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ABSTRACT 

Manufacturers need to deploy their assembly systems in a timely manner to cope with 

expedited product development. Design of such responsive assembly systems consists of 

generation of assembly/subassembly operations and their hierarchies, operation-machine 

assignment, selections of machine types and quantities, and the material flow among machines. 

Exploration of all the feasible solutions to the assembly operations and their hierarchical 

relationships is vital to optimization of system designs.  

Previous research has been focused on the serial assembly sequence generation for system 

design. There is a need to develop assembly systems with complex and hybrid  hierarchies. This 

thesis developed a theoretical framework based on a recursive algorithm to automatically generate 

all feasible and non-redundant assembly hierarchies efficiently for a given liaison graph, thereby 

decreasing the potential design space. This research further discussed the potential applications of 

the recursive framework in system optimization including joint determination of optimal assembly 

operations, operation-machine assignment, machine types and quantities, and the material flows 

among machines. Meanwhile, a multi-level joint-liaison was developed to extend the proposed 

assembly hierarchy generation algorithm into product family. The proposed algorithm will help 

the researchers: 1) gain a better understanding of the complex relations among product design, 

product variety and system design; 2)  

 

Keywords—Assembly, subassembly, system layout, assembly sequence, assembly hierarchy, 

generation algorithm, product family, system optimization
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CHAPTER 1 

INTRODUCTION 

1.1 Background 

Over the past decades, time interval between launches of new product generations has been 

shortened significantly due to fierce market competitions. To cope with the expedited product 

development, manufacturers need to design and reconfigure their assembly systems in a cost-

effective way while ensuring the system performances. Assembly system design involves 

determination of assembly operations, assignment of assembly operations to machines, material 

flow among machines, and machine quantities. It has a significant impact on manufacturing 

productivity and responsiveness to dynamic market demand.  A lack of efficient methods for 

assembly system design can result in increased production cost, higher reconfiguration cost, and 

lost productivity. 

Traditionally, assembly system design is a sequential procedure. The first step is assembly 

process planning including assembly task generation and assembly sequence. Given the liaison 

relationship of one product, assembly sequence planning determines the sequences and routing 

paths of parts to obtain the assembly with minimum costs and shortest time. In the second step, 

based on the outcome of the assembly process planning, assembly tasks will be assigned to 

machines with appropriate quantities to balance the workload and determine the between-machine 

material flows. A slight difference in the process planning stage may lead to inferior designs on 

workload balancing and system configuration, potentially reducing the productivity and increasing 

the cost. 

Concurrent design approaches have emerged in recent decades by jointly considering 

interaction among product design, assembly process planning, assembly system 

balancing/configuration [1]. The concurrent design takes into account the productivity issue in the 

early stage of system development and may result in an improved plan for the system design. 

However, such a strategy usually involves a large-scale and highly constrained combinatorial 

optimization problem. It is nearly impossible that all the assembly sequences are generated and 

evaluated to seek the optimal one, whether with manpower or through computer programs. 
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Systematic generation of all the candidate designs in a more efficient way based on given 

constraints or manufacturing requirements has become a key challenge to concurrent design of the 

assembly systems. 

Based on the prior research led by Wang [1] on assembly system configuration in 

collaboration with a major US automaker, this research is a continuous effort to tackle the 

challenge. The research in this thesis improved the system design optimization framework 

proposed in [2] by developing a theoretical framework to automatically generate assembly 

candidate designs in a recursive manner. In conjunction with the practical constraints, the recursive 

approach can efficiently eliminate exploration of the unnecessary design space and improve the 

search efficiency. The method will benefit flexible/reconfigurable manufacturing system design 

when dealing with product variety induced by dynamic market demand.  

1.2 Problem statement 

This section provides an brief introduction to the assembly hierarchy and the procedure for 

assembly system design. This thesis will focus on one of the fundamental problems of assembly 

system design, to decrease the search space by applying the assembly hierarchy instead of 

traditional assembly sequence. Thus, the evaluation of the product design can be realized in a short 

period of time. 

1.2.1 Assembly hierarchy 

Most industrial products are assembled from a plurality of basic components. These 

components can be connected to each other following certain patterns or structural relationship to 

form different subassembly modules. The subassemblies can be further combined with each other 

or basic components to form subassemblies at higher levels of assembly hierarchy. The final 

product can be created by a combination of multi-level subassemblies defined as an assembly 

hierarchy which determines all assembly operations and the material flow relations among them. 

Assembly operations can be implemented sequentially or in parallel according to their material 

flow relations.  

Different assembly hierarchies and subassemblies can be adopted to form the same product. 

Before assembly system can be generated, it is essential to explore the possible assembly 
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hierarchies given a product assembly design. For a serially linked product shown in Fig.1, the 

assembly hierarchy can be enumerated based on a string-parenthesis representation whereby 

product components are denoted by the elements in the string, while basic assembly operations 

and their hierarchies are characterized by enclosing adjacent elements using a set of parentheses 

[1]. For example, TABLE 1 shows the enumeration of all possible assembly hierarchies for the 

four-component product ABCD in Fig.1. The notation (ABCD) represents an assembly operation 

that four components A-D are joined simultaneously (e.g., multi-layer metal sheet joining) while 

(((AB)C)D) represents a sequential way of assembling AB, C, and D incrementally. 

 Possible hierarchy for product abcd 

Case Assembly hierarchies 

1 (((AB)C)D) 

2 ((AB)CD) 

3 ((AB)(CD)) 

4 (A(BC)D) 

5 ((A(BC))D) 

6 (A((BC)D)) 

7 (AB(CD)) 

8 (A(B(CD))) 

9 ((ABC)D) 

10 (A(BCD)) 

11 (ABCD) 

 

Fig.1 A serially linked assembly design  

It should be noted that the key difference from the conventional assembly sequence 

generation problem is whether or not parallel assembly operations are allowed. As shown in Fig.2, 

the notation ((AB)(CD)) depicts two assembly operations, i.e., (AB) and (CD), which can be 

performed in parallel and the assembly sequence between (AB) and (CD) does not impact 

assembly system. As such, two enumerations ((AB)(CD)) and ((CD)(AB)) are identical whereas 

they are different in assembly sequence.  

A B C D
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Fig.2 Hierarchy for Case 3 of TABLE Ⅰ, ((AB)(CD)) 

1.2.2 Design of assembly system 

Assembly system design is a two-loop optimization problem including outer-loop and 

inner-loop. Outer-loop deal with the search space generation of the candidate assembly sequence. 

Inner-loop deal with the assembly line balancing problem (ALBP) to each candidate assembly 

sequence generated in the outer-loop.  

 

Fig.3 Design of manufacturing assembly system 
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When a product design is given, the outer-loop will generate all the assembly sequences 

based on certain representation for this product design. The generated sequences are considered as 

the search space for the assembly system design. The the inner-loop will do the optimization to 

each assembly sequence in this search space based on given criterian, usually, this kind of 

optimization is an assembly line balancing problem. After applying certain ALBP algorithm, the 

inner-loop will generate results for all the sequences in the search space. Then the outer-loop will 

compare all these results to get the global optimum. The procedure is shown in Fig.3.   
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CHAPTER 2 

LITERATURE REVIEW 

This section reviewed the outer-loop and inner-loop optimization algorithm of assembly 

system design including assembly sequence generation and assembly line balancing problem. The 

assembly system design for product family is also reviewed. 

2.1 Assembly sequence generation 

2.1.1 Assembly representation  

The design of assembly systems requires methods to represent the components and the 

relationship among them. Several methods are available based on the existing research work. A 

common method is bill-of-material (BOM) which has a tree-graph or tabular structure with 

hierarchical levels [3] to list all parts, subassemblies, and materials. A variety of BOM graph is 

also proposed to represent the relationships among components [5]. Another commonly 

representation is the graph or mathematical description of components and their physical 

connections such as liaison graph and adjacency matrix [6]. Other means of assembly 

representation include the precedence graph, ontology-based representation [9], and general 

constraint model [10]. General constraints specify information about what is and is not valid. They 

differ from other constraints in having no restrictions on means or form of expression. General 

constraints can be informal, human-language statements, or they can be fully formalized as 

algebraic statements or first-order logic. 

Liaison graph is a useful tool to represent the product assembly for process planning. It 

was first introduced by Bourjault [6] to establish the user-defined relationships among the 

components parts in an assembly. Liaison graph is the representation of contact information 

between any two parts in a given assembly. In a liaison graph, each part in the assembly is 

represented as a node. There will be an edge between any two nodes in the liaison graph if the 

parts corresponding to the nodes are touching each other in the assembly. Liaison graph is 

illustrated for the assembly in Fig.4 [7]. 

http://osm7.cs.byu.edu/OSA/glossary.html
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Fig.4 5-part assembly for one product 

The first step is to represent each part in the assembly as a node in the liaison graph as in 

Fig.5.  The Lid is connected to Screw1, Screw2 and Box, so there will be an edge between Lid 

node and the other three nodes. Fig.6 shows the intermediate liaison graph. 

 

Fig.5 Initial liaison graph 

 

Fig.6 Intermediate liaison graph 
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Similarly other connections between the parts can be seen from the assembly figure and 

are represented similarly. Fig.7 shows the final liaison graph for the 5-part assembly. 

 

Fig.7 Final liaison graph 

2.1.2 Enumeration of assembly sequences or system configuration 

Traditional assembly sequence generation methods focused on sequential task sequences. 

Among them, Bourjault [6] presented the first algorithm to generate all feasible assembly 

sequences. Building on Bourjault’s method, Fazio and Whitney [12] used the “liaison” concept for 

generating assembly sequences. They increased the size of the problem to accommodate 

assemblies with much higher number of components by asking two questions of precedence, thus 

deducing the assembly operation precedence in generating all feasible sequences. The later 

research cooperated with Baldwin [13] further took advantage of the computer to enumerate all 

the assembly sequence. The same enumeration procedure based on computer was proposed by 

Khosla [14] to determine all possible assembly sequence. Park [15] developed a new type of parts 

liaison graph to generate the assembly sequences via analyzed information such as common area 

between parts, related ratio and number of the connected parts. By treating an assembly sequence 

generation problem as a disassembly sequence generation problem, an AND/OR graph 

representation was used to develop an algorithm which could generate all feasible assembly 

sequences [16]. The same procedure that derives the assembly sequences from the disassembly 

sequences was also used in [20]. A number of other approaches have been used to generate the 

assembly sequences, such as the computer-aid process planning in [22], ant colony algorithm in 
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[24], the generation based on symbolic ordered binary decision diagram representation in [25] and 

algorithms-graph based method in [26].  

Generation of all the feasible system designs usually includes generation of system 

configurations, generation of assembly sequences, and matching of sequences with configurations 

and appropriate operation assignments. Traditional sequential task sequence based approach does 

not consider parallel subassembly tasks. By allowing for concurrent tasks and adding more than 

one part at a time, hybrid configurations are more suitable for dealing with products assembled in 

a hierarchy. In essence, identifying the number of candidate assembly/subassembly groupings and 

sequences is an enumeration problem. The enumeration problem has been studied and applied to 

assembly sequence generation, manufacturing system configuration, as well as supply chain 

configurations. Huang and Lin [27] proposed a combinatorial way to calculate the total number of 

the candidate system configuration. To facilitate enumeration problem solving, Webbink and Hu 

[28] enumerated system configurations by using parentheses to group a string of “1” characters, 

e.g., ((11)1) as shown in Fig.8. Each “1” character denotes a workstation and each pair of 

parentheses represents a path of processing line in a parallel-serial system configuration. Their 

work, however, does not distinguish the assembly sequences of ((11)1) and (1(11)), for instance, 

because all components are treated generically the same. Similar parentheses and alphanumerical 

coding are employed to create groups of product components or subassemblies in a supply chain 

configuration investigation by Wang et al. [29]. This method of transforming a diagrammatic 

system configuration into a binary string with parentheses is conveniently adopted in this study. 

 

Fig.8 Layout diagrams of ((11)1) 

While these existing methods are effective in exhaustively generating all the possible 

assembly sequences, it is impossible for them to be used for the product designs with large number 

of parts or components. It requires too much time to develop all the sequences. Some techniques 

have been proposed to decrease the search space. Homem de Mello [19] proposed a planner which 



10 

takes advantage of the directed graph representation to genearte assembly sequence. This research 

is performed with a GRAPHSEARCH procedure developed by Nilsson [30]. It can sort the 

unexpanded ‘tip nodes’ and select the best one to expand, thus to reduce the computational 

complexity. Another case-based method for generating the search space was proposed by Pu [31]. 

This method needs many space to save results of generated assembly sequences and knowledge 

developed from similar structures will be used to solve the current problem. While this method 

can significantly reduce the search space, it also reuqires to much saving space for the previous 

knowledge, so it is always not practical. 

2.2 Assembly line balancing problem 

When the outer-loop generate all the assembly sequence to form the candidate design space 

for system design, the inner-loop part will evaluate them under certain criterian to find the 

optimized solution. Usually, this is an assembly line balancing problem (ALBP). The decision 

problem of optimally partitioning (balancing) the assembly work among the stations with respect 

to some objective is known as the assembly line balancing problem [32]. 

The first mathematical formalization of ALBP was proposed by Salveson [33], most 

research has been done on the assignment of tasks to stations. Among all these research, many 

assumptions have been made to simplify this problem. Because of these simplification, the 

terminology simple assembly line balancing problem is widely used [34]. The SALBP is classified 

into four types: SALBP-1, SALBP-2, SALBP-E and SALBP-F [35]. SALBP-1 minimizes station 

number given a fixed cycle time while SALBP-2 minimizes the cycle time given a fixed station 

number. SALBP-F is to judge whether or not a feasible line balance exists for a given station 

number and cycle time. The last one SALBP-E is the most general problem which trys to maximize 

the line efficiency with the lowest station number and cycle time. 

SALBP always has too many assumptions that it can hardly appliled to practical situations. 

More generalized problems are embraced by the term generalized assemlby line balancing problem 

(GALBP) [32]. The GALBP can be considered as the traditional SALBP with less assumptions 

and additional characteristics which are more relevant to the practical applications, like u-shaped 

lines, two-side lines, mix-model production, equipment sellection or parallel stations. 



11 

2.3 Assembly system design for product family 

In order to satisfy the customers’ needs and maintain the reasonable manufacturing cost, 

various products offered by a company are often related to each other in a number of ways, so that 

they can be grouped together as a product family.  They are partially (if not fully) substitutable in 

their demands, possess underlying similarities in their functionality, and further have the potential 

to share components, subassemblies, production process, and sometimes even a common concept 

and/or architectural [36]. This term, product family, has also been used by other researchers to 

refer to a set of related products [37]. In [39], a product family is considered as a set of similar 

products that are derived from a common platform and yet possess specific features/functionality 

to meet particular customer requirements. Each individual product within a product family, i.e., a 

family member, is called a product variant or instance.  

The increasing need of product family requires a set of new approach for assembly 

representation. Massive research work has been done. Product family architecture (PFA) has been 

one of the extensively studied topics [40]. The aforementioned assembly representation BOM has 

been extended to represent a variety of product, i.e., a product family in a more convenient way, 

which is usually introduced as Generic Bill of Material (GBOM) [43]. And liaison graph has also 

been accomodated to represent a product family in [36]. Several comprehensive reviews have been 

done on assembly representation for product variety, such as graph-based representation in [45] 

and platform designs of product family in [46]. 

When a product family architecture is given, generation of all the assembly hierarchy is 

important to assembly system optimization. Several researches have been done related to this topic. 

Gupta and Krishnan [36] proposed a methodology for designing product family-based assembly 

sequence, this method focuses on reducing subassembly proliferation and the cost of offering 

product variety. He and Kusiak [48] discussed the design of assembly systems for modular 

products by dividing an assembly line into the basic and variant subassembly lines, such that the 

basic subassembly line is used for common and basic operations, whereas the variant ones for 

variant operations. De Lit [49] put forward the research in this direction, generic subassemblies 

for a product family was used for integrated product family and assembly system design. A 

comprehensive review on assembly system design for product variety was conducted by Hu [51]. 

Li [2] establishes a systematic method for designing non-serial system configurations for a family 
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of products based on a “drift” modeling and tree type liaison graph, a set of feasible assembly 

sequences must be given before applying this method.  
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CHAPTER 3 

RESEARCH OBJECTIVE 

Based on the review in Section 2, three research gaps have been identified. Specifically, 

there is a lack of 1) an automatic algorithm to systematically generate assembly hierarchy, 2) an 

appropriate representation of the assembly hierarchy to deal with products with complex liaison, 

and 3) an efficient approach to explore the potential design space for product family.  

 

1. Automatic assembly hierarchy generation  

When a product is given, generation of all the assembly hierarchies is important to 

assembly system optimization. The generation of all feasible assembly hierarchies is vital to 

understanding of design space for assembly systems. In the past, generation algorithms have been 

developed for generation of assembly sequence. The process of the assembly sequence generation 

is usually based on certain representation of an assembled product. Different from the traditional 

assembly sequence, the assembly hierarchy does not give the explicit sequence on how to assemble 

the components. It contains rich information on the hierarchical structures among all the 

components, possible sub-assemblies and corresponding operations. In one assembly hierarchy, 

lower level operations must be performed before the upper level operations, while the sequence of 

the operations in the same level does not need to be considered since they are independent of each 

other. Assembly hierarchies also involve both serial and parallel assemblies. However, it has been 

pointed out that parallel assembly operations have not been well exploited to improve assembly 

sequence generation and system design [1]. There is a lack of efficient approaches to generating 

assembly hierarchies to explore the potential design space in assembly system design.  

 

2. Assembly representation for the product with complex liaison graph 

Generation of assembly hierarchies is of great significance to assembly system design 

including determination of assembly operations, assignment of assembly operations to machines, 

material flow among machines, and machine quantities. While in practical, generation of the 

assembly hierarchies encounters challenges when the liaisons in a product assembly exhibit 

complex topology with loops and branches as shown in Fig.9, where the numbers represent liaisons 
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between components. Li [2] has proposed an algorithm to enumerate all possible assembly 

sequences for one liaison graph. However, this algorithm can be only applied to serial-linked 

liaison graphs. It cannot be applied to more complex liaison graph with branches and/or loops. 

There is an imperative need to develop an improved algorithm can be used not only for serial 

linked liaison, but also for complex liaison with loops and branches.  

 

Fig.9 Liaison graph for a general product design 

3. Optimization for outer-loop  

For the outer-loop optimization, it is essentially a NP-hard problem. No matter which 

algorithm or method the inner-loop uses, it has to be applied to all the candidate assembly 

sequences or hierarchies in search space generated by outer-loop part. When the search space 

grows large, there will be a large number of infeasible and unnecessary solutions that consume 

computational time, making the search computationally infeasible.  

Compared with the full generation of assembly sequences, extensively work have been 

done to decrease the outer-loop search space. For now, most research are focusing on assembly 

sequence generation. According to the discussion in section 1, the sequences between those 

parallel tasks in assembly hierarchy make no difference to the system design, and thus it is 

unnecessary to repeatedly consider them for the search space. Fig.10 gives comparisons between 

the number of assembly sequence and assembly hierarchy for different liaison graphs.  

By eliminating those unnecessary search space, assembly hierarchy has the potential to 

further optimize the search space. Fig.11 shows a brief illustration for this search space 

optimization by applying assembly hierarchy instead of assembly sequence. 
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Fig.10 Search space comparison between assembly sequence and hierarchy 

 

Fig.11 Illustration of search space optimization 

The objective of this research is to have a better understanding to the complicated 

interactions between product design and assembly system and thereby develop an assembly 

hierarchy generation algorithm for product with complex liaison relations and product variety. The 

proposed method will consist of four major tasks. A description of the research tasks is given 

below: 

1. Development of a novel data structure to facilitate assembly sequence representation and 

manipulation. 

All the input data can be represented by certain type of liaison graph. Based on the liaison 

graph, an improved representation of assembly hierarchy needs to be defined, which can be used 

Liaison-Graph
Number of 
Assembly 
Sequence

Number of 
Assembly 
Hierarchy

24 14

120 42

120 84

A B C D E

A B C D E F

A

C

D

B

E

Full Search Space based on assembly 

sequence generation

Search Space

Optimized by

Existing Search 

Techniques

Search Space

Optimized by 

Assembly 

Hierarchy
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not only to serial-linked liaison graphs, but also to the complex liaisons with loops and branches. 

Each assembly hierarchy of given liaison graph must has one and only one unique representation. 

2. Development of a recursive algorithm to systematically generate all non-repetitive 

assembly hierarchy efficiently based on the proposed data structure to explore the 

searching space. 

The algorithm for assembly hierarchy generation should enumerate all the possible 

scenarios and avoid repetitive generations. This research will propose a recursive algorithm to 

generate all the feasible and non-redundant assembly hierarchy level by level. In each level, the 

algorithm will stop searching unnecessary directions in all its lower levels, thus generating the 

search space in a more efficient way. 

3. Exploitation of generation algorithm on system optimization under the proposed 

framework 

Based on the proposed assembly hierarchy generation algorithm, the system design can be 

conducted during the generation of assembly hierarchy, leading to a concurrent strategy of 

assembly hierarchy selection and system design with reduced computational load. The 

optimization process does not need to generate all possible assembly hierarchies to find the global 

optimum. In other words, the assembly hierarchy selection and system optimization will be taken 

into consideration during the generation procedure. The applicability of the concurrent 

optimization will be discussed and compared with conventional approaches. 

4. Extension of the algorithm to mixed-model system design considering product variety 

This task will extend the research to a product family which includes common and variant 

modules. In order to apply the proposed algorithm to a product family, an improved representative 

method for this product family is needed. The challenge brought by product variety is that the 

problem will become much more complex and the potential design space will significantly 

increase. There is an opportunity to reduce the design space by taking the advantage of modular 

design.  
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CHAPTER 4 

ASSEMBLY HIERARCHY GENERATION 

This section presents the results for improved representation of assembly hierarchy and 

recursive generation of assembly hierarchy. Two examples and validation are given to demonstrate 

the proposed algorithm. The system optimization based on this recursive generation framework is 

also discussed. 

4.1 Improved representation of assembly hierarchy 

A new method to represent assembly hierarchy is proposed in this section. Similar to [12], 

the representation in this research is developed based on liaison graphs. Each connection arc 

among nodes (components) in Fig.9 represents one basic assembly operation combining the two 

components. All the liaisons are numerically labeled. The spatial connection patterns among these 

labeled liaisons and assembly hierarchies can be represented by a matrix M where each entry 

indicates whether or not two liaisons connect to the same component. 

,

1, if liaison and connect to the same component

0, otherwise
i j

i j
m

ì
 í
î

 

Since each liaison represents one basic assembly operation, every entry in this matrix also 

indicates a pair of operations that are performed on one common component creating a 

subassembly.  

4.1.1 Subassembly representation by liaison grouping 

In this new representation, an assembly hierarchy is represented by grouping the numbered 

liaisons using parentheses. The liaison numbers correspond to different basic assembly operations 

and a pair of parentheses represents one step of assembly procedures yielding one subassembly. 

Based on the parenthesis and basic assembly operation numbers, the following representation rules 

on grouping liaisons are developed to characterize assembly hierarchy. 

Rule 1: One pair of parentheses generates only one subassembly. 
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Take Fig.9 as an example. The notation (2) represents a subassembly (BC) and (1 2 3) 

generates a subassembly (ABCD). But (13) violates this rule (“illegal”) because if basic operations 

1 and 3 are finished first, two subassemblies are generated, i.e. (AB) and (CD).  

Rule 1 can be represented by the matrix M defined above. All the liaisons (basic assembly 

operations) that are shown to be connected in matrix M can be grouped in one pair of parenthesis, 

representing a subassembly. For instance, consider a subassembly (ABCDE) in Fig.9 which has 

four basic assembly operations 1~4. The matrix M is 

0 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0

 
 
 
 
 
 

M  

It is apparent that one basic assembly operation in each level is legal, such as (2). Notation 

(123) is also legal because according to matrix M, basic operations 1 and 2 connect to component 

B while basic operations 2 and 3 connect to component C, thus creating one subassembly. Notation 

(13) is not legal because basic operations 1 and 3 do not connect to any common component.  

It should be noted that the notation (13) could become “legal” under certain condition. For 

example, if operation (2) has been already performed, a new subassembly (BC) is generated. Then 

basic operations 1 and 3 connect to the same subassembly (BC). Thus, operation (13) becomes 

legal. 

The reason for this situation is that every time an assembly operation is performed, the 

matrix M defined above will change. In the next step, a recursive algorithm will be proposed to 

generate all the assembly hierarchy given a liaison graph. In each recursive level, the connection 

matrix is different, and the algorithm needs to update matrix M. Thus, another changeable basic 

operation connection matrix N(k) should be defined, which represent whether or not two basic 

assembly operations connect to the same component or subassembly in the recursive level k. Each 

entry in this matrix is 

 

, ,

if liaisons (tasks) and connect to the same component 
1,

          or subassembly in current recursive level 

0, otherwise

i j k

i j

n k

ì
ï í
ï
î  
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REMARK: Different assembly operation selection of the previous level will generate 

different N(k). For the example in Fig.9, considering basic assembly operations 1-4, the 

corresponding matrices N(1) and N(2) after assembly operation (2) is performed are  

0 1 0 0 0 0 1 0after  tast (2) 

1 0 1 0 0 0 0 0is performed
(1) (2)

0 1 0 1 1 0 0 1

0 0 1 0 0 0 1 0

   
   
     
   
   
   

N N  

After assembly operation (2) is performed, all the elements in row 2 and column 2 are set 

to zero. The updated matrix shows the new connection relation among the basic operations other 

than (2). In the updated matrix N(2), it is clear that basic operations 1 and 3 are connected to the 

same subassembly. Therefore, (13) becomes legal and its completion creates subassembly 

(ABCD). 

Rule 2: All the basic operation numbers in one pair of parentheses must be in 

ascending order. 

Unlike assembly sequence generation in Fazio and Whitney [12], the assembly hierarchy 

such as (123), (132), (213), (231), (312) and (321) in this representation are the same. To avoid 

the repetitive generation, this research defines that all the basic operation numbers in one pair of 

parentheses (in the same level) should be sorted in ascending order. Thus, only (123) is legal 

among the six different forms above. 

4.1.2 Tree structure of assembly hierarchy  

The hierarchical relations among subassemblies can be represented by a multi-level tree 

structure. Under this tree structure, each node represents one pair of parentheses. Two scenarios 

are considered for each node. One is that this node uses all or some of the subassemblies generated 

by other nodes and the other one is that it only uses the basic components. For the former scenario, 

if node x uses the subassembly generated by node y, then node y is a child (node) of node x. 

Fig.12 shows an example of tree structure representing the assembly hierarchy for the 

liaison graph in Fig.9. It can be seen that (2) is the child of (1 3) because the subassembly BC 

generated by (2) is used in (1 3). Similarly, (1 3) and (5) are the children of (4  6) and (4 6), (8) 

and (10 11) are the children of (7 9). 
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Fig.12 Example of a tree structure of assembly hierarchy 

In such a tree structure, it can be seen that if (8) and (10 11) swap their positions, the 

subassembly hierarchy remains the same. To avoid such repetitive generations, the children of the 

same node are enforced to be arranged in ascending order from left to right according to the basic 

operation label enclosed. The following representation rule is proposed, i.e. 

Rule 3: All the children of the same node should be arranged in ascending order from 

left to right according to the smallest basic operation label of each child node. 

For example, assume that (14) and (23) are two children of one node. Due to Rule 3, (14)(23) 

is valid because basic operations 1 and 2 are in ascending order from left to right (only the smallest 

number in one pair of parentheses is used to arrange the order). 

An assembly hierarchy can thus be represented by traversing the tree defined above. 

However, it should also be noticed that assembly hierarchies (2)(1 3)(5)(4 6) and (2)(5)(1 3)(4 6) 

are the same Fig.12. To avoid such a repetition, Rule 4 is enforced during tree traversal. 

Rule 4: The only legal expression of any assembly hierarchical tree is post-order 

traversal. 

Post-order traversal of a tree structure starts from the root of the tree following the recursive 

traversal procedure below 

 Traverse all the children of the node from left to right. 

 Visit the father node. 

Therefore, the only legal expression of the assembly hierarchy in Fig.12 is (2)(1 3)(5)(4 

6)(8)(10 11)(7 9).  

REMARK: It should be noted that under Rule 4, there exists an implicit requirement. The 

property of post-order traversal requires that when all the children of one node are traversed, this 
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node will be the next to be traversed. Under the proposed representation (using basic operation 

numbers and parentheses), the father node should be appended right after the rightmost child in 

the tree structure. This property is very critical to development of a non-redundant generation 

algorithm. 

4.1.3 Summary 

Applying Rules 1~4, any assembly hierarchy can be uniquely characterized by the new 

representation using basic operation numbers and parentheses. Generation of all feasible assembly 

hierarchies without repeating or missing any case can be realized based on this representation. 

Therefore, the assembly hierarchy generation problem is transformed into an generation problem 

for all the legal arrangement of the basic operation numbers (by grouping these numbers using 

parentheses as constrained by Rules 1~4). 

4.2 Recursive generation of assembly hierarchy  

The key idea of this algorithm is to generate all the feasible subassemblies recursively. 

Each recursion generates only one subassembly that should meet the requirements of Rules 1~4.  

4.2.1 Algorithm for generating feasible subassembly that satisfies Rules 1 and 2 

At each recursive level, it is necessary to first generate all the feasible subassemblies 

according to liaison graph while satisfying Rules 1 and 2. Suppose in level k, there are n basic 

operations, i.e. 1,2 n (where the numbers are sorted in ascending order). A recursive method is 

used to generate all the combination of 1,2 n  in ascending order so that Rule 2 is met. For 

example, if there are only three basic operations to be examined, e.g. a , b  and c ( a b c  ). The 

candidate assembly operations to create subassemblies include ( a ), (b ), ( c ), ( ab ), (bc ), ( ac ), 

and ( abc ). An algorithm is developed to test whether each candidate assembly operation 

containing more than one basic operations meets Rule 1. The procedures involved in this algorithm 

can be described as follows:  

1: Define a set A={a1,a2,…,an}, where a1,a2,…,an are the basic operation numbers of one 

candidate assembly operation. Initialize set  n  Q Q , where n=1,2,3…… 
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2: Initialize m=1. Record a basic operation number of the candidate assembly operation to be tested 

in set Qm.  

3: According to the current matrix N(k), if 
, , 1

i j k
n   

where   
m

i and j Q A Q , Q denotes the complement set of Q, then record all j’s that meet 

this condition in Qm+1; 

4: Inspect two scenarios. 

a) Q A which indicates feasible candidate assembly operation. 

b) Q A and
1m Q which indicates infeasible candidate assembly operation.  

If both conditions are not met, let m=m+1 and return to Step 3. 

5: Repeat this procedure until all the candidate assembly operations are tested. 

 

For example, in Fig.13, assume that after performing assembly operation (5), matrix N(1) 

becomes N(2) such that 

 

0 1 0 1 0 0 0 1 0 1 0 0

1 0 1 0 0 0 1 0 1 0 0 0after task(5) 

0 1 0 1 1 0 0 1 0 1 0 1is performed
(1) (2)

1 0 1 0 1 0 1 0 1 0 0 1

0 0 1 1 0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0 1 1 0 0

   
   
   
   

     
   
   
   
   

N N  

 

Fig.13 Liaison graph for one product 

Table II shows the test result for subassembly (1246) with matrix N(1) and N(2). 

FE

1

2

A D

B C

3

4 5 6
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 Example of judging a feasible subassembly 

 N(1) N(2) after performing assembly operation (5) 

Set Value Explanation Value Explanation 

Q[1] 1 
Pick any basic 

operation from A 
1 

Pick any basic operation 

from A 

Q[2] 24 2 & 4

so 24 is

1 2 & 4

 recorded

a




A Q

 

24 2 & 4

so 24 is recorded

1 2 & 4




A Q

 

Q[3] N/A 1

,  

s

2 1&

o n

3

4 1& 3

othin

& 5

3

g record d

& 5

e





Q

A

 

6 

2 1& 3

4 1& 3& 6

3

1

6

so 6 is recorded









Q

A

A Q

 

Result 

Infeasible 

candidate 

assembly 

operation 

Scenario b. 

3




Q A

Q  

Feasible 

candidate 

assembly 

operation 

Scenario a. 

Q A  

i→j means , , 1
i j k

n   according to matrix N(k) 

A={1,2,4,6} 

 

4.2.2 Elimination of illegal generations by exploring tree structure (Rules 3 and 4) 

In Section 5.2.1, the basic operation connection matrix N(k) is used to generate those 

feasible subassemblies which satisfy Rules 1 and 2. Next, hierarchical relationship among these 

subassemblies as reflected in the tree structure needs to be identified. A string variable P is 

introduced to record the father-children relationship of the tree structure. The procedures can be 

stated as follows,  

1: Save one feasible subassembly identified by the algorithm in 5.2.1 into P.  

2: Obtain the feasible subassembly in the next recursive level. There are three scenarios, i.e., 

a) The new subassembly uses all the subassembly/subassemblies saved in P. Check Rule 3 to 

see if the smallest basic operation numbers of all these subassembly are in ascending order.  
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i) If Yes, delete all the previous subassembly/subassemblies and replace it/them with the 

new feasible subassembly in P. Go to Step 3. 

ii) Otherwise, the new subassembly violates Rule 3 and an illegal generation is reported. 

Finish. 

b) The new subassembly uses a part of the subassembly saved in P. Rule 4 requires that any 

father node must be appended after its rightmost child while Rule 3 are not violated. 

i) If Yes, delete the subassembly/subassemblies in P which are used by the new 

subassembly and replace it/them with the new subassembly. Then go to Step 3. 

ii) Otherwise, the new subassembly violates Rules 3 or 4 and an illegal generation is 

reported. Finish. 

c) The new subassembly uses none of the subassembly saved in P. It is considered to have a 

parallel hierarchical relationship with all the previous subassemblies. Append the new one 

after all the previous subassemblies in P. Go to Step 3. 

3: If there is no more subassembly and all the basic operations are examined, a feasible assembly 

hierarchy is obtained that satisfies Rules 3 and 4. Finish. Otherwise, go back to Step 2. 

 

Take the hierarchical tree in Fig.14 as an example. The only legal expression is (2)(1 

3)(5)(4 6)(12)(8)(10 11)(7 9). Table III demonstrates the above procedures and includes all legal 

situations. Any expression other than (2)(1 3)(5)(4 6)(12)(8)(10 11)(7 9) will be considered illegal 

for this tree structure. 

 

Fig.14 Example of a tree structure  

(7 9)

(4 6) (8) (10 11)

(1 3) (5)

(2)

(12)
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 Example of judging one assembly hierarchy  (2)(1 3)(5)(4 6)(12)(8)(10 11)(7 9) 

Step String variable P Explanation 

1 (2) Save the first feasible subassembly into P 

2.a.i (1 3) 
(1 3) uses the subassembly of (2) 

Replace (2) with (1 3) 

2.c (1 3)(5) 
(5) does not use the subassembly of (1  3) 

Append (5) after (1 3) 

2.a.i (4 6) 

(1 3) and (5) are the children of (4 6) 

1 and 5 are in ascending order 

Replace (1 3)(5) with (4 6) 

2.c (4 6)(12) 
(12) does not use the subassembly of (4 6) 

Append (12) after (4 6) 

2.b.i (4 6)(8) 
(8) uses the subassembly of (12) 

Replace (12) with (8) 

2.c (4 6)(8)(10 11) 
(10 11) does not use the subassembly of (8) 

Append (10 11) after (8) 

2.a.i 

3 
(7 9) 

(7 9) uses all the subassemblies saved in P 

4, 8 and 10 are in ascending order 

Now, all basic operations numbers are examined, this 

is a feasible assembly hierarchy 

 

4.2.3 Discussion: Generation considering practical constraints 

The proposed algorithm above mainly focuses on generating all the possible assembly 

hierarchies. However, for real-world products, practical constraints such as geometry and 

manufacturability should be factored into the generation. This algorithm considers each of these 

constraints as a filter. In each recursive level, the filter eliminates all candidate assembly operations 

that violate the constraint. As such, redundant generations for those impractical operations will not 

be performed, thereby reducing computational load.  
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4.2.4 Recursive algorithms for the generation 

Based on the algorithms in 7.2.1 and 7.2.2, a recursive algorithm can be developed for 

generating all the legal representations. Two recursive functions CandiOp and AssemHi are 

developed where AssemHi (Assembly Hierarchy Recursive Generation) is a function to generate 

the assembly hierarchy for one recursive level and CandiOp (Candidate Assembly Operation 

Recursive Generation) is to generate all the candidate assembly operations in each recursive level. 

In recursive level k, follow the four steps below: 

1: Initialize N(1) and P and call AssemHi for the first recursive level (k=1); 

2: In level k, call CandiOp(k) function to one candidate assembly operations based on the basic 

operations to be examined; 

3: For the candidate assembly operation generated above, find out whether this operation satisfies 

(a) Rules 1 and 2 by examining Q and N(k) using algorithm in Section 5.2.1. And (b) Rules 3 

and 4 by checking string P in level k using the algorithm in  Section 5.2.2. 

 If the operation obeys Rules 1~4 and practical constraints, proceed to Step 4. 

 Otherwise, go to Step 2 and call CandiOp(k) function to examine the next candidate 

assembly operation in level k. 

4: Record the identified legal assembly hierarchy in level k in string variables Sk, k=1,2…n, where 

n is the total the number of basic operations; and 

5: Judge whether all the basic operations are recorded in S1,S2,…Sk. 

 If Yes: Print S1,S2,…Sk as an assembly hierarchy. Go to Step 2 and Call CandiOp(k) 

function to examine the next candidate assembly operation in level k. 

 If No: Update matrix N(k+1) and string variable P. Call AssemHi(k+1) function at 

recursive level k+1 which call CandiOp(k+1) function at Step 2 to generate the candidate 

assembly operations for level k+1. 

The flowchart of this program is showed in Fig.15, where L represents the total number of 

the combinations of candidate assembly operations in the same recursive level generated by the 

algorithm in 5.2.1.  
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Fig.15 Flowchart of generation algorithms 

level: k=1; initialize N(k), P, S(k);

Call AssemHi(k,N(k),P)

Call CandiOp(l,L,N(k),P)

Obey Rules 1~4

all tasks are recorded 
in S1,S2...Sk 

Y
Print S1,S2...Sk 
as one layout;

N

Update matrix 
N(k+1) and string variable P;
Call AssemHi(k+1,N(k+1),P)

l=1; initial L;

AssemHi(k,N(k),P)

CandiOp(l,L,N(k),P)

N

l<=L

Y

N
All candidate operations in 
this level k are examined.

End of current call.

Record the legal 
candidate operation in S(k)

Clear S(k);

Call CandiOp(l+1,L,N(k),P);

Main

Obey practical constraints

Y

Y

N
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4.3 Examples and validation 

This section shows several examples to verify and demonstrate this proposed algorithm. 

The first one is a serially linked liaison graph. The whole generation procedure is given to generate 

all the possible assembly hierarchy. The second example is a laptop computer with a number of 

engineering constraints. Finally, an example of prior research [12] is used to illustrate the 

difference between this research and conventional assembly sequence generation problems. 

4.3.1 Example based on a serially linked liaison graph 

Fig.16 shows a liaison graph that consists of five serially linked components A-E. Table 

IV provides detailed generation procedure of all the possible assembly hierarchy using the 

algorithm as shown in Fig.15. The results for more complex liaisons are given in Appendix A. 

 

Fig.16 Serially linked liaison graph 

 Example of generation procedure 

Level k=1 Level k=2 Level k=3 Level k=4 Result No. 

(1) 

(2) 

(3) (4) (1)(2)(3)(4) 1 

(4) (3) (1)(2)(4)(3) 2 

 (3 4)  (1)(2)(3 4) 3 

(3) 

(2) (4) (1)(3)(2)(4) 4 

(4) (2) (1)(3)(4)(2) 5 

(2 4)  (1)(3)(2 4) 6 

(4) 

(2)*    

(3) (2) (1)(4)(3)(2) 7 

(2 3)  (1)(4)(2 3) 8 

(2 3) (4)  (1)(2 3)(4) 9 

(2 4)+     

(3 4) (2)  (1)(3 4)(2) 10 

(2 3 4)   (1)(1 2 3) 11 

(2) 

(1) 

(3) (4) (2)(1)(3)(4) 12 

(4) (3) (2)(1)(4)(3) 13 

(3 4)  (2)(1)(3 4) 14 

(3) 

(1) (4) (2)(3)(1)(4) 15 

(4) (1) (2)(3)(4)(1) 16 

(1 4)  (2)(3)(1 4) 17 

(4) 
(1)*    

(3) (1) (2)(4)(3)(1) 18 
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TABLE 4 - continued 
Level k=1 Level k=2 Level k=3 Level k=4 Result No. 

(2) 

(4) (1 3)  (2)(4)(1 3) 19 

(1 3) (4)  (2)(1 3)(4) 20 

(1 4)+     

(3 4) (1)  (2)(3 4)(1) 21 

(1 3 4)   (2)(1 3 4) 22 

(3) 

(1) 

(2)#    

(4)*    

(2 4)#    

(2) 

(1) (4) (3)(2)(1)(4) 23 

(4) (1) (3)(2)(4)(1) 24 

(1 4)  (3)(2)(1 4) 25 

(4) 

(2) (1) (3)(4)(2)(1) 26 

(1) (2)#   

(1 2)  (3)(4)(1 2) 27 

(1 2) (4)  (3)(1 2)(4) 28 

(1 4)+     

(2 4) (1)  (3)(2 4)(1) 29 

(1 2 4)   (3)(1 2 4) 30 

(4) 

(1) 

(2) (3)#   

(3)*    

(2 3)#    

(2) 

(1) (3)#   

(3)#    

(1 3)#    

(3) 

(2) (1) (4)(3)(2)(1) 31 

(1) (2)#   

(1 2)  (4)(3)(1 2) 32 

(1 2) (3)#    

(1 3)+     

(2 3) (1)  (4)(2 3)(1) 33 

(1 2 3)   (4)(1 2 3) 34 

(1 2) 

(3) (4)  (1 2)(3)(4) 35 

(4) (3)  (1 2)(4)(3) 36 

(3 4)   (1 2)(3 4) 37 

(1 3)+      

(1 4)+      

(2 3) 

(1) (4)  (2 3)(1)(4) 38 

(4) (1)  (2 3)(4)(1) 39 

(1 4)   (2 3)(1 4) 40 

(2 4)+      

(3 4) 

(1) (2)#    

(2) (1)  (3 4)(2)(1) 41 

(1 2)   (3 4)(1 2) 42 

(1 2 3) (4)   (1 2 3)(4) 43 

(1 2 4)+      

(1 3 4)+      

(2 3 4) (1)   (2 3 4)(1) 44 

(1 2 3 4)    (1 2 3 4) 45 

1 condition 9 condition 21 condition 14 condition   

+: violate Rule 1 

#: violate Rule 3 

*: violate Rule 4 
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4.3.2 A Real-world example: Laptop computer assembly 

Fig.17 is the components diagram for a laptop computer [28]. To simplify the liaison graph, 

those replaceable components such as hard drive and main battery are ignored from the computer 

assembly process. The resultant liaison graph is shown in Fig.18. 

 

Fig.17 Components of a laptop computer 

 

Fig.18 Liaison graph for a laptop computer 
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 The practical constraints for assembling this product are discussed as follows. Assume that 

from the manufacturability point of view, the following relations must be maintained, i.e., 1→2, 

1→3, 1→4, ((8 or 6) and 7 and 9 and 10)→5, 10→7, 10→9, 7→9 where a→b represents that basic 

operation a must have been performed before basic operation b. Another constraint considers the 

situation when the completion of certain basic operation results in simultaneous completion of 

some other basic operations. This situation usually occurs when several liaisons form a loop. For 

example, in Fig.18, basic operations 2,3 and 4 form a circle, and when basic operation 2 is 

completed, basic operations 3 and 4 must be performed at the same time to complete the assembly 

for the liaison loop because liaison 3 and 4 both represent the contact between subassembly (BC) 

and component D.  

The algorithm results in 2156 legal assembly hierarchies. The generations with different 

levels of assembly hierarchies are summarized as follows. Six of the simulation results are also 

given. 

 

Result 2151 = (1)(11)(10)(8)(7)(9)(2 3 4 5 6) 

Result 2152 = (1)(11)(10)(8)(7)(9)(3 5 6)(2 4) 

Result 2153 = (1)(11)(10)(8)(7)(9)(4 5 6)(2 3) 

Result 2154 = (1)(11)(10)(8)(7)(9)(5 6)(2 3 4) 

Result 2155 = (1)(11)(10)(8)(7)(9)(5 6)(3)(2 4) 

Result 2156 = (1)(11)(10)(8)(7)(9)(5 6)(4)(2 3) 

 

Number of 1 level assembly = 0 

Number of 2 level assembly = 0 

Number of 3 level assembly = 0 

Number of 4 level assembly = 0 

Number of 5 level assembly = 24 

Number of 6 level assembly = 222 

Number of 7 level assembly = 680 

Number of 8 level assembly = 854 

Number of 9 level assembly = 376 

Number of 10 level assembly = 0 

Number of 11 level assembly = 0 

 

Total number of result = 2156 
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4.4 Implication on assembly system optimization 

Generation of the assembly hierarchy is vital to system design that includes a two-level 

decision making, i.e., in the first level assembly hierarchy (including assembly operation and their 

material flow relations) is determined and in the second level the assembly operations with the 

hierarchy specified in the first level are assigned to machines/workstations along with the 

determination of machine types and machine quantity. Understanding of the generation of such 

assembly hierarchy enables concurrent optimization of the two-level decision making problem. 

This section discusses system design strategy based on the proposed assembly hierarchy 

generation algorithm. This strategy is developed by using a tree structure representation of the 

generation procedure (Fig.19). Due to page limitation, it only shows the generation procedure for 

three candidate assembly hierarchies (in the dashed box). An assembly hierarchy can be obtained 

by connecting all the nodes between the root (0) and each leaf of the tree such as (1)(2)(3)(4), 

(1)(2)(4)(3) and (1)(2)(34).  

 

Fig.19 Tree structure representation of the generation procedure.  

Generation of the candidate solutions can be implemented level by level, from the lower 

level node to the upper level node. To each node, all the candidate designs for its children nodes 

and grandchildren nodes, as well as the interaction among them when they are assigned to the same 

machine are to be considered. When the solution generation procedure reaches the root node, all 

0

(1) (2) (3) (4) (12) ...

(2) (3) (4) (23) (34) (234)

(3) (4) (34)

(4) (3)
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feasible solution space is explored and optimal solution can be identified by comparing the 

objective function values across these solutions.  It should be noted that if there are no practical 

constraints, such an optimization strategy is exactly an exhaustive search approach, posing grand 

challenges to computation.  

Fortunately, the design of real-world assembly systems is always presented with practical 

constraints such as operation-machine assignment restrictions. By taking advantage of the 

aforementioned tree structure, those system designs that violate any practical constraints or derived 

constraints from them can be eliminated during search, thus avoiding unnecessary search and 

reducing computational complexity. For some special cases or certain practical constraints, search 

space reduction can be significant. For example, if the operation cost and machine assignments of 

child nodes have no influence on their father node, this improved exhaustive search approach can 

be further simplified as a dynamic programming problem. Two scenarios for this special case are 

discussed as follow: 

4.4.1 Scenario 1 

For customized manufacturing, sometimes only a small amount of products need to be 

produced. The problem then becomes “how to assemble this product with the lowest cost by using 

those existing machines?” indicating that the problems related to system throughput maximization 

and machines quantity selection are not considered. Formulation of the system design problem can 

be described as follows. 

Define a machine assignment variable xij, which represents whether or not an operation is 

assigned to a machine, as: 

  

x
i, j

=

1, if operation i is assigned to jth machine type

0, otherwise

ì
í
ï

îï
 

The optimal system design can be obtained level by level, from child nodes to their fathers. 

For each node of the generation tree in Fig.19, the objective function is  

1 2G min( , ) min( , )
k ij ij ij

g g g c x c x  , 

where k is the number of its children; 
1 2( , )

k
g g g is the corresponding values of the 

objective functions for each child; cij is the operation cost of assigning operation i to machine type 

j; and c’ij is the operation cost of assigning operation i to those machine type j which has been used, 
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if any. For simplicity, the purchasing cost of each machine type is not considered here. The 

optimization procedure is to apply this objective function to each node, from the lower level to 

upper level until the root of the tree.  

Fig.20 shows an example for scenario 1. The number to the left side of each node is the 

value of the objective function. The first underlined number represents 
1 2min( , )

k
g g g  and it is 

always zero when the node has no child. The second number represents min( , )ij ij ijc x c x . Two 

numbers (0+7) are added to the left side of lowest level node (4). The underlined number 0 means 

that it has no child and the number 7 represents the lowest cost for assigning operation (4) to a 

machine. The underlined number for node (2) is 11 because it is the lowest operation cost among 

(7+5), (8+6), and (0+11). This result indicates that assembly hierarchy (2)(34) is chosen and 

operation (2) is assigned to a machine with cost 7 and (34) to a machine with cost 11. 

 

Fig.20 Example for scenario 1 

4.4.2 Scenario 2 

In practical assembly system design, for some special cases, different operations are not 

allowed to be assigned to the same machine. The system design problem becomes “how to decide 

the operation-machine assignment and machine quantity for each operation with the lowest cost, 

meanwhile meeting the system throughput requirement?” The formulation is described as follows. 

0

(1)

(2)

(3) (4) (34)

(4) (3)0+7 0+8

7+5 8+6 0+11

11+7
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Besides the machine assignment variable defined in Scenario 1, another decision variable 

Ni is added, which represents the number of the machines that deal with operation i. These decision 

variables should satisfy the throughput constraint Th0 for each node, i.e., 

0i ij ijN t x Th , 

where tij represents the subassembly throughput of assigning operation i to machine type j. 

The objective function for each node changes to: 

1 2G min( , ) min( )
k i ij ij

g g g N c x  . 

The example for scenario 2 is shown in Fig.21. The data are exactly the same with scenario 

1. The only difference is that the machine quantity is considered. The notation (0+2×7) is added 

to the left side of lowest level node (4). The underlined number 0 means that it has no child and 

2×7 represents the lowest cost to finish operation (4) while the throughput requirement is met. The 

number 2 is the machine quantity and the number 7 is the operation cost for assigning operation 

(4) to one machine. The underlined number for node (2) is 19 because it is the lowest operation 

cost among (14+5), (8+12) and (0+22). This result means that assembly hierarchy (2)(3)(4) is 

chosen and operation (2) is assigned to two identical machines (each of which costs 7), (3) is 

assigned to one machine with cost 5, and (4) is assigned to two identical machines (each of which 

costs 7). 

 

Fig.21 Example for scenario 2 

0
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(3) (4) (34)

(4) (3)0+27 0+18

14+15 8+26 0+211

19+27
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4.4.3 Summary 

The same assembly operations in different assembly hierarchies may produce different 

subassemblies. Operation cost could also vary with the operations on these subassemblies. For 

example, (1)(2)(3)(4) and (1)(3)(2)(4) are two different assembly hierarchies of the liaison graph 

in Fig.16. In (1)(3)(2)(4), the operation (2) generates the subassembly (ABCD) which connects 

(AB) with (CD); and in (1)(2)(3)(4), the operation (2) generates the subassembly (ABC) which 

connects (AB) with (C). The cost of operation (2) may vary based on different assembly hierarchy. 

So, for the purpose of system optimization, it is necessary to know all subassemblies generated by 

assembly operations (nodes) and their associated operation cost given a candidate assembly 

hierarchy. 

The proposed optimization procedure takes advantages of dynamic programming, 

potentially reducing search space.. Scenario 1 is used to illustrate the potential reduction of 

computational load. Assume that there are m basic operations and n types of machines in one 

product design. Also denote z as the total number of assembly hierarchies in outer loop search 

space. The exploration times for the solution space are shown below in TABLE V. The ratio 

between the two complexity values,  

(2 1) / 2

m

m n m

n

  , 

is plotted in Fig.22. It can be seen that when n and m grow bigger, the new proposed optimization 

method can significantly reduce computational complexity as the ratio escalates. 

 Esitimated value of coputational complexity (for Scenario 1) 

Optimization 
Method 

Exhaustive 
method 

New proposed 

Estimated value >znm <zm(2n+ m+1)/2 
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Fig.22 Curve graph for  2 / (2 1)m
n m n m   

 

  

2
3

4
5

6
7

n

34567

m

0

25000

50000

75000

100000

125000

150000

175000



38 

CHAPTER 5 

ASSEMBLY HIERARCHY GENERATION FOR PRODUCT FAMILY 

In order to satisfy the customers’ needs and maintain the reasonable manufacturing cost, 

various products offered by a company are often related to each other in a number of ways, so that 

they can be grouped together as a product family.  They are partially (if not fully) substitutable in 

their demands, possess underlying similarities in their functionality, and further have the potential 

to share components, subassemblies, production process, and sometimes even a common concept 

and/or architectural [1]. This term, product family, has also been used by other researchers to refer 

to a set of related products [2-3]. In [4], a product family is considered as a set of similar products 

that are derived from a common platform and yet possess specific features/functionality to meet 

particular customer requirements. Each individual product within a product family, i.e., a family 

member, is called a product variant or instance. 

In this section, the algorithm will be expanded to product family by introducing the joint-

liaison graph and multi-level joint-liaison graph. This expanded algorithm can efficiently generate 

the searching space for one product family by eliminating those unnecessary searching directions 

and redundant results, thus significantly reducing the computational complexity. 

5.1 Representation of product family using joint liaison graph 

This section proposes the joint-liaison by combining the liaisons graphs of all the products 

in one product family. The combination is based on two situations: Addition and Replacement. 

The same as the general liaison graphs, this joint-liaison graph is used to generate the non-

redundant assembly hierarchies with the algorithm in our previous work. Moreover, the results can 

be used for the assembly system design of mix-model products. 

Liaison graph was first introduced by Bourjault [6]. Some researchers used this “liaison” 

concept for generating assembly sequences, i.e., deducing the assembly operation precedence in 

generating all feasible sequences [8]. To apply the proposed hierarchy generation algorithm to a 

product family, this chapter introduces the joint-liaison to establish the user-defined relationships 

among all the components and parts in this family. Based on the characteristics of the product 

family, the multi-level joint-liaison is proposed to eliminate those assembly hierarchies that are 
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meaningless for the system optimization during the generation procedure. Compared with directly 

applying the generation algorithm to the joint-liaison, this multi-level joint-liaison can 

significantly improve the algorithm efficiency by eliminating those unnecessary searching 

direction.  

5.1.1 The basic liaison of a product family 

Consider a product family shown in Fig.23, there will always exist a basic liaison. 

Generally, it is the overlapping parts of all the products in the family. However, the definition of 

this basic liaison can be defined manually, which means it is not fixed. For example, the 

overlapping parts of the product family in (Fig.23.a) is ABCD in one circle, it is one basic liaison 

(Fig.23.b). Here, even the Product C has no component E, it has component I in the same position 

of E. Usually, they only have limited differences such as colors difference or raw material 

difference which will not influence the assembly procedure significantly. Considering such kind 

of practical situation, the liaison of Product A can be defined as the basic liaison manually 

(Fig.23.c). So the basic liaison of one product family can vary extensively based on different 

situation, as shown in Fig.24. 

 

Fig.23 Example of one product family with four products (a), (b), (c), and (d) 
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Fig.24 Two possilbe basic liaisons for the product family in Fig. 1 

5.1.2 Generation of joint-liaison graph 

Assuming that the liaison of Product in Fig.23.a is defined as the basic liaison of this 

product family, two options are needed in order to assemble other products. 

 

 5.1.2.1 Addition  

Addition is to add components, subassemblies or modules to the basic liaison. When the 

basic liaison is selected, there will be no deleting operation, only addition needs to be considered. 

 

Fig.25 Example of one simple basic liaison 

Fig.25 shows an example of one simple basic liaison that has three components in a line. 

If additional component needs to be added into this basic liaison, the basic liaison should be 

expanded by adding operation. Fig.26 shows the examples of the expanded products after adding 

one component with different assembly tasks between components.   

In these examples, one can get the joint-liaisons very easily, because they are just the 

liaison graphs of these expanded products. None of the original tasks or components in basic 

liaison is changed. For the generation purpose in previous section, the task connection matrix 

should also be updated for this joint-liaison: in this situation, only new tasks numbers and the 

connection relations between new tasks and original tasks need to be added into the matrix. Of 
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course, aforementioned is only one situation, the other situation is that some of the original tasks 

in basic liaison are changed, see Fig.27.  

   

Fig.26 Examples of expanded products after adding one component without any change to 

oringinal assembly task 

 

Fig.27 Example of expanded liaison graph after adding one component with changes to original 

task 

In this situation, the original task between components B and C no longer exists, the new 

component D is placed between B and C with two new assembly tasks. It can be considered as the 

replacement: One task (black dashed line) is replaced by two new tasks and one component (red 

dashed line), the joint-liaison is shown in Fig.27.  

 

5.1.2.2 Replacement 

Replacement is to replace the components, subassemblies or modules of the basic liaison 

by some other similar components, subassemblies or modules.  
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Fig.28 Example of one simple basic liaison 

Fig.28 shows an example of one simple basic liaison that has four components in a line. 

The replacement has two situations, one additional component replaces one original component, 

or one additional component replaces two or more original components. The examples and the 

related joint-liaison graphs are given in Fig. 6. 

 

Fig.29 Two examples of  products based on replacement and the corresponding joint-liaison 

graphs 

5.2 Assembly hierarchy generation based on joint-liaison 

Based on the generated joint-liaison graph, the algorithm from Section 5 can be applied to 

generate all the assembly hierarchies for the product family. The decision criteria are only based 

on the task connection matrix of joint-liaison, not each product. The generated assembly 

hierarchies can be used to generate all the products in this family, and the requirements of material 

flow for each product will be fully met.  

5.2.1 Assembly hierarchy representation for joint-liaison graphs 

When using the assembly hierarchy generated by the joint-liaison for one product variant, 

there is one thing should be noticed: sometimes the hierarchy relationship of this product cannot 
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be represented correctly. However, such a problem is inessential to the non-redundant generation 

results. An example is used to illustrate this issue. 

Consider the product family shown in Fig.23, using the liaison graph of Product A as the 

basic liaison, the joint-liaison is generated and shown in Fig.30. And Fig.31 shows one of the 

results generated by this joint-liaison. 

 

Fig.30 Joint-liaison of the product family in Fig. 1 

 

Fig.31 Generated assembly hierarchy for the product family in Fig. 1 

If the generated assembly hierarchy is used to assemble the product (c) in Fig.23, the 
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Fig.32 Generated assembly hierarchy of product (c). (a) Based on joint assembly hierarchy; (b) 

Based on original liaison 

Despite of this inconsistency, from the practical view, assembly hierarchy will not be 

influenced, only the material flow is different and this is an inessential problem for the 

manufacturing system. The most important thing is that, the algorithm still guarantees the non-

redundant generation, which is the key part of searching design space.  

Directly using joint-liaison is a general method to solve the assembly hierarchy generation 

for mixed-model products. As far as several different products are given, the joint-liaison graph 

can be generated, and then all the non-redundant hierarchies for mixed-model assembly can be 

generated by applying the proposed algorithm.  

One joint-liaison can be considered as the combination of all the liaisons of several 

products. It will increase the total number of the components and tasks, making the liaison relation 

between components much more complex, consequently increase the computational complexity 

and the hierarchy search space significantly.  
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5.2.2 Generation of multi-level joint liaison graphs for design space reduction 

For the real life, mixed-model assembly is always used for family products. Based on the 

characteristics of the family products, the original joint-liaison can be split into multi-level joint 

liaison to solve the aforementioned problem.  

In assembly hierarchy, some subassemblies consist of several components and 

corresponding assembly tasks are provided as a whole part, i.e. a module. There is no need to 

consider the hierarchy relations between the tasks from different module, because they are totally 

independent. Take the car assembly as an example, the assembly task related to engines and the 

assembly task related to wheels, whichever has a higher level in assembly hierarchy makes no 

difference to the assembly procedure. Based on the characteristics of the real product, such kind 

of independence can be used for generating multi-level joint-liaisons. 

 

5.2.2.1 Module defined by addition 

For any connected additional parts, they are considered as lower level joint-liaison, two 

examples are shown in Fig.33: 

 

Fig.33  Examples of addition parts as lower level joint-laison 
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5.2.2.2 Sub-family defined by replacement 

For the product family, some replaced parts are very similar, and their corresponding tasks 

are the same. In such a situation, combine those similar parts as a sub-family and the additional 

tasks are not needed. For the product (a) and (c) in Fig.23, the component E and I can be combined 

together as one sub-family S if assuming task 5,6,7 equals to 9,10,11 respectively. 

 

Fig.34  Example of replaceable parts as sub-problem 

If the replacement will change the task type, then the sub-family should be defined 

manually based on the characteristics of the product and the relations between these components. 

Fig.35 shows two possible sub-families for the same replaceable parts, it should be chosen 

according to the practical situation. 

 

Fig.35  Two possible situation for sub-family selection 
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After these combinations, the multi-level joint-liaison graph, which only consists 

simplified joint-liaison in multi-level, is generated. The next step is to formulation the generation 

problem. 

5.2.3 Problem formulation based on multi-level joint-liaison graph 

The problem formulation has four steps.  

 Apply the assembly hierarchy generation algorithm to the highest-level joint-

liaison graph, and then go to the next lower level joint-liaison. 

 For the lower level joint-liaison M in Fig.33, which represents additional parts, 

apply the generation algorithm, find the optimized one and add it to the hierarchy 

generated by its upper level joint-liaison. One thing to note is that if this M is 

connected with several different tasks, it should be add to the task that is first 

operated. 

 For the sub-family S in Fig.34 and Fig.35, which represents replaceable parts, we 

can consider it as a sub-problem. See the first situation in Fig.35, S is a product 

family that has three members: ABC, AEC and AC, the basic liaison can be A or 

AC.  

 Repeat these Steps until there is no lower level joint-liaison or sub-problem exists. 

 

Fig.36 shows the problem formulation procedure for product family in Fig.1. The original 

complex joint-liaison graph has become a simple joint-liaisons consist of main problem and sub-

problem with different levels. For more complex product family design, there may exist more than 

one module in the same level, and the sub-problem may have further sub-problems.  

In this multi-level joint-liaison, the liaisons generated in different level have no influence 

to each other, and the final assembly hierarchy can be obtained by simple combination. For the 

optimization purpose, this is really important. The optimization can be applied to the multi-level 

joint-liaison, and then combine the best one of each together. Such a procedure will significantly 

decrease the computational complex. 
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Fig.36 Problem formulation procedure for product family in Fig. 1 vs. original joint-liaison 

graph 

5.2.4 Discussion on joint system optimization 

The system design usually contains two-loop decision-makings. The outer-loop generates 

all the feasible assembly hierarchies, which include assembly operations and corresponding 

material flows, based on liaison graphs and practical constraints. The inner-loop optimize the 

system design by evaluating all the candidate assembly hierarchies with certain criterion, i.e., 

assembly line balancing problem.  

The outer-loop part has been discussed, and according what we proposed, the inner-loop 

optimization will become much easier to realize, because the original problem has been divided 

into main-problem (for original product family) and sub-problems (for sub-product family), and 

for each problem, the joint-liaison will be split into multi-levels. Such a structure ensures the 

optimization process will not be too complex. The final result is the combination of all the 
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the product family. Based on the problem formulation above, optimization for the product family 

manufacturing design can be further applied. The very complex original case has been split into 

simple cases. The concurrent strategy will be applied to each level of the multi-level Joint-liaison 

for all the problems (including main problem and sub-problems), the optimization of this product 

family design will be realized in a more efficient way. 

5.3 Case study 

This section gives two examples to show how the joint-liaison works for the assembly 

hierarchy generation algorithm and the importance of multi-level joint-liaison in system design. 

The first one is based on the general case in Fig.1. And the second one is a case study based on the 

real product from Herman Miller Company.  

5.3.1 Case study for a serially linked product 

For the product family list in Fig. 1, the generation algorithm can be directly applied to the 

joint-liaison to get all the feasible and non-redundant assembly hierarchies. However, if directly 

applying the generation algorithm, there will be too many results for the computer to generate them 

all in a short time.  

It has been discussed in our previous work that the biggest advantages of the generation 

algorithm are its non-redundancy and high efficiency with constraints, because this algorithm can 

stop the useless search direction as soon as any constraint is violated. So, before this generation, 

some reasonable practical constraints need to be added to get a result that is not too time consuming. 

In this joint-liaison, assuming that the components E and I are very similar so that tasks 5,6,7 are 

equivalent to tasks 9,10,11. Thus, only 10 tasks need to be considered, the simulation result is as 

follow: 

 

1 stage assembly number=1 

2 stage assembly number=502 

3 stage assembly number=18807 

4 stage assembly number=226154 

5 stage assembly number=1269464 

6 stage assembly number=3867229 
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7 stage assembly number=6788676 

8 stage assembly number=6865515 

9 stage assembly number=3716970 

10 stage assembly number=834522 

 

result_num=23587840 

 

If applying multi-level joint-liaison, the liaison can be split into 2 levels, as shown in 

Fig.37: 

 

Fig.37 Module combination for general case study 

The simulation results are: 
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result_num=63 

 

2nd Level Joint-Liaison for M2 

1 stage assembly number=1 

2 stage assembly number=2 

result_num=3 

 

The assembly hierarchy of different level joint-liaison will have no influence to each other, 

the total number of assembly hierarchy need to be considered is just the multiplication of their 

results, i.e. 69×63×3, which is much smaller than 23587840. 

5.3.2 Case study for a real product family 

The Aeron Chair, one of the best sellers of Herman Miller Company, is used in this section 

to show how this joint-liaison works for real product. Following is the components figure for 

Aeron Chair, and some of them are additional parts or replaceable parts (Fig.38). 

 

Fig.38 Aeron Chair from Herman Miller 



52 

When the customers want to buy this chair on Herman Miller official website, there are 

several options to choose, which means the customers can select different product from this 

product family. Following is the list of the options: 

 Optional list of Aeron Chair 

Base Color Graphite/Titanium/Polished Aluminum 

Frame Finish Graphie/Smoke 

Pellicle Fabric Carbon Classic/Blue Balck Tuxedo/Platinum Waves… 

Tilt Standard/Limiter with Seat Angle Adjustment 

Arms None/Stationary/Adjustable 

Armpads Standard/Black Leather 

Chair Size Small/Medium/Large 

Back Support None/Adjustable Lumbar Support 

Casters Carpet/Hard Floor or Carpet 

 

To simplify the problem, in this case, assuming that the material of armpads, the size of 

chair will not change the task type. Only the replacement of casters will cause the task type change. 

The joint-liaison with the most important components is shown as follow (Fig.39): the numbers in 

the circle are the same numbers in Fig.38. Some parts such as lumber, posture-fit and hydraulic 

device are represented as components. 

The same as the general case study, some constraints will be added first to limit the total 

number of the results. Assuming that the casters and posture-fit will only be assembled at last step, 

12 tasks are left in this joint-liaison, the results is shown below: 

 

1 stage assembly number=1 

2 stage assembly number=942 

3 stage assembly number=63807 

4 stage assembly number=1314504 

5 stage assembly number=12399994 

6 stage assembly number=64184150 

7 stage assembly number=199799562 

8 stage assembly number=390668864 
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9 stage assembly number=483832897 

10 stage assembly number=368685958 

11 stage assembly number=157811828 

12 stage assembly number=29053704 

 

result_num=1707816211 

 

Fig.39  Simplified joint liaison graph for Aeron Chair 

We can see that for only 12 tasks, the result number will be over 1.7 billion. Even though 

the generation algorithm can take the advantage of practical constraints to decrease the searching 

space, it will still be time consuming when the total number of tasks is relatively large. Thus, the 

multi-level joint-liaison should be applied to this case, Fig.40 shows the results for the multi-level 

Aeron Chair joint-liaison graph. 

Assuming that the three tasks 13,14,15 of the posture-fit must be operated at the same time, 

the simulation results have 6 parts: Simplified liaison itself and modules 1 to 5. The result is given 

as follow: 

 

 

1 4 5

Lumber

Posture-fit

Hydraulic device

11
37 17

18

22

29 21

1

2

4

3

5

13

1112

7
8

9

6

10

14 15

With task number
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Main Problem: 

1st Level Joint-Liaison 

1 stage assembly number=1 

2 stage assembly number=62 

3 stage assembly number=540 

4 stage assembly number=1560 

5 stage assembly number=1800 

6 stage assembly number=720 

result_num=4683 

 

2nd Level Joint-Liaison for M1 

1 stage assembly number=1 

2 stage assembly number=23 

3 stage assembly number=107 

4 stage assembly number=168 

5 stage assembly number=84 

result_num=383 

 

Sub Problem for S1: 

1st Level Joint-Liaison 

result_num=2 

 

Fig.40  Multi-level joint liaison for a real product 

1st level

2nd level

Main Problem Sub-Problem

M1

M2

S1 A sub-family
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There is only one assembly hierarchy for M2. The number of assembly hierarchy for main 

problem is 4683×383×1. The number of assembly hierarchy for sub problem is 2. The total results 

number is multiplication of main and all sub problem. Though this number is still very large, it is 

acceptable by the computer optimization. Without the module combination, the hierarchy search 

space will be as large as 1.7 billion. 

5.4 Summary 

This section introduced a model to represent the product family design based on basic 

liaison graph and corresponding joint-liaison graph. The objective of this model was to generate 

all the feasible and non-redundant assembly hierarchies for the manufacturing system design of 

the product family by using a proposed generation algorithm. Taking the advantage of the 

characteristics of product family, the proposed original generation problem can be split into main-

problem and sub-problem, the joint-liaison graph can be split into multi-level joint-liaison graph. 

Based on such a formulation, the generation procedure can be optimized, eliminating those 

unnecessary and redundant assembly hierarchies, which significantly decrease the computational 

complexity. Cased studies were conducted for a general product family and a real-word product 

family (Aeron Chair). The results of the formulated problem showed great advantages in both 

computational complexity and algorithm efficiency.
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CHAPTER 6 

CONCLUSION 

Assembly system design usually contains two-loop decision-making. This thesis proposed 

an algorithm of generating assembly hierarchies for products with complex liaison relations and 

discussed the potential applications of this algorithm in reducing the search space of out-loop 

optimization. A new assembly hierarchy representation with four rules was proposed. Based on 

the new representation, a recursive algorithm was developed to automatically generate all the 

feasible and non-redundant assembly hierarchies. Using string representation and the connection 

matrix of liaison graph, this algorithm can generate assembly hierarchies not only for serially 

linked assemblies but also for assemblies with branch and loop in their liaison graphs. This 

generation is a recursive procedure and in each recursive level, all illegal results that violate the 

four rules and/or some practical constraints are not explored, thus greatly improving the 

computational efficiency. Case studies were conducted for liaison graphs with different topology 

and a real world product (laptop) to demonstrate the procedure. A comparison was made to 

illustrate the difference between assembly hierarchy generation and conventional assembly 

sequence generation problem.  

The hierarchy generation plays an essential role in assembly system design as it determines 

the assembly operations and the relationships among them. Based on the proposed hierarchy 

generation algorithm, this thesis developed an recursive search method for some special cases to 

joint determination of optimal assembly operations, operation-machine assignment, machine types 

and quantities, and the material flows among machines. Two special cases were discussed and the 

first case was compared with system design approach proposed in Li [2]. The results showed that 

the proposed method could significantly reduce potential computations in searching the optimal 

solution. 

Furthermore, the proposed assembly hierarchy generation algorithm was extended to 

product family. A model was constructed to represent the product family design based on basic 

liaison graph and corresponding joint-liaison graph. Taking the advantage of the modularity of 

product family, the original assembly hierarchy generation problem can be decomposed into main-

problem and sub-problems, and the joint-liaison graph can be decomposed into multi-level joint-
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liaison graphs. Based on such a formulation, unnecessary and meaningless assembly hierarchies 

can be eliminated, which significantly decreasing the computational complexity. Cased studies 

were conducted for a general product family and a real-word product family. The simulation results 

were given for both cases to demonstrate that newly formulated problems showed great advantages 

in both computational complexity and algorithm efficiency.
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CHAPTER 7 

FUTURE WORK 

1.  Modeling for operation cost 

As it mentioned in 5.4.3, for the purpose of system optimization, it is necessary to know 

all subassemblies generated by assembly operations (nodes) and their associated operation cost 

given a candidate assembly hierarchy. When the assembly hierarchy optimizes the search space 

by eliminating those redundant designs, it may also increase search space by considering more 

possible situations, i.e., simutaneously assembly. One challenge is that with the increase of the 

search space, it is almost impossible to get all the data needed for the system optimization. A well-

developed model to represent assembly operation cost and other data is needed for future study. 

 

2.  System design consider product evolution with uncertainty 

The assembly system optimization is always implemented for the current generation of 

products without considering the needs of future generations of products. When a new generation 

of products are to be launched, the original system could be costly to reconfigure or even be 

discarded. With shortened cycles of product development, there exists an opportunity of improving 

the system re-configurability by incorporating the available but limited information of future 

products at the time of the assembly system deployment. The major challenge brought by the 

product changes is the uncertainty. Certain product family evolution may have a number of 

candidate plans and the information of the next generation product is limited and uncertain at the 

time of deploying the current manufacturing systems. However, the engineers may have already 

developed a preliminary judgment on some aspects of the future products. Their engineering 

opinions could be quantified as likelihood or conditional probability of the product design. It can 

be expected that the potential reconfiguration cost could be reduced if such information in product 

evolution can be incorporated into the current assembly system design. Future research include 

robust system design considering product evolution to ensure the lowest reconfiguration cost and 

highest throughput at each production phase. One other direction is to generate a stochastic 

programming algorithm to design the assembly system while considering the evolution with 

certain probability.
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APPENDIX 

 

EXAMPLES OF ASSEMBLY HIERARCHY GENERATION 

Example 1: 

 

 

 

 

result 1 = (1234) 

result 2 = (123)(4) 

result 3 = (124)(3) 

result 4 = (12)(34) 

result 5 = (12)(3)(4) 

result 6 = (12)(4)(3) 

result 7 = (1)(234) 

result 8 = (1)(23)(4) 

result 9 = (1)(24)(3) 

result 10 = (1)(2)(34) 

result 11 = (1)(2)(3)(4) 

result 12 = (1)(2)(4)(3) 

result 13 = (1)(34)(2) 

result 14 = (1)(3)(24) 

result 15 = (1)(3)(2)(4) 

result 16 = (1)(3)(4)(2) 

result 17 = (1)(4)(23) 

result 18 = (1)(4)(2)(3) 

result 19 = (1)(4)(3)(2) 

result 20 = (234)(1) 

result 21 = (23)(14) 

result 22 = (23)(1)(4) 

result 23 = (23)(4)(1) 

result 24 = (24)(13) 

result 25 = (24)(1)(3) 

result 26 = (24)(3)(1) 

result 27 = (2)(134) 

result 28 = (2)(13)(4) 

result 29 = (2)(14)(3) 

result 30 = (2)(1)(34) 

result 31 = (2)(1)(3)(4) 

result 32 = (2)(1)(4)(3) 

result 33 = (2)(34)(1) 

result 34 = (2)(3)(14) 

result 35 = (2)(3)(1)(4) 

result 36 = (2)(3)(4)(1) 

result 37 = (2)(4)(13) 

result 38 = (2)(4)(1)(3) 

result 39 = (2)(4)(3)(1) 

result 40 = (34)(12) 

result 41 = (34)(2)(1) 

result 42 = (3)(124) 

result 43 = (3)(12)(4) 

result 44 = (3)(24)(1) 

result 45 = (3)(2)(14) 

result 46 = (3)(2)(1)(4) 

result 47 = (3)(2)(4)(1) 

result 48 = (3)(4)(12) 

result 49 = (3)(4)(2)(1) 

result 50 = (4)(123) 

result 51 = (4)(12)(3) 

result 52 = (4)(23)(1) 

result 53 = (4)(2)(13) 

result 54 = (4)(2)(1)(3) 

result 55 = (4)(2)(3)(1) 

result 56 = (4)(3)(12) 

result 57 = (4)(3)(2)(1) 

Number of 1 level assembly = 1 

Number of 2 level assembly = 11 

Number of 3 level assembly = 27 

Number of 4 level assembly = 18 

Total number = 57 
 

 

 

 

 

 BA C D

E

1

4

32
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Example 2: 

 

 

 

Only give the number of different stage due to the page limitation: 

Number of 1 level assembly = 1 

Number of 2 level assembly = 174 

Number of 3 level assembly = 5586 

Number of 4 level assembly = 70939 

Number of 5 level assembly = 460505 

Number of 6 level assembly = 1722892 

Number of 7 level assembly = 3932174 

Number of 8 level assembly = 5562017 

Number of 9 level assembly = 4759058 

Number of 10 level assembly = 2256126 

Number of 11 level assembly = 454828 

 

Total number = 19224300 

 

 

 



61 

REFERENCES 

[1] S. Li, H. Wang, S.J. Hu, Y.T. Lin and J.A. Abell, “Automatic generation of assembly system 
configuration with equipment selection for automotive battery manufacturing,” Journal of 

Manufacturing Systems, Vol. 30, pp. 188 195, 2011. 

[2] S. Li, “Designing Productive Assembly System Configurations Based on Hierarchical 

Subassembly Decomposition with Application to Automotive Battery Packs”, Dissertation, 

University of Michigan, 2012, pp. 24-28. 

[3] Mather, Hal. Bills of materials. Irwin Professional Pub, 1987. 

[4] Hopp, Wallace J., and Mark L. Spearman. Factory physics. Waveland Press, 2011. 

[5] Nanda, Jyotirmaya, Henri J. Thevenot, Timothy W. Simpson, Robert B. Stone, Matt Bohm, 

and Steven B. Shooter. "Product family design knowledge representation, aggregation, reuse, 

and analysis." AI EDAM: Artificial Intelligence for Engineering Design, Analysis, and 

Manufacturing 21, no. 02 (2007): 173-192. 

[6] A. Bourjault, “Contribution a une approche méthodologique de assemblage automatisé: 
Elaboration automatique des séquences opératoires”, PhD thesis, Université de Franche-

Comté, Besançon, France, 1984. 

[7] Nallamothu, Phani Teja. "Design and Implementation of Automated Assembly Planning 

Methodology." PhD diss., Pennsylvania State University, 2013. 

[8] D.E. Whitney. Mechanical Assemblies: Their Design, Manufacture and Role in Product 

Development. Oxford University Press, USA. 2004 

[9] Kim, Kyoung-Yun, David G. Manley, and Hyungjeong Yang. "Ontology-based assembly 

design and information sharing for collaborative product development." Computer-Aided 

Design 38, no. 12 (2006): 1233-1250. 

[10] General constraints. Retrieved from http://osm7.cs.byu.edu/eric/generalConst.html (accessed 

July, 2015) 

[11] Turner, Joshua U., Srikanth Subramaniam, and Suvajit Gupta. "Constraint representation and 

reduction in assembly modeling and analysis." Robotics and Automation, IEEE Transactions 

on 8, no. 6 (1992): 741-750. 

[12] T.L. De Fazio, D.E. Whitney, “Simplified Generation of All Mechanical Assembly Sequences,” 

IEEE Journal of Robotics and Automation 3(6), pp. 640–658, 1987. 

[13] Baldwin, Daniel F., Thomas E. Abell, Man-Cheung Max Lui, Thomas L. De Fazio, and Daniel 

E. Whitney. "An integrated computer aid for generating and evaluating assembly sequences 

http://osm7.cs.byu.edu/eric/generalConst.html


62 

for mechanical products." Robotics and Automation, IEEE Transactions on 7, no. 1 (1991): 

78-94. 

[14] Khosla, Pradeep K., and Raju Mattikali. "Determining the assembly sequence from a 3-D 

model." Journal of Mechanical Working Technology 20 (1989): 153-162. 

[15] H.S. Park, J.W. Park, M.W. Park and J.K. Kim, “Development of Automatic Assembly 
Sequence Generating System Based on the New Type of Parts Liaison Graph”, Product 

Lifecycle Management for Society. Springer Berlin Heidelberg, pp. 540-549, 2013.  

[16] L.S. Homem de Mello, A.C. Sanderson, “A Correct and Complete Algorithm for the 

Generation of Mechanical Assembly Sequences,”  IEEE Transactions on Robotics and 

Automation 7(2), pp. 228–240, 1991. 

[17] L.S. Homem de Mello, A.C. Sanderson, “And/or Graph Representation of Assembly Plans,” 

IEEE Transactions on Robotics and Automation 6(2), pp. 188–199, 1990. 

[18] L.S. Homem de Mello, A.C. Sanderson, “Representations of Mechanical Assembly 

Sequences,” IEEE Transactions on Robotics and Automation 7(2), pp. 211–227, 1991. 

[19] L.S. Homem de Mello, S. Luiz, “Sequence planning for robotic assembly of tetrahedral truss 
structures.” Systems, Man and Cybernetics, IEEE Transactions on 25, no. 2, pp. 304-312, 

1995. 

[20] Y.Q. Lee and S.R.T. Kumara, “A scheme for mechanical assembly design and assembly line 
layout conceptualization”, Computers in Industrial Engineering, 27, pp. 261-264, 1994. 

[21] U. Roy, P. Banerjee and C.R. Liu, “Design of an automated assembly environment”, 
Computer-Aided Design, 21, pp. 561-569, 1989. 

[22] D. Ben-Arieh and B. Kramer, “Computer-aided process planning for assembly: generation of 

assembly operations sequence”, The International Journal of Production Research, 32.3, pp. 

643-656, 1994. 

[23] M. Santochi and G. Dini, “Computer-aided planning of assembly operations: the selection of 

assembly sequences”, Robot CIM-Int Manuf, 9, pp. 439-446, 1992. 

[24] J. F. Wang, J. H. Liu and Y. F. Zhong. “A novel ant colony algorithm for assembly sequence 
planning”, The international journal of advanced manufacturing technology 25.11-12, pp. 

1137-1143, 2005. 

[25] T. Gu, Z. Xu and Z. Yang, “Symbolic OBDD representations for mechanical assembly 
sequences”, Comput Aided Des, 40, pp. 411-421, 2008. 

[26] F. Demoly, X.T. Yan, B. Eynard, L. Rivest and S. Gomes, “An assembly-oriented design 

framework for product structure engineering and assembly sequence planning”, Robotics and 

Computer-integrated manufacturing, 27, 33-46, 2011 



63 

[27] N. Huang and Y.T. Lin, “Chaining set partitions with applications in manufacturing system 

configuration planning,” International Journal of Operational Research, Vol. 6, No. 3, 2009. 

[28] F. Webbink and S.J. Hu, “Automated Generation of Assembly System Design Solutions,” 
IEEE Transactions on Automation Science and Engineering, Vol. 2, pp. 32 39, 2005.  

[29] H. Wang, J. Ko, X. Zhu, and S.J. Hu, “A Complexity Model for Assembly Supply Chains and 
Its Application to Configuration Design,” 

[30] Nilsson, Nils J. Principles of artificial intelligence. Morgan Kaufmann, 2014. 

[31] Pu, Pearl. "An assembly sequence generation algorithm using case-based search techniques." 

In Robotics and Automation, 1992. Proceedings., 1992 IEEE International Conference on, pp. 

2425-2430. IEEE, 1992. 

[32] Becker, Christian, and Armin Scholl. "A survey on problems and methods in generalized 

assembly line balancing." European journal of operational research168, no. 3 (2006): 694-

715. 

[33] Salveson, Melvin E. "The assembly line balancing problem." Journal of Industrial 

Engineering 6, no. 3 (1955): 18-25. 

[34] Baybars, Ilker. "A survey of exact algorithms for the simple assembly line balancing 

problem." Management science 32, no. 8 (1986): 909-932. 

[35] Scholl, Armin, and Christian Becker. "State-of-the-art exact and heuristic solution procedures 

for simple assembly line balancing." European Journal of Operational Research 168, no. 3 

(2006): 666-693. 

[36] Gupta, Saurabh, and Viswanathan Krishnan. "Product family-based assembly sequence design 

methodology." IIE transactions 30, no. 10 (1998): 933-945. 

[37] Utterback, J. M., and M. H. Meyer. "The product family and the dynamics of core 

capability." Sloan management review 34, no. Spring (1993): 29-47. 

[38] Sanderson, Susan, and Mustafa Uzumeri. "Managing product families: The case of the Sony 

Walkman." Research policy 24, no. 5 (1995): 761-782. 

[39] Meyer, Marc H. The power of product platforms. Simon and Schuster, 1997. 

[40] Jiao, Jianxin, and Mitchell M. Tseng. "A methodology of developing product family 

architecture for mass customization." Journal of Intelligent Manufacturing 10, no. 1 (1999): 

3-20. 

[41] Jiao, Jianxin, and Mitchell M. Tseng. "Understanding product family for mass customization 

by developing commonality indices." Journal of Engineering Design 11, no. 3 (2000): 225-

243. 



64 

[42] Jiao, Jianxin, Mitchell M. Tseng, Vincent G. Duffy, and Fuhua Lin. "Product family modeling 

for mass customization." Computers & Industrial Engineering35, no. 3 (1998): 495-498. 

[43] Hegge, H. M. H., and J. C. Wortmann. "Generic bill-of-material: a new product 

model." International Journal of Production Economics 23, no. 1 (1991): 117-128. 

[44] Olsen, Kai A., Per Sætre, and Anders Thorstenson. "A procedure-oriented generic bill of 

materials." Computers & industrial engineering 32, no. 1 (1997): 29-45. 

[45] Zha, X. F., S. Y. E. Lim, and S. C. Fok. "Integrated intelligent design and assembly planning: 

a survey." The International Journal of Advanced Manufacturing Technology 14, no. 9 (1998): 

664-685. 

[46] Jiao, Jianxin Roger, Timothy W. Simpson, and Zahed Siddique. "Product family design and 

platform-based product development: a state-of-the-art review."Journal of intelligent 

Manufacturing 18, no. 1 (2007): 5-29. 

[47] Jose, Alberto, and Michel Tollenaere. "Modular and platform methods for product family 

design: literature analysis." Journal of Intelligent manufacturing16, no. 3 (2005): 371-390. 

[48] He, David W., and Andrew Kusiak. "Performance analysis of modular products." International 

Journal of Production Research 34, no. 1 (1996): 253-272. 

[49] De Lit, Pierre, and Alain Delchambre. Integrated design of a product family and its assembly 

system. Springer Science & Business Media, 2003. 

[50] De Lit, Pierre, Joëlle Danloy, Alain Delchambre, and J-M. Henrioud. "An assembly-oriented 

product family representation for integrated design."Robotics and Automation, IEEE 

Transactions on 19, no. 1 (2003): 75-88. 

[51] S.J. Hu, J. Ko, et al, “Assembly System Design and Operations for Product Variety,” CIRP 

Annals – Manufacturing Technology, 2011 



65 

BIOGRAPHICAL SKETCH 

Zhengqian Jiang earned his Bachelor of Science degree from the Department of 

Mechanical Engineering at China University of Petroleum, Beijing Campus in 2010. He received 

his Master of Engineering degree from the School of Aeronautics and Astronautics at Shanghai 

Jiao Tong University in 2013. Supervising by his advisor Dr. Hui Wang, Zhengqian Jiang will 

receive his Master of Science degree in Industrial Engineering with honor, from Florida State 

University. 


