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ABSTRACT

If one could be built, a quantum computer would be capable of storing and manipulating

quantum states with sufficient accuracy to carry out computations that no classical computer

can do (most notably factoring integers in polynomial time). The greatest obstacle to

building such a device is the problem of error and decoherence. Classical computers can

exploit the physical robustness of ordered states to protect classical information (as in,

for example, the magnetically ordered state of a hard drive). Remarkably, a type of

quantum order known as topological order can, in principle, play the same role for quantum

information.

The best studied topologically ordered states are quantum Hall states. These states

arise when a two-dimensional electron gas is placed in a strong magnetic field and cooled

to low temperatures. Under the right conditions, the electrons condense into an incom-

pressible quantum liquid whose excitations are particle-like objects with fractional charge

(quasiparticles). Certain quantum Hall states are thought to be non Abelian. This means

that when a finite number of quasiparticles are present and fixed in space there is a low

energy Hilbert space with finite dimension, rather than a unique state. Unitary operations

can then be carried out on this Hilbert space by adiabatically dragging quasiparticles around

one another so that their world-lines sweep out braids in 2 + 1 dimensional space time. A

quantum computer which stores quantum information in this Hilbert space and computes

by braiding is known as a topological quantum computer.

In this thesis I review our work on determining precisely how one would carry out a

computation on a topological quantum computer. I focus on the so-called Fibonacci anyons

— quasiparticles which may exist in the experimentally observed quantum Hall state at

Landau level filling fraction ν = 12/5. I give explicit prescriptions for encoding qubits

xv



(quantum bits) using Fibonacci anyons, and show how one would carry out a universal

set of quantum gates (the quantum analogs of Boolean logic gates) by braiding them. I then

focus in particular on my work developing algorithms for performing brute force searches

over the space of braids to find braids which produce unitary operations close to any desired

operation. These brute force searches are a crucial part of our quantum gate construction,

and I show that by using a so-called “load balanced” bidirectional search I can find braids

which approximate any desired operation to an accuracy of 1 part in 105.

I then turn to my work calculating the Berry’s phase obtained when quasiparticles are

moved around one another in the Moore-Read state, a non Abelian state generally believed

to describe the ν = 5/2 quantum Hall effect. This work is done using variational Monte Carlo,

a method which allows one to numerically evaluate the Berry’s phase for finite size systems.

By exploiting certain properties of the Moore-Read state I have been able to study systems

consisting of as many as 150 electrons. In so doing I have verified the conjectured connection

between the Berry’s phase produced by physically moving quasiparticles around one another

and the mathematical phase one obtains by simply analytically continuing the quasiparticle

coordinates. An added benefit of these calculations is that we can deduce the length scale

which determines the size of the quasiparticles. This length scale dictates how far apart the

quasiparticles must be in order to prevent errors when they are used for topological quantum

computation.
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CHAPTER 1

INTRODUCTION

1.1 Overview

One of the most exciting developments in physics over the past 15 years has been the

realization that when one combines the theory of quantum mechanics and the theory of

information, an entirely new field emerges — the field of quantum information theory [9].

The holy grail of this new field is embodied by the notion of a so-called quantum computer,

a device which would be capable of storing and manipulating quantum states in such a way

that it could be used to carry out computations which no classical computer would be able

to perform.

There are several reasons for taking the idea of a quantum computer seriously. First

and foremost is the obvious intrinsic scientific interest in such a device. It is a deep and

fundamental question about the universe to ask whether or not the laws of nature allow

one to manipulate quantum states in the lab with sufficient accuracy to carry out quantum

computation. It is also a fact that with each passing year classical computer technology is

improving exponentially, as characterized by the well-known “Moore’s law” (see Fig. 1.1). If

one extrapolates to the not too distant future one finds that we will soon live in an age when

computer components will be on the atomic scale where the laws of quantum mechanics

apply. Finally, it has been shown that quantum computers would be capable of carrying

out computations that no classical computer could — most notably factoring integers in

polynomial time [10]. Given all these reasons it is not surprising that there has been an

explosion of work, both theoretical and experimental, focusing on a wide variety of schemes

for implementing a quantum computer.

Of course building a functioning quantum computer will be a daunting task. By far the

biggest obstacle to be overcome will be that of somehow protecting the state of the quantum
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Figure 1.1: Exponential law (Moore’s law) plotted for both the size of the smallest
component and the number of transistors that are contained in any processor of the family
x86 of Intel. While the number of transistors increases exponentially from one generation to
the next the size of the smallest component decreases exponentially. Image compiled from
data found in [1].

computer from decoherence due to its inevitable coupling to the outside world. As one is

carrying out a computation, once quantum coherence is lost, any advantage of a quantum

computer over an ordinary classical computer will be lost as well. Remarkably, it has been

shown that if the coupling to the outside world is sufficiently weak, and the accuracy of

control is sufficiently high, then arbitrarily long quantum computations are still possible

(see, for example [11]). The essential idea behind this result is known as quantum error

correction — one protects the quantum computer against decoherence by cleverly encoding

quantum information in highly entangled states and processing this information using so-

called fault-tolerant protocols.

The work in this thesis is motivated by one particular scheme for quantum computation,

known as topological quantum computation [12]. Topological quantum computation exploits
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the properties of particularly exotic states of matter — so-called non Abelian states —

in order to store and manipulate quantum information, while protecting this information

from decoherence, without the need for building error correction into the software. Such

a connection between ordered states of matter and fault tolerance has a familiar classical

counterpart. Think of a single bit of information stored on your IPOD. This bit is encoded

in the state of many spins in a magnetically ordered state on the IPOD’s hard drive, and

this magnetic order gives this bit a robustness against errors. If one spin is flipped, it will

eventually flip back due to its interaction with neighboring spins.

Remarkably, there is a kind of quantum order which plays the same role for quantum

information that magnetic order plays for classical information. This type of order is known

as topological order, because it is not characterized by a locally observable order parameter.

Rather, topologically ordered states are characterized by global degrees of freedom, which

cannot be measured locally. This means that if we can somehow store and manipulate

quantum information in these degrees of freedom, they will be protected against decoherence,

because the environment, which will couple locally with the system, will not be able to access

these global degrees of freedom.

The best understood example of states with topological order are fractional quantum Hall

effect (FQHE) states. These are states of matter which are observed when a two-dimensional

electron gas, realized in a high-quality semiconductor heterostructure, is placed in a strong

magnetic field. For certain field strengths the electrons condense into an incompressible

quantum liquid which exhibits a precisely quantized Hall coefficient.

Arguably the most remarkable property of FQHE states is that of fractionalization. What

this means is that, for certain field strengths, when an electron is added to a FQHE state it

breaks apart into fractionally charged quasiparticles. In addition to fractional charge, these

quasiparticles can also obey so-called fractional statistics, i.e. when two quasiparticles are

exchanged the state can acquire a complex phase eiφ. In contrast to the case of ordinary

bosons and fermions for which this phase is φ = 0 and φ = π, respectively, for these

quasiparticles this phase factor is intermediate (for example, for the ν = 1/3 Laughlin state,

where ν is the Landau level filling fraction, defined below, this phase is φ = π/3).

Even more remarkably, for a particularly exotic type of fractionalization, which occurs

in so-called non Abelian states, one finds that when a finite number of quasiparticles are

present, and their positions fixed in space, there is not just one state, but a finite dimensional
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low-energy Hilbert space. The states in this Hilbert space cannot be distinguished by

local measurements, only global measurements (e.g. measurements which encircle two or

more quasiparticles) can determine the state of the system. Finally, if one exchanges these

quasiparticles one finds that the wavefunction is no longer simply multiplied by a phase

factor, but rather is acted on by a finite dimensional unitary matrix. Because these matrices

do not, in general, commute with one another, the quasiparticles are said to obey non Abelian

statistics.

Figure 1.2: Exchange of particles in 2+1 dimensions. Exchanging the position of two particles
in 2+1 dimensions corresponds to braiding their wordlines.

This is enough background to understand the basic idea behind topological quantum

computation. The idea is to store quantum information in the low energy protected Hilbert

space of these states, and manipulate this information by moving quasiparticles around one

another in such a way that their worldlines form braids in 2+1 dimensional space-time (see

Fig. 1.2). The information is thus stored in global degrees of freedom and so is protected

against decoherence, and the computation is carried out by braiding. The result of the

calculation then depends only on the topology of the braid, and thus has a built-in fault

tolerance.

In this chapter I first review some of the basic ideas behind quantum computation, giving

a list of the basic ingredients for any quantum computing scheme. I then turn to the physics

of the quantum Hall effects, reviewing both the integer and fractional effects, including the

well-known (Abelian) Laughlin state. Finally, I review the various proposed non Abelian

state which are relevant to the work presented in this thesis, and present an outline of the
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rest of this thesis.

1.2 Quantum Computing

In a classical computer, information is stored in sequences of ones and zeros, known as

bits, which can then be manipulated in a controlled way in order to carry out a classical

algorithm. For example, in a modern digital computer bits are represented by states of

electrical currents, and the information stored in these bits is then processed using transistor

circuits designed to implement logical operations. These logical operations are called logic

gates and it can be shown that given particular sets of such gates (for example, Boolean

NOT and NOR gates) any classical algorithm can be carried out. Part of the problem of

designing a modern computer then consists of designing the transistor circuits which carry

out such a “universal” set of gates.

This basic idea can also be implemented — at least in theory — using quantum states to

store information. This information can then be manipulated by applying unitary operations

in a controlled way in order to carry out a quantum algorithm [9].

The basic unit of quantum information is the quantum bit, or qubit, which we can think

as a two state system with basis states |0〉 and |1〉. These two states are the analog of the

states of a classical bit but with the property that a superposition of these two states can

also be used to encode information,

|Ψ〉 = α|0〉+ β|1〉 (1.1)

with |α|2 + |β|2 = 1. If we have a collection of N such qubits then the Hilbert space is

2N -dimensional. An arbitrary pure state of the system can then be written

|Ψ〉 = a1|000 · · · 0〉+ a2|000 · · · 1〉+ · · ·+ a2N |111 · · · 1〉 (1.2)

with
∑

i |ai|2 = 1.

A qualitatively new feature which is present when one considers quantum states with

more than one qubit is the phenomenon of quantum entanglement. The simplest example

of an entangled state, one with only two qubits, is,

Ψ =
1√
2

(

|01|〉 − |10〉
)

. (1.3)
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Figure 1.3: Example of the quantum circuit model implementing a unitary operation . The
universal set of gates that are needed is the single qubit rotation where lines corespond to
qubits and the rectange to the rotation UR and the controled-NOT (CNOT) which performs
the unitary operation UCNOT .

If we identify |0〉 and |1〉 with the up and down states of a spin-1/2 particle then this is the

familiar singlet state. Such an entangled state is characterized by the fact that while the

state of the entire system is a pure quantum state, if we consider the state of just one of

the qubits (by tracing out the degrees of freedom of the second qubit) the resulting state

is a mixed state with equal probability to be in either the state 0 or 1. Entangled states

have many properties with no classical counterparts, the most well known example being

the violation of Bell’s inequality. It is widely believed that any advantage of a quantum

computer over a classical computer depends on being able to create such entangled states.

It follows that operations that create entangled states are one of the basic requirements for

any physical system that will be used to realize a quantum computer.

Any information manipulation on such a collection of qubits will be performed, in general,

by a set of unitary operations acting on a few qubits at a time. These unitary operations

replace the notion of logic gates that we had in the case of classical computers and are now

called quantum gates. Fortunately it was proved that all unitary operations that could be

performed on a collection of N qubits can be carried out using only two basic operations that

perform very specific quantum gates i) arbitrary single qubit rotations and ii) at least one
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entangling two qubit gate (for a proof see, for example [9]). These two classes of quantum

gates provide what is called a universal set of quantum gates. For any proposal for a possible

quantum computer it follows that one must have a method for carrying out such a universal

set of quantum gates on the qubits of the computer.

Single qubit rotations are quantum gates that perform arbitrary rotations on the state

of a qubit. Such rotations correspond to SU(2) matrices and can be expressed as

UR = ei~φ·~σ/2, (1.4)

where ~φ is the rotation vector, and ~σ is the vector formed by the Pauli matrices σx, σy, and

σz.

The most widely used example of an entangling two-qubit gate is the controlled-

NOT (CNOT) gate. If we take the basis states for the two qubits being acting to be

|00〉, |01〉, |10〉|11〉 then the unitary operation corresponding to a CNOT gate has matrix

representation

UCNOT =









1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0









. (1.5)

This gate acts on the second of the two qubits depending on the state of the first. More

specifically, if the first qubit, which we call the control qubit, is in state |0〉 then the gate

does nothing to the second qubit, which we call the target. If the control qubit is in the

state |1〉 then the operation flips the target qubit. To see why the CNOT gate is an example

of an entangling gate, note that if we act on the unentangled product state

1√
2

(|0〉+ |1〉)⊗ |0〉, (1.6)

with UCNOT we obtain the entangled state

1√
2

(|00〉+ |11〉) . (1.7)

Figure 1.3 shows the so-called quantum circuit diagrams corresponding to single qubit

rotations and CNOT gates. In these diagrams, lines indicate qubits and time flows from left

to right. The fact that these gates form a universal set implies that any unitary operation

acting on a set of qubits can be expressed as a quantum circuit built out of these gates. An

example of a quantum circuit is also shown in Fig. 1.3.
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What we have overlooked in the above discussion is the fact that even though two level

systems exist in nature they are seldom if ever shielded from their environment. In real

systems we can store information in a qubit by placing it in the state α|0〉 + β|1〉 but due

to the interactions of the qubit with the outside world this state will inevitably become

entangled with its environment. The formation of such an entangled state will destroy the

quantum coherence of the qubit. The stored quantum information will then be lost unless

we can produce the exact opposite of the operation that decohered our qubit — something

that is indeed very difficult to do, if not impossible. This effect of the environment on the

state of the qubit is called decoherence. One of, if not the, biggest challenges that we have

to face in the construction of a quantum computer is how to deal with this problem.

One particularly interesting solution to the problem of decoherence is based on the

existence of states of matter that have so-called topological degrees of freedom — namely

properties that can be affected only by global measurements. Because the environment

couples only to local degrees of freedom, such topological degrees of freedom have a built-in

protection against decoherence, and may therefore provide a natural place to “hide” quantum

information. Topological order is believed to be realized in FQHE states, and these states

are at the heart of the work presented in this thesis. In the following section I review some

of the basic properties of quantum Hall states, focusing in particular on the so-called non

Abelian states.

1.3 Quantum Hall Effect

Non Abelian states are expected to arise in a variety of quantum many-body systems,

including spin systems [13, 14, 15], rotating Bose gases [16], and Josephson junction arrays

[17]. Of those states which have actually been experimentally observed, the most likely

to possess non Abelian quasiparticle excitations are certain FQHE states. In this section

we review the basic theory behind the quantum Hall effect including some of the basic

characteristics of non Abelian states.

The quantum Hall effect, the quantum analog of the classical Hall effect, is a phe-

nomenon observed in high quality two-dimensional electron gases realized in semiconductor

heterostructures. If a very clean sample of electrons confined to two dimensions is placed in

a sufficiently high magnetic field at low temperatures, in a configuration like that shown in

the inset of Fig. 1.4 [2], one observes plateaus in the Hall resistance Rxy (defined to be the
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Figure 1.4: Graph of Hall resistance Rxy along with magneto-resistance Rxx for both cases
of integer and fractional filling fractions. The sample geometry is shown in the inset. Taken
from [2].

ratio of the voltage drop perpendicular to the current, Vy, to the current, Ix) when plotted

versus the applied magnetic field. These plateaus occur when the Hall resistance is equal

to (p/q)h/e2 where p and q are coprime integers, as shown in Fig. 1.4 [2]. This figure also

shows that when these plateaus occur the magneto-resistance Rxx (the ratio of the voltage

drop parallel to the current, Vx, to the current, Ix) vanishes.

1.3.1 Integer Quantum Hall Effect

The quantum Hall effect occurs in systems of electrons that can only move in two dimensions

in the presence of a strong magnetic field B and at low temperatures. The application of the

magnetic field results in the quantization of the motion of the electrons in the plane, leading

to quantized energy levels En = (n+1/2)~ωc where ωc = eB/mec is the cyclotron frequency,

and me the mass of the electron with charge e. These levels are energy eigenstates of the
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Hamiltonian

H =
∑

i

1

2me

[

~pi + e ~A

]2

(1.8)

with ~A the vector potential. These well defined single electron energy states are called

Landau levels and are highly degenerate.

The number of distinct one-electron states, Nφ, in a given Landau level (corresponding

to a given n) is equal to the number of flux quanta (the flux quantum is Φo = hc/e) that

penetrate the sample. Thus Nφ = BA/Φ0 where A is the area of the sample. Since electrons

are fermions, as they are added to the system they fill up these degenerate levels one particle

at the time and it is useful to define the Landau level filling fraction ν = Ne/Nφ where Ne

is the total number of electrons. Then the number of filled Landau levels is ν.

When ν is an integer, the electrons fill an integer number of Landau levels and there is an

energy gap of∼ ~ωc in the system (for simplicity we assume the spins of the electrons are fully

polarized). These states then exhibit the integer quantum Hall effect [18] in which current

Ix flows without dissipation through the sample and the Hall resistance Rxy is precisely

quantized with Rxy = 1
ν

h
e2 . The essential features of the integer quantum Hall effect are

captured by and can be explained within the picture of these single-particle energy levels of

non interacting electrons (see, for example, [19]).

1.3.2 Fractional Quantum Hall Effect

Soon after the discovery of the integer quantum Hall effect, Tsui, Stormer and Gossard

[20] discovered that the Hall resistance can also be quantized when ν is a rational fraction

p/q, with p, q integers, an effect known as the fractional quantum Hall effect. Unlike the

integer effect, many-body correlations between the electrons are crucial for the FQHE. These

correlations can cause the electrons to condense into an incompressible quantum fluid with a

number of exotic properties, in particular particle like excitations that have fractional charge

and fractional statistics as we will see later.

Contrary to its integer counterpart in the FQHE electron-electron interactions play an

important role and for this reason they must be included in the Hamiltonian for the system

H =
∑

i

1

2me

[

~pi + e ~A

]2

+
∑

i<j

v(~ri − ~rj) (1.9)
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with v(~r) being the Coulomb repulsion. As we have seen before the kinetic energy of the

system is reduced to a constant corresponding to the specific Landau level that our system

is in. If we consider only the lowest Landau level (LLL) then we can assume that the total

kinetic energy is equal to 1/2Ne~ωc and the physics of the electrons is determined entirely by

interactions between the electrons. For this reason we will study the properties of the LLL

only in terms of the electron electron interaction.

1.3.3 ν = 1/m State and the Laughlin wavefunction

Immediately after the discovery of the FQHE effect Laughlin [21] proposed a trial wavefunc-

tion that was suitable for the description of electrons lying on a disk in the lowest Landau

level with filling fraction ν = 1/m where m is an odd integer.

If we use complex coordinates for the position of each electron on the plane z = x + iy

then one can readily show that, if we work in the symmetric gauge with ~A = (−yB, xB, 0)/2,

any LLL wavefunction for Ne electrons can be written in the form

ψLLL = f(z1, z2, · · · , zNe
)

Ne
∏

k=1

e
− |zk|2

4l2
0 (1.10)

where l0 =
√

~c/eB is the magnetic length, and f is a holomorphic function which depends

solely on the zi coordinates with no dependence on z̄i (see, for example, [22]).

The Laughlin wavefunction for Ne electrons is a LLL wavefunction given by

ΨL =
∏

i<j

(zi − zj)
m

∏

k

e
− |zk|2

4l2
0 . (1.11)

The factors (zi − zk)
m are called Laughlin-Jastrow factors and describe the relative motion

of the electrons i and j. Laughlin showed [21] that the exponent m is connected with the

filling fraction of the state, with ν = 1/m. Because electrons are fermions the wave function

ΨL must be totally antisymmetric, so m must be an odd integer.

The Laughlin state is an incompressible state – meaning that any fluctuation in the

number of the electrons or the number of flux quanta that are piercing the sample will

lead to the creation of particle-like excitations which cost a finite amount of energy. These

excitations are called quasiparticles if they are associated with a local excess of charge, and

quasiholes it they are associated with a local deficit of charge. Note that in this thesis we
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will often be dealing with topological properties which are the same for quasielectrons and

quasiholes, and so we will sometimes use the terms interchangeably.

Following Laughlin [21], to construct a quasihole, let us start with a state of filling fraction

1/m described by the Laughlin wavefunction Eq. (1.11) and thread into the system a flux

quantum at point η of the complex plane. This insertion will create a region at the liquid

that the electrons will visit rarely. Laughlin proposed that the addition of this extra flux

quantum is manifested in the wavefunction by the addition of a Jastrow factor [21]

Ψqh =
∏

i

(zi − η)ΨL. (1.12)

The Jastrow factor that has been added to the Laughlin wavefunction creates a deficit of

charge around the point η and creates a quasihole. Laughlin [21] was able to show that these

quasiholes carry fractional charge e/m. We note here that these quasiholes also posses the

property that they obey Abelian fractional statistics, namely in multi quasihole states the

total wavefunction acquires a phase of eiπ/m when we exchange the position of two adjacent

quasiholes as was first proposed by Halperin [23] and later proved by Arovas, Schrieffer and

Wilczek [24]. We will end our discussion of the properties of the quasiholes of the FQHE at

this point since these properties will be the starting point of our discussion in Chap. 3. There

we will present the proof for the fractional charge and fractional statistics of the quasiholes

based on the Laughlin wavefunction and the microscopics of the special case of the ν = 1/m

state.

The Laughlin trial wavefunction explains the observed fractional quantum Hall effects at

filling fractions ν = 1/m where m is an odd integer. However, as can be seen in Fig. 1.4, there

are many other observed states for which the filling fraction does not have this simple form.

To explain fractions of the form ν = p/q where p 6= 1, Haldane and Halperin, [7, 23], proposed

a hierarchical construction of states in which quasiholes and quasiparticles of underlying

FQHE states can further form quantum Hall states of their own. It can be shown that any

FQHE state constructed in this way will have a filling fraction ν = p/q where q is odd (we

assume p and q are relatively prime). As for the Laughlin states with ν = 1/m, this “odd

denominator” rule can be traced back to the requirement that the wavefunctions be totally

antisymmetric. It was therefore a big surprise in 1987 when a FQHE state was observed at

filling fraction ν = 5/2 [25].
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1.3.4 ν = 5/2 State and the Moore-Read Wavefunction

The discovery of a FQHE state with a filling fraction ν = 5/2, Fig. 1.5, [25] was the first

proof of the existence of states with even denominator filling fractions. As we have seen,

such states do not fit into the Laughlin-Haldane-Halperin hierarchy, and therefore most

represent a new kind of quantum Hall state. Note that the ν = 5/2 state can be viewed as

a ν = 2 state, with the lowest two Landau levels corresponding to up spins and down spins

completely filled, with an additional ν = 1/2 state in the second Landau level. The filled

Landau levels then act as an “inert” filled shell, and the state can be viewed as an effective

ν = 1/2 state.

In 1997, in a remarkable paper, Moore and Read [26] proposed a trial wavefunction to

explain the formation of a quantum Hall state with ν = 1/2. In addition, they conjectured

that the quasiparticle excitations of this trial wavefunction obey non-Abelian statistics.

Both of these proposals were based on ideas borrowed from the subject of conformal field

theory [27]. Moore and Read observed that the so-called conformal blocks associated with

correlation functions in the conformal field theory describing the two-dimensional Ising model

could be interpreted as quantum Hall wave functions. These wave functions describe both

the ground state of a half-filled Landau level of spin-polarized electrons, as well as states

with some number of fractionally charged quasihole excitations with charge = e/4.

The wavefunction Moore and Read proposed is known as the Pfaffian wavefunction and

has the form

Ψ = Pf

(

1

zi − zj

)

∏

i<j

(zi − zj)
2

Ne
∏

i

e−
|zi|

2

4l . (1.13)

Here Pf 1
zi−zj

denotes that so-called Pfaffian of the matrix Λij = 1/(zi−zj). The Pfaffian of a

general N ×N matrix Λ, is defined by

PfΛ =
1

2NN !

∑

P

sgnP

Ne
∏

i=1

ΛP (2i−1)P (2i), (1.14)

where
∑

P denotes a sum on permutations. A useful identity that we should note here is

that the determinant of a matrix is the square of its Pfaffian Pf(Λ)2 = det Λ. We exploit

this fact later in the numerical calculations presented in Chap. 3.

The Pfaffian wavefunction is a product of two terms, a symmetric Jastrow factor and the

antisymmetric Pfaffian part. The wavefunction is thus totally antisymmetric and so can be
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Figure 1.5: The experimental observation of the ν = 5/2 = (2 + 1/2) state at low
temperatures [3]. The plateau in Hall resistance Rxy along with the vanishing magneto-
resistance Rxx is a clear indication that we have a formation of quantum Hall liquid. Along
with the ν = 5/2 we can see the formation of a Hall plateau for ν = 12/5. This last state can
be associated with the k = 3 state of the Read-Rezayi sequence [4].

used to describe spin-polarized electrons. From the Jastrow factor we can read directly that

the filling fraction of the state is ν = 1/2. The Pfaffian part comes from the actual calculation

of the form of the conformal block in the Ising conformal field theory [26]. Its derivation is

beyond the scopes of this thesis, however a short discussion can be found in [26, 28]. Here we

simply note that, by construction, the Pfaffian is, indeed, a LLL wave function with filling

fraction ν = 1/2.

The fact that electrons in the Moore-Read state form a liquid with no long range order

can be seen from the pair correlation function,

g(|z1 − z2|) =
Ne(Ne − 1)

ρ2

∫

dz3

∫

dz4 . . .

∫

dzNe
|Ψ(z1, z2, . . . , zNe

)|2 , (1.15)

where ρ is the number density. In Fig. 1.6 we plot the pair correlation function for the
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Moore-Read Pfaffian wavefunction for 14 electrons and for comparison we also plot the pair

correlation function of a fictitious wavefunction with only the Jastrow terms (zi − zj)
2 for

the electrons. From this figure one can see that the the probability to find two electrons

close together is slightly enhanced in the Pfaffian — this can be understood from the fact

that the Pfaffian part of the wavefunction is essentially a real space BCS wavefunction for a

p-wave superconductor. For this reason the Moore-Read state is sometimes referred to as a

paired quantum Hall state [29, 30].

Figure 1.6: Pair correlation function for the Pfaffian wavefunction Eq. (1.13) and for the
Jastrow factor (zi − zj)

2.

The most remarkable property of the Moore-Read wavefunction is the fact that it allows

for quasihole excitations that posses non Abelian fractional statistics [26]. This property of

the Moore Read state is very important and even though it will be the main point of focus

in Chap. 3 we give a short discussion here.

Quasihole excitations can be created by adding extra magnetic flux to the Moore-Read

state. For example, adding an extra flux quantum to the system creates a state which has

two quasiholes present. If we assume the quasiholes are located at positions η1 and η2 then
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the Moore-Read Pfaffian wavefunction describing this state is written as

Ψ2qh = Pf(Λij)
∏

i<j

(zi − zj)
2

Ne
∏

i

e−
|zi|

2

4l , (1.16)

where the matrix Λij is now

Λij =
(zi − η1)(zj − η2) + (zi − η2)(zj − η1)

zi − zj

. (1.17)

Similar to our previous discussion about the Laughlin state the quasiholes of the Pfaffian

state also have fractional charge and as we will see in Chap. 3 fractional statistics. The

value for their charge is e/4, since one flux quantum corresponds to two quasiholes. Recent

shot noise experiments [31, 32] strongly suggest that this is indeed the case.

If we add another flux quantum to the Moore-Read state then two more quasiholes will

be added to the system. With four quasiholes present, things are more complicated. In order

to write a wavefunction we first have to group the quasiholes in pairs. Let us assume that

the quasiholes are at positions ηa, ηb, ηc, ηd. We can divide them in two groups ηa, ηc and

ηb, ηd. Then the Λ matrix appearing in the wavefunction is

Λ
(ac)(bd)
ij =

(zi − ηa)(zi − ηc) (zj − ηb)(zj − ηd) + (zi − ηb)(zi − ηd) (zj − ηa)(zj − ηc)

zi − zj

.

(1.18)

Note that the division of the quasihole coordinates into two groups is not unique — there are,

in fact, three distinct ways to do this. If we take the quasihole coordinates to be η1, η2, η3 and

η4, then we can either group η1, η3 and η2, η4 (corresponding to taking the matrix Λ(13)(24)),

or η1, η4 and η2, η3 (corresponding to Λ(14)(23)) or finally η1, η2 and η3, η4 (corresponding to

Λ(12)(34)). Corresponding to these three different partitions there are three different Pfaffian

wavefunctions. One might think that this would imply a three dimensional Hilbert space,

however, it was shown in [33] that these three states are not linearly independent. Instead

they satsify the linear relationship,

Pf(12)(34) − Pf(14)(23) =
(η1 − η4)(η2 − η3)

(η1 − η3)(η2 − η4)

(

Pf(12)(34) − Pf(13)(24)

)

(1.19)

with

Pf(ac)(bd) = PfΛ
(ac)(bd)
ij .

We can therefore choose the two linearly independent Pfaffian states describing the system

to be Pf(13)(24),Pf(14)(23).
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With Nqh = 4 quasiholes present the wavefunction therefore has a degeneracy of 2. The

general case with Nqh = 2n quasiholes present was described in [33] were it was proved

that the dimensionality of the Hilbert space is 2n−1. The existence of this exponentially

large Hilbert space makes it possible to imagine that when quasiholes are exchanged, a finite

dimensional matrix operation is applied to this space. If this is the case, because these

matrices will not, in general, commute with one another, the quasiholes are said to obey

non-Abelian statistics. It was shown in [33] that, under certain assumptions, the adiabatic

exchange of the position of two quasiholes in the Moore-Read state is indeed associated with

an SO(2n) rotation in the degenerate Hilbert space.

Despite the fact that the Moore-Read state has quasihole excitations that obey non-

Abelian statistics, the unitary operations that are induced on the 2n−1 Hilbert space are not

sufficiently rich to produce a universal set of quantum gates [34]. Nevertheless, quasiparticle

excitations that do induce rich enough unitary operations to perform universal quantum

computation can be realized in other non-Abelian quantum Hall states. The most promising

example of such a state is the Read-Rezayi k = 3 state.

1.3.5 Read-Rezayi Sequence

The two previous cases of FQHE states we have introduced, the Laughlin wavefunction and

the Moore-Read state, are considered to be special cases of a general family of FQHE states

that were first introduced by Read and Rezayi [4]. Using two parameters k and m, and

generalizing the original work of Moore and Read on using conformal blocks to construct

quantum Hall wavefunctions, Read and Rezayi introduced a sequence of trial wavefunctions

for states with filling fraction ν = k
km+2

, where m = 0 corresponds to bosons and m = 1 to

fermions. The Laughlin wavefunction and the Moore-Read wavefunction are special cases of

this sequence corresponding to k = 1 and k = 2, respectively.

ν = 12/5 and k = 3 Read-Rezayi States

We now turn our focus to the special case of the Read-Rezayi sequence with k = 3. For

this state, the trial ground state wavefunction with no quasiholes present can be written [4]

(suppressing the overall Gaussian factor of e−
P

i |zi|2/4l2
0),

ΨRR = S
[

∏

i1<j1∈A1

(zi1 − zj1)
2

∏

i2<j2∈A2

(zi2 − zj2)
2

∏

i3<j3∈A3

(zi3 − zj3)
2
]

∏

i<j

(zi − zj)
m (1.20)
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. Here we have divided the Ne electrons equally into k = 3 groups, A1, A2, and A3. The

operator S then symmetrizes over all possible permutations of the particles. It is then

apparent that when m = 1 the wavefunction is totally antisymmetric, and hence can be used

to describe spin-polarized fermions.

As in the Moore-Read case, when quasiholes are created in this state there is a finite-

dimensional degenerate Hilbert space. The degeneracy again grows exponentially with the

number of the quasiholes present. For this specific case of k = 3 [4] the degeneracy of

the wavefunction with quasiholes held at fixed positions grows as the Fibonacci sequence

(1,1,2,3,5,8,13,· · · ). For large Nqh this degeneracy grows as ∼ ((1+
√

5)/2)Nqh . For this reason

we call these quasiholes Fibonacci anyons.

The k = 3 fermionic Read-Rezayi state has filling fraction ν = 3/5. There is some

numerical evidence that this state describes the experimentally observed ν = 12/5 state

[4, 35] (see Fig. 1.5). In the ν = 12/5 state, the lowest two Landau levels (corresponding

to the LLL with spin up and spin down) are full, and can be considered to form an “inert”

closed shell, as in the ν = 5/2 state. The filling fraction of the second Landau level is than

ν = 2/5, which can be viewed as the particle-hole conjugate of a state with ν = 3/5

Furthermore it has been shown [34] that if the non Abelian quasiparticles in the k = 3

Read-Rezayi state are moved around one another, so that their world-lines form braids, the

corresponding unitary operations acting on the low-energy Hilbert space of the system are

sufficiently rich to support a universal set of quantum gates. In Chap. 2 we will have the

opportunity to explore further this special property, when we discuss how we can exploit

these non Abelian properties in order to implement a topological quantum compiler.

1.4 Outline of thesis

This thesis is organized as follows. In Chap. 2 I focus on the so-called Fibonacci anyons —

these are quasiparticles which may exist in the experimentally observed quantum Hall state

at Landau level filling fraction ν = 12/5. I give explicit prescriptions for encoding qubits

(quantum bits) using Fibonacci anyons, and show how one can carry out a universal set of

quantum gates by braiding the anyons. I then focus in particular on my work developing

algorithms for performing brute force searches over the space of braids. These searches

are used to find braids which produce unitary operations that can approximate any desired

operation. These brute force searches are a crucial part of our quantum gate construction.
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In a sense, when carrying out these searches I am effectively translating the desired operation

into the “machine code” of a topological quantum computer. At the end of the chapter I

show that by using a so-called “load balanced” bidirectional search I can find braids which

approximate any desired operation to an accuracy of 1 part in 105.

In Chap. 3 I then turn to my work calculating the Berry’s phase obtained when

quasiparticles are moved around one another in the Moore-Read state, a non Abelian state

generally believed to describe the ν = 5/2 FQHE. This work is done using variational Monte

Carlo, a method which allows one to numerically evaluate the Berry’s phase for finite size

systems. By exploiting certain properties of the Moore-Read state I have been able to

study much larger systems than have previously been studied, consisting of as many as 150

electrons. In so doing I have verified the conjectured connection between the Berry’s phase

produced by physically moving quasiparticles around one another and the mathematical

phase one obtains by simply analytically continuing the quasiparticle coordinates. An added

benefit of these calculations is that they show explicitly that as the system size grows the

Berry’s phase converges exponentially to its asymptotic value. Such exponential convergence

is a crucial property of non-Abelian particles that must hold if they are to be used for

topological quantum computation. We are also able to determine the length scale which

determines the size of the quasiparticles. This length scale dictates quantitatively how far

apart the quasiparticles must be in order to prevent errors when they are used for topological

quantum computation.
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CHAPTER 2

NUMERICAL CALCULATIONS FOR BRAID

TOPOLOGIES

In the introduction we reviewed the basic requirements needed to build a quantum computer

(a scalable system of qubits, the ability to carry out a universal set of quantum gates on

these qubits, etc.). We also reviewed the properties of quantum Hall states, including the

non Abelian fractional quantum Hall states. It was shown that when quasihole excitations

are present in these states, and their positions fixed in space, there is not just a unique

state, but a finite dimensional low-energy Hilbert space. The idea of topological quantum

computation is to store quantum information in this low-energy Hilbert space and “compute”

by moving the quasiholes around one another so that their world-lines sweep out braids in

2+1 dimensional space time.

In the first part of this chapter we will review the mathematical theory which describes

the quasiholes in the “level k” Read-Rezayi states. This theory is known as SU(2)k theory,

and belongs to the mathematical subject of so-called quantum groups [36]. The subject of

quantum groups is highly mathematical and a fully rigorous discussion is well beyond the

scope of this thesis (the interested reader is referred to one of the many excellent textbooks on

the topic, for example [37]). Fortunately, to understand topological quantum computation,

as well as our work, only key results are needed.

Having reviewed the essential features of SU(2)k anyons we will then focus on the special

case of Fibonacci anyons — non Abelian anyons that are believed to be realized by excitations

in the k = 3 Read-Rezayi state [4]. I will review our work showing that Fibonacci anyons

can be used for topological quantum computation, and will describe precisely how this can

be done. Specifically, we will show how to encode a scalable number of qubits using these

anyons, and how to carry out a universal set of quantum gates on these encoded qubits by
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braiding the anyons. (Note that this part of the chapter draws heavily from work published

in [38, 5, 39].)

One of the things we will see in this discussion is that when constructing braids for

carrying out quantum gates, we always end up considering braids involving only three strands

at a time. Our constructions then hinges on being able to efficiently search the space of such

“three-braids” and their image on the space of unitary operators (in this case, the space of

all SU(2) operators). We will give a detailed discussion of precisely how these brute force

searches over three-braids were carried out in the second part of this chapter.

2.1 Read-Rezayi States and Topological Hilbert
Space

The first proposed non Abelian fractional quantum Hall state was the Moore-Read state[26]

— an incompressible state with Landau level filling fraction ν = 5/2. There is compelling

evidence [40, 41] that the experimentally observed ν = 5/2 (= 2 + 1/2) fractional quantum

Hall state is described by this state. The Moore-Read state is now understood to be the

first in an infinite sequence of non Abelian quantum Hall states introduced by Read and

Rezayi [4]. This sequence is labeled by an integer index k with the k-th state being the exact

ground states of a k+1-body Hamiltonian with filling fraction ν = k/(k+2). There is some

numerical evidence suggesting that the ν = 12/5 = 3 − 3/5 state is described by a k = 3

Read-Rezayi state [4, 35]. There are also reasons to believe that the bosonic analogs of the

Read-Rezayi states (with filling fractions ν = k/2) may be realizable in rotating Bose gases

[16]. All this is to suggest that non Abelian states are a very real (albeit rare) part of the

natural world.

The quasiparticles in the Read-Rezayi state with index k are described (up to details

which are irrelevant for our discussion here) by SU(2)k Chern-Simons-Witten theory [36] and

we will refer to them as SU(2)k particles. The mathematical description of SU(2)k particles

is similar to that of particles with ordinary spin. This analogy is seen most clearly using

the language of quantum groups [36]. In this language, each quasiparticle has a topological

charge S which can take any half-integer value from between 0 and k/2. The so-called “fusion

rules” for this topological charge then take the form

S1 ⊗ S2 = |S1 − S2| ⊕ · · ·min(S1 + S2; k − (S1 + S2)), (2.1)
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Figure 2.1: (a) Bratteli diagrams for SU(2)k particles with topological charge 1/2. The
case k → ∞ corresponds to ordinary spin-1/2 particles. (b) The case k = 3 corresponds to
quasiparticles in the k = 3 Read-Rezayi state. Here N is the total number of electrons. The
scale in the S axis in bold denotes the topological charge of the resulting Fibonacci anyons
while in normal typeface denotes the true topological charge. The two charges differ by a
total abelian phase that is unimportant for the purpose of quantum computation.

which, in the limit k →∞ becomes the usual triangle rule for adding spin. As a particular

example, provided k ≥ 2, for two particles with topological charge 1/2 this rule implies that

1

2
⊗ 1

2
= 0⊕ 1, (2.2)

which indicates that these particles can be in states with total topological charge 0 or 1 or

be in any quantum superposition of the two.

The structure of the Hilbert space of a collection of SU(2)k particles which each have

topological charge 1/2 can be visualized using what are known as Bratteli diagrams. Fig. 2.1

shows Bratteli diagrams for the k →∞ case (corresponding to ordinary spin-1/2 particles)

and for the k = 3 case (corresponding to quasiparticles in the k = 3 Read-Rezayi state). In

these diagrams N is the total number of particles and S their total topological charge. For

the ordinary spin case, the branching structure of the diagram reflects the fact that every

time one adds a spin-1/2 particle to a collection of particles the total spin of the particles

either increases or decreases by 1/2, subject to the constraint that it cannot be less than

0. The numbers labeling the vertices give the number of paths in the diagram from the

origin to that vertex and therefore indicate the dimensionality of the Hilbert space of a given

number of particles with a given total spin. (Note that we ignore the 2S+1-fold degeneracy
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associated with the total Sz quantum number, a degeneracy which is not present in the non

Abelian case.) For the k = 3 case, the only difference is that, in addition to the constraint

that the total topological charge cannot be less than 0, there is an additional constraint that

it cannot be larger than k/2 = 3/2. This truncation changes the path counting, as shown in

the figure, with the consequence that the Hilbert space degeneracy grows as the Fibonacci

sequence (1,1,2,3,5,8,13,· · · ). For large Nqh, this means that for k = 3 the Hilbert space

dimensionality grows as ∼ φNqh where φ = (
√

5 + 1)/2 is the golden mean. For general k,

the Hilbert space dimensionality of N SU(2)k particles grows asymptotically as dN where

d = 2 cosπ/(k+2) is the so-called quantum dimension of the topological charge 1/2 particles.

(For excellent reviews of the mathematics of non Abelian particles, see Refs. [42, 43].)

The non Abelian statistics of these particles manifests itself when they are adiabatically

moved around one another, causing their world lines to form braids in 2+1 dimensional space

time. Each braid is associated with a precise unitary operation acting on the topological

Hilbert space, with the important property that this unitary transformation is exactly the

same for any two braids which are topologically equivalent (provided the particles are kept

sufficiently far apart during the braiding). This implies a built-in fault tolerance which,

as noted in Chap. 1, makes the idea of quantum computing by braiding non Abelian

quasiparticles particularly appealing. It has been shown that the braid group representations

of SU(2)k particles are sufficiently rich to carry out arbitrary quantum computation provided

k > 2 and k 6= 4 [44]. This includes the case k = 3 which, as described above, may be relevant

to the experimentally observed ν = 12/5 state.

2.2 Topological Quantum Computation with
Fibonacci Anyons

Now that we have introduced the topological charge of quasiparticle excitations of the Read-

Rezayi sequence and we have indicated the close connection between them and quantum

groups let us focus on the special case of k = 3. In this section we will provide a way of

encoding information using these particles. Furthermore we will show a way of realizing a

set of quantum gates by simply braiding these quasiparticles and we will give an example of

a universal set of quantum gates that can be implemented.

One reason for focusing on the case SU(2)3 (beyond the obvious one that there is

experimental evidence that this case has actually been realized) is that the theory is
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particularly simple. We can see this if we consider only particles with topological charge

0 and 1. The SU(2)k fusion rules Eq.( 2.1) for these charges when k = 3 are then,

0⊗ 0 = 0, 0⊗ 1 = 1⊗ 0 = 1, 1⊗ 1 = 0⊕ 1. (2.3)

These are the fusion rules of the Fibonacci anyons [42], so-called because, as shown above,

the Hilbert space dimensionality grows as the Fibonacci sequence. In this theory, there are

only two possible values for the topological charge: 0 and 1. Furthermore, it can be shown

that the braiding properties of particles with topological charge 0 and 1 are (up to overall

Abelian phases which are not relevant to our work here) equivalent to those of particles with

topological charge 3/2 and 1/2 [6, 39, 36]. Thus, the braiding properties of SU(2)k particles

are essentially equivalent to those of the somewhat simpler Fibonacci anyon model, and we

henceforth focus on this model.

The topological Hilbert space described in Sec. 2.1 does not have the familiar tensor

product structure of a collection of independent qubits. To carry out “conventional” quantum

computation in this Hilbert space it is therefore necessary to encode qubits in a subspace of

this Hilbert space.

In a topological quantum computer, quantum gates are carried out by braiding the

worldlines of non Abelian quasiparticles [34, 12]. While there are well defined and easy to

implement rules for determining the unitary operation which corresponds to a given braid,

it is a much harder problem to find braids which approximate a desired unitary operation.

In practice, to find such braids it is necessary to carry out brute force searches over braids

up to some given length, looking for those braids which yield unitary operations which are

closest to the desired operation. We will be discussing precisely how we carry out such brute

force searches later in this chapter.

The fusion rules for Fibonacci anyons imply the Hilbert space of two quasiparticles is two

dimensional — with basis states |(•, •)0〉 and |(•, •)1〉. Here the notation (•, •)a represents

two quasiparticles with total topological charge a. When a third quasiparticle is added, the

Hilbert space is three dimensional, and is spanned by the states |((•, •)0, •)1〉, |((•, •)1, •)1〉
and |((•, •)1, •)0〉. The general result, consistent with the Bratteli diagram shown in Fig. 2.1

is that the dimensionality of an N -quasiparticle state is the (N − 1)st Fibonacci number. To

use this Hilbert space for quantum computation we follow Freedman et al. [34], and encode

qubits into triplets of quasiparticles with total topological charge 1, taking the logical qubit
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Figure 2.2: Bratteli diagrams for the construction of basis states from Fibonacci anyons
according to the fusion rules Eq. (2.3). (a) Basis states for the two dimensional Hilbert
space produced by two Fibonacci anyons. The ovals enclose groups of quasiparticles in
topological charge eigenstates labeled by the corresponding eigenvalues. (b) Basis states
for the three dimensional Hilbert space of three Fibonacci anyons and qubit encoding. The
states |0L〉 and |1L〉 (denoted, respectively, |((•, •)0, •)1〉 and |((•, •)1, •)1〉 in the text) span
the computational qubit space, while the state |NC〉 (denoted |((•, •)1, •)0〉 in the text) is a
non computational state.

states to be |0L〉 = |((•, •)0, •)1〉 and |1L〉 = |((•, •)1, •)1〉. The remaining state with total

topological charge 0 is then a non computational state, |NC〉 = |((•, •)1, •)0〉. This encoding,

illustrated in Fig. 2.2, can be viewed as a quantum group version of the three-spin qubit

encoding proposed for exchange-only quantum computation [45, 46]. As in that case, qubits

can be measured by determining the topological charge of the two leftmost quasiparticles,
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either by performing local measurements once the quasiparticles are moved close together

[12], or possibly by performing interference experiments [47, 48, 28]. Similar schemes can

be used for initialization. The price for introducing this encoding is that care must now be

taken to minimize transitions to non computational states, known as leakage errors, when

carrying out computations.

Figure 2.3: Elementary three-quasiparticle braids. The pictures represent quasiparticle
world-lines in 2+1 dimensional space-time, with time flowing from left to right. The matrices
σ1 and σ2 are the transition matrices produced by these elementary braids which act on the
three dimensional Hilbert space shown in Fig. 2.2. Here τ = (

√
5− 1)/2 is the inverse of the

golden mean. The upper 2×2 blocks of these matrices act on the computational qubit space
(total topological charge 1) and are used to perform single qubit rotations, while the lower
right element is a phase which multiplies |NC〉.

Figure 2.3 shows elementary braiding operations for three quasiparticles together with

the matrices which describe the transitions they induce in the Hilbert space illustrated in

Fig. 2.2 [34, 42, 36]. Any three-quasiparticle braid can be constructed out of these elementary

operations and their inverses. The corresponding transition matrix can then be computed by

simply multiplying the appropriate matrices as shown in Fig. 2.4. The upper 2×2 blocks of

these matrices act on the computational qubit space, and the lower right element is a phase

which multiplies |NC〉. This block diagonal form illustrates that if a group of quasiparticles

is in a topological charge eigenstate then braiding of quasiparticles within this group does

not lead to transitions out of this eigenstate. It follows that single qubit gates performed by

braiding quasiparticles within a qubit will not lead to leakage error.
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Figure 2.4: A general three-quasiparticle braid and the corresponding matrix expression
for the transition matrix it produces. Here |ψi〉 is the initial state and |ψf〉 the final state
after braiding. Note that these (and subsequent) figures only represent the topology of the
braid. In any actual implementation quasiparticles will have to be kept sufficiently far apart
to keep from lifting the topological degeneracy.

To find braids which perform a given single qubit gate we first carry out a brute force

search of three-quasiparticle braids with up to 80 interchanges. This exhaustive search

typically yields braids approximating the desired target gate to within a distance of ǫ ∼ 10−5

(here we define distance between gates using the operator norm – see Sec. 2.3.2 for a

definition). If more accuracy is required, brute force searching becomes exponentially more

difficult and rapidly becomes unfeasible. Fortunately, a powerful theorem due to Solovay

and Kitaev [49, 9] guarantees that given a set of gates generated by finite braids which is

sufficiently dense in the space of all gates, (easily generated for three quasiparticles), braids

approximating arbitrary single-qubit gates to any required accuracy can be found efficiently,

with the length of the braid growing as ∼ | log ǫ|c where c ≃ 4.

We now turn to the significantly more difficult problem of finding braids which approxi-

mate a desired two-qubit gate. In this case there are six quasiparticles, and the Hilbert space

is thirteen dimensional. The elementary braid matrices acting on this space are again block

diagonal, with 5×5 (total topological charge 0) and 8×8 (total topological charge 1) blocks.

It is known that braiding these six quasiparticles generates a set of unitary operations which

is dense in the space of all such block diagonal operations [34, 42], and the Solovay-Kitaev

theorem again guarantees one can in principle construct braids to approximate any desired

operation of this form [49]. However, unlike the single qubit case, actual implementation

of this procedure is problematic. The space of unitary operations for six quasiparticles is

parametrized by 87 continuous parameters, as opposed to 3 for the three quasiparticle case,
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and searching for braids which approximate a desired quantum gate in this high dimensional

space is an extremely difficult numerical problem. To circumvent this difficulty, we have

found constructions for a particular class of two-qubit gates (controlled rotation gates) which

only require finding a finite number of three-quasiparticle braids. The resulting reduction

of the dimensionality of the search space from 87 to 3 makes it possible to compile accurate

braids for a class of two-qubit gates which can be systematically improved using the Solovay-

Kitaev theorem.

Figure 2.5: An injection weave for which the product of elementary braiding matrices, also
shown, approximates the identity to a distance of ǫ ≃ 1.5×10−3. This weave injects a
quasiparticle (or any topological charge 1 object) into the target qubit without changing any
of the underlying topological charges. The accuracy of the gate can become as accurate as
needed using the Solovey Kitaev theorem.

Our constructions are based on two essential ideas. First, we weave a pair of quasiparticles

(the control pair) from one qubit (the control qubit) through the quasiparticles forming the

second qubit (the target qubit). By weaving we mean that the target quasiparticles remain

fixed while the control pair is moved around them as an immutable group. If the topological

charge of the control pair is 0 the result of this operation is the identity. However, if the

topological charge of the control pair is 1, a transition is induced. If we choose the control

pair to consist of the two quasiparticles whose total topological charge determines the state of

the control qubit, this construction automatically yields a controlled (conditional) operation.

Second, we deliberately weave the control pair through only two target quasiparticles at a

time. Since the only nontrivial case is when the control pair has topological charge 1, and is

thus equivalent to a single quasiparticle, this reduces the problem of constructing two-qubit
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gates to that of finding a finite number of specific three-quasiparticle braids.

Figure 2.6: A weaving pattern which approximates a NOT gate to a distance of ǫ ≃ 8.5×10−4.
This efficiency can be improved to the necessary accuracy using the Solovey Kitaev theorem.

Figure 2.5 shows a braid in which one quasiparticle is woven through two static quasi-

particles, but this time does not return to its original position. The unitary transformation

produced by this weave approximates the identity operation to a distance of ǫ ≃ 1.5×10−3,

where, as above, the accuracy of this approximation can be systematically improved by the

Solovay-Kitaev theorem. In the limit ǫ→ 0, the effect of this weave is to permute the three

quasiparticles involved without changing any of the underlying topological charge quantum

numbers, as shown in the figure. It can therefore be used to safely inject a quasiparticle,

or any object with topological charge 1, into a qubit. Figure 2.6 then shows a weave which

performs an approximate NOT (iσx) gate on the target qubit.

These two weaves are used to construct the two-qubit braid shown in Fig. 2.7. In this

braid, the control pair is first injected into the target qubit using the “injection weave.” When

the control pair has topological charge 1 the state of the modified target qubit is unchanged

after injection – the only effect is that one of the target quasiparticles has been replaced

by the control pair. A NOT operation is then performed on the injected target qubit by

weaving the control pair inside the target using the pattern from Fig. 2.6. In the limit of

an exact injection weave this braiding is all within a topological charge eigenstate and there

are no leakage errors. Finally the control pair is ejected from the target using the inverse

of the injection weave, thereby returning the control qubit to its original state. As before,

if the control qubit is in the state |0L〉 the result is the identity. However, if the control

qubit is in the state |1L〉, a NOT gate is performed on the target qubit. This construction
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Figure 2.7: A controlled-NOT gate constructed using the weaves shown in Fig. 2.5 and 2.6 to
inject the control pair into the target qubit, perform a NOT operation on the injected target
qubit, and then eject the control pair from the target qubit back into the control qubit. The
distance between the gate produced by this braid acting on the computational two-qubit
space and an exact controlled-NOT gate is ǫ ≃ 1.8 ×10−3 and ǫ ≃ 1.2 ×10−3 when the total
topological charge of the six quasiparticles is 0 and 1, respectively. Again, the weaves shown
in Fig. 2.5 and Fig. 2.6 and can be made as accurate as necessary using the Solovay-Kitaev
theorem, thereby improving the controlled-NOT gate to any desired accuracy. By replacing
the central NOT weave, arbitrary controlled rotation gates can be constructed using this
procedure.

therefore produces a controlled-NOT gate, up to single qubit rotations. Because a weave

producing any single-qubit rotation can be used instead of the NOT weave shown in Fig. 2.7

this construction can be used to produce an arbitrary controlled rotation gate.

2.2.1 Braiding Three Fibonacci Anyons

The non Abelian statistics of the Fibonacci anyons particles manifests itself when they

are adiabatically moved around one another, causing their world lines to form braids in

2+1 dimensions. Each braid is associated with a precise unitary operation acting on the

degenerate Hilbert space, with the important property that this unitary transformation

is exactly the same for any two braids which are topologically equivalent (provided the

particles are kept sufficiently far apart during the braiding). It has been shown that the

braid group representations of SU(2)k particles are sufficiently rich to carry out arbitrary

quantum computation provided k > 2 and k 6= 4 [34].

Mathematically these operations are described by an infinite group whose members are

generated by exchanging the positions of two neighboring particles, in either a clockwise or

counterclockwise sense. We will refer to such interchanges as elementary braid generators.

If we consider n particles (or strands in 2+1 dimensions), this infinite group is called

Bn. This group has n − 1 generator σ1, σ2, . . . , σn−1 where the generator σi represents the
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Figure 2.8: Braid generators for the the group Bn. The generator represents the coun-
terclockwise exchange of two particle worldlines in 2 + 1 dimensions. The inverse of the
generator is the clockwise exchange of the strands.

counterclockwise exchange of particles i and i + 1. The inverse of this operation is defined

to be the clockwise exchange of the particles. The n − 1 generators of Bn must satisfy the

braid relations [50]

σiσj = σjσi , |i− j| ≥ 2 (2.4)

and

σiσi+1σi = σi+1σiσi+1 , i = 1, 2, . . . , n− 1. (2.5)

Figure 2.9 shows the graphical representation of Eq. (2.4) and Eq. (2.5).

(a) (b)

Figure 2.9: Graphical representation of the braid relations Eq.(2.4, 2.5). The diagrams
should be read from bottom to top following the order that the generators appear in the
relations, so the first one is σ1σ3 = σ3σ1 while the second figure shows σ1σ2σ1 = σ2σ1σ2

For the case of Fibonacci anyons, or any non Abelian particle, the unitary operations

which one associates with braids form a representation of the braid group Bn. The

31



corresponding braid matrices must therefore satisfy the braid relations given in Eq. (2.4,2.5).

As we have seen in Fig. 2.3, where the braid matrices for three quasiparticles were

introduced, the matrices are block diagonal with the upper 2 × 2 block acting on the

computational states of the qubits and the lower right element corresponding to the phase

that the non computational state acquires. There is a phase difference between the

computational states and the non computational state and we can fix this difference by

introducing the winding number W (B) of the braid sequence. We define the winding, W (B),

of a given three braid, to be the total number of clockwise interchanges minus the total

number of counterclockwise interchanges. In this way the phase difference between the two

blocks is determined by the winding number. A more detailed discussion about the winding

number can be found in [5, 6, 39]. By using the winding number of the braid in order to

determine the phase difference between the two blocks the corresponding matrix reduces to

a SU(2) rotation. For this reason from now on when we are referring to a braid we will be

referring to both the SU(2) rotation and its winding number.

After establishing which basic braid matrices are necessary for the construction of a

universal set of quantum gates and before we move on to the main body of this work where

we will explain the algorithm of the brute force search, we need to explain one final trick

that enabled us to perform the brute force search more efficiently.

As we can see from the from the second braid relation Eq. (2.5) when we braid

three strands there is an inevitably introduction of double counting braid sequences. The

association of braid operations with SU(2) matrices, that we have shown above, makes one

of the two sequences of the second braid relation redundant.

In order to reduce the number of redundant sequences during our brute force search

we constrain ourselves in using only the squares of the two braid generators σ2
1, σ

2
2 and

their inverses. In Fig. 2.10 we show these four operations that effectively braid only one

quasiparticle around the other two, which in this case do not move. In other words these

generators perform what we have called weaving in the previous section and therefore we can

refer to them as weave generators.

2.3 Brute Force Search

We now focus our attention on the numerical problem of calculating the necessary sequence

of elementary braid operations acting on three Fibonacci anyons that will produce the parts
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Figure 2.10: The four weave generators σ2
1, σ

−2
1 , σ2

2, σ
−2
2 , members of B3, that were used to

exchange Fibonacci anyons in search for patters that approximate a universal set of quantum
gates. The members of B3 that are constructed with these four operations as generators are
topologically distinct without the redundancies that Eq. (2.5) introduces.

of the sequences described in Sec. 2.2 (see also [5, 6, 51, 38]).

2.3.1 Notation and Basic Concepts of Graph Theory

We have simplified the problem of searching the space of three-braids by restricting ourselves

only to two weave generators. These generators can be used as building blocks to construct

any desired gate and in this section we will give a detailed view of how this can be done by

mapping their properties to a graph. But first we would like to give some short discussion

about graphs and graph theory.

Graph theory provides an easy way to understand and divide complex problem to many

simpler ones which can be approached algorithmically. We will use some basic ideas to

describe the algorithm that we have used in terms of graphs and graph algorithms.

The problem that we have in our hands is a well studied case for computer science. In

the following sections we will introduce the key features needed to state our problem in an

algorithmic way and we will briefly discuss their properties.
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Graph Theory Definitions

In order to give a more precise and accurate description of the search for quantum gates we

proceed with some definitions from graph theory [52, 53, 54].

We will start by defining the general case of an undirected graph G as the set of pairs

(V,E), where V is a finite set of points we call vertices and E is the set of connecting lines

between the vertices we call edges. Equivalently we will refer to vertices also as nodes of

the graph. More specifically an edge e ∈ E can be further defined as a unordered pair of

vertices (u, v) with u, v ∈ V. The graph is called undirected because the pair of vertices are

unordered. This means that there is no specific route that one traverses the graph.

Contrary to the undirected graph, a directed graph is defined as above but now the pair

of vertices (u, v) that define the edges is ordered, meaning that the edge (u, v) is different

from (v, u). When we draw directed graphs we show the direction of the graph with an arrow.

A sequence of vertices 〈u0, u1, u2, · · · , up〉 define a path from u = u0 to v = up and

(ui, ui+1) ∈ E and i = 0, 2, 4, · · · , p− 1. The length of the path is defined as the number of

nodes in the path. So in our example the length of the path is p. Finally if there exists a

path from u to v then we say that v is reachable from u. A simple path is the path that has

all its vertices distinct. A path that starts and ends at the same vertex is called a cycle and

the graph that contains such cycles is called a cyclic graph. A graph that has no cycles is

called acyclic.

Finally we will introduce the adjacency matrix A which is a way of representing a graph

by showing the paths connecting all the vertices. Let us assume that we have p vertices

numbered 1, 2, 3, . . . , p. Then the adjacency matrix is a p× p matrix which has elements

A =







1 if (ui, uj) ∈ E

0 otherwise
(2.6)

2.3.2 Caley graph

In the previous sections we have reduced the problem of finding the appropriate sequences

of braiding matrices that produce quantum gates using as generators a subgroup of B3.

Namely we weave a particle though two other particle wordlines which limits our allowed

generators to the following four σ2
1, σ

2
2, σ

−2
1 and σ−2

2 . Using these as generators we create
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sequences that correspond to SU(2) rotations just by multiplying and keeping account of the

winding number.

For the case of weave generators {σ2
1, σ

−2
1 , σ2

2, σ
−2
2 } we choose the following adjacency

matrix

A =









1 0 1 1
0 1 1 1
1 1 1 0
1 1 0 1









. (2.7)

We have chosen this form for the matrix in order to prevent any generator to be immediately

multiplied with its inverse and thus producing a trivial gate.

An easy way of representing all the group members that are generated by that action is

the Caley graph of the group, which is a plot of the group members done in the following

way. First we assign a path for each element of the group g and for each generator s we

assign a color Cs. The color of each generator may be trivial for the case of four generators,

since we can use the four directions of the plane to plot the graph, but is more useful in

cases where there are more group generators.

In this way we can plot the graph of the group and navigate around the vertices knowing

the exact sequence that produced that group element just by reading the colors of each path

that lead to that vertex. The Caley graph of the group is a colored acyclic directed graph.

We will come back later to this remark when we will talk about the algorithm that we have

developed to search this graph.

Here we have to point out the fact that the general group B3 is an infinite discrete group.

We can confine ourselves in a small subset of the whole braid group by putting an upper

bound to the length of paths that we consider. Unfortunately the imposed limits depend

purely on the implementation of the algorithm and today’s computational power that allows

us only to reach for a very limited number of sequences. Furthermore any attempts of further

optimization of the code are diminished by the exponential growth of search space.

In Fig. 2.11 we have plotted the Caley graph of the subgroup of weaves of three

quasiparticles produced by the generating set σ2
1, σ

2
2. This means that every element of the

subgroup will be expressed as the product of a finite number of instances of the set generators

or their inverse.

Every path of the graph starting from the origin (identity) corresponds to an element

of the group and the matrix representation of the SU(2) rotation can can be read from the
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(a) (b)

Figure 2.11: (a) The Caley graph of the subgroup of B3 that was used for the brute force
search. The group generators are defined as σ2

1, σ
−2
1 , σ2

2, σ
−2
2 and they carry color blue, yellow,

red and green respectively. On the graph we start from the origin where is the identity and
we proceed towards the ends in colored steps. Since the graph is directed we can only move
outwards and hence the choice for the color of the edges. Here we have plotted a order 4
graph. Each vertex (blue dot) corresponds to a group generator and the exact form of the
element can be read by following the color of the edge leading to the vertex. (b) Arbitrary
path on the graph representing a braid sequence on the graph. With the brute force search
approach we exhaust all the possible paths when then length of the path is fixed. On the
Caley graph we can read directly the sequence just by reading the vertices, i.e. σ2

1σ
2
2σ

2
1σ

2
2.

color of the edges that lead to each vertex. All we have to do is to multiply the corresponding

braiding matrices and we will get the matrix representation of the SU(2) rotation.

Any resulting unitary operation will be given by the general form

Uweave(ni) = σnm

pm
σnm−1

pm−1
· σn3

p3
σn2

p2
σn1

p1
(2.8)

where pm are the nodes of each path and exponents take values in {±2,±4,±6,±8}, because

we are using the weave generators. The length of such a sequence of weaving generators is

given by

L =
m

∑

i

|ni|. (2.9)

Monochromatic paths, namely paths of the same color, are truncated at length 5. This is
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because

σ10
i = 1 (2.10)

and introduces a large degree of redundancy in the graph.

We do not have any prior knowledge for the rotations that correspond to the various

paths of the graph so we have to introduce a strategy for traversing the graph. The easiest

way to explore such a graph is to set a specific target length and starting from the origin to

visit every reachable vertex of the graph by following the colored edges. Furthermore we can

assign a target single qubit rotation that we desire to achieve and we exhaust all the possible

paths on the graph looking for a sequence of braids which perform the desired single qubit

rotation within a given accuracy.

As a quantitative measure of distance between a desired gate U and the matrix V which is

produced by a path on the graph we can use the operator norm distance ǫ(U, V ) = ||(U−V )||
where ||A|| is the operator norm defined as the square root of the highest eigenvalue of A†A

In our search for the braid that performs the desired rotation we have to face the fact

that the size the set of paths we have to explore is growing exponentially with the length

of the target sequence and very quickly one reaches the limit of today’s classical computers.

More specifically if we fix the length L to which the graph extends from the identity, the

time needed to traverse the whole graph is O(4 3L−1).

Since the graph is acyclic every path corresponds to a distinct element of the braid group

B3 but this does not hold true for the single qubit rotation. For the special case of Fibonacci

anyons Eq. (2.10) introduces a large degree of redundancy in the produced rotations. So

even though we had the insight to choose the adjacency matrix so that we can bypass paths

that lead to trivial rotations this special case leads to many braids that map to the same

rotation in SU(2). Equivalently we see that cycles are appearing in an otherwise acyclic

graph because the created paths correspond to the same rotation.

2.4 Brute Force Algorithm

We will proceed and review a classical algorithm that traverses the graph. The approach

that we have chosen is called brute force and solves the problem by exhausting all possible

outcomes of a given set of rules by probing every possible outcome. Although this is not the

most sophisticated approach to solve a problem, the ease of implementation and the design
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makes it the most suitable.

There are two ways of solving such a brute force search problem. The first is to

exhaustively process every single item of the graph without taking into account any special

properties that might reduce the computational effort. This is the so called non greedy

algorithm solution to the problem. Another available option is the greedy algorithm in which

we choose only some special case of the problem, namely a subgraph of the whole graph and

we are considering optimum solutions within this sub graph. What we are describing here

will become more evident later when we get more into the details of the search.

2.4.1 Non Greedy Algorithm

In this section we will focus on the non greedy algorithm and we will describe the way in

which we will traverse all possible paths of the graph. The disadvantage of this approach is

that the search space grows exponentially and as we have seen before more than one braid

corresponds to the same rotation.

The basic data structure that was used for this algorithm was a braid which had as

variables the sequence of braid matrices, equivalently the path on the graph, the produced

single qubit rotation and the winding of the braid. The adjacency matrix plays a crucial role

here because it helps us with the dynamic creation of the paths during running time.

Since our goal is to sufficiently perform a rotation to a qubit we have to first set the

target matrix that represents the desired rotation. Then we have to fix the size of the graph

by defining the maximum length l of a path which starts from the identity in graph 2.11.

Previously we have define the length of the sequence as L = 2l because we are using the

generators that create “weaves” within the braid group B3. Finally we have to choose a

cutoff accuracy dcutoff for the gates, which is measured by the operator norm distance of

every resulting braid from the desired gate, over which we do not keep any results. Whenever

we encounter a braids that performs the desired gate with a norm distance less than the cutoff

we keep the result in an array container and we continue searching for the braid with the

minimum distance.

Algorithm Brute force search

(∗ traverses the Caley graph of B3 ∗)
1. l ←maximum length of path
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(a) (b)

Figure 2.12: (a) Accuracy of NOT (iσx) gate and injection gate as a function of the length
of the path, also appeared in [5, 6]. Here we have plotted the results of the non greedy
algorithm described in Sec. 2.4. The maximum sequence length is L = 48. The linear fit
in the plot proves the is just a guide for the eye and confirms the exponential improvement
of the accuracy with the length of the sequences. (b) The same as (a) for the injection
sequence.

2. t ←target matrix

3. w ←target matrix winding

4. initiate cutoff operator norm distance Bmin = dcutoff

5. initiate level container

6. initiate temporary container

7. add trivial weave sequences σ2
1, σ

−2
1 , σ2

2, σ
−2
2 to level 0 container

8. while ( length of path of previous container < l)

9. do

10. for each path in level container

11. for 1 ←i to 3

12. add node at path end according to adjacency matrix A (Eq. 2.7)

13. add path to temporary container

14. calculate matrix representation b of path

15. if braid winding is compatible to target winding
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16. find operator norm distance d

17. if d < Bmin update Bmin

18. level container ←temporary level container

19. return Bmin.

This is a modified version of a Depth First Search (DFS) [54]. The algorithm Brute

force search keeps the same time and needs the same memory space, O(4 3L−1), as that of

DFS [54].

(a) (b)

Figure 2.13: (a) Accuracy of braids found by brute force for a braid that approximates the
2× 2 negative identity matrix −I versus the length of the braid sequence. (b) Comparison
of straight forward brute force with bidirectional search for the gate that approximates the
matrix −F versus the length of the braid sequence.

The construction described in Sec. 2.2 is not the only one we can follow in order to

implement a universal set of quantum gates by braiding Fibonacci anyons. A similar idea

where six Fibonacci anyons are used to encode the qubits and only one is mobile has been

also proposed [6, 39, 51] using a different set of matrices for which we can perform a brute

force search. The interested reader can refer to the mentioned literature for more details on

the construction of a universal set of gates with one mobile quasiparticle. At this point we
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only give the form of one of the matrices needed for this construction

F =

(

τ
√
τ√

τ −τ

)

, (2.11)

where τ = (
√

5−1)/2 the inverse of the golden mean.

In Fig. 2.12 and Fig. 2.13 we have plotted the results of searching for braiding sequences

with lengths up to 48 crossings of the braids (l=24 in algorithm Brute force search). The

accuracy in which we can perform a gate improves exponentially as a function of the path

length. This is not something unexpected since the number of sequences scales exponentially

with the length of the path as we saw before. This practically means that even though we

have a proof of concept that the proposed braids can be used to create a set of braids that

could implement quantum computation algorithms, the sequences that we have in our hands

so far are not capable of fault tolerant quantum computation.

2.4.2 Greedy Algorithm

We have seen that the non greedy version of the algorithm exhausts all possible combinations

of the powers of every generator. For given path length l can find paths on the graph that

the matrix representation of SU(2) rotations have the absolute minimum distance from a

target gate. Also we have noticed that the minimum distance improves logarithmically with

the length of the path. This non greedy approach though has one big disadvantage — many

braids are counted more than twice because of Eq. (2.10).

As an improvement of the previous approach we can focus on a subset of all the paths

and use σ2
1, σ

−2
1 , σ4

1, σ
−4
1 , σ2

2, σ
−2
2 , σ4

2, σ
−4
2 as the set of generators for this search. Now though

we do not allow for any braid generator to be in a power greater than 4. The reason for this

constrains is the following relations that we have to exclude from our search because they

give redundant paths

σ−2
i = σ8

i (2.12)

σ−4
i = σ6

i .
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The adjacency matrix is now

A =

























1 0 0 0 1 1 1 1
0 1 0 0 1 1 1 1
0 0 1 0 1 1 1 1
0 0 0 1 1 1 1 1
1 1 1 1 1 0 0 0
1 1 1 1 0 1 0 0
1 1 1 1 0 0 1 0
1 1 1 1 0 0 0 1

























(2.13)

and replaces the one used in algorithm Brute force search. Other than this change the main

body of the algorithm remains the same.

What we have done with this substitution is to transform the non greedy algorithm to

a greedy one. Even though greedy algorithms are generaly not very successful in finding

the optimal solution, because they operate only on single branches of the graph and not on

the whole search space, they manage to give results of improved accuracy because they can

reach longer paths with the same path length.

The time for the algorithm has changed now to O(8 4L−1), considerably larger than that

of the non greedy algorithm. Although both the time and the memory requirements of

the algorithm increased from the non greedy case, we have the advantage to reach longer

sequences for the same CPU time. The fine difference between this version of the brute force

search has to do with the fact that now the length of the sequence of the braid matrices

involves two kind of generators, those which are raised to the second power and those raised

to the fourth. In the current version of the algorithm Brute force search where we fix

the length l of the paths and not that of the braid sequence L. In order to ensure that

all sequences of specific length L have been accounted for, we have to run the algorithm

for different path lengths with various running times. The non greedy character of this

algorithm is revealed because most of the path lengths that we should explore are beyond

today’s computer capabilities.

2.5 Bidirectional Search

As we have seen the only way we can improve the accuracy of the gates that we can find

with brute force search is by exploring longer sequences. The only boundary that is imposed

is the CPU time that we are willing to spend for the exploration of sequences with better
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accuracy. Since the search space grows exponentially with the length of our sequences so

does CPU time.

One way to improve on the running time of the algorithm is to do two brute force

searches simultaneously, performing a bidirectional search. What this means is that, when

carrying out a brute force search we do not search only forward toward a desired gate but

also backwards.

Figure 2.14: An injection braid found with bidirectional search. The braid is separated into
two parts. The first one is found with ordinary forward brute force search which is CPU
intensive, while the second one was found from a database of braids. The two braids are
“sewn” together to create the injection braid.

The way this search is achieved is by using a relational database to store the results of

one brute force search and use them in addition to the results of a regular brute force search.

From now on we will refer to the braids that are stored in the database as a backward search

and those that are created by the second brute force search during runtime as forward search.

What we gain is that for the same amount of CPU time now we are able to reach even greater

lengths and better accuracies for the target gates. But this comes with a price that we have

to pay in terms of memory use. Additionally to the CPU time limit that we have we also

have a memory limit which far more restrictive as for the length of the sequences that we

can reach.

We started by using the above brute force algorithm to traverse the graph of the group

up to the point that the physical memory of the system allowed to us. For a 1GB the upper
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limit for the length was 13. Every path (braid) that we created was saved in a database

which we used later to find the target matrix.

For our data model we have used the braid object that is essentially a path on the Caley

graph and we have normalized the database using as key the linearly independent real and

imaginary parts of the rotation matrix. Every SU(2) rotation can be written as

U =

(

a0 + ia1 a2 + ia3

a2 − ia3 a0 − ia1

)

(2.14)

with |a0|2 + |a1|2 + |a2|2 + |a3|2 = 1. The values of a0, a1, a2, a3 of the matrix representation

of the corresponding braid were used as the keys to normalize the database [55]. At each

run we chose a number npart between 20 and 60 and that was the partition of our database.

We divided the interval [−1, 1] into npart bins of equal length and these would make the

tables for all four linear independent numbers of the rotations. SO for every braid we assign

four integer numbers (i, j, k, l) which are the individual number of the bin where a0.a1, a2, a3

fall into if they are divided by the partition number. This enabled us to store the entire

database into a 4 dimensional array where the index reflected the value of the real or the

imaginary part of each matrix element of the SU(2) rotation. Effectively what we have done

is to use the rotations in SU(2) as hashing functions and the matrix elements of the matrix

representations of the rotations as hashing keys.

With a dictionary of rotations created we can proceed with the ordinary brute force

search and let us assume that the rotation matrix of the braid that corresponds to a given

path is b, while the target matrix is t as before. For every braid that we create we are

searching another braid s, stored in the database, with the property that its SU(2) matrix

representation satisfies one of the two relations, within a given accuracy

b = s−1t (2.15)

b = ts−1.

The algorithm returns the best braid from a stack we create in which we save any braid that

satisfied one of the above equations along with its operator norm distance.

The algorithm for creating the database is essentially the same Depth First Search that

we have used for the brute force search Brute force search. The difference now is that we

store the paths in a container instead of discarding them.
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Algorithm Create Database of Braids search

(∗ traverses the Caley graph of B3 and stores the paths ∗)
1.

Input: L ←maximum length of path ; npart ←database partition of interval [−1, 1]

Output: Database db(i,j,k,l)

2. initiate database container db(k, l,m, n)

3. initiate level container

4. initiate temporary container

5. add trivial weave sequences σ2
1, σ

−2
1 , σ2

2, σ
−2
2 to level 0 container

6. while ( length of path of previous container < L)

7. do

8. for each path in level container

9. for 1 ←i to 3

10. add node at the end of path according to adjacency matrix A

11. add path to temporary container

12. k = a0/npart ; l = a1/npart; m = a2/npart; n = a3/npart;

13. append path to database container db(k, l,m, n)

14. level container ←temporary level container

15.return database container db(k, l,m, n).

The Algorithm Create Database of Braids search is the first part of the bidirectional

search, short part in Fig. 2.14. It creates a container (array) where the braids are stored and

reside in the shared memory for faster run times. Alternatively the database can be stored

for later use.

The fact that physical memory space is limited also restricts the number of sequences

that we can save. For this purpose we have implemented a function that goes through the

entire database and eliminates braids that map to the same rotation for every bin of the

database.

Once the database is built and filtered for braids with the same single qubit rotation we

can use it to find paths that approximate our target matrix t. The algorithm used is again

a Depth First Search

Algorithm Bidirectional search
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1.

Input: database db(k, l,m, n); L←maximum length of path; t←target matrixinitiate cutoff

operator norm distance Bmin = dcutoff

2. initiate level container

3. initiate temporary container

4. add trivial weave sequences σ2
1, σ

−2
1 , σ2

2, σ
−2
2 to level 0 container

5. while ( length of path of previous container < L)

6. do

7. for each path in level container

8. for 1 ←i to 3

9. add node at the end of path according to adjacency matrix A

10. add path to temporary container

11. calculate matrix representation b of path

12. find matrix s in database such as

13. s−1 = (b t)−1 or s−1 = (t b)−1

14. calculate operator norm distance d of the two

15. if d < Bmin update Bmin

16. level container ←temporary level container

17. return Bmin.

Having all sequences stored in a database also gives us the opportunity to dissect B3 and

explicitly measure the effect of double counting paths when we use the non greedy version

of the algorithm. In the following Table 2.1 we show the number of distinct paths that are

stored in a database as function of the length l of the path. The database will contain all

sequences up to the given length lmax so the total number of sequences #total up to length l

will be

#total =
lmax
∑

l=1

#l (2.16)

where #l is the number of sequences of length l. Given the exponential nature of the search

space we can calculate the theoretical value of sequences beforehand and we can compare

them with the numbers stored in the database. These theoretical values are given by the

sums in columns two and four and are the numbers of paths of given length if there was

no redundancy in the corresponding SU(2) matrices. The numbers that correspond to the
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database for the non greedy (column three) and the greedy (column five) of the algorithm,

were computed by simply counting how many distinct sequences we have stored. Every time

that there was more than one braid corresponding to the same rotation only one was kept

and the rest were discarded.

Table 2.1: Total numbers of distinct braids stored in database compared to the total number
of paths when traversing the graphs. The difference between the theoretical value and the
actual number of braids in the database is due to the elimination of double counting of
braids. The effect of double counting on the size of the database is more evident when the
non greedy version is used to create the database, while the greedy version was constructed
in order to eliminate this effect. The empty cells mean that these lengths were not accessible
because the size of the database exceeded the size of the available physical memory on the
running machine.

#total #total

L 4
∑L

l=1 3l−1 non greedy 8
∑L

l=1 4l−1 greedy
database database

4 160 144 680 680
5 484 468 2560 2486
6 1456 1284 10752 10674
7 4372 3590 43520 43428
8 13120 9910 174592 173556
9 39364 27143 698880 693912
10 118096 74888 2796032 2777081
11 354292 211183 11184640 11119383
12 1062880 615012 — —
13 3188644 1837799 — —

The non greedy version could reach a maximum length of 26 while the greedy version a

length of 44. Finally apart from the double counting that Esq. (2.10) introduces we also have

some sequences mapped to the same rotation. This is evident from the missing sequences of

the greedy algorithm for lengths greater than 5.

From the numbers of Table 2.1 we can see the drastic effect of eliminating double counting

has on the size of the non greedy algorithm database. Nevertheless the exponential time that
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we need to traverse the graph, forward or backward, is a significant obstacle in our search

for more efficient braids.

(a) (b)

Figure 2.15: (a) Comparison of straight forward brute force with bidirectional search for the
iσx gate. The brute force results are shown in red while the results from the bidirectional are
shown in blue. Since bidirectional is a simple generalization of brute force without changing
the search algorithm we expect it to follow the same linear behaviour as that shown for the
first leg of the graph. Here we have plotted the results of the non greedy algorithm described
in section 2.4. The maximum sequence length is 80. The linear fit in the plot is just a
guide for the eye and confirms the logarithmic dependence of the accuracy with the length
of the sequences. (b) The same as (a) for the injection sequence. The maximum length of
sequences for both plots is 80.

In Fig. 2.15 we have plotted the accuracies that were obtained with bidirectional search

combined with the results of straight forward brute force search for the NOT (iσx) and

injection gates. We can see that our ability to implement gates improves exponentially with

the length of the braiding sequence.

For completeness of our discussion, we have also included the best result we have obtained

for the case of the non greedy simple forward search (diamond in Fig. 2.15). While in the

case of the injection gate we have accidentally expanded our search to a branch of the graph

that follows the trend of improvement, the result for the best sequence for the NOT gate are

inferior of that of bidirectional search.

The lines that were obtained by least square fits to the two sets of data, non greedy
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(a) (b)

Figure 2.16: (a) Comparison of straight forward brute force with bidirectional search for the
−I gate. (b) Comparison of straight forward brute force with bidirectional search for the
phase gate −F . For both plots the maximum braid sequence length is 60. The linear fit in
both plots is a just a guide for the eye.

forward search and bidirectional, also provide a rule of thumb of how well any other search

algorithm can perform.

2.5.1 Optimizations

In an attempt to improve the performance of our brute force search we will refer to the two

parts of the algorithm that can provide some speed up to the running time.

First we can improve all versions of the algorithm by expanding the different branches of

the Caley graph on different machines. While this is trivial for the greedy and non greedy

versions of the forward search we have to be careful and include all four (non greedy) and

eight (greedy) branches when we are creating the database for the bidirectional search. The

speed up in running time we get by this coarse grain parallelization is the number of branches

of each graph but by no means the degree of improvement can outperform the exponential

nature of the problem.

Second, in some cases it may be possible to have overlooked are achieve a runtime speed

up by restricting our search to a subspace of SU(2). In the previous discussion we have

focused only on the form of the graph and we tried to optimize the exhaustive search around
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the graph properties but as we saw in most of the matrices produced, especially for the

non greedy versions, are redundant because of group properties of SU(2). In recent work

[56, 57, 58, 59] different methods for searching for braids have been proposed exploiting the

geometric properties of SU(2).

2.6 Constructing Gates with Braids

We have shown that a universal set of quantum gates can be approximated by carrying out

one or more brute force searches over the space of braids in B3. These brute force searches

produce approximate gates with some small, but finite error. However, to carry out quantum

computation, it must be possible to approximate a given quantum gate to an arbitrarily high

accuracy. We now turn to how this can be done using the so-called Solovay-Kitaev algorithm.

After reviewing the Solovay-Kitaev algorithm, we give an example of its application to

the case where a NOT gate (U = iσx) is first approximated using braids found with a simple

forward (i.e. not bidirectional) brute force search using the non greedy algorithm. Then,

to illustrate the improvement we have recently obtained by introducing bidirectional search,

we compare the Solovay-Kitaev improved forward search NOT gate with our bidirectional

NOT gate. We will see, that using bidirectional search, we find a braid with 80 interchanges

and an accuracy of 1 part in 105, while the Solovay-Kitaev improved NOT gate has roughly

the same accuracy, but a length of ∼ 200.

2.6.1 Solovay-Kitaev Algorithm

The Solovay-Kitaev algorithm provides an iterative way to improve on the results of brute

force search. In this section we will describe very briefly the procedure of the algorithm.

Then, as a measure of how much better our bidirectional search method is when compared

with more straightforward unidirectional brute force search, we will directly compare our

bidirectional search results with those found using unidirectional search together with one

iteration of the Solovay-Kitaev algorithm.

This algorithm is a well studied concept in quantum computation and the interested

reader can refer to [9, 49, 60] for more details. Here we will describe an application of the

algorithm to our case, looking for specific braids that will improve the accuracy of brute

force search. According to the Solovay-Kitaev theorem one uses the group commutator
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Figure 2.17: One iteration of Solovay-Kitaev algorithm applied to find a braid that
approximates U = iσx with accuracy ǫ ≈ 4.210−5. The resulting braid is constructed by
joining the three available braids U0 which approximates U and A0 and B0 which are found
by brute force search to approximate A and B with the procedure described in the text so
that their commutator that satisfies UU−1

0 = ABA−1B−1. The resulting braid is five time
the length of the original braid U0 and approximates U with accuracy ǫ ≈ 4.210−5.

ABA−1B−1 of two unitary operators A and B to approximate a target unitary operation U

if another operator U0 that approximates U with accuracy ǫ is known by forming

U = ABA−1B−1U0. (2.17)

This idea can very easily be applied in our case of braids because we can use either the greedy

or the non greedy version of our brute force search algorithm to look for the operators A

and B once the exact form of the matrices is known.
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The iterative procedure used to carry out the Solovay-Kitaev algorithm is quite simple

and can be summarized in the few following lines. First we have to find a braid which

corresponds to an SU(2) matrix U0 that approximates U with accuracy ǫ0 (the deeper the

initial brute force search, the smaller ǫ0 will be). Then we form the product UU−1
0 which

approximates the identity, again with an accuracy on the order of ǫ0. Our next task is to find

two SU(2) operators A and B with the property that their group commutator ABA−1B−1 is

exactly equal to UU−1
0 . This is done by choosing the operators A and B so that their action

on the computational qubit space corresponds to small rotations through the same angle

about perpendicular axes. Then we perform two more brute force searches for braids that

approximate the operators A and B, again to an accuracy of ǫ0. Let us call the results of

this brute force search A0 and B0. It then follows that the group commutator A0B0A
−1
0 B−1

0

approximates ABA−1B−1, and thus also UU−1
0 to an accuracy of order ǫ

3/2
0 . Once we have

all the pieces the application of the theorem is straightforward by using the braids A0 and

B0 that approximate A and B in Eq. (2.17). This completes one full round of the iteration

which now can be repeated with the resulting gate U1 = A0B0A
−1
0 B−1

0 U0 as the starting

point of the loop. The accuracy with which U1 approximates U is ǫ1 ≈ ǫ0c
3/2 where c is

constant. Using this iterative procedure we are able to approximate any given quantum gate

to any accuracy that is necessary.

In Fig. 2.17 we illustrate one iteration of the Solovay-Kitaev algorithm applied to the

construction of a NOT (U = iσx) gate. Our starting point is the braid U0 that approximates

U with an accuracy ǫ ≈ 8.510−4 and the braids A0 and B0 which were found with brute force

search to approximate the matrices A and B needed for the algorithm. If we form the group

commutator Eq. (2.17), we get a new braid U1 = A0B0A
−1
0 B−1

0 U0 that is five times longer

than the original braid U0 and approximates the NOT gate with an accuracy ǫ ≈ 4.2 10−5.

Figure 2.18: Braid that approximates the NOT gate with accuracy ǫ ≈ 3.210−5. This braid
is found using the bidirectional search and its length is 79 crossings, a significant smaller
number of interchanges produced from one iteration of the Solovay-Kitaev algorithm (see
Fig. 2.17).
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For the results shown in Fig. 2.17 we have used just “forward” brute force search and

each of the braids that approximate the necessary matrices have ∼ 40 crossings when we

braid three quasiparticles. These braids are used in the construction of CNOT that we

have described before and uses a combination of the NOT gate and the injection gate. For

this construction we braid a pair of quasiparticles and for that reason we must double the

number of operations that are needed to perform the NOT gate. Thus the total number of

particle exchanges that the quantum computing device should perform is ∼ 5×40×2 = 400

to perform the NOT part of the CNOT construction. It is clear that if we use braids to

improve the injection gate to the same accuracy, at least in order of magnitude, the length

of the resulting CNOT (as seen in Fig. 2.7) gate will be ∼ 1200 quasiparticle crossings when

we use six quasiparticles to encode the qubits.

The advantage of bidirectional search now is evident since we can find weaves that arrive

to the same level of accuracy, ǫ ∼ 10−5, approximating the full CNOT gate with only

480 crossings. In Fig. 2.18 we give a braid that was found with bidirectional search and

approximates the NOT gate to the same degree of accuracy as the braid of Fig. 2.17. The

difference in the length of the two sequences is clear with the one obtained by bidirectional

search being the shortest, something that was also evident in our discussion above.

2.7 Conclusions

To summarize we have shown all the necessary computational steps that were implemented

in order to construct both single qubit rotations and two qubit gates for qubits that have

been encoded using Fibonacci anyons. We have presented two ways of performing a brute

force search for sequences of interchanges of these quasiparticles and the implementation of

those algorithms. In both those approaches we have used braids with only 3 strands in order

to perform the desired gates. This has reduced significantly the search space that we had to

traverse.

In the first, simple brute force exhaustion, we are trying to visit all nodes of the search

space directly in our search for gates that perform a given set of desired gates within certain

limits of accuracy. In the second we use the same approach twice, by load balancing the

algorithm so that one search (straightforward brute force) is time intensive while the other

(database) is memory intensive. Doing so we were able to perform considerably deeper

searches than those perform by straightforward exhaustive search.
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The exponential improvement of the gate performance as we approached longer sequences

allowed us to find sequences with accuracies of 1 part in 105. This is close enough to the

fault-tolerant threshold [11] that it is reasonable to suppose that further optimization of the

existing code might overcome it.
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CHAPTER 3

NUMERICAL SIMULATION OF NON ABELIAN

ANYONS IN THE PFAFFIAN CASE

3.1 Introduction

In the previous chapter we showed how one can carry out universal quantum computation,

at least in principle, by “braiding” the world-lines of Fibonacci anyons in 2+1 dimensional

space-time. This result is of particular interest because Fibonacci anyons may actually

exist. If the experimentally observed ν = 12/5 fractional quantum Hall effect (FQHE) state

is described by the k = 3 Read-Rezayi state then the fractionally charged quasiparticles

should be described by SU(2)3 Chern-Simons-Witten theory, which, for our purposes, is

identical to the Fibonacci anyon model.

Ideally, we would like to directly verify that the braiding properties of quasiparticles

in the k = 3 Read-Rezayi state are indeed described by the Fibonacci anyon model. To

do this we would have to compute the so-called non Abelian Berry’s phase one obtains by

adiabatically moving quasiparticles around one another. For the ordinary Laughlin state just

such a calculation was done analytically (for the Abelian Berry’s phase) in a classic paper

by Arovas, Schrieffer and Wilczek (ASW) [24], which confirmed the fact that quasiparticles

in the Laughlin state carry both fractional charge and fractional statistics. Unfortunately,

for non Abelian states the wavefunctions (see Chap. 1) are too complicated to allow for a

straightforward generalization of the ASW calculation. It is therefore necessary to turn to

numerical methods to compute the Berry’s phase.

Here we will compute the Berry’s phase using a Monte Carlo method. However, even

using such a method, the particular form of the Read-Rezayi states for k = 3 and higher are

still too complicated to simulate efficiently. We will therefore focus on the k = 2 Read-Rezayi

state for which we will see Monte Carlo simulation is feasible. This state is equivalent to the
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Moore-Read Pfaffian state which is widely believed to describe the experimentally observed

ν = 5/2 FQHE. While the particular type of non Abelian statistics realized by the Pfaffian

is not universal for quantum computation by braiding alone (i.e., one cannot find braids for

carrying out single qubit rotations and CNOT gates analogous to those discussed in Chap. 2

for Fibonacci anyons), there are proposals for using them to carry out a “hybrid” form of

quantum computation with both topological and non topological elements [61]. Furthermore,

the non Abelian quasiparticles in the Pfaffian state are certainly of interest in their own right,

even though they are not universal in the sense of Fibonacci anyons.

The main goals of the calculations presented in this chapter are to i) verify that the

braiding statistics of quasiparticles in the Pfaffian state are, indeed, described by the

particular mathematical model predicted by Moore and Read (this prediction is based on

conformal field theory and is beyond the scope of this thesis, for details we refer the reader

to [28]); and ii) to determine the relevant length scale which determines how far apart

quasiparticles must be for the braid matrices to truly depend only on the topology of the

world-line braid used to exchange the particles and not the details of how the exchange was

carried out. The reason to be concerned about ii) is that, in any actual implementation

of topological quantum computation, quasiparticles will have to be far enough apart to

reduce any non topological contributions to the Berry phase (corresponding to errors in the

computation) below a threshold (typically determined by the size of the algorithm being

carried out). The fact that there is such a length scale should not be surprising, it simply

reflects the fact that the quasiparticles have a finite extent.

The chapter is organized in the following way. We begin with a review of the Laughlin

state, for which the quasiparticles are anyons with fractional charge and “ordinary” Abelian

fractional statistics. We first review the classic ASW calculation of the Berry phase for

these states, and then show that it is possible to compute this phase numerically using the

Variational Monte Carlo method, which is also briefly reviewed. With the Laughlin case

as a guide we then turn to the non Abelian Moore-Read Pfaffian state. We give explicit

wavefunctions with two quasiholes present and describe in detail our computational analysis

of the Berry phase when one of these quasiholes is adiabatically dragged around the other. We

perform these calculations in both the spherical and planar geometries. Mainly because we

consider only two quasiholes, and also because we are able to exploit certain symmetries of the

problem, we are able to consider systems with as many as 150 electrons. Systems of this size
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are far bigger than those that have previously been studied with direct diagonalization and

from these calculations we do indeed verify that the braiding properties have the predicted

form, given that the quasiholes are well separated, and we provide compelling evidence

that the Berry phase converges to its “topological” value exponentially with distance, and

determine the relevant length scale of this convergence.

3.2 Abelian Fractional Statistics

In this section we review the classic calculation of Arovas, Schrieffer and Wilczek (ASW) [24]

in which the Berry phase associated with the adiabatic transport of quasiparticles excitations

in the Laughlin state was calculated and used to show that these excitations have both

fractional charge and fractional statistics.

Let us start with a state of filling fraction ν = 1/m, where m an odd integer, that is

described by the Laughlin wavefunction Eq. (1.11) and, following Laughlin [62], imagine

adiabatically threading into the system a single flux quantum at point η of the complex

plane. This flux quantum can then be gauged away, so that the resulting state must be an

eigenstate of the original Hamiltonian. Laughlin proposed that the addition of this extra

flux quantum is manifested in the wavefunction by the addition of a Jastrow factor

Ψqh =
∏

i

(zi − η)ΨL. (3.1)

This factor acts effectively as an operator that creates a quasihole (charge deficit) at point

η. The missing charge is simply pushed away from the flux quantum. To generalize to cases

with more than one quasihole present, at given positions, we simply multiply the above

wavefunction with the appropriate factors that create quasiholes at the given positions.

These quasihole excitations are collective excitation of the electrons in which there is a

charge deficit at the point η. In order to find the resulting charge e∗ of the quasihole we will

follow the original calculation of ASW [24] which will also lead us to uncover the statistics of

these particles. Although the antisymmetry of the wavefunction under the exchange of two

electrons is clear from its form, its behavior under the exchange of two quasiholes is not.

To introduce the concept of Berry phase [63] , we consider a time-dependent Hamiltonian

H(t) which we use in the time evolution of our wavefunction by solving the time-dependent

Schrödinger equation,

H(t)|ψ(t)〉 = i~
d

dt
|ψ(t)〉. (3.2)
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Now imagine the Hamiltonian evolves through a closed “cycle”, that is after some time T

the Hamiltonian returns to its original form, i.e. H(T ) = H(0). If the evolution of the

Hamiltonian from its initial state H(0) to its final state H(T ) is done adiabatically, meaning

that if, at time t = 0, the system is in the ground state of H(0) then at any subsequent

time t the system is in the ground state of H(t), then |ψ(t)〉 ∝ |ψ0(t)〉, where |ψ0(t)〉 is the

ground state of H(t), i.e.

H(t)|ψ0(t)〉 = E0(t)|ψ0(t)〉 (3.3)

with energy E0(t). In this case, Berry showed that the final state of the system after

adiabatically taking the Hamiltonian through one cycle, is

|ψ(T )〉 = eiγ e−i/~
R T

0
E0(t)dt|ψ0(0)〉 (3.4)

where, in addition to the usual energy dependent dynamical phase, there is a so-called

geometric phase or Berry γ, which depends on the path the Hamiltonian takes in its

parameter space, and which is given by:

γ = i

∫ T

0

〈

ψ0(t)

∣

∣

∣

∣

d

dt
ψ0(t)

〉

dt. (3.5)

To apply this to adiabatically moving quasiparticles in a Laughlin state, we imagine that

the Hamiltonian evolves in such a way that the ground state at time t is

Ψqh(t) =
∏

i

(zi − η(t))ΨL (3.6)

where the complex coordinate of the quasihole, η(t), now moves around a closed contour C

as t goes from 0 to T . Here for simplicity we will take C to be a circular loop with radius

R, although this procedure can be generalized for any shape. The Berry phase that the

wavefunction will acquire from such an operation will then be given by the following integral

[63]

γ = i

∮

C

〈

Ψqh

∣

∣

∣

∣

d

dt
Ψqh

〉

dt. (3.7)

To evaluate this integral note that, since we use t to parameterize the loop that the

quasihole follows, the derivative of the wavefunction is

dΨqh

dt
= −

Ne
∑

i=1

η̇

zi − η(t)
Ψqh (3.8)
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so that Berry phase γ will be

γ = −i
∮

C

〈

Ψqh

∣

∣

∣

∣

∣

∑

i

1

zi − η(t)

∣

∣

∣

∣

∣

Ψqh

〉

dη. (3.9)

Using the one electron density ρ(z) in the presence of a quasihole

ρ(z) =

〈

Ψqh

∣

∣

∣

∣

∣

∑

i

δ(zi − z)
∣

∣

∣

∣

∣

Ψqh

〉

(3.10)

we can write Berry phase

γ = −i
∮

dη

∫

dxdy
ρ(z)

z − η(t) . (3.11)

In this point we make the approximation

ρ(z) =
νB

Φ0

+ δρ(z)

writing the density as the constant electron density for the given quantum Hall state plus

corrections due to the presence of the quasihole.

We perform the contour integration first, integrating η clockwise on the contour C , and

taking into account only the first constant term in our approximation for the density the

phase gets a contribution of 2πi for every z inside the loop and no contribution for z’s outside

the circle, which is simply the number of electrons inside the circle of radius R, which we

define to be nR(z1, z2, · · · , zN). So if take into account only the constant term in the one

electron density we have

γ = 2π

∫

R

dx dy
νB

Φ0

≡ 2π〈nR〉 (3.12)

with 〈nR〉 being the expectation value of the number of electrons inside the closed loop in

the state Ψqh. Of course this approximation is valid only in the limit where R ≫ l0. Thus

Berry phase is

γ = 2π ν
1

φ0

BπR2 = ν
e

~c
BπR2. (3.13)

In terms of the vector potential ~A the Aharonov-Bohm phase γAB that a quasiparticle of

charge e∗ picks up when moving around the contour C is

γAB =
e∗

~c

∮

C

~A · ~dl =
e∗

~c
BπR2. (3.14)

So if we compare the last two equations we get a positively charged quasihole with charge:

e∗ = eν. (3.15)
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We see that the quasihole excitations carry a fractional charge with the exact value

determined by the filling fraction of the state.

The approximation that we have assumed for the density is reasonable when the radius

of loop of integration is large enough and does not include any large deviations from the

uniform case. For small radii this is not true and as we will see later we have to include

corrections that are beyond the above approximation and discussion. Just to demonstrate

this point we plot the electron density as we obtain by simulating the Laughlin wavefunction

with variational Monte Carlo (see below) on a spherical geometry [7, 8] for 6 electrons. We

will return to this argument in the following section where we will explore the fractional

statistics of the excitations of the Laughlin wavefunction numerically. In Fig. 3.1 we show

the electron density ne for the case of one quasihole present. The density profile has changed

in order to accommodate the quasihole and the zero that it introduces to the wavefunction.

This difference can be seen from the excess of charge that the quasihole has pushed out and

converges to e/3. For comparison we have also plotted the pair correlation function g(r) for

the Laughlin wavefunction without quasiholes and without being normalized to number of

electrons. The system we have used is too small to show the value that the density converges

but is big enough to give a rough estimate of 5l0.

Having demonstrated fractional charge, we will show that these quasiparticles also obey

fractional statistics. To do this we perform the same calculation but now with a quasihole

present inside the loop. More specifically we can write the Laughlin state for the presence

of two quasiholes at positions η1, η2 as

Ψ2qh =
∏

i

(zi − η1)(zi − η2)ΨL. (3.16)

Then, following the same procedure, the Berry phase γ associated with moving η1 in a closed

loop around η2 is still equal to 2π times the expectation value of the number of electrons

inside this loop, but now this expectation value is reduced by ν, because of the presence of

the quasihole at η2. Thus, the difference in the Berry phase picked up by the quasiparticle

at η1 moving around the loop when the quasiparticle at η2 is or is not inside the loop is

∆γ = 2πν. (3.17)

What we have managed to do so far is to write the Berry phase that the total wavefunction

gets when we adiabatically move one quasihole around the other, when they are kept
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Figure 3.1: (a)Pair correlation function for the Laughlin wavefunction for 6 electrons. Here
we have not normalized it in order to show it along with the electron density. (b) Electron
density for a system of 6 electrons on the Haldane sphere [7, 8]. The density accommodates
the deficit of charge introduced by the quasihole and increases by 1/3.

sufficiently apart, as the sum of two terms — an Aharonov-Bohm phase due to the charge

of the quasihole and a statistical phase due to the presence of a second quasihole inside the

loop. An important feature of the statistical phase is that it does not depend on the shape

of the loop, it only depends on the topological fact that the loop either encloses or doesn’t

enclose the second quasihole.

The space-time trajectories of two quasiparticles, in which one quasiparticle moves

in a closed loop all the way around another quasiparticle is topologically equivalent to

interchanging the quasiparticles twice, with the same sense. Thus we can associate a phase

factor of eiπν = eiπ/m with each such interchange.

We have now reached a result which will be very important for the rest of our analysis,

and that should hold for any case of FQHE states. The adiabatic insertion of one flux

quantum to the system creates a quasiholes that, as we have proved, carries charge of e/m

and has fractional statistics with statistical phase π/m. Equivalently we can state that if
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we assume a state with filling fraction 1/m, where m is odd, and we add an electron then it

splits into m quasiparticles each carrying charge e/m and with statistical phase eiπ/m.

This is a manifestation of fractional statistics. Although the wavefunction when two

quasiholes are present is fully antisymmetric when we interchange any two electrons, it is

neither symmetric nor antisymmetric under the interchange of the position of two quasiholes.

The wavefunction can now acquire any phase eiθ upon the interchange of two quasiholes, so

we call them Abelian anyons. The term Abelian refers to the fact that if we have a specific

state of the fractional quantum Hall liquid with a given number of quasiholes the phase that

the wavefunction will get for any given set of interchanges of the quasiholes will simply be

the sum of the phases of each individual interchange.

Contrary to what we discussed in Chap. 2, this is an Abelian representation of the

braid group, since we can commute all group generators. In other words the phase that

the wavefunction gets does not depend on the order we do the interchanges but only on

whether the interchanges are in a clockwise or counterclockwise sense. In this simple model

derived from the microscopics of the Laughlin wavefunction we see the first manifestation of

topological interaction between Abelian anyons.

3.3 Numerical Calculation of Berry Phases for the
Laughlin Wavefunction

As shown by ASW the simple form of the Laughlin wavefunction makes it possible to explore

the fractional statistics of its quasihole excitations analytically. We will see that this is not

the case for the non Abelian states for which numerical methods are needed. As a “warm-

up”, in this section we show how the fractional statistics of quasiholes in the Laughlin states

can be calculated numerically using the variational Monte Carlo method. This gives us the

opportunity to review the basic ideas behind variational Monte Carlo, and, in particular,

how it can be used to carry out the Berry phase calculation, all of which will be crucial for

carrying out similar calculations in the non Abelian states. In addition, these calculations

address certain physical issues that the ASW calculation does not, such as precisely how the

Berry phase converges to its asymptotic value as the quasiholes are separated.

As we saw in Sec. 3.2 the calculation of the Berry phase involved the evaluation

of the expectation value of the derivative of the wavefunction. This expectation value

is a multidimensional integral and we have succeeded in evaluating it by assuming an
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approximation for the electron density of the system.

In this section we will introduce the Variational Monte Carlo method which is a numerical

tool that enables us to calculate expectation values of quantum mechanical operators once a

trial parametric wavefunction is known. In our case though, the Laughlin trial wavefunction

has no parameters that require fine tuning and it can be used directly.

3.3.1 Variational Monte Carlo

The basic numerical method that we have used to calculate the Berry phase throughout this

chapter is variational Monte Carlo. Because of its key role in the completion of this work

we need to introduce some of the basic ideas that consist this method [64].

The Monte Carlo method is a widely used routine for evaluating multidimensional

integrals by sampling the integrand from a number M of random points inside the volume

that the integral defines. Then the average of the sampled values provide an estimate for

the integral and its standard deviation provides an estimate for the numerical error of the

method. This error is a statistical error and is a direct consequence of the central limit

theorem. If we assume that we have to calculate the integral of some function f on a volume

V then if we evaluate it by M random points xi inside the given volume V we will have

I =
1

V

∫

V

f(x)dx ≃ 〈f〉 ±
√

〈f 2〉 − 〈f〉2
M

(3.18)

where

〈f〉 =
1

M

M
∑

i=1

f(xi) (3.19)

is the arithmetic mean of the observable over M different points xi of V and

〈f 2〉 =
1

M

M
∑

i=1

f 2(xi). (3.20)

The main advantage of Monte Carlo integration appears when we are evaluating integrals

in many dimensions. In any available quadrature method in one dimension the efficiency

of the calculation improves by adding an increasing number points, where the integrand is

evaluated, in the integration interval. If for example we consider the Simpson formula, where

the points we are adding are equally spaced, then their number increases exponentially with

the number of dimensions of the problem and the evaluation of integrals becomes infeasible.
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For example, integrals that are encountered in statistical physics, where the dimension grows

with the degrees of freedom of the particles, cannot be evaluated with simple quadrature

techniques. Monte Carlo integration provides the significant advantage that the accuracy

of the calculation improves as 1/
√

M no matter what the dimensionality of the problem is

[64, 65].

What we have described above is for the general case of Monte Carlo where all points in

the whole volume V contribute equally to the value of the integral. But these cases are far

from what we really use in practice. Usually the integrand function f has significant values

only in some finite subspace of the whole integration volume. In this case it is extremely

advantageous to use a technique called importance sampling which preferentially samples

ares of the integration volume which contribute significantly to the integral. This is done

by introducing a probability density for finding points which is large where the integrand

function f is large. Let us assume that the probability density is Π(x) satisfying,

Π(x) ≥ 0, (3.21)
∫

Π(x)dx = 1. (3.22)

We can then find the value of the integral in Eq. 3.18 by introducing a function g(x) =

f(x)/Π(x) so that,
∫

V

f(x)dx =

∫

g(x)Π(x)dx. (3.23)

If we can then provide M statistically uncorrelated points xi drawn from the distribution

Π(x) then the integral will be approximated by

I ≈ 1

M

M
∑

i

g(xi) (3.24)

with a statistical error given by

σ2 =
1

M

(

1

M

M
∑

i

g(xi)
2 −

( 1

M

M
∑

i

g(xi)
)2

)

. (3.25)

What we have managed to do is to write the initial integral in terms of some function that

is sampled from a probability distribution of the points x inside the volume where f(x) is

more significant. The price that we have to pay though is that we must find a way to provide

a steady stream of configurations x drawn from Π(x) that are uncorrelated. These different

values of x are also called configurations.
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Metropolis et al. [66] have provided an algorithm that generates configurations sampled

from any given probability distribution which can then be used for importance sampling.

Here we give a short description of the Metropolis update procedure. Assuming that we have

an initial configuration x drawn from Π(x). Then we update the configuration by adding a

small random vector δ. This update, from x to x + δ is a trial move which is accepted with

probability q(x→ x + δ) where,

q(x→ x + δ) = min
[

1,
Π(x + δ)

Π(x)

]

. (3.26)

If accepted, the new configuration is x + δ, if rejected the configuration returns to x.

By construction, the Metropolis update rule satisfies a condition known as detailed bal-

ance. To understand detailed balance assume that we have a large number of configurations

distributed according to Π(x). As these configurations are updated we require that the

system be in steady state, i.e. the configurations should continue to be distributed according

to the Π(x). For this to be the case, the following condition must hold,

Π(x)q(x→ x + δ) = Π(x + δ)q(x + δ → x). (3.27)

This condition simply implies that at any given time the total number of transitions from x

to x + δ is equal to the total number of transitions from x + δ to x. This is called a detailed

balance solution and by inspection we can see that is satisfied by the Metropolis algorithm.

The Metropolis method was first introduced for classical systems but we can easily

generalize it for quantum systems as well, if we assume that we have a general trial

wavefunction Ψ that describes the system accurately. By choosing

Π(x) =
|Ψ|2

∫

|Ψ|2dx (3.28)

as the distribution then we can use importance sampling and the Metropolis update method

to calculate any expectation value of any operator on the system by Monte Carlo.

3.3.2 Numerical Evaluation of Berry Phases

Our system consists of Ne electrons and two quasiholes (Nqh = 2) and we choose the filling

fraction of the system to be ν = 1/3. At this point we introduce a convenient geometry for

numerically studying FQHE states — the so-called ”Haldane sphere.”
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The idea of the Haldane sphere is to “wrap” the two-dimensional electron gas onto the

surface of a sphere of radius R. In so doing, one removes any edges from the system, thus

greatly reducing finite size effects. Then, to produce a uniform magnetic field perpendicular

to the surface of the sphere, we imagine placing a magnetic monopole at the sphere’s

center. For the case we are considering, the strength of this monopole will be such

that the magnetic flux (in units of flux quanta) that pierces the surface of the sphere is

2S = m(N − 1) = 3(Ne − 1) with

2S =
4πR2B

hc/e
. (3.29)

The vector potential corresponding to this magnetic field can be chosen to be

~A =
Φ0S

2π
cot θ φ̂ (3.30)

where φ̂ is the unit vector along the φ direction. The position of the particles on the sphere

can then be written in spinor notation [7]

ui = cos

(

θi

2

)

e−i
φi
2 , vi = sin

(

θi

2

)

ei
φi
2 . (3.31)

(a) (b)

Figure 3.2: (a) Haldane sphere with the monopole S that is given by Eq. (3.29) at its center.
Its strength also defines the radius R of the sphere. (b) Generic configuration of the system
with two quasiholes. One is kept on the north pole of the sphere and the second is moved
along a circle of latitude ξ.
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On the Haldane sphere we can define the distance between two particles either in terms

of the “great circle” distance or the chord distance. Both of these distances are related to

the angle Θij between the two particles i and j which is given by

Θij = 2 arcsin |uivj − ujvi|. (3.32)

The great circle distance is then RGC = RΘij, and the chord distance is RC = 2R sin
Θij

2
.

Note that the chord distance can also be expressed using the spinor coordinates as RC =

2R|uivj − ujvi|. Throughout this chapter, unless otherwise stated, distances on the Haldane

sphere are measured using chord distance.

For the gauge choice given above, the lowest Landau level wavefunctions for a single

particle on the sphere have the from uS+mvS−m where m = −S,−S + 1, · · · , S − 1, S. One

can then write down the spherical generalization of the Laughlin wave function [7],

ΨL =
∏

i<j

(uivj − ujvi)
3. (3.33)

One can readily check that this wavefunction is in the lowest Landau level (i.e. it can be

written as a sum over products of lowest-Landau level one-particle states), and has the

property that when two particles are brought together it vanishes as the cube of the distance

(the defining analytic property of the ν = 1/3 Laughlin state).

In this representation a state with two quasiholes present is,

Ψ2qh =
∏

i

(uiṽ1 − ũ1vi)(uiṽ2 − ũ2vi)
∏

i<j

(uivj − ujvi)
3 (3.34)

where (ũ1, ṽ1), (ũ2, ṽ2) are the positions of the quasiholes on the sphere. In order for the

system to accommodate the flux deficit that the two quasiholes introduced we need to adjust

the strength of the magnetic monopole to 2S = 3(Ne − 1) + 2.

Having set up the geometry of the problem we now turn to the actual evaluation of the

Berry phase. Here, we compute this phase by first putting one quasihole on the north pole of

the sphere and then moving the second quasihole around a circle of fixed latitude ξ as shown

in Fig. 3.2. We then calculate the same phase with the first quasihole on the south pole.

The difference between these two phases then corresponds to the statistical phase computed

by ASW, which is predicted to be 2π/3 for the ν = 1/3 Laughlin state.
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For simplicity we choose the equator (ξ = π/2) as the closed loop. For this special case

the coordinates of the quasiholes are (ũ1, ṽ1) = (1, 0) and (ũ2, ṽ2) = (
√

2
2
eiφ/2,−

√
2

2
e−iφ/2),

when the first quasihole is on the north pole.

Before we turn to the actual details of the Berry phase calculation we have to comment on

a detail of the set up. When we performed the analytical calculation, during our discussion

of the ASW case, we did it for two cases. In the first case we have used only one quasihole

to associate the Berry phase with the Aharonov-Bohm phase and then we have performed

the same calculation with a second quasihole present. As we saw above, in order to associate

the presence of the second quasihole inside the loop with the expected change in the Berry

phase we had to subtract the result we got for the Berry phase for the first case, without the

quasihole, from the result of the second case. Doing so we were able to confirm the effect of

the statistics on the Berry phase by calculating the statistical part of the Berry phase.

On the surface of the sphere determining the contribution of the statistical phase (as

opposed to the Aharonov-Bohm phase) in the calculated Berry phase is done by performing

the same calculation twice. In the first case one quasihole is on the north pole of the sphere

and the second quasihole is dragged around the equator. In the second case one quasihole is

on the south pole and the second quasihole is again moved along the equator.

Note that while on the plane, the question of whether a given point in space is inside or

outside of a given closed loop has a well defined answer, this is clearly not the case on the

sphere for which this question is ambiguous — for example, is the north pole inside or outside

of the closed loop defined by the equator? We can remove this ambiguity as follows. Imagine

an observer sitting at some point on the sphere. Now imagine a closed loop on the same

sphere. If this closed loop corresponds to the trajectory of a quasiparticle in our Berry phase

calculation, it will have a direction associated with it. Now imagine continuously contracting

this directed closed loop until it forms a small circle surrounding our observer. The observer

can then determine if the loop is being traversed in a clockwise or counterclockwise sense.

If the former, we can say the observer is inside the loop, if the latter, outside the loop.

Returning to our Berry phase calculation, for the choice ξ = π/2 it follows from symmetry

that the Berry phase when the first quasihole is on the south pole is precisely the negative

of the Berry phase when the first quasihole is on the north pole. Thus, to calculate the

difference between these two phases we need only multiply the result for one calculation by

2.
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The choice of the equator greatly simplifies the evaluation of the contour integral for the

adiabatic phase. The azimuthal angle φ can be used as a parameter for the evaluation of

the integral and since the overlap 〈Ψ2qh| d
dφ

Ψ2qh〉 depends only on the relative position of the

quasiholes, and in particular is independent of φ, we can write,

γ = i

∫ 2π

0

dφ〈Ψ2qh|
d

dφ
Ψ2qh〉 = i2π〈Ψ2qh|

d

dφ
Ψ2qh〉 (3.35)

or equivalently, by evaluating the derivative and using the form of |Ψ2qh〉 given above, we

have

γ = −π
∫

∏

i

dθidφi sin θi
uie

iφ + vi

uieiφ − vi

|Ψ2qh|2. (3.36)

Figure 3.3: Statistical phase for the Laughlin wavefunction when two quasiholes are present
versus the chord distance between the pair of the quasiholes. One quasihole is placed at the
top of the sphere while the second one completes a full circle on the equator adiabatically.
Data is shown for systems as large as Ne = 60 electrons and we have performed a least square
fit as described in the text. The lines for the fited decay profiles are either exponential (solid),
Gaussian (dotted) or power law (dashed).
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We have therefore reduced the calculation of the statistical phase to a single expectation

value in the state Ψ2qh. While this integral cannot be done analytically, it is straightforward

to evaluate it using the variational Monte Carlo method. We have done this calculation for

different number of electrons ranging from 4 to 60. The results are plotted in Fig. 3.3. We

find that the Berry phase converges rapidly to the theoretical value of 2π/3 as the size of

the system grows.

3.4 Numerical Simulation of Non Abelian Anyons in
the Moore-Read Wavefunction

We now proceed to evaluate the Berry phase for various particle exchanges for the case of

the Moore-Read Pfaffian state. As discussed in Chap. 1, this state is believed to be realized

in experimentally observed FQHE systems. Even though, as we have seen, the relevant

theory describing the non Abelian quasiparticles, SU(2)2, does not provide a sufficiently rich

representation of the braid group to produce quantum gates analogous to those found in

Chap. 2, we can use the Pfaffian wavefunction as a model to verify the braiding matrices

for two quasiholes. Furthermore since we have a solid wavefunction in our hands we can

investigate how the phases depend on the actual system and how parameters like the size or

the distance between quasiholes introduce necessary corrections.

3.4.1 Moore-Read wavefunction

Moore and Read’s construction of the Pfaffian state was based on the observation that in

some cases one can interpret so-called conformal blocks associated with certain correlation

functions in two-dimensional conformal field theory as quantum Hall wave functions. The

actual conformal field theory construction of these wave functions is beyond the scope of

this thesis, but is well-reviewed in the literature, for example [26, 27, 28, 33, 67] to which we

refer the interested reader. Here we simply give a sketch of the essential ideas.

Conformal blocks are finite dimensional vector spaces of holomorphic functions which

arise naturally when computing correlation functions in two-dimensional conformal field

theories. When interpreted as quantum Hall wave functions, these conformal blocks have

the property that when quasihole coordinates are analytically continued around one another,

i.e. when they are “braided”, there is a corresponding matrix operation which acts on

the conformal block. This mapping, from braids to matrices, provides a non Abelian
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representation of the braid group — a well defined set of rules which allows one to assign

a matrix operation to each braid, and for which the matrix operation corresponding to any

two topological equivalent braids is the same. It is a general property of two-dimensional

conformal field theories that they all have such “built in” braid group representations [27].

Based on this connection between quantum Hall wavefunctions and conformal blocks,

Moore and Read made what was, at the time, a bold conjecture — that braiding quasiholes

in the Pfaffian state by adiabatically moving one quasihole around another, is described

by the same representation of the braid group generated by analytically continuing the

corresponding conformal blocks. The condition under which this conjecture is believed to

hold is that quasiholes should be well separated during this process when compared to the

magnetic length l0. In the rest of the chapter we will verify this conjecture numerically using

what is essentially the same variational Monte Carlo method described in Sec. 3.3.1.

Our approach is closely related to that used by Tserkovnyak and Simon, [68], in a similar

study of non Abelian statistics for the Pfaffian in the two dimensional Hilbert space that

results from the presence of four quasiholes in the system (see Chap. 1). The key result of

[68] was numerical evidence of the existence of non Abelian statistics in a finite system. In

our work, the goal has been to take this approach one step further and prove that the Berry

phases that we get from finite systems converge to those calculated by conformal field theory

in the limit of large quasihole separation.

Our calculations are done using the simpler system of two quasiholes on the sphere. The

main advantage of working with two quasiholes is that it makes the calculation effectively

Abelian, and thus very similar to the Laughlin case we have described above, and significantly

less demanding in terms of CPU time than that of [68]. This enabled us to examine systems

with as many as 150 electrons and larger quasihole separations than had previously been

studied. Furthermore, by studying such large systems we could also address questions

regarding the nature of convergence of the calculated phases to their theoretical values.

Before we move to the specific calculation we need to describe one important fact that we

have overlooked so far. In Sec. 1.3.4 where we first introduced the Moore-Read wavefunction

we have always assumed an even number of electrons. Also, recall that in Chap. 2 we have

seen that the Moore-Read wavefunction is part of a larger family of non Abelian states whose

quasiparticle excitations are characterized by a topological charge. Just as in the Fibonacci

anyons case, in the Moore-Read state there are fusion rules and topological charges for the
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quasiholes (in this case the relevant theory is SU(2)2). For a more thorough discussion of

these rules we refer the reader to [26, 28, 36, 42].

Here we will use the helpful result that two quasiholes can fuse to a topological charge

either 0 or 1. By writing the Pfaffian wavefunctions for two quasiholes and an even number

of electrons we are actually writing the wavefunctions for the case that the two quasiholes

fuse to topological charge 0 and if we perform the Berry phase calculation similarly to what

we did for the Laughlin wavefunction case we will get the phase corresponding to this specific

topological charge. Similarly if we write the wavefunction for an odd number of electrons

with two quasiholes present then we are describing the case where the two quasiholes fuse to

topological charge 1 and the Berry phase that we will find will correspond to that topological

charge. From now on when there is no index specified for the total topological charge of

the two quasiholes we will assume that the formulas we write for the case of even total

numbers of electrons (topological charge 0) will also apply for the case of odd total numbers

of electrons (topological charge 1.) Furthermore whenever there is an index to the Berry

phase it will be referring to the total topological charge of the fusion of the two quasiholes

— 0 for even total numbers of electrons and 1 for odd total numbers.

The conformal field theory conjecture of Moore and Read makes a clear prediction for the

value of the statistical phase in these two cases in the limit that the quasihole separation is

large. For the case of topological charge 0 (even number of electrons) the statistical phase for

moving one quasihole entirely around another is predicted to be 0. For the case of topological

charge 1 (odd number of electrons) this phase is predicted to be π. As we will see below, our

numerical calculations agree with these predictions in the limit of large quasihole separation.

3.5 Berry Phase Calculation on Haldane’s Sphere
with Two Quasiholes

Using the spherical geometry [7] and the notation we have introduced in the previous section

the wavefunction for the Pfaffian ground state is now:

Ψ = Pf

(

1

uivj − ujvi

)

∏

i<j

(uivj − ujvi)
2. (3.37)

This describes the state of Ne electrons on the sphere with a monopole of strength

2S = 2(Ne − 1) + 1 at the center of the sphere.
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Let us now proceed by placing two quasiholes at points (ũ1, ṽ1), (ũ2, ṽ2) on the sphere.

With these quasiholes present we have to correct the number of flux quanta to 2S = 2(Ne−1)

taking into account that two quasiholes correspond to one flux quantum. The wavefunction

will now be

Ψ2qh = Pf(Λij)
∏

i<j

(uivj − ujvi)
2 (3.38)

with

Λij =
(uiṽ1 − ũ1vi) (uj ṽ2 − ũ2vj) + (uiṽ2 − ũ2vi) (uj ṽ1 − ũ1vj)

uivj − ujvi

(3.39)

The Pfaffian wavefunction provides an excellent example for such a calculation because,

just as the Laughlin wavefunction, has a very big overlap with the exact state of ν = 5/2

capturing the essential topological properties. Furthermore we have managed to reduce

the problem into an “Abelian” one significantly reducing its difficulty to deal by numerical

simulations.

As before, Fig. 3.2, we take one quasihole to be fixed on the north pole (ũ1, ṽ1) = (1, 0) and

the second quasi-hole to move along a line of latitude with (ũ2, ṽ2) = (cos ξ
2
eiφ/2, sin ξ

2
e−iφ/2)

with ξ fixed then the parameterization of the loop is done by the angle φ , then the phase

accumulated is

γ = i

∮ 〈

Ψ2qh

∣

∣

∣

∣

dΨ2qh

dφ

〉

dφ. (3.40)

Using the fact that the determinant of a matrix is the square of its Pfaffian we can find

an exact formula for the overlap we want to evaluate, since we know how to evaluate the

derivative of the determinant of a matrix. First we have

d

dφ
det Λ =

d

dφ
(Pf(Λ))2 (3.41)

and, using Jordan’s formula for the derivative of the determinant of a matrix

d

dφ
det Λ = det Λ Tr

(

Λ−1dΛ

dφ

)

(3.42)

we have for Eq. (3.38)

dΨ2qh

dφ
=

1

2
Tr

(

Λ−1dΛ

dφ

)

Pf(Λij)
∏

i<j

(uivj − ujvi)
2

=
1

2
Tr

(

Λ−1dΛ

dφ

)

Ψ2qh. (3.43)
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It follows that the Berry phase is given by

γ =
i

2

∮ 〈

Ψ2qh

∣

∣

∣

∣

Tr

(

Λ−1dΛ

dφ

)∣

∣

∣

∣

Ψ2qh

〉

dφ (3.44)

where

〈

Ψ2qh

∣

∣

∣

∣

Tr

(

Λ−1dΛ

dφ

)∣

∣

∣

∣

Ψ2qh

〉

=

∫

∏

i

dφidθi sin θi Tr

(

Λ−1dΛ

dφ

)

|Ψ2qh|2. (3.45)

At this point we can sketch some preliminary conclusions for the Pfaffian wavefunction

by comparing it with the Abelian case of the Laughlin system we saw earlier. If we move a

quasihole on a closed loop that does not include the other quasihole then the wavefunction

will only get the geometric Berry phase due to the Aharonov-Bohm effect which again is

given by the expectation number of the electrons inside the closed loop. In the case that the

second quasihole is inside the loop things are not as simple as in the Abelian case. Now the

form of the wavefunction is more complicated and its derivative cannot be written in a simple

form such as that of Eq. (3.8) and analytical results cannot be obtained easily by doing an

analytical calculation as before. What can be done however is a Variational Monte Carlo

evaluation of the trace, sampling directly from the wave function using the inverse-update

method [69]. As in the Laughlin case, Sec. 3.3.2, we can use the quasihole separation, which

is directly connected to the system size, as a free parameter of the calculation and study

how the Berry phase responds to changes of this parameter.

Again we have to remind ourselves that we have to perform the calculation once when

one of the quasiholes is inside the loop that the second is dragged on and once more when the

quasihole is outside the loop. Because the configuration is identical to that of the Laughlin

wavefunction calculation on the Haldane’s sphere we can use the same trick and calculate

the Berry phase once and multiply the result by a factor of two. Doing so we are effectively

calculating the statistical phase that the wavefunction acquires without taking into account

the effect of the Aharonov-Bohm phase.

The results are very important for topological quantum computation with non Abelian

anyons because they provide an estimate for the separation of quasiholes where the form of

the braid matrices will fail. As we have mentioned before the form of the braid matrices

have been derived either with techniques involving quantum groups [47] or conformal field

theories [28, 33, 67].
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If we choose a circle as the shape of our closed loop we can further simplify the contour

integral. Since the overlap we need to evaluate depends only on the relative distance between

the two quasiholes thus the Berry phase is given by

γ = iπ

〈

Ψ2qh

∣

∣

∣

∣

Tr

(

Λ−1dΛ

dφ

)∣

∣

∣

∣

Ψ2qh

〉

. (3.46)

We have seen before that integrals of this form can be easily evaluated with Variational

Monte Carlo sampling configurations of electrons directly from the wavefunction. The direct

connection of the Pfaffian with the determinant allows us to use a the inverse matrix update

method [69] and calculate these integrals.

So far we have discussed the Pfaffian wavefunction and we have implicitly assumed that

the number of electrons in the system is an even number. This is because the Pfaffian

is defined for square matrices with even number of columns. If we want to generalize the

wavefunction for odd number of electrons, we must generalize the Pfaffian for an odd number

of electrons. This can be done if we introduce an extra row of -1 and an extra column of 1

to the matrix. If we assume that we have Ne electrons, with Ne odd, the matrix Λij that

enters the Pfaffians will be written in terms of Λodd
ij

Λij =











1

Λodd
ij

...
1

−1 . . . − 1 0











. (3.47)

The phase for odd number of electrons theoretically converges to the value π while the

theoretical value for the case of even numbers of electrons is 0. Again here we have to

remind ourselves that even numbers of electrons correspond to the conformal blocks with

total topological charge 0 while the the odd numbers correspond to those of total charge 1.

These phases converge to those that was expected from earlier calculations that were done

using either conformal field theory [26, 28, 33, 67, 70] or quantum groups [36].

In Fig. 3.4 we have plotted the Berry phase as a function of the chord distance which is

directly related to the radius R ≡
√
Ne − 1. The smallest system used was for 4 electrons

and we have considered systems as big as 150 electrons. Oscillations in the phases that were

first seen in [68] are now more evident and by doing a least square fit we can extract the

form of the decay of the oscillations. We have tried three different fitting scenarios to model

this decay — exponential, Gaussian and power law. For the fitting functions we have chosen
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Figure 3.4: Statistical phase for winding one quasihole around another in the spherical
geometry described in the text. Data is shown for the case of even total numbers of electrons
for which the topological quantum number of the pair of quasiholes is 1. In (a) we have
plotted the statistical phase versus the chord distance R between the two quasiholes and fit
the data using cos(aR

l0
+b) for the oscillatory part and a decay term that is either exponential

(solid), Gaussian (dotted) or power law (dashed). We fit the data starting at R = 6.48 l0
and find the value of the reduced χ2 is smallest for exponential decay with a value of 1.42
while for power law and Gaussian decays it is 7.22 and 5.52, respectively. The good fit to
exponential decay is also confirmed when we plot the absolute value of the data on log and
log-log scales (b) and perform linear fits to the extrema of the oscillations. The linear fit is
clearly much better on the log plot demonstrating that the oscillations decay exponentially
rather than as a power law.

an oscillatory function with one of the mentioned decaying factors. As a general form we
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have used the four parameters a, b, c, d

f(x) = acos(b x+ c)







e−d x

e−d x2

xd

(3.48)

where x is the dimensionless RC/l0 The fits were performed in both cases, for even and

odd total number of electrons, using the chord distance to describe the separation of the

quasiholes on the sphere. In our configuration the chord distance is RC =
√

2R, with R the

radius of the sphere.

In order to exclude size effects we fit the data starting at R = 6.48 l0 , which corresponds

to a sphere of 22 electrons, and we find the value of the reduced χ2 is smallest for the

exponential decay with a value of 1.42 while for power law and Gaussian decays χ2 is 7.22

and 5.52, respectively. The quality of the fits favor the exponential decay. This is result

is of great importance since is one of the requirements a system capable of implementing

quantum gates with non Abelian anyons should posses.

Performing the same calculation with odd number of electrons we get Berry phase shown

in Fig. 3.5. Again we fit the data starting at R = 6.32 l0, sphere of 21 electrons, and find

the value of the reduced χ2 is smallest for the exponential decay with a value of 0.97 while

for power law and Gaussian decays χ2 is 1.88 and 3.06, respectively.

The case for the exponential is made even stronger if we look at the log and log-log plots

of Fig.3.4 and Fig. 3.5, of the absolute value of the phase. Doing so we can easily determine

whether the extrema of the dumped oscillation decreases exponentially or with a power law.

We have also performed a least square fit through the maxima for both cases and the fitted

line is also shown on the figures. While for the log plot the line follows the maxima of the

oscillations this is not the case for the log-log plot where we see that clearly the extrema,

especially for larger systems, fall far from the fitted line.

The same summarizing plot, Fig. 3.5, is presented for the case of odd number of electrons.

Again oscillations are present which now converge to the value of π, the expected value from

conformal field theory [28].

Finally, in both Fig. 3.4 and Fig. 3.5, we see that as the sphere is made larger, the

convergence is indeed exponential as required for any implementation of topological quantum

computation using the ν = 5/2 state, and further we can determine the scale λ which is

associated with the exponential decay of Berry phase to its theoretical value e−RC/λ. This is
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Figure 3.5: Statistical phase for winding one quasihole around another in the same geometry
as was used in Fig. 3.4, but now for the case of odd total numbers of electrons for which the
two quasiholes have topological charge ψ. In the same manner as Fig. 3.4 in (a) we plot the
statistical phase, minus its asymptotic value (π), versus the chord distance between the pair
of the quasiholes and perform a fit using the same functions for the oscillatory and decay
parts. We fit the data starting at R = 6.32 l0 and find the value of the reduced χ2 is again
smallest for the exponential decay with a value of 0.97 while for power law and Gaussian
decays χ2 is 1.88 and 3.06, respectively. The good fit to exponential decay is once again
confirmed when we plot the absolute value of the data on log and log-log scales (b) and
perform linear fits to the extrema of the oscillations.

a very important quantity because it gives a measure of the minimum separation between

the quasiholes below which the form of the braid matrices found from conformal field theory

calculations does not hold true any more. For both topological charges, 0 (Ne even) and 1 (Ne

odd), we have estimated the decay scale λ ≈ 2.7 l0. This result compares also with similar
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exponential decay length [71] of the energy splitting of the two orthogonal wavefunctions

describing the Moore-Read states when four quasiholes are present. As we have seen the

two wavefunctions become degenerate at the limit that the quasiholes are kept sufficiently

separated and our calculation favors an exponentially fast convergence to the theoretical

value.

3.5.1 Adiabatic Exchange of the Quasiholes’ Position

Figure 3.6: Adiabatic exchange of the position of two quasiholes. Both are on a circle
of constant latitude ξ and move by the same azimuthal angle for any given step of their
adiabatic motion.

In this section, as a check on the the validity of our previous calculations, we consider the

slightly different case of exchanging two quasiholes while keeping them on a circle of constant

latitude. Doing so, we will interchange the position of the quasiholes adiabatically by moving

both by the same azimuthal angle but keeping their latitude constant. The convention of

moving both quasiholes simultaneously is not needed but it simplifies the calculation. The

configuration of the quasiholes can be seen in Fig. 3.6. The theoretical prediction for this

configuration is that when the quasiholes are moved on the equator the Berry phase should

be exactly zero. This can be understood as a consequence of symmetry. If the quasiparticles

are exchanged in a clockwise sense along the equator, then if we flip the sphere, exchanging

the north and south poles, the particles are again exchanged along the equator, but this time

in a counterclockwise sense. Since the the Berry phase changes sign under this inversion it

must be zero.
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(a) (b)

Figure 3.7: Statistical phase for the configuration shown in Fig. 3.6 and for different latitudes
ξ starting from the north pole and going to the equator. For both cases we have subtracted
the Aharonov-Bohm phase generated from the magnetic flux in the southern hemisphere. In
both case the oscillatory decay of the phase that was seen in Fig. 3.4 and Fig. 3.5 is present.
(a) For the case of Ne = 100, topological charge 0 . (b) For the case of Ne = 101 topological
charge 1.

With our calculation, not only we were able to confirm the vanishing of the Berry phase

on the equator, but we were also able to investigate how the Berry phase depends on the

latitude of the circle upon which the quasiholes are moving. In Fig. 3.7(a) and (b) we have

plotted the results for the special case of 100 and 101 electrons. Note that in these plots,

we have explicitly subtracted the trivial Aharonov-Bohm contribution to the phase due to

the external magnetic field. Thus, as above, we are plotting the statistical phase. As before,

by choosing an even and an odd case for the number of electrons we test both sectors of

topological charge 0 and 1. With these total numbers of electrons the sphere is sufficiently

large so that the quasiholes are kept further apart than for the case of the configuration that

have used before [68]. Still, though, the oscillatory fashion of the decay is present as we

can see for small latitude angles they vanish considerably faster as the quasihole separation

grows. In the inset of the plot we have put the log version of the same plot. The straight

line in the log plot shows again an exponential convergence to the theoretical value as the

chord distance between the quasiholes increases.

80



3.6 Berry Phase Calculation for Two Quasiholes on
the Plane

Although the exponential decay character of the oscillations is evident in both configurations

where the Berry phase was calculated on the sphere, we have to eliminate any possible effects

introduced from the geometry. For this reason it is wise to repeat the calculation on the

plane where the system is confined on a disk.

Let us now focus on the details of the calculation by writing the Moore-Read wavefunction

on the disk. If we assume again a system of Ne electrons that have coordinates z = x + iy

and two quasiholes with coordinates η1, η2, we can write the Pfaffian wavefunction as

Ψ2qh = Pf(Λij)
∏

i<j

(zi − zj)
2

N
∏

i

e
− |zi|

2

4l0 (3.49)

where Λij is now

Λij =
(zi − η1)(zj − η2) + (zi − η2)(zj − η1)

zi − zj

. (3.50)

If we assume that we keep the first quasihole at a fixed position and we move the second

quasihole on a circle of constant radius then we can use the polar angle θ to describe the

position of the second quasihole η2 = |η2|eiθ. Additionally the angle θ can be used as the

adiabatic parameter that we use to determine the Berry phase

γ =
i

2

∮ 〈

Ψ2qh

∣

∣

∣

∣

Tr

(

Λ−1 1

|η2|
dΛ

dθ

)∣

∣

∣

∣

Ψ2qh

〉

dθ (3.51)

where the expectation value is calculated by performing the integral
〈

Ψ2qh

∣

∣

∣

∣

Tr

(

Λ−1 1

|η2|
dΛ

dθ

)∣

∣

∣

∣

Ψ2qh

〉

=

∫

∏

i

ρidρidθi Tr

(

Λ−1 1

|η2|
dΛ

dθ

)

|Ψ2qh|2 (3.52)

with variational Monte-Carlo. Here ρi, θi are the positions of the electrons. Once more

the symmetry of the system allows us to evaluate the Berry phase by calculating a single

expectation value. Using the polar angle of the second quasihole θ as the adiabatic parameter

for the plane the Berry phase is then

γ = iπ

〈

Ψ2qh

∣

∣

∣

∣

Tr

(

Λ−1 1

|η2|
dΛ

dθ

)∣

∣

∣

∣

Ψ2qh

〉

. (3.53)

In Fig. 3.8 we plot the results of the calculation of Berry phase for two different cases,

once for topological charge 0 with 64 electrons and once for topological charge 1 with 65

81



Figure 3.8: Statistical phase for 64 (γ0) and 65 (γ1) electrons when one quasihole is kept at
the origin and the second one is adiabatically dragged around on a circle it versus the radius
of circle. The radius of the circle was varied from zero to the maximum radius of the disk.
The effects close to the end of the disk are due to the fact that the wavefunction vanishes.

electrons. The first quasihole is kept at the origin (η1 = 0) and, as described above, the

second quasihole is moved around circles of different radii around the first one. Because

of the simple geometry of the plane the calculation is analogous to that of ASW for the

Laughlin wavefunction, and as in that case we subtract the Aharonov-Bohm phase (i.e. the

Berry phase when the first quasihole is not present) in order to extract the statistical phase,

and this is what is plotted in Fig. 3.8. These results enabled us to see the effects that are

introduced because of the edges of the disk. Additionally we were able to confirm once more

that the Berry phases converge to what is expected for this system based on conformal field

theory calculations [26, 28, 33, 67, 70] and quantum groups [36].

In addition to calculating the Berry phase for moving quasiholes around circles of different

radii with a fixed number of electrons, we have also performed calculations with different

numbers of electrons with the radius of the circle fixed to be half the radius of the disk-

shaped droplet formed by the quantum Hall fluid. In Fig. 3.9 we plot the results of these
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calculations for the statistical phase for both cases of topological charge — 0 (Ne even) and

1 (Ne odd). Note that these calculations are quite similar to the calculations on the sphere

described in Sec. 3.5, and so it is not surprising that the curves are qualitatively similar.

(a) (b)

Figure 3.9: Berry phase for the case of the Moore-Read wavefunction on the plane. The
configuration used for this plot is described in the text. The results are equivalent to that
of Fig. 3.4 for (a) the case of even total numbers of electrons and to that of Fig. 3.5 for (b)
the case of odd total numbers of electrons. Again an oscillatory behavior is evident that
converges to the asymptotic values.

Once more we can estimate the length scale which determines how quickly the statistical

phase reaches its theoretical value. To do so we have used the same fitting functions as in

the spherical geometry to fit our new results.

For the case of topological charge 0, even numbers of electrons, we fit the data starting

at separation distance ∼ 4.7 l0, which corresponds to a system of 22 electrons, and we find

the value of the reduced χ2 is smallest for the exponential decay with a value of 3.7 while for

power law and Gaussian decays χ2 is 12.32 and 4.71, respectively. The quality of the fits are

not as good as for the spherical geometry but this is something expected since edge effects

play important role. Again the exponential decay seems to be favored over power law but

the distinction between exponential and Gaussian is not clear.

The same situation holds for the case of topological charge 1, odd numbers of electrons.

In order to exclude the effects of the two edges we started fitting our data at separation
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(a) (b)

Figure 3.10: Logarithmic plots for the statistical phase for the Moore-Read wavefunction on
the plane when two quasiholes are present and one is adiabatically moved around the other
on a circle versus the radius of the circle R. The configuration used was one quasihole is fixed
at the origin while the second moves around the first on a circle of radius R. (a) Logarithmic
plot of statistical phase for the case of even number of electrons. The limitations imposed
by planar geometry did not allow us to see as many oscillations as the spherical geometry
case. The line is a linear fit through the extrema of the observed oscillations and favor the
exponential decay over the power law or the Gaussian.(b) Logarithmic plot of Berry phase
for the case of odd total numbers of electrons. In this case the asymptotic value π was
subtracted from the statistical phase. Again the line is a linear fit through the extrema of
the two observed oscillations.

∼ 4.8 l0 which corresponds to 23 electrons. Now the value of χ2 for the exponential fit is 4.2

and for the power law and Gaussian 7.41 and 11.68. Now we cannot make any conclusive

remark on which decay our calculation favors and more runs for bigger systems are needed.

Besides the results on the disk show only two full oscillation in contrast to the results we

have obtained on the sphere.

Finally in order to demonstrate the exponential convergence of the Berry phases to the

theoretical value we have plot the logarithm of the phase versus the separation distance of

the quasiholes. In Fig. 3.10 we plot the logarithms of the phases for both cases of topological

charge and we fit a line to the extrema of the oscillations.
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3.7 Berry Curvature for Wavefunctions on the Plane

In this chapter we have seen the calculation of the Berry phase for the Moore-Read

wavefunction in different configurations and geometries. All the results that we have

produced and the conclusions that we have reached were in terms of the quasiholes separation.

In this section we will focus on a different approach, reinterpreting our results in terms of

a new quantity, the Berry curvature, which will allow us to quantify the effective size of

the quasiholes in the Moore-Read states. The symmetries that are present on the plane

geometry greatly reduce the effort of calculating the Berry curvature and for this reason is

our choice for this calculation.

As in electromagnetism, where one uses the electromagnetic tensor to describe the field

with gauge invariant quantities, we can describe the Berry phases by introducing the Berry

curvature. This can be done by introducing a gauge field A with

Ai = −i〈Ψ|∂iΨ〉. (3.54)

For the Moore-Read wavefunction with two quasiholes present, this potential is nothing

more than an equivalent generalization of the Berry phase that we get when we move one

quasihole around the other while using the position of the second quasihole as the adiabatic

parameter. The Berry curvature [72, 73] then can be written in terms of this field A

Fij = ∂iAj − ∂jAi (3.55)

and is a well defined gauge invariant quantity.

In the special case of the plane we will use polar coordinates to describe the Berry

curvature. We use again the same configuration as that of the Berry phase calculation,

keeping the first of the quasiholes pinned on the origin of the plane and we move the second

around it. Let us assume that the first quasihole is pinned at the axes origin η1 = 0 and our

choice for the closed loop is a circle of radius ρ. Then the position of the second quasihole

will be given by η2 = ρ eiθ. For this configuration the Berry curvature Eq. (3.55) can be

written

Fρθ =
d

dρ
Aθ −

1

ρ

d

dθ
Aρ (3.56)

where the adiabatic parameter that is used for the definition of the potential A is now the

angle θ that determines the position of the second quasihole on the circle.
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(a) (b)

(c) (d)

Figure 3.11: Plot of the Berry curvature for a system of two quasiholes for (a) 64 and (b)
65 electrons. In both cases one quasihole was positioned at the origin and the second one
was moved around adiabatically on a closed circular loop enclosing it. (c) and (d) Using
the form of the curvatures we can reconstruct the Berry surface for the quasiholes by simply
rotating the curves in (a),(b). Here the surfaces are up to 4l0. The calculation is done for
the fermionic case.

In the notation that we have used above to describe the evaluation of Berry phases,

the components of the vector potential can be obtained from the expectation values of the

derivatives of the wavefunction. Thus we can write

Aθ = −i
〈

Ψ|1
ρ

d

dθ
Ψ

〉

=
〈

Tr(Λ−1 1

ρ

dΛ

dθ
)
〉

(3.57)

Aρ = −i〈Ψ| d
dρ

Ψ〉 =
〈

Tr(Λ−1dΛ

dρ
)
〉

(3.58)

with Λ the antisymmetric matrix we have defined for the Pfaffian above when there are two
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(a) (b)

(c) (d)

Figure 3.12: Berry curvature Fρθ for a system of two quasiholes and (a) 32 ,(b) 33, (c) 64
and (d) 65 electrons. In all cases the quasiholes were placed on diametric points of a circular
loop. All these results are for the Moore-Read trial wavefunction and created by rotating
the corresponding Berry curvature as in Fig. 3.11

quasiholes present (Eq. (3.50)).

Using polar coordinates we can write the two derivatives of the wavefunctions directly as

derivatives of the Λ matrices Eq. (3.50)

1

ρ

∂Λ

∂θ
=

1

|η2|
∂

∂θ

(zi − |η2|eiθ)zj + zi(zj − |η2|eiθ)

zi − zj

(3.59)

= −ieiθ zi + zj

zi − zj

∂Λ

∂ρ
=

∂Λ

∂|η2|
= −eiθ zj + zi

zi − zj

. (3.60)

We can see that the components of the vector potential A are not linearly independent but
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(a) (b)

(c) (d)

Figure 3.13: Plot of the Berry curvature for a system of two vortices for (a) 64 and (b) 65
bosons. In both plots the first quasihole was positioned at the origin and the second one was
moved around adiabatically on a closed circular loop enclosing it.

they are given by the simple formula

Aθ = iAρ =
〈

Tr
(

eiθΛ−1 zi + zj

zi − zj

)〉

(3.61)

Notice that the derivative of the the expectation value with respect to θ vanishes because of

symmetry. Substituting these expressions into the definition of the Berry curvature Eq. (3.56)

we find

Fρθ =
d

dρ
Aθ. (3.62)

Aθ can be easily calculated since is the expectation value Eq. 3.52 that we have used

to calculate the Berry phase for the Moore-Read wavefunction on the plane geometry.
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Effectively what we have accomplished is again to write the Berry curvature in terms of

one expectation value.

Note that, as has been the case throughout this chapter, the Berry phase γ is the sum

of the Aharonov-Bohm phase due to the magnetic field and the statistical phase due to the

exchange of particles. Thus, in the calculation of the Berry curvature given above, if we

subtract the contribution of the Aharonov-Bohm phase then what we are left with can be

thought of as an effective “statistical” field. This “statistical” field then gives rise to the

statistical phase an anyon feels when it moves in its presence in the same manner as the

magnetic field gives rise to an Aharonov-Bohm phase to a charged particle. For all the

results presented below the effect of the magnetic field (Aharonov-Bohm phase) has been

subtracted so that the effect of the statistical field is more evident.

We have performed the calculation for two different cases. In the first configuration, we

have put the first quasihole at the origin and moved the second quasihole on a circle around

the first one. We have obtained the Berry curvature by varying the radius of the circle. In

Fig. 3.11 we plot the Berry curvature as a function of the radius of the circle for the case

of even (Ne = 64, topological charge 0) and odd (Ne = 65, topological charge 1) number of

electrons. Exploiting the radial symmetry of the plane we can create the surface of the Berry

curvature by simply rotating the graph of the Berry curvature around the Fρθ axis. Thus we

are able to create the plot of the Berry curvature on the plane. Comparing the two surface

plots for even and odd number of electrons we can see that their form is different resembling

the fact the Berry curvature gives rise to non Abelian Berry phases. Furthermore we can

give a rough estimate for the radius of the quasihole in the FQHE Moore-Read state of the

order of ∼ 3l0. This number is again crucial if we want to perform topological quantum

computation with braiding quasiholes because it can give the threshold for the minimum

separation of two quasiholes during braiding.

In the second configuration, the quasiholes were positioned on the opposite points of a

circle and then they have adiabatically exchanged their positions. In Fig. 3.12 we plot the

Berry curvature as a function of the radius of the circle for the case of even (Ne = 32 and 64,

topological charge 0) and odd (Ne = 33 and 65, topological charge 1) number of electrons.

Furthermore we can investigate the effect of the filling fraction of the Moore-Read state

to the effective size of the quasiholes. By choosing ν = 1 for the filling fraction we get a

Pfaffian wavefunction that is suitable to describe a system of a rotating dilute gas of bosonic
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(a) (b)

(c) (d)

Figure 3.14: Plot of the Berry curvature for a system of two quasiholes and (a) 32 ,(b) 33,
(c) 64 and (d) 65 bosons. In all cases the quasiholes are positioned one opposite the other
at any given point of the loop. The non Abelian nature of the quasiholes is evident from the
different forms of Berry curvature for even and odd numbers of bosons.

atoms [16]. The form of the wavefunction is not different to that of the fermionic case other

than the difference in the filling fraction

Ψbos = Pf(Λij)
∏

i<j

(zi − zj)
N
∏

i

e
− |zi|

2

4l0 (3.63)

where the matrixΛij is now

Λij =
(zi − η1)(zj − η2) + (zi − η2)(zj − η1)

zi − zj

(3.64)

where η is the position of the quasiholes. Again non Abelian Berry phases exist for these

quasiholes and can be manifested with an odd even effect, exactly as in the case of electrons.
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We can perform again the same calculation and analysis for the Berry curvature as we

did for the case of electrons. In Fig. 3.13 we show the bosonic analog of the calculation of

Berry curvature, when one quasihole is at the origin and the other one encircles it on circles

of varying radii. In Fig. 3.14 we show the bosonic analog of the second configuration for

the position of the quasiholes when they adiabatically exchange their position. These two

calculation are identical to those of the fermionic case and the effect of the smaller filling

fraction is evident on the effective size of the quasiholes.

3.8 Conclusions

In this Chapter we have presented numerical calculations of the Berry phase for adiabatically

moving quasiholes around one another in both the Abelian Laughlin state and the non-

Abelian Moore-Read state. Following the classic work of ASW, we have used the results

of these calculations to compute the statistical phase, i.e. the Berry phase associates with

interchanging quasiholes, for a number of different geometries.

The important new results obtained here are for the non-Abelian Moore-Read state.

For this case we considered systems with two quasiholes present for which the Berry phase

calculation is effectively Abelian with the non-Abelian nature of the state being reflected by

a subtle odd-even effect. Because the two quasihole case is effectively Abelian we found that

it is possible to study much larger system sizes (consisting of up to 150 electrons) than have

previously been studied. This allowed us to address the issue of precisely how the statistical

phase approaches its asymptotic value as the quasihole separation increases.

This issue of convergence is a crucial one for any proposed implementation of topological

quantum computation using non-Abelian quasiholes. This is because it is the asymptotic

value of the Berry phase which can be shown to only depend on the topology of the path the

quasiholes take during any exchange. Thus any corrections due to the fact that the quasiholes

are not being kept far enough apart during the exchange will result in a systematic source

of error in the quantum computation.
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CHAPTER 4

CONCLUSIONS

In this thesis we reviewed some of the basic requirements needed to build a topological quan-

tum computer, a device that would be capable of storing and manipulating quantum states

by exploiting their topological properties in order to protect them from their environment.

Such a device would be an intrinsically fault-tolerant quantum computer, a kind of computer

which could perform calculations that no classical digital device can do. We have focused our

interest on a special case of states that posses topological order which are states that occur in

the fractional quantum Hall effect and have quasiparticle excitations that obey non-Abelian

fractional statistics.

It was shown that the states with non-Abelian quasiparticle excitations can be described

by wavefunctions that span a finite dimensional Hilbert space and we have used this result

to imagine storing information in this Hilbert space and manipulating it by moving the

quasiparticles around. As we have seen the exchange of quasiparticles can be associated

with unitary operations which depend only on the homotopy of the wordlines that the

quasiparticles sweep out in 2+1 dimensional space-time. For a special case of non-Abelian

quasiparticles, the so-called Fibonacci anyons, these unitary operations are described by

SU(2)3 Chern-Simons-Witten theory. We were able to use this fact to construct both single

qubit rotations and two qubit gates for qubits that have been encoded by these Fibonacci

anyons.

The explicit steps that one should follow in order to construct quantum gates were

discovered by performing a brute force search in the space of available quasiparticle exchanges

of three quasiparticles. The effect of searching for braids of only three quasiparticles is

to greatly reduce the search space of the problem. In this thesis we have presented the

development of algorithms that traverse the available search space in two ways.
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First we tried to exhaust all possible outcomes for quasiparticle interchanges that can

perform a given set of desired gates within certain limits of accuracy. Then in the second

algorithm we managed to use the first approach twice in order to load balance the algorithm.

The first part of the algorithm exhausts all possible quasiparticle exchanges up to a given

number of interchanges and stores the results in a database, something that is memory

intensive, while the second part of the algorithm exhausts the search space of quasiparticle

interchanges to the extent that can be studied with today’s computers. The combined

result of those two searches enabled us to reach a larger number of quasiparticle exchanges

and thus better accuracies than that of the single brute force search and we discovered

sequences of quasiparticle interchanges that can approximate a controlled-NOT gate, one of

the requirements for quantum computation, with accuracy of 1 part in 105. This result is

close to the fault-tolerant threshold and it is safe to assume that further optimization of the

existing code will overcome it.

The above accuracy of the gates depends only on the length of the sequence of

quasiparticle exchanges only if the quasiparticles are kept sufficiently apart when compared

to the magnetic length. This description is idealized and certainly is not what happens in the

actual physical systems where the quasiholes are realized. In reality the quasihole distances

will be finite and we have to be in position to estimate the deviations from the ideal case

that this finite separation introduces to the accuracy of the performed quantum gates.

In order to explore further the effect of the quasiparticle separation on the unitary

operations that are associated with quasiparticle exchange we focused on the Moore-Read

wavefunction, which is believed to describe the ν = 5/2 fractional quantum Hall state and

has non-Abelian quasihole excitations. The study was done using variational Monte Carlo,

because of the relatively simple form of the wavefunctions. The calculations were done in

two geometries, spherical and planar, and the presence of the special symmetries for both

geometries, enabled us to calculate the Berry phase that the total wavefunction gets by simply

evaluating a single expectation value. This fact allowed us to study systems containing as

many as 150 electrons for the first time.

For such large system sizes we were able to confirm numerically that the statistical

phases that the Moore-Read wavefunction acquires when we adiabatically move one quasihole

around another quasihole converge to the asymptotic values predicted by conformal theory.

Furthermore we were able to quantify the effect of the separation of the quasiholes and
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address the question of how the statistical phase approaches its asymptotic value as the

quasihole separation increases. Our analysis of the data revealed that exponential decay is

favored for both cases of even and odd total numbers of electrons. For this exponential decay

we have also associated a decay length λ which is ≈ 2.7 l0, where l0 is the magnetic length.

This exponential convergence of the statistical phase is a critical requirement for any

system to be used for topological quantum computation. This is because only the asymptotic

value of the Berry phase can be shown to depend only on the topology of the path used

to interchange the quasiholes. Therefore we can regard contributions to the Berry phase

for finite quasihole separation as a systematic source of error in any scheme of topological

quantum computation that will use braiding of quasiholes. As a specific example, if we

assume that for a certain implementation of a quantum algorithm we need an accuracy of

10−5 the distance between the quasiholes should be ≈ 35 l0.

Finally we have to mention that this study is by no means finished with the completion

of this thesis since there are many open questions that still have to be addressed. The most

important question that is still to be answered is whether the quantitative results that we

have obtained for the Moore-Read wavefunctions can be generalized for the case of Fibonacci

anyons. As we have seen in this thesis Fibonacci anyons occur in the k = 3 state of the

Read-Rezayi sequence of states and even though the form of the wavefunction is known,

it is complex enough to allow only the study of small systems. Moreover in all the cases

that we have presented in this thesis we did not include the effects of finite temperature

or disorder, which are significant sources of random error that should be addressed for any

physical system thought to be suitable for topological quantum computation.

94



REFERENCES

[1] Intel Museum. http://www.intel.com/pressroom/kits/quickreffam.htm, 2009. (docu-
ment), 1.1

[2] Horst L. Stormer, Daniel C. Tsui, and Arthur C. Gossard. Rev. Mod. Phys., 71(2):S298,
1999. (document), 1.3, 1.4

[3] J. S. Xia, W. Pan, C. L. Vicente, E. D. Adams, N. S. Sullivan, H. L. Stormer, D. C.
Tsui, L. N. Pfeiffer, K. W. Baldwin, and K. W. West. Phys. Rev. Lett., 93:176809, 2004.
(document), 1.5

[4] N. Read and E. Rezayi. Phys. Rev. B, 59:8084, 1999. (document), 1.5, 1.3.5, 1.3.5,
1.3.5, 2, 2.1

[5] N. E. Bonesteel, Layla Hormozi, Georgios Zikos, and Steven H. Simon. Phys. Rev. Lett.,
95:140503, 2005. (document), 2, 2.2.1, 2.3, 2.12

[6] Layla Hormozi. Topological Quantum Compiling. PhD thesis, Florida State University,
2007. (document), 2.2, 2.2.1, 2.3, 2.12, 2.4.1

[7] F.D. Haldane. Phys. Rev. Lett., 51:605, 1983. (document), 1.3.3, 3.2, 3.1, 3.3.2, 3.3.2,
3.5

[8] F. D. M. Haldane and E. H. Rezayi. Phys. Rev. Lett., 54:237, 1985. (document), 3.2,
3.1

[9] M.A. Nielsen and I.L. Chuang. Quantum Computation and Quantum Information.
Cambridge University Press, 2000. 1.1, 1.2, 1.2, 2.2, 2.6.1

[10] P. W. Shor. SIAM J. Computing, page 1484, 1997. 1.1

[11] D. Aharonov and M. Ben-Or. In Proceedings of the 29th Annual ACM Symposium on

Theory of Computing, 1997. 1.1, 2.7

[12] A. Yu Kitaev. Ann. Phys., 303:2, 2003. 1.1, 2.2, 2.2

[13] P. Fendley and E. Fradkin. Phys. Rev. B, page 024412, 2005. 1.3

[14] M. Freedman, C. Nayak, K. Shtengel, K. Walker, and Z. Wang. Ann. Phys., page 428,
2004. 1.3

95



[15] M. Levin and X.-G. Wen. Phys. Rev. B, page 045110, 2005. 1.3

[16] N. R. Cooper, N. K. Wilkin, and J. M. F. Gunn. Phys. Rev. Lett., 87(12):120405, 2001.
1.3, 2.1, 3.7
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