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ABSTRACT

In this dissertation, we discuss the generation of low discrepancy sequences, randomiza-

tion of these sequences, and the transformation methods to generate normally distributed

random variables. Two well known methods for generating normally distributed numbers are

considered, namely; Box-Muller and inverse transformation methods. Some researchers and

financial engineers have claimed that it is incorrect to use the Box-Muller method with low-

discrepancy sequences, and instead, the inverse transformation method should be used. We

investigate the sensitivity of various computational finance problems with respect to different

normal transformation methods. Box-Muller transformation method is theoretically justified

in the context of the quasi-Monte Carlo by showing that the same error bounds apply for

Box-Muller transformed point sets. Furthermore, new error bounds are derived for financial

derivative pricing problems and for an isotropic integration problem where the integrand is a

function of the Euclidean norm. Theoretical results are derived for financial derivative pricing

problems; such as European call, Asian geometric, and Binary options with a convergence

rate of O(N−1). A stratified Box-Muller algorithm is introduced as an alternative to Box-

Muller and inverse transformation methods, and new numerical evidence is presented in

favor of this method. Finally, a statistical test for pseudorandom numbers is adapted for

measuring the uniformity of transformed low discrepancy sequences.
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CHAPTER 1

INTRODUCTION

The Monte Carlo method and its deterministic version quasi-Monte Carlo method are

popular numerical tools in pricing financial derivatives and risk management, and an

extensive literature has been developed on more efficient (fast and accurate) simulation

techniques to solve problems in computational finance. Increasing popularity of quasi-Monte

Carlo method resulted in many specialized financial software, and patents have been issued

on applications of these algorithms to problems in computational finance in the last decade.

As a result of this growing interest by researchers as well as practitioners working in the

financial industry, various financial and mathematical software now include implementations

of the quasi-Monte Carlo method. Examples of general mathematical and financial software

are Mathematica, Gauss (LibGRO library), Caminus Advanced Risk Analytics, and FinDer.

Examples of some popular low-discrepancy sequences used in applications are the Halton,

Sobol’, and Faure sequences.

Many problems in computational finance can be formulated as computing the expected

value of a random variable defined on some probability space. The Monte Carlo method

simulates the underlying model using random numbers, and estimates the expectation of the

random variable by sample averages. The quasi-Monte Carlo method attempts to do the

estimation similar to the Monte Carlo method with one crucial difference: the quasi-Monte

Carlo method uses the so-called low-discrepancy sequences in simulation. These are specially

designed number theoretic sequences for estimating integrals. For this reason, the quasi-

Monte Carlo method is often called the deterministic version of the Monte Carlo method.

There are two advantages of using the quasi-Monte Carlo method: it provides deterministic

convergence, as opposed to the stochastic convergence of Monte Carlo simulation. Moreover,

the quasi-Monte Carlo estimates converge to the true solution at the rate O((logN)d/N),
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where N is sample size and d is the dimension of the problem, whereas the Monte Carlo

convergence rate is O(N−1/2).

The quasi-Monte Carlo method has some drawbacks: first, using one low discrepancy

sequence in simulation gives a single estimate for the integral, and there is no practical way

of assessing the error of this estimate. The second drawback is due to the deterioration of

low discrepancy sequences in high dimensions; an example of this deterioration is given in

Chapter 3, Figure 3.1. To address these drawbacks researchers have introduced the so-called

randomized quasi-Monte Carlo (RQMC) methods in the last decade. A survey of RQMC

methods and their use in option pricing is given by Ökten & Eastman [1]. Randomized

quasi-Monte Carlo methods construct a family of low discrepancy sequences, from which

one can draw a sequence at random and use it to obtain an estimate for the integral. Hence,

statistical analysis can be applied to multiple estimates obtained this way to measure error.

The third main shortcoming is due to the lack of practical bounds for integration error

in quasi-Monte Carlo methods. The error bound given by the classical Koksma-Hlawka

inequality represents the error in terms of the variation of the integrand and the discrepancy

of the sequence used in integration. Both of these terms, variation and discrepancy, are hard

to compute in practice. Therefore, more practical error bounds are needed in quasi-Monte

Carlo integration.

Geometric Brownian motion is a standard model used in financial mathematics, and the

Monte Carlo method is often used to simulate this model. Generation of these Brownian

motion paths requires the simulation of independent standard normal random variables at

each time increment. Therefore, we need a good method to generate these standard normal

random variables. Two well known methods are the inverse transformation and Box-Muller

methods.

The common folklore in the financial industry and academics is that the Box-Muller

method should be avoided (see study by Joy et. al. [2]). Moro’s [3] algorithm for the

inverse transformation method has been argued to be the best method in terms of accuracy

to the standard normal distribution. In this dissertation theoretical and numerical evidence

is presented against this folklore. In numerical experiments from computational finance, a

significant sensitivity with respect to the normal transformation method is observed. For

numerical experiments, we consider financial derivative pricing examples such as; Barrier

option, Basket option, Asian arithmetic option, Asian geometric option, Ratchet option, and

2



Collateralized mortgage obligation. In most of these examples Box-Muller transformation

performed better or at least as good as inverse transformation method.

This dissertation is organized as follows: Chapter 2 provides an introduction to the Monte

Carlo methods. The basic properties of pseudorandom numbers and the statistical tests for

testing uniformity and randomness of pseudorandom number generators are presented. In

particular, some goodness of fit tests and the collision test is discussed in detail. Furthermore,

Chapter 2 also discusses the inverse transformation and Box-Muller methods for sampling

normal random variables. In Chapter 3, the quasi-Monte Carlo method and the generation

of low discrepancy sequences such as Halton, Sobol’, and Faure sequences are introduced.

Furthermore, a brief introduction to randomization of low discrepancy sequences is presented.

Throughout our numerical examples in this dissertation, we use both low discrepancy

sequences and their randomized versions. In Chapter 4, we explore the question: “Is

there a sensitivity in quasi-Monte Carlo simulation of finance problems with respect to

the normal random variable generation method?”. For the given problems considered in this

dissertation, the answer to this question is “yes”. An earlier evidence suggesting the existence

of this sensitivity is given by Ökten and Eastman [1] without any theoretical results. In this

dissertation we provide a complete answer by giving both numerical and theoretical results

to answer this question. First, we investigate this sensitivity numerically, by considering

derivative pricing problems such as Ratchet, Asian geometric call, Barrier, Basket options

and Collateralized Mortgage Obligation (CMO). Depending on the problem the choice of

the normal random variable generation method affects the results with factors as high as 103

(such as in the Ratchet option pricing). Second, we provide an in depth theoretical analysis

of this sensitivity.

We also introduce a modification of the collision test for low discrepancy sequences,

and use the modified test to measure the quality of a normal transformation method. In

Chapter 5, a theoretical justification of the Box-Muller transformation in the context of

low discrepancy sequences is derived. Hence, due to our result the general error bounds

by Niederreiter [4] now applies under Box-Muller transformed point sets as well. This is

important simply because the error bounds obtained by Niederreiter [4] are computationally

much more practical compared to classical quasi-Monte Carlo error bounds due to the

Koksma-Hlawka inequality. Next, we derived error bounds for derivative pricing problems

such as European call, Asian geometric call, and Binary options. An integration problem
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studied earlier by Papageorgiou [5] is also considered and the same convergence rate of order

O(N−1) is obtained for a class of integrands of bounded variation, which are functions of the

Euclidean norm. However, the error bound of O(N−1) is given by Papageorgiou [5] with an

existence proof, and it is assumed that there exists a point set that minimizes the discrepancy.

In two dimensions, we show the theoretical difference between inverse transformation and

Box-Muller methods with a striking example. For the integration problem considered by

Papageorgiou [5], we prove that under Box-Muller transformed nets we are guaranteed to

obtain a convergence rate of O(N−1), whereas the same is not true for inverse transformation

method (i.e. under inverse transformation we are only guaranteed to have a convergence

rate of O(logN/N)). Furthermore, in our results we show that Box-Muller and stratified

Box-Muller methods are better in constructing a point set, which is “closer” to a uniform

point set. For this purpose the collision test is a good way to measure how far we are

from a uniform point set under the given probability measure. The collision test and

numerical experiments verify that the stratified Box-Muller method produces point sets with

good uniformity properties. Based on our numerical experiments with forty dimensional

Faure sequence, we show that constructing a uniform point set with respect to the chi

measure using inverse transformation requires roughly two times more computational effort

compared to the stratified Box-Muller method. Additional numerical examples from finance

are also presented, in particular, stratification algorithm works well in Value-at-Risk (VAR)

estimation. Chapter 6 gives a brief summary of the contributions of this dissertation and a

discussion of possible future research.
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CHAPTER 2

INTRODUCTION TO MONTE CARLO METHODS

2.1 Introduction

Monte Carlo methods were formally introduced during the 1940’s by Metropolis, von

Neumann, and Fermi during the Manhattan project for solving some integro-differential

equations. However, the basic idea of Monte Carlo methods already existed much earlier

than the 1940’s. An earlier example studied in 1777 is the Buffon’s needle problem due to

G. Comte de Buffon [6], which gives us a clever way to approximate the value of π through

successive trials.

Computing an expected value of a random variable under a probability measure can

also be considered as a numerical integration problem. In particular, many problems from

finance boils down to finding an expected value under the risk neutral measure. Numerical

integration in one dimension can be done efficiently using quadrature methods such as

trapezoidal rule, Simpson’s or Gaussian quadrature formulas. However, in high dimensional

integration problems Monte Carlo methods are the only feasible choice most of the time. For

example, if we consider the product trapezoidal rule to evaluate a d-dimensional integral,

the convergence rate is O(N−2/d) for twice continuously differentiable integrands. The

deterioration of the convergence rate with respect to dimension is a characteristic of any

deterministic integration method, this is also called as “the curse of dimensionality” problem.

Consider the problem of estimating an integral over the unit interval. We can represent

it in the following form

I =

∫ 1

0

f(x)dx =

∫ 1

0

f(x)p(x)dx = E[f(x)], (2.1)
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where p is the uniform density. The basic Monte Carlo estimator is

IN =
1

N

N∑

i=1

f(xi), (2.2)

and the Monte Carlo error can be approximated by the sample standard deviation of

σf = {E[|f −E[f ]|2]}1/2.

Theorem 2.1.1 (Central Limit Theorem). Assume ξi, i = 1, 2, 3, ... are independent,

identically distributed (i.i.d) and E[ξi] = 0 and E[ξi
2] = 1. Then

N∑

i=1

ξi√
N
⇀ ν,

where ν ∼ N(0, 1) and ⇀ denotes convergence of the distributions, also called as weak

convergence (i.e. for all bounded and continuous functions h : E[h(
∑N

i=1
ξi√
N

)] ⇀ E[h(ν)]).

By the Central Limit Theorem, the Monte Carlo error ǫN = |I − IN | is approximately

normally distributed with mean 0 and standard deviation σf/
√
N . Hence, the parameter

σf will be replaced with the sample standard deviation. By this result, we can observe that

the convergence rate of Monte Carlo method is O(1/
√
N), which is a statistical convergence

rate.

The theory of option pricing developed rapidly after the classic paper of Black-Scholes [7],

which suggested that the stock prices can be modeled using a geometric Brownian motion

and are characterized by the stochastic differential equation given as

dS(t) = S(t)µdt+ S(t)σdW (t), (2.3)

where µ and σ are the constant drift and volatility terms. The noise in this equation

is introduced by the one dimensional standard Brownian motion term W (t). Under the

assumptions such as continuous trading, no arbitrage and constant risk free rate, the

European call option can be priced using the famous Black-Scholes formula. As we know

the solution to the Black-Scholes equation can be represented by the expected value of the

discounted payoff function, this result is due to the no arbitrage condition. Even though

Black-Scholes framework is very simplistic, it provided a powerful tool in option pricing

problems. In the last few decades, financial derivative product spectrum and market volumes
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increased significantly. The fast development of financial markets increased the need for

mathematical tools and models that can be applied to various types of financial instruments.

As a result of this situation, Monte Carlo simulations provided a flexible tool for financial

engineers and became increasingly popular. Monte Carlo methods refers the estimation of

a random quantity with the help of controlled replications, in some sense we try to imitate

the same randomness in computer environment. Hence, in order to replicate randomness we

need a method to generate so called pseudorandom numbers.

2.2 Generating Pseudorandom Numbers

In any Monte Carlo simulation generation of “good” pseudorandom numbers is crucial for

the accuracy of the results. The term random number is used instead of uniform random

numbers, which are uniformly distributed over [0, 1]. There are many methods for generating

random numbers and with the increase in the computational power of computers, generating

good random numbers is easier than before. One of the simplest and common methods for

generating pseudorandom numbers are Linear Congruential Generators (LCG), which are

based on a fundamental congruence relationship,

Xi+1 = (aXi + c)(mod m), i = 0, 1, 2, ..., n, (2.4)

where the multiplier a and the increment c, and the modulus m are nonnegative integers.

The starting value X0 is called the seed of the linear congruential generator. The Equation

in 2.4 is a congruence relation, which produces the sequence {Xi}.
LCG is a simple method of producing random numbers, however they often fail to pass

some of the statistical tests of randomness. Statistical tests will be presented in detail in

Section 2.3.

Two popular pseudorandom number generators are TT800 and Mersenne Twister [8].

Both Mersenne Twister and TT800 are variants of generalized Feedback Shift Register.

Mersenne Twister [8] is a relatively new random number generator, which is claimed to

have an astronomically long period of 219937 − 1 and showed good performance under many

randomness tests. TT800 is also a good generator in terms of its performance in statistical

tests designed to detect non-random behavior. TT800 is developed by the same authors,

and is a cousin of Mersenne Twister with a shorter period of 2800. MATLAB 7.4 and later

versions uses the Mersenne Twister as the default random number generator.
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Figure 2.1: Two dimensional plot of pseudorandom numbers

As can be seen in Figure 2.1, these two generators produce seemingly similar results.

However, testing random number generators based on eyeball test is not enough. There are

numerous statistical tests designed for testing random number generators. The two random

number generators we use throughout our research are: TT800 and Mersenne Twister.

These two random number generators survived all the statistical tests and to the best of

our knowledge there is no any other consistently better random number generator that can

improve our results significantly.

Next, we will briefly talk about some of the statistical tests that are designed for detecting

“bad” random number generators.

2.3 Statistical Tests

2.3.1 Chi-Square Goodness of Fit Test

One of the best known goodness of fit test is the chi-square test, which was proposed by

Pearson [9] in 1900. Given a sample X1, ..., XN drawn from a population with unknown

cumulative distribution function FX(x), we can test the null hypothesis

H0 : FX(x) = F0(x),
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for all x, where F0(x) is a completely specified distribution function, against the alternative

H1 : FX(x) 6= F0(x), for some x.

Assuming we have N observations, we will group these observations into k many mutually

exclusive categories with probabilities pj, j = 1, ..., k. Let Nj denote the number of

observations falling into category j, and then Npj will denote the expected number of

observations to fall into category k. The test criterion suggested by Pearson [9] uses the

following statistic:

Y =

k∑

j=1

Nj −Npj

Npj
, (2.5)

which tends to be small when H0 is true and larger when H0 is false. The asymptotical

distribution of Y for large samples is approximately chi-square with k−1 degrees of freedom.

Under the null hypothesis P (Y > χ2
1−α) = α, where α is the significance level, say 0.05 or

0.01, the corresponding quantile χ2
1−α for probability 1 − α can be found in tables of chi-

square distribution.

When testing for uniformity we simply divide the interval [0, 1] into k non-overlapping

subintervals of length 1
k

so that Npj = N
k
. In this case we have Y given by

Y =
k

N

k∑

j=1

Nj − N
k

N
k

. (2.6)

To ensure the large sample properties of the chi-square test, it is recommended (see page 27

in Rubinstein [10]) to choose the sample size N such that Npj > 5, for all j.

Example 2.3.1. We applied the chi-square test to Mersenne Twister and TT800, and as

can be seen in Table 2.1, both random number generators pass the chi-square test.

2.3.2 Kolmogorov-Smirnov Goodness of Fit Test

Another well known statistical test is the Kolmogorov-Smirnov goodness of fit test. Again

let X1, ..., Xn denote the random sample from an unknown cumulative distribution function

FX(x). The empirical or sample cumulative distribution function, denoted by

FN(x) =
1

N
(number of Xi less than or equal to x)

9



Table 2.1: Chi-Square Test Results for Mersenne Twister and TT800

Mersenne Twister Block N p Expected Empirical p-value Result
1 500 0.05 25 16.08 0.3481 Pass
2 500 0.05 25 23.04 0.7644 Pass
3 500 0.05 25 13.44 0.1847 Pass
4 500 0.05 25 21.52 0.6912 Pass

TT800 Block N p Expected Empirical p-value Result
1 500 0.05 25 21.44 0.6870 Pass
2 500 0.05 25 20.08 0.6102 Pass
3 500 0.05 25 14.56 0.2499 Pass
4 500 0.05 25 25.68 0.8606 Pass

=
1

N

N∑

j=1

1(−∞,x](Xj),

where 1(−∞,x](X) is the indicator function 1(−∞,x](X) = 1, if −∞ < X < x, equal to 0

otherwise. FN (x) is a random variable itself since it depends on the sample. The random

variable 1(−∞,x](xi) is a Bernoulli random variable with probability p = P (Xi ≤ x) = F (x).

Hence, the sum of these indicator functions has binomial distribution as given by

N∑

i=1

1(−∞,x](Xi) ∼ Binomial(N,FX(x)),

P

[

FN(x) =
k

N

]

=

(
N

k

)

[FX(x)]k[1− FX(x)]N−k.

The expected value and the variance are given by

E[NFN (x)] = NFX(x) (2.7)

E[FN (x)] = FX(x) (2.8)

var(FN(x)) =
1

N
FX(x)[1− FX(x)], (2.9)

which also shows that FN(x) is an unbiased estimator for FX(x) and var(FN(x)) → 0 as

N →∞, and as a result of the Central Limit Theorem (2.1.1),

FN(x) ∼ N

(

F (x),
F (x)(1− F (x))

N

)

.

The next theorem is a stronger result, which is known as the Glivenko-Cantelli Theorem

[11].
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Theorem 2.3.1 (Glivenko-Cantelli Theorem). For every ǫ > 0, we have

lim
N→∞

P

[

sup
−∞<x<∞

|FN(x)− FX(x)| > ǫ

]

= 0, (2.10)

and FN(x) converges uniformly to the distribution function FX(x).

Let DN = sup−∞<x<∞ |FN(x)− FX(x)| measure the deviations of FN(x) from FX(x).

This random quantity DN is called as the Kolmogorov-Smirnov one sample statistic.

Kolmogorov and Smirnov [12] proved that, for any continuous distribution FX(x),

lim
N→∞

P (
√
NDN ≤ x) =

[

1− 2
∞∑

j=1

(−1)j−1 exp(−2j2x2)

]

= H(x). (2.11)

The function H(x) is independent of FX(x), and the limiting distribution of
√
NDN is

distribution free. Numerical values of H(x) has been tabulated and published in tables (see

[13]).

Let’s assume that we have a sample X1, ..., XN , from a random number generator and we

would like to test for the null hypothesis, H0 : FX(x) = F0(x), where F0(x) is the uniform

density. If H0 is true, which means we have a good random number generator, then

√
NDN =

√
N sup

−∞<x<∞
|FN(x)− FX(x)| (2.12)

is approximately distributed as the cumulative distribution of H(x). Hence, the criteria will

be based on rejecting the random number generator when the sup−∞<x<∞ |FN(x)− FX(x)|
is large.

We can compute the Kolmogorov-Smirnov one sample statistic, DN as follows,

1. Sample X1, ..., XN

2. Sort the sample so that X1 < ... < XN

3. DN = sup−∞<x<∞ |FN(x)− FX(x)|, where

FN(x) =







0, if x < X1

1/N, if X1 < x < X2

k/N, if Xk < x < Xk+1

1, if X > XN .

11



Table 2.2: Kolmogorov Smirnov Test Results for Mersenne Twister and TT800

N D K-S statistic Result
Mersenne Twister 1000 0.0216 0.0386 Pass

TT800 1000 0.0158 0.0386 Pass

Hence, DN is given by

DN = max

[

sup
x<X1

|0− F (x)|, sup
X1<x<X2

|1/N − F (x)|, ..., sup
x>XN

|1− F (x)|
]

(2.13)

where |0− F (x)| = F (X1) and |1− F (x)| = 1− F (XN) for the first and last terms.

sup
xk≤x≤xk+1

| k
N
− F (x)| = max

(

F (xk+1)−
k

N
,
k

N
− F (xk)

)

(2.14)

and thus, DN can be written as

DN = max

(

F (x1),max

(
k

N
− F (xk), F (xk+1)−

k

N

)

, 1− F (xN)

)

. (2.15)

Given k = 0 we have F (x1) and for k = N we have 1 − F (xN ). Hence we can rewrite the

above equation as

DN = max

[

max
k=1,...,N

(
k

N
− F (xk)

)

, max
k=1,...,N

(

F (xk)−
k − 1

N

)]

. (2.16)

We can write

D = max(D+, D−),

where

D+ = max
k=1,...,N

(
k

N
− F (xk)

)

D− = max
k=1,...,N

(

F (xk)−
k − 1

N

)

.

The values of the function H(x) can be computed,

P (
√
NDN ≤ x) ≡ P (DN ≤

x√
N

) ≈ H(x).

The Kolmogorov-Smirnov test statistic for 5% confidence level is given as 0.0386.
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Example 2.3.2 (Testing Mersenne Twister and TT800). We applied the Kolmogorov-

Smirnov test by sampling 1000 random numbers generated from both Mersenne Twister

and TT800. The results in Table 2.2 show that both random number generators pass the

test. The random number generators Mersenne Twister and TT800 produced, DN = 0.0216

and DN = 0.0158, respectively. Kolmogorov-Smirnov test statistic is 0.0386 at 5%, hence

we fail to reject the null hypothesis.

Kolmogorov-Smirnov test is used when the distribution is continuous with no jumps.

chi-square test on the other hand is essentially for discrete distributions. However we can

also apply chi-square test to continuous distributions by grouping the space of continuous

outcomes into k discrete subcategories. Therefore, we will count the number of points falling

into each subcategory in order to apply the chi-square test. One weakness with the chi-square

test is that it can miss to detect local non-random behavior as a result of grouping.

2.3.3 Anderson Darling Goodness of Fit Test

The Cramer Von Mises Family of test statistics is characterized by

Q = N

∫ ∞

−∞
(FN (x)− F (x))2ψ(x)dF (x) (2.17)

where ψ(x) is a suitable weight function, which gives weight to the squared difference. The

Anderson Darling statistic, denoted by A2, is the special case when ψ(x) = 1
F (x)(1−F (x))

.

Given a sample, X1, ..., XN generated from the distribution F (x), such that Zi = F (Xi),

where Z(i) denoting the ordered values of Zi, (i.e. Z(1) < ... < Z(N)). The A2 test statistic is

given by

A2 = −N − 1

N

N∑

i=1

(2i− 1)(logZ(i) + log(1− Z(N+1−i))) (2.18)

= −N − 1

N

N∑

i=1

(2i− 1) logZ(i) + (2N + 1− 2i) log(1− Z(N+1−i))). (2.19)

We reject the null hypothesis (at confidence level α) that the sample is distributed

according to F (x) if A2 is greater than the value in the upper tail given at level α. See

D’Agostino and Stephens [13] for more detailed explanation of the goodness of fit tests and

tables. We use Anderson Darling test also in the context of low discrepancy sequences in
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Chapter 2. If all the parameters are known, the Anderson Darling test is a distribution free

test and does not depend on F (x). In application the critical values are given for known or

unknown mean and variance. We use the known mean and known variance critical values

for the comparison of different normal random variable generation methods.

2.3.4 Low Discrepancy Sequences

Low discrepancy sequences are infinite sequence of points, which are used in the so called

quasi-Monte Carlo methods. Quasi-Monte Carlo methods are not designed to imitate

randomness as the pseudorandom numbers. In quasi-Monte Carlo methods, we use sequence

of numbers, called low discrepancy sequences, which are designed to be more evenly

distributed over the d dimensional unit cube. In quasi-Monte Carlo methods we have two

different types of points sets that can be used in numerical integration problems. First one

is the low discrepancy sequences and the second one is the lattice rules. The choice of point

sets effects the quasi-Monte Carlo integration error. For a more “uniform” sequence the

integration error will be smaller. Consider an integration problem over [0, 1]d

I =

∫

[0,1]d
f(x)dx (2.20)

This quantity I can be estimated by Monte Carlo method as

IN =
1

N

N∑

n=1

f(xn), (2.21)

which converges to I almost surely, where x1, x2, ..., xN are independent samples from uniform

distribution U [0, 1]d. The error of Monte Carlo estimation is given as

error =
1

N

N∑

n=1

f(xn)− I (2.22)

From the central limit theorem we know that

error ∼ N

(

0,

∫

[0,1]d
f 2(x)dx− I2

N

)

For the quasi-Monte Carlo estimation we still have the same summation as in 2.21, but this

time we use a low discrepancy sequence for x1, ..., xN . We discuss low discrepancy sequences

and their construction methods in more detail in Chapter 3.
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2.3.5 Collision Test

Consider M urns and imagine tossing n balls into M urns, where M > n. We toss balls

one after another. A ball falls into a specific urn with probability 1
M

. We say there is a

collision if a ball falls into an urn that already has a ball. The probability distribution of the

number of collisions and the percentage points for the distribution can be computed exactly.

Given a random number generator, we can count the number of collisions it gives, and reject

the generator if the number is too small or too large. The following theorem enables us to

compute the exact probabilities in a recursive way.

Theorem 2.3.2. The probability that j urns are occupied in n tosses, denoted as Pj,n, is

given by the following recursive relationship:

Pj,n =
j

M
Pj,n−1 +

M − j + 1

M
Pj−1,n−1, j = 1, 2, ...,M. (2.23)

The initial probabilities are P1,1 = 1 and Pj,1 = 0, where j > 1.

Proof.

P (j urns are occupied in n tosses ) = j
M
P (j urns occupied in n-1 tosses) +

M−(j−1)
M

P (j-1 urns occupied in n-1 tosses)

= j
M
Pj,n−1 + M−j+1

M
Pj−1,n−1, j = 1, 2, ...,M.

Originally, collision test was designed for testing random number generators. However

we will present an extension of this test in the context of low discrepancy sequences. The

extension of the collision test and its application to normally distributed low discrepancy

sequences is presented on Chapter 4.

2.4 Random Variate Generation

In many financial derivative pricing problems, we do not have analytical solutions, therefore

we often use simulations. In these simulations, we use uniform numbers to generate a

stochastic processes, which is assumed to represent the underlying dynamics of the asset

prices. Hence, a popular stochastic process used in the finance literature is the geometric

15



Brownian motion. Generation of Brownian motion paths requires a good method for

sampling standard normal random variables. In this section, we explain the two most popular

methods for sampling normal random variables and different construction methods of the

Brownian motion sample paths. In the generation of normal random variables, the method

of choice can play an important role in the accuracy of the results we obtain. There are two

well known methods for sampling a standard normal distribution from uniform numbers;

inverse transformation and Box-Muller methods. In the next section we will discuss these

two different methods in more detail.

Numerical examples from financial derivative pricing problems are presented in Chapter

4, in which using Box-Muller transformation improved the results significantly.

Furthermore, in a study by Papageorgiou [14] it has been argued that Brownian bridge

construction performs consistently worse compared to the standard construction method

in digital option pricing problem. However, using Box-Muller transformation we obtained

contrary results. This shows us that comparing construction methods we should also take

into account the choice of the normal transformation technique used in the simulations.

2.4.1 Sampling Normal Random Variables

In the literature the most popular transformation method is the inverse transformation

method. In particular, the Moro [3] algorithm of inverse transformation method has been

the method of choice. Another inverse transformation algorithm by Beasley and Springer [15]

is very similar to Moro’s algorithm except the tail approximations. The accuracy is reported

to be around 2−24. In Moro’s [3] algorithm a maximum of 3x10−9 absolute error has been

reported out to seven standard deviations. The Box-Muller transformation method, which

is the simplest method in terms of implementation has been argued that it deteriorates the

results in the study by Joy et al. [2] and should be avoided. However, in a paper by Ökten

and Eastman [1], Box-Muller outperformed inverse transform method in European and Asian

option pricing problems. Our study shows that Box-Muller transformation methods performs

significantly better than the inverse transformation method in many numerical examples we

have considered.
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2.4.2 Box-Muller Method

The Box-Muller algorithm is based on a bivariate normal random variable. That is, if

Z ∼ N(0, I2) then R2 = Z2
1 +Z2

2 is exponentially distributed with mean 2, i.e. P (R2 ≤ x) =

1− exp(−x/2).

Let X, Y be independent standard normal random variables with the joint density,

f(x, y) =
1

2π
e−(x2+y2)/2.

We can use the polar coordinatesX = R cos θ and Y = R sin θ to rewrite the density function

f . We want to rewrite the joint density with respect to d = R2 and θ, f(d, θ).

Let Y1 = g1(X1, X2), Y2 = g2(X1, X2) then fY1,Y2(y1, y2) = fX1,X2(x1, x2)|J(x1, x2)|−1,

where

J(x1, x2) =

∣
∣
∣
∣
∣

∂g1

∂x1

∂g1

∂x2
∂g2

∂x1

∂g2

∂x2

∣
∣
∣
∣
∣

⇒ J(x1, x2) =

∣
∣
∣
∣
∣

2x 2y
−y/x2

1+y2/x2
1/x

1+y2/x2

∣
∣
∣
∣
∣

⇒ J(x1, x2) = 2.

Hence,

f(d, θ) =
1

2π
e−d/2.

1

2
= exp(

1

2
)× Uniform(0, 2π).

We proved that R2 and θ are independent with R2 ∼ exp(1/2), θ ∼ Uniform(0, 2π).

2.4.3 Box-Muller Algorithm

We can generate two standard normally distributed random number Z1 and Z2 given two

uniform number U1 and U2. The Box-Muller transformation is produced using the following

algorithm,

1. Input → (U1, U2)

2. R = −2log(U1), V = 2πU2

Z1 ←
√
R cos(V ), Z2 ←

√
R sin(V )

3. Output → (Z1, Z2) ∼ standard normal random variables.
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2.4.4 Inverse Transformation Method

An alternative transformation method is the inverse transformation, which is based on

approximating the inverse normal distribution, Φ−1. The normal distribution is symmetric

with respect to the mean, it is enough to approximate Φ−1 on the interval [0.5, 1). Then we

can use the symmetry property to extend it to the whole unit interval. Beasley and Springer

[15] provide a rational approximation

Φ−1 ≈
∑3

n=0 an(u− 0.5)2n+1

1 +
∑3

n=0 bn(u− 0.5)2n

for 0 ≤ u ≤ 0.92, with constants an,bn given. For u > 0.92 they use a rational function

of
√

log(1− u). Moro [3] reports a higher accuracy in the tails by replacing the rational

function by Chebyshev approximation

Φ−1 ≈ g(u) =

8∑

n=0

cn[log(−log(1− u))]n,

0.92 ≤ u < 1 with constants cn. Then using the symmetry property we have,

Φ−1 ≈ −g(1− u)

for 0 < u ≤ 0.08. For the inverse transformation method, we use the algorithm given in

Glasserman [16] on page 68.

2.5 Generating Brownian Motion Paths

Definition 2.5.1 (Brownian Motion). A one dimensional standard Brownian motion on the

interval [0, T ], is a stochastic process {W (t), 0 ≤ t ≤ T} with the following properties:

1. W (0) = 0

2. It has independent increments for any W (ti) − W (ti−1), given the time increments

0 = t0 < t1 < . . . < td = T

3. W (t)−W (s) ∼ N(0, t− s) for any 0 ≤ s ≤ t ≤ T

4. t 7→W (t) is with probability one, a continuous function on [0, T ].
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There are three main ways to construct Brownian motion sample paths, these are;

standard construction, Brownian bridge construction and principal components construction.

Next we start by discussing standard construction method for the case W ∼ BM(µ, σ2) with

constant µ and σ.

2.5.1 Standard Construction

Let {Wt, 0 ≤ t ≤ T} be Brownian motion process, which is sampled at points 0 ≤ t1 ≤ ... ≤
td ≤ T . This results to a random vector W = (Wt1 , ...,Wtd). W is normally distributed and

we assume that its mean is zero and covariance matrix is C. We can simulate this vector as

AZ , where

Z = (Z1, Z2, ..., Zd) ∼ N(0, I)

and A satisfies AAT = C. Where A is obtained from Cholesky factorization of the matrix,

C = {min(ti, tj)}di,j=1 = AAT

∆t = T/d = tj+1 − tj , j = 0, ..., d− 1. The matrix A is given by

A =










√
t1 0 0 0 . . .√
t1
√
t2 − t1 0 0 . . .√

t1
√
t2 − t1

√
t3 − t2 0 . . .

...
... . . .√

t1
√
t2 − t1

√
t3 − t2 . . .

√
td − td−1










.

Hence, the Brownian motion path is constructed by the recursion,

W (tj+1) = W (tj) +
√
tj+1 − tjZj+1. (2.24)

Equivalently in matrix notation we have AZ, which is simply a matrix representation of the

above recursive equation. Standard construction (random walk construction) can be thought

as a more efficient implementation of Brownian motion path generation. Even exploiting the

lower triangularity of A by Cholesky decomposition, evaluation of AZ is an O(d2) operation,

the random walk construction reduces this to O(d) by using the fact that the nonzero entries

of each column of A are identical. Hence, we have







W (t1)
W (t2)

...
W (tn)








= A








Z1

Z2
...
Zd







.
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2.5.2 Brownian Bridge Construction

Brownian bridge is one of the popular techniques we can use to generate Brownian motion

sample paths. The advantage of using Brownian bridge construction is that it gives us the

flexibility to generate a Brownian motion sample path in any order we want. It is a well

known phenomenon that low discrepancy sequences deteriorate as dimension increases. The

“quality” of points in lower dimensions are better compared to higher dimensions of the

vector of points. Hence, Brownian bridge construction allows us to use the first dimensions

of the low discrepancy sequences in the order such that we can utilize the “better quality”

points of a low discrepancy sequence first. We can allocate lower dimensions of the sequence

to points which contribute to the total variation of the path most. We present more detailed

explanation for the low discrepancy sequences in the next chapter.

In the finance literature, Brownian Bridge construction method has been used in

evaluating high dimensional problems such as the Collateralized Mortgage Obligation (CMO)

problem. In a famous study by Caflisch et. al. [17], a 360 dimensional mortgage

backed security problem is considered. They reported substantial improvements with low

discrepancy sequences used with Brownian bridge construction. They introduced the concept

of effective dimension and they explained the effectiveness of Brownian bridge construction

with the low effective dimension of the integrand. Even though there is a belief that Brownian

bridge construction can reduce the integration error, in a study by Papageorgiou [14], it has

been argued that Brownian bridge does not perform as well as the standard construction

for a digital option pricing problem. We also used the same digital option pricing problem

in Example 2.5.1. Papageorgiou [14] showed that under some assumptions on the class of

functions, quasi-Monte Carlo methods based on different covariance matrix decompositions

have the same worst case error.

Consider the conditional stochastic process,

{W (t), 0 ≤ t ≤ 1,W (1) = 0}

Thus, the Brownian bridge can be defined as a Gaussian process with mean value 0 and

covariance function s(1− t), where 0 < s < t < 1 . Using the below lemma we can generate

Brownian motion paths in any order we want. The following lemma gives us the conditional

distribution.
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Lemma 2.5.1. The conditional distribution of W (s) is given that W (t1) = x1 and W (t2) =

x2 , where t1 < s < t2 has a normal distribution with

E[W (s)|W (t1) = x1,W (t2) = x2] =
x1(t2 − s) + x2(s− t1)

t2 − t1
Var(W (s)|W (t1) = x1,W (t2) = x2) = (t1 − s)(s− t2)/(t1 − t2)

We first generate WT , then using terminal value, and the initial value W0 = 0 we generate

WT/2. Then using the values of W0 and WT/2 we generate WT/4 and generate W3T/4 using

the values of WT/2 and WT . The construction proceeds recursively filling in the mid points

of the subintervals. Thus, the discretely sampled Brownian path is generated by determining

the following values at T, T/2, T/4, 3T/4, ..., (d− 1)T/d,

WT =
√
TZ1

WT/2 =
1

2
WT +

√
T

2
Z2

WT/4 =
1

2
WT/2 +

√
2T

4
Z3

W3T/4 =
1

2
(WT/2 +WT ) +

√
2T

4
Z4

... =
...

W(d−1)T/d =
1

2
WT/2 +

√

T

2d
Zd.

This results in a matrix B that is different from the Cholesky factorization, where

BBT = C.

Remark 2.5.2. The different covariance matrix decompositions cannot effect the Monte

Carlo error, since Monte Carlo error depends only on the first two moments. And these

different decompositions have no effect on the first two moments. However, different

variance covariance decompositions may effect the error in quasi-Monte Carlo integration.

The deterministic error bound of quasi-Monte Carlo depends on the integrand and on the

discrepancy of the quasi-Monte Carlo sequence.

2.5.3 Principle Components Construction

The final construction method we will discuss is the principle components construction

method. As we mentioned in Brownian bridge construction we can generate the path in any
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Figure 2.2: Example of generating Brownian motion paths

order we want. The most common, order is generating the endpoint first, then midpoints

of points in between previously generated ones. Therefore, most of the path is generated

(explained) by a few first few Zi’s. In principle components construction, even more of the

path is generated or explained using the first k normally distributed variables, Z1, Z2, ..., Zk

where k = 1, 2, ..., n. Hence, principle components construction maximizes the variability

explained by the first k normal random variables. The construction in the vector form follows








W (t1)
W (t2)

...
W (tn)








=








a11

a21
...
an1







Z1 +








a12

a22
...
an2







Z2 + ... +








a1n

a2n
...
ann







Zn.

We have a valid construction given that the covariance matrix ofW = (W (t1), ...,W (tn))T ,

C = AAT and Cij = min(ti, tj).

The approximation error

E[||W −
k∑

i=1

aiZi||2]

is minimized by the choice of ai =
√
λivi, λ1 > λ2 > ... > λd > 0. Where λi’s are the

eigenvalues of C and vi’s are the normalized eigenvectors. In the principal components
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analysis, the variance explained by the first k variables is given by (d stands for the

dimension)

λ1 + ...+ λk

λ1 + ... + λk + ...+ λd
.

In particular, principle components construction method may be useful in designing

variance reduction techniques, however it requires additional work for finding the eigenvalues

of variance covariance matrix and finding the new weights for our standard normal random

variables.

Example 2.5.1 (Digital option pricing). Let’s consider the digital option pricing problem

with payoff function P ,

P =
1

d

d∑

i=1

(Si − Si−1)
0
+Si,

where (x)0
+ is equal to 1 if x > 0 and 0 else. For d > 1 this is also called as the Ratchet

option, which is a combination of digital options. We assume that the stock prices follow the

log-normal model under Black-Scholes framework. Assuming d = 2, S0 = 100, µ = 4.5%, σ =

30% and T = 1 the exact price is equal to 60.40825. The same example is also considered

in the study of Papageorgiou [14], with the conclusion that Brownian bridge construction

method does not offer a consistent advantage to reduce the error.

In Figure 2.3 we show an example in which using the Box-Muller transformation

improves both accuracy and the performance of the Brownian bridge construction method.

Furthermore, the relative performance of the Brownian motion construction technique also

changes dramatically for the given example, when we switch to Box-Muller transformation

method. Hence, in some cases the relative performance of a certain construction method

depends on the choice of the standard normal sampling method. When we used the Moro

algorithm we got similar results as stated in Papageorgiou [14]. However, in Papageorgiou

[14] only inverse transform method has been used and it is concluded that Brownian bridge

construction does not offer an advantage in the digital option pricing example.
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Figure 2.3: Standard vs. Brownian bridge construction methods
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CHAPTER 3

QUASI MONTE CARLO (QMC) METHODS

3.1 Introduction

In this chapter we discuss the quasi-Monte Carlo (QMC) method, which is often described

as the deterministic version of Monte Carlo method. QMC methods uses number theo-

retic sequences that do not try to mimic the randomness as the pseudorandom numbers.

Considering a numerical integration problem, our purpose is to improve accuracy of the

estimation by using more evenly distributed sequence of numbers. The notion of discrepancy

is used to measure the uniformity of the QMC sequences. The convergence rate under Monte

Carlo method is, O(N−1/2) whereas, QMC method has an order of O(logd(N)/N) due to

the Koksma-Hlawka inequality. Asymptotically, the quasi-Monte Carlo convergence rate is

superior, however for high dimensions this convergence rate does not explain the success of

QMC method. Even in high dimensional integrals we often observe a numerical convergence

rate as high as O(N−1). Randomized quasi-Monte Carlo (RQMC) sequences preserve good

uniformity properties even in very high dimensions, and furthermore we can apply central

limit theorem to the estimates obtained from different scrambling of the low discrepancy

sequence.

Consider the following d dimensional integral,
∫

[0,1)d

f(x)dx. (3.1)

The QMC method approximates this integral with

∫

[0,1)d

f(x)dx ≈ 1

N

N∑

i=1

f(ui), (3.2)

where u1, ..., uN are coming from a low discrepancy sequence instead of a pseudorandom

number generator.
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3.2 Low Discrepancy Sequences

An explicit measure of uniformity can be provided with the definition of discrepancy.

Discrepancy can be considered as a notion to measure the deviations of the empirical

distribution from the theoretical one. Under the uniform distribution theoretical value is

given by the volume of the subset of the uniform distribution with its measure defined in

terms of the volume of the subsets of [0, 1]d.

Definition 3.2.1 (Discrepancy). Given a sequence u1, u2, ...., uN in [0, 1]d, its (extreme)

discrepancy is

D(u1, ..., uN) = sup
M∈M

|A{ui ∈M}
N

− λd(M)|,

where λd is the Lebesgue measure, i.e. the volume of the set M , A{ui ∈ A} denotes the

number of elements of the sequence u1, u2, ...., uN contained in M , and M is the collection

of sets in the form
N∏

j=1

[aj , bj), 0 ≤ aj ≤ bj ≤ 1.

If the supremum is taken over the collection of sets M∗ of the form

N∏

j=1

[0, bj), 0 ≤ bj ≤ 1,

we obtain the star discrepancy,

D∗(u1, ..., uN) = sup
M∈M∗

|A{ui ∈M}
N

− λd(M)|.

Niederreiter [18], shows on pages 23-24 that in one dimension the discrepancy and the

star discrepancy has the following properties,

D∗(u1, ..., uN) ≥ 1

2N
, D(u1, ..., uN) ≥ 1

N
, (3.3)

where both star discrepancy and discrepancy terms attain their minimum at midpoints,

ui = 2i−1
2N

, i = 1, ..., N . However, these points do not describe the first N points of an infinite

sequence. Clearly, the set of points with N + 1 terms is a different set of points.

From numerical integration perspective we would like to be able to increase N in a

simulation by using the previous N − 1 terms of the sequence, without need to generate the
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whole sequence again. Niederreiter [18] gives the following lower bound for the d dimensional

star discrepancy function

D∗(u1, ..., uN) ≥ cd
(logN)d−1

N
, (3.4)

where the constants cd depending on the dimension of the sequence. Hence, we use the

term “low discrepancy” for sequences that achieve a star discrepancy of O(logdN/N).

Asymptotically, for a fixed dimension d, the denominator term dominates the logarithmic

term in the numerator.

Definition 3.2.2. A sequence u1, u2, ... in [0, 1]d is said to be uniformly distributed mod 1

(u.d. mod 1) if

lim
N→∞

1

N

N∑

n=1

1[a,b](un) =
d∏

i=1

(bi − ai)

where 1[a,b](un) is the characteristic function.

The following theorem guarantees that the QMC estimation with a u.d. mod 1 sequence

will converge to the true value of the integral as N →∞.

Theorem 3.2.1. x1, x2, ... is u.d. mod 1 if and only if

lim
N→∞

1

N

N∑

n=1

1[a,b](xn) =

∫

[0,1)d

f(x)dx (3.5)

for all Riemann-integrable functions f on [0, 1)d.

3.2.1 Halton and Hammersley Sequence

As a first attempt to construct low discrepancy sequences, we start with the one dimensional

Van der Corput sequence. The construction of the Van der Corput sequence establishes the

main idea of construction of low discrepancy sequences. The same method when extended

to other dimensions with prime bases gives us the Halton sequence.

Construction of the Van der Corput sequence: First, we define the radical inverse

function.

Definition 3.2.3. Let b ≥ 2 be a prime number, and for any non-negative integer n, the

radical inverse function φb is defined as,

φb(n) =

∞∑

j=0

aj(n)

bj+1
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where n =
∑∞

j=0 aj(n)bj . Here, aj(n)’s are the digits of integer n in base b representation.

Radical inverse function in some sense finds the mirror image of base b ≥ 2 expansion of an

integer n. Every integer n has a unique representation as a linear combination of nonnegative

powers of b with coefficients in {0, 1, 2, ..., b− 1}.
The d-dimensional Halton sequence x1, x2, ... in bases b1, b2, ..., bd is defined as

un = (φb1(n), φb2(n), ...., φbd
(n))

for n ≥ 0.

Example 3.2.1. The table below describes how the first four elements of the Van der Corput

sequence in base 2 are constructed.

Construction of Van der Corput Sequence:

n base 2 expansion mirror image φ2(n)
1 1 0.1 1/2
2 10 0.01 1/4
3 11 0.11 3/4
4 100 0.001 1/8
...

...

Halton and Hammersley Sequences: The Halton sequence in bases b1, b2, ..., bd is a

a u.d. mod 1 sequence if b1, b2, ...., bd are relatively prime. In practice, we just choose the

first d prime numbers to construct the d-dimensional Halton sequence.

Halton points form an infinite sequence. We can achieve slightly better uniformity by

fixing the number of points N in advance. The N points

{(n/N, φb1(n), φb2(n), ...., φbd−1
(n))}

for n = 0, 1, ...., N − 1 with relatively prime bases b1, ..., bd−1 form a Hammersley point set

in dimension d.

The star discrepancy of the first N Halton points with dimension d satisfies the following

inequality,

D∗(u1, ..., uN) ≤ Cd(b1, ..., bd)
(logN)d

N
+O

(
(logN)d−1

N

)

, (3.6)

where Cd(b1, ..., bd) is independent of N . This result shows that Halton sequence is indeed a

low discrepancy sequence.

28



0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
Halton Sequence

dimension 30 (base 113)

d
im

e
n

s
io

n
 4

0
 (

b
a

s
e

 1
7

3
)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
Faure Sequence

dimension 30 (base 41)

d
im

e
n

s
io

n
 4

0
 (

b
a

s
e

 4
1

)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
Sobol’ Sequence

dimension 30 (base 2)

d
im

e
n

s
io

n
 4

0
 (

b
a

s
e

 2
)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1
TT800

dimension 30

d
im

e
n

s
io

n
 4

0

Figure 3.1: Two dimensional projection of dimensions 30 and 40

The Hammersley point set satisfies

D∗(u1, ..., uN) ≤ Cd(b1, ..., bd)
(logN)d−1

N
+O

(
(logN)d−2

N

)

. (3.7)

The formula for the constant terms Cd(b1, ..., bd) is given by Niederreiter [18], where the

upper bound is minimized by choosing the first relatively prime bases for b1, ..., bd.

Halton and Hammersley sequences deteriorate in high dimensions as a result of using a

large bases to generate the points. Given a large prime base, the sequence starts to produce

long monotone segments, which can be visualized by using two dimensional projections. We

can see an example of this phenomenon on Figure 3.1, where the two dimensional projection

for dimensions 30 and 40 are displayed.

In the study by Goncharov et. al. [19], random start Halton sequence is suggested as a

remedy for the deterioration of Halton sequence in high dimensions. In another study, Kocis
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and Whiten [20] suggested using a leaped Halton sequence

un = (φb1(ln), φb2(ln), ...., φbd
(ln)), n = 0, 1, ...,

for some integer l ≥ 2. They recommend choosing l to be relatively prime to the bases

b1, b2, ..., bd.

3.2.2 Introduction to (t,m, d)-Nets and (t, d)-Sequences

We construct the low discrepancy sequences using prime bases, hence we use elementary

intervals, which are the partitions of our domain with respect to the same base we use to

construct the low discrepancy sequence.

Definition 3.2.4. Let d ≥ 1 , b ≥ 2 be integers. A subinterval E of [0, 1)d of the form

E =

d∏

i=1

[aib
−di , (ai + 1)b−di)

with ai, di ∈ Z, di ≥ 0, 0 ≤ ai < bdi for 1 ≤ i < d is called an elementary interval in base b.

Example 3.2.2. In one dimension case (d = 1), the elementary interval under the prime

base b = 3, and d1 = 1 we have the intervals: [0, 1/3), [1/3, 2/3), [2/3, 1). If we let d1 to

be equal to 0, then we have the unit interval [0, 1) based on our definition of elementary

intervals.

Example 3.2.3. In two dimensional case (d = 2), we have the base b = 2 and if d1, d2 = 0,

then a1 = 0, a2 = 0, which produces the partition, [0, 1)× [0, 1). If both d1 and d2 equal to

1, then we have the following elementary intervals,






[0, 1/2]× [0, 1/2]
[0, 1/2]× [1/2, 1]

...

Definition 3.2.5. Let 0 ≤ t ≤ m be integers. A (t,m, d)-net in base b is a point set P of

bm points in [0, 1)d such that A(E;P ) = bt for every elementary interval E in base b with

λd(E) = bt−m.

Definition 3.2.6. Let t ≥ 0 be an integer. A sequence x0, x1, . . . of points in [0, 1)d is a

(t, d) sequence in base b if, for all integers k ≥ 0 and m > t, the point set consisting of the

xn with kbm ≤ n < (k + 1)bm is a (t,m, d)-net in base b.

30



Figure 3.2: An example of a (0, 3, 2)-net

The definitions for (t,m, d)-net and (t, d) sequences are given by Niederreiter [18]. Every

elementary interval in base b of volume, bt−m, contains exactly bt points of the sequence.

Hence, the volume bt−m is equal to the proportion
bt

bm
, in the total number of points.

The basic distinction between (t, d)-sequence and (t,m, d)-nets is that the sequence is an

infinite sequence with good uniformity, and the net is only a finite set of points with good

uniformity. Since it is much easier to distribute a finite set as evenly as possible (as opposed

to making sure an infinite sequence provides good uniformity for all of its finite segments),

the discrepancy bound for a net is O(logd−1 N/N), better than that of a sequence given by

O(logdN/N). Here, d is the dimension of the problem and N is the number of points.

For example, Faure sequence is a (0, d)−sequence. If we take a finite point set from the

Faure sequence as follows {qk : jbm ≤ k ≤ (j + 1)bm}, then we obtain a (0, m, d)−net. Here

b is the base of the sequence, which depends on the dimension d. Figure 3.2 is a plot of

a (0, m, d) − net, where the dimension d is equal to two, and m is equal to three. It is

obtained from the 2 dimensional Faure sequence with base, b = 2, by extracting from the

Faure sequence its elements with indices 4 × 23 through 5 × 23 − 1 (j = 4 in the above

definition).

The coordinates of the plotted vectors are:
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.
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3.2.3 Faure Sequence

As we have seen in the previous section Halton sequence is an extension of the Van der

Corput sequence. Faure [21] proposed another extension of the Van der Corput sequence

by using the same base for all the dimensions. Unlike the Halton sequence, in the Faure

sequence all the dimensions are generated using the smallest prime base, b such that b ≥ d.

To compute the nth element of the Faure sequence, we start by representing any integer

n in terms of the base b,

n =
m∑

j=0

a1
jb

j . (3.8)

The first element of the Faure sequence is given by reflection about the decimal point as

before,

φ1
b(n) =

m∑

j=0

a1
jb

−j−1. (3.9)

The remaining elements of the sequence can be found recursively. As also explained in Joy

et. al. [2], given ak−1
j (n) the next term can be written as

ak
j (n) =

m∑

j=1

Ci
ja

k−1
i (n) (mod b), (3.10)

where Ci
j = i!

j!(i−j)!
. Hence, to generate the next dimension in the sequence we multiply

with the generator matrix, which is the upper triangular matrix with entries as the binomial

coefficients,







C0
0 C1

0 C2
0 C3

0

...
0 C1

1 C2
1 C3

1

0 0 C2
2 C3

2

...
0 0 0 C3

3







.

Hence, the rest of the points can be generated by,

φk
b (n) =

m∑

j=0

ak
j (n)b−j−1, 2 ≤ k ≤ d. (3.11)

We can represent the nth element of the d dimensional Faure sequence by,

φn = (φ1
n, ..., φ

d
n).

There are variations for the construction of the Faure sequence, such as the Generalized

Faure Sequence. Generalized Faure sequence is formulated by Tezuka [22], which is based on
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the reordering of the Halton sequence by polynomials. In the literature Generalized Faure

Sequence was used by Traub and Papageorgiou [23], and claimed to have faster convergence

than the simple Faure sequence. However, linear random scrambling of the Faure sequence

is also as good as the Generalized Faure Sequence based on our numerical experiments.

Example 3.2.4. The following table displays the first ten elements of the Faure sequence.

Construction of the Faure sequence

n a0(n) a1(n) a2(n) φ1
n φ2

n φ3
n

1 1 0 0 1/3 1/3 1/3
2 2 0 0 2/3 2/3 2/3
3 0 1 0 1/9 4/9 7/9
4 1 1 0 4/9 7/9 1/9
5 2 1 0 7/9 1/9 4/9
6 0 2 0 2/9 8/9 5/9
7 1 2 0 5/9 2/9 8/9
8 2 2 0 8/9 5/9 2/9
9 0 0 1 1/27 16/27 13/27
10 1 0 1 10/27 25/27 22/27

3.2.4 Sobol’ Sequence

Halton and Hammersley sequences are low discrepancy sequences, however Sobol’ [24] gave

the first construction of a so called (t, d)-sequence. Sobol’ sequence also starts with the Van

der Corput sequence, but Sobol’ sequence exclusively uses base 2. The rest of the coordinates

of a d dimensional Sobol’ sequence is a result of permutations of the segments of the Van der

Corput sequence. Hence, each single coordinate is generated with the same construction,

but by a different generator matrix V in base 2. The columns of the generator matrix, which

we will denote as vi, i = 1, ..., m are the direction numbers in base 2 (direction numbers are

the coefficients of primitive polynomials). The size of the generator matrix will depend on

the number of dimensions and the length of the binary representation of the nth element of

the sequence.

To find the nth element of the Sobol’ sequence we start with the binary representation

of a number n as explained in Equation 3.8,

n =

m∑

j=0

a1
jb

j . (3.12)
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and let a(n) = (a0(n), a1(n), ..., am−1(n))T be in vector representation. Hence,








y1(n)
y2(n)

...
ym(n)








= V








a0(n)
a1(n)

...
am−1(n)








(mod 2), (3.13)

and the elements of the Sobol’ sequence, un is given by the binary expansion,

un =
y1(n)

2
+
y2(n)

22
+ ....+

ym(n)

2m
.

For computational efficiency we can represent the multiplication operation in Equation

3.13 by the following binary addition,

a0(n)v1 ⊕ a1(n)v2 ⊕ ...⊕ am−1(n)vm, (3.14)

where vi’s are the columns of the generator matrix V and ⊕ denotes binary operation,

0⊕ 0 = 0, 0⊕ 1 = 1, 1⊕ 0 = 1, 1⊕ 1 = 0.

The critical part in Sobol’ sequence is the choice of generator matrices, and therefore the

choice of direction numbers. For example, if we choose the generator matrix V as the identity

matrix, then we get the Van der Corput sequence. Sobol’ [24] starts by choosing the direction

numbers by choosing primitive polynomials in binary representation.

Definition 3.2.7. A primitive polynomial in binary representation has the form

xr + c1x
r−1 + ...+ cr−1x+ 1, (3.15)

where the coefficients ci are equal to 0 or 1 with the following two properties:

1. The primitive polynomial is irreducible, (i.e. it cannot be factored)

2. The smallest power p for which the polynomial divides xp + 1 is p = 2r − 1.

For example, the following polynomials are primitive polynomials with the integer values

corresponding to their binary representation given below them,

x+ 1
︸ ︷︷ ︸

3

, x2 + x+ 1
︸ ︷︷ ︸

7

, x3 + x+ 1
︸ ︷︷ ︸

11

, x3 + x2 + 1
︸ ︷︷ ︸

13

, . . . .
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In binary representation the polynomial can be represented by a vector of 0 and 1’s. For

example, the polynomial x5 + x2 + 1 can be represented by (100101), which in turn is

equivalent to the binary representation of the integer 37. The list of primitive polynomials

up to 360 can be found in the study of Lemieux et. al. [25].

The polynomial in Equation 3.15 can be considered as a recurrence relation in mod 2,

kj = 2c1kj−1 ⊕ 22c2kj−2 ⊕ ...⊕ 2r−1cr−1kj−r+1 ⊕ 2rkj−r ⊕ kj−r. (3.16)

The initial values of k1, ..., kr is needed to specify the recurrence relation given that each initial

value should be an odd integer less than 2j . The following example is from Glasserman [16]

(see page 306).

Example 3.2.5. Let’s consider the primitive polynomial x3 + x2 + 1 with degree r = 3. We

can write in the recurrence form,

kj = 2kj−1 ⊕ 23kj−3 ⊕ kj−3,

and suppose we initialize with k1 = 1, k2 = 3, k3 = 3. Recursively, the next elements k4 and

k5 will be 15 and 5 respectively. The direction numbers are computed by setting vj = kj/2
j,

which means shifting the binary representation of kj to the left by j terms. Hence, the first

5 direction numbers are computed as;

v1 = 0.1, v2 = 0.11, v3 = 0.011, v4 = 0.1111, v5 = 0.00101,

and in the matrix form,








1 1 0 1 0
0 1 1 1 0
0 0 1 1 1
0 0 0 1 0
0 0 0 0 1









.

Gray Code Construction: In the paper by Antanov and Saleev [26] it was shown that

Sobol’s method can be simplified if the usual binary representation φ(n) is replaced by a

Gray Code representation. Gray code constructs the coefficients using the fact that a(n)

and a(n + 1) have common coefficients except one bit. Hence, this method enables us to

have a recursive construction for the coefficients a(n). For any integer i, the Gray Code is

defined as G(i) = i⊕ int
[

i
2

]
, where int[i] represents the largest integer less than or equal to
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i. Thus, in the representation of G(j − 1) and G(j), they differ only in the digit relative to

the rightmost zero in the binary representation of j−1. Therefore, to get the jth element of

the Sobol’ sequence, we use the bit-by-bit exclusive-or-operation (XOR) for all the direction

numbers associated to the unit bits of G(j). For example,

G(2) =2⊕ 1 = (1 ∗ 21 + 0)⊕ 1 = 010⊕ 001 = 011

G(3) =3⊕ 1 = (1 ∗ 21 + 1)⊕ 1 = 011⊕ 001 = 010

G(4) =4⊕ 2 = (1 ∗ 22 + 0 + 0)⊕ (1 ∗ 21 + 0) = 100⊕ 010 = 110

G(5) =5⊕ 2 = (1 ∗ 22 + 0 + 1)⊕ (1 ∗ 21 + 0) = 101⊕ 010 = 111

G(6) =6⊕ 3 = (1 ∗ 22 + 1 ∗ 21 + 0)⊕ (1 ∗ 21 + 1) = 110⊕ 011 = 101
...

The computation in Equation 3.14, can be rewritten using the Gray code representation

Gj(n) of each coefficient aj(n),

un = G0(n)v1 ⊕G1(n)v2 ⊕ . . .⊕Gm−1(n)vm. (3.17)

Hence, suppose that the Gray Code for n and n + 1 will be different on the kth bit, we can

compute the (n + 1)th term using the following bitwise operation,

un+1 =G0(n+ 1)v1 ⊕G1(n + 1)v2 ⊕ . . .⊕Gm−1(n+ 1)vm

=G0(n)v1 ⊕G1(n)v2 ⊕ . . .⊕ (Gk(n)⊕ 1)vk ⊕ . . .⊕Gm−1(n)vm

=uk ⊕ vk.

Therefore, the next element in the sequence un+1 can be computed using a single direction

number in a recursive way. The computer implementation of this method is done by Bratley

and Fox [27] and Press et. al. [28].

Antonov and Saleev [26] proposed a faster method to generate the Sobol’ sequence by

shifting the original Sobol’ sequence. Instead of using the bits of the integer n to select the

direction numbers, the bits from the Gray code is used.

Example 3.2.6. The following table displays the first eight elements of the Sobol’ sequence.

Construction of the Sobol’ sequence
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n Dim = 1 (base 2) Dim = 2 (base 2) Dim = 3 (base 2)
1 1/2 1/2 1/2
2 3/4 1/4 3/4
3 1/4 3/4 1/4
4 3/8 3/8 5/8
5 7/8 7/8 1/8
6 5/8 1/8 3/8
7 1/8 5/8 7/8
8 3/16 5/16 5/16

3.3 Randomized Quasi-Monte Carlo (RQMC)

As well known, quasi-Monte Carlo methods have better convergence rate, at least asymptot-

ically, of O(logdN/N), whereas Monte Carlo methods have convergence rate of O(N−1/2),

where N is the sample size or the number of simulations. In many problems we do

not have analytical formulas, this increased the popularity of quasi-Monte Carlo methods

and special softwares has been designed for this purpose. Low discrepancy sequences are

deterministic, hence we get a single estimate of the result. This is a drawback for QMC

method, since having many estimates of the unknown quantity we can construct confidence

intervals. Furthermore, the deterministic error bound due to Koksma-Hlawka inequality is

not computationally feasible for most of the problems. Therefore, computing the standard

deviation and constructing a confidence band for our estimates is quite desirable in a

quasi-Monte Carlo simulation. To address this drawback of quasi-Monte Carlo methods,

researchers introduced randomized versions of quasi-Monte Carlo methods, where we still

have the good uniformity properties of low discrepancy sequences but also a statistical error

analysis is available. A good discussion can be found in L’Ecuyer and Lemieux [29] and in

Ökten and Eastman [1].

Estimate

I =

∫

[0,1)d

f(x)dx (3.18)

using sums of the form

Q(qu) =
1

N

N∑

n=1

f(q(n)
u ) (3.19)

where qu is a family of d-dimensional low-discrepancy sequences indexed by the random

parameter u.

37



Important Properties

1. E[Q(qu)] = I

2. V ar(Q(qu)) = O (N−2(logN)2s) (or, better, for certain integrands and RQMC meth-

ods)

3. |Q(qu)− I| ≤ V (f)D∗
N(qu).

3.3.1 Random Shifting

A simple way of randomizing the low discrepancy sequences is the method called random

shifting, which was proposed by Cranley and Patterson [30] in the lattice rule setting, but

which can also be applied to any other low discrepancy sequence. In random shifting method,

we simply generate a uniform random vector U over the d dimensional unit hypercube and

shift each coordinate of our sequence qn by U = (u1, ..., ud) in mod1. Hence, we have

q̄n(U) = {~xn + U mod 1 , i = 1, ..., d},

where q̄n(~U) is the shifted version of the sequence qn. We will have the RQMC estimate of

the same integration problem as,

If(U) =
1

N

N∑

n=1

f(q̄n). (3.20)

As stated in Theorem 2 of the study by Ökten and Eastman [1],

Theorem 3.3.1. The discrepancy of a shifted low discrepancy sequence satisfies the following

three properties:

1. DN(q̄n(U)) ≤ 2dDN(q),

2. E[If(U)] = I

3. var(If(U)) = O
(

(log N)2d

N2

)

.

The advantage of using random shifting over the regular Monte Carlo depends on the

integrand function f . In a study by L’Ecuyer and Lemieux [31], it is argued that the random

shifting estimator If(U) has smaller variance in most of the problems they considered.

However, we should mention that random shifting is not the best way for using RQMC.

Given a (t,m, d)-net, as can also be seen on Figure 3.3, random shifting will not preserve

the net property of the original sequence.
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H0,3,2L-net Random shifting

Figure 3.3: Random Shifting applied to a (0,3,2)-net

3.3.2 Random Permutation of Digits

In this scrambling method, first we consider the base-b expansion of the coordinates of

each point and a random permutation πj , j = 1, 2, ... is applied to each coordinate. Given

the element xn = 0.a1(n)a2(n)... as a b-ary representation of xn from a low discrepancy

sequence, random permutations of {0, 1, 2, ...b−1} will be applied. The random permutations

are uniformly distributed over all possible b! permutations of the set. Hence, we will map

the original element of the sequence xn to 0.π1(a0(n))π2(a1(n))..., where we apply the same

permutation πj to all points of the sequence and using independent permutations to different

coordinates of the sequence.

Example 3.3.1. Let’s start with considering the points on our (0, 3, 2)-net, since we have

the base 2, clearly there are only two possibilities for each digit, 0 or 1. Either we will have

the identity permutation, which we denote by i and it takes the digit to itself, and the other

permutation φ, i.e. 0’s will be assigned to 1’s and 1’s will be assigned to 0’s.

Here is an example how this works for random permutation of a (0, 3, 2)-net, we start

by picking twelve permutations on {0, 1} at random: ϕ, i, i, ϕ, i, ϕ, i, i, i, ϕ, ϕ, i. Hence, the

following expression shows us how we permute the digits of a point on our (0, 3, 2)-net given
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H0,3,2L-net Digit scrambling

Figure 3.4: Random Permutation of Digits

a random permutation of digits.
(

1
64
, 51

64

)
= (000001, 110011)2 → ( 9

16
, 53

64
) = (100100, 110101)2

(
33
64
, 19

64

)
= (100001, 010011)2 → ( 1

16
, 21

64
) = (000100, 010101)2

...

If we continue the process until all digits are scrambled, and scramble the other coordinates

in a similar manner, then we obtain the scrambled version of the (0, 3, 2)-net. As can be

seen on Figure 3.4 after the random permutation of digits the net property is still preserved.

3.3.3 Linear Scrambling

Matous̆ek [32] proposes a linear digit scrambling method, by multiplying the generator

matrix of a low discrepancy sequence by a random matrix for which entries consisting of

0, 1, 2, ..., b− 1 and adding a random vector ~U in mod b. This method is easier to implement

compared to the full scrambling, and for the jth permutation it is applied to the digit aj by

a simple choice of πj given by

πj(aj) = hjaj + gj (mod b), (3.21)

where hj ∈ {0, 1, 2, ..., b− 1} and gj ∈ {0, 1, 2, ..., b− 1} are random integers. Another choice

is given by

πj(aj) =

j
∑

i=1

hijaj + gj (mod b) (3.22)
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which is used to generate the Generalized Faure sequence by Tezuka [22]. Here, again the

arithmetic is done in mode b, where gj and hij are selected at random and uniformly from

{0, 1, 2, ..., b− 1}. In matrix notation, we can write the same expression as

π(a) = HTa + g

where HT is nonsingular lower-triangular matrix with random entries. Matous̆ek [32] shows

that scrambling methods both in Equations 3.21 and 3.22 preserves the net property. The

theoretical analysis can be found in Hickernell [33].
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CHAPTER 4

SENSITIVITY TO NORMAL TRANSFORMATION

METHODS IN QMC

4.1 Introduction

In financial & economic modeling and risk analysis, the normal distribution occurs frequently.

Consequently, in simulation, one often needs to generate random numbers from the normal

distribution. Two standard methods to accomplish this task are the Box-Muller and the

inverse transformation methods. In the literature, Box-Muller is sometimes regarded as

slightly inferior, mainly for two reasons. First, if one applies the Box-Muller method to

numbers from a bad linear congruential generator, the transformed numbers provide an

extremely poor coverage of the space. Plots of transformed numbers with spiraling tails can

be found in many books, most notably in the classic book of Ripley [34], who was probably

the first to make this observation. The second reason is claimed to be computational;

Box-Muller requires the computation of trigonometric and logarithmic functions, whereas

algorithms based on the inverse transformation method usually require simple polynomial

evaluations. However, both of these arguments against Box-Muller are without much merit.

The first argument does not actually show a failure of Box-Muller. It rather suggests that

imperfections in a uniform number sequence can be amplified when the Box-Muller method is

applied. The second argument could have been relevant in the past, but in today’s computers

the computation of trigonometric and logarithmic functions is hardly an issue. Generating

108 random numbers from the normal distribution using the Box-Muller method takes 29

seconds, whereas a popular inverse transformation implementation known as the Moro’s

method (Moro [3]), takes 25 seconds1. Four seconds difference in generating 108 numbers

1Timings are based on a computer code written in Microsoft Visual C++, and an Intel Core Duo T2250,
1.73 GHz processor. The pseudorandom number generator used is TT800.
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should account for only a very small fraction of the total computing time in today’s simulation

problems.

If the intended use of these random variable generation methods is to obtain low-

discrepancy sequences from the normal distribution, then the criticism of Box-Muller is

not slight, and the argument against it is different. The common folklore claims that the

Box-Muller method should not be used at all, for it destroys the uniformity of the original

low-discrepancy sequence. Instead, the inverse transformation method is recommended. This

argument appears in the literature (see, for example, Joy, Boyle & Tan [2], Moro [3]) as well

as in the discussion boards visited by financial engineers, such as Wilmott’s forum.

In this chapter it is shown that the common folklore that claims the use of Box-Muller

method is incorrect and should be avoided in the context of low-discrepancy sequences, is

wrong. Moreover, it is shown that the use of the Box-Muller method, in fact, can reduce

the error of estimates quite substantially in some problems, over the inverse transformation

method.

In the next section, extensive numerical results are provided from derivative pricing

problems that provide compelling numerical evidence favoring the Box-Muller method over

the inverse transformation method when the methods are applied to several popular low-

discrepancy sequences. These results supplement similar earlier findings of Ökten and

Eastman [1]. In this chapter, statistical tests are used to explain the poor behavior of

the inverse transformation method in the numerical examples. Finally, we propose an

adaptation of a statistical test for pseudorandom numbers, to low-discrepancy sequences,

and describe how this test can be used to compare (non-uniform) low-discrepancy sequences

in high-dimensional spaces. Theoretical justification for the Box-Muller method and new

error bounds under low discrepancy sequences will be presented in Chapter 5.

4.2 Derivative Pricing

In this section several problems from derivative pricing will be considered, and the error of

estimates will be compared, when they are obtained using the Box-Muller and the inverse

transformation methods. Detailed descriptions of the derivatives considered can be found in

Glasserman [16] or Haug [35]. Implementation of the inverse transformation method uses

the algorithm described by Moro [3].
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Table 4.1: Ratchet Option: Inverse Transformation vs. Box-Muller

Halton sequence. Average factor of improvement is 15.5.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 6.2 1.4 5.4 2.4 28.1 21.2 11.2 14.1 31.4 33.5

Sobol’ sequence. Average factor of improvement is 44.2.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 41.9 69.4 7.2 50.3 11.5 14.6 11.4 200.5 8.8 26.6

Faure sequence. Average factor of improvement is 20.5.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 1.5 8.1 6.3 54.2 7.3 6.6 20.5 14.1 17.3 69.6

4.2.1 Ratchet Options

Are quasi-Monte Carlo (QMC) estimates sensitive to the transformation method used to

generate non-uniform, in particular, normal, low-discrepancy sequences? This is a question

largely ignored in the literature. My first example will illustrate the sensitivity of QMC

estimates.

Two commonly used construction methods for Brownian motion are the standard (or,

random walk) method, and the Brownian bridge method. In the context of low-discrepancy

sequences, the Brownian bridge method has been very popular, since it emphasizes the

quality of the uniformity of the earlier components of the sequence. This popularity was

challenged by Papageorgiou [14], who showed that the Brownian bridge method does not

always improve error over the standard construction by providing a counterexample. In [14],

Papageorgiou considers a ratchet (digital) option, and estimates its price by using the two

construction methods. Since the exact price of a ratchet option can be computed analytically,

Papageorgiou is able to compare actual estimation error of the construction methods. He

uses two QMC sequences in simulating the ratchet option: the Sobol’ and (generalized) Faure

sequence. In Figure 4.1 below, we recreate Figure 1 of his paper. It is a plot of the relative

error of the estimated ratchet option price against the sample size N , i.e., the number of

stock price paths used in simulation. The sequence used in the simulation is the Sobol’

sequence. The dimension of the sequence, i.e., the number of time steps used in simulation,

is 2. The other parameters are: the initial stock price is 100, expiry is 1, risk-free interest

rate is 0.045, and volatility is 0.3. The exact price of the option is 60.40825.
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Figure 4.1: Ratchet option with the inverse transformation method

As the error plot shows, the standard construction outperforms the Brownian bridge

construction significantly. Based on this as well as other similar error plots in higher

dimensions, Papageorgiou [14] observes that the Brownian bridge method does not always

improve error.

Do the qualitative results of Figure 4.1 depend on the way the uniform low-discrepancy

vectors are transformed to vectors from the normal distribution? In his numerical work

Papageorgiou uses the inverse transformation method (personal communication2). In order

to answer this question, the same simulation is repeated, but Box-Muller transformation is

used instead of the inverse transformation. The new error plot is given in Figure 4.2.

Two observations are in order. First of all, the previous conclusions are reversed when

Box-Muller is used: the overall behavior of error for the Brownian bridge construction is now

better than the standard construction. Secondly, the error of both construction methods

improve significantly when we switch from the inverse transformation method (Figure 4.1)

to the Box-Muller method (Figure 4.2): the average improvement factor for the standard

construction and the Brownian bridge construction is 7 and 983, respectively. In the rest of

2I thank to Dr. Papageorgiou for this information.
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Figure 4.2: Ratchet option with the Box-Muller method

the numerical results for ratchet options, we use the Brownian bridge construction.

Figure 4.3 plots the relative error against the sample size N, when the Halton, Sobol’,

and Faure sequences are used in simulation.

The Box-Muller method consistently provides lower error than the inverse transformation

method for all sample sizes and low-discrepancy sequences. The next three tables display

the factor of improvement f (the ratio of the inverse transformation relative error to the

Box-Muller relative error). For the Halton sequence, the Box-Muller method provides factor

of improvements that vary from 1.4 to 33.5, with an average of 15.5.

For the Sobol’ sequence, the Box-Muller method provides factor of improvements that

vary from 7.2 to 200.5, with an average of 44.2.

For the Faure sequence, the Box-Muller method provides factor of improvements that

vary from 1.5 to 69.6, with an average of 20.5.

How does the Box-Muller and inverse transformation methods compare when they are

used with scrambled sequences? The random linear scrambling approach is considered (see

Chapter 3) and forty estimates for the option price using forty scrambled Faure sequences.

Each estimate is computed using a sample size of N = 5, 000. Figure 4.4 plots these

46



500 1000 1500 2000 2500 3000 3500 4000 4500 5000
0

0.005

0.01
Halton Sequence

R
e

la
ti
v
e

 E
rr

o
r

InvTrans
Box−Muller

500 1000 1500 2000 2500 3000 3500 4000 4500 5000
0

0.005

0.01

0.015

0.02

Sobol’ Sequence

R
e

la
ti
v
e

 E
rr

o
r

InvTrans
Box−Muller

500 1000 1500 2000 2500 3000 3500 4000 4500 5000
0

0.005

0.01

Faure Sequence

N

R
e

la
ti
v
e

 E
rr

o
r

InvTrans
Box−Muller

N 

N 

Figure 4.3: Relative error plot for the ratchet option

estimates, together with the exact price.

The Box-Muller estimates seem to have lower error than the inverse transformation

estimates consistently, and scattered evenly about the true option price. Surprisingly, the

estimates obtained from the inverse transformation method tend to underestimate the option

price.

We expand this analysis a little more and consider various sample sizes N, generate

forty independent scrambled Faure sequences for each N, and compute the sample mean

and root mean square error (RMSE) of the forty estimates for the option price. The results

are displayed in Table 4.2. The ratio of the inverse transformation RMSE to Box-Muller

RMSE, is given in the last column of the table: the factor of reduction in RMSE provided

by Box-Muller ranges between 8.6 and 174.5.
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Figure 4.4: Ratchet option estimates obtained from scrambled Faure sequences

Table 4.2: Ratchet Option RMSE: Inverse Transformation vs. Box-Muller

RMSE for ratchet option with exact price 60.4083. Scrambled Faure sequence.
Sample mean RMSE

N InvTrans Box-Muller InvTrans Box-Muller Ratio (IT/BM)
500 59.7196 60.7375 0.0224 0.0026 8.6
1000 59.0185 60.5248 0.0349 0.0002 174.5
2000 59.5234 60.5708 0.0155 0.0003 51.7
5000 60.4317 60.4684 0.0072 0.0001 72

4.2.2 Asian Geometric Call Options

Consider an Asian geometric call option with the following parameters: the initial stock

price is 50, the exercise price is 50, the expiry is 1, the number of time steps is 8, risk-

free interest rate is 0.1, and the volatility is 0.4. The exact price of the option, under the

Black-Scholes-Merton model, is 5.70928. The option price is estimated when the price paths

are generated using the Box-Muller and inverse transformation methods. The standard

construction method is used to generate the price paths. Figure 4.5 plots the relative

error against the sample size N, when the Halton, Sobol’, and Faure sequences are used
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Figure 4.5: Relative error plot for the Asian geometric call option

in simulation.

The Box-Muller method gives smaller error for all sample sizes when Halton and Sobol’

sequences are used. For the Faure sequence, Box-Muller is better for six out of ten samples.

In Table 4.3, the factor of improvement, f, is reported for each sample size N, and for each

low discrepancy sequence.

For the Halton sequence, the Box-Muller method provides factor of improvements that

vary from 3.01 to 19.29, with an average of 6.61.

For the Sobol’ sequence, the Box-Muller method provides factor of improvements that

vary from 1.26 to 13.32, with an average of 4.58.

For the Faure sequence, the inverse transformation method is better than Box-Muller

for four samples. The smallest value for f is 0.59, which means the inverse transformation

method is better by a factor of 1.69, at its best. For the other six samples, Box-Muller is

the winner, with its highest improvement by a factor of 4.69. The average of f is 1.78.

Next forty estimates for the option price is computed using forty scrambled Faure
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Table 4.3: Asian Geometric Call Option: Inverse Transformation vs. Box-Muller

Halton sequence. Average factor of improvement is 6.61.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 3.01 3.27 4.26 3.48 4.17 4.10 7.62 19.29 4.37 12.52

Sobol’ sequence. Average factor of improvement is 4.58.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 2.43 1.54 10.23 7.25 2.21 13.32 3.42 1.26 1.73 2.37

Faure sequence. Average factor of improvement is 1.78.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 3.04 4.69 0.80 3.59 1.38 1.06 0.59 0.72 0.85 1.05
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Figure 4.6: Asian option estimates obtained from scrambled Faure sequences

sequences. For each estimate, the sample size is taken as N = 5, 000. Figure 4.6 plots these

forty estimates when they are obtained using the Box-Muller and inverse transformation

methods. The exact price is plotted as a straight line.

The results are similar to the ratchet option example; the inverse transformation estimates

seem to consistently underprice the option price, and tend to have larger error than the Box-

Muller estimates, except for a few samples. For a more detailed analysis, the sample mean

and root mean square error (RMSE) of forty estimates is computed for the option price,
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Table 4.4: Asian Geometric Option RMSE: Inverse Transformation vs. Box-Muller

RMSE for Asian geometric call with exact price 5.70928. Scrambled Faure sequence.
Sample mean RMSE

N InvTrans Box-Muller InvTrans Box-Muller Ratio (IT/BM)
500 5.4467 5.6124 0.0929 0.0296 3.1
1000 5.5517 5.6572 0.0321 0.0067 4.8
2000 5.6207 5.6926 0.0103 0.0027 3.8
5000 5.6759 5.6973 0.0015 0.0006 2.5

that are obtained from forty scrambled Faure sequences. The results are displayed in Table

4.4. The ratio of the inverse transformation RMSE to Box-Muller RMSE, given in the last

column of the table, varies between 2.5 and 4.8.

4.2.3 Barrier Options

Consider a down-and-in barrier option, and estimate its price using conditional expectation

Monte Carlo. The conditional Monte Carlo estimator simulates a price path until it crosses

the barrier. When the barrier is crossed, the option becomes a standard European call option,

and its exact price is computed by the Black-Scholes-Merton formula. By appropriately

discounting these prices, the conditional expectation Monte Carlo estimator computes the

present price for the barrier option. For details, see Ökten, Salta, Göncü [36]. Since the

time the price path crosses the barrier is a random variable, the dimension of the underlying

sequence in simulation is variable. Therefore one would expect QMC sequences with good

quality projections to perform better for this problem.

The parameters are: the strike price is 100, the initial stock price is 100, the barrier is

93, risk-free interest rate is 0.1, the volatility is 0.3, the expiry is 0.2, and the number of

time steps is 50. Figure 4.7 plots the relative error against the sample size N, for Halton,

Sobol’, and Faure sequences. The standard construction method is used to generate the price

paths. The Box-Muller method consistently outperforms the inverse transformation method

in the case of Halton and Sobol’ sequences. However, for the Faure sequence, Box-Muller is

consistently worse: this is the only such example observed in our numerical results.

Tables 4.5 display the factor of improvements in the relative error for each sequence.
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Figure 4.7: Relative error plot for the barrier option

For the Halton and Sobol’ sequences, the average improvement factor is 4.47 and 10.0,

respectively. For the Faure sequence, the inverse transformation method improves relative

error by an average factor of 3.84.

4.2.4 Basket Options

Consider a basket option with two assets S1, S2, following the Black-Scholes-Merton model.

The payoff function is max((S1(T ) + S2(T ))/2−K, 0). The parameters are as follows: the

volatilities are, σ1 = 0.1, σ2 = 0.2, the correlation coefficient of the assets is 0.3, the initial

stock prices are, S1 = 10, S2 = 9, the exercise price is K = 9, the risk-free interest rate

is 0.1, and the expiry is T = 1. The estimate of a 10-million Monte Carlo simulation is

1.4050, which is used as the exact option price in the following computations. The standard

construction method is used to generate the price paths.

Table 4.6 displays the RMSE of forty option estimates obtained from scrambled Faure
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Table 4.5: Barrier Option: Inverse Transformation vs. Box-Muller

Halton sequence. Average factor of improvement is 4.47.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 3.36 9.31 4.07 5.01 4.02 3.46 3.20 3.67 4.80 3.78

Sobol’ sequence. Average factor of improvement is 10.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
f 5.93 9.28 3.09 11.2 3.34 21.0 9.90 19.8 10.4 6.11

Faure sequence. Inverse transformation is better by an average factor of 3.84.
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
1/f 4.26 1.12 1.81 0.95 3.24 8.34 4.75 4.28 5.17 4.50

Table 4.6: Basket Option RMSE: Inverse Transformation vs. Box-Muller

RMSE for basket option with “exact” price 1.4050. Scrambled Faure sequence.
Sample mean RMSE

N InvTrans Box-Muller InvTrans Box-Muller Ratio (IT/BM)
500 1.3916 1.4020 0.0727 0.0208 3.5
1000 1.3920 1.4080 0.0596 0.0191 3.1
2000 1.3991 1.4036 0.0272 0.0138 2.0
5000 1.4023 1.4057 0.0128 0.0067 1.9

sequences, their sample mean, and the ratio of RMSE, for various choices for N. Box-Muller

reduces RMSE by factors between 1.9 and 3.5.

Figure 4.8 plots the option estimates used in Table 4.6 for N = 5, 000. The “exact” price

is plotted as a horizontal line in the figure. As we have seen in the previous examples, the

inverse transformation method provides estimates that consistently underprice the option.

4.2.5 Collateralized Mortgage Obligation

Pricing a collateralized mortgage obligation (CMO) problem using quasi-Monte Carlo

methods was first discussed by Paskov [37], and Paskov & Traub [38]. In the following

numerical results, the same CMO parameters used by Caflisch et. al. [17] (page 22) is used.

The estimate of a long simulation that uses the Sobol’ sequence was taken as the exact value

by these authors. I use this estimate as the exact value in our numerical comparisons as
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Figure 4.8: Basket option estimates obtained from scrambled Faure sequences

well. In generating the price paths, I use the Brownian bridge construction, as suggested by

Paskov [37].

The dimension of the CMO problem is 360. I use a mixed-Sobol’ sequence in my

simulation: this is a sequence where the first 32 components are chosen from the Sobol’

sequence, and the rest of the components are from a pseudorandom sequence3. Mixed

sequences are useful especially in very high dimensions, when the effectiveness of the quasi-

Monte Carlo method declines. For details see Ökten, Tuffin & Burago [39].

The top graph in Figure 4.9 plots the estimates of the mixed-Sobol’ sequence with the

inverse transformation and Box-Muller methods, as well as the Monte Carlo method. The

horizontal line, labeled as “exact”, is the estimate of the long Sobol’ simulation. The second

graph plots the corresponding relative error.

The mixed-Sobol’ with the Box-Muller implementation gives smaller error than the other

methods. Table 4.7 displays the factors of improvements: fIT is the ratio of the Box-Muller

relative error to the inverse transformation relative error, and fMC is the ratio of the Box-

Muller relative error to the Monte Carlo relative error.

There is only one sample (N = 1000) where the inverse transformation method is better

3The pseudorandom sequence generator we use is tt800 (Matsumoto and Kurita [8]).
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Figure 4.9: CMO estimates using mixed-Sobol’ sequence

Table 4.7: CMO Problem: Inverse Transformation vs. Box-Muller

Relative error for mixed-Sobol’ sequence
N 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
fIT 1.21 0.80 1.56 3.93 47.20 8.26 2.15 2.05 2.20 2.86
fMC 3.13 4.56 4.18 5.43 82.57 16.34 3.54 1.52 2.21 4.47

than the Box-Muller method, and the improvement is about a factor of 1.25. For all the

other samples, Box-Muller improves error, with a maximum factor of improvement of 47.2

for N = 2500. The maximum factor of improvement of mixed-Sobol’ with Box-Muller, over

Monte Carlo, is 82.57, and it is attained at the same sample.
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Figure 4.10: Skipping the Sobol’ sequence. Barrier option.

Skipping

Skipping an initial segment of a quasi-Monte Carlo sequence to improve the uniformity of

the sequence is a common practice, especially in high dimensional problems. We investigated

the impact of skipping to our results, and were unable to make any general empirical

deductions. For example, Figure 4.10 plots the relative error for the barrier option considered

earlier, when various terms of the Sobol’ sequence are skipped. Observe that the Box-Muller

estimates are relatively stable with respect to different skip amounts. However, the accuracy

of the inverse transformation estimates varies with the skip amount. In particular, Box-

Muller is better when 0, 28, 213, terms are skipped, and, the inverse transformation method

is slightly better when 212 terms are skipped. Since, in general, we do not know the exact

solution to the problem we are simulating, the question of finding the optimal skipping
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Figure 4.11: (0, 3, 2)− net in base 2 with elementary intervals

amount that might make the inverse transformation method favorable, is not a practical

one.

4.3 Why Is Box-Muller A Good Alternative?

In the option pricing examples considered in the previous section4, the problem was to com-

pute
∫

Rd f(x)dF (x), where f is the discounted payoff function and F is the d−dimensional

standard normal distribution function. To obtain low-discrepancy vectors under the distri-

bution F, we applied transformation methods (Box-Muller and inverse transformation) to

a low-discrepancy sequence in the uniform measure. For a heuristic discussion of the effect

of these transformation methods to low-discrepancy point-sets or sequences, let us assume

d = 2, and consider a (0, 3, 2)-net in base b = 2. Figure 4.11 plots the net with its elementary

intervals, where eight subrectangles with equal areas in the uniform measure partition (0, 1)2,

and there is one vector in each subrectangle.

Since the problem is to compute an integral over R
2 under the normal measure, I want

to find the corresponding regions of equal area under the normal measure that partition

R
2. The inverse transformation partitions R

2 into Cartesian rectangles and the Box-Muller

4Except for the barrier option example where we used the conditional expectation estimator resulting in
a variable dimension d.
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Figure 4.12: Polar and Cartesian rectangles with transformed points

method partitions R
2 into polar rectangles. For example, the images of the elementary

intervals in the top-left plot of Figure 4.11 under the inverse transformation are the

following: (−∞,∞)× (−∞,−1.15), (−∞,∞)× [−1.15,−0.67), (−∞,∞)× [−0.67,−0.32),

(−∞,∞)× [−0.32, 0), (−∞,∞)× [0, 0.32), (−∞,∞)× [0.32, 0.67), (−∞,∞)× [0.67, 1.15),

(−∞,∞) × [1.15,∞). Each Cartesian rectangle contains the image of the corresponding

point of the original net under the inverse transformation. Figure 4.12 plots these Cartesian

rectangles and points they contain, which are labeled as “+”.

Similarly, Box-Muller maps the elementary intervals in the top-left plot of Figure 4.11 to

the polar rectangles: [0, 2π) × [0, 0.27), [0, 2π) × [0.27, 0.58), [0, 2π)× [0.58, 0.94), [0, 2π)×
[0.94, 1.39), [0, 2π)× [1.39, 1.96), [0, 2π)× [1.96, 2.77), [0, 2π)× [2.77, 4.16), [0, 2π)× [4.16,∞).

Each polar rectangle contains the image of the corresponding point of the original net under

the Box-Muller transformation. These points are labeled as “×” in Figure 4.12.

The reason why Box-Muller is a valid transformation method for low-discrepancy

sequences, contrary to what has been suggested by some authors, is because it partitions

the space into subregions of equal measure, preserving the net-property of the original point

set. A rigorous treatment of this observation can be made using the (M,µ)-uniform point
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sets of Niederreiter [4]. The theoretical justification of Box-Muller transformation for low

discrepancy sequences is provided in Chapter 5.

We revisit the (0, 3, 2)-net in base b = 2 (Figure 4.11) and the image of the elementary

intervals under the Box-Muller transformation (Figure 4.12). Let (R, θ) be the polar

coordinates of a point (x, y) in R
2. The square of the radius, R2, has exponential distribution

with mean 2, and θ has uniform distribution on [0, 2π), when (x, y) has the bivariate normal

distribution. The Box-Muller transformation partitions R
2 with respect to the variables, R2

and θ, by using polar rectangles that partition R2 according to the exponential distribution,

and θ according to the uniform distribution on [0, 2π). Therefore, if the function we integrate

has strong dependence on R2, we can expect Box-Muller to perform better than the inverse

transformation.

As an example, consider the (0, 3, 2)-net, and its image under the inverse transformation

and Box-Muller methods; these are the points labeled as “+” and “×” in Figure 4.12.

To check whether the x and y−coordinates of the transformed points follow the normal

distribution, we apply the Anderson-Darling goodness-of-fit test (discussed in Chapter 2) for

normality. The Anderson-Darling values for the coordinates with Box-Muller and inverse

transformation methods are, 0.57 and 0.28, respectively. At the 5% significance level, the

critical value for the Anderson-Darling statistic is 2.492. Therefore, the coordinates pass the

normality test for both transformation methods.

However, if we check whether the squared radii follow the exponential distribution with

mean 2, an interesting result is obtained. The Anderson-Darling value for the squared radii

when the points are generated with the Box-Muller method is 0.284, and the same value for

the inverse transformation method is 2.542. Therefore, the points generated by the inverse

transformation method fail the Anderson-Darling test at the 5% level for the exponential

distribution hypotheses. We now apply this statistical analysis to the Halton, Sobol’, and

Faure sequences. Table 4.8 displays the Anderson-Darling values (A2) for the squared radii,

testing for the exponential distribution with mean 2, for various values for N . The lower

Anderson-Darling values imply a better fit to the distribution in question, and the Box-

Muller method provides consistently lower values than inverse transformation, in factors as

high as sixty.
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Table 4.8: Anderson-Darling values for the squared radii

Anderson-Darling values for the squared radii
A2 Halton Sobol’ Faure
N InvTrans Box-Muller InvTrans Box-Muller InvTrans Box-Muller
28 0.0971 0.0174 0.6147 0.0171 0.6126 0.0170
29 0.0880 0.0097 0.4456 0.0095 0.4173 0.0094
210 0.0714 0.0052 0.1909 0.0050 0.1871 0.0053
211 0.0391 0.0029 0.1405 0.0028 0.1407 0.0028
212 0.0316 0.0016 0.0965 0.0015 0.0962 0.0015
213 0.0189 0.0009 0.0390 0.0008 0.0392 0.0008

4.4 The Collision Test

Consider the problem of estimating
∫

Ω
f(x)dF (x) using quasi-Monte Carlo methods. Let

{pn} and {qn} be two sequences in Ω distributed according to F. These sequences could

be obtained from a low-discrepancy sequence in the unit hypercube by the use of different

transformation methods, or they could be obtained from different low-discrepancy sequences.

The fundamental question is how to compare the quality of these sequences for simulation.

Certainly, computing the F−discrepancy of the sequences is not a practical solution, in

general. In the examples considered in the previous section, we compared the sequences by

using some problem-specific information: we knew the importance of radius and knew its

distribution, and we compared the sequences by applying the Anderson-Darling goodness-of-

fit test to the radii (equivalent to computing the F−discrepancy of the radii) they produced.

What can we do when the problem is of higher dimension, or if we do not know the

distribution of a relevant variable, and thus applying a goodness-of-fit test (F−discrepancy)

is not possible? To answer this question, we will propose an adaptation of a statistical test

for randomness, for quasi-Monte Carlo sequences.

Assume that there is a natural finite partition M = {Ω1, . . . ,Ωk} of Ω, and we expect

a “good” sequence to fall into each Ωi in equal (or, known) proportions. Then, the ideal

sequence to use in simulation would be an (M, µ)-uniform point set, which would yield error

that can be estimated by the general error bounds given by Niederreiter [4]. Therefore, we

can define the quality a sequence {qn} in Ω by its “deviation” from the (M, µ)-uniform
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point set. One way to define and quantify this deviation is by using the collision test; a

classical statistical test used for pseudorandom numbers. We now give a brief description of

the collision test.

Consider M urns, and imagine tossing (randomly) a small number, N, of balls into M

urns. We toss balls one after another. A ball falls into a specific urn with probability 1/M.

We say there is a collision if a ball falls into an urn that already has a ball. The probability

distribution of the number of collisions and the percentage points for the distribution can

be computed exactly. For a pseudorandom number generator, the test is applied as follows:

count the number of collisions and reject the generator if this number is too small or too big.

For a detailed discussion of the collision test, see Knuth [40]. I will describe how this test

can be used for quasi-Monte Carlo sequences using the examples of the previous section.

Consider a partition of R
2 into M polar rectangles with equal measures, like in Figure

4.12. Think of the polar rectangles as the urns. The low-discrepancy vectors (in the

corresponding measure), by their definition, fall into each urn with a relative frequency that

approaches the measure of the polar rectangle, which is 1/M . We expect low-discrepancy

vectors to fall into the urns as evenly as possible, in other words, we expect them to produce

collisions as small as possible. Therefore we will “reject” a low-discrepancy sequence only

when the number of collisions is too large. As a rather conservative rule of thumb, we suggest

rejecting a sequence5 if the number of collisions is larger than the 90% critical point of the

distribution of number of collisions. In other words, reject the sequence if the p-value of

the number of collisions is less than 10%. In Table 4.9, the number of collisions for some

choices for M,N (M ≥ N), is computed and using the Halton, Sobol’, and Faure sequences,

in dimension two. “IT” and “BM” stand for inverse transformation and Box-Muller. The

last column of the table displays the 90% critical points.

The number of collisions produced by the inverse transformation method is astonishingly

high for all sequences. In particular, the Sobol’ and Faure sequences with the inverse

transformation method fail the test for all M,N, at the 10% level. The collision test seems to

capture the defect of the inverse transformation method, relative to the Box-Muller method,

quite well.

What if we chose a different partition, for example, took the Cartesian rectangles as

5In comparing Box-Muller with inverse transformation, we do not reject a sequence, but rather the
transformation method that produces the sequence.
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Table 4.9: Collision Test Results: Polar rectangles.

Polar Rectangles
M N

Halton
IT BM

Sobol’
IT BM

Faure
IT BM

90%

211 210 189 12 380 9 380 9 233
212 211 393 58 763 18 764 18 456
212 212 1461 619 1940 99 1944 100 1533

Table 4.10: Collision Test Results: Cartesian Rectangles.

Cartesian rectangles
M N

Halton
IT BM

Sobol’
IT BM

Faure
IT BM

90%

211 210 58 193 15 107 69 205 233
212 211 178 338 203 395 140 419 456
212 212 816 1334 480 1406 956 1488 1533

our urns, and applied the collision test? Although in the numerical examples we have

discussed, the choice of polar rectangles is well justified, it would be interesting to consider

the sensitivity of the test results, for a “wrong” choice for partitioning. Table 4.10 reports

the collision numbers, when the urns are chosen as Cartesian rectangles.

The collision numbers for the Box-Muller method are higher, but the differences are not

as large as in Table 4.9. In particular, none of the sequences give collision numbers that fail

at the 10% level.

4.5 Conclusion

The common folklore claims that it is incorrect to use the Box-Muller method with low-

discrepancy sequences. In this chapter, it is shown that this is not true, and a proof that

justifies the use of the Box-Muller method in the context of low-discrepancy sequences is given

in the next chapter. In fact, numerical results from derivative pricing strongly favor the Box-

Muller method over the inverse transformation method. A statistical test for randomness,

the collision test, is adapted for low-discrepancy sequences, and described how it can be used

to assess the quality of a (non-uniform) low-discrepancy sequence.
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CHAPTER 5

ERROR BOUNDS IN QMC INTEGRATION

5.1 Introduction

In Chapter 4, we showed numerically and statistically that Box-Muller transformation

preserves good uniformity properties of uniform point sets. Considering various numerical

experiments we demonstrate that in many financial problems Box-Muller transformation

offers significant improvements over the inverse transformation method. In this chapter, we

give the theoretical justification of the Box-Muller transformation method, with the deriva-

tion of error bounds for financial derivative pricing problems. Furthermore, a stratification

algorithm based on the Box-Muller transformation and new error bounds are presented.

Finally, we test our stratification algorithm using numerical examples from finance.

Quasi-Monte Carlo integration has been successfully used in problems from financial

engineering and risk management. The convergence rate under Monte Carlo simulations is

O(N−1/2), whereas in quasi-Monte Carlo method the error bound of O(logdN/N) is due

to the well known Koskma-Hlawka inequality. Koksma-Hlawka inequality is based on the

assumption that the integrand is of finite variation. Interestingly, in application of quasi-

Monte Carlo methods it is not uncommon to observe numerical convergence rates as high

as O(N−1) for different problems. Tests by Paskov and Traub [38] and Paskov [41] showed

that quasi-Monte Carlo method is an effective tool even for some high dimensional integrals.

Another attempt to explain the good performance of low discrepancy sequences for

high dimensional integration problems was given by Sloan and Woźniakowski [42]. They

derived a class of functions for which the worst case quasi-Monte Carlo error is of O(N−1/c),

where c ∈ [1, 2] and is independent of d. Papageorgiou [43] derived an error bound of

O(N−1+p{log N}0.5
) = O(N−1+O(1)), where p ≥ 0, is a constant, for certain class of functions

with the assumption that integrand is almost everywhere differentiable.
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Niederreiter [4] introduced a more general framework for error bounds under a general

probability space assuming a certain uniformity property for the point sets. His error bounds

do not require the bounded variation assumption of the Koksma-Hlawka inequality. Jiang

and Birge [44] used the error bounds of Niederreiter [4] and derived an asymptotical error

bound of O(N−1/2) for the European put option pricing.

In Papageorgiou and Traub [23] and Papageorgiou [5], a finite dimensional numerical

integration problem with an integrand that is a function of the Euclidean norm is considered.

For this class of functions, the upper bound of the error is given as O(
√

logN/N). In Section

5.5 we introduce a stratified Box-Muller transformation, which yields better numerical

convergence rates. We also show that a convergence rate of O(N−1) can be achieved instead

of O(
√

logN/N) given a uniform point set for problem considered in Papageorgiou [5].

In the next section, we start with introducing the existing error bounds based on the

bounded variation assumption of the integrand. We prove that for some of the option

pricing examples, such as the European and Asian geometric options, a convergence rate of

O(N−1) can be obtained using the results by Niederreiter [4].

5.2 QMC Error Bounds For Pricing Financial
Derivatives

The relationship between the low discrepancy sequences and multivariate integration is

established by the well known Koksma-Hlawka inequality. If f is a real valued function,

defined on [0, 1]d, of bounded variation, V (f), in the sense of Hardy and Krause, then for

any sequence x1, x2, ..., xN ∈ [0, 1]d we have

∣
∣
∣
∣
∣

∫

[0,1]d
f(x)dx− 1

N

N∑

i=1

f(xi)

∣
∣
∣
∣
∣
≤ V (f)Dd(x1, ..., xN ), (5.1)

where Dd(x1, ..., xN) is the star discrepancy of the d dimensional low discrepancy sequence.

Koksma-Hlawka error bound gives us an upper bound for the error, however it is not

computationally practical. Therefore, next we introduce the error bounds which are derived

for special class of functions.

We start by considering the same integration problem studied by Papageorgiou [5],

Id(f) =

∫

Rd

f(||x||)e−||x||2dx, (5.2)
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where d is the dimension, f : R→ R, and ||.|| denotes the Euclidean norm in R
d.

Furthermore, we assume that f ′ exists a.e. The integration problem in Equation 5.2 can

be rewritten by using the transformation ||x|| → ||x/
√

2||,

Id(f) = 2−d/2

∫

Rd

f(||x||/
√

2)e−||x||2/2dx. (5.3)

The d dimensional standard normal density φd(x1, ..., xd) is given by

1/(2π)d/2e−||x||2/2.

Hence, by multiplying and dividing by (2π)d/2 we obtain an integral with respect to the

multinormal density

= 2−d/2 (2π)d/2

(2π)d/2

∫

Rd

f(||x||/
√

2)e−||x||2/2dx

= πd/2

∫

Rd

f(||x||/
√

2)φ(x1, ..., xd)dx.

Let r = ||x||, and we know from statistics that r has chi-distribution with d degrees of

freedom. However, our purpose is to analyze the error bounds under higher dimensional low

discrepancy sequences. Instead of sampling a chi distributed radius r, we sample normally

distributed low discrepancy sequences and integrate using these sequences. The integral can

be written in one dimension with respect to r,

= cd2
−d/2

∫ ∞

0

f(r/
√

2)rd−1e−r2/2dr

= πd/2

∫ ∞

0

f(r/
√

2)µ′(r)dr, (5.4)

where cd = 2πd/2/Γ(d/2) with r = ||x||, x ∈ R
d, and the density function, µ′ is given by

µ′(r) =
rd−1e−r2/2

2d/2−1Γ(d/2)
. (5.5)

Hence, the original d dimensional integration problem reduces to a one dimensional problem

in Equation 5.4 in terms of the radius r.

The quasi-Monte Carlo estimator for Id(f) is given as

Id,N(f) =
πd/2

N

N∑

i=1

f(||xi||/
√

2). (5.6)

Papageorgiou [5], considers the following class of functions for the integrand f .
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Definition 5.2.1. F is the class of functions f : R 7→ R, such that Id(f) <∞, f is absolutely

continuous, f ′ exists a.e., and

ess sup |f ′(r) : r ∈ R| ≤M,

where M is a positive constant, and ess sup of a function means that the function can attain

values larger than this value only over the sets of measure zero.

The integration error is defined by

e(Id,N , f) = |Id(f)− Id,N(f)|.

For this class of functions the worst case error is defined as,

e(Id,N ) = sup
f∈F

e(Id,N , f).

Papageorgiou [5] derives the upper bound of the error with an order O(
√

logN/N), with a

constant term which is not practical to compute. The constant term of the upper bound

depends on several factors such as; Γ(d/2), e(Id,1), d, and ρ(η) =
∫

R+
|1[0,r)(η)− µ(r)|dr,

where η = µ−1(0.5).

The definition for the discrepancy can be generalized under an arbitrary probability

measure µ. For N > 1, and let xi ∈ R+, i = 1, ..., N be any given points. The difference

between the empirical distribution and the theoretical distribution is given by the discrepancy

function

Rµ(E) =
A(E;N)

N
− µ(E), E ⊂ R+, (5.7)

where A(E;N) denotes the number of xi contained in E and does not depend on µ but

only depends on the points xi. The discrepancy of the points x1, ..., xN with respect to the

probability measure µ is defined by

Dµ,N = Dµ,N (x1, ..., xN ) = sup
E
|Rµ(E)|, (5.8)

where the supremum is taken over all the subsets of the form E = [0, x), x ∈ R+. Hence, for

x ≥ 0 we use the notation given by Papageorgiou [5]:

µ(x) = µ([0, x))

Rµ(x) =

∑N
i=1 1[0,x)(xi)

N
− µ(x) =

∑N
i=1 1[0,µ(x))(µ(xi))

N
− µ(x)
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where 1A denotes the characteristic function of a set A.

In a more recent study, Papageorgiou [43], considered a more general form of the integral

considered in Equation 5.2 given by

Id,g =

∫

Rd

f(g(x))φd(x)dx, (5.9)

where φd(x) = (2π)−d/2e||x||
2/2 is the Gaussian weight. We assume, g : R

d 7→ R such that

Id,g(f) < ∞. A measure µ, which is equivalent to the Lebesgue measure is defined by the

function g,

µ(A) =

∫

Rd

1A(g(x))φd(x)dx, A ∈ B(R), (5.10)

where φd(x) is the d dimensional Gaussian weights. Papageorgiou [43] derived the error

bounds for the integration problem in Equation 5.9, based on four different classes of

functions, F1, F2, F3, F4. The function classes F1 and F2 are characterized by restrictions

on the integral and supremum of the term f ′(x)e−α|x|. The classes of functions, F3 and F4

was characterized by the restrictions,
∫

R
|f ′(x)dx| ≤ M and ess sup |f ′(x) : x ∈ R| < M,

respectively. For example, given the class of functions F3, the worst case error will be

bounded by

e(Id,g,N , F3) ≤M sup
x∈R

|Rµ(x)| = MDµ,N ,

where Dµ,N = Dµ,N(g(x1), ..., g(xN)), g(xi), xi ∈ R
d, i = 1, ..., N , is the discrepancy with

respect to the measure µ. Minimizing the discrepancy Dµ,N reduces the quasi-Monte Carlo

integration error.

The error bounds for the classes of functions F1, F2, F3 and F4 are given in Theorem 5.1

of Papageorgiou [43]. The convergence rate is for the class of functions F1, F2, F4 are given

as O(N−1+p{log N}−1/2
), with different constant terms, p ≥ 0. For the class of functions F3 the

upper bound is McN−1 with c ≥ 1/2. Hence, under F3 the best upper bound is obtained as

O(N−1), under the assumption that there exists a point set with a discrepancy decaying with

an order O(N−1). However, we should note that this error bound is not useful, since there

is no general method for constructing a d dimensional low discrepancy sequence satisfying

the given assumption.
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5.3 Error Bounds Under A General Probability Space

Niederreiter [4] provided general error bounds, which does not depend on the assumption of

bounded variation. Consider a general probability space (X,B, µ), where X is an arbitrary

nonempty set, B a σ-algebra of subsets of X, and µ a probability measure defined on B.

Define the counting function A(M ;P) for M ⊆ X and a point set P = {x1, . . . , xN} of

elements of X as

A(M ;P) =

N∑

n=1

1M (xn)

where 1M is the indicator function of M . Niederreiter [4] calls a point set (M, µ)-uniform

if the proportion of points falling into the subsets of M are equal to the volume of these

subsets.

Definition 5.3.1. Let (X,B, µ) be an arbitrary probability space and letM be a nonempty

subset of B. A point set P of N elements of X is called (M, µ)-uniform if

A(M ;P) = µ(M)N

for all MǫM.

The following are examples of (M, µ)-uniform point sets given by Niederreiter [4].

Example 5.3.1. Let r ≥ 2 be an integer and let M = Mr be the partition of

[0, 1)d that is obtained by forming all possible d-fold Cartesian products of the intervals

[0, 1/r), [1/r, 2/r), ..., [(r− 2)/r, (r − 1)/r), [(r − 1)/r, 1). Consider the point set P which is

the d-fold Cartesian product of the equidistant set {1/2r, 3/2r, ..., (2r − 1)/2r}. Clearly, P
is an (X,B, λd)-uniform point set with N = rd points, where λd is the Lebesgue measure.

Note that P is the node set of the d-fold Cartesian product of the midpoint rule.

Example 5.3.2. Let P be a (t,m, d)-net in base b, where b ≥ 2 and t and m are integers

such that 0 ≤ t ≤ m. Then by definition of such a net, P is an (X,B, λd)-uniform point set

with N = bm points, where M =M(b; t,m) is the collection of all subintervals E of [0, 1)d

of the form

E =

d∏

i=1

[aib
−di , (ai + 1)b−di)
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with integers di ≥ 0 and 0 ≤ ai < bdi for 1 ≤ i ≤ d and with λd(E) = bt−m. Nice uniformity

of (t,m, d)-nets together with the uniform points set property make (t,m, d)-nets attractive

to use in quasi-Monte Carlo integration.

The following two theorems, due to Niederreiter [4], provide a general framework for

deriving error bounds under (M, µ)-uniform sets. These error bounds do not depend on the

bounded variation assumption of the integrand.

Theorem 5.3.1. Let (X,B, µ) be an arbitrary probability space and letM = {M1, . . . ,Mk}
be a partition of X with MjǫB for 1 ≤ j ≤ k. Then for any (M, µ)-uniform point set

P = {x1, . . . , xN} and any bounded µ integrable function f on X we have

| 1
N

N∑

n=1

f(xn)−
∫

X

fdµ| ≤ max
1≤j≤k

(sup
tǫMj

f(t)− inf
tǫMj

f(t)) (5.11)

Theorem 5.3.2. Let (X,B, µ) be an arbitrary probability space and letM = {M1, . . . ,Mk}
be a partition of X with MjǫB for 1 ≤ j ≤ k. Then for any (M, µ)-uniform point set

P = {x1, . . . , xN} and any bounded µ integrable function f on X we have

| 1
N

N∑

n=1

f(xn)−
∫

X

fdµ| ≤
k∑

j=1

µj(Mj)(sup
tǫMj

f(t)− inf
tǫMj

f(t)). (5.12)

5.3.1 Error Bounds For European and Asian Options

Our objective is to develop error bounds with the following properties: (i) they should

be applicable to a wider family of functions than those with bounded variation in the

sense of Hardy & Krause, and (ii) they should not depend on the use of the inverse

transformation method. Our approach is based on Theorem 5.3.1, of Niederreiter [4], which

is a generalization of the Koksma-Hlawka inequality to abstract probability spaces and point

sets. Theorem 5.3.1 applies to any (M, µ)-uniform point set, independent of the way the set

is constructed (such as using inverse or Box-Muller transformations). We now discuss three

examples.

Example 5.3.3 (European put and call options). The price of a European put option in

the lognormal model can be written as

e−rT

∫ 1

0

(K − S0e
(r−σ2/2)T+σ

√
TΦ−1(t))+dt,
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where K,S0, r, σ, T are positive constants, Φ is the standard normal cdf, and (x)+ =

max(x, 0). Note that the integrand is zero when t > t̄, where

t̄ = Φ

(
ln(K/S0)− (r − σ2/2)T

σ
√
T

)

,

and thus the integral simplifies as

e−rT

∫ t̄

0

(K − S0e
(r−σ2/2)T+σ

√
TΦ−1(t))dt. (5.13)

Now consider any (M, µ)-uniform point set P = {x1, . . . , xN}, where µ is the uniform

Lebesgue measure on X = (0, 1), and M = {M1, . . . ,Mk} is a partition of [0, 1). Let

f(t) = e−rT (K − S0e
(r−σ2/2)T+σ

√
TΦ−1(t)) and observe that 0 < f(t) < e−rTK for 0 < t < t̄, f

is monotonically decreasing with respect to t, and f ′(t) is bounded on (0, t̄).

Then, by Theorem 5.3.1, we obtain

∣
∣
∣
∣
∣

1

N

N∑

n=1

f(xn)−
∫ 1

0

fdt

∣
∣
∣
∣
∣
≤ max

1≤j≤k
(sup
tǫMj

f(t)− inf
tǫMj

f(t)). (5.14)

In particular, choose k = N, and intervals Mj as follows: Mj = [ (j−1)
N

, j
N

), j = 1, ..., N, and

for some ξ ∈ [0, t̄) we obtain

sup
tǫMj

f(t)− inf
tǫMj

f(t) = f

(
j − 1

N

)

− f
(
j

N

)

= − 1

N
f ′(ξ) ≤ C

N
(5.15)

for some positive constant C, using the mean value theorem (after redefining f at 0 where

it has a removable discontinuity) and the fact that f ′ is bounded. Therefore the QMC error

bound for European put is O(N−1). From the put-call parity, we conclude that the QMC

error bound for European call is O(N−1) as well. The bound obtained by Jiang and Birge

[44] for European options is O(N−1/2+ε), for any ε > 0. Hence, the error bound we derive

provides a significant improvement.

Example 5.3.4 (Asian geometric put option). The payoff for the Asian geometric put option

is max(K−Save, 0) where Save is the geometric average of the stock price at a certain number

of monitoring points through the option life, i.e.,

Save =

(
d∏

i=1

S(ti)

)1/d

.
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The risk neutral price of the option is e−rTE[max(K −Save, 0)]. In the log-normal model for

the stock price we have

Save = S0 exp((r − σ2/2)
1

d

d∑

i=1

ti +
σ

d

d∑

i=1

W (ti)), (5.16)

where W is the standard Brownian motion, and S(0), r, σ are positive constants. Then the

price of the option is

e−rT

∫

Rd

(K − S0e
(r−σ2/2)

∑d
i=1 ti/d+σ

√
T/d

∑d
i=1 W (ti))+φd(~z)d~z,

where φd(~z) is the d−dimensional normal density. From the linearity and variance covariance

matrix we know that

z =

d∑

i=1

W (ti) ∼ N

(

0,

d∑

i=1

(2i− 1)td+1−i

)

, (5.17)

and thus the above integral can be simplified as

e−rT

∫

R

(K − S0e
(r−σ2/2)T̄+σ̄z)+φ(z)dz,

where σ̄ = σ
d

√

T−1
∑d

i=1 (2i− 1)td+1−i, T̄ =
∑d

i=1 ti/d, and φ(z) is the density of

N
(

0,
∑d

i=1 (2i− 1)td+1−i

)

. Similar to the European put option example, we can rewrite

this integral as

e−rT

∫ t̄

0

(K − S0e
(r−σ2/2)T̄+σ̄Φ−1(t))dt, (5.18)

where Φ is the cumulative distribution function of N
(

0,
∑d

i=1 (2i− 1)td+1−i

)

and (0, t̄) is

the support of the integrand. Then, using a uniform point set and applying the mean value

theorem as we did in the previous example, we obtain the same bound O(N−1) for the

d−dimensional Asian geometric put option.

A rate close to O(N−1) can be observed numerically for small N . Figure 5.1 plots the

absolute value of the error against the sample size, when a van der Corput sequence in base

2 is used in the estimation. The observed convergence rate is approximately O(N−0.87).

Example 5.3.5 (Binary put and call options). A binary option is a type of option where

the payoff is either some fixed amount of some asset or nothing at all. The two main types

of binary options are the cash-or-nothing binary option and the asset-or-nothing binary
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Figure 5.1: Asian geometric option example: numerical convergence rate

option. The cash-or-nothing binary option pays some fixed amount of cash if the option

expires in-the-money while the asset-or-nothing pays the value of the underlying security.

Thus, the options are binary in nature because there are only two possible outcomes. They

are also called all-or-nothing options, digital options (more common in forex/interest rate

markets), and Fixed Return Options (FROs) (on the American Stock Exchange). Payoff can

be represented by

1(S(T )>K),

where we receive $1 if the maturity price of the stock ends above the strike price K. The

final price of the stock S(T ) is given by

S(T ) = S0e
(r−σ2/2)T+σ

√
TZ , (5.19)

where Z = Φ−1(t) is standard normally distributed. We can sample the standard normal

random variables using Box-Muller or inverse transformation methods. Price of the binary

option can be written as an integral over [0, 1),

e−rT

∫ 1

0

1(S0e(r−σ2/2)T+σ
√

TΦ−1(t)>K)dt.
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Now consider any (M, µ)-uniform point set P = {x1, . . . , xN}, where µ is the uniform

Lebesgue measure on X = (0, 1), and M = {M1, . . . ,Mk} is the uniform partition of [0, 1)

with Mj = [(j − 1)/N, j/N), j = 1, ..., N . Then, f(t) = 1, if S0e
(r−σ2/2)T+σ

√
TΦ−1(t) > K,

and 0 otherwise. By Theorem 5.3.2, the error can be represented as

|Error| ≤
k∑

j=1

µ(Mj)(sup
tǫMj

f(t)− inf
tǫMj

f(t)),

≤ 1

N

k∑

j=1

(sup
tǫMj

f(t)− inf
tǫMj

f(t)).

Three possible cases can occur on a set set Mj ∈M: S(T ) < K, S(T ) = K, or S(T ) > K.

Over a set Mj, if we only have the case S(T ) < K or S(T ) > K, then our payoff

function is constant and the difference of supremum and infimum is always 0, and there is

no contribution to error. For a given partition and the uniform point set, the difference of

the supremum and infimum of f will be less than 1 for the partitions which S(T ) = K can

be satisfied, the biggest contribution to the error will occur over this set. We know that

S(T ) = K happens when t = t̄,

t̄ = Φ

(
ln(K/S0)− (r − σ2/2)T

σ
√
T

)

,

which occurs only on a single set Mj̄ ∈ M such that (j̄ − 1)/N < t̄ < j̄/N .

Hence, we have |Error| ≤ 1
N
, and the upper bound of the error is O(1/N).

Binary option is another example of the application of Theorem 5.3.2, where the integrand

is a step function. The convergence rate we obtain is better than the Monte Carlo convergence

rate.

Example 5.3.6 (Value-at-Risk (VAR)). The definition of the 99% VAR is a point vp with

p = 0.01 satisfying; 1 − FL(vp) ≡ P (L > vp) = p. Under the linear market model (see page

484 in [16]) with a portfolio that consists of only stocks that are assumed to have normally

distributed returns. The losses are also normally distributed with L ∼ N(µL, σL
2), where

σL
2 = δT ΣSδ. The integral can be written as

P (L > vp) =E[1(Li > vp)] (5.20)

=

∫ 1

0

1(µL∆t+ σL

√
∆tΦ−1(t) > vp)dt, (5.21)
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where Φ−1 is the inverse Gaussian distribution, and Li = V i(S, t) − V i(S + ∆S, t + ∆t) is

the loss in the ith simulation. This integral can be estimated by the quasi-Monte Carlo

estimator
1

N

N∑

i=1

1(Li > vp). (5.22)

Considering the same partition given in the Binary option example, we define f(t) = 1, if

µL∆t+σL

√
∆tΦ−1(t) > vp, and 0 otherwise. Hence, this problem is identical with the binary

option example, where we can apply the Theorem 5.3.2. Therefore, without additional work

we can conclude that for the VAR estimation under the linear market model, the convergence

rate will be O(1/N) under a (M, µ)-uniform point set.

These examples show that our approach give better convergence rates than those obtained

by Papageorgiou [43], and in a considerably simpler way. The crucial step is estimating

suptǫMj
f(t), and the properties of f should be used in each specific integration problem.

The expression is free of the discrepancy term, since we have a (M, µ)-uniform point set P.

5.4 Box-Muller Transformed Point Sets

The Box-Muller transformation is believed to deteriorate the good uniformity properties

of the low discrepancy sequences. The folklore against Box-Muller transformation can be

found in Joy et. al. [2] and Moro [3]. However, we show that Box-Muller method is a

good alternative to inverse transformation method, and in Lemma 5.4.1 it is shown that

the error bounds known in the quasi-Monte Carlo literature are still valid under Box-Muller

transformed point sets. Additionally, stratified Box-Muller transformation improves the

accuracy of the estimates and the numerical convergence rates.

The next lemma proves that the Box-Muller transformation is a valid method in the

context of quasi-Monte Carlo integration.

Lemma 5.4.1. Let (X,B, µ) = ((0, 1)d,B, λd) where λd is the Lebesgue measure and B is

the Borel σ-algebra on (0, 1)d. Consider a (t,m, d)-net P and let M be the collection of all

elementary subintervals with volume bt−m. Then, bm(P) is a (bm(M), µ)-uniform point set,

where µ is the normal measure on R
d and bm(P) (and, similarly, bm(M)) is the image of P

under the Box-Muller transformation.
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Proof. Let bm(M) := collection of all elementary polar intervals and MǫM,

M =

d∏

i=1

[
ai

bdi
,
ai + 1

bdi

)

with volume bt−m. (i.e.
∑
di = t−m)

Let µ be the measure on R
d with density

f(x) = 1/(2π)d/2e−‖x‖2/2,

where bm(M) is an elementary polar interval, then

µ(bm(M)) = λd(M) = bt−m.

Without loss of generality we consider the 2 dimensional case for simplicity, and take one

piece of one of those elementary intervals in the form of

M∗ =

[
a1

bd1
,
a1 + 1

bd1

)

×
[
a2

bd2
,
a2 + 1

bd2

)

.

We know that the polar region corresponding to this rectangle will be the following,

bm(M∗) =

[√

−2 log
a1 + 1

bd1
,

√

−2 log
a1

bd1

)

×
[

2π
a2

bd2
, 2π

a2 + 1

bd2

)

,

which is a polar rectangle. Hence, to find the measure of this polar interval under the normal

density, we will get

µ(bm(M∗)) =
1

2π
.

∫

[
√

−2 log
a1+1

bd1
,
√

−2 log
a1

bd1
)×[2π

a2

bd2
,2π

a2+1

bd2
)

e−r2/2rdrdθ (5.23)

=
1

bd1
× 1

bd2
=

1

bd1+d2
.

This is true for any polar interval obtained with Box-Muller transformation applied to

the elementary interval. And as can be seen easily, Box-Muller transformation is a monotone

transformation.

Hence, any point in the elementary interval will fall exactly into the corresponding polar

interval. Therefore,

A(bm(M); bm(P))/bm = µ(bm(M))

for all bm(M), where A counts the number of points that fall into bm(M) from the point set

bm(P). Hence, we conclude that bm(P) is (bm(M), µ)-uniform.
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Lemma 5.4.2. Consider a (0, m, 2)-net P in base 2, where P = {(u1
1, u

2
1), (u

1
2, u

2
2), ..., (u

1
N , u

2
N)}

and a partition M of [0, 1)2 such that Mi = [(i− 1)/N, i/N)× [0, 1) with N = 2m. Let R =

{r̂1, ..., r̂N}, where r̂i =
√

−2 log(u1
i ), i = 1, 2, ..., N and define partition M̂ = {M̂1, ..., M̂N}

of [0,∞) such that M̂i = [
√

−2 log(i/N),
√

−2 log((i− 1)/N)). Then, R is a (M̂, χ2)

uniform point set, where χ2 is the chi distribution with two degrees of freedom and with

density ρ(r) = re−r2/2 for r > 0.

Proof. Observe that P is a (M, λ)-uniform point set where λ is the Lebesgue measure on

[0, 1]2 and λ(Mi) = 1/N . By the net property, exactly one point of P falls into each set Mi.

Now consider M̂i ∈ M̂ for some i ∈ {1, 2, ..., N}, and observe that the measure of the set

M̂ is given by

χ2(M̂i) =

∫
√

−2 log((i−1)/N)

√
−2 log(i/N)

re−r2/2dr = −elog(j/N) + elog(j+1/N) =
1

N
= λ(Mi). (5.24)

Since P is a net, there is a unique point from P that falls into Mi = [(i−1)/N, i/N)× [0, 1);

denote that point by uk = (u1
k, u

2
k). This implies that we have

i− 1

N
< u1

k <
i

N

and thus
√

−2 log(i/N) <
√

−2 log(u1
k) <

√

−2 log((i− 1)/N).

We have r̂k =
√

−2 log(u1
k), which implies that r̂k is the unique point from R that falls into

M̂i = [
√

−2 log(i/N),
√

−2 log((i− 1)/N)). Hence,

A(M̂ ;R)

N
=

1

N
,

and R is a (M̂, χ2)-uniform point set.

Above result is due to the fact that Box-Muller transformation uses inversion of ex-

ponential distribution for sampling the square of the radius, which is same as inverting a

chi-square distribution with two degrees of freedom. Hence, using inverse χ2
2 transformation

or Box-Muller transformation to construct radial partitions are identical methods.

Given (x1, x2) are normally distributed, from statistics we know that ||xi|| has a chi

distribution and can be sampled by taking the square root a a chi-square random variable.

In Box-Muller transformation we have ||xi|| = r̂i =
√

−2 log(u1
i ), on the other hand to
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sample ri using inverse chi distribution we set; ri =

√

(χ2
2)

−1
(u1

i ) =
√

−2 log u1
i = r̂i, where

(χ2
2)

−1
is the inversion of the chi square cdf with two degrees of freedom.

The following lemma, given as Lemma 4.1 in the paper by Papageorgiou [43] represents

the original d dimensional integral as a one dimensional integral in terms of the discrepancy

function with respect to the measure µ, Rµ(r), and the derivative of the integrand.

Lemma 5.4.3. Let f : R → R, d ≥ 1, be a function such that
∫

Rd f(||x||)e−||x||2dx < ∞, f

is absolutely continuous, and f ′ exists a.e. Let xi ∈ R
d, i = 1, ..., N be any points, N ≥ 1.

Then
∫

Rd

f(||x||)e
−||x||2/2

(2π)d/2
dx− 1

N

N∑

i=1

f(||xi||) =

∫ ∞

0

Rµ(r)f ′(r)dr, (5.25)

where Rµ(r) =
∑N

i=1 1[0,r)(||xi||)
N

− µ(r), r ∈ R+, and µ is the chi-distribution with density

function given in Equation 5.5.

The integration problem defined in Equation 5.2 and Lemma 5.4.3 in two dimensions is

given by

I2(f) =

∫

R2

f(||x||)e−||x||2dx, (5.26)

where x is a two dimensional normal vector with xi = (x1
i , x

2
i ) and x1

i , x
2
i ∼ N(0, 1). Then

the Monte Carlo estimator is

I2,N(f) =
πd/2

N

N∑

i=1

f(||xi||/
√

2). (5.27)

The integration in Equation 5.26 can be reduced to a one dimensional integral under

chi-distribution, however we would like to consider the 2 dimensional quasi-Monte Carlo

integration convergence properties. Hence, we consider a (0, m, 2)-net in base 2; P =

{(u1
1, u

2
1), (u

1
2, u

2
2), ..., (u

1
N , u

2
N)}. Under the inverse transformation method the norm of xi

is given as

||xi|| =
√

(Φ−1(u1
i ))

2 + (Φ−1(u2
i ))

2, (5.28)

whereas under Box-Muller transformation it is given by

||xi|| =
√

−2 log(u1
i ). (5.29)

In the next corollary we derive the error bound for the special case of two dimensional

integration problem for functions satisfying;
∫∞
0
|f ′(r)|dr < C. This class of functions
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corresponds to the class F3 in the study by Papageorgiou [43]. In his paper Theorem 5.1

states that there exists deterministic points {r1, ..., rN} ∈ R
d such that the discrepancy is

minimized and hence, the integration error for this class of functions is bounded by CMN−1.

Here M is a positive constant such that Dµ,N(r1, ..., rN) ≤ M/N . However, in general if we

start with a net and apply inverse transformation method to each component for generating

normals, we do not necessarily obtain an upper bound for the discrepancy with an order

of O(N−1). On the other hand, using Box-Muller transformation method we show that if

we start with an arbitrary net, then we automatically the upper bound for the discrepancy,

Dµ,N is of O(N−1).

Corollary. Consider the integration problem given in Equation 5.2 with the assumption

f ′ exists a.e. and
∫∞
0
|f ′(r)|dr is bounded by a constant C. Then under a Box-Muller

transformed (0, m, 2)-net, the integration error is of O(N−1).

Proof. Consider a (0, m, 2) net P = {(u1
1, u

2
1), (u

1
2, u

2
2), ..., (u

1
N , u

2
N)} The integral can be

rewritten in one dimension with respect to the chi density as follows;

I2(f) =

∫

R2

f(||x||)e−||x||2dx = π

∫ ∞

0

f(r)re−r2

dr. (5.30)

Since Box-Muller transformation uses the inverse transformation of chi square distribution

to generate the radius values, we can apply the Koksma-Hlawka inequality to a Box-Muller

transformed point set. However, this idea does not apply to the inverse transformed normally

distributed point sets. This is simply because inverse transformation uses a two dimensional

net to generate the radii values, and does not use inversion of chi square distribution. Hence,

under chi inverse transformation for the radius, which is equivalent to using Box-Muller

method, we let ri = χ−1
2 (u1

i ), and G(u1
i ) = f(χ−1

2 (u1
i )). Then we rewrite the integral over

[0, 1] with respect to the chi measure with two degrees of freedom, and apply the Koksma-

Hlawka inequality to the one dimensional integral,

∣
∣
∣
∣
∣

∫ ∞

0

f(r/
√

2)dχ2 −
1

N

N∑

i=1

f(||xi||/
√

2)

∣
∣
∣
∣
∣
=

∣
∣
∣
∣
∣

∫ 1

0

G(u)du− 1

N

N∑

i=1

G(u1
i )

∣
∣
∣
∣
∣

(5.31)

≤ V (G)D∗
N(u1

1, u
1
2, ..., u

1
N). (5.32)

For an a.e. differentiable function f : R → R, the variation of f is defined as, V (f) =
∫∞
0
|f ′(r)|dr. Since G(u) = f(r), then V (G(u)) = V (f(r)) =

∫∞
0
|f ′(r)|dr < C holds

78



by assumption. Note that by definition of a (0, m, 2)-net; if we take a uniform partition

[(i−1)/N, i/N)× [0, 1) with respect to the first coordinate, then {u1
1, u

1
2, ..., u

1
N} will be a net

in one dimension. Therefore, the star discrepancy of the finite point set; D∗
N(u1

1, u
1
2, ..., u

1
N)

is O(N−1).

Example 5.4.1. Consider a (0, 3, 2)-net P with coordinates

P = {(0.0156, 0.7969), (0.5156, 0.2969), (0.2656, 0.0469), (0.7656, 0.5469),

(0.1406, 0.4219), (0.6406, 0.9219), (0.3906, 0.6719), (0.8906, 0.1719)}.

In Figure 5.2 we can observe that Box-Muller transformation preserves the uniform point set

property under the normal measure, due to Lemma 5.4.1. Furthermore, the radii generated

by applying Box-Muller transformation to (0, m, 2)-net will also be a net with respect to the

chi measure by Lemma 5.4.2. In Figure 5.2, the radial partitions are based on the Box-Muller

transformation of the intervals corresponding to

BM{[0, 1/8)× [0, 1), [1/8, 2/8)× [0, 1), ..., [7/8, 1)× [0, 1)} =

{[

0,
√

−2 log 7/8
)

× [0, 2π) ,
[√

−2 log 7/8,
√

−2 log 6/8
)

× [0, 2π) , ...,
[√

−2 log 1/8,∞
)

× [0, 2π)
}

,

where BM denotes the Box-Muller transformation. Hence, the output from the Box-Muller

transformation produces the radial grid, i.e. circles with radii given by

{0.2671, 0.5754, 0.9400, 1.3863, 1.9617, 2.7726, 4.1589}.

Figure 5.2 demonstrates that given a two dimensional net Box-Muller transformation

preserves the net property also with respect to the radius, which is same as the one

dimensional net produced by inverse chi-distribution. This means that each radial region

contains only one point from the net. Whereas, if we used the inverse transformation method

to sample the normal distribution and computed the radii of the (0, 3, 2)-net, we do not

necessarily obtain a uniform point set with respect to radial partitions. Hence, the general

error bounds given in Theorems 5.3.1 and 5.3.2 do not necessarily apply to the integration

problem in which the integrand is a function of the Euclidean norm. With this example we

observe that inverse transformation method has a significant shortcoming compared to the

Box-Muller transformation.
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Figure 5.2: Partition based on radius of points: Inverse transformation vs. Box-Muller

The star discrepancy in one dimension can be computed due to the following theorem

given by Niederreiter [18] (see page 15, Theorem 2.6).

Theorem 5.4.4. If 0 ≤ u1 ≤ u2 ≤ ... ≤ uN ≤ 1, then

D∗
N(u1, ..., uN) =

1

2N
+ max

1≤n≤N

∣
∣
∣
∣
un −

2n− 1

2N

∣
∣
∣
∣
.

Lemma 5.4.5. Consider a partition M = {M1,M2, ...,MN} of [0,∞) such that Mi =
[
χ−1

d ((i− 1)/N), χ−1
d (i/N)

)
, where χ−1

d is the inverse chi cdf with d degrees of freedom and

i = 1, 2, . . . , N . Given a (M, χd)-uniform point set, P = {r1, ..., rN}, the upper bound for

the χd star discrepancy D∗
χd,N(r1, ...., rN) is 1

N
.

Proof. We have, D∗
χd,N(r1, ...., rN) = D∗(t1, ..., tN), where ti = χ−1

d (ri). Let t(1) < t(2) < ... <

t(N) be the ordered point set in [0, 1]. Observe that t(i) ∈
[

i−1
N
, i

N

)
and thus from Theorem

5.4.4 the χd star discrepancy can be computed as follows:

D∗(t(1), ..., t(N)) =
1

2N
+ max

1≤i≤N

∣
∣
∣
∣
t(i) −

2i− 1

2N

∣
∣
∣
∣

(5.33)

≤ 1

2N
+

1

2N
=

1

N
. (5.34)
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Therefore, D∗
χd,N(r1, ...., rN) ≤ 1

N
.

Using Theorem 5.4.4, we can compute the star discrepancy of the radii values produced

by Box-Muller and inverse transformation methods in Example 5.4.1. We compute the radii

values ri, generated by Box-Muller and inverse transformation methods, and then order

these values as: 0 ≤ r(1) ≤ r(2) ≤ ... ≤ r(8). We obtain the point set {t1, ..., t8} in [0, 1] by

ti = χ2
2(r(i)). Hence,

D∗
χ2,8(r1, ..., r8) = D∗

8(t1, t2, ..., t8) =
1

16
+ max

1≤n≤8
|tn −

2n− 1

16
|. (5.35)

For the point set in Example 5.4.1, using the formula in Equation 5.35 the discrepancy

D∗
χ2,8(r1, ..., r8) under Box-Muller and inverse transformation methods are computed as;

0.1094 and 0.1570, respectively. We observe a lower star discrepancy for the Box-Muller

transformed point set. More importantly, the upper bound for the star discrepancy given in

Lemma 5.4.6 suggests that the star discrepancy for the given point set should be bounded

by 0.125. However, under inverse transformation method as we see in the above example

Lemma 5.4.6 does not apply.

Remark 5.4.6. We showed in Lemma that for a (M, χd)-uniform point set the discrepancy,

D∗
χd,N(r1, ...., rN) is bounded by 1/N . Hence, by Koksma-Hlawka inequality we can conclude

that the upper bound for the integration error will be 1
N
V (f), where V (f) is the one

dimensional variation of the function. Therefore, for functions of bounded variation we

obtain a convergence rate of 1/N .

Niederreiter [4], provided general error bounds for (M, µ)-uniform point sets. For the

integration problem defined in Equation 5.2, next theorem states that a convergence rate of

1/N can be obtained. As shown in Lemma 5.4.2, if we start with a (0, m, 2)-net in base 2,

and produce radii values using Box-Muller transformation, then Box-Muller transformation

yields a (M, χd)-uniform point set. Hence, in the two dimensional case considered earlier

(see Equation 5.26), a convergence rate of O(1/N) can be achieved given the conditions

stated in the next corollary.

Corollary. Let P be a (M, χd)-uniform point set, whereM = {M1, ...,MN} is a partition of

[0,∞) such that Mi = [χ−1
d ((i− 1)/N), χ−1

d (i/N)), and χd is the chi measure with d degrees

of freedom. Consider an integrand f with bounded support [0, r̄), and let f be bounded and
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monotone with f ′ < C a.e., then we have

∣
∣
∣
∣
∣

∫ ∞

0

f(r)dχd(r)−
1

N

N∑

i=1

f(ri)

∣
∣
∣
∣
∣
≤ r̄C

N
,

where χd is the chi measure with d degrees of freedom.

Proof. Consider any (M, χd)-uniform point set P andM = {M1, . . . ,MN} is a partition of

[0,∞). Without loss of generality assume f is monotonically increasing with respect to r.

We also assume that f ′ exists and bounded. The proof can be modified easily if there are

countably many non-differentiable points. Since f has support [0, r̄), r̄ falls into one of the

sets in our partitionM; let r̄ ∈Mī for some ī ∈ {1, 2, ..., N}.
Then, by Theorem 5.3.2, we obtain

∣
∣
∣
∣
∣

1

N

N∑

i=1

f(ri)−
∫ ∞

0

f(r)dχd(r)

∣
∣
∣
∣
∣
≤

ī∑

i=1

χd(Mi)( sup
r∈Mi

f(r)− inf
r∈Mi

f(r)). (5.36)

We have the interval Mi given by, Mi =
[
χ−1

d ( i−1
N

), χ−1
d ( i

N
)
)
, i = 1, ..., N with

χd(Mi) = 1
N

for all i. Then, by monotonicity of f ,

sup
rǫMi

f(r)− inf
tǫMi

f(r) = f

(

χ−1
d

(
i

N

))

− f
(

χ−1
d

(
i− 1

N

))

(5.37)

Let ri = χ−1
d ( i

N
), i = 1, 2, ..., ī, then by the mean value theorem we can write

f (ri)− f (ri−1) = ∆rif
′(ξi),

where ∆ri = ri − ri−1, ξi ∈ [ri−1, ri) for i = 1, ..., ī− 1. For the last set in the partition we

have ∆rī = r̄ − rī−1, and ξī ∈ [rī−1, r̄). Since f ′(r) < C for all r, we have

ī∑

i=1

χd(Mi)( sup
r∈Mi

f(r)− inf
r∈Mi

f(r)) ≤ C

N

ī∑

i=1

∆ri =
r̄C

N
. (5.38)

Thus, the convergence rate is O(N−1).

We showed that the convergence rate obtained by Koksma-Hlawka inequality can also

be obtained as a corollary of Theorem 5.3.2. This result also applies to the problem we

considered in Equation 5.2, which can be represented as a one dimensional integral as done

in Equation 5.4.
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5.5 Stratified Box-Muller Method

In this section we show that numerical convergence rate can be improved with the help

of a stratification method based on the polar rectangles we considered in Lemma 5.4.1.

Stratified sampling broadly refers to any sampling mechanism that constrains the fraction

of observations drawn from specific subsets (or strata) of the sample space. A stratification

method is most effective when the variability within each stratum is small.

Assume we want to estimate the expected value of a random variable; E[Y ] and let

A1, ..., AN be disjoint subsets of the real line for which

P

(

Y ∈
⋃

i

Ai

)

= 1.

Then

E[Y ] =
N∑

i=1

P (Y ∈ Ai)E[Y |Y ∈ Ai] =
N∑

i=1

piE[Y |Y ∈ Ai].

In random sampling the fraction of points falling into each stratum Ai will not be same

as pi. In stratified sampling we decide in advance what fraction of points we will sample from

each stratum. The simplest case of stratified sampling is proportional sampling based on the

theoretical probabilities of observing an outcome from a stratum Ai given by pi = P (Y ∈ Ai).

Example 5.5.1. The simplest example of stratification is given for sampling uniform

numbers on the unit interval. Partitioning the unit interval [0, 1] into N strata we can

sample from each strata by letting

Ûi =
i− 1

N
+
Ui

N
, i = 1, ..., N.

The N strata consists of the following partition

A1 =

(

0,
1

N

]

, A2 =

(
1

N
,

2

N

]

, ...., AN =

(
N − 1

N
, 1

]

.

Hence, each Ûi is uniformly distributed between (i−1)/N and i/N , therefore the conditional

distribution of U given U ∈ Ai is uniform over the unit interval.

In Figures 5.3, 5.4, and 5.5 we plot the empirical versus theoretical distributions for

ri
2 = ||xi||2, i = 1, ..., 500 values, which are chi-square distributed with d degrees of freedom,

where d is the dimension of the vector of points. Normally distributed low discrepancy
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Figure 5.3: Empirical distribution of r2 under different transformation methods (4-d)

sequences are generated using the first 500 vectors of the Faure sequence. The figures

demonstrate the performance of different normal transformation methods to capture the

chi-square distribution based on their output for r2 values corresponding to 4, 20, and 40

dimensional vectors. We observe that in 4 dimensions there is not much difference between

three transformation methods. We observe that as the dimension of the vectors increases,

there is significant deterioration in inverse transformation method, whereas stratified Box-

Muller method performs best in preserving the chi-square distribution with high degrees of

freedom.

5.5.1 Stratified Box-Muller Algorithm

Now we propose a stratified version of the Box-Muller algorithm in the following way:

Step 1: We generate (U1, U2, U3, ..., Ud), for each sample path in our simulation, where U1 and

U2 are coming from a (0, m, 2)-net and the rest of U ′
is are just uniform random numbers

that we will use to shift our first two dimensions of the sequence.

Step 2: R1 =
√

−2 log(U1) and θ1 = 2πU2
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Figure 5.4: Empirical distribution of r2 under different transformation methods (20-d)

For i = 2 : (d/2)

Ri =

√

−2 log(U1 +
floor(N ∗ U2i−1) + 1

N
, mod 1) (5.39)

θi = 2π(U2 +
floor(N ∗ U2i) + 1

N
, mod 1)

End

In our algorithm, in Equation 5.39, first two dimensions use the uniform number coming

from (0, m, 2)-net, which enables us to start with good quality points in the first place. By

using a net to choose the initial values also enables us to have only single point in each set

of the partition. Then, we choose an integer from {1, ..., N} to shift our initial points from

the net. Therefore, it is possible to put the restriction so that we are not allowed to choose

the same combination of integers once we choose it. This can be done in an exhaustive way,

which enables us to apply Theorem 5.3.1. There exists a permutation to shift the initial

point sets such that there will be single point within each element of the partition, therefore,

for such a point set the discrepancy will have an order of O(1/N).

For the problem in Equation 5.3, using a (M, χd)-uniform point set for an integrand of

bounded variation gives a convergence rate of O(1/N). To obtain this optimal convergence

85



0 10 20 30 40 50 60 70 80 90
0

0.5

1
Empirical vs. Theoretical Cdf

InvTrans
Chi−Square Cdf

0 10 20 30 40 50 60 70 80 90
0

0.5

1
Box−Muller
Chi−Square Cdf

0 10 20 30 40 50 60 70 80 90
0

0.5

1
Str. Box−Muller
Chi−Square Cdf

Figure 5.5: Empirical distribution of r2 under different transformation methods (40-d)

rate two approaches can be followed; first one can construct a (M, χd)-uniform point set by

enforcing that each set in the partition receives only a single point. Second, for a given point

set, if we can measure its closeness to being a (M, χd)-uniform point set. Then we can try

to construct point sets that are close to a (M, χd)-uniform point set. We propose to use the

collision test as a measure of closeness to (M, χd)-uniformity. This way, collision test will

enable us to tell which method will be optimal to use for the problem defined in Equation

5.3. In order to use the collision test, the probability of a radius value falling into any set Mi,

i = 1, 2, ..., N , in the partition M, should be equally likely. With a crude non-exhaustive

shift as given in the algorithm, the probability of receiving a point on any given interval is

1/N . This is due to the fact that if we start with a finite net and shift the initial points

uniformly, we obtain uniformly distributed radius value across different dimensions. Hence,

receiving a point on any element of the partition will be equally likely. The next proposition

shows this property for the stratified Box-Muller transformation method.

Proposition 5.5.1. Let d be an even positive integer and {R1, . . . , Rd/2} be the radii

obtained from the stratified Box-Muller algorithm (see Equation 5.39). Consider the partition
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M = {M1, ...,MN} of [0,∞), where Mi = [χ−1
d ((i− 1)/N), χ−1

d (i/N)). Then,

P
(√

R2
1 + ...+R2

d/2 ∈Mj

)

=
1

N
, j ∈ {1, 2, ..., N}.

Proof. Consider a normally distributed vector x = (x1, x2, ..., xd), and let r = ||x||. Then we

have,

r =
√

x1
2 + x2

2 + ...+ xd
2 ∼ χd.

In other words, r2 has chi square distribution with d degrees of freedom, which can be written

in terms of the summation of d/2 independent chi square random variables with 2 degrees

of freedom. Hence,

r2 =x2
1 + x2

2 + ... + x2
d ∼ χ2

d

= (x2
1 + x2

2)
︸ ︷︷ ︸

χ2
2

+ (x2
3 + x2

4)
︸ ︷︷ ︸

χ2
2

+...+ (x2
d−1 + x2

d)
︸ ︷︷ ︸

χ2
2

.

Since under the stratified Box-Muller each x2
2i−1, x

2
2i, i = 1, 2, . . . , d/2 is χ2

2 distributed,

their sum r2, from independence is χ2
d distributed. Therefore, r2 = R2

1 + ... + R2
d/2 ∼ χ2

d.

Hence, we have

P (
√

R2
1 + ...+R2

d/2 ∈Mj) =P (r ∈Mj)

=P (χ−1
d ((j − 1)/N)) < r < χ−1

d (j/N)

=P (
j − 1

N
< χd(r) <

j

N
)

=P (
j − 1

N
< u <

j

N
) =

1

N
.

Since, r has chi distribution with d degrees of freedom and applying the chi cdf will yield

a uniform random number u, such that u = χd(r). Hence, u ∼ U [0, 1], and the probability

of a uniform random number falling into an interval is equal to the length of the interval,

which is 1/N .

5.5.2 Collision Test Results

Collision test is described in Chapter 2, and due to Proposition 5.5.1 it can be applied for

the stratified Box-Muller algorithm as well. Consider a point set P = {||x1||, . . . , ||xN ||},
where xi is generated from a d dimensional standard normal density using a transformation
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Table 5.1: Collision Test for Chi distributed radii values

d = 100 d = 360
N InvTrans Box-Muller Str. Box-Muller InvTrans Box-Muller Str. Box-Muller
1024 799 507 376 801 519 359
2048 1580 937 723 1509 1070 735
4096 3111 1848 1518 2844 2138 1479

method (such as Box-Muller, inverse transformation, stratified Box-Muller, etc.). Let

M = {M1, ...,MN} be a partition of [0,∞) such that Mi = [χ−1
d ((i − 1)/N), χ−1

d (i/N)),

i = 1, 2, ..., N . Hence, we can apply the collision test over the partition M by generating

ri = ||xi|| values under different normal transformation methods. To compute ||xi||’s we first

generate a d dimensional normal vector xi, then the norm is computed.

If P is a (M, χd)-uniform point set, then from Lemma 5.4.6 we know that it yields an

error bound of O(1/N) for functions of bounded variation. If P is not (M, χd)-uniform point

set, then we can measure how close it is to being one, by applying the collision test using

M1, . . . ,MN as the partition. A smaller number of collisions will suggest a point set closer

to a (M, χd)-uniform point set and thus better error bounds. In Table 5.1, Faure sequence

is used to generate a d dimensional normal vector x, and N denotes the number of intervals

which is set equal to the number of points generated. The results for inverse transformation,

Box-Muller, and stratified Box-Muller methods are presented. As we observe, the results

show that the stratified Box-Muller produces a point set closest to a (M, χd)-uniform point

set in different dimensions.

In Table 5.2, we can see that under inverse transformation method, constructing a

(M, χd)-uniform point requires much more computational effort compared to the Box-Muller

and stratified Box-Muller methods. We generated the (M, χd)-uniform point set, applying

an acceptance rejection algorithm for the low discrepancy points coming from the Faure

sequence. For example, the first row in Table 5.2 shows how many points of a (M, χd)-

uniform point set can be constructed using the first 1024 low discrepancy points from the

Faure sequence. Hence, using 1024 points inverse transformation produces 281 points, such

that there is single point on each set of the partition. Similar results can be observed also in

higher dimensions. This shows that Box-Muller and stratified Box-Muller transformations
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Table 5.2: Construction of (M, χd)-uniform point sets under different transformation
methods

d = 40 d = 100
N InvTrans Box-Muller Str. Box-Muller InvTrans Box-Muller Str. Box-Muller
1024 281 621 629 225 517 645
2048 681 1210 1315 468 1111 1277
4096 2012 2559 2606 985 2248 2569

are more efficient methods in constructing a (M, χd)-uniform point set. We should also note

that in stratified Box-Muller transformation regardless of the dimension, only the first two

dimensions are generated using the low discrepancy sequence, the rest of the dimensions are

generated through random shifts of the initial radius and angle values.

5.5.3 Numerical Examples

Consider the following d dimensional integration problem given by

Id(f) = π−d/2

∫

Rd

f(||x||)e−||x||2dx (5.40)

where the integrand, f(||x||) = max(K − e||x||, 0) is a function of the radius only and K

is a positive constant. The conditions of Corollary 5.4 and 5.4 are satisfied for this given

integrand f . The same integral can be written as follows,

Id(f) = (2π)−d/2

∫

Rd

f(||y||/
√

2)e−||y||2/2dy =

∫ ∞

0

f(r/
√

2)p(r)dr, (5.41)

where p(r) is the chi density function with d degrees of freedom. In Figures 5.6, we estimated

the d dimensional integral without reducing it to a one dimensional problem. The exact

solution is computed using adaptive Simpson’s quadrature by reducing the problem to one

dimension. In the Figure 5.6 we considered 16 and 40 dimensional problems with the

parameter K = 800, using the Sobol’ sequence.

Another integration example, where the integrand is a function of the norm, is considered

by Papageorgiou and Traub [23]. Similar as the previous integral the integrand is a function

of the norm of ||x||. The problem is given as,
∫

Rd

cos(||x||)e−||x||2dx. (5.42)
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Figure 5.6: Integration of f(||x||) = max(K − e||x||, 0) (16-d and 40-d)

We can transform the same integral to an integral over the unit cube [0, 1]d. We have

Id(cos) =

∫

Rd

cos(||x||)e−||x||2dx = 2−d/2

∫

Rd

cos(||y||/
√

2)e−||y||2/2dy (5.43)

= πd/2

∫

Rd

cos(||y||/
√

2)
e−||y||2/2

(2π)d/2
dy

= πd/2

∫

[0,1]d
cos





√
√
√
√

d∑

j=1

(φ−1)2(tj)/2



 dt,

where φ is the cumulative normal distribution function with mean 0 and variance 1,

φ(u) =
1

2π

∫ u

−∞
e−s2/2ds, u ∈ [−∞,∞].

In Figure 5.7, we considered 25 and 60 dimensional integration problems given in

Equation 5.42. This numerical example is also considered by Papageorgiou and Traub [23]

and the analytical values for the 25 and 60 dimensional problems are given as I25(cos) =

−1.356914 × 106 and I60(cos) = 4.89052986 × 1014 respectively. Our numerical findings

support that the higher the dimension of the integration problem, the better off we are by

using the stratification of the Box-Muller method. It is well known that low discrepancy

sequences start to deteriorate as the dimension gets larger. Therefore, as a remedy we
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Figure 5.7: Integration of cos(||x||) given in Equation 5.42 (25-d and 60-d).

propose the stratification algorithm given in Equation 5.39. In the next section we consider

the performance of our stratified sampling method for functions that are not one dimensional

in r, however as we show still stratified Box-Muller method has significant benefits in financial

applications.

5.6 Applications From Finance

Quasi-Monte Carlo methods is an important tool in pricing financial derivatives and

measuring value at risk of a portfolio of assets. In this section, we compare the performance

of the stratified Box-Muller method using different problems from financial engineering.

5.6.1 Asian Geometric Call Option

The payoff function for the Asian geometric call option with strike price K and d discrete

monitoring times, t1, ..., td is given by

max(Save −K, 0),

where Save =
(
∏d

i=1 S(ti)
)1/d

. The geometric average is generated by

(
d∏

i=1

S(ti)

)1/d

= S(0) exp

(

(r − σ2/2)
1

d

d∑

i=1

ti +
σ

d

d∑

i=1

W (ti)

)

.
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Figure 5.8: Asian Geometric option pricing using 8-d Faure Sequence

In the Figures 5.8, the results are obtained using an 8 dimensional Faure sequence with the

following problem parameters; initial price S0 = 50, strike price K = 50, time to maturity

T = 1, risk free rate r = 0.05, volatility σ = 0.3, and the exact price is equal to 4.14539. In

Figure 5.9, we have d = 20 with the same problem parameters, and the exact price is equal to

3.90634. In Figure 5.8, the dimension of the problem is not high and the results obtained by

using different normal transformation methods are close to each other. However, in Figure

5.9 we observe that when the dimension is increased, stratified Box-Muller starts to provide

significant improvements in the estimates. Our numerical experiments suggests that as the

dimension gets higher the benefit of using stratification increases.

5.6.2 Value-At-Risk (VAR)

In finance an important problem is measuring the risk of a portfolio, even though there is

no unique measure of risk in finance, due to its simplicity Value-at-Risk (VAR) is often used

by many financial firms. The shortcomings of VAR is addressed by Artzner et. al. [45], the

main criticism stems from the fact that combining two portfolios into a single portfolio may

result in a VAR that is larger than the sums of the VARs for the two original portfolios. This

is counterintuitive to the idea that diversification reduces risk. The remedy for this criticism

is using the conditional value at risk approach. However, our purpose in this section will
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Figure 5.9: Asian Geometric option pricing using 20-d Faure Sequence

be restricted to analyzing the different methods to sample normal distribution. The most

common distribution for modeling risk and computing VAR is the normal distribution.

There are different approaches for calculating VAR, such as historical simulation, variance

covariance approach and Monte Carlo simulation. In the historical simulation approach, the

changes in the assets are observed over N past periods of length ∆t. In the variance-

covariance approach, we assume a linear portfolio with multivariate normal distribution of

assets. Hence, in this approach the problem is reduced to finding the mean and standard

deviation of losses. Monte Carlo simulation is another approach to generate the possible

changes in the assets or the risk factors, and revaluing the portfolio with these sampled

values. Monte Carlo approach is the most flexible method, however the main computational

challenge in Monte Carlo simulation is the revaluation of a portfolio. Considering the

fact that many big financial institutions have portfolios consisting of thousands of assets,

including bonds, stocks, options and other instruments, the revaluation of a portfolio at

each sample path is a computational burden. With the assumption of linear portfolio and

normally distributed assets, the exact VAR can be calculated. However, we will also test

the effectiveness of Monte Carlo simulation to estimate the exact VAR value under different

sampling methods of the normal distribution. We will show that even in this simple case

the results change significantly depending on the choice of the transformation method for
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Figure 5.10: VAR for 2 stocks under normal model

the normal distribution. Furthermore, in this section a stratified version of Box-Muller

transformation is proposed for better results.

Suppose we have a vector of risk factors, ∆S, which has normal distribution, ∆S ∼
N(0,ΣS), where ΣS is the variance covariance matrix. Given the vector of sensitivities δT ,

the change in the value of the portfolio is given by

∆V = δT ∆S. (5.44)

Hence, the loss distribution is also normal with L ∼ N(0, σ2
L), where σ2

L = δT ΣSδ. The 99%

VAR corresponds to 2.33σL since the value 2.33 is the quantile value for 0.01 percentile.

Given the cumulative normal distribution function Φ, we have Φ(2.33) = 0.99.

Definition 5.6.1. The portfolio’s value-at-risk (VAR) is a percentile of its loss distribution

over a fixed horizon ∆t. For example, the 99% VAR is a point vp satisfying

1− FL(vp) ≡ P (L > vp) = p,

with p = 0.01.

5.6.3 Monte Carlo Algorithm

We use the following algorithm to estimate the VAR of a portfolio,
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Figure 5.11: VAR for 10 stocks under normal model

1. Sample the changes in the normally distributed risk factors or underlying assets: ∆S.

2. Portfolio revaluation at the end of ∆t, L = V (S, t)− V (S + ∆S, t + ∆t).

3. Estimate the fraction of losses that exceeded vp, by the estimator 1
N

∑N
i=1 1(Li > vp),

where Li is the loss in the ith simulation.

The quantile value gives the tail of a distribution, and this particular value is the worst

case loss level of the portfolio given a confidence level p.

Under the variance covariance approach, given the vector of weights invested in each

stock w, we have ∆S ∼ N(0,ΣS), for some covariance matrix ΣS. Then the portfolio

variance is given by σ2
p = wΣSw

T , where w is the proportions invested in each of the assets.

Assuming the normal distribution for asset returns, the 99% VAR can be calculated exactly

by a MATLAB function “norminv(p, µ, σ)”, which gives us the critical value under normal

distribution with mean µ and variance σ corresponding to the confidence level p,

VAR = V (0)− norminv(0.01, V (0)(1 + r), V (0)σ2
p).

In Figures 5.10, 5.11, and 5.12, we can see the simulation results for dimensions 2, 10,

and 20 respectively. For the 2 dimensional case there is no need for stratification, however as

95



1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

16

17

18

19

20

21

Faure Sequence 20−d

V
aR

Exact
InvTrans
Box−Muller
Str. Box−Muller

1000 2000 3000 4000 5000 6000 7000 8000 9000 10000
0

1

2

3

4

N

A
bs

ol
ut

e 
E

rr
or

 (
$)

InvTrans
Box Muller
Str. Box−Muller

Figure 5.12: VAR for 20 stocks under normal model

the dimension increases we observe that using stratified Box-Muller algorithm improves the

results significantly. VAR is a problem which enables us to test our method in terms of its

ability to capture the tails of the multi-normal distribution. Hence, our numerical findings

suggest that it works well to capture the tails of the normal distribution as well.

5.7 Conclusion

Box-Muller transformation, which has been considered unfavorably in the literature, is

justified in the context of low discrepancy sequences and new error bounds are obtained under

Box-Muller transformed point sets. Furthermore, under certain assumptions on the integrand

Box-Muller transformation achieves a better error bound, where inverse transformation is not

guaranteed to achieve. Corollary 5.4 states an error bound which only applies to Box-Muller

transformed point sets, we also showed with a counter example that the same corollary does

not apply to inverse transformation method.

Numerical experiments considered includes a specific class of functions, which is given

in Equation 5.2 and various problems from finance. These results also show that Box-

Muller transformation improves results, and when combined with the stratification method

we obtained much better results in high dimensional problems. Stratified Box-Muller method

is justified statistically with the help of collision test, which measures closeness to being a
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(M, χd)-uniform point set.

In summary we showed that under certain assumptions on the integrand, a convergence

rate of O(1/N) can be obtained. This result is obtained for an integrand, which is a function

of the Euclidean norm ||x|| ∈ R
d, and xi ∼ N(0, 1). For the same type of integration

problem, Papageorgiou [5] provided a convergence rate of O(
√

logN/N). In another study

by Papageorgiou [43] a convergence rate of 1/N is obtained by assuming that there exists a

point set which minimizes the discrepancy. However, this is even more restrictive assumption

than the assumptions on the integrand. The problem of constructing such a point set is not

an easy one, and any attempt to construct such a set will eventually reduce the convergence

rate. However, without this assumption we proposed the stratified Box-Muller method,

which results in a point set which is “closest” to a (M, χd)-uniform point set. As collision

test results suggests, better results are obtained in the numerical experiments with the

stratification algorithm. In order to have a better idea about the relative performance of

stratified Box-Muller method, it is compared with some of the numerical examples from the

literature and with some other problems in which the integrand is not a function of the

norm. Financial problems constitute an important area for the application of Monte Carlo

and quasi-Monte Carlo methods. Hence, we considered financial problems such as Asian

Geometric option pricing and estimating VAR of a portfolio.

Furthermore, stratification is computationally efficient, since producing pseudorandom

numbers to shift the points is often faster than the generation of d dimensional quasi-

Monte Carlo sequences. Hence, stratified Box-Muller method is especially effective for high

dimensional problems, while preserving good uniformity properties of the low discrepancy

sequences.
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CHAPTER 6

CONCLUSION

In many computational finance problems asset prices are modeled using the geometric

Brownian motion. The simulation of the geometric Brownian motion involves generation

of uniform random numbers, sampling from the normal distribution and construction of

the Brownian motion paths. In Chapter 2, Monte Carlo method is discussed including

the following topics; pseudorandom numbers, methods for sampling normal distribution,

construction of Brownian motion sample paths, and the statistical tests for pseudorandom

number generators.

In Chapter 3, quasi-Monte Carlo method is introduced with a discussion of low discrep-

ancy sequences. Generation of three low discrepancy sequences, namely; Halton, Sobol’, and

Faure sequences are explained. Some of the randomization techniques for low discrepancy

sequences are discussed and scrambled Faure sequence is used in our numerical experiments.

In Chapter 4, we focused on the sensitivity of computational finance problems with

respect to the normal transformation method used in the context of quasi-Monte Carlo

method. Some of the results in the literature were based on the theoretical and numerical

investigations done solely using inverse transformation method without checking the effects of

different transformation methods. In Chapter 4, the results of various computational finance

problems such as; Ratchet option, Asian geometric option, basket options, barrier option,

and Collateralized Mortgage Obligation (CMO) problems are given. In these numerical

experiments Box-Muller transformation performed better than the inverse transformation

method in most of the cases. For the ratchet option, factor of improvements as high as 983

is observed when Box-Muller is used. To the best of our knowledge, the collision test is

introduced first time in the context of quasi-Monte Carlo method. In two dimensions given

a partition M, we applied collision test as a measure of (M, µ)-uniformity, where µ is the
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normal measure. The results showed that inverse transformation method fails to pass the test

under the partitions given by polar rectangles. We showed that Box-Muller transformation

passed the test under the partitions given by both Cartesian and polar rectangles.

In Chapter 5, we started with an introduction to the error bounds in quasi-Monte Carlo

integration. In this context, the most well known error bound is due to the Koksma-Hlawka

inequality, which gives the upper bound for the error in terms of the star discrepancy and the

variation of the function. More general error bounds are derived for (M, µ)-uniform point

sets by Niederreiter [4] under a general probability space with measure µ and a partitionM.

We showed that if we start with a uniform point set in [0, 1]d with respect to the Lebesgue

measure, then Box-Muller transformation preserves the uniform point set property under

the normal measure and polar rectangles. Therefore, we showed that general error bounds

given by Niederreiter [4] applies to Box-Muller transformed point sets. Using error bounds of

Niederreiter [4], we showed that for financial derivative pricing problems such as; European

call, Asian geometric, and binary options, a convergence rate of O(1/N) can be achieved.

We also considered a special class of integrand, which is a function of the Euclidean norm

only. We proved that in two dimensions Box-Muller transformation preserves the uniform

point set property under the chi distribution, thus a convergence rate of O(1/N) is obtained.

However, we proved with a counterexample that the same rate does not apply under inverse

transformation method. For higher dimensions, collision test is introduced to find a point set,

which is “closest” to a (M, χd)-uniform point set. In this context it is also shown that the

stratified Box-Muller algorithm produces the best quality point sets. Stratified Box-Muller

algorithm captures the chi distributed Euclidean norm much better compared to the inverse

transformation method.

The error bounds derived in recent studies, such as in Papageorgiou [43], are not practical,

and some of these results are based on the assumption that a point set which minimizes star

discrepancy in one dimension can be constructed in d dimensions. However, no construction

method has been introduced and constructing such a uniform point set in d dimensions is

not an easy problem. For this purpose, we propose the collision test to be used to measure

the relative performance of different construction methods. In this context, collision test can

be extended to compare different transformation methods in constructing (M, µ)-uniform

point sets under the probability measure µ. Future study is also required for extending these

bounds to more general class of functions or to more general models for stock prices. For
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more general class of functions, Niederreiter’s [4] results can be used for computing the exact

error in quasi-Monte Carlo integration of financial derivatives.
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