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ABSTRACT 

 

A data assimilation method is developed to calibrate a heterogeneous hydraulic conductivity 

field conditioning on observation of a transient groundwater flow field or transient conservative 

solute transport field. An ensemble Kalman filter (EnKF) approach is used to update model 

parameters such as hydraulic conductivity and model variables such as hydraulic head or solute 

concentration using available data. A synthetic two-dimensional flow case is used to assess the 

capability of the EnKF method to calibrate a heterogeneous conductivity field by assimilating 

transient flow data from observation wells under different hydraulic boundary conditions. The 

study results indicate that the EnKF method will significantly improve the estimation of the 

hydraulic conductivity field by assimilating hydraulic head measurements and the hydraulic 

boundary condition will significantly affect the simulation results. The ensemble size should be 

300 or larger for the numerical simulation in the study case. The number and the locations of the 

observation wells will significantly affect the hydraulic conductivity field calibration.  

Another synthetic case with the mixed Neumann/ Dirichlet boundary conditions is 

designed to investigate the capacity and effectiveness of a constrained EnKF by assimilating the 

solute concentration to identify a conductivity distribution. The study results indicate that the 

constrained EnKF method will significantly improve the estimation of the hydraulic conductivity 

field by assimilating solute concentration measurements. The larger area for the initial 

distribution of the solute concentration, the more observed data can be obtained, the better the 

inversed results. The number of the actual observation wells needed to calibrate the hydraulic 

conductivity field through the constrained EnKF method via assimilating the solute 

concentration is very small. The data assimilation method can produce useful results in the first 

five or seven time step assimilation. The simulated results by the data assimilation method are 

still very similar with different observation errors. 

Based on the problems of the filter divergence in the data assimilation application, the 

localized EnKF method is applied. The covariance inflation and localization schemes are used to 

the transient state groundwater water flow. The synthetic study case of the transient groundwater 

flow is the same as the research before, but the assumed real conductivity values are correlated. 

The simulations by the data assimilation with and without localized EnKF are compared. The 
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hydraulic conductivity field can be updated efficiently by the localized EnKF, while it cannot be 

updated via just the EnKF. The covariance inflation and localization are found to efficiently 

solve the problem of the filter divergence. The ensemble size for the localized EnKF method is 

100 and less than that only in the EnKF before, which reduce the computer cost. The correlation 

length is found to affect the simulation by the localized EnKF method much more than the 

localization radius. Moreover, the updated results of hydraulic conductivity fields produced by 

the localized EnKF method with the greater correlation length and greater localization radius are 

a little closer to the real field. 

Based on the problems of the filter divergence and it is more reasonable to add error 

perturbations to the forward model because there are so many uncertainties and error sources in 

the reality, the model error perturbation is added to the EnKF. The synthetic study case and the 

real hydraulic conductivity field of the transient state groundwater flow are the same as above. 

The EnKF method by adding the model error perturbation is applied to the transient state 

groundwater flow to update the hydraulic conductivity through assimilating the observed data of 

the hydraulic head. After comparing the inverse results obtained via the EnKF by adding model 

error perturbations with the results produced by the EnKF and the results produced by the 

covariance inflation scheme via the EnKF method, the problem of the filter divergence is found 

to be improved to a certain degree by adding the model error to the EnKF method though the 

updated results at later assimilating time is not good. Even though big error has been added to the 

forward model, the EnKF method still can efficiently update the hydraulic conductivity field. 

The EnKF method by adding model error perturbations is more efficient than the EnKF method 

by the covariance inflation to update the hydraulic conductivity field via assimilating the 

observed hydraulic head data from the transient groundwater flow.   

 

Key words:  Data Assimilation, (Localized) Ensemble Kalman Filter; Hydraulic 

Conductivity/Head; Transient Groundwater Flow; Boundary Condition; Heterogeneity; Transient 

Conservative Solute Transport; Solute Concentration; Initial Distribution of the Solute 

Concentration; Constrained EnKF; Filter Divergence; Model Error Perturbation  
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CHAPTER 1 

INTRODUCTION 

 

Natural media are generally heterogeneous. Hydraulic parameters, such as hydraulic conductivity 

and porosity, are commonly treated as random space functions. Without an adequate description 

of the spatial distributions of the hydraulic parameters, the ability of the numerical model to 

predict groundwater flow and solute transport is limited and tends to deteriorate over time. 

However, characterization of a natural medium heterogeneity is generally difficult due to 

economical and technical limitations. Many methods have been developed to estimate parameter 

values given a mathematical model system process and a set of relevant observations. These are 

called inverse methods.  

Inverse methods are commonly used to calibrate the model parameter distributions on the 

basis of observation data and provide more reliable model predictions, as summarized in several 

review articles (Carrera et al., 2005; Daley, 1991; Huang et al., 2009; McLaughlin and Townley, 

1996; Neuman, 1980; Vermeulen et al., 2006; Yeh, 1986; Zimmerman et al., 1998). One 

traditional and classical inverse method is linear or nonlinear regression (also called traditional 

parameter estimation). It is can be used fruitfully in model calibration through its sensitivity 

analysis capability and its ability to estimate parameter values that result in the best possible fit 

to the observations. A weighted least-squares objective function is minimized with respect to the 

parameter values, such as UCODE_2005 (Eileen et al., 2008). However, the sensitivity analysis 

needs expensive computational effort.  

Many inverse algorithms have been developed in the field of hydrogeology (Chen and 

Zhang, 2006; Constantinescu et al, 2007; Hoeksema and Kitanidis, 1984; Poeter and Hill, 1997; 

Sun, 1994; Sun and Yeh, 1992; Vrugt et al., 2005b; Vermeulen et al., 2006; Yeh and Liu, 2000; 

Yeh and Zhang 1996, Zhu and Yeh, 2005). With newly developed techniques, more observations 

become available. But the observation data from these techniques are usually indirectly related to 

the model parameters, which are of the most interest in practice. Moreover, there may be 

different kinds of measurements. Therefore, it is necessary to develop approaches to dynamically 
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reconcile the observation information of different kinds. The data assimilation method is 

established for this purpose (Thomsen and Zlatev, 2008). 

Data assimilation is another famous inverse method, which differs from the traditional 

parameter estimation methods. Originating from meteorology and oceanography (Daley, 1991; 

LeDimet and Talagrand, 1986), the data assimilation method has been developed for 

improvement of operational weather forecasts and ocean dynamics prediction (Evensen, 2003, 

2004; Fang et al., 2006; Houtekamer and Mitchell, 1998, 2001; Thomsen and Zlatev, 2008). Data 

assimilation methods have been applied to many study areas (Andreadis and Lettenmaier, 2006; 

Aubert et al., 2003; Clark et al., 2006; McLaughlin and Townley, 1996; Mclaughlin, 2002; 

Natvik and Evensen, 2003; Reichle, 2008). In geophysics, data assimilation methods have been 

used to assimilate geophysical data to characterize medium heterogeneity (Christakos, 2002, 

2005). Soresen et al (2004) have applied data assimilation in hydrodynamic modeling to deal 

with nonlinearity and bias. Some people have made use of data assimilation in hydrology with a 

focus on uncertainty and sensitivity analysis (Liu and Gupta, 2007; Soresen et al., 2006; Van 

Geer et al., 1991; Vrugt et al., 2005a). Data assimilation methods have also been used in the 

petroleum industry (Oliver et al., 2008).   

The traditional Kalman filter (KF) is an efficient sequential data assimilation method for 

linear dynamics and measurement processes with Gaussian error statistics (Kalman, 1960; 

Kalman and Bucy, 1961; Drecourt, 2003; Drecourt et al, 2006; Gelb, 1974; Maybeck, 1979; 

Tipireddy et al., 2008; Zou et al., 1991; Zhang et al., 2007). To assimilate data for nonlinear 

dynamics and measurement processes, the extended Kalman filter (EKF) was developed 

(Jazwinski, 1970). However, the EKF is very unstable if the nonlinearities are strong. 

Furthermore, this method is not computationally feasible for large-scale environmental systems.  

To overcome these limitations, the ensemble Kalman filter (EnKF) is proposed. Evensen 

(1994) found that the Ensemble Kalman filter (EnKF) is a Monte-Carlo variant of the KF, 

consisting of a set (or ensemble) of parallel short-term forecasts and data assimilation cycles. 

Statistics derived from the short-term forecasts are used to estimate background error 

covariances during the subsequent data assimilation step. The idea behind the EnKF is that a 

comparable small ensemble of model trajectories captures the relevant parts of the error 

structure. Further, ensemble-based techniques have two potential advantages over the traditional 

EKF (Cohn, 1997): (1) the calculation cost of ensemble techniques should be significantly less, 
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since covariances are estimated using a limited-size random sample, while the error covariances 

of EKF for each model component are propagated using linear tangent and adjoints of the fully 

nonlinear model, and exorbitant computational expense for a high-dimensional model [however, 

it may be possible to reduce the computations by computing in a reduced-dimensional subspace, 

e.g., Fisher (1998)]; (2) in terms of accuracy, ensemble filters may be more accurate than the 

EKF since covariances are estimated by propagating model states with a fully nonlinear model 

rather than under assumptions of linearity. Moreover, it is also able to account for the possible 

model noise/error.  

Ensemble-based data assimilation approaches have the potential of providing better initial 

conditions than other method such as three-dimensional variational data assimilation (Navon et 

al., 1992; Parrish and Derber, 1992) or four-dimensional variational data assimilation (Le Dimet 

and Talagrand, 1986; Rabier et al, 1998,). Hamill and Synder (2000) showed that a hybrid EnKF 

provided substantial improvements over 3D VAR in a perfect-model context. Anderson (2001) 

has done some preliminary experiments, and his results suggest that an ensemble-based approach 

may also be better than 4-D VAR. Kalnay et al. (2007b) proposed to adaptively estimate 

observational errors and the inflation coefficient for the background error simultaneously within 

the local ensemble transform Kalman filter (LETKF), and this LETKF method works well and it 

is a innovation within 3D-Var and 4D-Var. 

For short assimilation windows EnKF gives more accurate analyses (Kalnay et al., 

2007a), and it is convenient to use the assimilation windows due to the observation effort. 

Therefore, the EnKF has received much attention, and it has been applied to many other fields, 

such as meteorology, oceanography, petroleum engineering and hydrogeology (Bertino et al., 

2003; Eknes and Evensen, 2002; Evensen, 1994, 2003, 2004, 2006; Franssen and Kinzelbach, 

2009; Gu and Oliver, 2005, 2006; Huang et al., 2008a, 2008b; Houtekamer and Mitchell, 1998; 

Komma et al., 2008; Lenartz et al., 2007; Moradkhani et al., 2005; Naevdal et al., 2003; Nerger 

et al., 2007; Ott et al., 2004; Pan and Wood, 2006; Reichle et al., 2002a, 2002b; Sigurd et al., 

2009; Tong et al., 2010; Weerts and El Serafy, 2006; Wen and Chen, 2005).  

Recent development of the EnKF is not only limited to updating system state variables 

(such as hydraulic head in transient groundwater flow modeling and solute concentration in 

solute transport modeling) as in conventional data assimilation, but also allow updating state 

variables and model parameters (such as hydraulic conductivity in transient groundwater flow 



4 

 

modeling or in transient solute transport on the basis of the steady state groundwater flow) to 

yield more accurate model predictions. The application of the EnKF in hydraulic modeling 

(including groundwater flow and solute transport) has also received more and more attention. 

Chen and Zhang (2006) have successfully applied data assimilation for transient groundwater 

flow in geologic formations via EnKF, but in their study, they did not consider the influence of 

different boundaries and the locations of observation wells on the data assimilation results. 

Huang et al (2009) used the data assimilation method for steady state groundwater flow to 

calibrate a heterogeneous conductivity field via EnKF, and used solute concentration data to 

calibrate the solute prediction. Although they assimilated the observed hydraulic head data, they 

only applied the EnKF to the steady state flow with one kind of boundary.  

The above studies have been done by applying the EnKF to calibrate the hydraulic 

conductivity by continuously assimilating the hydraulic head. For solute transport modeling, Liu 

et al (2008) applied the EnKF to calibrate the conductivity fields by assimilating tritium 

concentration at the MADE site. The first assimilated hydraulic head observations to update the 

hydraulic conductivity and obtained the flow field for the solute transport process. They also 

incorporated the updated variable longitudinal dispersivity during the solute transport modeling, 

which will influence the solute prediction and the corresponding inversed results including the 

updated hydraulic conductivity field. 

All uncertainty sources, including parameters and output observations, need to be 

considered for improvement of forecast capability (Wang et al., 2009). In most physical systems, 

states and/or parameters are bounded, which introduces constraints on their estimates. While in 

sequential data assimilation techniques like the EnKF, the state variables are updated by 

minimizing the mean square error rather than following physical principles, which may result in 

the violation of physical constraints and they proposed many methods to solve these problems 

(Prakash et al., 2008; Wang et al., 2009). In the conservative solute transport modeling, solute 

concentrations have their own physical meaning. So it is better to pose some constraints to them 

in case that they violate the physical meaning after the application of the EnKF method (Hemant 

et al., 2009, Sridhar et al., 2007; Thacker, 2007), we call this method as constrained EnKF.  

A crucial aspect of the EnKF update is the ensemble-based estimation of various 

covariances and cross-covariances that relate the data to model parameters. These estimates can 

be severely damaged when using small ensemble size because of sampling errors. The loss of 
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ensemble variability can severely underestimate the underlying uncertainties (Anderson, 2001; 

Devegowda et al, 2007; Furrer and Bengtsson, 2007). The loss of variability would make the 

EnKF to ignore newer observations because the uncertainty in the prior models as reflected by 

the sample-derived covariances becomes negligible (Hamill et al., 2001). Filter divergence 

(Evensen, 2009) is caused by progressive underestimation of the model error covariance 

magnitude during the integration- the filter becomes ―too confident‖ in the model and ―ignores‖ 

the observations in the analysis process. However, these problems could be solved by the 

covariance inflation and localization, which is called the localized EnKF method (Chang et al, 

2010). 

In summary, EnKF shows a decreasing ability during an assimilation process to correct 

ensemble states toward the observations. The solution is to increase the covariance of the 

ensemble and decrease the filter’s confidence in the model. The following are several ways to 

―inflate‖ the ensemble covariance (Sandu et al., 2007): 

The first method is the additive inflation, where the model errors are simulated by adding 

uncorrelated noise to the model or analysis results. This increases the diagonal entries of the 

ensemble covariance.  

The second method is the multiplication inflation, where each member’s deviation from 

the ensemble mean is multiplied by a constant ( 1  ). This increases each entry of the ensemble 

covariance by the constant squared ( 2 ).  

A third approach for covariance inflation is through perturbations applied to key model 

parameters, which is referred as model-specific inflation. This approach focuses on sources of 

uncertainty that are specific to each model (for instance in CTMs: boundary conditions, 

emissions, and meteorological fields). 

Covariance inflation schemes (Anderson, 2007; Campbell et al., 2010; Li et al, 2009) 

target the variance deficiency of the ensemble observed following a sequence of updates. The 

second method will be used due to its easy implementation. 

The EnKF is based on assumption of Gaussianity of the probability density function (pdf) 

and as such fails for nonlinear observation operators. The goal of covariance localization for 

ensemble-based estimation problems is to eliminate or dampen the effects of spurious 

correlations between the model parameter, state and the measurements, typically arising from the 

limited ensemble size. Localization has been found to be important in petroleum engineering 
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applications, especially in cases where the number of observations is large and the size of the 

ensemble is small (Chang et al, 2010; Chen and Oliver, 2009; Devegowda et al, 2007, 2010; 

Skjervheim et al, 2007). The large number of observations and the increase in dimensionality of 

the problem make localization important if a small ensemble is used for data assimilation method. 

Intuitively, the influence of a measurement on the state and parameter estimation is expected to 

decrease with increasing distance. This assumption is the basis for the distance-dependent 

covariance localization. The impact of a measurement is assumed to be negligible beyond a pre-

specified radius of influence. 

However, most applications of the data assimilation method via the EnKF to the 

hydrogeology modeling do not consider the model error. There are many sources of error in 

forecasts, such as (1) analysis errors including imperfect data assimilation, imperfect or sparse 

observations, imperfect model; (2) boundary condition errors including lateral boundary 

conditions, lower boundary conditions (coupled model uncertainty, e.g., land surface etc); (3) 

model errors including limited resolution, dynamic core, parameterization of physical processes 

(Palmer, 2003). The Kalman filter provides a coherent closed description for the evolution of 

errors in a data assimilation cycle. Estimation errors evolve and grow with the dynamics of the 

forecast model. The errors are periodically reduced because of the assimilation of observations 

(Houtekamer et al., 2009).  

It is essential to provide appropriate quantitative information on the model error (Carrassi 

and Vannitsem, 2010; Daley, 1991, p. 384; Dee, 1995, p. 1143; Houtekamer et al., 2009). The 

―model error‖ means discrepancy between the simulated environment and the true environment. 

Thus, for example, incorrect assumptions about observational errors and errors due to the finite 

model resolution will both result in a somewhat bigger model error. Hamill et al. (2006) used 

post-processing to deal with model error. Both the multimodel and multiparameterization 

approaches were used until recently in the Canadian ensemble prediction system (EPS) (Pellerin 

et al., 2003). It is has the appealing characteristic of representing the model error of the EPS in 

an efficient manner. The model error component of the Canadian EnKF initially used a 

simplified and reduced amplitude form of the isotropic background error covariances that were 

used in the Canadian 3D variational analysis algorithm (Gauthier et al, 1999). This was done by 

adding an ensemble of random perturbation fields with a specified covariance structure to 

ensemble of background fields. Houtekamer et al. (2009) attempted to account for model by 
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using various combinations of four different approached: (1) additive isotropic model error 

perturbations; (2) different versions of the model for different ensemble members; (3) stochastic 

perturbations to physical tendencies; and (4) stochastic kinetic energy backscatter, and they 

found that approach (1) has the biggest impact, approach (2) has a small but clearly positive 

impact, approaches (3) and (4) did not lead to further improvements. However, as shown by 

Whitaker et al. (2008), if a single method is to be used to account for model error, such an 

addition of random perturbations performs slightly better than multiplicative covariance inflation 

(Sandu et al., 2007) or relaxation to the prior perturbation. Moreover, Charron et al. (2010) 

simulated random sampling of model error in the new EnKF configuration by the use of different 

parameterizations of unsolved processes by different members of the short-range forecast 

ensemble. Therefore, normal stochastic model error perturbation will be added to the EnKF 

method and apply it to the transient groundwater flow modeling since it is a 2D problem.  

Rank histograms also called Talagrand diagram are a tool for evaluating ensemble 

forecasts (Hamill, 2000). They are useful for determining the reliability of ensemble forecasts 

and diagnosing errors in its mean and spread (Houtekamer, ARMA; Ebert, 2005, 2009, Schaake 

et al.), with a rank histogram where the verifying analysis usually falls with respect to the 

ensemble forecast data can be checked. Rank histogram are generated by repeatedly tallying the 

rank of the verification (usually and observation) relative to values from an ensemble sorted from 

lowest to highest.  It is excellent means to detect systematic flaws of an ensemble system.  

According to the above introduction to the EnKF, the EnKF application is divided to two 

parts: groundwater flow and conservative solute transport modeling to calibrate the hydraulic 

parameters, e.g. hydraulic conductivity and corresponding state variables, e.g., hydraulic head 

and conservative solute concentrations. The rest is of this dissertation is arranged as follows:  

In Chapter 2, EnKF algorism for the data assimilation is introduced based on the 

numerical forward groundwater flow and conservative solute transport model.  

In Chapter 3, the research design for the groundwater flow and conservative solute 

transport is described. The synthetic or illustrative cases for the groundwater flow and 

conservative solute transport are used to describe the data assimilation method in detail. In my 

study, I applied EnKF method to continuously update a hydraulic conductivity field through 

continuously assimilating transient head data in the groundwater flow modeling. The study 

focuses on investigating the capability of EnKF to continuously update a hydraulic conductivity 
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field through continuously assimilating transient head data, and explores the influences of 

various factors on assimilation results, such as the ensemble size, hydraulic boundary condition, 

and the number and the location of the observation wells. The observation data of hydraulic head 

(state variable) is assimilated to update the hydraulic conductivity and head (both state variable 

and model parameters). In the conservative solute part, we will execute the data assimilation 

method via the constrained EnKF to calibrate the conservative solute concentration since solute 

concentration should not be negative. The constrained EnKF method is used to identify a two-

dimensional (2D) heterogeneous hydraulic conductivity field with mixed Neumann/ Dirichlet 

boundary conditions through assimilating conservative solute concentration observations. The 

study focuses on investigating the capability of constrained EnKF to update a hydraulic 

conductivity field through assimilating solute concentration data, and explores the influences of 

different factors on assimilation results, such as the initial solute concentration distribution, the 

standard deviation of the observation error of the solute concentration measurements. In order to 

better explore the performance of the constrained EnKF for updating the hydraulic conductivity 

through the conservative solute transport, the hydraulic head observations are not incorporated 

into data assimilations and the observation data of the conservative solute concentration (state 

variable) is purely assimilated to update the hydraulic conductivity.  

In Chapter 4, the updated results are provided for groundwater flow and conservative 

solute transport, and then discussion and analysis of the influences of different factors described 

above on the results will be shown in detail. We will put big standard deviation of the 

observation error of the solute concentration measurements for the solute transport, so we will 

verify the EnKF method by plotting the Talagrand diagram (also rank histogram) with the 

observation for it. Conclusions for the inverse modeling of the groundwater flow and 

conservative solute transport will be made respectively.  

In Chapter 5, I developed a method to solve the problems of the filter divergence during 

the application of the data assimilation method via the EnKF to the transient state groundwater 

flow and conservative solute transport in the above chapters. I introduce a data assimilation 

method via the localized EnKF to solve the problems. A synthetic study case of the transient 

state groundwater flow with the same conditions as in Chapter 3 will be used for the case study. 

Then we will apply the localized EnKF method to the transient state groundwater flow to update 

the hydraulic conductivity through assimilating the observed data of the hydraulic head. The 
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inverse results obtained by the data assimilation method via the localized EnKF will be discussed 

and analyzed. The influence of the correlation length and localization radius on the updated 

results obtained by the localized EnKF method will also be explored. Finally, some conclusions 

for this data assimilation method based on the simulation results will be made. 

In Chapter 6, all of the above works are done without considering the model error, and 

based on the problems of the filter divergence during the application of the data assimilation 

method via the EnKF to the transient state groundwater flow in the above chapters, the data 

assimilation method via the EnKF by adding the model error perturbation will be further applied 

to solve the problems. The synthetic study case of the transient state groundwater flow with the 

same conditions as in Chapter 3 will also be introduced and the assumed real hydraulic 

conductivity field is also the same as used in Chapter 4.1. Then the EnKF method by adding the 

model error perturbation will be applied to the transient state groundwater flow to update the 

hydraulic conductivity through assimilating the observed data of the hydraulic head. The inverse 

results obtained via the EnKF method by adding model error perturbations will be discussed and 

compared with the results in Chapter 4.1 since all the situations are the same and the results 

produced by the covariance inflation scheme via the EnKF method. Since model error will be 

added to the EnKF method for the transient groundwater flow, the EnKF method will be verified 

by plotting the Talagrand diagram (also rank histogram) with the observation for it. Finally, we 

will give some conclusions for this data assimilation method by adding the model error 

perturbations based on the simulation results.  

In Chapter 7, some conclusive remarks will be given and a prospect and discussion based 

on the research work done in this paper will also be made for this dissertation. 
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CHAPTER 2 

DATA ASSIMILATION METHOD 

 

Since data assimilation is a process in which estimates of model parameters and variables are 

updated by requiring consistency with observations and governing equations, a data assimilation 

system is composed of a model operator, an observation operator and a data assimilation 

algorithm. In the groundwater flow part, the model operator is a transient flow model. The 

observation operator is used to build the relationship between model variables and observations. 

The observations are hydraulic head data, so the model variables and observations are the same. 

i.e., hydraulic head at the observation wells. The data assimilation algorithm used in this study is 

the EnKF, which utilizes observations of hydraulic head to update the model variables produced 

by the transient stochastic flow model. While in the solute transport part, the state vector usually 

includes model parameters (hydraulic conductivity) and dependent variables (solute 

concentration), and the latter ones are derived from the steady state groundwater flow velocity. 

The EnKF assimilates observations of solute concentration to update the model variables/ 

parameters produced by the transient solute transport model. 

2.1     Transient Stochastic Flow Model 

The transient groundwater flow in saturated confined medium is considered to satisfy the 

following continuity and Darcy’s law (Bear, 1972, Arlen, 2005): 

                               ,
, ,

x
q x x s

h t
t g t S

t


  


                                                            (2.1) 

            , ,q x x xt K h t                                                                      (2.2) 

Subject to the initial and boundary conditions: 

   0,0 ,h H D  x x x                                                                          (2.3) 

   , ,x x x
D

h t H                                                                            (2.4) 

     , , ,q x n x x x
N

t Q t                                                                (2.5) 



11 

 

where q [LT
-1

] is the Darcy’s flux; h(x, t) [L] is the hydraulic head; x [L] is the spatial parameters, 

i.e., in the three-dimensional domain, x means x, y, z; g(x, t) [T
-1

] is the external sink or source 

term; H0(x) [L] is the initial head in the domain D; H(x, t) [L] is the prescribed constant head on 

the Dirichlet boundary segments 
D ; K(x) [LT

-1
] is the hydraulic conductivity;   stands for 

( / x  , / y  , / z  ); Q(x, t) [LT
-1

] is the prescribed flux across Neumann boundary segments 

N ; n(x) =(n1, n2, …, nd)
T
 is an outward vector normal to the boundary 

N
 ; Ss is the specific 

storage. In this study, the hydraulic conductivity K(x) is considered as a log-normally distributed 

random space function while specific storage Ss is treated as a deterministic constant. Since K(x) 

is a random function, the flow equations become stochastic nonlinear partial differential 

equations.  

2.2     Transient Conservative Solute Transport Model 

When the right side in Equation (1) is 0, then it becomes a governing equation for the steady 

state flow. After solving the groundwater flow equation, the fluid velocity will be obtained. On 

the basis of the mass balance and Fick’s law, the governing equation for the transport of 

conservative solute in groundwater flow subject to advection and dispersion can be written as 

(Zheng, 1991): 

                        
           ,

, q , , ,
x

x x x x s

c t
D c t t c t g t c

t





     


                  (2.6) 

Subject to the boundary conditions: 

   0, ,x x x
CD

c t c                                                                            (2.7) 

                             , , ,c- q x n x x x
c CN

D c t c Q t                                             (2.8) 

Generally, hydrodynamic dispersion tensor ijD  of 2D system can be expressed as following (Bear, 

1972) 

                                     ijd

ji

TLijTij D
q

qq
DDqDD                                               (2.9) 

Based on Millington and Quirk (1961), the curvature factor of the porosity   [-] can be written 

like:  

                                                       23/7 / s                                                                  (2.10) 
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In vertical 2D (x-z) system, four sub-tensor of ijD  are:  

                                                 d
z

T

x

Lxx D
q

q
D

q

q
DD 

22

                                         (2.11) 

                                               d
x

T
z

Lzz D
q

q
D

q

q
DD 

22

                                                (2.12) 

                                               
q

qq
DDDD zx

TLzxxz                                                  (2.13) 

Where   [L
3
L

-3
] is the porosity of the medium; c(x, t) [ML

-3
] is the solute concentration; D [L

2
T

-

1
] is the hydrodynamic dispersion tensor; DL and DT [L] is the longitudinal and transverse 

dispersivity, respectively; 
dD  [L

2
T

-1
] is the effective molecular diffusion coefficient; 

sc  [ML
-3

] is 

the solute concentration of water entering from sources or sinks; 
0c  [ML

-3
] is the constant solute 

concentration at the first solute boundary segments 
CD ;  ,x

c
Q t  [M T

-1
L

-2
] is the constant 

concentration flux at the second solute boundary segments 
CN ;  cn x =(n1c, n2c, …, nck)

T
 is an 

outward vector normal to the second solute boundary 
CN

 ; 2 2

x yq q q   [LT
-1

] is the norm of 

the Darcy flux; ij  is the Kronecker function (if ji  , 1ij ; ji  , 0ij ). 

2.3    Ensemble Kalman filter 

2.3.1    Basic Concept of Data Assimilation 

First of all, it is better for us to conceptualize the data assimilation method (Reichle, 2008). The 

basic concept of data assimilation is easily understood by considering a scalar model variable m 

with uncertainty (or error variance) 2

m
 , and a corresponding scalar observation o with 

uncertainty 2

o
 . The model estimate m represents prior or background information and may, for 

example, come from an earlier model forecast that is valid at the time of the newly arrived 

observation o. The goal is to find the least-squares estimate x  of the true state x based on the 

available information. To this end, and objective function J (also known as cost function, penalty 

function, or misfit) is defined to quantify the misfit between the true state x and the model 

estimate and the observation, respectively. In our simple case, the objective function J is 
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   2 2

2 2

m o

x m x o
J

 
 

                                               (2.14) 

Minimization of J with respect to x (by solving dJ/dx = 0) yields 

                                     
   

2 2

2* 2*
0

m o

x m x o

 
 

      2 2 2 2/
m o m o

x m o                (2.15) 

this is typically rewritten as 

                              x I K m Ko   , where    2 2 2 2 2 2/ ,1 /
m m o o m o

K K            (2.16) 

This best estimate (or analysis) x is a weighted sum of the model background m and the 

observation o. The weights are determined by the relative uncertainties of the model and the 

observation and are expressed in the (Kalman) gain K (note that 0 1K  ). If the measurement 

error variance 2

o
  is small compared to the model uncertainty 2

m
 , the gain will be large, and the 

resulting estimate will draw closely to the observation, and vice versa. Equal model and 

measurement error variances ( 2 2

m o
  ) produce equal weights (K = 0.5), reflecting our equal 

trust in the model and the observation. 

Rewriting (2.16) as 

                                                                x m K o m                                                    (2.17) 

 shows that the assimilation increment (difference between the assimilation estimate x and the 

model estimate m) is proportional to the innovation or background departure (difference between 

the observation o and the model estimate m). The Kalman gains serves as the constant of 

proportionality. Eq. (2.17) is sometimes called the update equation, because the prior model 

estimate m is updated with information from the observation o. If the errors in the model forecast 

and the observation are uncorrelated, the error variance of the assimilation estimate is 

                                                                2 2 21
m ox

K K                                              (2.18) 

and it is smaller than the error variances of either the model estimate or the observation alone 

(recall that 0 1K  ), reflecting the increased knowledge about the true state x after data 

assimilation.  
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2.3.2    Kalman Filter 

Since EnKF is a Monte Carlo method, it is better for us to introduce KF (Chen and Zhang, 2006) 

before the introduction of the EnKF. As described in Chapter 1, Kalman filter is a widely used 

optimal sequential data assimilation method for linear dynamics and measurement processes 

with Gaussian error statistics. With a known linear forecast model of a system and a series of 

time dependent observations subject to observation errors, the Kalman filter can incorporate 

available new observations to continuously update the estimate for the sake of obtaining a least 

squares estimation of the state of the system. Assimilating data sequentially at the point when 

they become available instead of considering all of them simultaneously makes it possible for 

Kalman filter to handle dynamic systems. 

KF consists of three primary components. The first is a state vector, which usually 

includes model parameters (hydraulic conductivity) and dependent variables (hydraulic head and 

solute concentration). The second is a forecast model. The third is an assimilation model, which 

can take possible observation data into account. The forecast model predicts the values of 

dependent variables for any particular set of model parameters. The numerical flow and transport 

model developed in part 2.1 serves this purpose. The main algorithm for KF is given here, which 

will also form a basis for the discussion of EnKF in the sequel. 

                                      f a

11S t S t e t                                                          (2.19) 

                                    f a T1P t P t Q t                                                        (2.20) 

                                        tr u e

2d t HS t e t                                                          (2.21) 

                                 1
f T f T

K t P t H HP t H R t


                                             (2.22) 

                                    a f f
S t S t K t d t HS t                                               (2.23)  

                                      a f
P t I K t H P t                                                        (2.24) 

Where S is the state vector, which represents the state of the system, including parameters 

(hydraulic conductivity), dependent variables (hydraulic head or solute concentration); d denotes 

the observation vector; H is the observation operator which represents the relationship between 

the state vector and the observation vector; P denotes the state error covariance matrix; K 

denotes the Kalman gain; R is the error covariance matrix of the observations; Q denotes the 
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covariance matrix of the model noise;   stands for the linear transition matrix (also referred to 

as matrix derivative or sensitivity matrix, which is a linear operator to forward the state from one 

time step to the next time step); 
1e , 

2e  are independent white noises for the forecast model and 

the observations, drawn from multi-normal distributions with zero mean and covariance Q and P, 

respectively; I is the diagonal unit matrix; t denotes the time step; the superscript T stands for 

transpose; the superscripts f and a indicate the forecast and assimilation procedure, respectively; 

the superscripts true stands for true value. 

2.3.3    Ensemble Kalman Filter 

EnKF is a Monte Carlo method. The essence of EnKF is very similar to Kalman filter. The EnKF 

method is briefly introduced with perturbed observation proposed by Burgers et al (1998). In this 

algorithm, predictions of model variables S, including both the variables (hydraulic head in the 

groundwater flow modeling or solute concentration in the solute transport modeling) and 

parameters (hydraulic conductivity), are given by their ensembles. Assuming normal distribution 

of model predictions, the ensemble mean is supposed to be the best estimate of the true state, and 

prediction error around the mean is measured by covariance of the ensemble (Evensen, 2003).  

The matrix
NI : 

  

1/ 1/ 1/

1/ 1/

. .

1/ 1/ 1/

N N

N

N N N

N N
I

N N N



  
    
  
  

                                                          (2.25) 

Where N is the number of ensemble members. Thus 

   N N
S S S S SI S I I                                                              (2.26) 

Where S  is the ensemble mean. 

The covariance, P, of forecast and analysis error of a random variable S are defined as 

                         T
f f

T
f f

f f f f

1
e

S S
P P S S S S

N

 
    


                                                   (2.27) 

                        T
a a

T
a a

a a a a

1
e

S S
P P S S S S

N

 
    


                                                   (2.28) 
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In the forecast step, forecasted model variables of each ensemble member are updated according 

to  

               f a

, 1 , 1 1( ) ~ (0, )i t i t i i sS M S e e N Q                  (2.29) 

Where f

, 1S
i t  is the forecasted model variable of the ith ensemble member at time t+1; a

,S
i t  the 

analyzed model variable of the ith ensemble member at time t; M (.) is model operator, which is 

the flow model in groundwater modeling and transport model in solute modeling; 
1ie  is the 

model error vector, which is assumed to satisfy a Gaussian distribution with zero mean and 

covariance matrix Qs. 

In the analysis step, the observation data are perturbed by adding random observation 

errors. The observation vector at the time step t+1 for each ensemble member is given by: 

                
true

, 1 , 1 2i t i t i
d HS e                                                         (2.30) 

Where 
2ie  is random error vector of observation with zero mean and covariance matrix Re. The 

observation error matrix E is described as: 

          1 2, , , m N

N
E                                         (2.31) 

Where m is the observation number. 

Similarly, the covariance matrix for the observation error is  

            
 T T

1 1
e

E E EE
R

N N

 
 

 
                                      (2.32) 

 The forecast of each ensemble member is updated as follows (Burgers et al, 1998): 

   1 fa f f T f T
, 1, 1 , 1 e , 1R i ti t i t e e i tS S P H HP H d H S


                           (2.33) 

Where H is the observation operator used to convert the model state variables to observations;  

, 1

f

i tS   is the mean of forecast state vector of ensemble members at time t+1. 

 A renovation vector is defined as: 

                  
f

, 1, 1 i ti t
Y d H S                                                                         (2.34) 

Putting equations (2.27), (2.32) and (2.34) into equation (2.33) 
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                            (2.35) 

 As it is known to us that 

                                  T T
f f T

HS S H                                                              (2.36) 

So it is defined  

                                f
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Substituting Equation (2.37) into Equation (2.35) to get,  
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                                                    (2.38) 

The analysis state estimate at time t+1 is given by the mean of the ensemble members. The 

analyzed ensemble is then integrated forward until the next observation (hydraulic head or solute 

concentration) is available and the process is repeated. In comparison with commonly used 

inverse methods (e.g., general least squares and maximum likelihood methods), the EnKF can 

dynamically adjust the system estimate, without reprocessing existing data when new 

observations become available. The data assimilation procedure using the EnKF in this paper 

will be introduced later combined with the description of the study cases below.  
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CHAPTER 3 

ILLUSTRATIVE EXAMPLES FOR THE GROUNDWATER 

FLOW AND CONSERVATIVE SOLUTE 

 

3.1    Transient State Groundwater Flow 

In this section, a two-dimensional, transient flow in a heterogeneous saturated medium is used to 

demonstrate the capability of EnKF to estimate a hydraulic conductivity field by assimilating 

hydraulic head measurements and to explore sensitivity of EnKF to various factors. The flow 

domain is a square with Lx = Ly = 50.0 [L] (L is any consistent length unit) and uniformly 

discretized into 50×50 square grid cells. To investigate the effect of boundary condition on 

parameter calibration, two different boundary conditions for the study domain are proposed in 

this study. In the first case (referred to as Case 1 hereinafter), all four sides of the flow domain 

are prescribed as no-flow boundaries. There is a pumping well with continuous and constant 

pumping rate of 10 [L
3
/T] (T is any consistent time unit) in the middle point of the flow domain 

(25, 25). In the second case (referred to as Case 2 hereinafter), the no-flow condition is still 

assumed for  the top and bottom boundaries, but constant head boundary conditions are used on 

the left and right sides. Similarly, there is a pumping well in the middle point of the flow field 

(25, 25), but the initial pumping rate is 500 [L
3
/T] and the pumping rate increases 5 [L

3
/T] every 

5 [T] to speed up the head decrease in the domain. 

 The conductivity field generator scheme developed by Hu et al. (2009) was used in this 

study to generate the reference (or real) conductivity field and the initial guess conductivity field 

in this study. In Hu et al (2009), the log hydraulic conductivity field is expressed as: 

10log03.276.70300.0457.0log dnMK                      (3.1) 

Where M is the matrix volume fraction of the grain size distribution in the medium; n is the 

porosity of the medium; d10 is the 10th percentile of grain size distribution. The distributions of 

M, n and d10 were obtained from the field experiment. In this study, a special case is considered 

in which d10 is a spatial random variable, its distribution is represented by a fractal function 

according to the field measurement, while the other two parameters, M and n are assumed to be 

constant and their mean values are used in Eq. (3.1). Using Hu et al.’s (2009) method, multiple, 
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equally-probable realizations of the hydraulic conductivity field is generated based on Eq. (3.1). 

One of the generated realizations is shown in Figure 3.1(a), where it is apparent that the field is 

in the log form. One can see that the generalized field is heterogeneous, but statistically 

stationary. An ensemble of a sufficient number of realizations should reach a constant field. To 

generate a ―real‖ or reference conductivity field, one realization is randomly picked and modified 

the field by inserting a high conductivity layer in the middle of the domain by setting the 

conductivity value at every point in the layer 100 times the original value. The constructed figure 

with log form is shown in Figure 3.1(b) and the red band part is the modified part. This field will 

be used to generate hydraulic head data at selected measurement points, while the other 

realizations, without modification, will be used as the initial ―guess‖ conductivity field by 

averaging them. For example, In Figure 3.1(c), the 500 realizations mean logK field is taken as 

the representative initial ―guess‖ conductivity field. 

Based on the hydraulic boundary conditions and the conductivity fields described above, 

the flow equations are solved with the Galerkin finite-element method (FEM).  

The simulated results based on the reference conductivity field at the chosen 

―measurement‖ locations will be used as the real values of the hydraulic heads at the locations. 

Considering possible measurement error in reality, the real head values are perturbed by white 

noises and the perturbed head results serve as the observed head values. In this study, the noise 

has a mean equal to 0 (indicating unbiased observations) and the standard deviation is 1% of the 

hydraulic head measurements. It should be pointed out that the EnKF method is not limited to 

this simplification of measurement error. In fact, the errors, assumed or inferred from the 

measurements, may vary with measurement types, times, and locations. In this study, the 

simulation time is evenly subdivided into many time steps of size 1 [T]. 

In case 1, in the vertical (z) direction, the bottom level of the study domain is -100 [L], 

and the upper level is 2.5 [L]. The initial hydraulic head throughout the domain is assumed to be 

3.0 [L], so the saturated groundwater is confined at first, and the specific storage for this 

confined study medium is assumed to be 0.0001. After some time of the pumping the 

groundwater table goes below the upper level of the medium in some areas, as the groundwater 

becomes unconfined. The specific storage for the unconfined study medium is set to 0.1. 

In case 2, bottom level of the study domain is -100 [L], and the upper level is 2.0 [L]. The 

constant hydraulic head on the left border is 3.0 [L], and the constant hydraulic head on the right 
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border is 2 [L]. All the initial hydraulic head except the constant head boundaries are 0 [L].  The 

specific storage and specific yield for the confined or unconfined study medium are the same as 

in case 1.  

 

 

 

 

 

 

 

 

 

 

 

 

       (a)                                 (b) 

 

 

 

 

 

 

 

 

 

 

 (c)                                                                             (d) 

Figure 3.1  Distribution of log conductivity field: (a) One realization of the initial guess field; (b) 

Real conductivity field; (c) Ensemble mean of 500 realizations; (d) Uniform distribution of 25 

observation wells in the study domain 

(Note: all the Figures of log hydraulic conductivity fields for the transient groundwater flow here and next have the 

same color scale) 
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In the case study, the observation wells are distributed evenly in the study domain (e.g. 

25 wells shown in Figure 3.1(d)), and continuous data can be obtained from the observation 

wells.  

The procedure of the data assimilation using the EnKF is shown in a flowchart in Figure 

3.2. First, ensembles of initial hydraulic conductivity fields are generated, and the generated 

hydraulic conductivity fields are used in transient flow model to calculate hydraulic head in the 

study area. These hydraulic conductivity fields and heads serve as the first-step forecast results.  

Second, if there are the hydraulic head measurements at the observation wells at the current time 

step, the measurements will be used to update the hydraulic conductivity and hydraulic head 

distributions through the EnKF algorithm. Finally, the updated hydraulic conductivity field and 

hydraulic heads are used to reinitialize the transient flow model at the next time step.   

 

 

 

Figure 3.2  Flowchart of hydraulic head assimilation scheme for transient groundwater flow 

 

 

3.2    Transient State Conservative Solute Transport 

The conservative solute transport modeling is based on the steady state groundwater flow. In our 

study, the same study case is chosen as Case 2 (Lx = Ly = 50.0 [L], 50×50 square grid cells, the 

top and bottom boundaries are no-flow condiction, but constant head boundary conditions on the 
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left and right sides.) in part 3.1 except that there is no pumping well at all. In this way, the steady 

state flow can be obtained. With the same idea as in part 3.1, the ensemble realizations of the 

initial guessed hydraulic conductivity fields are produced by Hu et al.’s (2009) method. One of 

the generated realizations of log form is shown in Figure 3(a), which is also used as the true or 

reference hydraulic conductivity field in the solute transport modeling. The ensemble number is 

selected as 300, and these realizations mean logK field is taken as the representative initial 

―guess‖ conductivity field, which is shown in Figure 3(b). Uniform distributions of 25 and 81 

observation wells are studied here, and initial distributions are shown in Figure 3.1(c), while the 

later updated distribution is presented in Figure 3.3(c). Continuous solute concentration data are 

obtained from the observation wells. 

Based on the hydraulic boundary conditions and the conductivity fields described above, 

the forward groundwater flow equation is solved with the Galerkin finite-element method 

(FEM). Then the Darcy’s velocity can be calculated and the transport equation is solved with the 

Galerkin FEM based on the initial instant injection of solute concentration somewhere.  

The observed concentration values are obtained by adding white noises to the real solute 

concentration values, which is the simulated results based on the reference conductivity field. 

The noise is unbiased and the standard deviation is 1% of the solute concentration measurements. 

The simulation time for the solute transport modeling is evenly subdivided into many time steps 

of size 0.1 [T] after the steady water velocity field is obtained by solving the governing flow 

equation. 

To verify the capability of the EnKF method to update the hydraulic conductivity field 

through assimilating the solute concentration, all the other related parameters are assumed to be 

known except the hydraulic conductivity in the study domain. The solute longitudinal and 

transverse dispersivity is 0.1 [L] and 0.01 [L], respectively. The corresponding random porosity 

field is also one realization produced (Hu et al., 2009). In order to explore the EnKF ability to 

update the hydraulic conductivity field through assimilating the solute concentration, the random 

porosity field is the same for every realization. 

 

 

 

 

 

 



23 

 

0

10

20

30

40

50

0 10 20 30 40 50

 

 

 

 

 

 

 

 

 

 

       (a)                                          (b) 

 

 

 

 

 

 

 

 

 

 

                                   (c)                                                                    

Figure 3.3  Distribution of log conductivity field: (a) One realization or real conductivity field; 

(b) Ensemble mean of 300 realizations of the initial guess field; (c) Uniform distribution of 81 

observation wells in the study domain 

(Note: all the Figures of log hydraulic conductivity fields for the conservative solute transport here and next have 

the same color scale) 

 

 

Models usually have relevant physical laws or settings, but the EnKF formulation appears 

to be a promising approach for dealing with a wide class of nonlinear state estimation problems, 

it cannot handle bounds on the state variables (the solute concentrations) and/or the parameters 

(hydraulic conductivity here) that are being estimated (Hemant et al., 2009; Prakash et al., 2008; 
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Sridhar et al., 2007; Thacker, 2007; Wang et al., 2009), which will result in the violation of 

physical meaning. So it is necessary to account for bounds on state and parameters being 

estimated. The procedure of the data assimilation method using the constrained EnKF is shown 

in a flowchart, Figure 3.4. First, ensembles of initial parameters fields are generated, and the 

generated concentration fields are used in steady-state flow model to calculate solute 

concentration. If there are solute concentration measurements at the observation wells at the 

current time step, the measurements will be used to update the hydraulic conductivity field and 

solute concentration distributions through the EnKF algorithm. If it is desired to apply the 

ensemble Kalman filter for state estimation when states are bounded, then it become necessary to 

modify the EnKF. Therefore, constraints are treated in a post processing after applying the 

unconstrained EnKF (Wang et al., 2009), and bounds have to be considered in EnKF framework 

(Prakash et al., 2008). For example, the solute concentrations should not be less than 0, if the 

updated concentrations become less than 0, then we set them as 1% of the concentration value 

for the last time step. In this way, the negative value of the solute concentration can be avoided. 

Finally, the updated reactive related parameters and solute concentration are used to reinitialize 

the conservative solute transport model at the next time step. 

 

 

 

Figure 3.4   Flowchart of the constrained EnKF for solute concentration assimilation scheme 

with steady state groundwater flow 
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CHAPTER 4 

APPLICATION OF DATA ASSIMILATION METHOD TO THE 

GROUNDWATER FLOW AND CONSERVATIVE SOLUTE 

TRANSPORT 

 

To determine the accuracy of the updated state vectors, the reference (also called true) simulation 

is compared to the EnKF simulation using the root mean squared error (RMSE) as the following: 

                           2

1

1 M
f t
i i

i

RMSE S S
M 

                                                       (4.1) 

where RMSE is the criteria for the degree of the data assimilation capability, M is the total 

number of numerical grid elements in the study domain, which is 2601 in this hypothetic study 

case of Chapter 3 or 4; 
f

iS  and t

i
S  stands for the estimated and reference hydraulic conductivities 

at grid i, respectively. 

4.1    Transient Groundwater Flow 

In this part, the observations are assumed to be available for every simulation time, so the 

observed data can be assimilated for every current simulated time via the EnKF method. 

4.1.1    Influence of Ensemble Size 

To determine the ensemble size that should be used in our study, it is needed to study the 

influence of ensemble size on the data assimilation results. Here, it is assumed that there are 25 

(5×5) observation wells, and they are distributed uniformly within four no-flow boundaries (Case 

1).  

The mean and variance values of the hydraulic conductivity field with and without data 

assimilation for different ensemble size are shown in Figures 4.1 and 4.2. The simulated 

hydraulic conductivity is compared with the real hydraulic conductivity fields for different 

ensemble size. The mean and variance values of the updated hydraulic conductivity fields for the 
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ensemble size of 70, 90, 100, 200 are almost the same at some assimilation steps, I only plot the 

ensemble size of 90 as a representative for simplicity in Figures 4.1 and 4.2. Similarly, I only 

plotted the ensemble size of 300 and 500 as representatives. The initial ensemble mean hydraulic 

conductivity for different ensemble size (the value is an approximate constant as 13.10 [L/T]) is 

apparent at the first time step in Figure 4.1. It is shown that the first 2 or 3 time steps of data 

assimilation are the most efficient for every ensemble size simulation, with decrease of RMSE K 

value during these time steps. Also, I found that after the first 5 time step, the effect of 

assimilating observation data became worse (Figure 4.2) for both 300and 500 ensemble sizes. So, 

it is better to assimilate only a few time step observation data. However, in Huang et al. (2009), 

the more data assimilation time steps, the more improved the updating hydraulic conductivity 

fields become. The criterion to end the process of data assimilation is introduced as: 

                                    2
2

1 1

1
10

M N
j

ii

i j

DifK K K
NM



 

                                                     (4.2) 

Where DifK  is the mean difference of the updated value and the corresponding ensemble mean 

value over the domain; j

i
K  is the model result of the jth ensemble for the ith grid; iK  is the 

ensemble mean value at the ith grid. After the end of the data assimilation process, I consider the 

latest update as providing the most acceptable results.  
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Figure 4.1  Hydraulic conductivity mean values of the real field, initial guessed field and 

calibrated fields through data assimilations with various ensemble sizes and under various time 

steps 

 

 

It is clear that the mean and variance values of hydraulic conductivity fields with data 

assimilation for the ensemble size of 300 and 500 are much closer to the real hydraulic 

conductivity field. This demonstrates that the data assimilation method for the transient flow via 

EnKF in this study can update the model parameters (hydraulic conductivities here) well. 

Moreover, the larger the ensemble size, the better the updated hydraulic conductivity field, which 

agrees with  the results from Chen and Zhang (2006), Evensen (2003, 2004) and Huang et al. 

(2009). It is well known that with the increase of ensemble size, more effort will be needed for 

computation. Since the ensembles consisting of 300 and 500 members (realizations) yield similar 

results (the mean and variance values are very close to the real hydraulic conductivity field at a 

sufficient number of time steps), an ensemble consisting of 300 members is considered to be an 

appropriate number of realizations for both the results and computational efficiency.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.2  Hydraulic conductivity variances of the real field, initial guessed field and calibrated 

fields through data assimilation with various ensemble sizes under different time steps 
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To compare the spatial distribution of the updated hydraulic conductivity fields under 

different assimilation steps with the real field, the spatial distributions of the log hydraulic 

conductivity field under the first and fourth time steps are plotted in Figures 4.3(a) and 4.3(b), 

respectively, with ensemble members of 300 and 25 observation wells. According to the plot, it 

can be seen that after four time step data assimilation, the updated mean hydraulic conductivity 

field is much better than the initial one shown in the Figure 3.1(c) and close to the real field 

(Figure 3.1(b)), which suggests that the 2D saturated transient flow simulation by assimilating 

easily observed hydraulic head data can not only update the hydraulic head in time, but is also an 

efficient method to update other hydraulic parameters such as the hydraulic conductivity.  
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                    (c)                                                  (d)                                           

Figure 4.3  Assimilated logK field at 1
th

 (a) and 4
th

 step (b) in Case 1, and  at 1
th

 (c), 2
th

 (d) and 

4
th

 (e) step with non-zero flow at the boundaries for ensemble size of 300 with 25 observation 

wells 
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4.1.2    Influence of Boundary Condition 

In this section, the ensemble size of 300 is chosen as discussed above, 25 observation wells is 

selected to update the hydraulic conductivity by assimilating the observed hydraulic head data 

for different boundary conditions. The first condition is the one used in Case 1, four no-flow 

boundaries, the assimilation results have already obtained and shown in Figure 4.3(a), (b).   

Since the no-flow boundaries are not common in reality, the effects of non-zero flow 

boundary condition on data assimilation results are explored. In the second condition, we assume 

that there is a constant flow flux at each Neumann boundary: 2 [L/T] at the top boundary, 1 [L/T] 

at the bottom boundary, 1.5 [L/T] at the right boundary, -1.5 [L/T] at the left boundary, where the 

positive flux value means flow out of the study domain, while the negative value means flow 

into the domain. Under these boundary conditions and with the same pumping rate as the first 

case, the updated conductivity fields after the first and the fourth time step assimilations are 

shown in Figures 4.3(c) and 4.3(d). In comparison of Figure 4.3(b) and 4.3(d) with the real 

conductivity field in Figure 3.1(b), one can conclude that the updated conductivity field is similar 

to the real field only after four data assimilation steps when the boundaries are Neumann 

boundary condition, whether it is no flow or non-zero flow condition. 

 

 

 

 

 

 

 

 

 

 

(a)            (b)      (c) 

Figure 4.4  Identified logK in Case 2 for ensemble size of 300 with 25 observation wells at 

different assimilation steps: (a) the first step; (b) the 5
th

 step; (c) the 50
th

 step  
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The third boundary condition is the one used in the Case 2, two no-flow boundaries and 

two constant hydraulic head boundaries. The updated hydraulic conductivity fields after 3 

different time steps of data assimilation are shown in the Figure 4.4. It is shown from the figure 

that the updated hydraulic conductivity field is not similar to the real field even after the 50
th

 

assimilation step. The results shown in Figures 4.3 and 4.4 indicate that this data assimilation 

method for transient flow works better for the study domain with Neumann boundaries than that 

with mixed no-flow and constant head boundaries. In other words, data assimilation method for 

transient flow does not work well for the study domain with mixed no-flow and constant head 

boundaries. These results can be explained by the boundary hydraulic characteristics. For the 

Neumann boundary condition, hydraulic head variation is directly related to the hydraulic 

conductivity distribution, without being constrained by constant head boundaries. While, for 

transient flow with a constant-head boundary, the hydraulic head variation will not be fully 

determined by the hydraulic conductivity field due to the head constraints imposed at the 

boundaries. Using extreme cases as examples, when the hydraulic conductivity is extremely 

large or small in the study domain with a constant-head boundary, the hydraulic head in the 

boundary is still constant. Therefore, the hydraulic conductivity field is not the only factor that 

determines the hydraulic head distribution in the transient flow domain, and the constant-head 

boundary is also a strong influence on the hydraulic head change in the study domain. Therefore, 

the constant head boundary condition will decrease the sensitivity of the transient hydraulic head 

change with hydraulic conductivity.  

4.1.3    Impact of Number of Observation Wells 

To investigate the effect of the number of observation wells on the data assimilation, in addition 

to the conductivity field in Figure 4.3 calibrated through 25 observation wells, the data 

assimilation method is applied to Case 1 with 9, 16, 36, 49, 64 and 81 observation wells, where 

the observation wells are uniformly distributed in the study domain. The study results are shown 

in Figure 4.5.  
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            (d)                     (e)                             (f)  

Figure 4.5  Calibrated hydraulic conductivity field with various observation wells: (a) 9 wells; (b) 

16 wells; (c) 36 wells; (d) 49 wells; (e) 64 wells; and (f) 81 wells. 

 

 

Comparing the real hydraulic conductivity field, the initial mean hydraulic conductivity 

field with the calibrated hydraulic conductivity fields with various number of observation wells 

shown in Figure 4.3 and 4.5, one can tell that with the increase of the observation wells, the 

updated hydraulic conductivity distribution will become closer to the real hydraulic conductivity 

field until the number of observation wells reaches 64. As shown in Figure 4.5 that when the 

observation wells are limited, such as 9 and 16 wells, the updated hydraulic conductivity is not 

close to the real hydraulic conductivity field, and the high conductivity channel is not well 

captured.  However, when the observation wells become too many, such as 81 wells, the true 

information is too much, which will disturb the assimilation results and lead to ―bad‖ calibration 

results. This phenomenon can be explained as one observed data from one observation well will 

influence a certain space around the well via EnKF by data assimilation. If the observation wells 
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are too close to each other, some area will be calibrated by data from two wells at the same time. 

However, the observation wells and their influencing regions are considered to be independent in 

the data assimilation method, so, too many observation wells lead to over calibration of the 

hydraulic conductivity field. Moreover, the suitable uniform distance of two observation wells is 

still a problem and how to define the appropriate data assimilation frequency and space is an 

issue that requires further study.  

From the assimilation results it is told that 25, 36, 49 and 64 observation wells are 

suitable for the calibration of the conductivity field with an ensemble size of 300, which is 

composed of 2601 numerical grids cells in the study area. In general, these results demonstrate 

that the data assimilation method using an appropriate number of observation wells for transient 

flow to calibrate a heterogeneous conductivity field for an ensemble size of 300 via EnKF is 

effective and convenient. Furthermore, it displays similarities with the real field. 

4.1.4    Influence of Locations of Observation Wells 

To further investigate the influence of the observation wells on identification of a conductivity 

field from transient flow data via EnKF, three different observation well locations are set in case 

1 with the ensemble size of 300. As shown in Figure 4.6(a)-(c), there are the same number of 16 

hydraulic head observation wells in the study field, but their locations are distributed with three 

different patterns, denoted 16, 016, 0016, and their corresponding updated hydraulic conductivity 

field distributions through assimilating the observed hydraulic head data are displayed in the 

Figures 4.5(b), 4.7(a) and 4.7(b). 

In the first pattern shown in Figure 4.6(a), the 16 hydraulic head observation are 

uniformly distributed in the whole study domain, but there is not a single observation well 

located within the high hydraulic conductivity zone. As discussed above, the updated hydraulic 

conductivity field shown in Figure 4.5(b) does not represent the existence of the high 

conductivity zone well. The observed data will influence the updated data around the observation 

locations (Ott et al., 2004), so the updated hydraulic conductivity distribution cannot capture the 

zone of high hydraulic conductivity.  
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(c)  

Figure 4.6  Different distribution patterns for 16 observation wells: (a) 16; (b) 016; and (c) 0016 

(Diamonds are observation wells while the circle is the pumping well.)  
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Figure 4.7  Calibrated hydraulic conductivity field with different distributions of 16 observation 

wells: (a) 016; and (b) 0016 

 

 

For the observation wells shown in Figure 4.6(b), they are still uniformly distributed. 

Although the observation well locations are still not in the high hydraulic conductivity zone, they 

are around that zone. Therefore, the updated hydraulic conductivity field shown Figure 4.7(a) is 

similar to the real field. The third distribution pattern of the observation wells is shown in Figure 

4.6(c), and the wells are not distributed uniformly, and are located closer to each other on the 

lower right side while some are in the high hydraulic conductivity zone. Similar to the Figure 

4.7(a), the updated hydraulic conductivity field shown in Figure 4.7(b), is very similar to the real 

conductivity field.   

The study results indicate that the observation well locations will influence the 

assimilation results of the hydraulic conductivity field. Better results are obtained if the 

observation wells sample zones of distinct conductivity. Optimal design of observation well 

locations to maximize data efficiency is a research issue requiring further research.  

4.1.5    Conclusions 

In this study, the ensemble Kalman Filter (EnKF) is used to estimate heterogeneous hydraulic 

conductivity distributions by assimilating hydraulic head measurements in a transient flow 

pumping field. The measurement error is considered, but the model error is not. The forecast 

model is assumed to be known. Two synthetic cases with different boundaries are designed to 

investigate the capacity and effectiveness of the proposed data assimilation method to identify a 

conductivity distribution. The developed method is suitable for 2 or 3-D flow field, but only 

demonstrated on 2-D transient flow.  In case 1, the four sides are Neumann boundaries with a 

constant pumping rate. While in case 2, the left and right sides are constant head boundaries and 

the top and bottom sides are still no-flow boundaries and the pumping rate changes every 5 [T]. 

The head measurements are used to identify a heterogeneous hydraulic conductivity field. Based 

on the study results, the following conclusions are obtained. 

1. The EnKF can be used to effectively calibrate a heterogeneous conductivity 

distribution by assimilation of hydraulic head measurements in a transient flow field with no-

flow boundaries. Only after a few (no more than 10) assimilation steps, the spatial distributions 
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of hydraulic head and hydraulic conductivity become significantly closer to the real field 

distributions than those without data assimilation.  

2. The model predictability depends on ensemble size. For our study cases, 300 

realizations were found to be sufficient for transient flow calculation. 

3.  Using the EnKF to calibrate a heterogeneous conductivity field through assimilating 

transient head data, the calibration is very efficient for the study domain with all Neumann 

boundaries, while it is not efficient with any constant boundaries in study domain. The boundary 

condition will significantly affect the assimilation results.  

4. The appropriate number of observation wells for our case study is 25, 36, 49 and 64 

respectively.  Compared with the total 2601 grids in the study area, the observation well number 

is still small.  When well number is too small, the data cannot capture the variation, but when the 

number is too big, the data will be redundant and cause over calibration.  

5.  The location of the observation wells will also significantly influence the calibration 

results. Better results will be obtained if the observation wells adequately sample the 

heterogeneities. For the study case, if the observation wells are located in both high and low 

conductivity regions, the calibration results will be better than if they are only located in one 

region.   

6. A criterion is introduced to determine the end of the data assimilation process, but how 

to develop a more suitable criterion needs further study. That criterion will allow the 

identification of the point where continued data assimilation will deteriorate the quality of the 

results. 

7. The simulation time of the assimilation steps is very short, and this is a problem 

requires our deeper thinking. The model error is not considered here, which will pose too much 

confidence to the model estimate. Maybe the latter one is the cause of the former problem. 

However, the model error is unknown here, so how to choose a model and determine the model 

error is another issue needs further thinking. 

4.2    Transient State Conservative Solute Transport 

Similar to part 4.1, it is assumed that the solute concentration samples can be obtained in the 

observation wells with every simulation time step, so in this part the observed data will be 

assimilated through the constrained EnKF method (described in Chapter 3.2) at every simulated 
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time continuously. Since the ensemble size of 300 is enough in part 4.1, 300 realizations will be 

used in this subsection too. 

4.2.1    Small Initial Distribution of Solute Concentration  

 

 

 

 

 

 

 

 

 

 

 

                                   (a)                                                                             (b)   

Figure 4.8  Solute concentration distribution of the initial instant injection (red zone): (a) small 

distribution; and (b) large distribution   
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Figure 4.9  Mean values of hydraulic conductivity field: the real field, without and with data 

assimilation with small and large area of initial solute concentration under 81 observation wells 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.10  Variance values of hydraulic conductivity field: the real field, without and with data 

assimilation with small and large area of initial solute concentration under 81 observation wells 

 

 

After obtaining the water velocity field, I can get the prediction of the solute 

concentration. The initial instant injection is proposed here. The solute concentration distribution 

of the initial instant injection is shown in Figure 4.8. The initial injection area is small in Figure 

4.8(a), and the larger on is in Figure 4.8(b). There are 81 observation wells as shown in Figure 

3.3(c). I plot the mean and variance values of the hydraulic conductivity field with and without 

data assimilation under 300 ensemble size with small area of initial solute concentration in 

Figures 4.9 and 4.10, respectively. I compare the real conductivity field with simulated fields 

with and without the constrained EnKF method. The initial ensemble mean hydraulic 

conductivity under 300 ensemble size is 13.35 [L/T], as shown in Figure 4.9, while the real field 

mean is 7.92 [L/T]. It is shown in Figure 4.9 that in comparison with the initial conductivity field, 

the updated mean conductivity through the data assimilation method is much closer to the real 

mean value. However, some updated results could change from ―good‖ at the first several steps 
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to ―bad‖ after many assimilation steps. The results at the first five or seven assimilated time steps 

are the most efficient. In Figure 4.10, the variance value of the updated result approaches the real 

value after several assimilation steps, however, the variance will continue increasing and 

deviates from that in the real field as time goes. The results are similar to the results in Figure 4.9. 

The RMSE K value also decreases in the first several time steps and then increases. The results 

suggest that it is only meaningful to use the data assimilation method to update parameters for 

the first several assimilation time steps. If I just take the results from the first several assimilation 

steps, the updated hydraulic conductivity field is significantly improved in comparison with the 

initial guessed field. 

 

 

 

 

 

 

 

 

 

                      (a)                                                    (b)                                                  (c)     

                          

 

 

 

 

 

 

 

                      (d)                                                     (e)                                                   (f)  

Figure 4.11  Assimilated logK field at different assimilation steps with small area of initial solute 

concentration under 81 observation wells: (a) the 1
th

 step; (b) the 4
th

 step; (c) the 5
th

 step; (d) the 

7
th

 step; (e) the 8
th

 step; (f) the 11
th

 step 
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                       (b)                                                  (c)                                                 (d)    

 

 

 

 

 

 

 

 

                       (e)                                                  (f)                                                  (g)  

Figure 4.12  Absolute difference between real and updated or initial guess hydraulic conductivity 

field with small area of initial solute concentration under 81 observation wells: (a) initial guess; 
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(b) 1th assimilation step; (c) 4th assimilation step; (d) 5th assimilation step; (e) 7th assimilation 

step; (f) 8th assimilation step; (g) 11th assimilation step 

(Note: all the Figures of absolute difference of hydraulic conductivity fields for the conservative solute transport 

here and next have the same color scale) 

 

 

I plot the spatial distributions of the updated hydraulic conductivity field at various time 

steps in Figure 4.11, and the corresponding absolute hydraulic conductivity difference between 

the updated result and the real one is presented in Figure 4.12. The initial ensemble mean guess 

of hydraulic conductivity field (Figure 3.3(b)) is uniform, while the real field is heterogeneous 

and shown in Figure 3.3(a). The spatial distribution of updated hydraulic conductivity field in 

Figure 4.11 have captured the feature of the real field, two low hydraulic conductivity zones in 

the middle and two high hydraulic conductivity zones at the right-top and left-middle areas. 

From Figure 4.12, it is can be seen that the updated hydraulic conductivity fields are better than 

the initial guess, and the hydraulic conductivity has been significantly improved in the middle 

area. This is explained as that the observed data are mainly obtained from the middle area during 

the simulation time. However, the constrained EnKF method overestimates the high hydraulic 

conductivity zone in the left-bottom and the right-top areas (Figures 4.11 and 4.12). The reason 

for the over estimation will be explained later, which leads to the deterioration of the results of 

the mean and variance values shown in Figure 4.9 and 4.10. It is also noticed that observed data 

of only 7 to 9 can be obtained from the observation wells because the solute does not spread to 

all domains at any time step, and solute duration time at any location is limited. Therefore, for 

any given well, if too many time step observations are used to update the conductivity field, the 

concentration values in some steps will be zero, such as in the time period before the solute 

reaches the well point or the period after the solute passes that point. If these void concentration 

data are used to update the conductivity field, the data will deteriorate the assimilation results. 

For the study case, the solute passes through some observation wells in a few time steps, so only 

the few time step data should be assimilated. In general, the EnKF can significantly improve the 

hydraulic conductivity field by assimilating 7 to 9 observed solute concentration data, which 

demonstrates that the constrained EnKF is an efficient method to update the hydraulic 

conductivity field via assimilating the observed solute concentration available.  
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Moreover, compared with 2601 grid elements in the study domain, the number of the 

observation data (7 to 9) is very small, which is very convenient in the reality. In part 4.1, from 

the study on updating conductivity field through assimilating hydraulic head data, it is found that 

25 observed data (observation wells) are needed to capture major feature of the same 

conductivity field as the one used in this study.  Therefore, the concentration data are more 

efficient than hydraulic head data. This is because the solute concentration in the middle part will 

be influenced by the groundwater velocity in the upstream and downstream areas. The hydraulic 

conductivity field will affect the hydraulic head field through the flow model, and the velocity is 

controlled by both the hydraulic head and conductivity fields through the Darcy’s law (see 

Equation (2.5)). Thus, the groundwater velocity is directly influenced by the hydraulic 

conductivity field. In this study, the solute transport is dominated by the advection, so the solute 

concentration will be very sensitive to the hydraulic conductivity in the upstream and 

downstream areas, and the observed solute concentration data will contain the information of the 

hydraulic conductivity distribution. Furthermore, the dispersivity parameters are also related to 

the groundwater velocity closely in the solute transport modeling, which suggests that the 

dispersion part of the solute transport is also sensitive to the hydraulic conductivity indirectly. So 

only 7 to 9 observed solute concentration data in the middle part can be used to improve the 

hydraulic conductivity distribution not only in this middle part but can also in the left and right 

areas. 

In part 4.1, it was already shown that the EnKF method by assimilating the hydraulic 

head data is not very efficient for the study domain with the mixed boundaries, no-flow boundary 

at the top and bottom borders and constant head boundary at the left and right borders. However, 

the updating results are very significant with the same hydraulic boundary conditions in this 

study. Therefore, it is can be concluded that updating a conductivity field through the constrained 

EnKF method via assimilating the solute concentration data is much more efficient than via 

assimilating the hydraulic head data.  

4.2.2    Large Initial Distribution of Solute Concentration  

To further explore the capability of the constrained EnKF to update the hydraulic 

conductivity field via assimilating solute concentrations, it is necessary to add more observation 

data. So the initial distribution of the solute area is extended from the one in Figure 4.8(a) to the 
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one in Figure 4.8(b). In this way, the solute plume will cover a larger area and more observation 

wells can sample the solute concentration. The mean and variance values of the hydraulic 

conductivity field with and without data assimilation are plotted in Figures 4.9 and 4.10 at the 

first few and different assimilation steps, and compare them with the values in the real hydraulic 

conductivity field.  

In Figure 4.9 and 4.10, it is shown that both the mean and variance values of the updated 

hydraulic conductivity field by the constrained EnKF become closer to the real ones than those 

of the initial guess field. Moreover, the RMSE K value at different assimilation time is less than 

that of the initial guess, which indicates that the updated hydraulic conductivity field is better 

than the initial guess hydraulic field. The number of the wells from which the plume can be 

observed during the application of the constrained EnKF by assimilating the solute concentration 

is from 13 to 16. 

The spatial distributions of the updated hydraulic conductivity field and the 

corresponding absolute hydraulic conductivity difference between the updated result and the real 

field at some time steps are shown in Figures 4.13 and 4.14. From the figures, it can be seen that 

the updated hydraulic conductivity field captures well the main feature of the real field, and the 

updated results are much better than the initial guess. The low hydraulic conductivity zones of 

the real field are together in the middle area, while it is also indicated in the updated fields as 

shown in Figure 4.13. Like the real field, the high hydraulic conductivity zones can also be seen 

in the right-upper and the left-middle areas of the updated ones. In comparison with the 7
th

 step 

updated results with a smaller initial plume size, shown in Figures 4.11 (d) and 4.12(e), and with 

a larger initial plume size, Figures 4.13(c) and 4.14(c), the larger the initial plume size, the 

slightly better the updated results. 

What I want to mention is that the observation wells are uniformly distributed in space, 

which is very easy to conduct in practice, and the hydraulic conductivity field can be improved 

by obtaining solute concentration from these wells. If the concentration data are available in all 

the observation wells, it is not necessary to get the data at every observation well. And they can 

be gotten selectively, that is to say that some observed data at these wells can be gotten at this 

time, and some observed data at some different wells (not the same observation wells) cab also 

be gotten at the next time. But how to determine the criteria which time is better to obtain 

observed data from which observation wells is an issue requiring further research. 
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                       (a)                                                   (b)                                                 (c)  

Figure 4.13  Assimilated logK field at different assimilation steps with large area of initial solute 

concentration under 81 observation wells:  (a) the 1
th

 step; (b) the 4
th

 step; (c) the 7
th

 step 

 

 

 

 

 

 

 

 

 

 

                       (a)                                                  (b)                                                 (c)    

Figure 4.14  Absolute difference between real and updated hydraulic conductivity field with 

large area of initial solute concentration under 81 observation wells: (a) 1th assimilation step; (b) 

4th assimilation step; (c) 7th assimilation step    
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Figure 4.15  Mean values of hydraulic conductivity field: the real field, without and with data 

assimilation and large area of initial solute concentration under 81 observation wells while the 

standard deviation of the observation error is 5% of the solute concentration measurements 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.16  Variance values of hydraulic conductivity field: the real field, without and with data 

assimilation and large area of initial solute concentration under 81 observation wells while the 

standard deviation of the observation error is 5% of the solute concentration measurements 
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However, maybe the standard deviation of the observation error as 1% of the solute 

concentration measurements is too small, the standard deviation of the observation error is 

increased to 5% of the solute concentration measurements. The calculated results of the mean 

and variance of the hydraulic conductivity are shown in Figures 4.15 and 4.16. From figures, it is 

found that the mean and variance of the updated hydraulic conductivity field via the data 

assimilation method is closer to that of the real hydraulic conductivity field than the initial guess 

conductivity field. the spatial distribution of the updated hydraulic conductivity field at different 

assimilated time steps are plotted in Figure 4.17. Comparing Figure 4.17 with Figure 4.13, it is 

found that these results are very similar. So the standard deviation of the observation error does 

not affect the simulation results very much here from the first view. Therefore, the absolute 

hydraulic conductivity difference between the updated result and the real field are not plotted for 

simplicity.  

 

 

 

 

 

 

 

 

 

 

(a)                                                (b)                                             (c) 

Figure 4.17  Assimilated logK field at different assimilation steps with large area of initial solute 

concentration under 81 observation wells while the standard deviation of the observation error is 

5% of the solute concentration measurements:  (a) the 1
th

 step; (b) the 4
th

 step; (c) the 7
th

 step 

 

 

To take a further look at the influence of the standard deviation of the observation error 

on the updated results, the mean, variance and spatial distribution of the updated hydraulic 

conductivity field at different assimilated time steps with the standard deviation of the 

observation error being 10% of the solute concentration measurements are also plotted in Figures 

4.18-20. From the mean and variance values of the updated hydraulic conductivity field in figure 
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4.18 and 4.19, it is seen that the simulated time become longer and the results by the data 

assimilation method via the constrained EnKF is much closer to the real conductivity field than 

the initial guess even the standard deviation of the observation error is 10% of the observation 

measurements. Compared with Figures 4.9 and 4.10, it can be even seen that the results with the 

standard deviation of the observation error be 10% of the solute concentration measurements are 

much better than that of 1%, and the simulated time is also longer here. This phenomenon can be 

explained that maybe the constraints posed to the EnKF method have introduced too much 

potential error to the model, which lead to the avoidance of the filter divergence to a certain 

degree and longer simulation time, and also the increase of the observation error will give a 

tradeoff between the model error and the observation error. Furthermore, it is seen that the 

spatial distribution of the updated hydraulic conductivity fields still similar to that in Figure 4.13. 

Therefore, it is can proved that the standard deviation of the observation error does not affect the 

simulation results very much at later time steps. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.18  Mean values of hydraulic conductivity field: the real field, without and with data 

assimilation and large area of initial solute concentration under 81 observation wells while the 

standard deviation of the observation error is 10% of the solute concentration measurements 
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Figure 4.19  Variance values of hydraulic conductivity field: the real field, without and with data 

assimilation and large area of initial solute concentration under 81 observation wells while the 

standard deviation of the observation error is 10% of the solute concentration measurement 

 

 

 

 

 

 

 

 

 

 

 

(a)                                                  (b)                                                 (c) 

Figure 4.20  Assimilated logK field at different assimilation steps with large area of initial solute 

concentration under 81 observation wells while the standard deviation of the observation error is 

10% of the solute concentration measurements:  (a) the 1
th

 step; (b) the 4
th

 step; (c) the 7
th

 step 

 

 

The RMSE values for the updated hydraulic conductivity field under different percentage 

(3%, 5%, 9%, 10%) standard deviation of the observation error of the solute concentration 
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measurements are also plotted in Figure 4.21. From the figure, it can be seen that the RMSE 

values will increase as the assimilated time increase for different perturbations to the observation 

error. The larger perturbations added to the observation errors, the greater the RMSE values for 

the updated hydraulic conductivity fields. It is seen that if the standard deviation of the 

observation errors is greater than 5% of the measurements, the RMSE values for the updated 

hydraulic conductivity have the trend to increase. So it is better to use the standard deviation of 

the observation errors no more than 5% of the measurements if I want to have less RMSE. 

Furthermore, it can also be found that the plots of the mean, variance and RMSE values for the 

updated hydraulic conductivity field with the standard deviation of the observation errors as 10% 

of the measurements in Figures 4.18, 4.19 and 4.21 are very identical, they almost fluctuate at 

the same time. This can also be seen from the former results in Chapter 4.1, where the RMSE 

values become very high at the later assimilated time steps like the corresponding mean or 

variance values and they are not plotted there.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.21 RMSE values of the assimilated hydraulic conductivity field with large area of initial 

solute concentration under 81 observation wells under different standard deviation of the 

observation errors 

  

 



49 

 

0

3000

6000

9000

12000

15000

18000

1 60 119 178 237 296bin

fr
eq

u
en

cy
Big standard deviation of the observation error of the solute concentration measurements 

for the solute transport have been used, so it is necessary to verify the EnKF method by plotting 

the Talagrand diagram (also rank histogram) with the observation. As introduced by Houtekamer 

(ARMA), to construct a Talagrand diagram with observations, the forecasts for one observation 

by all members of the ensemble (300) are taken firstly, and these values in order with 300 bins 

are calculated. Then the real observations are placed at this point in the appropriate bin to decide 

which specific bin it falls. This process is repeated for a large number of observed values at 

different locations and time periods, and they are summed over different verifying time and 

locations. Eventually, the total number of cases per bin is plotted in a histogram. The Talagrand 

diagram for observations for the EnKF method with the standard deviation of the observation 

error as 10% of the solute concentration measurement is shown in Figure 4.22 for 16 assimilated 

time steps.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure  4.22  Talagrand diagram for observations while the standard deviation of the observation 

error is 10% of the solute concentration measurements  

 

 

25 observation wells have been plotted, and from the Talagrand diagram although there 

are not so many actual observations. It can be seen that almost half of the analyzed values such 

as the observed data are in the left middle bins, and the rank histogram is not flat. However, a flat 
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rank histogram usually taken as a sign of reliability, can still be generated from unreliable 

ensembles and from ensembles with different conditional biases or by nonrandom sampling of a 

different probability distribution than that from which the truth is drawn (Hamill, 2000). This 

may be explained as that there are not many samples, and the constraints posed to the EnKF 

method make the ensemble unreliable because some ensembles will be disturbed by the 

constraints while some ensembles will not. Also the observed data assimilated in the EnKF 

method is very small due the limited solute concentration data.  

4.2.3    Conclusions 

In this study, the constrained EnKF is used to estimate heterogeneous hydraulic 

conductivity distributions by assimilating solute concentration measurements for transient solute 

transport in a steady state flow field. The measurement error is considered, but the model error is 

not. The forecast model is assumed to be known. A synthetic case of a rectangular field with the 

no-flow boundary at the upper and bottom borders and constant head boundary at the left and 

right borders is designed to investigate the capacity and effectiveness of the data assimilation 

method to identify a hydraulic conductivity distribution. The developed method is only 

demonstrated in 2-D transient solute transports with two different areas of initial instant solute 

source in the middle area of the field. The solute concentration measurements are used to identify 

the heterogeneous hydraulic conductivity field. Based on the study results, the following 

conclusions are obtained. 

1.  The constrained EnKF can be used to effectively calibrate a heterogeneous 

conductivity distribution by assimilating solute concentration measurements for a transient 

transport in a steady state flow field with the mixed no-flow boundary and constant head 

boundary. Only after a few (no more than 10) assimilation steps, the spatial distributions of 

hydraulic conductivity become significantly closer to the real field distribution than those 

without data assimilation.  

2.  The model predictability depends on the initial distribution of the solute concentration. 

The larger area of the initial distribution, the more observed data can be obtained, the better the 

calibration results.  

3.  Due to the strong sensitivity of solute concentration to the hydraulic conductivity field, 

less observation wells are needed to achieve the same calibration results for a hydraulic 
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conductivity field through assimilating solute concentration data than assimilating hydraulic head 

data.   

4.  The data assimilation method can produce useful results in the first five or seven time 

step assimilation.  

5.  In study of part 4.1, the EnKF method was used to calibrate a conductivity field by 

assimilating hydraulic head data. Their study results indicate that the EnKF method cannot well 

capture a conductivity distribution in a field with constant head boundaries through assimilating 

hydraulic head data; while this study results indicate the EnKF method can through assimilating 

concentration data.   

6. The constraints posed to the EnKF method have introduced large potential error to the 

model, which lead to the avoidance of the filter divergence to a certain degree and longer 

simulation time, and also the increase of the observation error will give a tradeoff between the 

model error and the observation error. So the standard deviation of the observation error varies 

from 1% to 5% even to 10% of the solute concentration measurements, the simulated results by 

the data assimilation method are still very similar.  

7. The Talagrand diagram for observations via the EnKF method with the standard 

deviation of the observation error as 10% of the solute concentration measurement is not flat, 

although it is not necessary to indicate the unreliability of the ensemble, it is maybe caused by so 

few samples or the constraints posed to the EnKF method.  

8.  The assimilated simulation steps are not very long, this problem may be caused by 

ignoring the model error. In future, the model error can be added. Moreover, the data 

assimilation method provides us the best estimate values for our study case, but it does not 

consider the mass balance during the simulation automatically. The Talagrand diagram for the 

observations is not flat, further study is needed to find out the real reason and cause for this 

problem. 
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CHAPTER 5 

APPLICATION OF THE DATA ASSIMILATION METHOD VIA 

THE LOCALIZED ENKF TO THE TRANSIENT STATE 

GROUNDWATER FLOW 

 

From the research work and corresponding analysis in Chapter 4, some issues need further study. 

One of the most severe problems is that the simulation via data assimilation method cannot be 

conducted for a very long time. Another problem is that the number is of the observation wells 

should not be too large. From previous study on other subjects, the problems are probably caused 

by the filter divergence, over-confidence on the model (Sandu et al, 2007). If the parameters are 

correlated, the problems of the spurious corrections are also very common when applying the 

data assimilation method via the EnKF (Chang et al., 2010).  

When the data assimilation method via EnKF is applied to the transient state groundwater 

flow, it is found that the simulation time is very short though the data assimilation method has 

already been applied successfully. This problem is probably caused by the filter divergence. One 

solution method  has been found to the problem of filter divergence and spurious corrections. It 

is called the localized EnKF (Bishop and Hodyss, 2009; Oke et al, 2007). Spatial localization 

modifies the covariance matrices to reduce the influence of distant regions (Houtekamer and 

Mitchell, 2001). Both the covariance inflation and localization will be executed. Furthermore, it 

is found that the computational cost is very expensive when the ensemble size is very large, but 

sometimes it is necessary to increase the ensemble size to get the more accurate results by the 

data assimilation method via the EnKF. I plan to perform the localized EnKF method to solve 

these problems.  

5.1    Algorithm of the Localized EnKF Method 

Since the background error is underestimated by the EnKF (Anderson and Anderson, 1999; 

Hamill et al., 2001), it is a reasonable approach to increase background error covariances by 

inflating the deviation of background members with respect to their means by a small amount. 
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Before the first observation is assimilated in a new cycle, background forecast deviation from the 

mean is inflated by an amount r, slightly greater than 1.0: 

                                                       f f
f f

i iS r S S S                                                     (5.1) 

Here, the operation ―  ‖denotes a replacement of the previous value of f

i
S . The inflation 

coefficient is equal to 1.05 in Hamill et al. (2001). 

Covariance localization (Adrian et al., 2007; Campbell et al, 2010; Constantinescu et al, 

2006; Devegowda et al, 2010; Hamill, Review; Houtekamer and Mitchell, 2001; Zupanski et al, 

2010) schemes  utilize prior or ad-hoc knowledge about nature of a parameter and data 

correlations to obtain improved estimates of the various covariance matrices. One way to impose 

localization in EnKF is to use a decorrelation function with local support that monotonically 

decreases with distance for each increment (Hamill et al., 2001). I apply the method to the 

background covariance ( f
P ) and make the background covariance distance decorrelated. A 

correlation function operator   maps distances in correction weights. The EnKF relation (Eq. 

(2.35)) becomes 

              1f
a T T

, 1, 1

f f
i ti t

S S D P H H D P H R Y 


                                (5.2) 

The operator  in Eq. (5.2) denotes a Schur product (an element-by-element multiplication) of a 

correlation matrix,  D , with the covariance model generated by the ensemble; D represents 

the physical distance between two locations. The Schur product of matrices AA and BB is a 

matrix CC of the same dimension, where
ij ij ij

CC AA BB .  

If H is linear, the modified Kalman gain, K, can equivalently be expressed as 

                                
       1

T Tf y f
K P H D HP H R

 


                                    (5.3) 

Where y
D  represents the distance among the observation sites. 

Consequently, EnKF relation (5.1) becomes 

                                              f
a

, 1, 1

c
i ti t

S S D K Y
                                         (5.4) 

In practice, the decorrelation function is first applied in the observation space 

(    Ty f
D HP H ). Here, y

D  is calculated as the distance among the observation sites, then 

applied to each entry in the Tf
HP H . If   is monotonic, the net effect on Tf

HP H  is the 
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decrease of off-diagonal elements (cross-correlations), while keeping the diagonal elements 

(auto-correlations) unchanged. The distance matrix c
D  contains the distance from each state 

variable to each observation site. In this way, the contribution of each observation generated 

correction is damped according to the distance between the state location and the corresponding 

observation site.  

For the covariance inflation, the inflation factor is chosen to be 1.01 in my simulation 

using the localized EnKF method. When the ensemble error covariance is gotten from the model 

before the application of the data assimilation method via the EnKF method, the error covariance 

is multiplied by 1.01 to inflate it and increase the error of the model since the filter divergence is 

resulted from the over-confidence on the model. 

For the covariance localization, the correlation function is expressed as: 

                                
 exp 3 /

0

ij ij

ij

ij

Dis bL Dis R

Dis R


  
 

 
                                      (5.5) 

Where bL is the correlation length [L]; 
ijDis  is the distance between the node i and j [L]; R is the 

localization radius [L]. The value for the correlation length is 10 [L] in our simulation, and the 

localization radius is 6 [L]. Eq (5.5) tells that the closer distance between the two nodes, the 

greater value of their correlations; the greater distance between the two nodes, the less value of 

their relations. If their distance is larger or beyond the range of the localization radius, then these 

two nodes have no relation and the value of the correlation function in Eq (5.5) becomes 0. 

 

 

Figure 5.1  Flowchart of hydraulic head assimilation scheme via the localized EnKF with 

transient state groundwater flow 
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Same as the data assimilation method application studied in subsection 3.1, the localized 

EnKF method is also applied to the transient state groundwater flow to update the hydraulic 

conductivity by assimilating the observed hydraulic head data. The flow chart of the localized 

EnKF method through assimilating the observed hydraulic head data with the transient state 

groundwater flow is shown in Figure 5.1.  

5.2    Synthetic Study Case Description 

 

 

 

 

 

 

 

           

 

                                (a)                                                                                 (b) 

Figure 5.2  Distribution of log conductivity field: (a) Real conductivity field; (b) Ensemble mean 

of 100 realizations  

(Note: all the Figures of log hydraulic conductivity fields in this chapter have the same color scale) 

 

 

The same synthetic study case as that in Chapter 3 is used for the transient state groundwater 

flow. The parameters, initial conditions, sink term and others are all the same as those in Chapter 

3. The pumping well is located in the center of the study domain and the pumping rate is 

10[L
3
/T]. However, the real conductivity field is assumed to be correlated (the correlation length 

is 10[L]). An ensemble size of 100 is chosen for the localized EnKF method, which is much less 

than that used in the EnKF method by assimilating the observed hydraulic head data with the 

transient groundwater flow in Chapter 3. The initial guessed field is produced by the GSLIB 
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(Geostatistical software Library) with the SGSIM (Sequential Gaussian Simulation). The output 

data with log form is of the Gaussian distribution, and the initial guessed conductivity fields is 

produced by transforming these log form data and plus 5 [L/T] to avoid the very low 

conductivity value. The real and initial guessed log hydraulic conductivity fields are shown in 

Figure 5.2. The number of the observation wells is set as large as 169 since it is suitable to use a 

large one for the localized method (Devegowda et al. 2007; Skjervheim et al. 2007; Chen and 

Oliver 2009). Similar to the description for the observation wells in Chapter 3, these observation 

wells are also distributed uniformly in space. 

5.3    Results and Discussion 

After applying the data assimilation method via the localized EnKF for the transient state 

groundwater flow with 169 observation wells and ensemble of 100 realizations, the mean and 

variance values of the updated hydraulic conductivity with time are plotted in Figures 5.3 and 5.4.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.3  Mean values of hydraulic conductivity field: the real field, without data assimilation 

and with data assimilation method via the localized EnKF with the ensemble size of 100 under 

169 observation wells 

 

 

From these figures, it can be found that the mean and variance values of the initial 

guessed hydraulic conductivity fields with 100 ensemble size and real hydraulic conductivity are 
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41.43[L/T] and 1.32[L/T], 940.12[L/T] and 10.49[L/T], respectively, and the differences 

between the two hydraulic conductivity field are very great. This is also shown in the spatial 

distribution of the hydraulic conductivity field in Figure 5.2. While, after several steps of data 

assimilation of hydraulic head data through the localized EnKF method, the mean and variance 

values of the updated hydraulic conductivity are very close to their real values, and the updated 

results are shown  in Figures 5.3 and 5.4 and assimulation results are stabilized with time.   

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.4  Variance values of hydraulic conductivity field: the real field, without data 

assimilation and with data assimilation method via the localized EnKF with the ensemble size of 

100 under 169 observation wells 

 

The spatial distributions of the updated hydraulic conductivity at various time steps are 

presented in Figures 5.5.  From the plot, it can be seen that the updated hydraulic conductivity 

field is improved gradually. The updated results well match the real field. The low hydraulic 

conductivity zones in the middle, left top and left bottom parts and high hydraulic conductivity 

zones in the rest part are well characterized through the data assimilation method via the 

localized EnKF. Moreover, the assimilation time is longer that in chapter 4 for the transient 

groundwater flow by the data assimilation method via the EnKF. This suggests that I have 

successfully solved the problem of the filter divergence here, which is probably due to the fact 

that the background error covariance are inflated and localized. The capture of the hydraulic 
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conductivity field character is probably due to the application of the covariance localization. It is 

should also be noticed that the ensemble size 100 for the localized EnKF method is much less 

than that in the Chapter 4 (ensemble size of 300) for the EnKF method. Therefore, a conclusion 

can be made that the data assimilation method via the localized EnKF in this study case is much 

more efficient and better than the data assimilation method via the EnKF. 

 

 

 

 

 

 

(a)                                                (b)                                                   (c) 

Figure 5.5  logK field at different assimilation steps with the localized EnKF method and 

ensemble size of 100 under 169 observation wells: (a) the 5
th

 step; (b) the 30
th

 step; (c) the 50
th

 

step 

 

 

 

 

 

 

 

(a)                                               (b)                                                  (c) 

Figure 5.6  logK field at different assimilation steps with the EnKF method and ensemble size of 

100 under 169 observation wells: (a) the 5
th

 step; (b) the 30
th

 step; (c) the 50
th

 step 
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To compare the efficiency of the data assimilation method via the localized EnKF with 

the EnKF, the spatial distribution of the updated hydraulic conductivity field at different 

assimilation steps by the EnKF method are also plotted in Figure 5.6. From the figure, it can be 

seen that the updated hydraulic conductivity is not similar to the real field at all (Figure 5.2). 

Therefore, the data assimilation method via the EnKF cannot significantly improve the hydraulic 

conductivity here.  

In Chapter 4, I made the conclusion that the greater the ensemble size of simulation, the 

more accurate updated results. So to further explore the efficiency of the data assimilation 

method via the localized EnKF to update the hydraulic conductivity field, the ensemble size of 

300 is applied for the EnKF method. The simulated results of the mean, variance values and 

spatial distribution of the updated hydraulic conductivity field by the EnKF method are shown in 

Figures 5.7-9. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.7  Mean values of hydraulic conductivity field: the real field, without data assimilation 

and with data assimilation method via the EnKF with the ensemble size of 300 under 169 

observation wells 
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Figure 5.8  Variance values of hydraulic conductivity field: the real field, without data 

assimilation and with data assimilation method via the EnKF with the ensemble size of 300 

under 169 observation wells 

 

 

The updated results of mean and variance values of the hydraulic conductivity fields in 

Figures 5.7 and 5.8 indicate the EnKF method cannot efficiently capture the character of the 

hydraulic conductivity field here. Moreover, the updated spatial distribution of the conductivity 

field (Figure 5.9) is not similar to the real field (Figure 5.2) in pattern. This problem is probably 

due to the reason,  the real hydraulic conductivities are correlated to each other, but the data 

assimilation method via the EnKF does not identify that correlation, but the localized EnKF does. 

Thus, the data assimilation method via the localized EnKF can capture the features of the real 

hydraulic conductivity field while the EnKF method cannot. 

Since the data assimilation method via the localized EnKF can efficiently update the 

hydraulic conductivity field even with a smaller ensemble size, I want to explore whether the 

localized EnKF method can improve the hydraulic conductivity field by a even smaller ensemble 

size. So the ensemble size is reduced to 50, and the corresponding updated results are shown in 

Figures 5.10-12.  
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(a) (b) 

 

 

 

 

 

 

 

 

 

 

                                    (c)                                                                           (d) 

Figure 5.9  logK field at different assimilation steps with the EnKF method and ensemble size of 

300 under 169 observation wells: (a) initial guessed ensemble mean; (b) the 5
th

 step; (c) the 30
th

 

step; (d) the 50
th

 step 
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Figure 5.10  Mean values of hydraulic conductivity field: the real field, without data assimilation 

and with data assimilation method via the localized EnKF with the ensemble size of 50 under 

169 observation wells 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5.11  Variance values of hydraulic conductivity field: the real field, without data 

assimilation and with data assimilation method via the localized EnKF with the ensemble size of 

50 under 169 observation wells 
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(a) (b) 

 

 

 

 

 

 

 

 

 

                                        (c)                                                                        (d) 

Figure 5.12  logK field at different assimilation steps with the localized EnKF method and 

ensemble size of 50 under 169 observation wells: (a) initial guessed ensemble mean; (b) the 5
th

 

step; (c) the 30
th

 step; (d) the 50
th

 step 

 

 

From the mean and variance values of the updated hydraulic conductivity field with time 

in Figures 5.10 and 5.11, it is seen that the updated results are much closer to the real hydraulic 
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conductivity field than the initial guessed ones. This indicates that the localized EnKF method 

via assimilating the observed hydraulic head data with even 50 ensemble size can still improve 

the hydraulic conductivity field. The spatial distribution of the updated hydraulic conductivity 

fields at different assimilation time steps in Figure 5.12 can suggest that the localized EnKF 

method has efficiently updated the hydraulic conductivity field. 

Of course, comparing the updated results of the localized EnKF method of 100 ensemble 

size in Figures 5.3-5 with that of 50 in Figures 10-12, the former results are slightly better than 

the later ones, but the computational cost is much greater than that for the later one. This 

phenomenon is explained as the same reason as that in Chapter 4, the more ensemble size will 

results in more accurate simulations.  

Since the real hydraulic conductivity field is correlated, the localized EnKF method is 

more efficient than just the EnKF method to improve the hydraulic conductivity field. It is 

necessary to have a look at the influence of localization radius and correlation length to the 

simulated results. 

5.3.1    Influence of the correlation length 
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Figure 5.13  Mean values of hydraulic conductivity field: the real field, without data assimilation 

and with data assimilation method via the localized EnKF with the ensemble size of 100 under 

169 observation wells with localization radius of 6[L] and correlation length of 15[L] and 3[L]  

 

 

To explore the influence of the correlation length on the updated results via the localized EnKF 

method, the correlation length is changed in Eq (5.5) under 169 observation wells with the 

ensemble size of 100 and localization radius of 6[L]. The correlation length is chosen as 15[L] 

and 3[L], and the corresponding results are plotted in Figures 5.13-16. 

Undoubtedly, the updated hydraulic conductivity field is not as good as that produced by 

the correlation length bL = 10 [L] in Figures 5.13-16. However, the mean and variance values of 

the updated hydraulic conductivity field by the localized EnKF method are much closer to the 

real ones than the initial guessed conductivity field in Figures 5.13 and 5.14.. Most of the mean 

values of the updated hydraulic conductivity fields with the correlation length of 3[L] at various 

time steps are lower than the real one while all the results in the case with the correlation length 

of 15[L] are higher than the real one (Figure 5.13). This is caused by the greater values of the 

correlation function in Eq (5.5) by the longer correlation length. From the plots of the mean 

value and the spatial distribution for the updated hydraulic conductivity field, it can be seen that 

the mean value of the updated hydraulic conductivity through the localized EnKF method with 

the correlation length of 15[L] is slightly closer to the real field than that with the correlation 

length of 3[L] (Figure 5.13), and the former results also capture the low conductivity area in the 

upper top part of the study domain (Figure 5.15). So the result obtained via the localized EnKF 

method with the correlation length of 10[L] is slightly better than that with the correlation length 

of 3[L]. This is probably because the longer correlation length, more information included. 

Moreover, it is probably because that the covariance localization introduces large scaled 

imbalance at shorter correlation length scales and the imbalance may limit the growth of spread, 

making background-error covariance model estimated from ensemble less accurate. 
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Figure 5.14  Variance values of hydraulic conductivity field: the real field, without data 

assimilation and with data assimilation method via the localized EnKF with the ensemble size of 

100 under 169 observation wells with localization radius of 6[L] and correlation length of 15[L] 

and 3[L] 

 

 

 

 

 

 

 

 

 (a)                                               (b)                                               (c) 

Figure 5.15  logK field at different assimilation steps with the localized EnKF method and 

ensemble size of 100 under 169 observation wells with correlation length of 3[L]: (a) initial 

guessed ensemble mean; (b) the 5
th

 step; (c) the 30
th

 step; (d) the 50
th

 step 
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(a)                                               (b)                                               (c) 

Figure 5.16  logK field at different assimilation steps with the localized EnKF method and 

ensemble size of 100 under 169 observation wells with correlation length of 15[L]: (a) initial 

guessed ensemble mean; (b) the 5
th

 step; (c) the 30
th

 step; (d) the 50
th

 step 

 

 

5.3.2    Influence of the localization radius 
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Figure 5.17  Mean values of hydraulic conductivity field: the real field, without data assimilation 

and with data assimilation method via the localized EnKF with the ensemble size of 100 under 

169 observation wells with correlation length of 10[L] and localization radius of 3[L] and 10[L] 
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Figure 5.18  Variance values of hydraulic conductivity field: the real field, without data 

assimilation and with data assimilation method via the localized EnKF with the ensemble size of 

100 under 169 observation wells with correlation length of 10[L] and localization radius of 3[L] 

and 10[L] 

 

 

 

 

 

 

 

 

  (a)                                             (b)                                            (c) 

Figure 5.19  logK field at different assimilation steps with the localized EnKF method and 

ensemble size of 100 under 169 observation wells with localization radius of 3[L]: (a) initial 

guessed ensemble mean; (b) the 5
th

 step; (c) the 30
th

 step; (d) the 50
th

 step 
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   (a)                                              (b)                                               (c) 

Figure 5.20  logK field at different assimilation steps with the localized EnKF method and 

ensemble size of 100 under 169 observation wells with localization radius of 10[L]: (a) initial 

guessed ensemble mean; (b) the 5
th

 step; (c) the 30
th

 step; (d) the 50
th

 step 

 

 

Similar to the section 5.3.1, to explore the influence of the localization radius on the 

updated results via the localized EnKF method, the localization radius is varied and all other 

conditions keep unchanged, which are 169 observation wells with the ensemble size of 100 and 

correlation length of 10[L]. The localization radius is chosen as 3[L] and 10[L], respectively, and 

the corresponding results are plotted in Figures 5.17-20. 

The updated hydraulic conductivity fields in Figures 5.19-20 are not as good as those 

produced with the localization radius R = 6 [L]. Nevertheless, the mean and variance values of 

the updated hydraulic conductivity fields by the localized EnKF method are much closer to the 

real ones than the initial guessed conductivity field. It is noticed that most of the mean and 

variance values of the updated hydraulic conductivity field resulted from both the localization 

radius of 3[L]and 10[L] are the same, but these values are quite different when the correlation 

lengths are different in section 5.3.1. This phenomenon means that the updated hydraulic 

conductivity field via the localized EnKF is significantly influenced by the correlation length, but 

is not very sensitive to the localization radius. However, comparing both updated hydraulic 

conductivity fields with the real one, it is found that the updated results produced by the 

localization radius of 10[L] is slightly better than that produced by the localization radius of 3[L], 
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especially in the late simulation time. Furthermore, the spatial distribution of the updated 

hydraulic conductivity in Figure 5.20 also shows the lower conductivity area in the upper top 

part of the study domain. This is because the larger the localization radius, the more information 

including the real important part will be taken into account during the localization, but the range 

of the smaller localization radius maybe will miss it and produce weak imbalance and strong 

divergence into the system (Kepert, 2009).  

5.4    Conclusions 

A series of studies have been conducted to investigate the accuracy and efficiency of the 

localized EnKF method via assimilating the observed hydraulic head data to update the hydraulic 

conductivity field. Based on the study results, the following conclusions are made: 

1.   The assimilation steps in this chapter can last larger than that by the EnKF method in 

Chapter 4. This indicates that the covariance inflation and localization can efficiently solve the 

problem of the filter divergence.  

2.  The localized EnKF method can efficiently improve the hydraulic conductivity field 

by assimilating the hydraulic head data while the EnKF method cannot. So the localized EnKF 

method can update the parameters (hydraulic conductivity) that are correlated to each other in 

space efficiently.  

3.  The localized EnKF method can improve the hydraulic conductivity field through 

assimilating the observed hydraulic head data efficiently even with 50 ensemble size. Small 

ensemble size will reduce the computation cost greatly. So the data assimilation method through 

the localized EnKF can not only efficiently improve the hydraulic conductivity field, but also 

reduce the computational cost.           

4.  The updated hydraulic conductivity field via the localized EnKF is much influenced 

by the correlation length than by the localization radius relatively.  

5.  Although the localized EnKF method is successfully applied to update a conductivity 

field through assimilate head data, there are still some problems with the method.. For example, 

adding the covariance localization and inflation processes to the EnKF method will increase 

CPU run time, increasing the localization radius will also increases CPU run time, covariance 

localization introduces large scaled imbalance at shorter correlation length scales and the 
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imbalance may limit the growth of spread, making background-error covariance model estimated 

from ensemble less accurate. 
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CHAPTER 6 

STOCHASTIC SAMPLING OF MODEL ERROR IN THE 

TRANSIENT GROUNDWATER FLOW MODELING VIA THE 

ENKF METHOD 

 

In Chapters 4 and 5, the model error has not been considered during the simulation process, this 

probably leads to the over-estimate of the model and results due to the problem of filter 

divergence, so it is necessary to consider the model error due to many uncertainties and error 

sources (Charron et al., 2010; Houtekamer et al., 2009; Palmer, 2003). Model error perturbations 

will be added to the forecasts via the EnKF method in this Chapter, and then it will be applied to 

the transient groundwater flow modeling.  

The forward modeling for the transient groundwater flow has been described in Chapter 

2, and the case study conditions including with non-zero flow at the boundaries, the real 

hydraulic conductivity fields (Figure 3.1(b)) have also been described in Chapter 3. The 

difference between the EnKF methods in this Chapter and Chapter 4 is that every time the 

forward modeling results are obtained, model errors will be added to the prediction data. The 

model error is of normal distribution with the mean as 0 and standard deviation as 10% of the 

ensemble mean. 300 realizations are chosen as the initial guess hydraulic conductivity field and 

these 300 realizations are the same as in Chapter 3. Same as those described in Chapter 3, 25 

observation wells are distributed evenly in space of the study domain (shown in Figure 3.1(d)).  

Every time the hydraulic head is predicted from the forward model, then errors are 

perturbed to these hydraulic head data. The observed hydraulic head data are assimilated via the 

EnKF method to update the hydraulic conductivity field. The same as the flowchart in Chapter 3, 

the flowchart of hydraulic head assimilation scheme via the EnKF with transient state 

groundwater flow by adding model error perturbations is shown in Figure 6.1.  
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Figure 6.1  Flowchart of hydraulic head assimilation scheme via the EnKF with transient state 

groundwater flow by adding model error perturbations 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.2  Hydraulic conductivity mean values  of the real field, initial guessed field and 

calibrated fields through data assimilations with standard deviation as 10% ensemble mean of the 

white model error noisy and under various time steps 

 

 

The mean and variance values of the hydraulic conductivity field with and without data 

assimilation for different ensemble size are plotted in Figures 6.2 and 6.3. From the figures, it 

can be seen that even though so big error as standard deviation of 10% ensemble mean have been 

added to the model, the mean and variance values of the updated hydraulic field by assimilating 

the observed hydraulic head data via the EnKF method is much closer to the real field than that 

of the initial guessed field especially for the first a few assimilated time steps. Comparing figures 

6.2 and 6.3 with figures 4.1 and 4.2 in Chapter 4, it is found that the updated results are very 
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similar, but big model error have been added to the EnKF here, which is much more realistic due 

to so many error sources. However, the mean and variance values for the updated hydraulic 

conductivity field deviate far from the real ones at the later assimilated time steps, and the RMSE 

values will also have the same trend like in Chapter 4.2. So it is not necessary to plot the RMSE 

values for the updated hydraulic conductivity field here. 

 

 

 

 

 

 

 

 

 

 

Figure 6.3  Hydraulic conductivity variance values of the real field, initial guessed field and 

calibrated fields through data assimilations with standard deviation as 10% ensemble mean of the 

white model error noisy and under various time steps 

 

 

 

 

 

 

 

 

(a)                                                        (b)                                             (c) 
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Figure 6.4  Assimilated logK field at different assimilation steps with 300 realizations under 25 

observation wells with standard deviation as 10% ensemble mean of the white model error noisy: 

(a) the 1
th

 step; (b) the 2
th

 step; (c) the 5
th

 step 

 

 

The spatial distributions of the updated hydraulic conductivity at different assimilated 

time steps are plotted in Figure 6.4. From the plot, it can be seen that the high conductivity zone 

is backed up by assimilating the observed hydraulic head data via the EnKF method by adding 

the model error, so the updated field is very similar to the real hydraulic conductivity field 

(Figure 3.1(b)). Even though big error have been added to the forward model, the EnKF method 

still can efficiently update the hydraulic conductivity field by assimilating the observed hydraulic 

head data. This is probably due to that model error has been added to the EnKF method, it 

increases the background covariance, decreases filter divergence and improves the analysis 

though the background is bad due to the big error existing in the forward model. What should be 

mentioned is that the assimilated time steps are much longer than that in Chapter 4, but the 

updated results of the later assimilated time is very bad. This can prove that the problem of the 

filter divergence have been improved to a certain degree by adding the model error to the EnKF 

method, but cannot fully solve the problem.  
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Figure 6.5  RMSE values of the assimilated hydraulic conductivity field for the transient 

groundwater flow under 25 observation wells under different percentage of the ensemble mean 

as the standard deviation of the model errors 

 

 

From Figures 6.2 and 6.3, it can be seen that the EnKF method with the addition of the 

model error is most efficient in the first few assimilated time steps. The RMSE values of the 

updated hydraulic conductivity field for the transient groundwater flow under 25 observation 

wells under different percentage of the ensemble mean as the standard deviation of the model 

errors at the first few assimilated time steps are plotted in Figure 6.5. In this plot, it can be seen 

that the more model error perturbations, the larger the RMSE values for the updated hydraulic 

conductivity, the less accurate the assimilated hydraulic conductivity fields. Therefore, the EnKF 

by adding the model error can only solve the filter divergence to some degree. 

 

 

 

 

 

 

 

 

(a)                                               (b)                                                (c) 

Figure 6.6  Assimilated logK field at different assimilation steps with 300 realizations under 25 

observation wells by covariance inflation method: (a) the 1
th

 step; (b) the 2
th

 step; (c) the 3
th

 step 

 

 

Since the covariance inflation is another way to improve the problem of the filter 

divergence, I would like to compare the updated hydraulic conductivity field with the ones 

produced by the EnKF method with the covariance inflation scheme, and I apply the covariance 

inflation method with inflation factor as 1.01 to the EnKF method. Unfortunately, it is found that 

the filter divergence problem has not been improved, and the spatial distribution of the updated 

hydraulic conductivity field at different assimilating time steps are plotted in Figure 6.6. From 
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the figure, it is seen that the updated hydraulic conductivity field resulted from the EnKF by the 

covariance inflation are not as good as that produced by the model error perturbation addition to 

the EnKF method in Figure 6.4 compared with the real conductivity field in Figure 3.1(b). 

Therefore, the EnKF method by adding model error perturbations is more efficient than the 

EnKF method by the covariance inflation to update the hydraulic conductivity field via 

assimilating the observed hydraulic head data from the transient groundwater flow. Moreover, it 

is more reasonable to add error perturbations to the forward model because there are so many 

uncertainties and error sources in the reality (Charron et al., 2010; Houtekamer et al., 2009; 

Palmer, 2003).  

Since large model error (with standard deviation as 10% ensemble mean of the white 

model error noisy) is added to the EnKF method for the transient groundwater flow, it is 

necessary to verify the EnKF method by plotting the Talagrand diagram (also rank histogram) 

with the observation for it. The process of plotting the Talagrand diagram is the same as in 

Chapter 4.2, and is shown in Figure 6.7. This Talagrand diagram is plotted for the observations 

with 80 assimilated time steps. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6.7  Talagrand diagram for observations with standard deviation as 10% ensemble mean 

of the white model error noisy 
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There are 25 observation wells, and the Talagrand diagram is for the observations with 80 

assimilated time steps, so there are 2000 samples in the figure. However,  similar to the 

Talagrand diagram for the solute transport modeling via the constrained EnKF method in 

Chapter 4.2, it can be seen that most analyzed values such as the observed data are include in the 

lower bins, and there is no observation in the higher bins. The rank histogram is not flat. 

Although a flat rank histogram does not necessarily include reliability of the ensemble (Hamill, 

2000)  because too large model error have been posed in the EnKF method, and the observation 

error at the same time make the ensemble forecast look unreliable. Moreover, this phenomenon 

is probably caused by too few observation wells (25) compared with the simulated grid points 

(2601). 

From the analysis, the following conclusions are made: 

 1.  The problem of the filter divergence have been improved to a certain degree by 

adding the model error to the EnKF method though the updated results of the later assimilating 

time is not good. 

 2.  Even though big error (with standard deviation as 10% ensemble mean of the white 

model error noisy) have been added to the forward model, the EnKF method still can efficiently 

update the hydraulic conductivity field by assimilating the observed hydraulic head data from the 

transient groundwater flow. 

 3.  The filter divergence problem has not been improved by the EnKF method with the 

covariance inflation scheme via assimilating the observed hydraulic head data to update the 

hydraulic conductivity field from the transient groundwater flow. 

 4.  The EnKF method by adding model error perturbations is more efficient than the 

EnKF method by the covariance inflation to update the hydraulic conductivity field via 

assimilating the observed hydraulic head data from the transient groundwater flow. Moreover, it 

is more reasonable to add error perturbations to the forward model because there are so many 

uncertainties and error sources in the reality. 

5. The Talagrand diagram for observations for the EnKF method with the standard 

deviation of the observation error as 10% of the solute concentration measurement indicates that  

6. Although there are as many as 2000 samples in the Talagrand diagram for the 

observations, the Talagrand diagram is still not flat, which may be caused by the large model 

error and observation error in the EnKF method. 
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 7.  There are still some issues need further study, such as the filter divergence problem 

can be improved to a certain degree by adding stochastic model error to different ensemble, but it 

can be solved. It should be noticed that adding more error will increase CPU run time. Also the 

model error is unknown exactly, so big model white error with standard deviation as 10% 

ensemble mean value is applied here, and it is unknown if it is too big or maybe small in the 

practice. If more information about the model error is available, maybe more realistic prediction 

can be gotten. Moreover, the stochastic sampling of the model error is applied here, if there are 

multi-model available, the multi-model can be applied to different ensembles, and compare the 

results with single model with stochastic error in a further step. The Talagrand diagram for the 

observations is still not flat, it our further effort to smooth it by verifying the EnKF method. 
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CHAPTER 7 

CONCLUDING REMARKS AND FUTURE PROSPECTS 

 

In this dissertation study,, the data assimilation method via the EnKF, localized EnKF or 

constrained EnKF have been applied to the subsurface flow and conservative solute transport 

modeling to update the parameters, and some final conclusions are reached. 

After the application of the data assimilation method via the EnKF to the transient state 

groundwater flow, I found that: 

1. The EnKF can be used to effectively calibrate a heterogeneous conductivity 

distribution by continuous assimilation of hydraulic head measurements in a transient flow field 

with no-flow boundaries. Only a few (no more than 10) assimilation steps, the spatial 

distributions of hydraulic conductivity field become significantly closer to the real field 

distributions than those without data assimilation.  

2.  The model predictability depends on ensemble size. The greater the ensemble size, the 

more accurate the simulations are, but the improvement rate decreases with the increase of the 

ensemble size. 300 realizations were found to be sufficient for transient flow calculation to 

improve the hydraulic conductivity field. 

3.  Using the EnKF to calibrate a heterogeneous conductivity field through assimilating 

transient head data, the calibration is very efficient for the study domain with all Neumann 

boundaries, while it is not efficient with any constant boundaries in study domain. The boundary 

condition will significantly affect the assimilation results.  

4.  The appropriate number of observation wells for the EnKF method via assimilating 

the observed hydraulic head from the transient state groundwater flow is 25, 36, 49 and 64.  

Compared with the total 2601 grids in the study area, the number of observation well is still 

small.  When the number of the observation well is too small, the data cannot capture the 

variation, but when the number is too big, the data will be redundant and cause over calibration.  

5.  The location of the observation wells will also significantly impact the calibration 

results. Good results will be obtained if the observation wells adequately sample the 

heterogeneities.   
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After the application of the data assimilation methods via the EnKF to the transient state 

conservative solute transport, I found that: 

1.  The EnKF can be used to effectively calibrate a heterogeneous conductivity 

distribution by assimilating solute concentration measurements continuously for a transient 

transport in a steady state flow field with the mixed no-flow boundary and constant head 

boundary. Only after a few (no more than 10) assimilation steps, the spatial distributions of 

hydraulic conductivity become significantly closer to the real field distribution than those 

without data assimilation.  

2.  The model predictability depends on the initial distribution of the solute concentration. 

The larger area of the initial distribution, the more observed data can be obtained, the better the 

calibration results.  

3.  Due to the strong sensitivity of solute concentration to the hydraulic conductivity field, 

less observation wells are needed to achieve the same calibration results for a hydraulic 

conductivity field through assimilating solute concentration data than assimilating hydraulic head 

data.   

4.  The data assimilation method can produce useful results in the first five or seven time 

step assimilation.  

5.  The EnKF method cannot well capture a conductivity distribution in a field with 

constant head boundaries through assimilating hydraulic head data, while the EnKF method can 

through assimilating concentration data.   

6.  The constraints posed to the EnKF method have introduced much potential error to the 

model, which lead to the avoidance of the filter divergence to a certain degree and longer 

simulation time, and also the increase of the observation error will give a tradeoff between the 

model error and the observation error. So the standard deviation of the observation error varies 

from 1% to 5% even to 10% of the solute concentration measurements, the simulated results by 

the data assimilation method are still very similar.            

7. The Talagrand diagram for observations via the EnKF method with the standard 

deviation of the observation error as 10% of the solute concentration measurement is not flat, 

although this does not necessarily indicate the unreliability of the ensemble; it is maybe caused 

by so sparse samples or by the constraints posed to the EnKF method.  
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Based on the problems in performing data assimilation method via the EnKF to the 

transient state groundwater flow, a localized EnKF version is applied to the transient state 

groundwater flow while the parameters are correlated. And I found that: 

1.  The simulation time and/or the assimilation steps becomes longer than that by the 

EnKF method for the transient state groundwater flow. This indicates that the covariance 

inflation and localization can efficiently address the problem of filter divergence.           

2.  The localized EnKF method can efficiently improve the hydraulic conductivity field 

by assimilating the hydraulic head data with the correlation between the real hydraulic 

conductivity under large number of observation wells while the EnKF method cannot. So the 

localized EnKF method can update the parameters (hydraulic conductivity) that correlated to 

each other in space efficiently.           

3.  The localized EnKF method can improve the hydraulic conductivity field through 

assimilating the observed hydraulic head data efficiently even with 50 ensemble size. Small 

ensemble size will reduce the computation cost greatly. So the data assimilation method through 

the localized EnKF can not only efficiently improve the hydraulic conductivity field, but also 

reduce the computational cost.           

4.  Both the updated results of hydraulic conductivity fields produced by the localized 

EnKF method with the greater correlation length and greater localization radius are slightly 

closer to the real field.  

5.  The updated hydraulic conductivity field via the localized EnKF is much influenced 

by the correlation length while is not very sensitive to the localization radius.  

6.  Although there are as many as 2000 samples in the Talagrand diagram for the 

observations, the Talagrand diagram is still not flat, which may be caused by the large model 

error and observation error in the EnKF method or simply by filter divergence. 

After applying model error to the EnKF method to update the hydraulic conductivity field 

via assimilating the observed hydraulic head data, the following conclusions are made,  

1.  The problem of the filter divergence has been improved to a certain degree by adding 

model error to the EnKF method though the updated results of the later assimilating time are not 

better than  from the transient state groundwater flow.  

2.  Even though a big error (with standard deviation as 10% ensemble mean of the white 

model error noisy) has been added to the forward model, the EnKF method can still efficiently 
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update the hydraulic conductivity field by assimilating the observed hydraulic head data from the 

transient groundwater flow.  

3.  Appalying covariance inflation scheme in the EnKF method can hardly improve the 

solution to the filter divergence problem.  

4.  The EnKF method with addition of model error perturbations is more efficient than 

the EnKF method with covariance inflation to update the hydraulic conductivity field via 

assimilation of the observed hydraulic head data from the transient groundwater flow. Moreover, 

it is more reasonable to add error perturbations to the forward model because there are so many 

uncertainties and error sources in the reality.  

Although some conclusive remarks are reached after the data assimilation method 

application to the subsurface flow and solute transport, there are still some problems that need 

addressing in a further study, such as:  

1.  How to develop a suitable criterion to end the continuous data assimilation method is 

still an issue in our study. That criterion will allow the identification of the point where 

continued data assimilation will deteriorate the quality of the results. Moreover, the model error 

is not considered, and how to choose a model and consider the model error is an issue that needs 

further research.  

2.  The assimilated simulation steps are not very large, this problem may be caused by 

ignoring the model error. Maybe in future, the model error (which is not known right now) can 

be added to solve the problem. Moreover, the data assimilation method provides us the best 

estimate values for our study case, but it does not consider the mass balance during the 

simulation automatically, and it necessary to find a way to compromise the conflict. The 

Talagrand diagram for the observations is not flat, so a further research effort is required to find 

out the real reason and cause for this phenomenon. 

3.  The localized EnKF method has the advantage of reducing the computational cost by 

using small ensemble size, obtaining more accurate parameters if they are correlated, solving the 

problem of the filter divergence. It is only suitable for large number of the observation wells, but 

adding the covariance localization and inflation processes to the EnKF method will increase 

CPU run time. 

Increasing the localization radius will also increase the CPU run time, covariance 

localization introduces large scale imbalance at shorter correlation length scales and the 
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imbalance may limit the growth of spread, making background-error covariance model estimated 

from ensemble less accurate.  

It is necessary to determine a criterion to determine whether it is worthwhile to apply this 

method. Moreover, it is better to know the correlation length of the parameters prior to 

application of the data assimilation method via the localized EnKF, while attempting to improve 

the parameters by the method of data assimilation. This is also a conflict between these 

objectives, and this should be noticed and we should   find a way to address this conflict.  

4.  The filter divergence problem can be alleviated by adding stochastic model error to 

different ensembles to a certain degree. It needs to notice that adding more error will increase 

CPU run time. Further, the model error is not known, so big model white error with standard 

deviation as 10% ensemble mean value is applied in the study case. It is unknown if it is too big 

or too small in practice. If more information about the model error were available, maybe a more 

realistic prediction would be obtained. Moreover, the stochastic sampling of the model error is 

applied here, if there are multi-model available, the multi-model can be applied to different 

ensembles. So the multi-model should be compared with single model with stochastic error in 

future. Moreover, the Talagrand diagram is not flat, or with an U shape. This problem requires 

further study.  

Errors in filter divergence may exceed the size of the corresponding true chaotic attractor 

or more severe catastrophic filter where solutions diverge to machine infinite in finite time 

(Harlem and Maida, 2010). For the problem of the filter divergence, it should be studied in future 

in the following aspects: 

It should be noticed that although the mean and variance values of the updated hydraulic 

conductivity fields are much closer to the real field than that of the initial guess field, the values 

sometimes fluctuate dramatically, such as those shown in Figures 4.19 and 4.20. This problem 

probably originates from the fact that a linear observation operator that transfers the state 

variable of the solute concentration to the observed data of the solute concentration is used in my 

case, but the solute concentration is nonlinear with respect to the update of the hydraulic 

conductivity field. Even though the EnKF uses full non-linear dynamics to propagate the forecast 

error statistics, the EnKF assumes that all probability distributions involved are Gaussian. 

Nonlinearity and non-Gaussianity are interlaced topics, and it is difficult to discuss only one 

aspect of the problem, neglecting the others (Bouquet et al., 2010). For instance, nonlinearities of 



85 

 

a dynamical model inevitably produce non-Gaussian priors to be used in later analyses. In other 

words, the EnKF relies and performs well in presence of Gaussianity and linear observation 

operator. In our case, the observation errors do not follow a Gaussian distribution. So filter 

divergence occurs, which, in turn, leads to the fluctuation of the mean and variance values of the 

updated hydraulic conductivity field in Figures 4.19 and 4.20. Jardak et al. (2010) has established 

a technique to compare the nonlinear observation operator with the linear observation operator. 

However, they also found that whilst their augmented problem, involving linear observation 

problem, is a reasonable way of formulating the EnKF, it is not as well-founded as the linear 

case, which can be justified as an approximation to the exact and optimal KF. Sources of non-

Gaussianity can be initially categorized into two families: nonlinearities in models and non-

Gaussianity of priors. One has to keep in mind that this classification is arbitrary since nonlinear 

dynamical models produce inevitably non-Gaussian error statistics, which are often used as 

background error statistics (Bocquet et al., 2010). Non-Gaussian results from nonlinearities in 

models since under a nonlinear model transition, a Gaussian pdf becomes non-Gaussian. Since 

the parameter of hydraulic conductivity is nonlinear with respect to the state variables and 

observations such as the solute concentrations, the non- linear observation operator is the main 

reason for the filter divergence problem occurring in our study case.   

Moreover, the mean and variance values of the updated hydraulic conductivity will 

increase to machine infinity in finite time, which is referred the catastrophic filter divergence 

(Harlim and Majda, 2010). Although model error has been added to the EnKF method to 

improve the problem of filter divergence, it still exists, as shown in Figures 6.2 and 6.3. Harlim 

and Majda (2010) have further confirmed that it is due to the fact that the Gaussian assumption 

in the EnKF is violated through the nonlinearity in the model. They also prove that adding model 

errors is not the best strategy when the true model is known. This can also indicate that why the 

filter divergence problem cannot be solved completely in Chapter 6, where model errors are 

added to the EnKF method.  

In order to avoid filter divergence produced by the nonlinear observation operator, it is 

suitable to apply in the future another data assimilation method, namely the particle filter 

method, where the number of particles should not be smaller than the number of degrees of 

freedom of the simulated system. The main objective of the particle filtering is to ―track‖ a 

variable of interest as it evolves over time, typically with a non-Gaussian and potentially multi-
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model pdf. The basis of the method is to construct a sample-based representation of the entire 

pdf. A series of actions are taken, each one modifying the state of the variable of interest 

according to some model. Moreover, at certain times an observation arrives that constrains the 

state of the variable of interest at that time. Multiple copies (particles) of the variable of interest 

are used, each one associated with a weight that signifies the quality of that specific particles 

(Xiong et al., 2006). An estimate of the variable of interest is obtained by the weighted sum of all 

the particles. The maximum likelihood ensemble filter (MLEF) is another hybrid data 

assimilation method that is suitable for system with nonlinear observation operator. These two 

methods are promising in future in particular since there are so many nonlinear and non-

Gaussian dynamic systems in reality. So mathematicians’ help is still required when we apply 

data assimilation method.  

To prevent the occurrence of filter divergence usually due to the background-error 

covariance estimates from small number of ensemble members as pointed out by Houtekamer 

and Mitchell (1998), the use of covariance localization was suggested. Mathematically, the 

covariance localization increases the effective rank of the background error covariance (Gaspari 

and Cohn, 1999; Hamill and Snyder, 2000). It includes distance-dependent reduction of 

covariance estimates. According to the localized covariance method, the background error 

covariance can keep property of the prior or posterior probability distribution (Hamill and 

Whitaker, 2001).  

The covariance inflation can increase the background error covariance estimates, which is 

a way to stabilize the filter. The pdf was not captured in case of EnKF being implemented 

without covariance localization and inflation. The covariance localization and inflation can 

improve the situation of the filter divergence, this is why the updated hydraulic conductivity field 

produced by the localized EnKF method is identical to the real field (Figures 5.3-5) while the 

updated results by the EnKF method without localization are far away from the real field 

(Figures 5.6-9) in Chapter 5. Therefore, covariance localization and inflation schemes in this 

study have successfully solved the problem of the filter divergence when the parameters are 

correlated. 
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