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ABSTRACT

In this dissertation we explore the impact of various constant-proportions investment

strategies in an economic evolutionary market. Dividends are generated according to a new

Dividend Factor Model. Furthermore, Dividends were estimated and calibrated from data

using Principal Component Analysis and Factor Analysis. Moreover, we perform simulations

to study the long-run outcome of an evolutionary competition with several well diversified

constant-proportions strategies, among them some innovative strategies. We present and

compare a variety of simulations with dividends being artificially generated according to

the many different versions of our model. Our simulation results are important for both

theoretical and practical reasons. In theoretical terms we have a model where, although the

true rational strategy is the only probable dominant strategy, it is also possible for some

"behavioral" rules to perform better under specific circumstances. In practical terms we

suggest new constant-proportions strategies that could be superior for investors at least in

the short run.

xii



CHAPTER 1

INTRODUCTION

The objective of this dissertation is to study the impact of constant-proportions investment

strategies on investor’s wealth in the context of an Evolutionary Market Model given a

newly invented Factor Model for dividends. Toward that end, we employ new constant-

proportions strategies in relation to an Evolutionary Finance framework given our particular

Dividend Factor Model. We believe that the synthesis of these concepts not only explains

some peculiar financial phenomena but also provides under specific circumstances several

profitable opportunities for investors.

This objective requires the intersection of three atypical notions of mathematical finance.

The first notion involves the use of constant-proportions investment strategies (alternatively

called fixed-mix trading rules or rebalancing rules) that try to exploit concepts such as

volatility pumping or excess growth in order to explain financial growth. The second

involves the recently discovered framework of Evolutionary Finance that explains financial

phenomena under the Darwinian paradigm. That is, it exploits concepts such as mutation

and selection in order to study how trading strategies and financial growth evolve over

time. The last notion involves the construction of a new model that connects dividends

with macroeconomic variables utilizing familiar concepts and techniques from multivariate

analysis. In that way, we strongly believe that we not only can explain complicated financial

phenomena but also provide a new framework for subsequent analysis. In addition, under

particular circumstances, our results suggest profitable strategies that are readily available

to investors.

Although the idea of constant-proportions investment strategies is not prominent in

financial theory, many argue that these strategies could provide superior profits to investors

(Fernholz and Maguire [23]). So far, a general model for the mechanisms of these investment
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strategies does not exist although there are some examples in the literature such as volatility

pumping (Luenberger [41]) and excess growth (Fernholz [22]) that connect these rules with a

generated price volatility. Moreover, recently some theoretical results have established that,

when asset returns are stationary and ergodic, fixed-mix trading rules generate a portfolio

growth rate in excess of the individual asset growth rates (Dempster, et. al. [18]). The

intuition behind this mechanism is that such strategies implicitly follow a buy-low/sell-high

rationale, although which price could be considered as high or low is an arbitrary concept.

Hence, if market prices fluctuate, a rebalancing rule has to adjust the number of shares in

order to keep constant the proportions of wealth allocated to predetermined stocks. In that

way one naturally buys low and sells high.

The field of Evolutionary Finance, which developed in a series of papers written by

Evstigneev, et. al. ([19, 20]) as well as Hens and Schenk-Hoppé ([30]), emerged as a

necessity to the empirical evidence that contradicts traditional finance theory. Empirical

financial anomalies such as excess volatility ([45]) or the equity premium puzzle ([14]) led

many economists to believe that they should abandon once and for all any “rationality”-based

theories that try to explain financial phenomena. Hence, many thought that a tremendous

shift in the scientific “paradigm” should be made and proposed behavioral finance as the new

replacing “paradigm”. Alternatively, Evolutionary Finance appeared as a new framework

that could accommodate both the rational-valuation approach and the existing “irrational”

facts in financial markets. Thus, this new approach does not overthrow the present “rational”

paradigm but enhances it in order to be able to explain all the existing empirical evidence.

Evolutionary Finance is based initially on the idea of evolutionary game theory that

was formulated in the context of biology by Maynard Smith and Price ([47, 48]). In the

course of biological evolution a population changes because successful strategists leave more

offspring. Evolutionary game theory is linked with the Evolutionary Stable Strategy (ESS).

This strategy is the best response that someone could choose in a repeated game against any

other strategy including even itself. Equilibrium is in a sense evolutionary because it is the

result of a process that is based on innovation (mutation). Evolutionary Finance utilizes this

idea but substitutes the Evolutionary Portfolio Rule for ESS. Therefore, the portfolio rule

(or strategy) that eventually dominates the market becomes the best strategy (response)

for all market participants. It is the equivalent of ESS in the field of finance. Thus, the

equilibrium condition is not static but arises from the interaction of many strategies through

2



an evolutionary process. One of the benefits of this approach is that it provides a unifying

framework in which the interaction of classical and behavioral finance can be studied and

analyzed. Moreover, it is highly significant that the Evolutionary Portfolio Rule is based

solely on fundamentals. Evolutionary Finance is not totally incompatible with classical

finance since at the end of the evolutionary procedure the “rational”-pricing rule dominates

the market and sets the pricing process. Therefore, all the models that we have built so

far to explain financial-market events are not thrown away (e.g. CAPM) as the behavioral

approach easily suggests. Rather, rational equilibrium emerges through an evolutionary

process that requires time as an additional ingredient in the investment process.

Papers by Hens, Schenk-Hoppé & Stalder ([28]) and Hens & Schenk-Hoppé ([29]) opened

the way for a completely new empirical framework in finance using this evolutionary set-up

and performing simulations with real dividends data. Their simulations produced striking

results, among them the fact that the Evolutionary Portfolio Rule is the only survivor even

if in shorter time periods other rules succeed to some extent. Their results were extremely

important and ushered in new avenues of exploration in the field of the empirical quantitative

finance. Therefore, we were particularly motivated to extend and enhance their empirical

framework, one direction being the exploration of the empirical results under the invention

of a particular model for dividend formation.

Although many factor models explain the returns and prices of stocks, none exists for the

dividends of stocks. However, stock payoffs are based on dividends, and, since these payoffs

can be explained (even partially) by factor models, it is should be possible to predict some

variation in dividends with a factor model of some short. In addition, we try to achieve

many other goals by introducing a factor model for dividends. First, such a model offers

an interesting approach to connecting dividends with macroeconomic variables. Moreover,

factor models in multivariate analysis uncover a hidden structure within data, and this might

be possible for dividends as well. This hidden structure might reveal aspects of dividends

that cannot be discerned simply by observing the data. One reason for this is that managers

artificially smooth the dividend process for framing purposes (Marsh & Merton [42]). As a

result, a hidden relationship might well be embedded in the empirical data and contribute

substantially to the observed excess volatility phenomenon. More importantly, such a model

could provide a richer ingredient in the evolutionary context and simulations. This notion

is confirmed later by results presented in Chapter 5.

3



With these points in mind, we offer a Dividend Factor Model that tries to expose

some hidden volatility in the formation of dividends while connecting dividends with

macroeconomic variables. This model is highly influenced by the work of Robert Fernholz

([22]), particularly his similar model for stocks. The empirical calibration of this newly

invented model is rather challenging and suggests new areas for research. More precisely, we

have been confronted with two significant empirical problems. The first one was the non-

stationary nature of the dividends data series. The other one was the severe correlations that

exists between the macroeconomic variables. In order to deal with these empirical problems

we have developed two modifications of our Dividend Factor Model which led to two different

methods of calibrating this model. By applying these methods, we discovered surprising

empirical results. More specifically, one of our methods involves Principal Components

Analysis (PCA) Regression techniques that have been used rarely in econometrical work.

Our results indicate that there is a significant relation between the dividends of stocks and

the transformed macroeconomic variables. In one case it was even plausible for an economic

interpretation to be framed. These striking results support the use of PCA Regression

method as an alternative solution to the widely known problem of multicollinearity in

econometrics.

We performed a numerical analysis in order to study the long-run outcome of a compe-

tition given a new set of constant-proportions strategies in the aforementioned evolutionary

context. The main incentive was to extend the present evolutionary empirical results and to

propose new directions for research. Toward that end, we have included in our simulations the

Evolutionary Portfolio Rule along with some new fixed-mix rules under artificial dividends

generated from different models. More importantly, we have included the various calibrated

versions of our particular Dividend Factor Model and we observed significant results. Our

results should come as a useful addition to extant literature for both theoretical and practical

reasons. In theoretical terms we reproduced an economy with real-life aspects, such as excess

volatility, that support the notion of profitability for several fixed-mix rules in financial

markets. In practical terms we have discovered some new fixed-mix strategies that could be

profitable for investors at least in the short run.

More specifically, we have improved and extended the evolutionary framework with

various sets of Monte Carlo simulations. In the first set of simulations we tested the

variability of the results given a large number of stocks and under different underlying

4



distributions for the dividend process. In addition, we used a different set of strategies since

the practicability and interpretation of the results depend highly on the participating set of

strategies. Our results in the first set of simulations indicated that under some circumstances

an “irrational” strategy could perform better than the Evolutionary Portfolio Rule for a

significant number of periods. Thus, we have an outcome that clearly suggests that some

irrational strategies could be extremely profitable for investors in an evolutionary market

for a long time.

In addition, we have performed another set of simulations where we have tested the impact

of the Dividend Factor Model in the evolutionary competition. The important outcome in

this case was that the introduction of this particular model in combination with our specific

set of strategies produced an economy with excessively volatile prices.

The last part of the simulations included dividends generated according to the calibrated

estimates of our dividend model. The first case involved estimates arising from the PCA

Regression case. We discovered that in our simulated economy there was a large amount of

price volatility, although the Evolutionary Portfolio Rule was the clear winner of the contest.

More significantly, in this particular “ecosystem” the volatility is not only very large but

also very persistent over time. Moreover, we explored the Bounded Rationality notion and

showed that is also possible for a behavioral variation of the Evolutionary Portfolio Rule to

be superior in terms of profits for a significant number of time periods. The second case

involved estimates arising from the Factor Analysis calibration case. In this case, there are

several well diversified fixed-mix strategies other than the Evolutionary Portfolio Rule that

could perform extremely well in the financial market.

This dissertation is organized as follows. Chapter 2 provides a brief introduction to the

model of Evolutionary Portfolio Theory. Important definitions and theorems are provided

along with the general mathematical framework of the model. Chapter 3 presents our

particular Dividend Factor Model and its different adaptations corresponding to various

methods of multivariate analysis. More specifically, potential empirical problems are

discussed and alternative modifications of the model are provided. In addition, this chapter

shows how to apply this model empirically. Chapter 4 outlines the empirical methodology

that was followed and the calibration results corresponding to the dividend model mentioned

in Chapter 3. In Chapter 5 we present our numerical analysis along with some intuitive

discussion about the significance of the results . Finally, Chapter 6 offers a comprehensive

5



conclusion.
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CHAPTER 2

EVOLUTIONARY PORTFOLIO THEORY

2.1 The Context of Evolutionary Portfolio Theory

In a seminal paper, Breiman ([9]) showed that the best strategy is to divide wealth placed

on bets proportionally to their respective probabilities whereas the Law of Large Numbers

will maximize asymptotically the expected growth rate of the wealth. This rule was called

“betting your beliefs” and is the starting point for Evolutionary Portfolio Theory. This

strategy is the equivalent of maximizing the growth rate of return which is known as the

Kelly rule ([38]). This raises the question among economists of whether demand will raise

the price of attractive bets (i.e. assets) and whether that will lower the corresponding

return. Therefore, it would be possible for bets with lower probability of occurrence to be

considered superior in economic terms. The answer came with the seminar work of Blume

& Easley ([7]) where they have shown that introducing demand into the model does not

alter the main result. The best strategy is still “betting your beliefs”. Their model was

based on short-lived assets and market completeness. Evstigneev, Hens & Schenk-Hoppé

([19]) obtained the same result but in a model that takes into account incomplete markets.

A further extension of the model, with a very important practical implication, was the

consideration of long-lived assets. Sandroni ([43]) and Blume & Easley ([8]) consider long-

lived assets and non-simple strategies but in a complete markets framework. The important

aspect of their model is that it is based on agents that are infinite horizon expected utility

maximizers. Evstigneev, Hens & Schenk-Hoppé ([20]) developed a model that incorporates

both incomplete markets and long lived assets considering general trading strategies. Their

model is expressed mathematically as a random dynamical system where the stability of

the evolutionary rule is guaranteed for sufficiently small perturbations. According to this

model specification, the evolutionary rule can be considered as the growth optimal portfolio

7



rule in a market with endogenously determined returns. In a series of papers, Hakansson

([26]), Thorp ([50]), Algoet & Cover ([1]) and Karatzas & Shreve ([37]) among others,

explored an approach where the determination of the growth optimal portfolio based on

an exogenous return process required the solution of a stochastic non-linear programming

problem with no closed form solution in general. Therefore, additional complexity could

be avoided by considering the evolutionary framework and the random dynamical structure

of the model. In this case, the economic equilibrium does not require the solution of an

optimization problem and this significantly simplifies the approach. Markets converge1 to

one rule due to the dynamics of the system and remain there only when a stable equilibrium

point is achieved. Stability properties show that the only candidate rule in such case is the

Evolutionary Portfolio Rule. In that way, capital gains converge to the expected dividend

payoffs and the evolutionary rule becomes the maximum growth portfolio rule in a market

where it sets the prices. Nevertheless, there is no theoretical model2 in the literature yet

that accounts for incomplete markets, long lived assets and large perturbations. Thus,

Hens, et. al. ([28, 29]) performed a series of simulations with simple strategies in order to

show that the evolutionary portfolio rule is still the best available strategy in the long run,

independent of its initial wealth share. In addition, the empirical results showed that it is

possible for irrational rules (i.e. behavioral rules) to substantially outperform some rational

rules (i.e. strategies that are based on fundamentals). These simulations were based on a

small dividends data set but our simulations in Chapter 5 confirm and support these results

with random generated dividends data sets.

More specifically, in all of our simulations the Evolutionary Portfolio Rule managed to

asymptotically acquire the total wealth of the market independently of its initial market

share. Therefore, although a theorem that guarantees global stability in this evolutionary

market does not exist yet, our simulations mentioned in Chapter 5 support the notion,

suggested by local growth rates, that this evolutionary rule behaves as being asymptotically

globally stable.

1According to existing theorems they are guaranteed to converge only for sufficiently small perturbations.
2And a theorem that assures global stability.
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2.2 The Evolutionary Portfolio Model

In a series of papers, Hens, et. al. ([29, 28, 30]) and Evstigneev, et. al. ([19, 20])

formulate a theory for the Evolutionary Finance framework. They formulate their model

as a stochastic dynamical system and provide necessary and sufficient conditions for the

evolutionary stability of portfolio rules. According to these conditions, a stock market is

evolutionary stable if and only if stocks are evaluated by the expected relative dividends.

There are many versions and generalizations of this theory but we provide a brief summary

of their simplest model which is sufficient for a brief introduction to this fascinating subject.

For a detailed discussion and the full formalities of their model we refer the reader to their

papers.

In this model the are K long-lived assets with index k = 1, 2, . . . , K each paying an

uncertain dividend Dkt ≥ 0 at any period in time which is indexed as t = 1, 2 . . . . In

contradiction with many common models in financial economics, in this model the dividend

denotes the Total Dividend of a company paid to all shareholders of asset k. In addition,

this dividend depends on the possible states of nature that are determined in each period

in time by the realization of a stationary stochastic process with values in some measurable

space (S,S) . Moreover, S is a finite set and every state s is drawn with some strictly

positive probability. Let (Ω,F ,P) be the probability space where Ω is the sample path space

with representative element ωt = (. . . , ω−1, ω0, ω1, . . .) where ωt ∈ S is the state revealed

at beginning of period t. Moreover, F = SZ is the corresponding σ- algebra and P is the

associated probability measure. The portfolio rule of investor i is a fixed constant proportions

strategy λi =
(
λi0, λ

i
1, . . . , λ

i
K

)
with λik ∈ [0, 1] for all k = 1, 2, . . . , K and

∑K
k=0 λ

i
k = 1. Here

λik is the fraction of wealth that investor i assigns to the purchase of the asset k and λi0 is

the fraction of wealth that each investors holds on cash. Investment strategies are distinct

across investors for i = 1, . . . , I. Moreover, θit,k is the units of assets held by investor i, wit

is the wealth of the investor i and pkt denotes the market clearing price of asset k in period

t. The price for cash is normalized so p0t = 1. Therefore, the number of shares investor i has

multiplied by the price the stock equals the amount spent on this stock. This amount can

be also expressed as the proportion of wealth spend on this stock. This is summarized in

the following equation

pkt θ
i
t,k = λikw

i
t
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or

θit,k =
λikw

i
t

pkt
. (2.2.1)

Thus θit,k is the number of the stock k purchased by investor i at time t and can be expressed

in terms of wealth, budget share and price as it appears in (2.2.1). If we sum the portfolios

held by every investor, we will get the demand equation:
∑I
i=1 θ

i
t,k ≡ Demand.One important

feature of this model is that demand equals supply so

I∑

i=1

θit,k = skt , k = 0, 1, . . . , K.

Supply is exogenous in this model and is normalized to one. Therefore,

1 =
I∑

i=1

θit,k

=
I∑

i=1

λikw
i
t

pkt

so

pkt =
I∑

i=1

λikw
i
t (2.2.2)

where the last equation provides the equilibrium prices. The price of asset k is the wealth

average of the strategies portfolio share of asset k. Equation (2.2.2) shows clearly the presence

of the classical law of demand in this particular model. Prices are set because demand of

assets equals their supply. In that way, evolutionary portfolio model considers all other

aspects that can influence the price process (such liquidity considerations, noise trading,

etc) besides expectations. The supply of cash is given by
∑K
k=1D

k
t (ωt) = s0t . The budget

constraint is given by

wit =
K∑

k=0

pkt θ
i
t,k (2.2.3)

and is fulfilled since

wit =
K∑

k=0

pkt
λikw

i
t

pkt
so

K∑

k=0

λik = 1.

Equation (2.2.3) can be further written as

p0t θ
i
t,0 +

K∑

k=1

pkt θ
i
t,k = wit or θit,0 +

K∑

k=1

pkt θ
i
t,k = wit
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since p0t = 1.This is the budget constraint of the Lucas Model ([40]). The first term is the

consumption and the second term is the investment. The sum of them should be equal to the

wealth. Since everything happens in a Lucas framework and dividends pay off a perishable

consumption good this equation can be further written as

θit,0 +
K∑

k=1

pkt θ
i
t,k =

K∑

k=1

(
Dkt

(
ωt
)

+ pkt
)
θit−1,k

or

λ0w
i
t +

K∑

k=1

pkt θ
i
t,k =

K∑

k=1

(
Dkt

(
ωt
)

+ pkt
)
θit−1,k

since θit,0 = λ0w
i
t. We can bring this one year forward so

wit+1 =
K∑

k=1

(
Dkt+1

(
ωt+1

)
+ pkt+1

)
θit,k. (2.2.4)

The amount of cash available in any period stems only from dividend payments and is

consumed in every period. It is also assumed that all investors consume the same fraction of

their wealth in all periods in time, i.e. λi0 = λ0. This assumption ensures all strategies have

the same savings rate and no strategy gains against others simply because it has a higher

savings rate. Each agent consumes in each period λ0w
i
t. Summing over all agents gives the

total consumption expressed as
∑I
i=1 λ0w

i
t. We define the total dividend of the economy as

Dt ≡
∑K
k=1D

k
t and the total wealth of the economy as Wt ≡

∑I
i=1w

i
t. We equate the total

consumption of the economy to the total dividend in order to have λ0Wt = Dt or

Wt =
Dt
λ0

.

The next step is to derive the market selection mechanism and for this we will need to

start from (2.2.4) and divide both sides with Wt+1 and thus

wit+1

Wt+1

=
K∑

k=1

[(
Dkt+1 (ωt+1)

Wt+1

+
pkt+1

Wt+1

)
λikw

i
t

pkt

]

so

wit+1

Wt+1

=
K∑

k=1

[(
λ0
Dkt+1 (ωt+1)

Dt+1

+

∑I
i=1 λ

i
kw
i
t+1

Wt+1

)
λikw

i
t∑I

i=1 λ
i
kw
i
t

]
. (2.2.5)
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If we define the investor’s market shares (or relative returns) as rit =
wit
Wt

and asset k′s relative

dividend as dkt+1 =
Dkt+1

Dt+1

3 then we can rewrite (2.2.5) as

rit+1 =
K∑

k=1

[(
λ0d
k
t+1

(
ωt+1

)
+
I∑

i=1

λikr
i
t+1

)
λikr
i
t∑I

i=1 λ
i
kr
i
t

]
. (2.2.6)

Equation (2.2.6) is the market selection equation for the individual strategy and shows how

wealth evolves through time for strategy i. In addition, we need a selection equation for all

available strategies. We can define

Ait = λ0

K∑

k=1

dt+1
λikr
i
t∑I

i=1 λ
i
kr
i
t

and Bit,k =
λikr
i
t∑I

i=1 λ
i
kr
i
t

so (2.2.6) can be written as

rit+1 = Ait +
K∑

k=1

Bit,kλkrt+1

where λk =
(
λ1
k, λ

2
k, . . . , λ

I
k

)
and rT

t+1 =
(
r1t+1, r

2
t+1, . . . , r

I
t+1

)
. Thus we have in matrix

notation

rt+1 = At + BtΛrt+1 (2.2.7)

where ΛT =
(
λT

1
, λT

2
, . . . , λT

K

)
∈ RI×K , AT

t =
(
A1
t , A

2
t , . . . , A

I
t

)
∈ RI and BT

t =
(
B1
t , . . . , B

I
t

)
∈ RI . We can solve for rt+1 from (2.2.7) in order to get the market selection

mechanism for all investors

rt+1 = [I−BtΛ]−1 At (2.2.8)

where I ∈ RI×I denotes the identity matrix. This equation governs the evolution of market

shares for given trading strategies of investors and can be viewed as the market selection

process in this evolutionary context. This evolution is well-defined if no bankruptcy occurs

(i.e. wit > 0) and the market always clears (demand equals supply at all times).

Equation (2.2.8) can be also written as

rt+1 = λ0


I−

[
λikr
i
t

λkrt

]k

i

Λ



−1 [

K∑

k=1

dkt+1

(
ωt+1

) λikrit
λkrt

]

i

(2.2.9)

and thus

rt+1 = ht
(
ωt+1, rt

)
(2.2.10)

3In order this expression to be well defined we assume that at least one asset pays a dividend, Dt+1 > 0.
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where ht (ω
t+1, rt) : ∆I → ∆I . Equation (2.2.10) generates a random dynamical system on

the simplex

∆I =

{
r ∈ RI | ri ≥ 0,

∑

i

ri = 1

}
.

We can define

ϕ (t, ω, r) , h
(
ωt+1, ·

)
◦ . . . ◦ h

(
ω1, r

)
(2.2.11)

to be the vector of market shares at time t for the initial distribution of market shares r and

the sequence of realizations of states ω. Then ϕ : Z×Ω×∆I → ∆I , (t, ω, r) 7→ ϕ (t, ω, r) is a

B (Z)⊗F ⊗ B
(
∆I
)
,B
(
∆I
)

measurable mapping for all t ∈ Z and ω ∈ Ω where B denotes

the Borel σ-algebra and B
(
∆I
)

∆
= B

(
RI ∩∆I

)
. The following definition is particularly

important since it describes fixed points:

Definition 2.2.1. A state r̄ ∈ ∆I is called a (deterministic) fixed point of ϕ if, for all ω ∈ Ω

and all t,

r = ϕ (t, ω, r̄) .

The vector of market shares r̄ is also said to be invariant under the market selection process

(2.2.10).

By (2.2.11) and Definition 2.2.1 we see that a deterministic state is fixed under the one-

state map if and only if it is under all t-step maps. The most obvious set of fixed points is

the set of vertices of ∆I .

Although further analysis can be pursued in a more general setting for this model (see

[19, 20]) the following assumptions are imposed for the analysis that it will follow:

Assumption 2.2.2. I.i.d. dividend payments dkt (ωt) = dk (ωt) , for all k = 1, 2, . . . .K and

the state of nature ωt follows an i.i.d. process.

Assumption 2.2.3. Absence of redundant assets, i.e. the matrix of relative dividend

payments
(
dk (s)

)k=1,...,K

s∈S
has full rank.

The following Proposition is of particular importance since it relates fixed points with

unique portfolio rules.

Proposition 2.2.4. All portfolio rules with positive wealth are identical at a deterministic

fixed point.
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Proof. Define relative prices as qkt =
∑I
j=1 λ

j
kr
j
t . In a fixed point return does not change and

suppose further that is positive for all strategies so rit+1 = rit = ri > 0. Using relative prices

in equation (2.2.6) we have

rit+1 =
K∑

k=1

[(
λ0d
k
t+1

(
ωt+1

)
+ qkt+1

) λikrit
qkt

]

or [
K∑

k=1

[(
λ0d
k
t+1 (ωt+1) + qkt+1

) λik
qkt

]
− 1

]
ri = 0. (2.2.12)

By Assumption 2.2.3 the dividend matrix has full rank and then

K∑

k=1

(
λ0d
k
t+1

(
ωt+1

)
+ qkt+1

)
= λ0

K∑

k=1

dkt+1

(
ωt+1

)
+
K∑

k=1

K∑

i=1

λikr
i
t

= λ0 + (1− λ0)

= 1

so equation (2.2.12) implies that λik = qkt and since qkt =
∑I
j=1 λ

j
kr
j
t we have

λik =
I∑

j=1

λjkr
j
t .

This implies that λj and λi are identical for all i,j.

Proposition 2.2.4 states that λj and λi are identical at a fixed point so fixed points are

associated with unique portfolio rules. In addition, we need the following stability definitions

of the fixed points. The first definition describes stability with respect to every new portfolio

rule and is given below:

Definition 2.2.5. A portfolio rule λi is called evolutionary stable, if for every portfolio rule

λj 6= λi there is a random variable ε > 0 such that lim
t→∞
ϕi (t, ω, r) = 1 for all ri ≥ 1 − ε (ω)

almost surely.

The second definition describes stability with respect to local innovations which are

portfolio rules that are restricted to small deviations from the dominant rule.

Definition 2.2.6. A portfolio rule λi is called locally evolutionary stable, if there exists a

random variable δ (ω) > 0 such that λi is evolutionary stable for all portfolio rules λj 6= λi

with ‖λi (ω)− λj (ω)‖ < δ (ω) 4 for all ω.

4Where ‖·‖ denotes the Euclidean distance in the Simplex ∆I .
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Stability implies that small perturbations do not have any long run impact in the

equilibrium process. In the case of Evolutionary Portfolio Theory, a portfolio rule that

is stable cannot be ruled away from an innovation, i.e. a new portfolio rule. Therefore, an

equilibrium in the economy can be expressed mathematically as a fixed point in a dynamical

system. In this fixed point, there exists only one portfolio rule that has conquered all the

market wealth and sets the prices. The fact that some investors can decide to play a different

portfolio rule, viewed as innovation in our context, can be expressed mathematically as a

perturbation of the dynamical system. The fixed point where all the possible innovations

can be driven out of the market can be considered stable and its unique portfolio rule is the

best available strategy.5

The main result is that these stability conditions lead to a unique evolutionary portfolio

rule that is stable assuming the relative dividend payoffs are governed by an i.i.d process.6 In

order to analyze evolutionary stability we should consider the market selection mechanism

given by (2.2.9) with two portfolio rules. One rule should be considered as the incumbent

(with market share denoted as r1t ) and the other as the mutant (market share denoted by r2t

which is equal in this case with 1− r1t ). Then rt+1 ∈ R2×1 with

BtΛ =




K∑

k=1

λ1
k

θ1
t,k︷ ︸︸ ︷
λ1
kr

1
t

λkrt

K∑

k=1

λ2
k

θ1
t,k︷ ︸︸ ︷
λ1
kr

1
t

λkrt

K∑

k=1

λ1
k

λ2
kr

2
t

λkrt︸ ︷︷ ︸
=θ2
t,k

K∑

k=1

λ2
k

λ2
kr

2
t

λkrt︸ ︷︷ ︸
=θ2
t,k




and At =




K∑

k=1

dkt+1 (ωt+1) θ
1
t,k

K∑

k=1

dkt+1 (ωt+1) θ
2
t,k




and thus

[
r1t+1

r2t+1

]
=
λ0

∆t+1




1−
K∑

k=1

λ2
kθ

2
t,k

K∑

k=1

λ2
kθ

1
t,k

K∑

k=1

λ1
kθ

2
t,k 1−

K∑

k=1

λ1
kθ

1
t,k



·




K∑

k=1

dkt+1 (ωt+1) θ
1
t,k

K∑

k=1

dkt+1 (ωt+1) θ
2
t,k




where ∆t+1 is the following determinant

∆t+1 =

[
1−

K∑

k=1

λ1
kθ

1
t,k

] [
1−

K∑

k=1

λ2
kθ

2
t,k

]
−
[
K∑

k=1

λ2
kθ

1
t,k

] [
K∑

k=1

λ1
kθ

2
t,k

]
.

5Best response in the evolutionary game theoretical framework (i.e. ESS).
6In the more general version of this model this assumption is weaker. It requires stationary and ergodic

dividend payoffs.
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So the return for the incumbent strategy is

r1t+1 =
λ0

∆t+1

[
1−

K∑

k=1

λ2
kθ

2
t,k

] [
K∑

k=1

dkt+1 (ωt+1) θ
1
t,k

]
+

[
K∑

k=1

λ2
kθ

1
t,k

] [
K∑

k=1

dkt+1 (ωt+1) θ
2
t,k

]
.

As usually is the case in dynamical systems we consider the linearization of the local dynamics

at the fixed points, where in our case r1t = 1. Therefore, we need the following derivative

∂h (ωt+1, r1t )

∂r1t

∣∣∣∣∣∣
r1t=1

=

=
λ0

(λ0)
2

[
λ0

(
K∑

k=1

dkt+1 (ωt+1)
λ2
k

λ1
k

−
K∑

k=1

λ2
k

λ2
k

λ1
k

− (1− λ0)
K∑

k=1

dkt+1 (ωt+1)
λ2
k

λ1
k

)
−

−
(
K∑

k=1

dkt+1 (ωt+1)

)(
(1− λ0)

K∑

k=1

λ1
k

λ2
k

λ1
k

− λ0

K∑

k=1

λ2
k

λ2
k

λ1
k

−
K∑

k=1

λ1
k

λ2
k

λ1
k

)]

=
λ0

(λ0)
2

(
λ2

0

K∑

k=1

dkt+1 (ωt+1)
λ2
k

λ1
k

− λ0

K∑

k=1

λ2
k

λ2
k

λ1
k

+ λ0

K∑

k=1

λ1
k

λ2
k

λ1
k

+ λ0

K∑

k=1

λ2
k

λ2
k

λ1
k

)

=
K∑

k=1

[(
λ0d
k
t+1 (ωt+1) + λ1

k

) λ2
k

λ1
k

]
(2.2.13)

where we use
∂θ1
t,k

∂r1t

∣∣∣∣r1t=1 =
λ2
k

λ1
k

and thus7

∂h (ωt+1, r1t )

∂r1t

∣∣∣∣∣∣
r1t=1

= 1− λ0 + λ0

K∑

k=1

dkt+1 (ωt+1)
λ2
k

λ1
k

. (2.2.14)

In dynamical systems one can look at the Lyapunov exponent in order to see whether a

system is stable or not. If the exponent is negative the system is stable and if the exponent

is positive the system is unstable. Using (2.2.14) and the fact that the system is random,

we get the following Lyapunov exponent

gλ1

(
λ2
)

=
∫

S
ln

[
1− λ0 + λ0

K∑

k=1

dkt+1 (s)
λ2
k

λ1
k

]
dP (2.2.15)

where integration takes place with respect to the associated probability measure P. Equation

(2.2.15) can be written more generally for two strategies i and j as

gλj
(
λi
)

= E

[
ln

(
1− λ0 + λ0

K∑

k=1

dkt+1 (s)
λik
λjk

)]
(2.2.16)

7Equation (2.2.13) is useful in the general model where strategies are not simple and therefore capital

gains exist (expressed as λ1
k

(
ωt+1

) λ2

k(ω
t)

λ1

k
(ωt)

). See Evstigneev, et. al. [20] for more details on this issue.
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where (2.2.16) can be interpreted as the exponential growth rate8 of portfolio rule λi at λj-

prices. If the growth rate is negative, gλj
(
λi
)
< 0 , portfolio rule λi loses market share while

λj’s market share tends to one. Therefore, portfolio rule λj is considered stable against λi.

On the contrary, if the growth rate is positive gλj
(
λi
)
> 0 , portfolio rule λi gains market

share while λj’s market share falls. Thus, portfolio rule λj is considered unstable against λi.

Evstigneev, Hens, and Schenk-Hoppé ([20]) show the following significant result:

Theorem 2.2.7. The portfolio rule λ∗, defined by

λ∗k = (1− λ0) Edk (s) , k = 1, 2, . . . , K (2.2.17)

is the only investment strategy that is evolutionary stable against any other portfolio rule.

That is, gλ∗ (λ) < 0 and gλ (λ∗) > 0 for all λ 6= λ∗.

Proof. First of all, we need to notice that λ∗ is a completely fixed-mix strategy, i.e. λ∗k > 0

for all k. This is true by the definition of λ∗ given by (2.2.17) and by the assumption on

the positive probabilities of the state of nature. We will use equation (2.2.16) with different

notation in order to define the following function

gβ (α)
∆
= E

[
ln

(
1− λ0 + λ0

K∑

k=1

dkt+1 (s)
αk
βk

)]
(2.2.18)

where α and β are vectors equivalent of λi and λj respectively. Here, β ∈ int∆K ⊂ RK ,

gβ : int∆K → R. For strategy λ∗ to be evolutionary stable we need to show that gλ∗ (α) < 0

for all α ∈ int∆K with α 6= λ∗. This can be true if (2.2.18) is a strictly concave function

with a maximum of zero which is attained at α = λ∗. The function (2.2.18) is concave for

all s ∈ S and strictly concave on a set of positive measure due to the full-rank Assumption

2.2.3 for
(
dk (s)

)k
s
. In addition, by applying the chain rule in (2.2.18) we get the following

derivative w.r.t. αi

∂gβ (α)

∂αi
= λ0E




di(s)
βi

1− λ0 + λ0
∑K
k=1 d

k (s) αk
βk


 (2.2.19)

Since we need to show that gλ∗ (λ) < 0 we use (2.2.19) and thus

8For an intuitive analysis on exponential growth rates in this context see Luenberger ch. 15 ([41])

17



∂gλ∗ (λ)

∂λi

∣∣∣∣∣∣
λ

∆
=λ∗

=

= λ0E




di(s)
λ∗
i

1− λ0 + λ0
∑K
k=1d

k (s)︸ ︷︷ ︸
=1




= λ0E

[
di (s)

λ∗i

]

= λ0E

[
di (s)

(1− λ0) Edi (s)

]

=
λ0

(1− λ0)

for all i = 1, . . . , K. Furthermore, since
∑K
k=1 dλk = 0 the directional derivative of gλ∗ in the

direction of dλ is
K∑

k=1

∂gλ∗ (λ)

∂λi

∣∣∣∣∣∣
λ

∆
=λ∗

dλk =
K∑

k=1

λ0

(1− λ0)
dλk = 0

Thus, λ∗ is the unique maximum of gλ∗ (λ) on int∆K since all directional derivatives are zero

at this point. Therefore, any portfolio rule λ 6= λ∗ is not evolutionary stable.

By a counterexample we can prove that any strategy λ 6= λ∗ with λ ∈ int∆I cannot be

evolutionary stable. Toward that end, we use

∂gλ (λ∗)

∂λ∗i

∣∣∣∣∣∣
λ∗

∆
=λ

= λ0
Edk (s)

λk

and we need to show that for at least one direction the directional derivative

K∑

k=1

∂gλ (λ)

∂λ∗i
dλk = λ0

K∑

k=1

Edk (s)

λk
dλk

is positive. We can assume two assets and hence we can choose dλi = 1/2 and dλj = −1/2

and λ∗j > λj, λ
∗
i < λi so

λ0

1− λ0

K∑

k=1

λ∗k
λk
dλk =

λ0

1− λ0

[
1

2

λ∗j
λj
− 1

2

λ∗i
λi

]
> 0.

The following corollary shows that the evolutionary portfolio rule is related to the growth

optimal portfolio.
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Corollary 2.2.8. The portfolio rule λ∗k = (1− λ0) Edk (s) is the growth optimal investment

strategy in a population where itself determines the asset prices, i.e.

λ∗ = arg max
λ:
∑
k
λk=1−λ0

E ln

(
∑

k

dk (s) + λ∗k
λ∗k

λk

)
.

Corollary 2.2.8 comes from the fact that gλ∗ (λ) < 0 and gλ∗ (λ∗) = 0. Equation (2.2.16)

shows that under-diversification is fatal for investment. This leads to the following corollary:

Corollary 2.2.9. Suppose some incumbent rule λj with λjk = 0 for some asset k has

conquered the market. Then any portfolio rule λi with λik > 0 for all k grows against λj, i.e.

gλj
(
λi
)
> 0. In fact the growth rate is arbitrarily large.

Theorem 2.2.7 and its Corollaries 2.2.8 and 2.2.9 say that the evolutionary portfolio rule,

λ∗, is the portfolio rule with the highest exponential growth rate in any population where

itself determines market prices. Equation 2.2.16 also shows that the portfolio rule is an

equilibrium in a standard two-period economy with a log utility investor since log utility

allows us to use return on wealth instead of consumption (see [14]). Therefore, λ∗ yields the

maximum growth portfolio and λ∗ prices prevail in this economy.

In addition, to Theorem 2.2.7 which is based on the Assumption 2.2.3, we can also have

the following theorem which is true in a more general setting.

Theorem 2.2.10. The evolutionary portfolio rule λ∗k = (1− λ0) Edk (s) is never unstable,

i.e. gλ∗ (λ) ≤ 0 for every strategy λ.

Proof. By Jensen inequality we have9

E

[
ln

(
1− λ0 + λ0

K∑

k=1

dk (s)
λk
λ∗k

)]
≤ ln

(
1− λ0 + λ0

K∑

k=1

Edk (s)
λk
λ∗k

)

≤ ln

(
1− λ0 + λ0

K∑

k=1

Edk (s)
λk

(1− λ0) Edk (s)

)

≤ ln

(
1− λ0 + λ0

1− λ0

1− λ0

)

≤ 0.

9Notice that λ∗ is a completely mixed strategy, i.e λ∗ > 0 for every k, and thus the function gλ∗ (λ) is
well-defined.
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The following remark shows the relation between the evolutionary portfolio rule and the

“betting your beliefs” strategy.

Remark 2.2.11. The evolutionary portfolio rule λ∗k = (1− λ0) Edk (s) reduces to the “betting

your beliefs” strategy, i.e. λs = ps when assets are arrow securities.

Remark 2.2.11 is true since arrow securities pay one in only one state and zero otherwise.

As a final note, we would like to point out the most important implication of this model.

The stability criterion of the evolutionary rule may help to theoretically describe and explain

empirically the fact that, in the long term, stock markets look rational while, in the short

term, economic profit is available from excess volatility. As long as investors base their

pricing on fundamentals, markets are efficient and profitable opportunities are absent but

every now and then noise trading may exist which can alter this rational equilibrium for a

short run period. Evolutionary pressure causes markets to return to their rational stable

equilibrium which is based on fundamental pricing.
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CHAPTER 3

THE DIVIDEND FACTOR MODEL

3.1 Motivation for the Dividend Factor Model

We will start the discussion of the Dividend Factor Model by introducing first the motivating

framework for this particular model. In a Fernholz set up,1 the price of a stock i follows a

process which is described by the following equation:

d logXi(t) = γi(t)dt+
d∑

ν=1

ξiν(t)dWν(t), t ∈ [0,∞) (3.1.1)

where (W1, ...,Wd) is a d-dimensional Brownian motion with d ≥ n. The model above is a

continuous market model and is explored further at Fernholz ([22]) and Karatzas & Shreve

([37]). It is commonly referred as the logarithmic representation of the stock price processes.

The first part of the RHS of equation (3.1.1) is called the growth rate and can be thought of

as the geometric rate of return. As Fernholz shows, although the logarithmic and arithmetic

representations are equivalent, the use of the logarithmic one brings some new aspects of

portfolio behavior that would be unexplored otherwise.2 One can subtract this growth rate

from the LHS of equation (3.1.1) and then try to compare with the more familiar notation

of factor pricing models that are used frequently in economic literature.3 For instance, one

may consider a model of the form:

ri − µi =
m∑

j=1

lijfj + ǫi (3.1.2)

where conventional notation applies with ri denoting return of the stock i, µi being the mean

of that return, lij be the factor loadings, fj be the factors and ǫi being as usually the error

1For more details, we refer the reader to see Appendix B.
2See also Luenberger (chapter 15) for an intuitive discussion of this point.
3Of course, these models are inspired by the field of statistics and most especially from the factor models

that one usually encounters in multivariate analysis.
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terms. Some comments are in order when we compare equation (3.1.1) and equation (3.1.2)

above. First of all, most models in the factor pricing literature use discrete time models.

So the time index is dropped from the equation (3.1.2) meaning that returns are measured

in discrete time steps such as yearly, monthly or daily returns. The omission of the time

index indicates the most important difference which is that most factors models used in the

empirical literature so far have assumed that the mean rate is constant through time as are

factors and factor loadings. There are many factor models available in the economic literature

that use a variety of factors in equation (3.1.2). Some of them use the geometric mean like

the logarithmic model whereas others use the arithmetic mean. Both cases implicitly assume

stationarity in order to make easier, or even plausible, any econometric estimation. With

that respect, the assumption of stationarity of asset returns is widely accepted in the financial

literature as many empirical results have indicated in the past.4Another critically important

difference is that in the Fernholz model above, the number of sources of uncertainty expressed

mathematically as the increments of the Brownian motions in (3.1.1) is equal or greater than

the number of stocks.5 On the contrary, for factor models of the form of equation (3.1.2) the

number of stocks is always greater than the number of factors.6 Finally, one can immediately

notice that the equation (3.1.2) is a factor model expressed in terms of return whereas the

model given by the equation (3.1.1) is expressed in terms of the stock price. However, factor

models can also be described in terms of asset prices and assets payoffs with much of the

analysis remaining similar. For a detailed exposition on this issue, we refer the reader to

section 9.4 in Cochrane ([14]). We need to elaborate a little bit more about factor models

before we proceed with the presentation of our model.

Factor models are originated from statistics and, more specifically, multivariate analysis

and in their basis lies a statistical representation. On that representation, economists manage

to build models (e.g. Arbitrage Pricing Models) that are trying to explain and predict returns

4For an illustration of this point, we performed Dickey-Fuller tests in the geometric return series from
S&P500 price series and in all of those tests we rejected the null hypothesis of the non-stationarity assumption.
We used monthly data available by Shiller from January 1962 to January 2008. The rationale for this choice
was that we used the same dates for the calculation of the principal components in our calibration mentioned
in the next chapter.

5This serves well the no-redundant assets assumption and accommodates both the complete and
incomplete markets scenario.

6For example, CAPM can be thought of as a factor model with one factor and similarly the Fama-French
model with three factors.
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or stock price variation.7 In their basic form, they postulate that the return of a stock

depends linearly on a number of unobservable variables that we call factors (f1, f2, . . . , fm)

and on some specific idiosyncratic errors (ǫ1, ǫ2, . . . , ǫm). We can express them with the

following set of equation

r1 − µ1 = l11f1 + . . .+ l1mfm + ǫ1

r2 − µ2 = l21f1 + . . .+ l2mfm + ǫ2
...

rk − µk = lk1f1 + . . .+ lkmfm + ǫk.

The equations above are not regression equations although they have such an appearance

because the factors are still unobservable. In addition, although there are more general factor

models, most of them impose the additional assumption of orthogonality which requires the

following conditions:

• E(ǫi) = 0, ∀ stock i

• Cov(ǫi, ǫj) =





0, for i 6= j.
σ2
ǫi
, for i = j.

• Cov(ǫi, fj) = 0 and thus E(ǫi, fj) = 0 since E(ǫi) = 0. for every i, j.

It is also convenient to subtract the mean from the factor time series and thus the next

condition is also imposed:

• E(f) = 0 for all the values we have for a factor f.

We can also write this system of equations in the following matrix notation

r− µ = LF + ǫ

where

r =




r1
...
rk


 , µ =




µ1
...
µk


, F =




f1
...

fm




7See again Cochrane ([14]).
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and

ǫ =




ǫ1
...
ǫk


 , L =




l11 . . . l1m

...
. . .

...
lk1 · · · lkm


 .

By the orthogonality assumption the covariance matrix for factors is

Cov (F) = E





F−

=0︷ ︸︸ ︷
E [F]





F−

=0︷ ︸︸ ︷
E [F]




T

 = E




=I︷ ︸︸ ︷
FFT




and thus we have the following identity matrix

ΣF =




1 0 . . . 0
0 1
...

. . .

0 1



.

Now we will define the covariance matrix for the returns

Σr =E
[
(r−µ) (r−µ)T

]
= E

[
(LF+ǫ) (LF+ǫ)T

]

=E
[
LFFTLT + LFǫT + ǫFTLT+ǫǫT

]

=E
(
LFFTLT

)
+ E

(
LFǫT

)
+ E

(
ǫFTLT

)
+ E

(
ǫǫT

)

=L E
(
FFT

)

︸ ︷︷ ︸
=ΣF

L+L E
(
FǫT

)

︸ ︷︷ ︸
=0

+ E
(
ǫFT

)

︸ ︷︷ ︸
=0

LT + E
(
ǫǫT

)

=LLT + Σǫ

where Σǫ is the diagonal matrix below

Σǫ =




σ2
ǫ1

0 . . .

0
. . .

... σ2
ǫk


 (3.1.3)

and Σr can be written in matrix form as

Σr =




∑m
j=1 l

2
1j + σ2

ǫ1

∑m
j=1 l1jl2j . . .

∑m
j=1 l1jlkj

...
∑m
j=1 l

2
2j + σ2

ǫ2

...
...

. . .
...∑m

j=1 lkjl1j . . . . . .
∑m
j=1 l

2
kj + σ2

ǫk



. (3.1.4)
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Similarly we have for the covariance between returns and factors

Cov (r,F) =E


(r−µ)


F−

=0︷ ︸︸ ︷
E (F)




T

 = E

[
(LF+ǫ) FT

]

=E
[
LFFT + ǫFT

]
=L ΣF︸︷︷︸

=I

+ E(ǫFT)︸ ︷︷ ︸
=0

=L

where each element of the matrix L is the covariance of the return of a stock with an

unobservable factor of the economy. We can summarize the following relations below with

var(ri) =
m∑

j=1

l2ij + σ2
ǫi

(3.1.5)

cov(ri, rk) =
m∑

j=1

lijlkj (3.1.6)

cov(ri, fj) = lij.

One important point is that this orthogonal representation is not unique.

We can compare elements from matrix L with the following similar process ξiν from the

Fernholz model. This measures the sensitivity of the price of a stock i, Xi in equation (3.1.1)

to the νth source of uncertainty, Wν . In a similar spirit, the covariance process for Xi and

Xj in the Fernholz model is given by

σij(t) =
d∑

ν=1

ξiν(t)ξjν(t), t ∈ [0,∞) (3.1.7)

and for the variance process

σ2
i (t)

∆
= σii(t) =

d∑

ν=1

ξ2iν(t), t ∈ [0,∞). (3.1.8)

One should notice the differences between (3.1.5)(3.1.6)(3.1.7) and (3.1.8). First of all, in

Fernholz’s model, the ξij’s are not constant as the lij’s since these are stochastic processes

in time. In addition, we do not have in Fernholz’s model the specific errors ǫi’s that exist

in the common factor models. However, if we assume constant ξ’s in Fernholz model there

are strong similarities between those equations. One should also note that σ2
ǫi

in (3.1.5)

is considered an idiosyncratic risk and what usually happens in economic models is that

arbitrage arguments are employed so this part of the return variance does not contribute in
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the pricing equation.8 Therefore, the Fernholz model and traditional economic factor models

share something similar in spirit and the comparison between them motivated most of the

analysis that will follow.

Although there are many factor models for returns and prices of stocks there are not so

many, if there are any at all, for the dividends of stocks. Therefore, one can be motivated by

equations (3.1.1) and (3.1.2) and try to introduce a hybrid model that is influenced by both

the Fernholz model and traditional factor models. One should not just imitate models that

are currently available to stocks for dividends since the latter have their own peculiarities and

in many aspects are different from stocks. However, stock payoffs are based on dividends

and since these payoffs can be explained (even partially) from factor models, it is quite

possible to explain some variation on dividends with a factor model. As in the stock case,

where there are many and different factor models that try to shed light in price variation,

there might be many different factor-like models that can shed some light on the dividends.

Thus, our particular model can been seen as only one attempt9 and by no means should be

seen as the only valid one that can explain everything for dividend formation. We try to

achieve many goals simultaneously by introducing a factor-like model for dividends. First

of all, a model like that is on its own a very interesting approach for connecting dividends

with macro-economic factors. Moreover, in multivariate analysis, factor models are used

to uncover a hidden structure that lies on the data and that might also be possible for

dividends as well. This hidden structure might reveal aspects on dividends that are absent

from simply observing the data. This is possible because managers tend to artificially smooth

the dividend process for framing purposes.10 Toward that end, a hidden relationship could

be embedded in empirical data that contributes substantially to the observed excess volatility

phenomenon. Finally, and more importantly, a model like that could contribute a different

aspect and provide a richer ingredient in the evolutionary context and simulations.

As noted above, a hybrid model is needed for dividends rather than a simple copy-paste

factor model from stocks. This is true because dividends have their own characteristics. For

example, although dividends could be modeled in continuous time, their aspects are best

8For example, in APT idiosyncratic risk does not contribute in the return of the stock due to the law
of one price. This is a similar result with the CAPM model although CAPM rests instead on a risk-return
dominance argument.

9And probably the first.
10The so called Mash-Merton critic ([42]) on Shiller’s work.
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captured in a discrete time framework. They are distributed a few times per year and the

decision for their magnitude is taken after information is revealed and considered between

relatively big time periods. Thus a factor-like model should be in discrete time rather

than in continuous time. In addition, dividends cannot be negative like returns. To that

end, lognormal distribution can be seen as the appropriate starting model for dividends.

This precludes dividends from being zero but nevertheless this is a welcome aspect since

stocks that pay no dividends may introduce a bias on the Evolutionary Finance model.

Geske ([25]) provides some explanation why lognormal dividends should be a reasonable

assumption for dividends. Dividends are also different with respect to stocks in terms of

the idiosyncratic components. Contrary to stocks, there is no theory that is well-known

for portfolio of dividends and hence dividends can depend on some factors that they do

not have in common.11 Taking all these considerations in mind and trying to accommodate

advantages from both (3.1.1), (3.1.2) models we propose a model for the total dividend of a

company that follows a lognormal process.

3.2 The Dividend Factor Model

3.2.1 The General Model

There are i = 1, . . . K companies in the economy that pay a total dividend denoted by Dti

where t is the time index and i denotes a particular company. Time is discrete and measured

usually in years. One time period is a year. Dividends are distributed at the end of the year

and they follow a stationary process.

There are also j = 1 . . .m factors denoted by Xj and are jointly normally distributed

with some mean and variance and thus

X ∼ Nm (µX,ΣX) (3.2.1)

where

X =




X1
...
Xm


 , µX =




µX1

...
µXm




11This is an alternative way to incorporate idiosyncratic components to the model that relates well to our
evolutionary simulation framework.
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and

Σx =




var (X1) cov (X1, X2) . . . cov (X1, Xm)
cov (X2, X1) var (X2)

...
. . .

cov (Xm, X1) . . . var (Xm)



. (3.2.2)

In addition, the above variance-covariance matrix is assumed to have distinct and positive

eigenvalues i.e.

λ1 > λ2 > . . . > λm > 0.

Moreover, every element in X is considered a white noise process in time.12 Let ξij denote

the sensitivity of the total dividend of a company i with a factor Xj, that remains constant

through time, then the total dividend of a company is given by,

Dti = exp



m∑

j=1

ξijX
t
j


 . (3.2.3)

The following definition is useful:

Definition 3.2.1. Suppose that Σ is a symmetric matrix such that

xTΣx > 0

for all vectors x 6= 0. Then Σ is called a Positive Definite matrix.

It is immediate from the assumptions for the model above and the well-known result

from linear algebra given below that (3.2.2) is a Positive-Definite matrix.

Property 3.2.2.

xTΣx is Positive Definite⇔ all eigenvalues of Σ are positive.

In addition, the following well-known property from the theory of the normal multivariate

distribution is particularly useful:

Property 3.2.3. If X is jointly normally distributed, denoted by X ∼ Np (µ,Σ) , then any

linear combination of variables aTX is distributed as N
(
aTµ, aTΣa

)
. In addition, if aTX

is distributed as N
(
aTµ, aTΣa

)
for every a, then X ∼ Np (µ,Σ) .

12Where we define as white noise an i.i.d process with finite mean and variance.
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Proof. See proof in Anderson ([2]).

Furthermore, 3.2.3 lead us to the following property:

Property 3.2.4. The marginal distribution of any component Xj of X is normally dis-

tributed i.e.

Xj ∼
(
µXj , σ

2
Xj

)

where σ2
Xj

denotes the variance of the factor Xj.

Proof. We choose aT = (0, . . . , 1, . . . , 0) with 1 placed in the jth position. Since X ∼
Nm (µX,ΣX) , then aTX ∼ N

(
aTµX , a

TΣXa
)

by property 3.2.3. With that particular

choice of aT we have

aTX = Xj

aTµX = µXj

aTΣXa = σ2
Xj

and thus Xj ∼
(
µXj , σ

2
Xj

)
.

Equation (3.2.3) is equivalent to

lnDti =
m∑

j=1

ξijX
t
j . (3.2.4)

Immediately, it can be seen from the property above that equation (3.2.4) follows a normal

distribution since it is the linear combination of normal variables and thus equation (3.2.3)

follows a lognormal distribution since it is the exponent of a normal variable. Hence,

dividends are assumed to follow a lognormal process. The lognormal assumption does not

handle companies that pay no dividends at all. However, since the mainstream model in

price valuation is the expected discounted dividends model, companies that pay nothing and

have other methods of their stock price valuation should not take part in any comparison

simulation that uses as a basis for price formation the expected discounted dividends model.

In addition, since the lhs of (3.2.3) is the total dividend, a small amount in one year could

be interpreted as a zero dividend for that particular year. Therefore, the effect of a bad year

could be accommodated also with (3.2.3) practically speaking.
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Then we will have the following system of equations

lnDt1 = ξ11X
t
1 + . . .+ ξ1mX

t
m

lnDt2 = ξ21X
t
1 + . . .+ ξ2mX

t
m

... =
...

lnDtK = ξK1X
t
1 + . . .+ ξKmX

t
m.

This can be written in matrix form as

D = Ξ·X

where

D =




lnDt1
...

lnDtK


 , X =




X t1
...
X tm


 , Ξ =




ξ11 . . . ξ1m
...

. . .
...

ξm1 . . . ξKm




or

DT = Ξ·XT

with

DT =




lnD1
1 . . . lnDT1

...
. . .

...
lnD1

K . . . lnDTK


 , XT =




X1
1 . . . X

T
1

...
. . .

...
X1
m . . . X

T
m


 , Ξ =




ξ11 . . . ξ1m
...

. . .
...

ξK1 . . . ξKm


 .

We can use the assumption given by (3.2.1) for the following result:

Result 3.2.5. Given our assumption in (3.2.1) the vector D is jointly normally distributed

i.e.

D ∼ NK

(
ΞµX,ΞΣXΞT

)

where ΣX is defined as in (3.2.2). Moreover,

lnDti ∼ N
(
ξT
i
µ, ξT

i
ΣXξi

)
for every i = 1, 2, . . . , K

where ξT
i

= (ξi1, ξi2, . . . , ξim) .

Proof. First of all, we need to notice that since Ξ is matrix of constants E (ΞX) =

ΞE (X) = Ξµ and COV (ΞX) = ΞΣXΞT. Also, we notice that bT (ΞX) is a linear
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combination of X like aTX with a = ΞTb. Thus we can use property 3.2.3 and so
(
bTΞ

)
X ∼ N

(
bTΞµX ,b

TΞΣXΞTbT
)
. We can rearrange this in order to have

bT (ΞX) ∼ N
(
bT (ΞµX) ,bT

(
ΞΣXΞT

)
bT
)

where it is now obvious that property 3.2.3 implies

ΞX ∼ NK







ξT
1
µ

...
ξT
K
µ


 ,




ξT
1

ΣXξ1 ξ
T
1

ΣXξ2 . . . ξ
T
1

ΣXξK

ξT
2

ΣXξ1 ξ
T
2

ΣXξ2
...

...
. . .

ξT
K

ΣXξ1 . . . ξT
K

ΣXξK







= NK

(
ΞµX,ΞΣXΞT

)
.

The fact that lnDti ∼ N
(
ξT
i
µ, ξT

i
ΣXξi

)
is a direct consequence of property 3.2.4.

Furthermore, we provide the following well-known property that will be needed in a

future section.

Property 3.2.6. Assume that (3.2.1) is true and C is (m× 1) vector of constants. Then

X + C ∼ Nm (µX + C,ΣX) .

Proof. Consider X + C as the new matrix. Then by property 3.2.3

aT (X + C) ∼ N
(
aT (µX + C) , aTΣXa

)

since the addition of a constant does not change the variance of a matrix. Since X + C has

still ΣX as variance-covariance matrix then again by property 3.2.3

X + C ∼ Nm (µX + C,ΣX) .

Of equal importance is the assumption that every element in X is considered a white

noise process in time and the following results are direct consequences of that assumption.

Result 3.2.7. The random variables of the process {lnDti}t=1,...,,T for every i = 1, 2, . . . , K

are i.i.d (independently and identically distributed) in time.

Proof. A linear combination of normal variables is normal and thus lnDi is normal. Since

Xj is i.i.d. for every j = 1, . . . ,m then lnDti ∼ N
(
ξT
i
µ, ξT

i
ΣXξi

)
for every t = 1, . . . , T.
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The main point here is that since the log of the dividends for each company are i.i.d

the evolutionary theorems are still hold. The next result is especially useful in the empirical

econometric work.

Result 3.2.8. The process {lnDti}t=1,...,,T for every i = 1, 2, . . . , K are i.i.d is weakly

stationary.

Proof. A process is weakly stationary if the mean and the covariance between the elements

are constants and do not depend on time. Also, the variance should be finite. First, suppose

that
(
X1
j , . . . , X

T
j

)
has distribution µ in T-space for every j = 1, . . . ,m. Then

∫

RT

(lnDi)µ (dx) =
∫

RT



m∑

j=1

ξijXj


µ (dx)

=
m∑

j=1

ξij



∫

RT

Xjµ (dx)




=
m∑

j=1

ξijE (Xj)

=
m∑

j=1

ξijµXj <∞.

The second equality follows from the linearity of integrals (see Billingsley ([6]) p.206). The

last equality follows from the assumption that each process Xj is a white series in time

whereas the last inequality follows from the fact that ξij is finite for every i and j. The fact

that the variance is finite is a direct consequence of Result 3.2.7 and assumption (3.2.1).

Moreover,

cov
(
X1
j , X

t−l
j

)
=
∫

RT

(
X tj −mt

) (
X t−lj −mt−l

)
µ (dx) .

Since the variables are i.i.d, the first moments are constants and equal and we are concerned

with the following term ∫

RT

X tjX
t−l
j µ (dx)

which equals zero since the variables are independent and thus uncorrelated.

Remark 3.2.9. For a multivariate Gaussian process weak stationarity implies strict station-

arity.
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This is a direct consequence of the fact that Gaussian processes are fully characterized

by their first two moments.

Result 3.2.7 is based on the strong initial assumption of the model which assumed an i.i.d

distribution for Xj for every j = 1, . . . .m. Usually, in practice this assumption is unrealistic

and many times is conveniently relaxed. Thus, we provide the following definitions that are

used in the next theorem which is often useful in applications of time series.

Definition 3.2.10. Define an abstract probability space (Ω,F ,P) . A measurable transfor-

mation T : Ω → Ω is measure preserving if P (T−1A) = P (A) for every A ∈ F where

T−1A = [ω ∈ Ω : T (ω) ∈ A] . Moreover, the F -set A is invariant under T if T−1A = A.

Definition 3.2.11. A measure preserving transformation T is ergodic if whenever A is an

invariant set, we have either P (A) = 0 or P (A) = 1.

Theorem 3.2.12. Suppose T is a measure preserving transformation as defined in 3.2.10.

Suppose also that f : Ω → R where f is a measurable and integrable function. Then, there

is a measurable and integrable function f̂ : Ω→ R such that

f̂ (ω) = lim
n→∞

1

n

n∑

k=1

f
(
T k−1ω

)
a.e.

and Ef̂ = Ef. In case that T is ergodic as defined in 3.2.11 then f̂ = E [f ] with probability

one.

Proof. See proof in Billingsley ([6] p. 317).

In our particular case we have:

Result 3.2.13. The process through time {lnDti} for every i = 1, 2, . . . , K is ergodic.

Proof. This is a direct consequence of the result 3.2.7 and the fact that the ergodic theorem

is a generalization of the strong law of large numbers.

In practice, it is very difficult to encounter an i.i.d time series, so the assumption that

{lnDti}t is i.i.d. can be relaxed. We require that {lnDti}t is stationary and ergodic. In that

case, Theorem 3.2.12 is useful because what it essentially says is expressed in the following

remark:
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Remark 3.2.14. If a time series {Xt} is stationary and ergodic with E [Xt] = µ then the

ensemble average

lim
n→∞

1

n

n∑

k=1

Xk = µ a.s.

which is given by the Kolmogorov’s law of Large Numbers (given that Xk are i.i.d) has the

same limit as the time series average given by

lim
T→∞

1

T

T∑

t=1

Xt = µ a.s.

What ergodicity says is heuristically that for sufficiently large k, lnDti and lnDt+ki are

nearly independent. For the total Dividend Di of a company i we have:

Result 3.2.15. For every company i = 1, . . . , K we have

E
(
Dti
)

= eξ
T

i
µ+

(ξT

i
ΣXξi)

2

2

var
(
Dti
)

= e
2

(
ξT

i
µ+(ξTi ΣXξi)

2
)

− e2ξTi µ+(ξTi ΣXξi)
2

.

Proof. From Result 3.2.5 we have that

lnDti ∼ N
(
ξT
i
µ, ξT

i
ΣXξi

)
for every i = 1, 2, . . . , K.

This result follows from the parameters given above and the well-known formulas for the

first two moments of the lognormal distribution.

We mention the following property which is useful in the case that some of the factors

are independent.

Property 3.2.16. Let X1 and X2 be vectors with (m× 1) and (n× 1) respectively. Then,

1. If X1 and X2 are independent then Σ12 = cov (X1,X2) = 0.

2. Let X be jointly normally distributed and partitioned as follows:

X =




X1

−−−
X2


 ∼ Nm+n






µ1

−−−
µ2


 ,




Σ11 | Σ12

−−− | − −−
Σ21 | Σ22







then X1 and X2 are independent if and only if Σ12 = (Σ21)T = 0.
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3. If X1 and X2 are independent and

X1 ∼ Nm (µX,Σ11)

X2 ∼ Nn (µX,Σ12)

then

X =




X1

−−−
X2


 ∼ Nm+n






µ1

−−−
µ2


 ,




Σ11 | 0
−−− | − −−

0T | Σ22





 .

Proof. The proof is based on the well-known fact that a set of random variables are

independent if and only if their joint density factors.13 For 1., notice that since every

element of X1 is independent of X2 then each element in Σ12 is 0. For 2., notice that the

joint normal density is given by

fX (x) =
1√

(2π)k |Σ|
exp

{
−1

2
(X− µ)T Σ−1 (X− µ)

}
.

By 1., if X1 and X2 are independent then Σ12 = 0. If Σ12 = (Σ21)T = 0 then

Σ =




Σ11 | 0
−−− | − −−

0T | Σ22




implies

Σ−1 =




Σ−1
11

| 0
−−− | − −−

0T | Σ−1
22




and then

(X− µ)T Σ (X− µ) =
[
(X1 − µ1)T (X2 − µ2)T

]



Σ−1
11

| 0
−−− | − −−

0T | Σ−1
22



[

X1 − µ1

X2 − µ2

]

= (X1 − µ1)T Σ−1
11

(X1 − µ1) + (X2 − µ2)T Σ−1
22

(X2 − µ2) .

Moreover, |Σ| = |Σ11| |Σ22| and thus the joint density factors as follows

fX (x) =
1√

(2π)m |Σ11|
exp

{
−1

2
(X1 − µ1)T Σ−1

11
(X1 − µ1)

}
·

· 1√
(2π)n |Σ22|

exp
{
−1

2
(X2 − µ2)T Σ−1

22
(X2 − µ2)

}

= fX1
(x1) · fX2

(x2) .

13For more details see Appendix A.
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The above illustration shows also 3., since we can work backwards from the marginal

distributions of X1and X2 and the fact that Σ12 = 0 because they are assumed independent.

Then, their joint density as described above implies this result.

Finally, the following property is particularly useful in the regression analysis that it will

follows.

Property 3.2.17. Let

X =




X1

−−−
X2


 ∼ Nm+n






µ1

−−−
µ2


 ,




Σ11 | Σ12

−−− | − −−
Σ21 | Σ22







and |Σ22| > 0. Then the conditional distribution of X1 given X2 = x2 is given by

(X1|X2 = x2) ∼ Nm

(
µ1 + Σ12Σ−1

22
(x2 − µ2) ,Σ11 − Σ12Σ−1

22
Σ21

)
.

Proof. See proof in Johnson &Wichern ([33]).

The important point in this property is that the variance-covariance matrix does not

depend on x2.

In our model we have not included any idiosyncratic components as in the discrete factor

model in section 3.1 since there is no theory that can deal with them later on. According

to economic theory, for the pricing of stocks, idiosyncratic risks should not matter because

we can form sufficiently diversified portfolios. However, although some dividends can have

common factors that influence them, it can also have some idiosyncratic components. We

model these components with the inclusion of additional factors where necessary, allowing

ξij’s to take specific values in order to include that effect whenever necessary.

In addition, this model for dividends tries to captures two aspects from the Fernholz

model given by (3.1.1). First, we are using the log of the dividends on the lhs of (3.2.4) and

secondly the factors follow a normal distribution as do the increments of Brownian motion.

Despite these similarities, (3.2.4) is a lot different than (3.1.1) since this is a stationary model

where dividends follow an i.i.d. process. This model introduces some hidden volatility in

the formation of dividends since the log of the dividends change every year as the variation

changes through the factors of the economy. Someone can also center the mean of the factors

around zero thus try to measure the change in dividends with respect to unanticipated change
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in factors. Although, this might be true for the stocks, it is not clear if it is also true for

the dividends of the stocks. On some simulations in Chapter 5, we will also center the mean

of the factors around zero for convenience but without loss of generality. In any case, as we

will see later on, the application of PCA and factor analysis will take care of this centering

of the factors.

3.2.2 Multicollinearity Problem

The model in (3.2.4) tries to capture the effect of some particular macroeconomic factors in

dividends formation. It makes absolute sense to believe that the change in some factors of

the economy influence the change in dividends. One of the problems making this relation

unclear to us as we mentioned before is the tendency that managers have to smooth the

dividend series. That was also true in our plot for most of the dividends, if not all of them,

that we have from empirical data. This is a huge problem and this is why many economists

do not try to search for such a relation in the first place. In our case, we needed a model that

might resemble an unhidden structure for dividends and contributes another more interesting

dimension to our evolutionary simulations. The first step was to assume a model like (3.2.4)

and proceed with the simulations. The second step was to try to make a better guess for the

coefficients in matrix Ξ and try to calibrate the model with real empirical data. Although

that would be very desirable for the model in (3.2.4), it would also be very difficult because

any valid econometric estimation would be impossible due to multicollinearity issues. For

convenience, we will provide a brief summary and discuss this issue below.

Let’s assume that we have to estimate the parameters that influence the total dividend

of a stock of company according to (3.2.4) above. We should estimate the ξi, i = 1, . . . ,m

for the regression equation given below

lnDi = ai + ξi1X1 + ξi2X2 + . . .+ ξimXm + εi

where ai is the constant term of the regression and εi is the disturbance term. We write the

equation above in more conventional regression notation in order to have

Y = a+ β1X1 + β2X2 + . . .+ βmXm + ε.

We have T observations in our sample for the equation above and thus we can also write in

matrix notation

Y = Xβ+ε
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where

Y =




Y1
...
YT


 , β =




β1
...
βm


, β̂ =




β̂1

...

β̂m




and

ε =




ε1
...
εT


 , X =




1
...
1

X11 . . . X1m

...
. . .

...
XT1 · · · XTm


 .

For any classical regression model we need the following assumptions

1. The dependent variable Y is a linear function of a set Xi, i = 1, . . . ,m of independent

terms plus the disturbance term.

2. E(ε) = 0

3. E(εεT ) =




σ2
ε 0 . . . 0

0 σ2
ε

...
. . .

0 . . . 0 σ2
ε




= σ2
εI

4. Rank of X = m ≤ T and thus the matrix XTX to be non-singular.

We will try to illustrate the problem of multicollinearity under the OLS (ordinary least

squares) method which is the most popular in the field of econometrics. In OLS we try to

select estimators β̂i for the matrix β̂ in order to minimize the sum of forecast errors εTε.

Therefore,

εTε =
(
Y−Xβ̂

)T (
Y−Xβ̂

)

=
(
YT − β̂TXT

) (
Y−Xβ̂

)

=YTY− β̂TXTY−YTXβ̂ + β̂TXTXβ̂

=YTY− 2β̂TXTY + β̂TXTXβ̂ (3.2.5)

where the last line is derived because β̂TXTY = YTXβ̂ since they are scalars. When we

try to minimize the sum of forecasts errors with respect to β̂ we differentiate (3.2.5) with
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respect to β̂ and set the results equal to zero and hence

−2XTY + 2XTXβ̂ = 0

XTXβ̂ = XTY.

Provided that XTX is non-singular and thus the inverse
(
XTX

)−1
exists, the solution for

the matrix estimator is

β̂ =
(
XTX

)−1
XTY. (3.2.6)

In order for the solution for the above estimators to exist we require that an exact linear

relationship between the explanatory variables Xi, i = 1, . . . ,m does not exist. The problem

of exact linear relationships between the explanatory variables is rare in practice and is

referred to as the problem of perfect multicollinearity. What often happens in economic

data, especially for macroeconomic variables, is that the explanatory variables are highly

correlated between them. In that case the determinant of XTX will be close to zero and

thus the elements of
(
XTX

)−1
will be very large. Therefore, the variances of the estimators

of the β̂ matrix will also be large; they will lack precision and we will be very uncertain

about the true parameter’s values. Moreover, the t-ratios on which we rely for hypothesis

testing on the estimators of the β̂ matrix will be small and hence we will line toward

rejection of our estimators even in the case that they will be highly significant. This is

the problem of multicollinearity which usually arises in econometrical empirical work and

puzzles econometricians about the accuracy of their work.

There are many tests for detecting multicollinearity but what usually happens is the

examination of the correlation matrix of the explanatory variables. High correlation between

the variables is indicative of the multicollinearity problem.

3.3 Principal Components Analysis

Unfortunately, there is not any widely accepted solution to the problem of multicollinearity.

Some economists argue in favor of the Ridge Regression technique but this approach

introduces some bias to the estimators. Principal Components Analysis (PCA) is a better

approach in our framework since our primary concern is the evolutionary simulations. PCA

Regression technique comes with a price and is the reason that it is used rarely in economic

empirical work.
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3.3.1 Overview of the Theory of Principal Component Analysis

This section will summarize some basic results about Principal Component Analysis (PCA).

The aim is not only to provide a brief description of the PCA technique but also give some

insight why this technique is so useful in the calibration of our model. Suppose that x is a

vector of n random variables so

x =




x1
...
xn


 (3.3.1)

with variance-covariance matrix

Σx =




σ2
x1
σx1x2 . . . σx1xn

σx2x1 σ2
x2

...
. . .

σxnx1 . . . σ2
xn



. (3.3.2)

Let also ek to be the following vector

ek =




e1k
e2k
...
enk




and thus

zk , eT
k x =

(
e1k e2k . . . enk

)




x1

x2
...
xn




=
n∑

j=1

ejkxj. (3.3.3)

We can standardize the vector ek so

eT
k ek =

(
e1k e2k . . . enk

)




e1k
e2k
...
enk




= e21k + e22k + . . .+ e2nk =
n∑

j=1

e2jk = 1.

P.C.A. tries to find linear combinations of ek, k = 1 . . . n such that zi and zj are

uncorrelated for i = j and var(zk), for k = 1 . . . n are maximized. More specifically:

• The first principal component of x denoted by z1 is the linear combination z1 = eT
1 x

that maximizes the variance of z1, denoted by var(z1), subject to the constraint

eT
1 e1 = 1.
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• The second principal component of x denoted by z2 is the linear combination z2 = eT
2 x

that maximizes the variance of z2, denoted by var(z2), subject to the constraints

eT
2 e2 = 1 and cov(z2, z1) = 0.

• The kth principal component of x denoted by zk is the linear combination zk = eT
k x that

maximizes the variance of zk, denoted by var(zk), subject to the constraints eT
k ek = 1

and cov(zk, zl) = 0 for l = 1, . . . , k − 1.

The first step is to find the first principal component. To that end, we try to maximize

var[eT
1 x] = var[z1] = eT

1 Σxe1

subject to

eT
1 e1 = 1.

For that, we use the technique of Langrange Maximization and try to maximize the following

expression

L =eT
1 Σxe1 − λ1(e

T
1 e1 − 1)

where λ1 is the Langrange multiplier. We differentiate with respect to e1 and then set the

result equal to zero which gives

∂L
∂e1

= 2Σxe1 − 2λ1e1 = 0

and then

Σxe1 = λ1e1 (3.3.4)

so

(Σx − λ1In) e1 = 0

where In is the (n × n) identity matrix. Therefore, λ1 is an eigenvalue of Σx and e1 is the

corresponding eigenvector. Note that from (3.3.4) we have

eT
1 Σxe1 = eT

1 λ1e1

and since λ1 is a scalar

eT
1 Σxe1 = λ1 eT

1 e1︸ ︷︷ ︸
=1

eT
1 Σxe1 = λ1
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and since

var(z1) = var[eT
1 x] = eT

1 Σxe1

λ1 is also the variance of the first principal component. Because the objective is to maximize

this variance we see that we need to choose λ1 to be the largest possible eigenvalue.

For the second principal component we need to maximize the following

var(z2) = var[eT
2 x] = eT

2 Σxe2

subject to

eT
2 e2 = 1

and

cov(z2, z1) = cov[eT
2 x, eT

1 x] = 0.

Moreover,

cov[eT
2 x, eT

1 x] = cov[eT
1 x, eT

2 x] = eT
1 Σx︸ ︷︷ ︸

=λ1eT

1

e2 = eT
2 Σxe1︸ ︷︷ ︸

=λ1e1

= eT
2 λ1e1 = λ1eT

2 e1 =λ1e
T
1 e2 =0

and so

eT
1 Σxe2 = 0, eT

2 Σxe1 = 0,

eT
1 e2 = 0, eT

2 e1 = 0. (3.3.5)

We can use any of the equations above in order to have cov[eT
1 x, eT

2 x] = 0. Now the quantity

to be maximized is

L = eT
2 Σxe2 − λ2(e

T
2 e2 − 1)− µ(eT

2 e1 − 0)

where λ2 and µ are the Lagrange multipliers. We differentiate with respect to e2 and we set

the result equal to zero
∂L
∂e2

= 2Σxe2 − 2λ2e2−2µe1 = 0

we left multiply this equation by e1 and thus we have

eT
1 Σxe2 − λ2e

T
1 e2 − µeT

1 e1 = 0

which shows that µ = 0 since the relations in (3.3.5) hold. Hence,

Σxe2 − λ2e2 = 0
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or

(Σx − λ2In) e2 = 0

so λ2 is an eigenvalue of Σx and e2 is the corresponding eigenvector. In addition,

Σxe2 = λe2

and so

eT
2 Σxe2 = eT

2 λ2e2 = λ2

so λ2 must be the largest eigenvalue possible after λ1 and thus, λ2 is the second largest

eigenvalue. We can continue in the same manner as above for the rest of the principal

components. 14

The main result shows in general that the kth principal component of x is eT
k and

var[eT
k x] = λk where λk is the kth largest eigenvalue of Σx and ek is the corresponding

eigenvector. Thus,

var[eT
k x] = λk, k = 1, 2, . . . n

where

λ1 > λ2 > . . . > λn > 0. (3.3.6)

In (3.3.6) we assumed for simplicity that we do not have any equal eigenvalues since this

rarely happens in practice (see p.27 in Jolliffe ([34])). In theory, when some of the eigenvalues

are equal then the principal components are not unique. In addition, it is rare in practice for

some of the eigenvalues to be zero. If some of them are zero it means that there are exact

constant linear relationships between the elements of x. We avoid that in (3.3.6) with the

assumption that Σx is a positive definite matrix.

We can generalize the results above and form a vector of principal components

z =




z1
...
zk


 (3.3.7)

such that

z = ETx

14See Johnson & Wichern ([33]) for the derivation of the rest principal components.
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where

E =




e11 . . . e1n
...

. . .
...

en1 . . . enn


 . (3.3.8)

The kth column in matrix E corresponds to the kth eigevector ek of the variance-covariance

matrix Σx. Notice that E is an orthogonal matrix so ETE = In where In is the (n × n)
identity matrix. We can also define

Λ =




λ1 0 . . .

0
. . .

... λn


 (3.3.9)

where the diagonal contains the eigenvalues of Σx.

Derivation of the principal components with the Lagrange maximization shows that

ΣxE = EΛ

which can be written also as

ETΣxE = Λ

or

Σx = EΛET (3.3.10)

because of the orthogonality property ETE = I. Equation (3.3.10) is the so called Spectral

Decomposition of Σx and can be expanded as follows

Σx = EΛET = λ1e1eT
1 + λ2e2eT

2 + . . .+ λneneT
n =

n∑

k=1

λkekeT
k . (3.3.11)

We can see that for the diagonal elements of Σxwe have

var(xi) = λ1e
2
1i + λ2e

2
2i + . . .+ λne

2
ni =

n∑

k=1

λke
2
ki.

In this last expression for the variance of xj we see that this variance can be decomposed

into decreasing parts contributed by each principal component. In addition, we also have

n∑

i=1

var(xi) = tr(Σx) =
n∑

i=1

λi =
n∑

i=1

var(zi)

where tr(·) denotes the trace of a matrix. The second equality is true since Σx = EΛET

and eT
k ek = 1, so

var(zi)∑n
i=1 var(zi)

=
λi

λ1 + . . .+ λn
.

44



This shows that the proportion of the total variance in x, which is explained by the variance

of the ith principal component, is the ratio of its eigenvalue over the sum of all eigenvalues

of the initial variance-covariance matrix of x. This is usually helpful in practice, when we

try to find criteria in order to exclude some principal components for the reduction of the

dimensionality. For instance, many use the cumulative proportion of the total variance

explained by the first i principal components as the following ratio

∑i
j=1 λj∑n
j=1 λj

. (3.3.12)

One rule is to try to select a relatively small number of principal components such that this

ratio is as large as possible. Thus, someone can explain a large amount of variation with a

relatively few principal components.

In addition, we need to point out that we can use the correlation matrix ρx with elements

ρij denoting the correlation coefficient between two random variables xi and xj, instead of

the variance covariance matrix Σx. In that case, the above analysis remain similar. In

practice, sometimes is better to use the variance-covariance matrix Σx and sometimes it is

better to use the correlation matrix ρx. The choice usually depends on the peculiarities of

the particular problem and data set one has to work with.

Finally, we provide the following Lemma which sometimes is very useful in the interpre-

tation of the principal components.

Lemma 3.3.1. If z1 = eT
1 x, z2 = eT

2 x,...,zn = eT
n x are the principal components as obtained

from (3.3.3) then

ρzi,xj =
eji
√
λi

σxj
i, j = 1, 2, . . . , n

are the correlation coefficients between the principal components zi and the original variables.

Proof. Set wT
j = (0, . . . , 0, 1, 0, . . . , 0) with 1 in the jth place so that xj = wT

j x and

cov (xj, zi) = cov
(
wT

j x, eT
i x
)

= wT
j Σxei. But from (3.3.10) we know that Σxei = λiei and

so

cov (xj, zi) = wT
j λiei = (0 . . . , λi . . . , 0)




e1i
...
eji
...
eni




= λieji.
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Since var(zi) = λi and var(xj) = σ2
xj

then

ρzi,xj =
cov (zi, xj)√
var (zi)

√
var (xj)

=
λieji√
λi
√
σ2
xj

=
eji
√
λi

σxj
for i, j = 1, 2, . . . , n.

Notice when we use standardized variables for xj the expression above simplifies to

ρzi,xj = eji
√
λi for i, j = 1, 2, . . . , n.

Lemma 3.3.1 is useful particularly when a strong correlation exists between a principal

component and a variable. As we will see in the next section, in many cases PCA regression

makes interpretation difficult. When the above coefficient is large enough it could provide

some help on the interpretation of the results.

3.3.2 Principal Components in Regression Analysis

The intention of this section is to introduce a brief summary for the role of P.C.A. in

regressions analysis. We refer the reader for more details to Jolliffe ([34]). We illustrate

briefly the benefits of using PCA in regressions that suffer from the multicollinearity problem

discussed in 3.2.2.

Consider the regression equation

y = Xβ + ε (3.3.13)

where y is the vector of the dependent values through time measured around their means

and thus E(y) = 0. We have t = 1, . . . , T observations and ε denotes the error vector as in

3.2.2. The matrix X, with elements Xit, will denote again the (standardized) independent

variables which now are measured around their means. The elements of X are defined in a

way such that XTX = ΣX is the sample variance-covariance matrix of the elements of X

(i.e. Xit = 1√
T−1

(xit − x̄i)). Now X is (T × n) matrix and since is in standardized form the

column of ones does not appear as in section 3.2.2. Similarly, β is the vector of the regression

coefficients.

Accounting for all the observations through time t = 1, 2, . . . , T, the values of the principal

components can be written in matrix form as

Z = XE
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where E is the matrix as defined in (3.3.8) and Z is the following (T × n) matrix



z11 . . . z
1
n

...
. . .

...
zT1 . . . z

T
n


 .

Since matrix E is orthogonal we can manipulate the classical regression equation as follows

y =Xβ + ε

=XEETβ + ε

=Zγ + ε (3.3.14)

where γ = ETβ. Thus, in that way we can replace the independent variables in the original

regression equation by the principal components of the variance-covariance matrix ΣX. One

of the main tasks of PCA is to reduce the dimensionality of a problem so the PC regression

can be written in reduced form as

y = Zmγm + εm

where γm and εm are vectors with k elements that are subsets of γ and ε respectively and

Zm is an (T × m) matrix whose columns is a subset of columns of Z. Using least squares

as in section (3.2.2) we have in estimation terms γ̂ = ETβ̂ and thus one can estimate the

original coefficients vector by β̂= Eγ̂. This is the same when trying to estimate β̂ in the

original regression equation.

Generally, there are some advantages in calculating first γ̂ instead of β̂.

• Calculating γ̂ from y = Zγ̂ + ε is more straightforward because E is orthogonal (see

Jolliffe ([34]) p.168)

• In cases that the regression equation is calculated from (3.3.14) rather than (3.3.13),

the contributions of its new independent variable (PC) can be more easily interpreted

especially when multicollinearity exists in the original regression. However, although

interpretation of the separate contributions of each new independent variable is en-

hanced, the interpretation of the regression equation itself is rather difficult, especially

when the principal components can not be easily interpreted.15

15This is the greatest disadvantage of using PCA in regression analysis especially in the field of
econometrics. Economists usually seeking for meaningful and interpretable relations between economic
variables.

47



• Many argue that even when multicollinearity is not the problem, PCA regression can

be numerically more efficient and stable than the direct use of the OLS estimation in

the original regression equation (Flury & Riedwyl ([24])).

Unfortunately, there is a price to pay for the benefits mentioned above and this price is

especially high in econometrics. Usually in empirical econometric work, the interpretation

of principal components is extremely difficult and this is the main reason why this technique

is not widely adopted in this particular field.

The most important benefit for the inclusion of PC in regression estimation is the

reduction of the dimensionality when multicollinearity is present in the original explanatory

variables. In that way, better estimates of the regression coefficients can be obtained. We

will try to illustrate this point more explicitly. We will start with the equation for β̂ taken

from (3.2.6) which is appropriately modified in order to take into account the mean adjusted

vector y and the standardized matrix X so

β̂ =
(
XTX

)−1
XTy

=Σ−1
X

XTy

=
(
EΛET

)−1
XTy

=EΛ−1ETXTy

=
n∑

k=1

λ−1
k ekeT

k XTy

where we used the spectral decomposition property (3.3.11), the orthogonality property

E−1 = ET and the fact that

Λ−1 =




λ−1
1 0 . . .

0
. . .

... λ−1
n


 . (3.3.15)

In addition,

β̂ =
(
XTX

)−1
XTy

=
(
XTX

)−1
XT (Xβ + ε)

=
(
XTX

)−1
XTXβ +

(
XTX

)−1
XTε

=β +
(
XTX

)−1
XTε
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so

β̂ − β =
(
XTX

)−1
XTε

and taking the expectation on both sides we have

E

[(
β̂ − β

) (
β̂ − β

)T
]

=E

[((
XTX

)−1
XTε

)(
εTX

(
XTX

)−1
)]

=
(
XTX

)−1
XTE

(
εεT

)
X
(
XTX

)−1

where we used the fact that
(
XTX

)−1
is symmetric. Therefore,

var
(
β̂
)

=
(
XTX

)−1
XTΣεX

(
XTX

)−1

=σ2
(
XTX

)−1
XTX

(
XTX

)−1

=σ2
(
XTX

)−1

where we used the Classical Linear Model assumption E
(
εεT

)
= Σε = σ2I. Therefore,

var
(
β̂
)

=σ2
(
XTX

)−1

=σ2 (ΣX)−1

=σ2
(
EΛET

)−1

=σ2
((

ET
)−1

(Λ)−1 E−1

)

=σ2EΛ−1ET

=σ2
[

e1 . . . en

]



λ−1
1 eT

1
...

λ−1
n eT

n




=σ2
n∑

k=1

λ−1
k ekeT

k (3.3.16)

where we used the spectral decomposition as before but now with Λ−1 given by (3.3.15)

in place of Λ. Equation (3.3.16) shows that Principal Components that are associated with

small eigenvalues have large λ−1
k so the diagonal of var

(
β̂
)

has quite large elements as well.

Thus, multicollinearity appears as a principal component with a very small eigenvalue that

causes the variance of the estimators in β̂ to explode.

We can reduce this effect if we throw out all of the terms that correspond to small

eigenvalues and thus we will have

β̃ =
m∑

k=1

λ−1
k ekeT

k XTy (3.3.17)
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so γ̂ is now reduced to γ̂m. In (3.3.17) we have assumed that eigenvalues after the λm

eigenvalue are very small in magnitude and they were thrown out from the estimation

of the β̃ coefficients. In similar spirit with the derivation of (3.3.16) above, if we set

λ−1
m+1 = λ−1

m+2 = . . . = λ−1
n = 0 then

var
(
β̃
)

= σ2
m∑

k=1

λ−1
k ekeT

k . (3.3.18)

Notice that now by construction there are no small eigenvalues in the equation above and

hence the variances of the coefficients can not be correspondingly large.

However, along with the benefit of variance reduction in the estimator vector we have

the negative effect of introducing a small bias in the estimator vector β̂. This is true because

β̂ − β̃ =
n∑

k=1

λ−1
k ekeT

k XTy−
m∑

k=1

λ−1
k ekeT

k XTy

=
n∑

k=m+1

λ−1
k ekeT

k XTy

so

β̃ = β̂ −
n∑

k=m+1

λ−1
k ekeT

k XTy.

Taking expectation in both sides

E
(
β̃
)

= E
(
β̂
)
− E




n∑

k=m+1

λ−1
k ekeT

k XTy




= β −
n∑

k=m+1

λ−1
k ekeT

k E
(
XTy

)

= β −
n∑

k=m+1

λ−1
k ekeT

k E
(
XTXβ̂

)

= β −
n∑

k=m+1

λ−1
k ekeT

k XTXβ

= β −
n∑

k=m+1

λ−1
k ekeT

k

n∑

j=1

λjeje
T
j β

= β −
n∑

k=m+1

n∑

j=1

λ−1
k λjekeT

k eje
T
j β

where above we used again the Spectral Decomposition of XTX = ΣX . Since the vectors ek,

k = 1, 2, . . . , n are orthonormal we have eT
k ej =0 for every k 6= j and eT

k ej =1 for k = j. So
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the expression above reduces to

E
(
β̃
)

= β −
n∑

k=m+1

ekeT
kβ

Therefore in general,

E
(
β̃
)
6= β

so β̃ is a biased estimator of β. However, this bias is small when it is compared with the

gain of the reduction in the variance of β when multicollinearity is present in the original

regression equation.

The general definition of PC regression is given by

y = ZMγM + εM

where M can be any subset of the sets of integers {1, 2, . . . , n}. This is equivalent of using

(3.3.13) and estimating β by

β̃ =
∑

M

λ−1
k ekeT

k XTy.

Equation (3.3.17) is a special case where M = {1, 2, . . . ,m} where we have assumed that

m < n. This is also the case that is used most often in empirical work because of the benefit

of reducing var
(
β̂
)

as was illustrated in equation (3.3.18) above.

Moreover, in some cases it is also possible for a PC that has a small eigenvalue (and thus a

small variance) to explain most of the variation in the independent variable and thus it should

be retained in the regression. On the other hand, it is also possible to have a variable with

an adequate large eigenvalue and the omission of that variable to improve substantially the

results of the regression. Thus, it is also possible to throw out some terms of the regression

for which their corresponding coefficients in vector γ are not significantly different from zero.

Therefore, a variable selection should also be considered with the regression equation given

by (3.3.14). For instance, in our empirical work, we often confronted both the problem of

reducing the high variance terms of our estimators and the problem of variable selection in

the PC regression equation.

3.3.3 Application of PC Regression in the Dividend Factor Model

For the application of the PCA in our model, we need to start with a variance-covariance

matrix of appropriate variables that is possible to influence dividends. We will provide below

the steps that we have followed in order to calibrate the Ξ matrix.
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Step 1.

Form the following (T ×m) matrix

x =




x1
1 x

1
2 . . . x

1
m

x2
1 x

2
2 . . . x

2
m

...
...

. . .
...

xT1 x
T
2 . . . x

T
m




where each column has a variable with T observations that might influence the dividends of

a company.

Step 2.

Subtract the mean for every variable k = 1, . . . ,m so

X tk = xtk − x̄k = xtk −
1

T

T∑

t=1

xtk

and so form the following matrix

X =




X1
1 . . . X

1
m

...
. . .

...
XT1 . . . XTm


 .

Step 3.

Use the X from above and calculate the variance-covariance matrix

ΣX =
1

T − 1
XTX =




σ2
1 σ12 . . . σ1m

σ21 σ2
2

...
...

. . .

σm1 . . . σ2
m




where σij = cov (xi, xj) is the covariance between one of the factors, xi, that influences

dividends with another factor, xj, that influences dividends as well.

Step 4.

For the matrix ΣX in step 3 calculate the eigenvalues and eigenvectors and put them in

order as pairs

λ1 > λ2 > . . . > λm, e1, e2, . . . , em

so

(λ1, e1)

...

(λm, em) .
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Step 5.

Form the eigenmatrix E as

E =




e1︷ ︸︸ ︷


e11
...
em1


 . . .

em︷ ︸︸ ︷


e1m
...
emm






.

Step 6.

Calculate the PC as the system

Z = XE

where Z and E are defined in step 2 and step 5 above. Thus,

ztk =
m∑

j=1

ekjX
t
j

and

var (zk) = λk.

Notice that the PC matrix Z equals

Z =




∑m
j=1 ej1X

1
j . . .

∑m
j=1 ejmX

1
j

...
. . .

...∑m
j=1 ej1X

T
j . . .

∑m
j=1 ejmX

T
j


 .

Step 7.

Estimate the following regression equation for i = 1, . . . , K, the total number of stocks

considered in the model

Di = Z̃γi + ε

where

Di =




lnD1
i

...
lnDTi


 , γi =




ai
γi1
...
γim




and

Z̃ =




1 z11 . . . z
1
m

1 z21 . . . z
2
m

...
...

. . .
...

1 zT1 . . . z
T
m
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Estimate the vector γi as

γ̂i =
(
Z̃TZ̃

)−1
Z̃TDi.

Therefore, form matrix Ξ as

Ξ = Γ

where

Γ =




γ̂11 γ̂12 . . . γ̂1m
γ̂21 γ̂22 . . . γ̂2m
...

...
. . .

...
γ̂K1 γ̂K2 . . . γ̂Km



.

Step 9.

If necessary, reduce dimensionality and calculate the regression equation

Di = Z̃m′γm′i + εm′

for every stock i = 1, . . . , K where now m′ <m. A common practice that is used to determine

the number of principal components that should be included in the regression is to examine

the scree plot, which is a plot of the eigenvalue λi against i, and to decide at which point

there is an elbow in the graph.16 Another common practice is to look at a criterion such as

the cumulative proportion of the total variance shown in (3.3.12) and discussed in 3.3.1. For

a detailed discussion on selection criteria for choosing the appropriate number of principal

components we point the reader to see Ch. 6 in Jolliffe ([34]).

In this case,

Ξ = Γm′

where Γm′ is the reduced (k ×m′) matrix where m′ < m since we have included m′ principal

components in our regression equation.

We can follow the same steps above when we use the correlation matrix

ρX =




1 ρ12 . . .
ρ21 1
...

. . .




instead of the variance-covariance matrix ΣX . Hence, in step 3 above we will calculate ρX

with elements

ρij =





1, for i = j
σij
σ2
i
σ2
j

for i 6= j
16An elbow means that after a specific eigenvalue the line in the plot is very flat in comparison with the

previous one.
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and will perform the rest of the steps as mentioned above.

3.4 The PCA Dividend Factor Model

3.4.1 The General PCA Dividend Factor Model

As we noted above direct econometric estimation of the general dividends factor model is

empirically not efficient due to multicollinearity issues. The following result summarizes the

application of PCA in the general dividends factor model.

Result 3.4.1. Let x be the vector as defined in (3.3.1) with mean vector µ and variance-

covariance matrix Σx as defined by (3.3.2). Define X = x − µ and set z = ETX where E

is defined as in (3.3.8). Now, each element of z, zi is called the mean-adjusted principal

component of xi. Then, x ∼ Nn (µ,Σx) implies that

z ∼ Nn (0,Λ)

where Λ is given by (3.3.9). Moreover, in case that ET includes only the first m columns of

E then

z ∼ Nm (0,Λm)

where Λm is the (m×m) partition of Λ.

Proof. First we need to notice that X ∼ Nn (0,Σx) follows from Property 3.2.6 where

C = −µ. The result that z ∼ Nn (0,Λ) is a direct application of the techniques found on

the proof of Result 3.2.5 where we substitute ETX in place of ΞX. The fact that Λ = ETΣxE

follows from the spectral decomposition of Σx. Furthermore, we partition z and rewrite it

as

z =




zm

−−−
zn−m


 ∼ Nm+(n−m)







0
−−−

0


 ,




Λm | 0
−−− | − −−

0 | Λn−m







and we set A =
[

Im | 0
]

where Im is the (m×m) identity matrix. Then, an additional

application of the methods found on the proof of Result 3.2.5 with A in place of Ξ shows

that zm ∼ Nm (0,Λm).

Actually, it is clear from the result above that any arbitrary subset of z is jointly normally

distributed. What we need to do is to rearrange elements of z and their corresponding mean
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and variances in order to apply the result above. The following result is used directly in the

simulations of the PCA Dividend Factor Model.

Result 3.4.2. The mean-adjusted principal component is normally distributed i.e. zi ∼
N (0, λi) for every i = 1, . . . ,m and zi is independent of zj for every i 6= j.

Proof. The fact that each zi is normally distributed with N (0, λi) is a direct application of

Property 3.2.4. For the independence part we use Property 3.2.16. Notice, that since every

subset of z is jointly normally distributed, it is sufficient to take each time x1 to be consisted

by one element zi and x2 to be consisted from another elements zj for i 6= j. Finally, we

can repeat that for all pairs (zi, zj) for i 6= j.

It is usually convenient in practice to apply PCA directly in mean-adjusted variables our

model given by (3.2.3) must be modified slightly allowing the correct econometric estimation.

Thus in the PCA Dividend Factor Model we substitute (3.2.3) with

Dti = exp


ai +

m∑

j=1

ξijz
t
j


 (3.4.1)

where ai is the corresponding constant of regression. It would be convenient both for reference

and notation purposes to restate some of the results from section 3.2.1. The following

statement is the restatement of Result 3.2.5.

Result 3.4.3. Given our PCA Dividend Factor Model as shown by (3.4.1), the vector D is

jointly normally distributed i.e.

D ∼ NK

(
A,ΞΛΞT

)

where

ΞΛΞT =




ξT
1

Λξ
1
ξT

1
Λξ

2
. . . ξT

1
Λξ
K

ξT
2

Λξ1 ξ
T
2

Λξ
2

...
...

. . .

ξT
K

Λξ1 . . . ξT
K

Λξ
K




=




∑m
j=1 ξ

2
1jλj

∑m
j=1 ξ1jξ2jλj . . .

∑m
j=1 ξ1jξKjλj

∑m
j=1 ξ2jξ1jλj

∑m
j=1 ξ

2
2jλj

...
...

. . .∑m
j=1 ξKjξ1jλj . . . . . .

∑m
j=1 ξ

2
Kjλj
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where A is the vector of constants i.e. AT = (a1, a2, . . . , aK) . Moreover,

lnDti ∼ N

ai,

m∑

j=1

ξ2ijλj


 for every i = 1, 2, . . . , K.

The proof is essentially the same with Result 3.2.5 and therefore omitted. Note that

ξT
i

Λξ
i

=
∑m
j=1 ξ

2
ijλj since Λ is a diagonal matrix. The first two moments are given by the

Result below:

Result 3.4.4. For every company i = 1, . . . , K we have

E
(
Dti
)

= eai+

(∑m

j=1
ξ2
ij
λj

)2

2

var
(
Dti
)

= e
2

(
ai+

(∑m

j=1
ξ2
ij
λj

)2
)

− e2ai+
(∑m

j=1
ξ2
ij
λj

)2

.

This is also a restatement of Result 3.2.15. The other Results for the Log-Dividend of

the stock from section 3.2.1 remain the same under the initial assumptions of the model.

3.4.2 Important properties of Sample Principal Components

Let denote by λ̂i the eigenvalue and êk the eigenvector based on the sample values. Based

on the assumption that X ∼ N (µ,ΣX) where ΣX is a matrix with distinct and positive

eigenvalues, we have asymptotically the following properties for the maximum likelihood

estimators:

i) E
(
λ̂i
)

= λi for i = 1, . . . ,m, E (êk) = ek for k = 1, . . . ,m

ii) cov
(
λ̂i, λ̂j

)
=





2λ2
i

n
for i = j

0 for i 6= j

where n in this case denotes the number of observations. For a detailed proof on the result

given above we refer the reader to see Anderson ([2]) p. 545.

However, in the case that the amount of data is not sufficiently large enough we have a

bias on the estimated sample eigenvalues. Moreover, these biases are given by

E
(
λ̂i
)

= λi


1 +

1

n

m∑

i6=j=1

(
λj
λi − λj

)
+O

(
1

n2

)
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and

cov
(
λ̂i, λ̂j

)
=





2λ2
i

n

[
1− 1

n

∑m
i6=j=1

(
λj
λi−λj

)2
]

+O
(

1
n3

)
for i = j

2
n2

(
λiλj
λi−λj

)2
+O

(
1
n3

)
for i 6= j

To correct for these biases one can estimate the following

li = λ̂i


1− 1

n

m∑

i6=j=1


 λ̂j

λ̂i − λ̂j






where li in this particular case denotes the corrected eigenvalue. In cases that only the first

k principal components are retained the following approximated correction is used

li = λ̂i


1− 1

n

k∑

i6=j=1


 λ̂j

λ̂i − λ̂j


−

(
m− k
n

)(
l̄

λ̂i − l̄

)


where l̄ is the sum of the eigenvalues corresponding to the omitted principal components.

For a more detailed exposition on these biases and corrections we refer the reader to Ch. 4

in Jackson ([31]) and the references mentioned therein. The above corrections are essential

when the number of observations are relatively small and the high accuracy of the results

are extremely important. However, in our model our sample size does not introduce any

significant bias and more importantly does not alter the structure of the model. Therefore,

this correction is omitted from our empirical results.

3.5 The Dividend Factor Analysis Model

3.5.1 PCA Factor Analysis

Factor Analysis can be considered as an extension of PCA, however it is a different technique.

Many people in literature misguidedly believe that PCA is a special case of factor analysis.

Although similar, these two techniques are quite different and can provide two equally

important but different insights on the available data-set at hand.

In our specific case, factor analysis can be used to check whether the particular data set

we choose is consisted with a prescribed structure. The orthogonal factor analysis model has

been described already in section 3.1 and in our particular case will be

D− µ = LF + ǫ (3.5.1)

where the notation corresponds to the system mentioned in 3.1 on page 24 with the

substitution of vector D in place of r, in which the elements are now lnDi for i = 1, . . . , K.
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Factor analysis is concerned with the variance-covariance matrix of D denoted by ΣD. There

are two methods of estimation for the matrix of coefficients L, the PCA method17 and

Maximum Likelihood Method. In this section we will describe the first method.

The spectral decomposition of ΣD is given by

ΣD = λ1e1eT
1 + λ2e2eT

2 + . . .+ λneKeT
K

=
[ √
λ1e1 |

√
λ2e2 | . . . |

√
λKeK

]
·




√
λ1e

T
1

−−−−√
λ2e

T
2

−−−−
...

−−−−√
λKeT

K




.

One case is to assume that the numbers of factors equals the number of variables so K = m.

In special cases we can further assume that the matrix Σǫ which is given by (3.1.3) equals

zero.18 We have

ΣD = LLT

= EΛET

= EΛ
1

2

(
EΛ

1

2

)T

where we used the properties Λ = Λ
1

2 Λ
1

2 and Λ
1

2 =
(
Λ

1

2

)T
and the fact

EΛ
1

2 =
[ √
λ1e1 |

√
λ2e2 | . . . |

√
λKeK

]

where E is the eigenmatrix given by (3.3.8).

The above representation for L can be assumed only when specific errors are of minor

importance. Otherwise we have

ΣD = LLT + Σǫ.

One should particularly notice that for the principal components solution the estimated

loadings do not change as the number of factors increase. Therefore, if we are determined

to keep the first m factors as the most appropriate model, the loadings matrix is given by

L =
[ √
λ1e1 |

√
λ2e2 | . . . |

√
λmem

]
.

17Some people think that PCA and Factor Analysis are the same because PCA method is used for the
estimation of matrix L.

18This is a realistic assumption only for the price of stocks in a equilibrium model as discussed in B.2
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The following property is important and concerns the factor loadings.

Property 3.5.1. The factor loadings in L are unique up to an orthogonal matrix P. Thus,

the matrices

L∗ = LP and L

correspond to the same representation for the matrix ΣD.

Proof. Let P be an orthogonal matrix so PPT = PTP = I. Then

D− µ = LF + ǫ = LPPTF + ǫ = L∗F∗ + ǫ

where L∗ = LP and F∗ = PTF. Since E (F∗) = PTE (F) = 0 by the construction of the

original factors and then

cov (F∗) = PTcov (F) P = PTIP = I.

Both rotated and unrotated variables have the same moments. In addition,

ΣD = LLT + Σǫ = LPPTLT + Σε = L∗L∗T + Σε

which means the variance-covariance matrix of the original variables can be generated from

different set of loadings.

Property 3.5.1 is very important for the notion of factor rotation which will be discussed

in a later section.

The choice of the correct number of factors for a model is usually arbitrary and there

are many criteria which can be used for the selection. For instance, one can consider the

residual matrix resulting from

Σ̂D − L̃L̃T − Σ̂ǫ

where L̃ is the sample factor loadings matrix estimated as EΛ
1

2 with a predetermined number

of factors. Since the diagonal elements are zero by construction we are concerned with the

off diagonal elements of the residual matrix. In case that this residual matrix is close to zero

we can assume that this chosen number of factors is adequate enough. More explicitly,

Sum of Squared Entries
(
Σ̂D − L̃L̃T − Σ̂ǫ

)
≤

K∑

j=m+1

λ̂2
j
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and thus if
∑K
j=m+1 λ̂

2
j , is small then the Sum of Squares of the residual matrix is small too

and we can consider L̃ to give a good approximation to the model.

Alternatively, one can consider the contribution of the ith factor to the total sample

variance, tr
(
Σ̂D

)
=
∑K
j=1 σ̂

2
j which is given by

K∑

j=1

l̃ji =
√
λ̂ie

T
i

√
λ̂iei = λ̂i

and thus the proportion of the total sample variance due to the ith factor is

λ̂i

tr
(
Σ̂D

) .

Sometimes the fraction above is used as a criterion in order someone to decide how many

factors should keep. Heuristically speaking, one tries to choose the minimum amount of

factors for the cumulative proportion of the total sample variance given by

j∑

i=1

λ̂i

tr
(
Σ̂D

) (3.5.2)

to be maximized.

In practice we use the standardized matrix D̃ which is given by D̃ = σ−1 (D− µ) where

σ =




σ̂1 0 . . .

0
. . .

... σ̂K




and where σ̂i is the sample standard deviation of the variable i which in our case is the log

of the total dividend of a company i. In that case, the sample variance-covariance matrix

is the sample correlation matrix R of the original observations DT. This is done in order

to avoid problems with variables that have a disproportionately big variance that it could

influence decisively our model.

One should notice that in case of using R the criterion given by (3.5.2) becomes

j∑

i=1

λ̂i
K
. (3.5.3)

Another heuristic criterion in case we use the sample correlation matrix R, is to choose the

number of factors to be equal to the number of eigenvalues that are greater than one.
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3.5.2 The Maximum-Likelihood Factor Analysis Model

In addition to the case mentioned in the section above, we can also have the case that factors

and errors are jointly normally distributed. In that case, factor loadings can be estimated

with the maximum likelihood procedure. The following Result is the basis for the analysis

that will follow.

Result 3.5.2. Assume that D−µ = LF + ǫ. In addition, assume that vectors F and ǫ are

normally distributed and independent of each other. Then, the centered variables D̃ = D−µ
are normally distributed with

D̃ ∼ NK

(
0,LLT + Σǫ

)

Proof. Since F ∼ Nm (0, I) then by Result 3.2.5 we have LF ∼ NK

(
0,LILT

)
= N

(
0,LLT

)
.

In addition, since ǫ ∼ NK (0,Σǫ) and independent of LF then by property 3.2.16 (3. ) we

have 


LF
−−−
ǫ


 ∼ NK+K


0,




LLT | 0
−−− | − −−

0 | Σǫ





 .

Because any linear combination is normal then by property 3.2.3 we have

LF + ǫ ∼ NK

(
0,LLT + Σǫ

)

and this completes this proof.

Result 3.5.2 is useful since it implies that when Ft and ǫt are jointly normal19 then Dt

is also normal and thus the likelihood is

L (µ,Σ) = (2π)−
(n−1)K

2 |Σ|−
(n−1)

2 e−
1
2

tr[Σ−1(
∑n

t=1
(xt−x̄)(xt−x̄)T)]

× (2π)−
K
2 |Σ|−

1
2 e(−

n
2 )(x̄−µ)TΣ−1(x̄−µ) (3.5.4)

where xt corresponds to the fixed set of observations for the original variable Dt and x̄ is the

estimated mean, i.e x̄ = 1
T

∑n
t=1 xt. Notice that this likelihood depends on L and Σǫ because

Σ = LLT + Σǫ in formula (3.5.4). Since the model is not unique by Property 3.5.1 we need

to impose the following uniqueness condition:

LTΣ−1
ǫ

L

19The subscript t denotes a particular case from a random sample e.g. X1,X2, . . . ,Xn being mutually
independent.
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should be equal to a diagonal matrix. The following result summarizes the maximum

likelihood factor model.

Result 3.5.3. Let D1,D2, . . . ,Dn be a random sample from NK (µ,Σ) where Σ = LLT+Σǫ

is derived from a representation of the form (3.5.1). The maximum likelihood estimators

L̂, Σ̂ǫ and µ̂ = x̄ maximize (3.5.4) subject to L̂TΣ̂−1
ǫ

L̂ being diagonal.

For a proof of the Result above and a more detailed exposition on this subject see Johnson

and Wichern ([33]).

The following Remark is important in practical applications of the model.

Remark 3.5.4. We can use also the sample correlation matrix R instead of Σ̂ in (3.5.4). In

practice, this will give the factor’s loadings L̂ and Σ̂ǫ that correspond to the initial variables

being standardized.

The following results are used directly in the simulations of the model and they are direct

consequences of the normality assumptions of this section.

Result 3.5.5. The individual factor scores are normally distributed i.e. fi ∼ N (0, 1) for

every i = 1, . . . ,m and fi is independent of fj for every i 6= j.

Proof. The proof is essentially the same with the proof of Result 3.4.2 and taking into account

the fact that F is normally distributed with E (F) = 0 and cov (F) = I.

Result 3.5.6. The log of the total dividend of a company i, denoted by lnDti is normally

distributed i.e.

lnDti ∼ N

µi,

m∑

j=1

l2ij


 .

Proof. Notice that lnDti = µi + lT
i ft where lT

i = (li1, . . . , lim) . Since Ft is assumed

normal, then by property 3.2.3, any linear combination is normal and therefore lnDti ∼
N (µi, var (lnDti)) . But since cov (F) = I we have that var (lnDti) =

∑m
j=1 l

2
ij.

Result 3.5.7. For every company i = 1, . . . , K we have

E
(
Dti
)

= eµi+

(∑m

j=1
l2
ij

)2

2

var
(
Dti
)

= e
2

(
µi+

(∑m

j=1
l2
ij

)2
)

− e2µi+
(∑m

j=1
l2
ij

)2

.
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The Result above is a restatement of Result 3.2.15. The other Results for the Log-

Dividend of the stock from section 3.2.1 remain the same under the normality assumptions

of this section.

3.5.3 Factor Rotation and The Oblique Model

From Property 3.5.1 we know that the matrix L is not unique. Surprisingly enough, this

could serve also as an advantage due to the concept of factor rotation. Factor rotation is

used in factor analysis for various reasons. First of all, a rotated factor loadings matrix

L∗ may help substantially in the interpretation of the results. Also, a further goal of factor

rotation is to achieve a simple structure for the factor model in question. In addition, oblique

rotation is extremely important since some factors could be significantly correlated as in our

initial model given by (3.2.1). In this section we will describe briefly the concept of factor

rotation since we use it in our simulations mentioned in later sections. For a more detailed

exposition on the subject we refer the reader to see Jackson ([31]) and Harman ([27]).

To begin with, let T denote an (m×m) rotation matrix so

TTT = Φ

where we impose only the requirement that the elements of the diagonal of Φ to be equal to

one. With a simple manipulation of this equation we can have

TTT = Φ

TTTT−1
(
TT

)−1
= ΦΦ−1

TTI
(
TT

)−1
= I

TT
(
TT

)−1
= I

and thus the factor model can be written as

D− µ = L
(
TT

)−1
TTF + ǫ

= L∗F∗ + ǫ (3.5.5)

where L∗ = L
(
TT

)−1
and F∗ = TTF.
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Equation (3.5.5) is the rotated factor model with

E
(
F∗F∗T

)
= E

(
TTFFT

)

= TTE (FF) T

= TTT

= Φ.

Notice that in case that T is an orthogonal matrix then (T−1)
T

= T and thus Φ = I as in

equation (3.5.1).

The objective is usually to optimize a function of the rotation matrix T or equivalently of

the rotated loadings L∗. The kind of optimization that takes place is based on the particular

objective that we have in mind. For instance, maximization of the objective takes place in

types of rotation that try to spread out the squares of the loadings on each factor as much as

possible (e.g. Varimax rotation see Kaiser ([35])). However, the majority of methods involve

the minimization of an objective function that measures the complexity of the pattern of

loadings in L∗. The rationale is that by minimizing the complexity function the rotation

procedure yields a rotated matrix L∗ with a simple pattern of loadings. 20

In the orthogonal case the objective is

f (T) = Q (L∗)

= Q (LT)

and the goal is to minimize f (T) over all orthogonal matrices T or equivalently minimize

Q (L∗) over all orthogonal rotations L∗of L subject to TTT = Φ = I which in turn imposes
m(m+1)

2
constraints on the transformation matrix T.

Example 3.5.8. (Rotation)

Many orthogonal rotation procedures try to maximize the following formula:

V =
m∑

j=1





K∑

i=1

(
l∗ij
)4 − c
K

(
K∑

i=1

l∗2ij

)2


 (3.5.6)

where c is an arbitrary constant. Kaiser ([35]) proposed the maximization of (3.5.6) with

c = 1. This is the famous so called Varimax rotation. In addition, Kaiser recommended the

20For a detailed discussion on this point we refer the reader to see Browne ([10]).
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rotated loadings to be scaled as follows:

l̃∗ij =
l∗ij√∑m
i=1 l

2
ij

. (3.5.7)

Equation (3.5.6) with c = 0 is the Quartimax rotation, with c = 1
2

is the Biquartimax

rotation and with c = m
2

becomes the Equamax rotation.

Actually, all the above mentioned orthomax rotation criteria belong into two more general

families, where one is known as the oblimin family and the other is known as the Crawford-

Ferguson (CF) family ([15]). Criteria that belong to the oblimin family try to minimize the

following formula

Q =
m∑

p<j=1

(
K
K∑

i=1

l∗2ij l
∗2
ip − c

K∑

i=1

l∗2ij

K∑

i=1

l∗2ip

)

which can be written equivalently in the following matrix form

Q (L∗) = (L∗2, (I− cC) L∗2N)

where C is a (K ×K) matrix with elements being equal to 1
K
, N is a square matrix with

zeros on the diagonal and one elsewhere and the outer parenthesis denotes the Frobenius

product.21 When the rotation is restricted in the orthogonal case the oblimin and orthomax

criteria are equivalent.22 The objective of the CF family in matrix form is

Q (L∗) = (1− κ) (L∗2,L∗2N) + κ(L∗2,ML∗2)

where M and N are square matrices with zeros on the diagonal and one elsewhere, and

0 ≤ κ ≤ 1. Alternatively, we can write this function more explicitly so

Q (L∗) = (1− κ)
K∑

i=1



m∑

j=1

m∑

p6=j
l∗2ij l
∗2
ip




︸ ︷︷ ︸
Row (variable) complexity

+κ
m∑

j=1



K∑

i=1

K∑

q 6=i
l∗2ij l
∗2
qj




︸ ︷︷ ︸
Column (factor) complexity

. (3.5.8)

Thus, CF criterion is a weighted sum of a measure of complexity of the K rows of L∗ and a

measure of complexity of the m columns of L∗. Higher values of κ assign greater weight to

factor complexity and less weight to variable complexity (See Browne ([10]) and Crawford

& Ferguson ([15])). By minimizing the complexity function given by 3.5.8 the rotation

21The Frobenius product of two same dimensions matrices is defined as (X,Y) = tr
(
X

T
Y
)
. In addition,

L
∗2 denotes the element wise square of L

∗.
22For more details on the oblimin family see Harman ([27]).
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procedure yields a rotated matrix with a simple pattern of loadings. It is important to

mention here that when restricted to orthogonal rotation the CF family is equivalent to the

oblimin family. Thus, in the CF family belong orthogonal criteria that they are equivalent

with the orthomax criteria. Examples include Quartimax (κ = 0), Equamax (κ = m
2K

) and

Varimax (κ = 1
K

).

�

In the oblique case the objective is

f (T) = Q (L∗)

with L∗ = L
(
TT

)−1
. The goal is to minimize f (T) over all matrices T 23 or equivalently

minimize Q (L∗) over all oblique rotations L∗of L subject to TTT = Φ where the elements

on the diagonal of Φ equal one. This imposes m constraints on the transformation matrix

T. Note that since fewer constraints are imposed in the oblique rotation case, it is generally

possible to obtain a lower value for the complexity objective and therefore a greater simplicity

for the patterns of loadings. For more details on the procedure mentioned above and the

computational aspects of the techniques involved we refer the reader to see Bernaards &

Jennrich ([4]) and Jennrich ([32]).

In addition, sometimes the weighting of the rows of the initial loading matrix prior

to rotation improves the rotated solution. For instance, in example 3.5.8 we mentioned

the Kaiser standardization procedure. Alternatively, Cureton-Mulaik ([16]) standardization

assigns weights between 0 and 1 to the rows of the loadings matrix using a complicated

function of the original matrix.24

Usually optimization happens in gradient matrices (GP algorithms, see Bernaards &

Jennrich ([4])). Moreover, there are many options for the initial Rotation matrix T. A typical

choice is to take T = I. An alternative choice is to start with an initial random matrix T or

to start with a initial matrix T resulting from an earlier application of a different rotational

technique in order to avoid the presence of any local minima.

Remark 3.5.9. Rotation loadings are not invariant with the change in the number of factors

as is the unrotated version of the factor model.
23Usually we also impose the requirement of T to be a normal matrix i.e. T has columns of length one.

This is done in order projection to be easier in Gradient Projections algorithms. See Bernaards & Jennrich
([4]).

24However, both methods may lead to instability of the results when
∑m
i=1 l

2
ij is small. As an example see

equation (3.5.7).
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The following two examples deal with two criteria for oblique rotations.

Example 3.5.10. (Oblimax)

Oblimax is one of the criteria that is used frequently in factor analysis for the case of

oblique rotation (see Harman ([27]) and Saunders ([44])). One has to maximize the following

objective

K (L∗) =

∑m
j=1

∑K
i=1

(
l∗ij
)4

(∑K
i=1 l

∗2
ij

)2 (3.5.9)

which can be interpreted as the Kurtosis of the frequency distribution of the rotated factor

loadings. The rationale is that as (3.5.9) is maximized the relative frequencies of near zero

and very large loadings are increased at the expense of the intermediate loadings.

Equation (3.5.9) can be written also in the following form:

K (L∗) =
(L∗2,L∗2)

(L,L)2
=
||L∗2||2

||L∗||4

where ||L∗|| = (L∗,L∗)
1
2 is the Frobenius norm of L∗, and L∗2 is the element-wise square of

L∗. Alternatively, it is computationally convenient to minimize the following expression:

Q (L∗) = −ln [V (L∗)] = − ln
∣∣∣
∣∣∣L∗2

∣∣∣
∣∣∣
2

+ 2ln ||L∗||2 .

Notice that in the orthogonal case the denominator of (3.5.9) is invariant under any

orthogonal transformation. This is true because in the orthogonal case we require TTT = I,

so (L∗,L∗) = tr(L∗TL∗) = tr(L∗L∗T) = tr(LTTTLT) = tr(LLT) and thus is invariant in any

transformation matrix T. �

Example 3.5.11. (Simplimax)

The goal of Simplimax rotation, (see Kiers ([39]) and Jennrich ([32])), is to produce a

loadings matrix L∗ so that a predetermined number of small loadings is close to zero as much

as possible. The objective can be written as

Q (L∗,W) = ‖W · L∗‖2

where W is a matrix of zeros and ones with exactly p ones. Minimizing Q (L∗,W) over all

oblique rotations L∗ of an initial matrix produces a rotated matrix L∗ with small values in

the positions defined by W. Minimizing Q (L∗,W) over all oblique rotations L∗ and all W

that has exactly p ones, produces a rotated matrix L∗ with small values in the p unspecified
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positions. Then the rotated matrix L∗ is a Simplimax rotation of L. Finally, we need to note

that the matrix W that minimizes Q (L∗,W) for a given L∗ is that one that has ones in the

positions of the p smallest in magnitude elements of L∗. �

3.5.4 Factor Scores

As we mentioned before the factor analysis model is a special model where the factors in F

are unobservable quantities. Therefore, in the estimation of the factor values (the so-called

factor scores) we implicitly assume that the estimated factor loadings and specific variances

are the true values. We will briefly mention below some techniques that are used frequently

in the estimation procedure of factor scores.

Weighted Least Squares Method

First of all we need to notice that the variances in the factor model given by (3.5.1) are not

equal. Based on this Bartlett ([3]) has suggested that the estimates of factor scores should

be computed with the weighted least squares method. Analytically, we have

K∑

i=1

ǫ2i
σ2
ǫi

= ǫTΣ−1ǫ = (D− µ− LF)T Σ−1
ǫ

(D− µ− LF) (3.5.10)

where Bartlett proposed to choose f̂ in order to minimize (3.5.10). Therefore, the solution

is given by

f̂t =
(
L̂TΣ̂−1

ǫ
L̂
)−1

L̂TΣ̂−1
ǫ

(D− µ̂) , t = 1, . . . , T.

In the maximum likelihood case we impose also the requirement that L̂TΣ̂−1
ǫ

L̂ is a diagonal

matrix.

Remark 3.5.12. In case that we use the rotated loadings given by L̂∗ the factor scores are

given by f̂t = TTf̂t.

The Regression Method

The following result is useful in the presentation of the regression method.

Result 3.5.13. Let F and ǫ be jointly distributed. Then the conditional distribution of F

given the values D = x is multivariate normal with

E (F|x) = LT
(
LLT + Σǫ

)−1
(x− µ) (3.5.11)
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and

cov (F|x) = I− LT
(
LLT + Σǫ

)−1
L. (3.5.12)

Proof. From Result 3.5.2 we know that

D− µ ∼ NK

(
0,LLT + Σǫ

)

and therefore



F
−−−
D− µ


 ∼ Nm+K







0
−−−
µ


 ,




I | LT

−−− | − −−
L | LLT + Σǫ





 .

The formulas given by (3.5.11) and (3.5.12) follow by a direct application of Property

3.2.17.

The mean given by (3.5.11) is called the “linear regression function” (see Johnson &

Wichern ([33]) p. 404) and thus the values LT
(
LLT + Σǫ

)−1
are the coefficients in a

multivariate regression of the factors on the variables. Given the observed values xt and

taking the maximum likelihood estimates L̂ and Σ̂ǫ as the true values we have

f̂t = L̂T
(
L̂L̂T + Σ̂ǫ

)−1
(xt − x̄) , t = 1, . . . , T

where x̄ = 1
T

∑T
t=1 xt. It is customary to use the original sample covariance matrix S instead

of L̂L̂ + Σ̂e in order to avoid the effect of a possible incorrect determination on the number

of factors. In that case the factor scores obtained by the regression method are given by

f̂t = L̂TS−1 (xt − x̄) , t = 1, . . . , T.

Similarly, rotated factor scores are calculated by f̂∗t = TTf̂t, t = 1, . . . , T .

The following remark gives an expression that relates the two methods.

Remark 3.5.14. We can start with the following identity

L̂T
(
L̂L̂T + Σ̂ǫ

)−1
=
(
I + L̂TΣ̂−1

ǫ
L̂
)−1

L̂TΣ̂−1
ǫ

and thus

f̂R
t =

(
I + L̂TΣ̂−1

ǫ
L̂
)−1

L̂TΣ̂−1
ǫ

(xt − x̄)

or
(
I + L̂TΣ̂−1

ǫ
L̂
)

f̂R
t = L̂TΣ̂−1

ǫ
(xt − x̄) .
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Since

f̂WLS
t =

(
L̂TΣ̂−1

ǫ
L̂
)−1

L̂TΣ̂−1
ǫ

(xt − x̄)

we have

f̂WLS
t =

(
L̂TΣ̂−1

ǫ
L̂
)−1 (

I + L̂TΣ̂−1
ǫ

L̂
)

f̂R
t

=
((

L̂TΣ̂−1
ǫ

L̂
)−1

+ I
)

f̂R
t .

In maximum likelihood case, if the diagonal elements of
(
L̂TΣ̂−1

ǫ
L̂
)−1

are close to zero then

both methods will give nearly the same results.

The following example appears in Johnson & Wichern ([33]) and illustrates a simple

approach for constructing factor scores with an intuitive property.

Example 3.5.15. (Grouping of variables)

We can construct factors as follows

f̂ tj =
K∑

i=1

Fijz
t
i

where

Fij =





1 if lij ≥ lc
−1 if lij ≤ −lc
0 if lc < lij < lc

and lc denotes a predetermined positive critical value. Also zti is the standardized version

of xti (the observed variable). For instance, we can choose lc = 0.4, so for each factor we

sum the observed standardized variables that have loadings greater than 0.4 in magnitude.

The choice of this critical value is quite subjective and usually it depends on the problem at

hand. �
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CHAPTER 4

CALIBRATION

4.1 Empirical Results for the PCA Dividend Factor
Model

4.1.1 Construction of the Principal Components

Generally speaking, high correlations between macroeconomic variables is not a problem

in the PCA regression framework as explained in section 3.3.2. Therefore, we can include

two or more macroeconomic variables that are highly correlated and use PCA regressions in

order to exploit any extra information that is included in these additional variables. Having

that in mind, we tried to construct Principal Components from an extensive and in many

cases overlapping set of macroeconomic variables that can influence the magnitude of the

dividends. Although there exists an extensive literature using macroeconomic factors that

influence stock price valuation, it has rarely been done for dividends. In addition to the

specific profits and earnings of the companies which are the primary forces of dividend

valuation, there must be some other direct or indirect macroeconomic factors that influence

dividend valuation in general. Moreover, according to many stock valuation models such as

the expected discounted dividends model the price of the stock of a company is based on

the magnitude of its dividends. Thus it might be also possible that the same factors that

have been used extensively in the past to explain the prices of stocks to be used again in

order to explain the magnitude of the dividends. Therefore, we have been highly motivated

to include in our analysis some of the most prominent factors that have been used in some

seminal papers in order to explain stock price formation. Toward that end, we used two sets

of original macroeconomic variables. The first case, is the more exhaustive one. We have

used 22 variables which could have influence dividend formation. Most of the variables in the

first set are well documented in the financial literature from prominent academics to have
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influenced stock prices. However, in this set we have also included some other macroeconomic

variables and indicators that possibly influence or predict dividend formation. In the second

case, we have used a more parsimonious set of variables that were documented in the past

to have an impact in stocks.

In the first set of variables we have included the Chen, Roll and Ross (C&R&R) factors

such as Real Interest Rate, Term Structure, Risk Premium, Industrial Production Growth,

Inflation and Oil Prices Growth (see their paper ([12]) for more details). All of these factors

were constructed using the methodology mentioned in that paper. It was not always possible

for some of the basic series used in that paper to be obtained from the same sources. In such

cases sensible alternative sources were used and series were obtained. For example, we used

the 10-Year Treasury Constant Maturity Rate as the alternative for their Long Government

Bonds variable which we obtained from FRED® (Federal Reserve Economic Data)1. In

addition, we have included the three well known factors from Fama & French (F&F) ([21])

combined with the Momentum factor which is calculated and provided also from them.

Moreover, following Cochrane ([13, 14]), we have included an investment and unemployment

variable in our set of variables. Finally, we have included variables such as GDP growth, Real

Personal Consumption Expenditures and Profits. Table 4.1 provides information about the

whole set of original variables that were included in the PC calculation.2 We mention here

two important points. The first point is that we have transformed each original variable, for

example calculating growth from a basic series, in order to make every series to be stationary.

Toward that end, we employed Dickey-Fuller Tests in order to test for any possible unit

roots. The second point is that the variables are not enumerated under the same units of

measurement. Therefore, used the correlation matrix in the PC calculation instead of the

covariance matrix. Use of the correlation matrix ensures the problem is overcome.

In the second set of variables we included only the C&R&R factors that are found to

be significant in their paper. In our case, we used only the observable inflation instead the

unexpected and expected versions used in their seminal paper. In addition, we used GDP

growth, Personal Consumption and Investment since it is the mainstream view that these

1This substitution was necessary since there is an interruption for a couple of years in the supply of Long
Term Government Bonds in U.S.

2TB, LGB, Baa, OS, OP, IP variables were used only in order to calculate derived series and there
were not used directly in the calculation of PC. The other 22 variables were used directly as input in the
calculation of our PC.
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Table 4.1: Glossary and Definitions of Variables (22 Macroeconomic Variables)

Symbol Variable Definition or Source

Basic Series

I Inflation Log relative of U.S. Consumer Price Index

TB Treasury Bill Rate End-of-period return on 3-month bills;

FRED® (Federal Reserve Economic Data)

LGB Long Term Government Bonds 10-Year Treasury Constant Maturity Rate;

FRED® (Federal Reserve Economic Data)

Baa Low-grade bonds Return on Baa Rated bonds ; (Moody’s

Seasoned Baa Corporate Yield)

OS Oil Prices (SPOT) FRED® (Federal Reserve Economic Data)

RPCE Real Personal Consumption Expenditures FRED® (Federal Reserve Economic Data)

RPDI Real Personal Disposable Income FRED® (Federal Reserve Economic Data)

GDP Gross Domestic Product (Growth) FRED® (Federal Reserve Economic Data)

OP Output Productivity U.S. Bureau of Labor Statistics

IP Industrial Production Industrial Production during Month;

FRED®(Federal Reserve Economic Data)

UR Unemployment Rate U.S. Bureau of Labor Statistics

REXP Real Exports of Goods & Services U.S. Bureau of Economic Analysis

NEXP Real Net Exports U.S. Bureau of Economic Analysis

CP Corporate Profits After Tax (Growth) U.S. Bureau of Economic Analysis

NDIV Net Corporate Dividends (Growth) U.S. Bureau of Economic Analysis

MCSI University of Michigan Inflation Expectation Survey Research Center: University of

Michigan

PMI Purchasing Managers Index Institute for Supply Management

Derived Series

YP(t) Annual Growth, Industrial production ln[IP(t)/IP(t-12)]

MOM Momentum Fama & French; (WRDS: Wharton Research

Data Services)

SMB Small minus Big Fama & French; (WRDS)

HML High minus Low Fama & French; (WRDS)

INV Real Gross Private Domestic Investment U.S. Bureau of Economic Analysis

OPG(t) Output Productivity (Growth) ln[OP(t)/OP(t-12)]

OG Oil Prices (Growth) Annual growth on Real Prices

MKT-RF Risk Premium (F&F) Fama & French; (WRDS)

UTS(t) Term Structure LGB(t)-TB(t-1)

UPR(t) Risk Premium (C&R&R) Baa(t)-LGB(t)

RHO(t) Real Interest (ex post) TB(t-1)-I(t)
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Table 4.2: Glossary and Definitions of Variables (7 Macroeconomic Variables)

Symbol Variable Definition or Source

Basic Series

I Inflation Log relative of U.S. Consumer Price Index

TB Treasury Bill Rate End-of-period return on 3-month bills;

FRED® (Federal Reserve Economic Data)

LGB Long Term Government Bonds 10-Year Treasury Constant Maturity Rate;

FRED® (Federal Reserve Economic Data)

Baa Low-grade bonds Return on Baa Rated bonds ; (Moody’s

Seasoned Baa Corporate Yield)

RPCE Real Personal Consumption Expenditures FRED® (Federal Reserve Economic Data)

GDP Gross Domestic Product (Growth) FRED® (Federal Reserve Economic Data)

IP Industrial Production Industrial Production during Month;

FRED® (Federal Reserve Economic Data)

Derived Series

YP(t) Annual Growth, Industrial production ln[IP(t)/IP(t-12)]

INV Real Gross Private Domestic Investment U.S. Department of Commerce: Bureau of

Economic Analysis

UTS(t) Term Structure LGB(t)-TB(t-1)

UPR(t) Risk Premium (C&R&R) Baa(t)-LGB(t)

particular variables could have a significant influence in the formation of the total dividends

of a company. Table 4.2 provides information about this second set of original variables.3

In the calculation of Principal Components we used data from the years: 1963-2006. In

the extensive case of 22 variables we used the first 15 PC in our regressions. This choice is

not only based on the eigenvalues that appear in Table 4.3 but is also based on feedback

from the regressions results (see section 3.3.2). Additionally, this number explains most of

the variation as it appears in Table 4.4. In our case interpretation is difficult because we use

a relatively large amount of companies and variables and therefore it is purposefully omitted.

What is more important in our case is the normality assumption of the Principal Components

as some of our simulations are directly based on that assumption as Result 3.4.2 indicates.

3TB, LGB, Baa, IP variables were used only in order to calculate derived series and there were not used
directly in the calculation of PC. The other 7 variables were used directly as input in the calculation of our
PC.
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Table 4.3: Eigenvalues PC 22 Variables

Number Value Proportion Cumulative Proportion

1 4.683 0.213 0.213
2 4.141 0.188 0.401
3 2.562 0.116 0.518
4 1.901 0.086 0.604
5 1.433 0.065 0.669
6 1.246 0.057 0.726
7 1.094 0.050 0.775
8 1.002 0.046 0.821
9 0.851 0.039 0.860
10 0.663 0.030 0.890
11 0.591 0.027 0.917
12 0.410 0.019 0.935
13 0.360 0.016 0.952
14 0.240 0.011 0.963
15 0.215 0.010 0.972

Toward that end we have employed Q-Q plots in order to inspect whether there are some

significant deviations from normality. In Q-Q plots points around a straight line indicate that

the data is probably normal (for more information on these plots we refer the reader to see

Johnson & Wichern ([33]) Chapter 4). Figure 4.1 provides a concise picture for the entire 22

PC. As we see in this figure there are only 3 or 4 out of 22 PC that deviate substantially from

the straight line. Alternatively, Figure 4.2 provides separate Q-Q plots for the first 20 PC.

Eye-ball inspection of these single graphs sheds some important doubts about the following

PC4: Z1, Z2, Z8, Z10, Z11 and Z12. Therefore, normality tests have been employed for all

22 PC in order to check the normality assumption. Furthermore, the Anderson-Darling Test

reveals that normality can be rejected for all the variables mentioned above except Z10.

However, according to the Kolmogorov-Smirnov test we can reject the normality assumption

only for the three following PC: Z2, Z8, Z11. Moreover, in our case we need to check if the

multivariate assumption indicated by Result 3.4.1 is valid. In practice, there are no “good”

and reliable tests to examine joint normality for more than two dimensions. However, for

4Here conventional notation applies i.e. Z1 denotes first PC, Z2 denotes second PC and so forth.
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Table 4.4: Correlation Matrix (R) 22 Variables

MKT-RF SMB HML RHO UTS UPR MOM GDP YP I OP OG INV RPCE RDPI UR CP NDIV REXP NEXP PMI MCSI

MKT-RF 1.00

SMB 0.17 1.00

HML -0.08 -0.01 1.00

RHO 0.26 -0.10 0.12 1.00

UTS 0.18 0.02 -0.01 0.22 1.00

UPR 0.16 0.11 0.26 0.37 0.32 1.00

MOM -0.04 -0.23 -0.06 -0.03 0.00 -0.38 1.00

GDP 0.00 -0.02 -0.06 -0.15 0.17 -0.32 -0.01 1.00

YP 0.37 0.07 -0.07 0.05 0.34 -0.04 -0.10 0.69 1.00

I -0.29 0.07 -0.02 -0.59 -0.36 -0.16 0.19 -0.21 -0.39 1.00

OP 0.42 0.13 0.02 0.30 0.05 0.09 -0.09 -0.15 0.18 -0.40 1.00

OG -0.15 -0.10 0.06 -0.52 0.03 -0.08 0.35 0.16 0.06 0.37 -0.35 1.00

INV 0.04 -0.16 0.05 -0.18 0.28 -0.11 -0.05 0.72 0.50 -0.20 -0.25 0.16 1.00

RPCE 0.09 0.03 0.01 0.09 0.29 -0.16 -0.05 0.88 0.75 -0.41 0.08 0.09 0.55 1.00

RDPI 0.34 0.13 -0.06 0.23 0.02 -0.01 -0.29 0.43 0.65 -0.41 0.49 -0.28 0.22 0.59 1.00

UR 0.21 0.14 0.17 0.39 0.44 0.55 -0.18 -0.06 0.17 0.09 -0.06 -0.19 0.02 -0.04 0.07 1.00

CP 0.10 0.12 0.04 -0.10 0.37 0.31 -0.27 0.02 0.18 -0.26 -0.07 0.18 0.26 -0.04 -0.04 0.12 1.00

NDIV 0.44 0.28 0.00 -0.20 0.32 0.37 -0.25 0.01 0.23 0.03 -0.05 0.20 0.01 -0.03 0.11 0.33 0.43 1.00

REXP -0.05 -0.41 -0.05 -0.52 -0.06 -0.51 0.05 0.36 0.12 0.25 -0.30 0.29 0.34 0.09 -0.15 -0.33 0.01 0.10 1.00

NEXP 0.01 0.02 -0.08 -0.24 -0.06 -0.15 -0.02 -0.14 -0.17 0.16 0.05 0.09 -0.34 -0.16 0.05 -0.27 -0.05 0.36 0.27 1.00

PMI -0.32 -0.14 -0.09 -0.57 0.10 -0.52 0.15 0.67 0.19 0.13 -0.31 0.35 0.56 0.45 -0.04 -0.33 0.06 -0.04 0.59 0.03 1.00

MCSI -0.02 -0.17 -0.16 0.05 0.14 -0.35 0.21 0.58 0.29 -0.56 0.06 0.02 0.48 0.61 0.24 -0.50 0.09 -0.19 0.19 0.02 0.46 1.00
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Figure 4.1: Q-Q Plot PC 22 Variables

most practical purposes, univariate and bivariate investigations are adequately sufficient. For

the bivariate case we have employed scatterplots with confidence ellipses (at 99% level) for

all the pairs of PC. Figure 4.3 provides a sample of pairwise scatterplots between some PC

with their respective confidence ellipses. One should immediately notice here that almost all

of the points are inside of the ellipses which is an indication that these variables are jointly

normal. Figure 4.4 provides all the pairwise combinations for the 22 PC case. Theoretically

speaking, there always exist the following possibility: a particular data set to appear normal
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Figure 4.2: Q-Q Plots 22 PC Separate Graphs

in the first two dimensions but to have non-normal aspects in higher dimensions. However,

such pathological data sets that appear normal in lower dimensions but they are non-normal

in higher dimensions are very rare in practical applications.5 Having mentioned all that, we

would like to also mention that our objective is not to prove beyond any doubt that our

calculated PC are almost certain to be described by a joint normal distribution but rather

to illustrate the point that the assumption that most of the PC are jointly normal is not

5For more details on this issue we refer the reader to see Johnson & Wichern ([33]) chapter 4.
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Figure 4.3: Scatterplots: Checking for Bivariate Normality (A Sample for the 22 PC case)

entirely unrealistic. Thus, we believe that for theoretical simulations purposes the normality

test results mentioned above are quite encouraging and sufficient for our particular case.

Moreover, it is also important here to mention the fact that for more specific practical

purposes one might also consider to use various transformations in order normality of data

to be achieved (see section 4.8 in Johnson & Wichern [33]).

In the calculation of Principal Components of the second case (7 variables) we used data

from the years: 1962-2006. Table 4.5 provides a summary for the eigenvalues of the PCA

performed in the second case. As this table illustrates, the last PC has a small eigenvalue that

does not account for a significant amount of the correlation matrix shown in Table 4.6. More

specifically, the cumulative proportion for the first six principal components as measured by

equation (3.5.3)6 is 99% of the total variation. However, in our regression analysis discussed

later, we decided to keep this component as it accounts for some considerable variation in

the total dividends of many companies.7 This is also true for the sixth Principal Component

6This formula was encounter in Section 3.5.1 for PC Factor Analysis but is also used to measure cumulative
proportion in PCA.

7We refer again for more details on the issue of choice for retaining PC in regression analysis to section
3.3.2.
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since the first five PC explain approximately 95% of the total variation. However, in this

case we have an additional reason to keep this PC in the regression equation mentioned

below.

In the first case, interpretation was difficult if not impossible and was purposefully

avoided. However, in this parsimonious second case, an interpretation was attempted based

on the calculated eigenvectors mentioned in Table 4.7. We have also used the estimated

correlations between the original macro variables and the resulting Principal Components

(see Lemma 3.3.1). Table 4.8 provides a summary for these correlations. Needless to say, this

interpretation is quite subjective and not unique as always is the case in Principal Component

Analysis. According to Table 4.7, the first PC loads heavily on GDP growth (GDP),

industrial production (YP), investment (INV) and Consumption (RPCE). In addition, as

Table 4.8 indicates, the first PC is highly correlated with all these variables. Therefore, we

can interpret this variable as an “economy “ or “expansion” factor. The second PC loads

heavily on the Term Structure (UTS) and Risk Premium (URP) and it has considerable

negative loads on both GDP and inflation (I). Thus, it can be considered as a “risk” or

“recession” factor. The third PC loads heavily on INV and I variables and hence it can be

considered as an “economy investment” factor. Although interpretation is quite difficult for

the fourth factor one should notice the magnitude and the opposite loadings in UTS and

UPR. This may be indicative that this PC is closely related with high long-term interest

rates and thus it might be considered as an “anticipated inflation” factor. Similarly, an easy

interpretation is also difficult for the fifth PC. This PC is characterized from a large loading in

inflation and industrial production, an even larger loading in magnitude but opposite in sign

Table 4.5: Eigenvalues PC 7 Variables

Number Value Proportion Cumulative Proportion

1 3.400 0.486 0.486
2 1.501 0.214 0.700
3 0.751 0.107 0.807
4 0.533 0.076 0.884
5 0.479 0.069 0.952
6 0.271 0.039 0.991
7 0.065 0.009 1.000
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Figure 4.4: Scatterplots: Checking for Bivariate Normality (Lower Triangular Matrix 22
PC case)

for investment, neutral loading on GDP growth and a considerable loading in consumption.

Those facts are probably describing an export of capital and thus the PC could be considered
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Table 4.6: Correlation Matrix (R) 7 Variables

UTS UPR GDP YP I INV RPCE

UTS 1.000
UPR 0.315 1.000
GDP 0.174 -0.342 1.000
YP 0.343 -0.053 0.690 1.000
I -0.360 -0.126 -0.233 -0.392 1.000

INV 0.278 -0.110 0.705 0.495 -0.195 1.000
RPCE 0.287 -0.183 0.878 0.749 -0.416 0.544 1.000

as “capital flight” or an “investment abroad” factor. On the contrary, the task of interpreting

the sixth PC is a lot easier and this is one of the reasons that is included in the regression

analysis regardless of its small eigenvalue as it was mentioned above. This PC loads heavily

on consumption, has a very large negative loading on industrial production. In addition,

it has a considerable loading on GDP and a considerable negative loading on investment.

Hence, we can interpret this PC as an “consumption-driven expansion” factor. Finally, the

last PC is insignificant as mentioned above, and thus it is not attempted to be interpreted

at all.

In a similar spirit with the first case mentioned above we test for the joint normality of

all the PC starting from the univariate case. Figure 4.5 provides the Q-Q plot for all the

PC combined in one graph. As this picture indicates one or two PC deviate considerably

from their straight lines. This is more clearly illustrated in Figure 4.6 where separate Q-Q

Table 4.7: Eigenvectors (loadings) 7 PC

Variable PC 1 PC 2 PC 3 PC 4 PC 5 PC 6 PC 7

UTS 0.236 0.557 0.263 -0.660 0.349 0.072 -0.042
UPR -0.091 0.671 0.315 0.621 -0.122 0.181 -0.098
GDP 0.489 -0.264 0.107 0.087 0.013 0.347 -0.743
YP 0.460 0.054 -0.059 0.326 0.409 -0.713 -0.012
I -0.273 -0.392 0.744 0.100 0.444 0.032 0.101

INV 0.405 -0.087 0.499 -0.126 -0.674 -0.235 0.233
RPCE 0.497 -0.076 -0.116 0.199 0.213 0.526 0.610
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Table 4.8: Correlations between PC & Variables (ρ̂zi,xj)

Variable PC 1 PC 2 PC 3 PC 4 PC 5 PC 6 PC 7

UTS 0.44 0.68 0.23 -0.48 0.24 0.04 -0.01

UPR -0.17 0.82 0.27 0.45 -0.08 0.09 -0.03

GDP 0.90 -0.32 0.09 0.06 0.01 0.18 -0.19

YP 0.85 0.07 -0.05 0.24 0.28 -0.37 0.00

I -0.50 -0.48 0.65 0.07 0.31 0.02 0.03

INV 0.75 -0.11 0.43 -0.09 -0.47 -0.12 0.06

RPCE 0.92 -0.09 -0.10 0.15 0.15 0.27 0.16

plots for all the variables are provided. In this last figure we can see more clearly that Z1

and Z4 exhibit patterns that are not consistent with a normal distribution. The normality

tests that have been employed in the previous case confirmed what these Q-Q plots indicated.

According to both Anderson-Darling and Kolmogorov-Smirnov tests, Z1 and Z4 are probably

not normal. However, all other variables pass both normality tests. Finally, for the bivariate

case, scatterplots for all the pairwise combinations of these seven PC have been employed

and the corresponding graphs can be found in Figure 4.7.Similarly to the previous case, these

scatterplots indicate that bivariate normality is not a totally unrealistic assumption given

the limitations that are inherent in our specific data sets.

4.1.2 The Problem of Stationarity and Detrending the Data

In section 4.1.1 we mentioned the fact that we have transformed each original variable in

order to make every series stationary.8 The implication was that the resulting PC were

also stationary. This is important for two main reasons. First of all, the results of classical

econometric theory are derived under the assumption that variables of concern are stationary.

Standard techniques are largely invalid where data is non-stationary since large sample theory

is of no use if the variance does not converge to a constant (see assumption 3 on page 38).

The other main problem is that if two series are growing over time, they can be correlated

8By the term stationarity we implicitly mean weak stationarity. For additional details see again
Result 3.2.8 on page 32.
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Figure 4.5: Q-Q Plot PC 7 Variables

even if the increments in each series are uncorrelated. Thus we can regress a (non-stationary)

variable against another (non-stationary) variable and get significant t-statistics and large

R2 even in cases when these variables are totally unrelated. Spurious correlation is the term

that is used in time-series econometrics in order to describe this particular kind of problem

that is created from non-stationary time series.9

Given the non-stationarity issue, we were forced to avoid non-stationary problems on

9A clear and easy introduction to this issue can be found in Thomas ([49]).
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Figure 4.6: Q-Q Plots 7 PC Separate Graphs
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Figure 4.7: Scatterplots: Checking for Bivariate Normality (Lower Triangular Matrix 7
PC case)

both sides of the regression equation. As mentioned above we employed Dickey-Fuller

Tests in order to test for any possible unit roots in any series that we have used in our
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analysis. According, to those tests all the macroeconomic variables were stationary after the

appropriate transformation took place whenever this was necessary. However, for the total

dividends of the companies the stationarity correction was of particular importance and this

is a separate issue on its own. This is so because there are two types of trends that can make

a series non-stationary. One is the deterministic type of trend. For example one can have

the following equation

Yt = α+ βt+ φ1Yt−1 + εt

where t denotes a time variable (index in many cases) and |φ1| < 1. The other type is the

stochastic trend where, for example, we can have an equation of the form

Yt = α+ Yt−1 + εt.

A correction for the former deterministic type would be to subtract the estimated β̂t term

from the right side in order to make that series stationary. A common correction for the

latter stochastic type is to take first differences of the series i.e.

∆Yt = Yt − Yt−1

and this is exactly what we have done for dividends in section 4.2.1. However, in our PCA

regressions we deliberately chose to consider that the dividends data set has a deterministic

trend and we applied a deterministic transformation instead of taking the first difference

again. This particular choice is based on various reasons that we mention below.

First of all, we mention that in practical applications, it is very difficult to distinguish

whether a series has a deterministic or a stochastic type of trend. More importantly, there

is significant literature on the issue of whether dividends follow one or the other type of

trend (see Barucci [11] and the references therein). Although this is still an open question, a

large number of researchers argue that dividends have a deterministic trend (Barucci ([11])

and DeJong & Whiteman ([17])). In addition, the issue of the stationarity type is closely

connected with the issue of the Efficient Markets Hypothesis (DeJong & Whiteman [17]). One

of the reasons is that in his seminal paper Robert Shiller ([45]) assumed that dividends have a

deterministic trend where he found prices to be too volatile to be consistent with the Efficient

Market Hypothesis. A debate immediately started whether the real aggregate dividends series

had a deterministic or a stochastic trend. If the real dividends series had a deterministic
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trend then Shiller’s volatility tests showed that EMH was false. On the contrary, if the series

had a stochastic trend there were no serious doubts yet that significantly questioned the

Efficient Market Hypothesis. Thus, given our particular context there is a strong motivation

to use a deterministic-trend approach which will be consistent with Shiller’s line of attack.

Moreover, this cannot be considered as a totally unrealistic assumption since most of the

available literature points to that direction. Finally, since we have assumed a stochastic trend

in the Factor Analysis model, we have decided to assume a deterministic trend in the PCA

model.

In our specific case we collected the total dividends distributed by 33 companies for

the years 1976-2006.10 This data was obtained from Standard & Poor’s Compustat®

Databases through Wharton Research Data Services (WRDS) access. Table 4.9 provides

the list with the names and symbols of these companies. We used the CPI in order to

transform the dividends series in real terms for each company. Moreover, we applied the same

detrending technique Shiller applied in his 1981 paper ([45]) to each company separately.

More specifically, we estimated the following equation for every company

ln (Dt) = α+ βt+ εt

where conventional notation applies. Afterward, the estimated coefficients β̂ were used in

dt = Dte
−β̂(t+1−T ) (4.1.1)

where dt denotes the detrended series and T denotes the base year for detrending. This

rescaling of the dividends series as it appears in (4.1.1) has also the effect of eliminating any

heteroscedasticity due to any increase in the size of the market.

First of all, in the empirical implementation of the results, we note that 4 out of 33

companies (MCK, HAL, IBM and GM) appear to have a stationary log-dividend series after

deflating them with the CPI. This fact also contributes to a well-known argument that exists

in the literature and suggests that real economic variables tend to have a deterministic trend

rather than a stochastic trend. Moreover, the dividends data appears stationary according to

plots and unit-root regressions after detrending which is applied with 4.1.1. We mention here

10This particular period was chosen due to the following reasons. First of all, availability is limited for
this type of data. In addition, the quality of data deteriorates significantly in previous years due to splits,
mergers, acquisitions, etc.
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Table 4.9: List of Companies & Symbols

Symbol Name Symbol Name

AA Alcoa, Inc. EMR Emerson Electrical
AXP American Express PEP Pepsico
AIG American International Group, Inc. MO Altria Group Inc.
BA Boeing Co. COP ConocoPhillips

CAT Caterpillar Inc. PG Proctor & Gamble
CVX Chevron MRK Merck Co Inc.
DIS Walt Disney XOM Exxon Mobil
DD EI DuPont de Nemours KO Coca Cola
GE General Electric F Ford
GM General Motors IBM International Business Machines
HAL Halliburton JNJ Johnson & Johnson
MER Merrill Lynch MCD MacDonald’s
BAC Bank of America MMM 3M Company
PFE Pfizer Inc. MCK Mckesson
JPM J. P. Morgan Chase RTN Raytheon
HPQ Hewlett-Packard UTX United Technologies
HON Honeywell International Inc.

that even after detrending we cannot reject the Dickey-Fuller Tests at 5% significant level

for most of the companies. It is very probable that the reason according to which we cannot

reject the null hypothesis of the unit root is that our sample is very small. However, plots

and unit roots regressions for the vast majority of the companies suggest that the data series

is stationary after this specific detrending takes place. Finally, pre-whitening of the series

is applied to companies that have a significant autoregressive component. The procedure is

similar to that referred in section 4.2.1.

4.1.3 PCA Regression Results

The final step in our PCA Dividends Factor Model was to estimate the coefficients ξ′ijs for

equation (3.4.1) on page 56. Toward that end, we used the resulting PC under the analysis

mentioned in section 4.1.1. In addition, we used the series from the detrended total dividends

of the companies under the analysis mentioned in section 4.1.2. For every company we used
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any possible regression combination starting from the following initial regression equation

ln (di) = α+ βi1Z1 + βi2Z2 + . . .+ βi,15Z15 + εi.

and we ended up in a regression equation of the form

ln (di) = α+ ZMβiM + εi (4.1.2)

where M is a subset of integers {1, 2, . . . , 15} such as the regression equation (4.1.2) has

significant t-statistics11 for all of its regression coefficients.12 The following points are in

order given the regression results. First of all, it seems that this particular rescaling of the

total dividends resulting from (4.1.1) eliminates any possible heteroscedasticity problems.

Generally speaking, several diagnostic tests for all of the regressions given by (4.1.2)

did not show any significant problems except that some of the regressions showed some

autocorrelation signs. However, any corrections that we used deteriorated substantially other

aspects of the regressions and therefore were avoided. Moreover, R̄2 had a wide spectrum

of values with many companies having a relatively large value (highest value being 0.75)

indicating a high common-factor component. Table 4.1013 depicts the estimated regressions

coefficients and constants for all companies listed in table 4.9. The first 15 PC constructed

by the first set of macroeconomic variables as it is listed in Table 4.1.

Similarly, we calculated the regression coefficients for the case in which we used the

variables mentioned in Table 4.2. Thus, for every company we used any possible regression

combination starting from the following initial regression equation

ln (di) = α+ βi1Z1 + βi2Z2 + . . .+ βi,7Z7 + εi.

and we ended up in a regression equation of the form

ln (di) = α+ ZMβiM + εi (4.1.3)

where M is a subset of integers {1, 2, . . . , 7} such as the regression equation (4.1.3) has

significant t-statistics for all of its regression coefficients. The same general comments

11At 90% confidence intervals.
12

ZM is a row vector and βiM is a column vector. The elements in both vectors correspond to the number
of elements in M.

13Empty entries in this table corresponds to regressions coefficients that are insignificant and they will be
equated to the value of zero in the subsequent simulations.
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Table 4.10: PCA Regression Results (22 Variables)

SYMBOL CONSTANT Z1 Z2 Z3 Z4 Z5 Z6 Z7 Z8 Z9 Z10 Z11 Z12 Z13 Z14 Z15

AA 4.421 0.068 -0.075 -0.105 -0.112

AXP 5.262 0.036 0.049 0.093 -0.081 -0.046

AIG 2.319 0.040

BA 4.586 0.033 -0.064 0.079

CAT 4.794 -0.123 -0.160 -0.279 0.177 0.228 -0.437

CVX 6.347 0.042 0.039 0.044 -0.053 -0.111

DIS 2.527 0.164 0.245 -0.499 -0.404

DD 6.363 -0.040 0.064

GE 6.349 -0.028 -0.041 -0.044 0.028 -0.073 0.043 -0.050 -0.052

GM 6.999 -0.097 -0.182 -0.227 -0.158 0.333

HAL 4.773 -0.066 -0.222 0.243

MER 3.566 -0.030 -0.042 -0.059 0.074 -0.052

BAC 1.842 0.115

PFE 4.265 0.060 0.085

JPM 3.596 -0.045 -0.068 -0.073 -0.129 0.099

HPQ 2.718 -0.032 -0.053

HON 4.459 -0.046 -0.139 0.121 0.258

EMR 4.633 -0.031

PEP 4.511 -0.033 -0.030 -0.053 0.057 0.084 -0.074 -0.077

MO 5.075 -0.054 0.081

COP 5.233 0.065 0.148 -0.362

PG 5.555 -0.032 -0.042 -0.059

MRK 4.941 0.075 -0.190

XOM 7.704 0.023 0.025 0.062 -0.080

KO 5.492 -0.017 -0.035 -0.052 -0.068 0.036 0.036

F 6.129 -0.448 -0.240 -0.361 -0.382 -0.302 0.597 0.640

IBM 7.197 -0.276 -0.220 -0.255 0.513

JNJ 4.600 -0.032 -0.037 -0.072 -0.075

MCD 2.898 0.047 0.140 -0.089 0.257

MMM 5.832 0.017 0.017 -0.017 0.028 -0.028 -0.057

RTN 4.253 0.044

UTX 4.521 -0.033 -0.055 0.150

MCK 3.626 -0.042 0.058 -0.067 0.087 -0.106
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Table 4.11: PCA Regression Results (7 Variables)

SYMBOL CONSTANT Z1 Z2 Z3 Z4 Z5 Z6 Z7

AA 4.379 0.125 0.149 0.181
AXP 5.284 -0.082 0.264
AIG 2.323 0.053
BA 4.600 0.054 -0.072 -0.111

CAT 4.675 0.151 0.351 -1.072
CVX 6.375 0.034
KO 5.449 0.071 -0.225

EMR 4.632 -0.043
XOM 7.708 0.041 0.076 0.047 0.067 -0.132
GE 6.294 0.071
GM 7.081 -0.106 -0.245 -0.430 0.288 0.528
HAL 4.758 0.063 0.160 0.235
HON 4.434 0.299 -0.496
HPQ 2.721 -0.287
IBM 7.094 0.316 -0.452 0.380 1.058
JNJ 4.564 0.026 0.095

MCK 3.697 -0.098
MER 3.533 0.072 0.070 0.156
MMM 5.844 0.015 -0.024 -0.057
BAC 1.844 -0.423
PEP 4.517 -0.046 -0.114 -0.148
PFE 4.256 0.119 0.193
MO 5.098 -0.089 -0.144
COP 5.285 0.225
RTN 4.258 0.048

concerning the econometric aspects of the regressions apply also for this case as mentioned

above. The main difference in this case is that the variation explained was lower as

measured by both R̄2 and the t-statistics of the regressions coefficients. The reason is that

we employed fewer macroeconomic variables and thus fewer Principal Components in the

regression equation.
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4.2 Empirical Results for the Dividend Factor
Analysis Model

4.2.1 Detrending and Removing Autocorrelations from the Data

Factor analysis models assume no serial correlations in the data. However, the log total

dividends time series data seems to be correlated. Therefore, it is absolutely necessary

to detrend and remove any autocorrelation from the empirical data. In this case we have

considered a different detrending technique from the one that we used in the PCA regression

model. More precisely, we have considered the first difference

∆lnDti = lnDti − lnDt−1
i for i = 1, . . . , K.

Then we have applied the Dickey-Fuller test to ∆lnDti and we have concluded that the first

difference of the log of the total dividends of the companies is stationary. Moreover, we run

regressions to the following first-order autoregressive model

∆lnDti = φ0i + φ1i∆lnDt−1
i + εi.

We have found significant t-statistics for the coefficients φ1i in 16 out of 29 companies. Then

we set the variables for the factor analysis as

xti = ∆lnDti − φ1i∆lnDt−1
i

for the companies that their log of the total dividends have a significant value for φ1i. For

the rest of the companies we have set

xti = ∆lnDti .

Thereafter, we set the sample covariance matrix as

S =
1

T − 1
XTX

with the elements of X being xti − x̄i.
Notice that after this transformation the variables that will be used as an input in factor

analysis correspond to totally unanticipated and unexpected changes that influences the

total dividend of the company irrespectively of its past. Although after this transformation

Result 3.2.7 can be still considered as unrealistic we can be confident enough that Results

3.2.8 and 3.2.13 hold.
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Table 4.12: Factor Correlation Matrix (15 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15

F1 1.000

F2 0.033 1.000

F3 -0.075 -0.011 1.000

F4 -0.037 0.075 -0.146 1.000

F5 -0.020 0.008 0.039 0.050 1.000

F6 0.056 -0.141 0.098 -0.153 0.462 1.000

F7 -0.429 -0.010 -0.101 0.076 -0.180 -0.115 1.000

F8 -0.262 -0.075 0.381 -0.322 -0.124 -0.020 -0.133 1.000

F9 -0.018 0.389 -0.266 0.250 -0.171 -0.393 0.225 -0.379 1.000

F10 0.313 0.194 0.174 0.078 -0.210 -0.124 -0.311 0.318 -0.007 1.000

F11 0.064 -0.361 0.069 -0.391 0.095 0.259 -0.142 0.352 -0.548 -0.194 1.000

F12 0.120 0.008 0.057 0.023 0.199 0.359 -0.119 0.065 -0.256 0.284 -0.109 1.000

F13 -0.078 0.059 0.166 -0.435 -0.208 -0.231 0.055 0.270 0.070 -0.167 0.296 -0.559 1.000

F14 0.198 0.124 -0.133 0.127 -0.181 -0.244 -0.249 -0.247 0.298 0.126 -0.250 -0.181 -0.082 1.000

F15 -0.055 0.052 -0.173 0.025 0.076 0.053 0.274 -0.369 0.349 -0.225 -0.351 0.156 -0.222 -0.110 1.000
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4.2.2 Unrotated Dividend Factor Analysis Model Results

In our Dividend Factor Analysis Model we used 21 companies. The number of companies

must be less than the number of years for robust results. Thus we chose the same number of

companies that Hens, et. al. did in their empirical work (see [29]). Although, we tried several

possible criteria and combinations on the number of factors we used in our simulations two

different sets of factors. The first set consists of 15 factors that corresponds to the criterion

of keeping factors that have an eigenvalue greater than 0.4. The justification behind this

particular choice is that this particular number provides an attractive trade-off between the

communalities and the number of factors for our particular evolutionary model. In other

words, we reduce the number of factors while we can still explain a significant amount of

variation in the log-dividend of the stocks. We report these results in Table C.2 on page 151.

Moreover, the other set consists of 9 factors which corresponds to the criterion that the

number of factors should be equal to the number of eigenvalues that are greater than one.

The results are reported in Table C.1 on page 150. Notice that in this case there is a low

communality for some stocks. This means that some stocks are influenced heavily from other

factors rather than these particular 9 factors.

In addition to the results derived from the principal factor model calculation, we

calculated and report below the results from the maximum likelihood factor model. Table C.3

on page 152 shows the results for the case of 15 factors and Table C.4 on page 153 reports

the results for the case of 9 factors. In both cases we need to notice that we have Heywood

cases (for more details on this issue see Johnson & Wichern [33]) which sometimes happens

when we calculate the factors with the maximum likelihood method.

4.2.3 Orthogonal Rotated Dividend Factor Analysis Model Re-
sults

Although in our case we seek an oblique rotation we also calculate and report results from

an orthogonal rotation for completeness. In the literature it is customary to use Varimax

as the orthogonal criterion for rotation combined with the Kaiser standardization method

mentioned in Example 3.5.8 on page 65. Table C.5 on page 154 reports the case with 15

factors whereas Table C.6 on page 155 reports the case with 9 factors. We need to note

that it is natural with this form of rotation to have a greater dispersion in the magnitude of
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Table 4.13: Factor Correlation Matrix (15 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15

F1 1.000

F2 0.161 1.000

F3 -0.206 0.068 1.000

F4 0.004 0.150 0.005 1.000

F5 -0.240 -0.207 -0.162 -0.224 1.000

F6 -0.106 0.148 0.142 -0.035 0.009 1.000

F7 0.277 0.284 0.069 0.070 -0.387 -0.109 1.000

F8 -0.172 -0.052 0.211 -0.008 0.098 -0.089 -0.087 1.000

F9 0.330 0.110 0.145 0.044 -0.307 -0.327 0.149 0.067 1.000

F10 0.054 -0.302 -0.062 -0.054 0.080 0.113 -0.083 -0.163 -0.164 1.000

F11 -0.028 0.297 0.269 0.083 -0.115 -0.044 0.347 0.165 0.030 -0.197 1.000

F12 -0.139 -0.565 -0.173 -0.005 0.223 -0.429 -0.061 0.068 -0.030 0.233 -0.186 1.000

F13 -0.009 -0.225 -0.185 0.109 0.131 -0.064 -0.364 0.104 0.136 -0.204 -0.216 0.041 1.000

F14 0.037 -0.053 0.379 0.041 -0.098 -0.006 0.030 -0.011 0.121 -0.022 -0.041 -0.027 0.138 1.000

F15 0.319 -0.240 0.162 -0.170 0.151 0.048 -0.218 0.070 0.100 0.041 -0.207 -0.137 0.309 0.060 1.000
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Table 4.14: Factor Correlation Matrix (9 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9

F1 1.000

F2 0.138 1.000

F3 -0.116 -0.029 1.000

F4 -0.099 -0.138 -0.076 1.000

F5 0.007 -0.059 -0.005 0.246 1.000

F6 0.181 0.194 -0.067 -0.213 -0.147 1.000

F7 0.019 -0.158 0.083 0.084 0.268 -0.391 1.000

F8 -0.033 -0.041 0.120 0.294 0.038 -0.079 -0.062 1.000

F9 -0.030 0.099 -0.036 -0.204 -0.117 0.206 -0.180 -0.191 1.000

Table 4.15: Factor Correlation Matrix (9 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9

F1 1.000

F2 -0.387 1.000

F3 -0.087 0.106 1.000

F4 0.181 0.025 0.154 1.000

F5 0.038 -0.201 -0.261 -0.022 1.000

F6 0.099 0.135 -0.168 0.000 -0.168 1.000

F7 -0.079 -0.003 0.014 -0.036 -0.060 -0.024 1.000

F8 0.186 -0.064 -0.063 -0.131 -0.018 0.210 -0.180 1.000

F9 0.016 0.156 0.008 0.065 -0.275 -0.019 0.098 0.020 1.000

the loadings. Similarly, Table C.7 on page 156 shows the Varimax rotation of the first case

under the maximum likelihood estimation and Table C.8 on page 157 reports the equivalent

of the second case.
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4.2.4 Oblique Rotated Dividend Factor Analysis Model Results

The most interesting results in our case are the oblique rotated loadings. One naturally

expects some form of correlation between the factors that influence the magnitude of the

dividends. For instance, the interpretation of the factors as macroeconomic variables requires

that form of correlation to be strong enough. We tried several oblique rotations including

criteria such as Promax, Oblimax and Simplimax. We chose Simplimax as the best criterion

since it produced a factor correlation matrix that best imitates the correlation matrix of

macroeconomic variables that can influence the magnitude of dividends. Alternatively,

Oblimax produced a factor correlation matrix with extreme values for the correlations

of factors that seems unrealistic in our framework. On the other side, most of the

oblique rotations including Promax produced correlations that were very weak especially

for imitating correlations of macroeconomic variables. In the same spirit with the results

mentioned above we report the rotated loadings under the Simplimax criterion for our two

sets of factors. Tables C.9 on page 158 and C.10 on page 159 report the oblique rotated

loadings for the PC method. Tables C.11 on page 160 and C.12 on page 161 report the

oblique rotated loadings under the maximum likelihood method. Additionally, since the

factor correlation matrix is not trivial in the oblique case as it is in the orthogonal one we

report the corresponding correlation matrices in Tables 4.12, 4.13, 4.14 and 4.15. Moreover,

it is important to mention here that although the magnitude of the correlations of the

unobservable factors are quite similar to the magnitude of correlations of real macroeconomic

variables, we have more negative correlation values in the case of the unobservable factors

than in the real macroeconomic variables case. Overall, half of the values in these oblique

factor correlation matrices are negative.
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CHAPTER 5

SIMULATIONS

5.1 Some Preliminary Results

5.1.1 Empirical Results for the Evolutionary Portfolio Theory

In two papers ([28, 29]), Hens, et. al. apply their evolutionary portfolio model discussed

in Section 2.2 to a real total dividends data from both the Wall Street and Swiss Exchange

Market. Their motivation is to test the theoretical results of the evolutionary portfolio rule

in a less idealized situation where long-lived assets and incomplete markets are considered.

In order for this empirical investigation to be possible, the authors restrict their attention

only to fixed-mix rules, i.e. the exact model that is mentioned in Section 2.2. A fixed-mix

rule (or rebalancing rule) holds certain portfolio weights constant for a long period. Hence,

if market prices fluctuate, a rebalancing rule has to adjust the number of shares it holds in

order to keep the proportions of wealth assigned to specific stocks constant. Fernholz and

Maguire ([23]) consider fixed-mix rules in a different context1 where they argue that fixed-mix

strategies are quite profitable and capture the volatility that is present in stock markets in

a natural way.

These authors considered rules from both the Behavioral and the Traditional Finance

approach and employed strategies such as the Cumulative Prospect Theory, the Mean-

Variance, the Conditional Value-at-Risk (CVaR) and the Growth Optimal Rule (GOP)

among others. Significantly enough, among those rules is also the so called Illusionary

Diversification Rule from Benartzi and Thaler ([5]) which assigns the same share for all

assets and this is exactly the reason why it is called illusionary. Illusionary or not, this

strategy is explored in Fernholz and Maguire ([23]) where they have shown that, in the

1Employing the concepts of Stochastic Portfolio Theory and Excess Growth Rates.
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Figure 5.1: λ∗vs λillu with 3 noise strategies.

absence of trading commissions, such portfolios can generate remarkably high information

ratios. The main result of Hens, et. al. ([29, 28]) is that the Evolutionary Portfolio Rule

λ∗, as given by (2.2.17), is the winner of the contest independently of the initial share of the

total market wealth that it was given to this rule. In every case, λ∗ was able to dominate

the total market wealth after a number of periods. In addition, their simulations show that

some behavioral portfolio rules perform relatively better than some rules that are based on

fundamentals. In conclusion, as the authors claim, “even though some seemingly rational

strategies may do worse than some irrational strategies, the true rational strategy will always

do better than any irrational strategy.”

In the empirical implementation of the Evolutionary Portfolio Theory mentioned above,

there are many limitations concerning both the quality and the quantity of a particular data-

set. First of all, the evolutionary model uses the total dividend distributed by the companies.

However, availability is limited and the authors use data for only 21 stocks. Similarly, the

number of years that are used in the study above is limited (i.e. 21 years). Also the quality

101



Figure 5.2: Typical Paths for Relative Prices Corresponding to Figure 5.1.

of the data is influenced by splits, mergers and so forth. According to the reasons mentioned

above, there is a substantial motive to repeat the simulations using randomly generated

dividend data-sets. In that way, there is no limit in the number of companies and time

periods for acquiring dividends data. Therefore, the empirical results will be more robust

than before. In addition, someone can assume a wide range of distributions for the generated

dividend process and this could hint to new theoretical results.

In our simulations we excluded strategies that are exogenously based on returns (e.g.

mean variance rule) since these strategies require real data for meaningful results. Nev-

ertheless, these strategies are significantly under-diversified and from Corollary 2.2.9 we

expect those strategies to have a negligible impact on the results. Furthermore, we have

assumed that the dividends process is lognormal across companies, which is a reasonable

assumption according to the empirical literature. However, as we will illustrate shortly,

different parameters on this underlying distribution produce different results concerning

the practical aspect of the results. All portfolio strategies considered here devote the

same proportion of wealth in consumption according to the “equal saving” rationale that

is mentioned in section 2.2 and it is assumed to be 10% of the total wealth i.e λ0 = 0.1.
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(a) 100 Time Periods.
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(b) 1000 Time Periods.
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(c) 10,000 Time Periods. (d) 400,000 Time Periods.

Figure 5.3: λ∗ vs λRL vs λillu. Typical paths for different time periods.
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StockPrices
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(a) Relative Prices for Evolutionary vs RiskLover
vs Illusionary.

(b) Evolutionary Rule vs Risk Lover vs Illusionary
in a Competition with Three Noise Strategies.

Figure 5.4: Diagram (a) depicts the relative prices that correspond to the set of simulations
mentioned in figure 5.3. Diagram (b) depicts a set of simulations where λ∗ needs a lot of
time periods in order to win.

5.1.2 The First Set of Results

In our first test set of simulations, we use five strategies including the Evolutionary Portfolio

Rule given by:

λ∗k = (1− λ0) Edk (s) , k = 1, 2, . . . , K

where dk = Dk

D
denotes the relative dividend distributed by company k.2 The major opponent

of that rule in that particular set is the illusionary diversification rule given by:

λilluk =
(1− λ0)

K
, k = 1, 2, . . . , K.

In addition, we use three noise-trading rules that assign weights according to some particular

distributions. These noise rules can be thought also as totally “irrational” players. Figure

5.1 shows one typical path of this set of competing strategies with 500 stocks and 1000

periods. These results are typical of the results that Hens, et. al. ([28, 29]) mention in their

2The term in the parenthesis (1− λ0) is simply an adjustment for consumption.
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(a) Equal Initial Weights.
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(b) Evolutionary Rule Initial Comparative
Disadvantage.

Figure 5.5: λ∗ vs λRL.

papers. We see that λ∗ is the clear winner of the contest in this particular set of simulations.

Note, that a seemingly “irrational” rule such as λillu can have substantial profits for the

first 100 years and this is attributed to the existence of the more irrational strategies such

Evolutionary illusionary Noise1
RiskLover RiskAverter Noise2
Noise3 BoundedRationality
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(a) 1000 Time Periods.
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(b) 10,000 Time Periods. (c) 300,000 Time Periods.

Figure 5.6: λ∗ vs λBR with three Noise Rules.
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(a) 10,000 Time Periods. (b) 50,000 Time Periods

Figure 5.7: λ∗ vs λBR with one Noise Rule.

as the 3 noise rules. The diagram depicted in Figure 5.1 illustrates clearly the significance

of this particular economic theory. More specifically, the evolutionary context provides a

framework where “unjustifiable” strategies could perform well in the short run. This is a

real life phenomenon that is not explained in any traditional finance theory. In addition, in

figure 5.2 we see the time paths of the relative prices of two typical stocks that corresponds

to the simulation in figure 5.1. We need to notice in these diagrams the relative smoothness

of those relative prices.

In another set of simulations, we added another two strategies. Fernholz and Maguire

([23]) propose the idea that weights on more volatile stocks could be increased to generate

greater “excess growth,” or decreased in order to control portfolio risk while still applying

fixed-mix strategies. Therefore, having that context in mind we developed a further two

strategies, with the first one trying to capture increased risk and thus is named “Risk Lover.”

More explicitly:

λRLk = (1− λ0)σ
∗
dk

where σ∗dk is the corresponding normalized standard deviation of the relative dividend. The
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Figure 5.8: λ∗ vs λBR.

other is trying to capture lower risk so:

λRAk = (1− λ0)

(
1

σdk

)∗

where
(

1
σdk

)∗
is the normalized inverse of the corresponding standard deviation of the relative

dividend and hence is named “Risk Averter.” In figure 5.3 one can find the diagrams for the

results of the simulations including the above mentioned strategies for different time periods.

The surprising fact here is that although λ∗ is doing relatively well from the first year, λRL

is doing even better for the first 10,000 time periods! Eventually, diagram (d) in figure 5.3

illustrates that λ∗ dominates after a sufficient number of time periods. However, this critical

number of time periods is quite relative as the (b) diagram of figure 5.4 illustrates. In this

diagram, a different set of parameters has been chosen for the underlying distribution of the

dividends and the result is that λ∗ starts to dominate the market after almost 300,000 time

periods! One should notice immediately that both in diagram (d) of figure 5.3 and diagram

(b) of figure 5.4 wealth is changing hands between λRL and λillu given sufficient time periods.

This introduces some volatility into the market and this is the reason why relative prices do

not seem very smooth in diagram (a) of figure 5.4.
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Figure 5.9: Ξ ∼ N (0,1). First Case.

As an important remark here, we need to mention the point that the above mentioned

diagrams are consistent with the stability and instability criteria given by Theorems 2.2.7

and 2.2.10 in section 2.2. The practical illustration of these theorems is given by the diagram

(b) in figure 5.5. This diagram clearly illustrates the point that λ∗ is the winner in a contest
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Figure 5.10: Relative Prices for figure 5.9.
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Figure 5.11: Ξ ∼ N (0,1). Second Case.

between these two strategies. “Risk Lover”
(
λRL

)
seems to be the winner for the first

time periods in a contest whereas other strategies also exist. In a sense, λRL exploits the

“irrationality” of other strategies better and thus it earns better profits in a short time

period even in comparison with the true “smart” and fundamental rule which is λ∗. This

is one of the main points that makes Evolutionary Portfolio Theory very appealing as an
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Figure 5.12: Relative Prices for figure 5.11.
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Figure 5.13: Ξ ∼ N (0,1). Third Case.

economic theory. It can describe, in a theoretical way, what is really happening in financial

markets accommodating the fundamentals of the mainstream financial theory with other

more alternative views of the financial markets such as the Behavioral Finance approach.

In another set of simulations, we tried to make life even harder for λ∗ by adding a rule

that can be considered as the behavioral variation of the evolutionary rule. More specifically:
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Figure 5.15: Ξ ∼ N (0,3). First Case.

λBR = (1− λ0)
(
EDk (s)

)∗

where
(
EDk (s)

)∗
is the expected normalized total dividend distributed by company k. It

was named as the Bounded Rationality rule because it invests according to the expected

total dividend instead of the expected relative dividend which is the correct variable in order
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Figure 5.16: Relative Prices for figure 5.15.
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Figure 5.17: Ξ ∼ N (0,3). Second Case.

Theorem 2.2.7 to be valid.3 The rationale behind this choice was to test and graphically

illustrate the concept of local stability as it was mentioned in Definition 2.2.6 of section

2.2. In addition, adding a behavioral variant of the only rational rule could provide an

important view from another angle on the evolutionary framework. The results given for

3Sometimes is easier to infer the total dividend distribution instead of the relative dividend distribution.
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Figure 5.18: Relative Prices for figure 5.17.
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Figure 5.19: Ξ ∼ N (0,3). Third Case.

one set of parameters are mentioned in figure 5.6. Of course, it is natural to expect λBR to do

relatively well in comparison with all other “irrational” strategies since it is the behavioral

variant of λ∗ and this is depicted in diagrams (a) and (b) of figure 5.6. However, diagram

(c) in figure 5.6 surprises us a little since the wealth of λBR reverts, although λ∗ has an

eventual upward trend. Nevertheless, the real surprising fact comes from diagram (b) in

(a) Typical Relative Price Paths for
100 Time Periods.
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Figure 5.20: Relative Prices for figure 5.19.
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Figure 5.21: Calibrated Model (22 Variables).

figure 5.7 where λBR seems to increase wealth even when all other strategies except λ∗ start

fading out. This result is even more surprising since in this set of simulations we included

only one noise rule and thus profits are more difficult for any other strategies except λ∗.
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Figure 5.22: Calibrated Model (7 Variables)

Under this particular set of parameters, λBR happens to be very close to λ∗ and therefore

the Evolutionary Portfolio Rule needs an extremely large number of periods in order to

drive out of the market all other investment strategies. Even in the case where there are
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not any other strategies in the competition, λBR fights very hard with λ∗ and probably the

evolutionary rule conquers all market wealth only asymptotically as figure 5.8 illustrates.

This result has another important interpretation. In cases that it is impossible to calculate

the correct weights for λ∗, it is sufficient to calculate a close variant (even behavioral) of this

rule in order to drive all the other strategies out of the market.

The implications of the results mentioned in this section are important and cannot be

neglected. Even if the superiority of the Evolutionary Portfolio rule λ∗ is not seriously

questioned by the simulations mentioned above, there is an additional motivation to perform

similar simulations that correspond to a different dividend generating framework that has

some connection with reality, or at least with what happened in the financial markets in the

recent past. Therefore, one is motivated to research this evolutionary competition further

and one possible direction is to produce a simulations framework given by the Dividend

Factor Model developed in Chapter 3. In the next two sections, we will present results that

correspond to this particular model.

5.2 Simulations with The Uncalibrated Model

5.2.1 A First Estimate for the Constant Coefficients Matrix

The first attempt was to measure the effect of the uncalibrated model of section 3.2.1. An

assumption was needed for the distribution of the coefficients matrix Ξ. As a first estimate,

we used the most common distribution. We assumed that the constant values on that matrix

are coming from the standard normal distribution and thus:

Ξ ∼ N(0,1).

In addition for that set of simulations we assumed that the vector of factors X is centered

around its mean and thus can be interpreted as unanticipated changes in a number of

macroeconomic factors. This particular choice for the Ξ matrix corresponds to a moderate

volatility for the constant coefficients of the general model mentioned in 3.2.1 as it was given

by (3.2.3). Furthermore, for each estimated Ξ matrix, we constructed three different cases.

The first case assumes a market where the differences in the magnitude of the dividends

distributed among companies is not great. This case tries to emulate a market structure

where all companies consider the distribution of the dividends as an important aspect,
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Table 5.1: Portfolio Weights (22 Variables)

Symbol λ∗ λillu λA λRL λRA

AA 0.7% 2.7% 2.5% 0.0% 0.1%
AXP 1.7% 2.7% 3.0% 0.1% 0.0%
AIG 0.1% 2.7% 1.3% 0.0% 16.0%
BA 0.9% 2.7% 2.6% 0.0% 0.1%

CAT 1.1% 2.7% 2.7% 0.1% 0.0%
CVX 5.0% 2.7% 3.6% 0.8% 0.0%
DIS 0.2% 2.7% 1.4% 0.0% 0.3%
DD 5.1% 2.7% 3.6% 0.5% 0.0%
GE 4.9% 2.7% 3.6% 0.4% 0.0%
GM 9.7% 2.7% 4.0% 3.3% 0.0%
HAL 1.0% 2.7% 2.7% 0.0% 0.1%
MER 0.3% 2.7% 2.0% 0.0% 2.3%
BAC 0.1% 2.7% 1.1% 0.0% 51.0%
PFE 0.6% 2.7% 2.4% 0.0% 0.2%
JPM 0.3% 2.7% 2.1% 0.0% 1.7%
HPQ 0.1% 2.7% 1.6% 0.0% 12.0%
HON 0.8% 2.7% 2.5% 0.0% 0.2%
EMR 0.9% 2.7% 2.6% 0.0% 0.2%
PEP 0.8% 2.7% 2.6% 0.0% 0.2%
MO 1.4% 2.7% 2.9% 0.0% 0.1%
COP 1.8% 2.7% 3.0% 0.2% 0.0%
PG 2.2% 2.7% 3.2% 0.1% 0.0%

MRK 1.2% 2.7% 2.8% 0.0% 0.1%
XOM 19.0% 2.7% 4.4% 8.4% 0.0%
KO 2.1% 2.7% 3.1% 0.1% 0.0%
F 9.8% 2.7% 3.5% 67.0% 0.0%

IBM 12.0% 2.7% 4.1% 8.8% 0.0%
JNJ 0.9% 2.7% 2.6% 0.0% 0.3%

MCD 0.2% 2.7% 1.7% 0.0% 2.2%
MMM 3.0% 2.7% 3.3% 0.2% 0.0%
RTN 0.6% 2.7% 2.4% 0.0% 0.3%
UTX 0.8% 2.7% 2.6% 0.0% 0.3%
MCK 0.3% 2.7% 2.1% 0.0% 1.2%

i.e. there is some more “even” distribution in the profitability among the companies that

constitute this market. The second case tries to emulate a market where the difference in

magnitude of the dividends is moderate where in a third case there is a large deviation on
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Table 5.2: Portfolio Weights (7 Variables)

Symbol λ∗ λillu λA λRL λRA

AA 0.8% 3.6% 3.3% 0.0% 0.2%
AXP 2.0% 3.6% 3.9% 0.1% 0.1%
AIG 0.1% 3.6% 1.7% 0.0% 23.3%
BA 1.0% 3.6% 3.4% 0.0% 0.2%

CAT 1.2% 3.6% 3.5% 0.3% 0.0%
CVX 6.1% 3.6% 4.8% 0.8% 0.0%
KO 2.4% 3.6% 4.1% 0.1% 0.0%

EMR 1.1% 3.6% 3.5% 0.0% 0.3%
XOM 22.9% 3.6% 5.7% 14.2% 0.0%
GE 8.4% 3.6% 4.7% 53.7% 0.0%
GM 5.5% 3.6% 5.3% 0.6% 0.0%
HAL 12.7% 3.6% 3.5% 8.1% 0.0%
HON 1.2% 3.6% 3.3% 0.0% 0.1%
HPQ 0.9% 3.6% 2.0% 0.0% 0.2%
IBM 0.2% 3.6% 5.3% 0.0% 10.5%
JNJ 12.8% 3.6% 3.4% 11.5% 0.0%

MCK 1.0% 3.6% 2.8% 0.0% 0.3%
MER 0.4% 3.6% 2.6% 0.0% 1.8%
MMM 0.4% 3.6% 4.4% 0.0% 3.1%
BAC 3.6% 3.6% 1.4% 0.2% 0.0%
PEP 0.1% 3.6% 3.4% 0.0% 48.5%
PFE 0.9% 3.6% 3.2% 0.0% 0.4%
MO 0.7% 3.6% 3.8% 0.0% 0.6%
COP 1.7% 3.6% 3.9% 0.1% 0.1%
RTN 2.0% 3.6% 3.2% 0.1% 0.1%

this magnitude between companies. Analogously with the first case, the interpretation for

the second case could be that the difference in the profitability of the companies can be

considered as “moderate” whereas in the third case this difference can be considered as more

“extreme.”

Figure 5.9 provides the graphs for a typical scenario for three different time frames. The

first observation in this particular case is that λRL is doing really well in the first 1000

periods along λ∗. Furthermore, there is relative large amount of volatility as also the relative

prices depicted in figure 5.10 illustrate. We have already seen some volatility cases in section

5.1.2. However, that volatility was mainly generated between all other strategies and λ∗ did
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(d) A Typical Scenario for 10,000 Time periods.

Figure 5.23: Calibrated Model λ∗ vs λBR (22 Variables).

not contribute a lot (if any) in those simulations. However, in this particular case, some

volatility is also generated from λ∗. Moreover, in this scenario, λillu is doing relatively well

as graph (b) in figure 5.9 shows and this is not quite unexpected given the more “even”
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Figure 5.24: Relative Prices for figure 5.23.

nature for the profitability of the companies as assumed for the first case. As always, λ∗

dominates the market given sufficient time periods. In figure 5.11 we see the results for the

second case again for three different time frames. Volatility is still present here, although

considerably less, and λillu does not doing as well as in the previous case. The relative prices

mentioned in figure 5.12 confirm this observation. The results are quite different in the third

case as figure 5.13 illustrates. In a vast contrast with the previous cases, here there is no

significant amount of volatility and the only amount of volatility is generated between the

λ∗ and λRL investment strategies. Figure 5.14 confirms that there is no significant volatility

in this particular set of simulations. Finally, another important aspect of this third case is

that λ∗ is not challenged significantly by any other investment rule. All these mentioned

aspects for the third case can be attributed to the fact that λ∗ is a version of the “betting

your beliefs” strategy. Therefore, in cases that the market is dominated by the huge profits

of a few companies then it is natural for λ∗ to not be challenged by any other rule.

120



Evolutionary illusionary
Alfa RiskLover
RiskAverter BoundedRationality

10 20 30 40 50 60 70 80 90 100
0,0

0,1

0,2

0,3

0,4

(a) A Typical Scenario for 100 Time periods.

Evolutionary illusionary
Alfa RiskLover
RiskAverter BoundedRationality

100 200 300 400 500 600 700 800 900 1.000
0

0,1

0,2

0,3

0,4

0,5

(b) A Typical Scenario for 1000 Time periods.

Evolutionary illusionary
Alfa RiskLover
RiskAverter BoundedRationality

1,000 2,000 3,000 4,000 5,000
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

(c) A Typical Scenario for 5000 Time periods.

Evolutionary illusionary
Alfa RiskLover
RiskAverter BoundedRationality

2.000 4.000 6.000 8.000 10.000
0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

(d) A Typical Scenario for 10,000 Time periods.

Figure 5.25: Calibrated Model λ∗ vs λBR (7 Variables).

5.2.2 A Different Estimate for the Constant Coefficients Matrix

The second attempt in the uncalibrated model is to produce a set of simulations that

correspond to more volatile dividends payments. This can be achieved by introducing a

121



RelativeStockPrices
10 20 30 40 50 60 70 80 90 100

0.09

0.10

0.11

0.12

0.13

0.14

0.15

0.16

(a) A Typical Relative Price Path for 100 Time
Periods.

RelativeStockPrices
1,000 2,000 3,000 4,000 5,000

0.07

0.08

0.09

0.10

0.11

0.12

0.13

0.14

0.15

0.16

(b) A Typical Relative Price Path for 5000 Time
Periods.

Figure 5.26: Relative Prices for figure 5.25.

greater volatility in the estimation of the constant coefficients of the Ξ matrix of the general

dividend factor model given by 3.2.3. Hence, the second attempt assumes that the constant

values on that matrix are coming from the following normal distribution:

Ξ ∼ N (0,3) .

The first set of results is reported in figure 5.15. The interesting fact in that case is that

a more volatile dividends framework particularly strengthens the λRL investment strategy.

We see from diagram (b) in figure 5.15 that it is even possible for λRL to conquer a greater

share of market wealth than λ∗ in the first 1000 periods. One possible explanation is that

λRL is benefited from a more volatile structure since it invests relatively more in the most

volatile stocks. Volatile prices are not solely generated by more volatile dividends in this

model as the pictures in figure 5.16 illustrate. The volatility in relative prices pictured in that

diagrams are considerably less that the volatility in the corresponding diagrams of figure 5.10.

Similarly, the second case, which is illustrated by the graphs provided in figure 5.17, confirms

the notion that a more volatile structure for the coefficients of the matrix Ξ improves the

performance of λRL rule. The surprising fact in this case is that volatility is considerable
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more (see figure 5.18)4 in comparison with the volatility generated in the second case given

the values assumed for the first Ξ matrix (see figure 5.12) and the volatility generated from

the first case given the assumed values for the second Ξ matrix (see figure 5.16). Finally,

although the third case has less volatility in comparison with the previous case (compare

diagrams in figures 5.20 and 5.18), it has more volatility in comparison with the third case

corresponding to Ξ ∼ N(0,1) (compare figures 5.20 and 5.14). However, this volatility is

solely generated by the usual suspects, λ∗ and λRL as this is also the case when Ξ ∼ N(0,1).

In comparison with the equivalent case of section 5.2.1 , even though λ∗ is not seriously

challenged by λRL, this dominion is not so powerful as before.

5.3 Simulations with The Calibrated Model

5.3.1 Evolutionary Simulations with the PCA Dividend Factor
Model

According to the mathematical results of section 2.2, there is a strong indication that the

Evolutionary Rule λ∗ developed by Hens and Schenk-Hoppé ([30]) is the most probable long

run survivor of any evolutionary financial competition. However, as much as asymptotic

behavior is extremely important for the evolution of a general theory there is also the need

for results which try to explain phenomena that are shorter in time. As we have seen in

sections 5.1 and 5.2, there is a wide spectrum of results which depends mainly on the available

strategies that consists in every case the “ecosystem” of the market. We have seen that in

case where we have used various random generated dividends data sets, it is also possible for

other fixed-mix strategies than λ∗ to perform better even in more than 1000 time periods.5

Thus, the need to perform some sets of simulations using some calibrated dividend data sets

in order to test the possibility of whether a fixed-mix strategy could perform better than λ∗

in the short run was evident.6 Therefore, in this section we provide simulations results using

dividends data sets arising from the PCA Dividend Factor Model developed in section 3.4

which has been calibrated in section 4.1. Finally, we need to mention that for all sets of

4In case the diagram with a large number of relative prices is not particularly informative we include a
graph with the time path of a representative relative price corresponding to that particular set of simulations.

5In some extreme cases, even more than 10,000 time periods.
6This notion was mentioned particularly by one of the fathers of λ∗. Thorsten Hens in many professional

seminars suggested the following profitable strategy: Invest in the most profitable rule first, then switch to
λ∗.
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simulations for this section we substituted the “Noise” strategy with the following one:

λAk = (1− λ0)
ak∑

j

aj

which was called strategy “Alfa” since it is based on the estimated constants of the regressions

mentioned in the second column of Tables 4.10 and 4.11. This strategy was used as the

“behavioral” improvement of the naive diversification strategy λillu and it performed better

than λillu in every set of simulations that is mentioned in this section. Moreover, we had

an additional motive to eliminate any “Noise” strategy from the set of simulations of this

section for reasons that we will mention below.

Figure 5.21 provides the results of the simulations for the PCA Dividend Factor Model

given by (3.4.1) and the regression results mentioned in Table 4.10. In this typical set of

simulations, we see that λ∗ does not face any serious threat from any other strategy and

conquers most of the available wealth from the first 100 time periods. In section 5.2 we have

seen many cases where λ∗ faced a serious competition from λRL at least in the first time

periods. The calibrated results do not seem to resemble these situations except for some

resemblance with the case mentioned in figure 5.13. Moreover, λ∗ seems to be so dominant

as in the very first set of simulations that is mentioned in figure 5.1. These results are in

line with the results of Hens et al. ([28, 29]) except for a very important fact. Our case

indicates a lot more volatility than in their case as the diagrams (c) and (d) in figure 5.21

clearly indicates.7 This is an important aspect of the dividend factor model in combination

with this particular set of strategies and it is not attributed to any particular “noise trading”

rules. This can be also seen from a comparison of the relative prices between the diagrams

in figure 5.14 and the diagrams (c) and (d) of figure 5.21. Although, the return on strategies

seems more volatile in the third case of section 5.2.1 than in our calibrated case, the relative

prices are a lot more volatile in the calibrated case of this section. This is a desirable aspect

of the results in light of the infamous debate around the “excess volatility” of stock prices

initiated by the work of Shiller ([45]). Figure 5.22 provides the results of the PCA calibrated

model corresponding to the regressions results mentioned in Table 4.11. The results are

7Hens et al. ([28]) provide a case with volatile prices but due to the existence of a particular noise strategy.
This is the main reason that we eliminated any “Noise Traders” strategy from this set of simulations since we
wanted to illustrate that volatility in our case is not solely arising from the existence of any “Noise Traders”
Strategy.
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Figure 5.27: Factor Model Simulations with 5 Strategies (9 Variables ML Case).

similar as in the previous calibrated case except for the fact that volatility seems to be even

more severe in this case.

Tables 5.1 and 5.2 provide the calculated weights of the corresponding five strategies to
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Figure 5.28: Relative Prices for figure 5.27.

the set of simulations mentioned above.8 One can compare these values to the corresponding

table from Hens and Schenk-Hoppé’s empirical work (see [29] page 25). Generally speaking,

there is a striking similarity in the distribution of the weights among the same companies.9

Having this in mind, that we have used a different number of companies and years, it is

impossible even to target for the same weights. Weights are expressed in percentages and

they change easily with the inclusion or exclusion of an additional company. In addition,

some of the companies in our sample are different than in their sample. But still, for most

of the same companies the weights are not extremely different. This is an important and

useful outcome based on the reasons mentioned below. First of all, our totally new method

does not significantly alter the main picture of the “ecosystem” produced by the companies

as is depicted in their data set. Moreover, the dividends in our simulation are artificially

made although they have some significant relation with real data through the calibration

procedure mentioned in section 4.1. Therefore, it is striking that we have weights that have

8All strategies are diversified. The value of 0.0% that appears in many cases results from rounding and
corresponds to a very small value.

9It was not possible and also not intended to have the same sample as in that paper.
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(d) A Typical Scenario for 30,000 Time periods.

Figure 5.29: Factor Model Simulations with 6 Strategies (9 Variables ML Case).

some resemblance with theirs since their simulations depend solely on real data. In addition,

this fact is also surprising considering the huge manipulation in the data of our calibrated

models i.e. detrending, removing autocorrelations, PCA estimation, regression estimation,
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Figure 5.30: Relative Prices for figure 5.29.

etc. Thus, this resemblance in a sense validates our approach at least in implementation

terms. The important point here is that although our weights could have some resemblance

to theirs, our results differ significantly from theirs especially for the volatility aspect of the

relative prices.

Another striking result in our calibrated model arises when we include the Bounded

Rationality strategy among the participating set of strategies in the simulations mentioned

above. Figure 5.23 provides the results for various time periods. The surprising fact here is

that there is, for the first time under the calibrated framework, a strategy other than λ∗ that

has more wealth even for more than 100 time periods! In addition, volatility is even more

significant for more than 1000 time periods as figure 5.24 clearly illustrates. This result is

extremely important for both theoretical and practical reasons. In theoretical terms, we have

a model where although the true rational strategy λ∗ is the only probable dominant strategy,

it is also possible for its behavioral variation to be better under some specific circumstances.

Some economists argue that “true rationality” is impossible, or at least very costly, and so

they try to explain economic phenomena under the “Bounded Rationality” notion. Thus,
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in these figures we see an “ecosystem” that could reflect this idea. In practical terms, these

figures suggest that it is extremely profitable to invest first in the “behavioral” variation of

λ∗ and then, when excess profits are no longer available to switch to the true rational rule

which is λ∗. Moreover, in case λ∗ is extremely computationally and intellectually expensive

to calculate, you can alternatively invest safely in a more easily calculated variant of it. As

diagram (b) in figures 5.23 suggests, there is not an immediate need to switch since λBR

performs really well even for the first 1000 time periods. Finally, for completeness in figure

5.25 and 5.26 we provide the simulations corresponding to the regressions results mentioned

in Table 4.11. These results are similar to the case mentioned above.

5.3.2 Evolutionary Simulations with the Dividend Factor Analysis
Model

In this section we will present the simulations results using dividends data sets arising from

the Dividend Factor Analysis Model developed in section 3.5 which has been calibrated

in section 4.2. It would not be practical to present every set of simulations given all the

calibration results mentioned in section 4.2. Therefore, we present only two cases that cover

the Dividend Factor Analysis Model arising from the two factor analysis methods covered

respectively in sections 3.5.1 and 3.5.2. We ended up with this specific choice since the

simulations given these particular calibrated choices were very interesting from an economic

point of view.

The first set of simulations in this section covers the Maximum Likelihood Factor Analysis

model covered in section 3.5.2 where its calibrated ξi’s coefficients are given in table C.4 on

page 153. Figure 5.27 shows the results of the ML factor model with the five strategies that

we used in the previous section. The most important fact here is the revival of λRL rule. We

have already seen that this was a promising strategy in most of the simulations in sections

5.1 and 5.2. This is the first time that this rule is so efficient given a calibrated situation.

In addition, we see that λillu provides superior profits for a significant amount of periods.

Moreover, for the first time λRA is not performing as bad as before. Figure 5.28 provides a

sample path for the relative prices that correspond to the simulations of figure 5.27. The

prices are characterized by a significant amount of volatility although not so great as in the

PCA calibration case. Moreover, λBR is not so powerful as before as the results in figure 5.29

indicate. In this case, λBR does not perform better not only in comparison with λ∗ but also
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Figure 5.31: Factor Model Simulations with 5 Strategies (15 Variables PC Case).

in comparison with λillu. Representative relative prices for this case are depicted in figure

5.30.

The other case covers the PCA Factor Analysis model covered in sections 3.5.1 and 3.5.3
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Figure 5.32: Relative Prices for figure 5.31.

where its calibrated ξi’s coefficients are given in table C.9 on page 158. First of all, we need

to mention a very important point concerning the methodology that we have followed for

this particular case. Given the analysis mentioned in section 3.5.4 and given the fact that we

used the principal component method for the estimated factor loadings, in this case we were

obliged to use the estimated factor scores calculated by the regression method mentioned

in section 3.5.4. This had the following very important effect. For the very first time in

our simulations, we did not use artificially made dividends but a version of real dividends

that have happened in the past. The word version implies the fact that instead of using

a simple average of observed past values of dividends we took those dividends and filtered

them through factor analysis techniques. Thus our simulation can be thought similar to the

empirical work performed by Hens et al. ([28, 29]). Figure 5.31 provides the results given the

familiar set of five strategies. The first surprising result is that the permanent loser, λRA , in

all simulations so far, is the winner of the contest for a significant amount of time periods!

In addition, λillu is performing particularly well as in the ML factor case mentioned above.

Moreover, λRL is performing good enough and for a considerable time period provides the
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Figure 5.33: Factor Model Simulations with 6 Strategies (15 Variables PC Case).

best return as diagram (b) in figure 5.31 shows. Price volatility is depicted in figure 5.32

and, although it is still significant, it is not so much as in the ML factor case. Similarly, with
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the ML factor case mentioned above, λBR is not performing particularly well and figure 5.33

shows the results corresponding to the set of simulations in which this rule also participates.

Finally, we want to mention that the results given the calibrated Dividend Factor Analysis

Model should be interpreted with some caution. In vast comparison with the investment

weights given in tables 5.1 and 5.2, the weights in this section differ dramatically with the

weights given in Hens and Schenk-Hoppé ([29] p. 25). Our explanation is that this is due to

the particular choice of detrending and pre-whitening the series of the factor analysis case.

Thus, we believe that although these results have their own particular merit, in comparison

with the results mentioned in section 5.3.1 and the empirical results of Hens and Schenk-

Hoppé, they lack historical precision. More specifically, in case we want to explain or describe

what happened so far in financial markets through evolutionary simulations we believe that

the appropriate results are given in section 5.3.1 and in Hens, et. al. ([28, 29]). Nevertheless,

the results mentioned in this section are very interesting in order to suggest future research

paths. They could be the motivating starting point of new modified evolutionary models

that measure the success of the strategies in slightly different terms. In that way, the results

of this section suggest that given a different evolution of wealth it is also possible for other

investment strategies to be more profitable than λ∗ in a more realistic time framework. Last

but not least, the results of this section offer support for the view that is expressed in Fernholz

and Maguire ([23]) that it is possible for some fixed-mix strategies to provide considerable

excess profits in financial markets.

5.3.3 Some Intuition about the Results

In this section we will try to explain briefly the reasons for the significance of the results

mentioned in this Chapter. Toward that end, we need to recall some things about

Evolutionary Finance. Traditional finance models based on fully rational economic agents

are theoretically elegant and appealing, but they did not succeed empirically in the past.

Thus we need a theoretical model that explains well what happens in real life without

throwing out all the useful traditional finance models that various economists have discovered

so far. Evolutionary Finance, as discovered through the seminal work of Hens, et. al.

([30, 20, 19]), combines all available financial theories and provides a unique synthesis that

explains all financial phenomena that we have observed in the recent past. It provides

strong mathematical results that satisfy adequately the mainstream economic theories of
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traditional finance models. In addition, it provides a simulations framework, or evolutionary

laboratory, in terms of which can analyze important phenomena and approximate real-life

situations. In two papers, Hens, Schenk-Hoppé, and Stalder ([28]) as well as Hens and

Schenk-Hoppé ([29]) open the way for a completely new empirical framework in economics

using this evolutionary set-up and performing simulations with real dividends data. Their

simulations produced striking results, among them the fact that the evolutionary rule λ∗ is

the only survivor even if in shorter time periods there is some room for other rules to succeed.

Their results have blazed the way for exploration in quantitative finance. In addition, this

methodological procedure can be extended to new situations and circumstances.

It therefore, was desirable to perform a new set of simulations that would explore some

interesting financial phenomena and provide some different methodological procedures. First

of all, the previously cited researchers’ results were based on a small sample of companies and

time periods, and they used a simple procedure for generating future dividends for purposes

of simulation. In section 5.1 consequently, we have used randomly generated dividends via

Monte Carlo simulations to test the results’ variability for a large number of stocks under

different distributions for the dividend process. In addition, we have used a different set of

strategies because the practicability and the interpretation of the results depends largely on

the strategy set. The results were promising, for under some circumstances an “irrational”

strategy can perform better than λ∗ even for a large number of periods.

In addition, one of the real-life financial phenomena is the excess volatility puzzle

first mentioned by Robert Shiller ([45]), who discovered that stock prices are extremely

volatile in comparison with the volatility of their corresponding dividend payments. Hens,

Schenk-Hoppé and Stalder ([28]) cite a case where “excess volatility” is generated within an

evolutionary framework due to some noise trading. Moreover, many prominent economists10

have argued that managers tend to smooth the dividend process and that this tendency makes

the issue problematic. Whatever the effect of dividend smoothing on the excess volatility

issue may be, it is a fact worth considering.11 Because of this factor, we were motivated to

introduce a dividend model that could generate some excess volatility into the evolutionary

model and connect all dividends with common macroeconomic variables. Thus, in section

3.2.1 we provide a dividend model that reflects the theoretical aspects of the evolutionary

10For an example, see Marsh & Merton ([42]).
11Hens & Schenk-Hoppé ([29]) mention a similar effect in their empirical work.
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model and satisfies the necessary assumptions in order theorem 2.2.7 to be valid. Simulated

dividends generated according to this model are free from any smoothing effect, and section

5.2 deals with corresponding simulations. In this case the highlight was that excess volatility

was generated among the relative prices and that an “irrational” strategy still performed

better than λ∗ for many time periods.

Given the surprising results in 5.2 we performed a similar set of simulations wherein

dividends had a close connection with reality. Accordingly, we have calibrated our dividend

factor model in Chapter 4 using data on real dividends and macroeconomic variables. We

think that our particular mode of calibration suggests new approaches to empirical work.

We have performed a set of simulations with artificial dividends based on our new dividends

model that reflects the theoretical aspects of the evolutionary model but calibrated by using

real data. Toward that end, we have used two different ways of calibrating the dividends.12

The first is PCA and our model takes the form given by equation (3.4.1). In section 5.3.1

we present results for this case, which reveal a large amount of price volatility, although λ∗

is the clear winner of the contest. Moreover, the allocation of weights for λ∗ resembles the

corresponding allocation of Hens & Schenk-Hoppé ([29]) for the same companies validating

in a sense our empirical calibration. This is surprising given our new model and innovative

methods of calibration. Finally, by exploring the Bounded Rationality notion we have shown

that it is possible for a behavioral variation of the evolutionary rule to be superior in terms

of profits at least for a significant number of time periods. In this particular “ecosystem”

the volatility is not only very large but also very persistent through time.

The second way of calibrating the dividends includes Factor Analysis, and our dividends

model takes the form mentioned in section 3.5. In comparison with the previous case, the

estimated weights on strategies differ significantly with the weights mentioned in Hens, et.

al. ([29]). Although the empirical methodology that was followed in this case might not

describe well what happened in history, it offers new ways for developing the evolutionary

model. Moreover, the results indicate that under specific circumstances well-diversified fixed-

mix strategies other than λ∗ could perform extremely well in the financial markets and for

practical purposes even better than λ∗. This is important for both theoretical and practical

reasons. In theoretical terms this could open up a whole new direction of research where a

12Many believe that PCA and Factor Analysis Models are the same but this a common mistake among
economists.
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modified evolution of wealth function in an evolutionary model would justify theoretically

the use of those strategies. In practical terms this confirms the idea that various fixed-mix

strategies are superior for investment in the long run. Most importantly, these results suggest

that investors should use fixed-mix strategies that are well-diversified.

Our results should come as a useful addition to the already existing results of the literature

for both theoretical and practical reasons. In theoretical terms we reproduced an economy

with a lot of real-life aspects built on the solid evolutionary finance framework developed by

Hens & Schenk-Hoppé ([30]). In addition, we produced economies that support the notion

of the profitability for fixed-mix rules in financial markets. In practical terms we enhanced

their results by suggesting new fixed-mix strategies that could be superior for investors in

the short run.
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CHAPTER 6

CONCLUSION

We have explored the impact of various constant-proportions investment strategies in an

evolutionary market in which dividends have been generated according to a newly invented

Dividend Factor Model. Furthermore, different adaptations of this Dividend Factor Model

have been developed and analyzed. According to these modifications dividends were

estimated and calibrated under a statistical framework that utilizes special multivariate

analysis techniques. Moreover, we have performed a numerical analysis to study the long-

run outcome of an evolutionary competition with several well diversified constant-proportions

strategies, among them some innovative strategies. We have presented and compared a

variety of simulations with dividends being artificially generated according to the many

different versions of our particular model.

Our initial motivation was to extend and enhance the existing evolutionary results

of the literature. Toward that end we invented a new framework to connect dividends

with macroeconomic variables utilizing statistical concepts from multivariate analysis. The

statistical calibration of this model revealed many significant empirical aspects, a topic that

deserves its own distinctive research. Therefore, it was essential to develop some particular

methods in order to be able to estimate our model empirically. More specifically, we explored

methods from both the PCA Regression and Factor Analysis frameworks. In the PCA

Regression case the econometrically estimated results indicate that there is a significant

relation between the dividends of stocks and the Principal Components constructed from

various macroeconomic variables. These results support the use of PCA Regression analysis

as an alternative solution to the multicollinearity problem.

We have improved and extended the evolutionary framework with various sets of Monte

Carlo simulations. In the first set of simulations we tested the variability of the results
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given a large number of stocks and under different underlying distributions for the dividend

process. In addition, we used a different set of strategies since the practicability and

interpretation of the results depend highly on the participating set of strategies. We have

used only well diversified fixed-mix rules because any undiversified strategies are severely

penalized according to this evolutionary set-up. Our results in the first set of simulations

indicated that under some circumstances an “irrational” strategy could perform better

than the Evolutionary Portfolio Rule for a significant number of periods. Moreover, the

Evolutionary Portfolio Rule managed to asymptotically acquire the total wealth of the

market independently of its initial market share. Therefore, although a theorem that

guarantees global stability in this evolutionary market does not exist yet, our simulations

support the notion, suggested by local growth rates, that this evolutionary rule behaves

as being asymptotically globally stable. Our results are extremely important for both

theoretical and practical reasons. In theoretical terms we have a model where, although

the true rational strategy is the only probable stable strategy, it is also possible for some

“behavioral” rules to perform better under some specific circumstances. In practical terms,

we have for the very first time an outcome that clearly suggests that some irrational strategies

could be extremely profitable for investors in an evolutionary market for a long time.

In addition, we have performed another set of simulations where we have tested the

impact of the Dividend Factor Model in the evolutionary competition. The important

outcome in this case was that the introduction of this particular model in combination

with our specific set of strategies produced an economy with excessively volatile prices.

Although excess volatility was a welcome feature of this outcome, different assumptions for

the parameters of the model resulted to different outcomes for each strategy’s wealth. Thus,

it was important that an empirical calibration connected the dividends with real parameters

as much as possible.

The last part of the simulations included dividends generated according to the calibrated

estimates of our dividend model. The first case involved estimates arising from the PCA

Regression case. We discovered that in our simulated economy there was a large amount of

price volatility, although the Evolutionary Portfolio Rule was the clear winner of the contest.

More significantly, in this particular “ecosystem” the volatility is not only very large but

also very persistent over time. Moreover, we explored the Bounded Rationality notion and

showed that is also possible for a behavioral variation of the Evolutionary Portfolio Rule to
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be superior in terms of profits for a significant number of time periods.

The second case involved estimates arising from the Factor Analysis calibration case. The

results differed dramatically from those of any previous case, which is partly attributable to

the specific calibration that was chosen for this situation. However, the outcome is equally

important in economic significance because it indicates that there are several well diversified

fixed-mix strategies other than the Evolutionary Portfolio Rule that could perform extremely

well in the financial market. This is extremely important for both theoretical and practical

reasons. In theoretical terms, this finding opens up a whole new direction for research, one

where a modified evolution of wealth function would justify the use of those strategies. In

practical terms, this outcome confirms the notion that it is possible for many different fixed-

mix strategies to provide considerable excess profits in financial markets even in the very

long run.

Finally, the results from our particular simulation suggest avenues for future research.

First, as just mentioned, a new evolution of wealth function could be developed in order to

theoretically justify a large variety of fixed-mix rules. On the practical side, new strategies

could be explored and their performances compared. In addition, transaction costs could be

incorporated into the model and their effect measured by additional simulation studies. It is

possible that this addition to the model will benefit strategies that avoid frequent trading.

Additional strategies appropriate for this case should be developed and carefully tested.

One possible extension of the model is the introduction of “external growth” and its

effect on the wealth dynamics. In the model above wealth grows internally in the sense that

successful strategies do not attract a portion of wealth from other strategies. In reality it

could be possible for successful strategies to attract some wealth from other less successful

strategies. This extension is enormously significant in light of our aforementioned results.

As we have seen, in many cases some “irrational” strategies had a tremendous rate of initial

growth. This development could threaten the evolutionary rule for practical reasons.

More general future research avenues involve the construction of evolutionary markets

where constant-proportions strategies compete for wealth given factor models for stocks

similar to the various modifications of our particular dividend model. It should be noted

that the factor-analysis framework and more especially the oblique rotation method could

explain stock price variation and reveal aspects of markets that so far have gone undetected

by traditional models. This in turn could mean that some predictability in stock prices
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is possible. In addition, new empirical studies could apply our particular PCA Regression

procedure in order to test whether similar results can be achieved for stock prices as well.

Last but not least, further research could explore and modify this general set-up in order to

analyze similar phenomena in foreign exchange markets.
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APPENDIX A

A BRIEF SUMMARY OF IMPORTANT

DEFINITIONS AND THEOREMS

This Appendix provides a brief summary for some of the mathematical concepts used in the

dissertation and in the Appendix that it follows. For a more detailed exposition we refer the

reader to look in the mentioned references.

A.1 Some Basic Concepts of Probability

Definition A.1.1. Let (Ω,F ,P) be a non-empty sample space . Assume that for each

t ∈ [0, T ] there is a σ-algebra F (t). Assume also that if s ≤ t, then every set in F (s) is also

in F (s) . Then the collection of σ-algebras F (t), 0 ≤ t ≤ T is called a filtration.1

Definition A.1.2. Let X be a random variable defined on Ω. Let F be σ-algebra of subsets

of Ω. If every set in σ (X) is also in F we say that X is F −measurable.

The above definition ensures that a stock price depends only on information that is

available to the investor at time t.

Definition A.1.3. Let Ω be a non-empty sample space . Let F (t) , 0 ≤ t ≤ T be a

filtration for that space. Let X(t) be a collection of random variables where t ∈ [0, T ]. Then

a collection of random variables is an adapted stochastic process if for each t, X (t) is F (t)

measurable.

The following definition provides important concepts for the joint distribution measure

and cumulative distribution function which are necessary for the statement of the theorem

that immediately follows.

1For a definition of σ-algebras and more details on measure and probability spaces look at Billingsley [6].
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Definition A.1.4. Let X1, X2, . . . , Xm be random variables. Then (X1, X2, . . . , Xm) takes

values in Rn and the joint distribution measure of (X1, X2, . . . , Xm) is given by

µX1,...,Xm (C) = P {(X1, X2, . . . , Xm)}

for all Borel sets C ∈ Rn. In addition, µX1,...,Xm (Rn) = 1 and thus is a probability

measure. The Borel-measurable function fX1,...,Xm (x1, x2, . . . , xm) is a joint density for

(X1, X2, . . . , Xm) if it is nonnegative and if also

µX1,...,Xm (C) =

∞∫

−∞

. . .

∞∫

−∞

IC (x1, x2, . . . , xm) fX1,...,Xm (x1, x2, . . . , xm) dx1 . . . dxm

for all Borel sets C ∈ Rn. The above condition holds if and only if

FX1,...,Xm (a1, . . . , am) =

a1∫

−∞

. . .

am∫

−∞

fX1,...,Xm (x1, x2, . . . , xm) dx1 . . . dxm (A.1.1)

for all i such ai ∈ R and (A.1.1) is the joint cumulative distribution function of

(X1, X2, . . . , Xm) .

The following Theorem utilizes the concepts from the Definition above and a proof could

be found in Shreve ([46]).

Theorem A.1.5. Let X1, . . . , Xm be random variables. The following conditions are

equivalent.

(i) X1, . . . , Xm are independent.

(ii) The joint distribution measure factors i.e.

µX1,...,Xm (A1,×A2 × . . .× Am) = µX1
(A1) · µX2

(A2) · · · µXm (Am)

for all Borel subsets A1 ∈ R, A2 ∈ R, . . . , Am ∈ R.

(iii) The joint cumulative distribution function factors i.e.

FX1,...,Xm (a1, . . . , am) = FX1
(a1) · FX2

(a2) · · · FXm (am)

for all a1 ∈ R, a2 ∈ R, . . . , am ∈ R.

(iv) In case that the joint density exists it factors i.e.

fX1,...,Xm (x1, x2, . . . , xm) = fX1
(x1) · fX2

(x2) · · · fXm (xm)

for almost every x1 ∈ R, x2 ∈ R, . . . , xm ∈ R.
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APPENDIX B

A BRIEF NOTE ON FACTOR MODELS IN

CONTINUOUS TIME

This Appendix presents a brief discussion of Factor Models in continuous time and it

describes the Fernholz model for stocks. The Dividend factor Model of Chapter 3 is influenced

by this set-up.

B.1 Factors Models in Continuous Time

In this section, we will consider a multidimensional market model with stock prices following

random processes on a probability space (Ω,F ,P) .We will consider also a market of N stocks

represented by N stock price processes S1, . . . , SN with subscript i = 1, . . . , N denoting one

particular stock of a company. The source of uncertainty in this model is a N-Dimensional

Brownian motion which will be defined below. First we need the definition of a single

Brownian motion shown below.

Definition B.1.1. Let (Ω,F ,P) be a probability space where Ω is a non-empty sample

space, F is the associated filtration and P is the associated probability measure. Let

{w(t), 0 ≤ t ≤ T} be a stochastic process satisfying the following:

(i) the mapping t 7→ W (t) is a continuous function on [0, T ], almost surely;

(ii) W (0) = 0;

(iii) The increments {W (t1)−W (t0), W (t2)−W (t1), . . . ,W (tm)−W (tm−1)} are

independent for any m and any 0 ≤ t0 < t1 < . . . < tk ≤ T ;

(iv) W (t)−W (s) ∼ N(0, t− s) for any 0 ≤ s < t ≤ T.

Next follows the definition of a multidimensional Brownian Motion.
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Definition B.1.2. A d-dimensional Brownian motion is a processW (t) = (W1(t), . . . ,Wd(t))

satisfying the following:

(i) Each Wi(t) is a one dimensional Brownian motion.

(ii) The processes Wi(t) and Wj(t) are independent for i 6= j.

The next definition associates a filtration with the multidimensional Brownian motion.

Definition B.1.3. Let (Ω,F ,P) be a probability space on which a multidimensional Brow-

nian motion is defined W (t), t ≥ 0. A filtration for the Brownian motion is a collection of

σ-algebras F (t) , t ≥ 0 satisfying the following:

(i) for 0 ≤ s ≤ t, every set in F (s) is also in F (t) .

(ii) for each t ≥ 0, the random vector W (t) is F (t)-measurable.

(iii) for 0 ≤ s < t the vector of increments W (t)−W (s) is independent of F(s).

Because there are N stocks we have N differential equations

dSi(t) = αi(t)Si(t)dt+ Si(t)
d∑

ν=1

ξiν(t)dWν(t), i = 1, . . . , N, (B.1.1)

where the mean rates of return αi(t) and the sensitivities ξiν(t) are adapted processes on the

given filtration. Furthermore, we can set the sensitivities to be equal to

σ2
i (t) =

d∑

ν=1

ξ2iν

and define a another process such as

dW̃i(t) =
d∑

ν=1

ξiν(t)

σi(t)
dWν(t), i = 1, . . . , N (B.1.2)

and

dW̃i(t)dW̃i(t) =

=1︷ ︸︸ ︷
d∑

ν=1

ξ2iν(t)

σ2
i (t)

=dt︷ ︸︸ ︷
dWν(t)dWν(t) = dt.

As such the quadratic variation W̃ is also a Brownian motion.1 Using (B.1.2) we can rewrite

(B.1.1) in terms of Brownian motion W̃i(t) as

dSi(t) = αi(t)Si(t)dt+ σi(t)Si(t)dW̃ν(t) (B.1.3)

1Toward that end, we use the fact that each W̃i is a continuous martingale as being the sum of stochastic
integrals so to apply the Levy’s Theorem.
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where is now clear that σi(t) can be seen at the volatility of Si(t). One should notice

that in general, for i 6= j, W̃i(t) and W̃j(t) are not independent. This illustration using

equation (B.1.1) and equation (B.1.3), shows that every stock that can be modeled with one

Brownian Equation can also be modeled with many Brownian motions where every stock

is correlated to these Brownian motions. Thus one can model a whole economy based on

some common factors. The unexpected variation of these factors is modeled mathematically

by the convenient structure of these Brownian motion processes. Nevertheless, one has the

option to return to a simpler equation like (B.1.3) in order to apply some other common

mathematical modeling such as the models that are used frequently in derivatives pricing.

Toward that end, (B.1.3) is the familiar SDE that is used so frequently in mathematical

finance and it is a generalized geometric Brownian motion. It can also be written as

Si(t) = Si(0) exp
{∫ t

0
σ(s)dW̃i(s) +

∫ t

0

(
αi(s)−

1

2
σ2
i (s)

)
ds
}
.

In the special case where the volatility and the mean rate are constant it reduces to the

familiar geometric Brownian motion model used from Black and Scholes in option pricing

Si(t) = Si(0) exp
{
σW̃i(t) +

(
αi −

1

2
σ2
i

)
t
}
.

Notice in the case above the stock price follows a lognormal distribution.

B.2 Equilibrium Models

As we discussed above, factor models can start with a statistical representation, but can be

appropriately manipulated in such a way to produce some theoretical economic results. For

example, APT is a model like that. It starts with a statistical representation and it employs

the law of one price in order to produce some equilibrium results. We will try to illustrate

better this point with the following analysis. Define an adapted discount process

D(t) = e−
∫ t

0
r(s)ds

Then

dD(t) = −r(t)D(t)dt

and apply the product rule from stochastic calculus to equation (B.1.1) with the discount

term in front so

d (D(t)Si(t)) = dD(t)Si(t) + dSi(t)D(t) +

=0︷ ︸︸ ︷
dSi(t)dD(t) .
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The last term is zero because the usual rules dtdt = 0 and dtdW (t) = 0 apply. We can

substitute (B.1.1) in the equation above

d (D(t)Si(t)) =−r(t)D(t)dt︸ ︷︷ ︸
=dD(t)

Si(t) +D(t)

[
αi(t)Si(t)dt+ Si(t)

d∑

ν=1

ξiν(t)dWν(t)

]

=Si(t)D(t)

[
(αi(t)− r(t)) dt+

d∑

ν=1

ξiν(t)dWν(t)

]

=Si(t)D(t)



σi(t)

(
(αi(t)− r(t))
σi(t)

)

︸ ︷︷ ︸
,Θi(t)

dt+
d∑

ν=1

ξiν(t)dWν(t)




=Si(t)D(t)

[
σi(t)Θi(t)dt+

d∑

ν=1

ξiν(t)dWν(t)

]
(B.2.1)

where we have defined the market price of risk as

Θi(t) ,

(
(αi(t)− r(t))
σi(t)

)
.

As such the following condition holds (this condition is not always true and requires some

additional assumptions)

αi(t)− r(t) =
d∑

ν=1

ξiν(t)Θν(t), i = 1, . . . , N (B.2.2)

we have

d (D(t)Si(t)) = Si(t)D(t)

[
d∑

ν=1

ξiν(t) [Θν(t) + dWν(t)]

]
(B.2.3)

It is essential for someone to be able to find processes Θν(t) that make (B.2.3) to hold with

one such process for each source of uncertainty Wν(t). This means we should be able to find

equations (B.2.2) that are true. This is the equivalent of finding factor mimicking portfolios

in traditional finance. Hence, in continuous models we replace the process Θν(t)+dWν(t) by

a new one, dW̃ν(t), given by Girsanov’s theorem. Then (B.2.3) becomes a martingale under

a new risk-neutral probability measure Q and is written as

d (D(t)Si(t)) = Si(t)D(t)
d∑

ν=1

ξiν(t)dW̃ν(t) (B.2.4)

Equations (B.2.2) are called the market price of risk equations (see Shreve ([46]) for

a more detailed discussion on these equations) and assumptions on the solution of these
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equations lead to particular economic results. For example, particular assumptions on the

solution of these equation can lead to an equilibrium in the economy. A unique solution on

the system of these equations will imply absence of arbitrage in the economy and the model

that started with (B.1.1) will no longer be only descriptive but also normative. In other

words, this model will no longer be only a statistical representation.

At this point, we can draw an analogy with discrete time factor models in Finance. In

discrete time the statistical representation of a factor model is

ri − µi =
m∑

j=1

lijfj + εi, i = 1, . . . , N. (B.2.5)

We can use some arbitrage arguments in forming portfolios in order to transform the above

equation to

E(ri)− rf =
m∑

j=1

βijRPj

where βij have the usual interpretation as betas in traditional finance, RPj are the risk

premiums for a factor j, and rf is the risk-free interest rate. We need to find some factor

tracking portfolios in order to calculate these beta coefficients and to calculate the excess

return of a stock as being a linear combination of the exposure of this stock on risk premiums

of factors

E(ri)− rf = βi1E (r1 − rf ) + βi2E (r2 − rf ) + · · ·+ βimE (rm − rf ) . (B.2.6)

The use of arbitrage arguments translated a statistical model like (B.2.5) from factor analysis

into an economic model like (B.2.6). Equation (B.2.6) is the expression for the security

market line of a multifactor APT model.

B.3 Fernholz Model as a Descriptive Theory

Stochastic Portfolio Theory (SPT) differs from many models in continuous time finance in

the sense that no assumptions are made for equilibrium reasons. For instance, there is no

requirement for an equivalent risk neutral martingale measure. Therefore, it is a descriptive

theory which tries to capture many different aspects of stock valuation. A full description of

SPT is out of the scope of this text. We refer the reader to the monograph by Fernholz ([22]).

In this section, we try to relate the Fernholz model with the more conventional standard

model in mathematical finance as given by (B.1.1).
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We can start with the equation below that utilizes all the available framework from

section B.1

d logXi(t) = γi(t)dt+
d∑

ν=1

ξiν(t)dWν(t), t ∈ [0,∞), a.s. (B.3.1)

where we now have changed the notation for stocks. Stock prices are denoted as Xi, i =

1, . . . , n, and ξiν measures the ith stock sensitivity to the νth source of uncertainty. γi is

called the growth rate process and is different than αi in section B.2 because we now have

the logarithm of the price in the lhs of (B.3.1).

This can be easily seen if we apply Ito’s rule (see Karatzas & Shreve [36]) to Xi(t) =

exp (logXi(t)) in order to have

dXi(t) = Xi(t)d logXi(t) +
1

2
Xi(t)d 〈logXi〉t , t ∈ [0,∞), a.s., (B.3.2)

where d 〈logXi〉t denotes the quadratic variation and it is equal to

d 〈logXi〉t =
d∑

ν=1

ξ2iν(t)dt, t ∈ [0,∞), a.s. (B.3.3)

since the informal rules dtdt = 0, dtdWi(t) and dW (t)dW (t) = dt from stochastic calculus

applies to (B.3.1). Therefore, we can substitute (B.3.1) and (B.3.3) to (B.3.2) in order to

have the following equation

dXi(t) = Xi(t)

(
γi(t)dt+

d∑

ν=1

ξiν(t)dWν(t)

)
+

1

2
Xi(t)

d∑

ν=1

ξ2iν(t)dt.

Alternatively, the equation above can be written as

dXi(t) =

(
γi(t) +

1

2

d∑

ν=1

ξ2iν(t)

)
Xi(t)dt+Xi(t)

d∑

ν=1

ξiν(t)dWν(t). (B.3.4)

We can also define the rate of return process αi for each stock i to be

αi(t) = γi(t) +
1

2

d∑

ν=1

ξ2iν(t), t ∈ [0,∞), a.s.

so (B.3.4) can be rewritten as

dXi(t) = αi(t)X(t)dt+Xi(t)
d∑

ν=1

ξiν(t)dWν(t). (B.3.5)

Equation (B.3.5) is the same equation as (B.1.1) rewritten with different notation for stocks.

It is the standard model used in continuous models. This illustrates the fact that the
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Fernholz model as illustrated by equation (B.3.1) is the logarithmic representation of the

usual standard model used in continuous time finance. However, one important distinction is

in order here. Stochastic Portfolio Theory (SPT), as it’s author claims, is a descriptive theory

rather than a normative theory. This means that (B.3.1) is a statistical representation and

no “equilibrium” or “arbitrage” arguments enters in this theory. On the contrary, models

like (B.1.1) end up as economic equilibrium models (for further details look Karatzas &

Shreve [37]). Toward that end, arbitrage arguments and risk neutral measures are used so

that some economic equilibrium theory can be reached. On the contrary, SPT is not using

any of these arguments, instead it attempts to exploit this basic statistical representation.
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APPENDIX C

TABLES OF FACTOR LOADINGS RESULTS

This Appendix provides tables that correspond to the calibration results for factor loadings

rotations according to section 4.2.

Table C.1: Loadings (9 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9 Communality

HON -0.195 0.033 -0.007 0.118 0.337 0.085 -0.232 0.437 -0.133 0.436
AA 0.070 -0.032 0.130 0.388 -0.032 -0.137 0.221 0.234 0.224 0.347

AXP 0.175 0.036 0.386 -0.363 -0.371 0.135 -0.117 0.376 0.035 0.625
AIG -0.190 -0.049 -0.111 0.135 -0.109 0.218 -0.173 -0.086 0.376 0.307
CAT -0.191 -0.070 0.577 0.291 0.119 -0.093 0.119 -0.229 0.043 0.550
JPM -0.219 0.373 0.019 0.183 -0.004 -0.145 0.091 0.153 0.095 0.283
CVX -0.194 -0.156 -0.151 0.026 -0.192 0.028 -0.140 -0.133 0.551 0.464
KO 0.050 0.364 -0.154 -0.370 0.145 -0.268 0.022 -0.171 0.069 0.422
DD 0.433 0.045 0.195 0.301 -0.131 0.154 -0.144 -0.088 -0.054 0.390

EMR 0.183 0.062 -0.394 0.293 0.110 -0.143 0.015 0.185 -0.089 0.353
XOM -0.264 -0.143 -0.111 -0.029 0.170 0.184 0.631 0.138 -0.029 0.584
GE -0.035 0.451 0.125 0.040 0.251 0.163 0.034 0.114 0.181 0.358
GM 0.003 0.364 -0.054 0.389 -0.259 0.041 -0.160 0.137 -0.171 0.429
HAL 0.417 -0.075 0.023 0.076 0.206 -0.074 0.273 0.066 0.375 0.453
HPQ 0.293 0.232 -0.152 -0.066 -0.080 -0.133 0.231 -0.140 -0.148 0.286
IBM -0.016 -0.047 -0.298 -0.025 -0.371 0.344 0.202 0.323 0.034 0.494
JNJ 0.009 0.434 0.034 -0.028 -0.233 0.164 0.236 -0.232 0.252 0.445

MCD 0.168 -0.091 0.264 -0.102 -0.070 0.056 0.308 0.163 -0.092 0.254
MCK 0.422 -0.195 -0.158 0.096 0.214 0.167 -0.109 -0.061 0.171 0.368
MRK -0.025 0.039 -0.037 0.140 0.069 0.585 0.094 -0.395 -0.316 0.635
MER 0.089 0.184 0.093 -0.221 0.424 0.397 -0.161 0.145 0.179 0.516
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Table C.2: Loadings (15 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 Communality

HON -0.195 0.033 -0.007 0.349 0.118 0.337 0.234 0.277 0.085 0.032 -0.232 0.221 0.008 0.437 -0.133 0.740

AA 0.070 -0.032 0.130 -0.423 0.388 -0.032 0.487 -0.179 -0.137 0.075 0.221 0.105 0.031 0.234 0.224 0.812

AXP 0.175 0.036 0.386 -0.031 -0.363 -0.371 0.075 -0.224 0.135 0.110 -0.117 0.074 0.206 0.376 0.035 0.742

AIG -0.190 -0.049 -0.111 0.127 0.135 -0.109 -0.232 -0.277 0.218 0.351 -0.173 0.275 0.109 -0.086 0.376 0.665

CAT -0.191 -0.070 0.577 0.093 0.291 0.119 0.004 0.134 -0.093 -0.087 0.119 0.091 -0.037 -0.229 0.043 0.594

JPM -0.219 0.373 0.019 -0.111 0.183 -0.004 -0.326 -0.122 -0.145 -0.373 0.091 0.007 0.408 0.153 0.095 0.722

CVX -0.194 -0.156 -0.151 -0.170 0.026 -0.192 0.061 0.319 0.028 0.054 -0.140 0.104 -0.298 -0.133 0.551 0.701

KO 0.050 0.364 -0.154 0.127 -0.370 0.145 0.300 0.196 -0.268 0.238 0.022 0.008 0.098 -0.171 0.069 0.634

DD 0.433 0.045 0.195 0.155 0.301 -0.131 -0.073 0.005 0.154 0.360 -0.144 -0.407 -0.063 -0.088 -0.054 0.719

EMR 0.183 0.062 -0.394 -0.287 0.293 0.110 -0.194 0.193 -0.143 0.378 0.015 -0.009 0.284 0.185 -0.089 0.735

XOM -0.264 -0.143 -0.111 0.272 -0.029 0.170 0.024 -0.312 0.184 0.325 0.631 -0.058 -0.075 0.138 -0.029 0.871

GE -0.035 0.451 0.125 -0.165 0.040 0.251 0.177 -0.002 0.163 0.018 0.034 -0.366 -0.307 0.114 0.181 0.645

GM 0.003 0.364 -0.054 0.299 0.389 -0.259 -0.030 -0.024 0.041 -0.018 -0.160 0.272 -0.303 0.137 -0.171 0.686

HAL 0.417 -0.075 0.023 0.290 0.076 0.206 -0.326 0.133 -0.074 -0.213 0.273 -0.077 -0.052 0.066 0.375 0.714

HPQ 0.293 0.232 -0.152 -0.106 -0.066 -0.080 -0.043 -0.252 -0.133 -0.085 0.231 0.416 -0.426 -0.140 -0.148 0.725

IBM -0.016 -0.047 -0.298 0.018 -0.025 -0.371 0.065 0.232 0.344 -0.319 0.202 -0.227 -0.095 0.323 0.034 0.715

JNJ 0.009 0.434 0.034 0.231 -0.028 -0.233 0.140 0.156 0.164 0.062 0.236 0.071 0.325 -0.232 0.252 0.657

MCD 0.168 -0.091 0.264 -0.122 -0.102 -0.070 -0.143 0.500 0.056 0.181 0.308 0.382 0.014 0.163 -0.092 0.719

MCK 0.422 -0.195 -0.158 0.185 0.096 0.214 0.376 -0.164 0.167 -0.275 -0.109 0.217 0.247 -0.061 0.171 0.755

MRK -0.025 0.039 -0.037 -0.241 0.140 0.069 0.081 0.115 0.585 -0.076 0.094 0.081 0.162 -0.395 -0.316 0.752

MER 0.089 0.184 0.093 -0.250 -0.221 0.424 -0.269 -0.075 0.397 0.015 -0.161 0.165 -0.125 0.145 0.179 0.700
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Table C.3: Loadings (15 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 Communality

HON 0.167 -0.116 -0.033 -0.018 -0.012 0.283 0.176 0.142 0.261 -0.420 0.000 0.000 -0.763 0.000 0.000 1.000

AA 0.323 0.012 0.212 -0.096 0.159 0.015 0.048 0.195 0.295 -0.100 0.537 -0.113 0.182 0.340 0.272 0.846

AXP 0.126 -0.691 -0.130 -0.362 0.041 -0.101 0.392 -0.150 -0.150 0.385 0.000 0.000 -0.001 0.000 0.000 1.000

AIG 0.140 0.407 0.064 -0.367 0.110 -0.102 0.170 0.038 0.241 0.014 0.091 0.076 0.144 -0.240 -0.249 0.590

CAT -0.014 0.307 0.035 0.121 -0.279 -0.132 -0.115 -0.241 0.178 -0.105 0.437 0.232 -0.101 0.264 -0.024 0.644

JPM 0.416 0.183 -0.277 0.296 -0.145 0.166 0.090 -0.013 -0.105 0.025 0.520 -0.239 -0.115 -0.317 -0.033 0.882

CVX 0.199 0.570 -0.020 -0.590 0.282 -0.393 -0.039 -0.112 -0.020 -0.178 0.000 0.000 0.078 0.000 0.000 1.000

KO 0.243 0.084 -0.188 -0.062 -0.332 0.269 -0.197 -0.044 -0.337 0.340 -0.422 -0.409 -0.050 0.033 0.089 0.914

DD 0.322 -0.187 0.421 0.255 -0.021 -0.073 0.099 0.188 0.049 0.155 -0.101 0.422 0.275 0.345 -0.219 0.889

EMR 0.275 -0.061 0.018 0.242 0.092 0.026 -0.180 0.900 0.085 -0.035 0.000 0.000 0.039 0.000 0.000 1.000

XOM -0.298 0.112 -0.410 -0.086 0.263 0.273 -0.084 -0.054 0.739 0.139 0.000 0.000 -0.063 0.000 0.000 1.000

GE 0.681 0.074 -0.165 -0.013 -0.142 0.633 -0.007 -0.221 -0.063 -0.113 0.000 0.000 0.128 0.000 0.000 1.000

GM 0.472 0.133 0.031 0.563 -0.110 0.094 0.606 0.128 0.063 -0.168 0.000 0.000 0.070 0.000 0.000 1.000

HAL 0.462 -0.186 0.376 0.097 0.381 -0.242 -0.568 -0.162 0.121 0.171 0.000 0.000 0.064 0.000 0.000 1.000

HPQ 0.149 -0.094 0.114 0.386 -0.107 0.053 0.036 -0.041 -0.052 0.199 -0.355 -0.134 0.347 -0.073 0.369 0.658

IBM 0.001 -0.093 -0.269 0.073 0.861 0.036 0.340 -0.051 -0.205 -0.103 0.000 0.000 0.004 0.000 0.000 1.000

JNJ 0.498 0.426 -0.138 0.050 -0.033 0.190 0.183 -0.114 -0.270 0.626 0.000 0.000 0.023 0.000 0.000 1.000

MCD 0.027 -0.365 -0.145 0.027 0.112 -0.165 -0.095 -0.005 0.013 0.145 -0.075 0.287 -0.090 0.190 0.272 0.432

MCK -0.022 -0.130 0.857 -0.068 0.387 0.090 -0.236 0.054 -0.029 0.160 0.000 0.000 -0.009 0.000 0.000 1.000

MRK -0.354 0.311 0.122 0.281 0.013 0.425 0.122 0.047 -0.158 0.104 -0.014 0.647 0.024 -0.050 0.056 0.974

MER 0.364 -0.234 0.010 -0.294 -0.006 0.407 -0.172 -0.163 -0.048 0.030 -0.173 0.267 -0.055 -0.422 0.039 0.783
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Table C.4: Loadings (9 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9 Communality

HON -0.319 0.093 -0.215 0.171 -0.218 0.142 -0.071 0.119 -0.144 0.293

AA 0.102 0.262 -0.071 -0.179 0.219 0.195 -0.210 0.297 0.005 0.334

AXP 0.312 0.000 0.178 0.247 -0.154 -0.727 -0.333 0.281 -0.260 1.000

AIG -0.166 0.156 -0.090 0.065 0.306 -0.077 -0.022 0.180 0.419 0.372

CAT -0.330 0.000 -0.011 -0.197 0.710 0.276 0.146 0.207 -0.455 1.000

JPM -0.224 0.779 -0.035 0.048 -0.015 0.110 -0.096 -0.170 -0.201 0.751

CVX -0.170 0.000 -0.176 -0.033 0.615 -0.157 -0.246 0.018 0.689 1.000

KO -0.138 0.000 0.658 0.214 -0.123 -0.095 -0.200 -0.662 0.022 1.000

DD 0.475 0.000 0.525 -0.039 -0.010 0.303 0.205 0.597 0.080 1.000

EMR 0.126 0.141 0.101 -0.070 -0.339 0.454 -0.025 0.103 0.167 0.411

XOM -0.130 -0.030 -0.376 -0.008 -0.031 -0.008 0.069 -0.103 -0.083 0.182

GE -0.192 0.467 0.345 0.521 0.034 0.164 -0.021 -0.089 0.003 0.681

GM -0.132 0.648 0.258 -0.123 -0.240 0.225 0.138 0.307 -0.007 0.741

HAL 0.734 0.000 -0.028 0.206 0.343 0.422 -0.338 -0.077 0.054 1.000

HPQ 0.240 0.111 0.318 0.051 -0.249 0.136 0.040 -0.196 -0.033 0.295

IBM 0.282 0.295 -0.348 -0.036 -0.090 -0.362 0.049 0.051 0.216 0.479

JNJ 0.054 0.587 0.532 0.161 0.280 -0.223 0.149 -0.267 0.109 0.889

MCD 0.334 -0.174 0.034 0.025 0.068 -0.171 -0.005 0.044 -0.225 0.230

MCK 0.637 -0.234 -0.085 0.124 0.097 0.232 0.083 0.007 0.127 0.569

MRK 0.000 0.000 0.000 0.070 0.000 0.000 0.998 0.000 0.000 1.000

MER 0.000 0.000 0.000 1.000 0.000 0.000 0.000 0.000 0.000 1.000
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Table C.5: Orthogonal Rotated Loadings (15 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 Communality

HON -0.005 0.007 0.015 -0.019 -0.109 0.066 0.089 0.067 -0.045 -0.092 0.038 0.833 -0.051 -0.025 -0.039 0.740

AA -0.022 -0.045 0.045 0.889 0.029 -0.022 0.095 0.024 -0.016 -0.021 0.037 -0.023 0.023 0.059 -0.012 0.812

AXP 0.047 0.021 -0.062 0.058 -0.043 0.050 0.002 0.100 -0.094 0.052 -0.038 -0.033 0.006 0.838 0.039 0.742

AIG -0.122 -0.009 0.059 -0.042 0.002 0.032 0.032 -0.071 0.008 0.033 0.117 0.005 0.042 0.068 0.785 0.665

CAT -0.291 -0.059 -0.555 0.159 -0.114 -0.086 -0.079 0.249 0.054 0.114 -0.019 0.073 0.142 -0.205 -0.009 0.594

JPM 0.015 0.014 0.041 0.030 -0.029 0.033 -0.060 -0.066 -0.034 -0.149 -0.067 -0.031 0.825 -0.004 0.011 0.722

CVX 0.273 0.078 -0.107 0.177 -0.091 0.071 -0.126 0.089 -0.147 -0.170 -0.314 -0.093 -0.306 -0.286 0.455 0.701

KO -0.186 0.690 0.149 -0.061 0.000 0.025 -0.027 -0.053 -0.123 -0.131 -0.028 0.047 -0.181 -0.027 -0.157 0.634

DD -0.038 -0.015 0.063 -0.015 -0.042 -0.004 -0.009 -0.029 0.010 0.827 -0.033 -0.059 -0.140 0.052 0.007 0.719

EMR -0.080 -0.007 0.770 0.139 -0.069 -0.039 -0.058 0.175 0.024 0.142 -0.025 0.044 0.133 -0.180 0.048 0.735

XOM 0.050 0.012 -0.019 0.047 -0.006 -0.007 -0.059 0.003 -0.015 -0.043 0.919 0.015 -0.070 -0.046 0.092 0.871

GE 0.124 0.191 -0.115 0.260 -0.009 0.564 -0.209 -0.230 -0.030 0.206 0.038 0.060 0.008 -0.109 -0.191 0.645

GM 0.121 -0.013 -0.071 -0.008 0.569 -0.114 -0.116 -0.063 0.006 0.247 -0.105 0.440 0.131 -0.018 0.170 0.686

HAL 0.126 -0.010 -0.080 -0.154 0.002 0.159 0.395 0.295 -0.453 0.226 0.097 -0.152 0.187 -0.271 -0.040 0.714

HPQ -0.074 0.010 0.024 0.034 0.794 0.068 0.052 0.069 -0.015 -0.133 0.041 -0.205 -0.080 -0.034 -0.079 0.725

IBM 0.834 -0.047 0.036 -0.016 -0.024 -0.040 0.003 0.020 0.043 -0.022 0.040 0.022 0.021 0.034 -0.087 0.715

JNJ 0.136 0.676 -0.133 0.008 0.007 -0.077 0.079 0.111 0.156 0.124 0.042 -0.049 0.235 0.063 0.191 0.657

MCD 0.019 0.036 0.041 0.024 0.041 0.011 -0.091 0.824 0.049 -0.039 -0.004 0.058 -0.076 0.097 -0.055 0.719

MCK -0.006 0.034 -0.005 0.109 0.005 -0.025 0.839 -0.114 0.079 -0.029 -0.061 0.087 -0.072 0.024 0.016 0.755

MRK 0.061 0.006 -0.020 -0.042 -0.012 0.086 0.096 0.085 0.836 0.040 0.008 -0.069 0.002 -0.126 -0.021 0.752

MER -0.096 -0.115 0.060 -0.121 0.027 0.774 0.072 0.104 0.080 -0.090 -0.030 0.025 0.027 0.100 0.131 0.700
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Table C.6: Orthogonal Rotated Loadings (9 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9 Communality

HON -0.112 0.285 0.079 0.023 -0.565 -0.031 -0.005 -0.095 -0.079 0.436

AA -0.018 0.004 -0.035 0.579 -0.025 -0.083 0.017 -0.023 0.035 0.347

AXP -0.046 0.065 0.166 -0.016 -0.034 -0.153 0.177 0.729 -0.061 0.625

AIG 0.006 0.064 0.048 0.024 -0.012 0.088 0.037 -0.039 0.538 0.307

CAT -0.128 -0.012 -0.650 0.272 -0.025 0.166 -0.022 0.086 0.023 0.550

JPM -0.382 0.234 -0.005 0.211 0.057 -0.129 0.003 -0.134 0.020 0.283

CVX 0.060 -0.077 0.019 0.028 0.092 -0.130 -0.045 -0.014 0.652 0.464

KO -0.026 0.207 -0.030 -0.310 0.338 -0.349 -0.074 -0.150 -0.131 0.422

DD 0.196 -0.006 -0.045 0.188 0.078 0.228 0.493 0.083 -0.079 0.390

EMR 0.064 -0.017 0.292 0.194 -0.085 -0.085 0.113 -0.419 -0.152 0.353

XOM -0.048 0.040 0.125 0.227 0.006 0.225 -0.672 -0.027 -0.100 0.584

GE -0.101 0.577 -0.047 0.094 0.060 0.006 0.017 -0.021 -0.001 0.358

GM -0.369 0.069 0.197 0.164 -0.008 0.132 0.433 -0.128 -0.036 0.429

HAL 0.457 0.141 -0.022 0.391 0.182 -0.173 -0.077 -0.022 -0.035 0.453

HPQ 0.033 -0.036 0.126 -0.012 0.393 -0.032 0.057 -0.118 -0.309 0.286

IBM -0.076 -0.061 0.608 0.140 0.028 0.170 -0.128 0.181 0.129 0.494

JNJ -0.167 0.244 0.035 0.062 0.555 0.116 0.022 0.078 0.159 0.445

MCD 0.069 -0.035 0.003 0.201 0.054 0.059 -0.131 0.338 -0.264 0.254

MCK 0.556 0.059 0.083 0.057 -0.033 0.064 0.140 -0.128 0.061 0.368

MRK 0.050 0.075 -0.017 -0.197 0.099 0.753 -0.004 -0.097 -0.043 0.635

MER 0.259 0.611 0.018 -0.168 -0.158 0.055 -0.036 0.127 0.036 0.516
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Table C.7: Orthogonal Rotated Loadings (15 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 Communality

HON 0.151 -0.040 -0.082 -0.102 0.029 -0.007 -0.046 0.085 0.087 -0.113 0.032 -0.039 0.944 0.068 -0.170 1.000

AA -0.034 -0.024 0.146 0.110 0.001 0.028 0.112 0.130 0.043 -0.097 0.860 -0.124 0.033 0.118 -0.011 0.846

AXP 0.105 0.904 -0.044 -0.093 0.146 0.241 0.066 -0.154 -0.075 0.062 -0.011 -0.195 -0.049 -0.048 -0.040 1.000

AIG 0.048 0.054 0.014 0.683 -0.032 -0.256 0.078 0.018 0.154 -0.051 0.027 0.035 -0.043 0.078 -0.093 0.590

CAT -0.151 -0.360 -0.085 0.062 -0.341 0.121 0.157 -0.333 0.021 -0.095 0.256 0.115 0.015 0.238 -0.265 0.644

JPM 0.150 -0.065 -0.159 -0.041 0.018 -0.173 -0.089 0.064 -0.056 0.162 0.128 -0.062 0.071 0.855 -0.016 0.882

CVX -0.019 -0.205 0.008 0.873 0.139 0.027 -0.174 -0.134 -0.118 0.082 0.123 -0.188 -0.080 -0.145 -0.169 1.000

KO 0.227 0.013 -0.095 -0.202 -0.168 -0.088 -0.207 0.053 -0.103 0.768 -0.210 -0.212 -0.061 -0.069 0.179 0.914

DD 0.014 0.066 0.237 -0.054 -0.086 0.125 0.820 0.177 -0.168 -0.022 0.123 0.137 -0.111 -0.133 0.074 0.889

EMR -0.042 -0.122 0.067 -0.071 -0.005 0.040 0.169 0.952 -0.021 -0.015 0.142 -0.024 0.087 0.073 0.046 1.000

XOM 0.000 -0.062 -0.104 0.058 0.066 0.036 -0.149 -0.021 0.964 -0.071 0.044 0.043 0.079 -0.060 -0.076 1.000

GE 0.798 -0.127 -0.148 -0.055 0.050 -0.151 0.181 -0.075 -0.010 0.368 0.224 -0.049 0.098 0.232 0.081 1.000

GM -0.007 -0.070 -0.274 -0.020 0.167 -0.195 0.546 0.099 -0.159 0.037 0.152 0.087 0.307 0.420 0.466 1.000

HAL 0.172 -0.163 0.784 0.063 0.022 0.327 0.183 0.049 -0.001 -0.004 0.047 -0.373 -0.180 0.080 0.045 1.000

HPQ 0.065 -0.011 0.060 -0.236 -0.026 0.055 0.093 0.049 -0.068 0.179 -0.027 -0.002 -0.212 -0.016 0.705 0.658

IBM -0.034 0.116 0.014 0.068 0.979 0.087 -0.023 -0.006 0.065 -0.068 0.014 0.045 0.032 0.042 -0.017 1.000

JNJ 0.125 0.107 -0.003 0.232 0.056 0.010 0.173 -0.062 -0.024 0.807 0.012 0.197 -0.138 0.400 0.109 1.000

MCD -0.001 0.150 0.024 -0.164 0.061 0.597 0.049 0.024 0.032 -0.042 0.025 -0.005 -0.007 -0.124 0.016 0.432

MCK -0.018 0.068 0.916 -0.019 0.020 -0.134 0.052 0.063 -0.132 -0.074 0.141 0.145 0.003 -0.257 0.015 1.000

MRK 0.053 -0.182 -0.031 -0.092 0.038 -0.006 0.129 -0.031 0.043 -0.011 -0.119 0.944 -0.043 -0.034 0.005 0.974

MER 0.789 0.212 0.182 0.074 -0.056 0.097 -0.098 0.014 0.008 0.040 -0.188 0.082 0.101 0.020 0.023 0.783
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Table C.8: Orthogonal Rotated Loadings (9 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9 Communality

HON -0.251 0.109 -0.136 0.277 -0.027 -0.175 -0.124 -0.245 -0.129 0.293

AA 0.165 0.272 0.195 -0.141 -0.135 -0.034 -0.220 -0.280 0.169 0.334

AXP -0.109 -0.026 0.180 0.161 0.311 0.866 -0.263 0.011 -0.116 1.000

AIG -0.047 0.078 0.051 0.068 0.019 -0.056 0.023 -0.083 0.588 0.372

CAT -0.011 0.170 -0.044 -0.122 -0.933 0.036 0.108 -0.230 0.132 1.000

JPM -0.129 0.819 -0.160 0.090 -0.027 -0.124 -0.094 0.058 -0.048 0.751

CVX 0.099 -0.096 -0.121 -0.082 -0.016 -0.051 -0.147 0.045 0.966 1.000

KO -0.107 0.030 -0.030 0.151 0.026 -0.022 -0.158 0.955 -0.158 1.000

DD 0.274 -0.033 0.932 -0.020 -0.058 0.007 0.161 -0.123 -0.105 1.000

EMR 0.109 0.100 0.322 0.001 0.181 -0.450 -0.092 -0.072 -0.193 0.411

XOM -0.051 -0.015 -0.362 0.005 0.009 -0.068 0.062 -0.196 -0.032 0.182

GE -0.053 0.478 0.156 0.542 -0.073 -0.110 0.005 0.334 0.050 0.681

GM -0.261 0.615 0.452 -0.016 0.061 -0.246 0.069 -0.107 -0.097 0.741

HAL 0.947 0.041 0.139 0.095 -0.041 0.003 -0.266 0.016 0.032 1.000

HPQ 0.143 0.112 0.200 0.020 0.158 -0.088 0.033 0.304 -0.308 0.295

IBM 0.090 0.192 -0.126 -0.119 0.508 0.219 0.114 -0.221 0.191 0.479

JNJ 0.028 0.572 0.193 0.056 0.010 0.200 0.242 0.604 0.239 0.889

MCD 0.212 -0.138 0.042 -0.048 -0.020 0.366 0.024 -0.023 -0.164 0.230

MCK 0.669 -0.247 0.144 0.025 0.119 -0.002 0.122 -0.086 -0.056 0.569

MRK -0.071 -0.021 0.047 0.038 -0.040 -0.089 0.984 -0.058 -0.095 1.000

MER 0.149 -0.008 -0.055 0.966 0.077 0.134 0.072 0.106 0.039 1.000
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Table C.9: Oblique Rotated Loadings (15 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 Communality

HON -0.011 0.020 -0.004 0.689 0.001 0.469 0.478 0.567 -0.023 -0.010 -0.009 0.010 -0.001 0.258 -0.001 0.740

AA 0.004 0.005 -0.005 -0.538 0.626 0.019 0.653 0.005 -0.038 0.005 -0.014 0.005 -0.001 0.580 0.020 0.812

AXP 0.003 0.028 0.011 0.000 -0.207 0.000 0.005 0.003 0.033 0.002 0.005 0.004 0.001 0.788 -0.002 0.742

AIG -0.418 0.000 -0.025 0.005 -0.003 0.013 -0.223 -0.361 -0.021 0.576 -0.003 -0.007 -0.002 0.016 0.640 0.665

CAT 0.027 -0.012 -0.753 0.000 0.363 -0.002 0.002 0.512 0.033 -0.002 0.015 -0.022 0.000 0.009 0.027 0.594

JPM -0.007 0.264 0.039 -0.007 0.003 -0.029 -0.446 0.004 0.020 -0.777 -0.014 0.006 -0.551 -0.005 -0.002 0.722

CVX -0.008 0.015 0.038 -0.005 0.004 -0.025 0.005 0.448 0.040 -0.003 -0.007 0.011 0.396 -0.013 0.776 0.701

KO 0.020 0.679 0.037 -0.007 -0.341 0.005 0.210 0.021 -0.705 0.018 -0.007 -0.005 0.001 0.004 0.026 0.634

DD 0.330 -0.005 0.033 -0.006 0.500 -0.028 -0.002 0.006 0.000 0.648 -0.018 -0.545 0.002 -0.004 0.011 0.719

EMR 0.011 0.000 0.629 -0.321 0.276 0.005 0.000 0.000 0.027 0.102 0.022 -0.006 -0.525 0.001 -0.001 0.735

XOM -0.959 -0.002 0.027 -0.004 0.003 -0.017 0.002 -1.031 0.030 0.833 0.927 0.002 0.001 -0.007 0.001 0.871

GE -0.018 0.382 -0.020 0.003 0.001 0.668 -0.001 -0.006 0.015 -0.007 0.019 -0.508 0.195 0.003 -0.044 0.645

GM 0.010 0.095 0.013 0.656 0.456 0.007 0.001 0.001 0.024 0.016 -0.185 0.482 0.726 0.124 0.005 0.686

HAL 0.481 0.030 -0.008 0.338 0.001 0.035 0.001 0.010 -0.028 0.008 0.753 0.017 -0.002 -0.001 0.457 0.714

HPQ -0.003 0.008 -0.001 -0.001 0.000 -0.010 0.000 -0.618 -0.003 -0.011 0.000 0.948 0.885 0.001 -0.248 0.725

IBM 0.021 -0.016 0.576 0.287 -0.003 -0.245 0.001 0.004 0.627 -0.337 0.582 -0.023 0.002 0.012 0.030 0.715

JNJ -0.006 0.813 -0.036 0.007 -0.002 -0.337 0.000 -0.017 -0.012 -0.012 0.464 -0.001 -0.312 -0.001 0.182 0.657

MCD -0.014 -0.020 0.004 -0.001 0.000 -0.015 -0.005 0.504 0.529 0.002 0.589 0.626 0.000 0.399 -0.028 0.719

MCK 0.666 -0.021 0.012 -0.001 0.001 -0.028 0.837 -0.009 0.048 -0.003 0.007 -0.010 -0.275 0.001 -0.012 0.755

MRK -0.004 0.035 0.011 -0.450 0.000 0.012 0.004 0.009 0.999 0.008 -0.010 0.013 -0.528 -0.594 -0.636 0.752

MER 0.022 -0.017 0.008 -0.002 -0.563 0.932 -0.227 -0.002 0.502 0.005 -0.008 -0.010 0.000 -0.001 0.039 0.700
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Table C.10: Oblique Rotated Loadings (9 Factors Principal Components)

F1 F2 F3 F4 F5 F6 F7 F8 F9 Communality

HON -0.148 -0.113 0.102 0.048 0.610 0.005 -0.278 0.049 -0.035 0.436

AA 0.050 0.058 -0.018 0.493 -0.005 0.026 0.315 -0.018 0.300 0.347

AXP 0.106 -0.012 -0.627 -0.245 0.089 -0.084 0.016 0.588 0.026 0.625

AIG 0.053 0.043 0.076 0.019 0.055 0.215 -0.100 -0.008 0.423 0.307

CAT -0.036 -0.025 -0.353 0.346 -0.007 -0.043 0.035 -0.583 0.061 0.550

JPM -0.263 0.395 0.008 0.259 0.097 -0.092 -0.001 -0.028 0.108 0.283

CVX 0.034 -0.013 0.066 -0.058 -0.118 0.057 -0.011 0.055 0.631 0.464

KO -0.101 0.353 0.119 -0.386 -0.063 -0.444 -0.017 0.013 -0.100 0.422

DD 0.543 0.042 -0.055 0.308 -0.072 0.030 -0.073 -0.064 -0.099 0.390

EMR 0.091 0.037 0.499 0.300 0.022 -0.029 0.020 0.074 -0.031 0.353

XOM -0.489 -0.044 0.021 -0.017 0.042 0.534 0.632 -0.037 -0.075 0.584

GE -0.037 0.458 -0.043 -0.033 0.400 -0.025 0.049 -0.068 0.014 0.358

GM 0.046 0.321 0.081 0.472 -0.009 0.065 -0.288 0.083 -0.100 0.429

HAL 0.326 0.042 0.106 0.056 0.014 -0.098 0.535 0.004 0.253 0.453

HPQ 0.077 0.256 0.132 0.010 -0.311 -0.103 0.208 0.047 -0.281 0.286

IBM -0.138 0.023 0.014 0.013 -0.075 0.547 0.295 0.545 0.077 0.494

JNJ -0.027 0.580 -0.134 -0.012 -0.216 0.139 0.246 0.002 0.057 0.445

MCD -0.006 -0.071 -0.322 0.007 -0.050 0.113 0.380 0.138 -0.145 0.254

MCK 0.509 -0.170 0.295 -0.059 0.107 0.044 0.100 -0.022 0.096 0.368

MRK 0.070 0.047 0.077 -0.011 -0.007 0.630 -0.023 -0.355 -0.468 0.635

MER 0.153 0.130 -0.042 -0.440 0.632 0.039 -0.026 0.048 -0.023 0.516
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Table C.11: Oblique Rotated Loadings (15 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9 F10 F11 F12 F13 F14 F15 Communality

HON 0.006 -0.031 -0.004 0.003 -0.005 0.286 0.596 0.011 0.001 -0.115 0.004 -0.004 0.987 0.059 0.003 1.000

AA -0.002 -0.001 0.012 0.001 -0.001 0.012 0.002 0.033 0.372 -0.013 0.681 -0.009 -0.048 -0.285 0.507 0.846

AXP 0.008 -0.708 0.006 -0.318 -0.012 -0.022 0.483 -0.071 0.024 0.378 0.048 0.009 -0.017 0.036 0.019 1.000

AIG 0.005 0.325 -0.020 -0.414 -0.003 -0.021 0.024 0.026 0.417 0.045 0.075 -0.016 -0.045 0.175 -0.332 0.590

CAT 0.010 0.381 0.005 -0.001 -0.323 -0.047 -0.531 -0.450 0.037 -0.019 0.523 0.321 0.279 -0.217 0.021 0.644

JPM 0.264 -0.018 -0.583 0.279 -0.010 0.006 -0.059 0.009 -0.031 0.347 0.568 -0.405 0.031 0.452 0.010 0.882

CVX 0.003 0.725 0.008 -0.780 -0.011 -0.421 -0.039 -0.040 -0.003 -0.023 -0.015 0.010 0.035 0.004 0.014 1.000

KO 0.221 -0.004 -0.007 -0.005 -0.235 -0.018 -0.070 0.240 -0.329 0.493 -0.553 -0.530 -0.031 -0.041 0.044 0.914

DD 0.640 -0.035 0.913 0.255 -0.006 0.011 -0.051 0.054 -0.028 -0.019 -0.050 0.536 0.015 -0.487 -0.317 0.889

EMR 0.300 0.007 0.010 0.364 0.001 -0.024 0.016 0.915 0.025 -0.011 0.024 0.005 0.010 0.012 0.006 1.000

XOM -0.441 -0.001 -0.573 -0.001 0.400 0.482 -0.036 -0.018 1.021 -0.012 -0.032 0.009 0.032 -0.017 0.013 1.000

GE 0.806 0.016 -0.024 -0.001 0.001 0.649 0.035 -0.047 -0.009 0.035 0.062 -0.001 0.018 -0.016 -0.015 1.000

GM 0.336 0.049 0.008 0.619 -0.001 -0.006 0.550 -0.057 0.019 -0.006 -0.003 0.006 0.000 -0.057 0.014 1.000

HAL 0.659 -0.004 0.721 0.001 0.502 -0.338 -0.473 -0.057 0.018 0.009 0.036 0.002 -0.045 0.046 0.016 1.000

HPQ 0.013 -0.037 0.000 0.519 -0.011 -0.016 0.006 0.017 0.006 -0.003 -0.379 -0.004 -0.650 0.070 0.484 0.658

IBM 0.004 -0.009 -0.164 -0.001 0.947 -0.017 0.782 0.039 0.006 -0.010 -0.008 -0.006 -0.021 -0.005 0.004 1.000

JNJ 0.279 0.587 0.006 0.003 0.008 0.018 0.057 0.029 0.004 0.899 -0.035 -0.001 0.010 0.020 -0.034 1.000

MCD -0.006 0.016 -0.033 -0.003 0.012 0.003 -0.017 0.016 -0.034 0.049 0.016 0.556 0.049 -0.086 0.381 0.432

MCK 0.000 0.022 1.003 -0.002 0.414 -0.009 -0.008 -0.007 -0.006 0.007 0.007 0.001 0.052 -0.046 0.003 1.000

MRK -0.286 0.727 0.001 0.282 -0.009 0.704 -0.019 -0.056 0.003 0.007 0.055 0.935 -0.043 0.028 0.019 0.974

MER 0.439 -0.002 0.031 -0.295 0.003 0.642 -0.014 0.057 0.015 -0.044 -0.085 0.374 0.001 0.489 0.006 0.783
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Table C.12: Oblique Rotated Loadings (9 Factors Maximum Likelihood)

F1 F2 F3 F4 F5 F6 F7 F8 F9 Communality

HON -0.375 0.024 -0.313 0.305 -0.284 0.029 0.013 0.031 -0.020 0.293

AA 0.112 0.269 -0.139 -0.082 0.143 0.127 0.340 0.327 0.059 0.334

AXP 0.031 0.051 0.006 0.302 0.045 -0.639 0.406 0.270 -0.702 1.000

AIG -0.062 0.105 -0.041 0.111 0.465 -0.067 0.063 0.142 0.462 0.372

CAT -0.291 0.032 0.002 -0.057 0.569 0.881 -0.020 0.030 -0.045 1.000

JPM 0.019 0.850 -0.015 0.061 -0.039 0.047 0.108 -0.071 -0.064 0.751

CVX 0.040 -0.045 0.035 -0.056 0.802 -0.005 0.271 -0.088 0.772 1.000

KO 0.002 -0.021 0.880 -0.011 -0.028 0.047 0.044 -0.430 0.004 1.000

DD 0.260 -0.071 0.303 0.029 -0.018 0.050 -0.002 0.869 -0.090 1.000

EMR 0.107 0.061 0.013 -0.053 -0.455 -0.014 0.027 0.304 0.172 0.411

XOM -0.079 0.007 -0.351 0.008 -0.098 0.018 -0.122 -0.259 0.008 0.182

GE -0.029 0.429 0.375 0.498 0.071 0.111 0.019 0.076 0.090 0.681

GM -0.125 0.589 0.083 -0.005 -0.159 -0.084 -0.061 0.557 0.007 0.741

HAL 0.874 0.113 0.065 0.062 0.008 0.261 0.484 0.010 0.016 1.000

HPQ 0.272 0.131 0.326 -0.063 -0.295 -0.060 -0.053 0.022 -0.132 0.295

IBM 0.357 0.399 -0.371 -0.071 0.036 -0.585 -0.001 0.028 -0.031 0.479

JNJ 0.331 0.676 0.677 -0.005 0.506 -0.064 -0.084 -0.013 0.033 0.889

MCD 0.235 -0.091 -0.001 -0.009 0.022 -0.046 0.070 0.010 -0.371 0.230

MCK 0.659 -0.157 -0.059 0.002 -0.101 0.039 0.006 0.041 0.007 0.569

MRK 0.084 0.058 -0.014 0.005 0.095 0.060 -0.980 -0.004 0.027 1.000

MER 0.036 -0.029 -0.001 0.980 -0.034 -0.058 -0.031 -0.066 -0.030 1.000
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