrained the 

ability mean difference, however, standard deviations may vary from one group to another group 

in real data. Third, the effect-size index for DIF when using LLM was not investigated in this 

study. Even if an item shows DIF, especially in a statistical significance test, it can be negligible 

or practically not important. It is important to classify DIF in terms of decision making. Wiberg 

(2009) used LLM coefficients to compare the size of DIF for the items that were flagged as DIF, 

however, she did not propose the cut points to classify DIF. To evaluate the DIF, having an 

effect-size index for LLM can reinforce the use of LLM in DIF analysis. Lastly, DIF in the 

polytomous item response data was generated in this study by varying only the item threshold 

parameters. Non-uniform DIF can also be caused by slope differences in the cumulative category 

boundary curves. Thus, it would be useful to investigate the performance of LLM with this kind 

of non-uniform DIF in polytomous item response data as well.  
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Table A2. Averaged Type I error for Ability Mean Difference by the Other Factors under the 

Uniform-Dichotomous Case 
  Ability mean difference=0 Ability mean difference=0.5 Ability mean difference=1 

                            MH         LR         LLM5     LLM10      MH           LR        LLM5  LLM10     MH         LR      LLM5  LLM10  

Sample Size                         

200_200 0.037 0.051* 0.051* 0.053* 0.039 0.056 0.060 0.057 0.039 0.057 0.073 0.061 

200_400 0.038 0.052* 0.053* 0.053* 0.041 0.054 0.061 0.056 0.043 0.061 0.082 0.062 

300_500 0.038 0.047* 0.048* 0.048* 0.044 0.055 0.063 0.056 0.049* 0.064 0.094 0.066 

500_500 0.042 0.051* 0.052* 0.051* 0.040 0.051* 0.063 0.054 0.051* 0.065 0.103 0.069 

300_1000 0.040 0.049* 0.049* 0.050* 0.043 0.054 0.066 0.054 0.045 0.071 0.120 0.071 

1000_1000 0.044 0.049* 0.050* 0.050* 0.049* 0.058 0.080 0.061 0.063 0.073 0.141 0.080 

Item  

Discrimination 

1 0.040 0.050* 0.050* 0.051* 0.040 0.051* 0.054 0.052 0.045 0.059 0.066 0.056 

1.4 0.040 0.050* 0.050* 0.051* 0.042 0.053 0.063 0.055 0.044 0.057 0.089 0.061 

2 0.038 0.050* 0.051* 0.051* 0.046 0.059 0.078 0.062 0.049 0.080 0.150 0.087 

Item Difficulty            

-1 0.038 0.049* 0.049* 0.049* 0.042 0.056 0.070 0.057 0.051* 0.067 0.124 0.073 

0 0.041 0.051* 0.051* 0.051* 0.043 0.055 0.063 0.057 0.051* 0.064 0.096 0.067 

1 0.040 0.050* 0.052* 0.052* 0.043 0.053 0.062 0.055 0.043 0.064 0.086 0.064 

Pseudo-Guessing 

Parameter 
           

0 0.039 0.050* 0.051* 0.051* 0.043 0.056 0.072 0.059 0.052 0.068 0.126 0.076 

0.2 0.040 0.050* 0.050* 0.051* 0.042 0.054 0.059 0.054 0.046 0.063 0.078 0.060 

 

 

Table A3. Averaged Power for Ability Mean Difference by the Other Factors under the Uniform-

Dichotomous Case 

  Ability mean difference=0 Ability mean difference=0.5 Ability mean difference=1 

                           MH        LR        LLM5   LLM10     MH        LR        LLM5    LLM10     MH      LR        LLM5   LLM10 

Sample Size                         

200_200 0.545 0.612 0.609 0.608 0.550 0.617 0.656 0.629 0.510 0.578 0.653 0.598 

200_400 0.689 0.737 0.731 0.737 0.660 0.705 0.747 0.718 0.621 0.651 0.736 0.689 

300_500 0.804 0.833 0.826 0.830 0.780 0.807 0.842 0.820 0.676 0.743 0.822 0.775 

500_500 0.874 0.885 0.892 0.893 0.859 0.878 0.906 0.886 0.813 0.832 0.893 0.851 

300_1000 0.867 0.834 0.882 0.883 0.831 0.845 0.879 0.860 0.781 0.774 0.865 0.823 

1000_1000 0.931 0.934 0.983 0.984 0.969 0.973 0.985 0.927 0.938 0.944 0.926 0.955 

Item  

Discrimination            

1 0.684 0.722 0.831 0.721 0.647 0.687 0.731 0.701 0.582 0.615 0.717 0.652 

1.4 0.789 0.820 0.840 0.842 0.800 0.829 0.860 0.816 0.736 0.784 0.825 0.810 

2 0.882 0.905 0.901 0.904 0.877 0.896 0.916 0.903 0.851 0.862 0.906 0.884 

Item 

Difficulty             

-1 0.843 0.846 0.866 0.870 0.842 0.869 0.892 0.877 0.820 0.848 0.898 0.865 

0 0.819 0.870 0.867 0.868 0.830 0.855 0.877 0.862 0.776 0.821 0.849 0.840 

1 0.694 0.732 0.729 0.730 0.653 0.689 0.738 0.682 0.574 0.591 0.701 0.640 

Pseudo-Guessing 

Parameter            

0 0.860 0.886 0.898 0.901 0.876 0.902 0.922 0.892 0.838 0.879 0.924 0.895 

0.2 0.711 0.745 0.743 0.744 0.674 0.707 0.749 0.722 0.609 0.628 0.708 0.668 
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Table A4. Averaged Type I error for Ability Mean Difference by the Other Factors under the 

Non-uniform-Dichotomous Case 
  

                                    Ability mean difference=0                   Ability mean difference=0.5        Ability mean difference=1 

      LR LLM5 LLM10 LR LLM5 LLM10 LR LLM5 LLM10 

Sample Size                   

200_200 0.050* 0.045 0.044 0.050* 0.045 0.045 0.068 0.050* 0.052* 

200_400 0.052* 0.046 0.046 0.057 0.049* 0.048* 0.066 0.046 0.049* 

300_500 0.050* 0.042 0.043 0.059 0.049* 0.049* 0.081 0.053* 0.058 

500_500 0.049* 0.047* 0.045 0.061 0.051* 0.053* 0.093 0.067 0.074 

300_1000 0.049* 0.045 0.044 0.063 0.050* 0.049* 0.086 0.067 0.081 

1000_1000 0.048* 0.043 0.043 0.069 0.058 0.064 0.138 0.102 0.120 

Item 

Discrimination          

1 0.048* 0.045 0.045 0.055 0.048* 0.049* 0.073 0.054 0.055 

1.4 0.050* 0.045 0.045 0.061 0.050* 0.051* 0.080 0.062 0.076 

2 0.051* 0.044 0.043 0.064 0.053 0.055 0.113 0.078 0.086 

Item Difficulty          

-1 0.049* 0.044 0.044 0.053 0.046 0.047 0.060 0.053 0.054 

0 0.048* 0.041 0.040 0.057 0.046 0.044 0.082 0.050* 0.050* 

1 0.051* 0.049* 0.048* 0.071 0.059 0.063 0.124 0.090 0.113 

Pseudo-guessing 

Parameter      

0 0.050* 0.043 0.042 0.053 0.046 0.046 0.064 0.054 0.058 

0.2 0.049* 0.047 0.046 0.067 0.055 0.056 0.113 0.075 0.087 

 

 

Table A5. Averaged Power for Ability Mean Difference by the Other Factors under the Non-

uniform-Dichotomous Case 

                                   Ability mean difference=0         Ability mean difference=0.5       Ability mean difference=1 

  LR LLM5 LLM10 LR LLM5 LLM10 LR LLM5 LLM10 

Sample Size                   

200_200 0.401 0.335 0.346 0.352 0.269 0.283 0.332 0.234 0.225 

200_400 0.482 0.412 0.424 0.435 0.376 0.382 0.404 0.387 0.388 

300_500 0.575 0.512 0.518 0.516 0.462 0.464 0.481 0.453 0.452 

500_500 0.670 0.614 0.620 0.595 0.529 0.528 0.551 0.454 0.438 

300_1000 0.635 0.576 0.587 0.576 0.550 0.556 0.533 0.570 0.618 

1000_1000 0.830 0.792 0.799 0.742 0.707 0.706 0.699 0.635 0.624 

Item 

Discrimination          

1 0.384 0.336 0.342 0.344 0.300 0.303 0.313 0.284 0.285 

1.4 0.639 0.572 0.579 0.562 0.492 0.493 0.522 0.480 0.474 

2 0.773 0.713 0.726 0.702 0.655 0.664 0.665 0.603 0.613 

Item Difficulty          

-1 0.660 0.621 0.637 0.655 0.629 0.644 0.654 0.671 0.688 

0 0.659 0.576 0.573 0.577 0.495 0.496 0.487 0.417 0.416 

1 0.477 0.424 0.438 0.375 0.322 0.319 0.360 0.278 0.269 

Pseudo-

guessing 

Parameter       

0 0.728 0.656 0.667 0.708 0.614 0.615 0.690 0.598 0.590 

0.2 0.470 0.424 0.431 0.363 0.350 0.358 0.310 0.313 0.325 
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Table A6. Averaged Type I error Rates for Ability Mean Difference by Sample Size under the 

Polytomous Case 

                                                                  Method 

Ability mean 

difference Sample Size GMH Mantel OLR LDFA LLM5 LLM10 

0 200_200 0.044 0.050 0.053 0.054 0.042 0.049 

200_400 0.066 0.058 0.067 0.074 0.075 0.081 

300_500 0.084 0.063 0.073 0.066 0.069 0.082 

500_500 0.052 0.051 0.046 0.052 0.05 0.051 

300_1000 0.072 0.069 0.071 0.076 0.055 0.071 

1000_1000 0.049 0.059 0.053 0.053 0.045 0.046 

       

0.5 200_200 0.049 0.052 0.051 0.052 0.053 0.051 

200_400 0.057 0.043 0.064 0.068 0.079 0.067 

300_500 0.057 0.058 0.071 0.097 0.100 0.098 

500_500 0.043 0.053 0.049 0.062 0.057 0.050 

300_1000 0.073 0.071 0.090 0.089 0.111 0.090 

1000_1000 0.045 0.046 0.056 0.061 0.077 0.054 

       

1 200_200 0.062 0.046 0.061 0.072 0.060 0.052 

200_400 0.047 0.043 0.065 0.087 0.099 0.072 

300_500 0.070 0.062 0.072 0.095 0.131 0.089 

500_500 0.059 0.060 0.061 0.088 0.101 0.071 

300_1000 0.053 0.047 0.073 0.109 0.149 0.089 

1000_1000 0.049 0.048 0.058 0.116 0.124 0.062 
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Table A7. Descriptive Statistics 

 NR=727, NF=282  

 USA 

(N=728) 

ENG 

(N=284) 

Total 

(N=1012) 

 

Item Mean SD Mean SD Mean SD  

1 0.84 0.36 0.65 0.48 0.79 0.41  

2 0.36 0.48 0.42 0.50 0.38 0.48  

3 1.30 0.91 1.33 0.91 1.31 0.91  

4 0.80 0.96 0.84 0.96 0.81 0.96  

5 0.27 0.44 0.30 0.46 0.28 0.45  

6 0.21 0.41 0.22 0.41 0.21 0.41  

7 0.32 0.63 0.42 0.72 0.35 0.66  

8 0.31 0.69 0.39 0.77 0.33 0.71  

9 0.63 0.48 0.54 0.50 0.61 0.49  

10 0.63 0.48 0.68 0.47 0.64 0.48  

11 0.62 0.49 0.71 0.46 0.65 0.48  

12 0.83 0.38 0.61 0.49 0.77 0.42  

13 0.89 0.32 0.80 0.40 0.86 0.35  

14 0.59 0.49 0.64 0.48 0.60 0.49  

15 0.31 0.47 0.27 0.45 0.30 0.46  

16 0.38 0.49 0.33 0.47 0.36 0.48  

17 0.09 0.29 0.14 0.35 0.11 0.31  

18 0.87 0.33 0.75 0.43 0.84 0.37  

19 0.22 0.54 0.13 0.41 0.19 0.51  

20 0.40 0.49 0.54 0.50 0.44 0.50  

21 0.23 0.43 0.29 0.45 0.25 0.43  

22 0.52 0.50 0.51 0.50 0.52 0.50  

23 0.27 0.44 0.26 0.42 0.26 0.44  

24 0.67 0.47 0.71 0.45 0.68 0.47  

25 0.20 0.40 0.16 0.40 0.19 0.40  

26 0.18 0.38 0.29 0.41 0.18 0.39  

Total 12.93 6.15 12.87 7.05 12.92 6.41  

 

 

Table A8. 95% CI for Ability mean difference by Other Factors  

Factor 

Number of 

conditions        95%CI 

N 18 (0.0468 , 0.0531) 

A 36 (0.0477 , 0.0523) 

B 36 (0.0477 , 0.0523) 

C 54 (0.0481 , 0.0518) 
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Figure A1. Ability distribution for the reference group and focal group 

         ________ Reference Group 

        ________ Focal Group 
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Figure A1 Continued. Ability distribution for the reference group and focal group 

         ________ Reference Group 

        ________ Focal Group 
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