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ABSTRACT 

Estimation of a dynamical system under unknown influences is always subjected to 

uncertainty. Thus, reducing the estimation variance under external influences is absolutely 

desired and becomes the motivation for the field of System Identification.  

In this dissertation, the author proposes new techniques for system identification under two 

major general situations: offline estimation of fixed systems under the unknown non-Gaussian 

distributed measurement noise, and online-estimation of time-varying systems undergoing 

systematic (long term correlated) changes. For the first situation of offline estimating of fixed 

systems under the unknown non-Gaussian distributed measurement noise, a technique called 

Minimum Entropy Estimation is employed, which promises to be better than the traditional Least 

Square (LS) estimation method due to the ability to simultaneously estimate the system and the 

statistical property of the unknown measurement noise sequence. This method gives rise to two 

novel classes of generalized offline estimation algorithms being proposed in this dissertation: a 

method of estimating a Multiple-Input-Multiple-Output (MIMO) systems under unknown, 

independent and identically distributed (iid) non-Gaussian measurement noise,  and a more 

general method of estimating a feedback structure under unknown, possibly colored, non-

Gaussian distributed measurement noise. 

For the second situation of online estimation of time-varying systems undergoing 

systematic changes, a new method of Parameter-Filtering Adaptation (PFA) algorithm is 

proposed for the first time as an attempt to solve this problem and improve the estimation 

quality. Instead of updating the parameter based on the prediction error and an estimated value of 

the parameter at single time iteration (before the current one) as in the traditional adaptive 

algorithms, the new method improves the estimation quality of the system parameter by 

incorporating its prediction from all previous estimated values. The parameter prediction transfer 

function itself is also updated adaptively. The PFA algorithm is firstly considered in the context 

of IIR filter estimation to show the benefit of better local quadratic approximation for the time-

varying, non-quadratic error surface. Its application in the spectral estimation of time-varying 
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chirps utilizing Adaptive Notch Filters has shown an enormously better estimation of the 

instantaneous frequency.  In the context of estimating time-varying systems using FIR filters, it 

is discovered that the PFA has a filtering effect on the sequence of the (estimated) parameters. 

Consequently it is shown in the dissertation that the sparser in the frequency domain (less 

frequency bandwidth) the parameter variations are, the better their estimation quality. Simulation 

on tracking of sinusoidal time-varying systems, as well as periodically switching systems shows 

that the PFA has a superior estimation quality with virtually no lag comparing to the traditional 

tracking methods. 
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CHAPTER 1 

INTRODUCTION 

1.1. Overview 

In the past 40 years we have seen numerous advancements in the field of system 

identification. It is impossible to capture all developments but some established theories can be 

highlighted, including: 

• Works of Wiener on Optimal Filtering [1]  

• Works of Kalman, and others on State-space Representation, Estimation, and Kalman 

Filtering [2] [3]  

• Works of Astrom, Solderstrom, Box, Jenkin, and others on Input/output modeling and 

Maximum Likelihood Estimation of such models [4], [5], [6] 

• Works of Ljung in convergence of various recursive estimation schemes and especially 

the Prediction Error method [7]. 

• Works by Akaike and others in Model Order estimation [8]. 

• Works by Widrow and others on Adaptive and Online System Identifications [9] [10]. 

• Other recent trends by various authors, such as identification of Nonlinear systems 

(Neural Networks, Vontairre’s Series, Wavelets, and other decomposition) [11], 

Multiple-Input-Multiple-Output System identification (such as the Eigensystems 

Realizations Algorithms) [12], Subspace Identifications (joint State-System estimators) 

[13], Minimum Entropy Estimation to deal with Non-Gaussian Source and approximate 

the Maximum Likelihood Estimation [14] [15]. 
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This dissertation will attempt to extend some more advancements to the already rich 

literatures. The author believes that the contributions are useful enough to allow more versatile 

approaches in identifying general systems in reality. 

System Identification is the process of estimating dynamical systems. The task is normally 

accomplished by observing the input/output from the systems and finding appropriate 

mathematical models that explain well those input/output relationships. System Identification is 

usually difficult due to the intrinsic problems: the influence of unobservable factors on the 

process, leading to unmodeled behaviors on the collected data. This problem generally manifests 

itself in two ways: 

• The output measurements can contain unmodeled factors, i.e., measurement noise.  

• The process to be identified can be time-varying itself, usually due to the model being 

too simple to approximate the complex nature of the process. 

Measurements of a low-power audio source (or speech) in a room full of other people can 

fall into the first category, while transmission of electromagnetic signals through the atmospheric 

environment with changing weather can be considered as falling into the second category. A vast 

class of time varying problems can arise when nonlinear systems (more complex) are modeled 

by linear ones (simpler mathematically), which will cause the estimated models to become time-

varying.  

The objective of this research, hence, focuses on improving system identification quality in 

these two fundamental areas. More precisely the dissertation examines the possibility of 

improving estimation quality in two general situations: 

• When the output is contaminated by Non-Gaussian signal sources. The scope is limited 

to algorithms to identify time-invariant systems, hence an off-line procedure is usually 

employed. 

• When the systems is time-varying with some predictable structure in the variation. The 

scope is limited to those with normal output noise, i.e., Gaussian distributed. 
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The first situation usually affects those current estimators that are based on the Least 

Squares method, and renders them suboptimal (estimator with high variance). Thus, the focus is 

on reducing the estimator’s variance to a near minimum. It has been shown by several authors 

that minimizing an entropy cost function would lead to an estimator that can accomplish both 

goals at the same time: estimation of the system and estimation of the non-Gaussian probability 

distribution function of the measurement noise. In this essay, we extend that notion to more 

practical situations, namely the estimation of Multiple-Input/Multiple-Output systems, and to a 

more general scheme, estimation of Recursive Systems under colored non-Gaussian noise. 

The second situation requires a time-varying system estimator and the ability to compute 

the estimate online. The traditional method to handle this situation is to run a Kalman filter. 

However, the Kalman filter requires the knowledge of noise powers (measurement and process 

noise) beforehand, which might be difficult to obtain. A more robust paradigm for this situation 

is using Adaptive Filters, which does not require the knowledge of noise power at hand. 

Although the traditional adaptive filters are quite robust in estimating slow time-varying systems, 

some researchers start to realize that quickly-varying systems can be estimated using adaptive 

method too, provided that the variation of the system is coherent in time. As the second part of 

this essay, we examine a generalized extension of Adaptive Filters to handle this situation and its 

application in some realistic problems.  

 

1.2. Contributions 

The major original contributions of this essay are the followings: 

• Proposition of the use of the Minimum Entropy Estimation method in estimating 

Multiple-Input-Multiple-Output systems under the assumption that the output 

measurements are subjected to unknown, non-Gaussian distributed noise source, which 

leads to an estimator with higher quality (lower variance) comparing to the traditional 

approach. 

• Proposition of the use of the Minimum Entropy Estimation method in estimating a 

feedback structure with colored, non-Gaussian distributed measurement noise, which 

also leads to an estimator with higher quality than the traditional approach.  
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• Proposition of a new method, called Parameter-Filtering Adaptation, for online 

estimation of time-varying systems. 

• Application of the Parameter-Filtering Adaptation in online identification of time-

varying IIR structures and estimation of time-varying sinusoidal signals. 

• Application of the Parameter-Filtering Adaptation algorithm in online identification of 

time-varying FIR structures and the estimation of systems under a certain type of 

variations with frequency band-limited nature. 

• Analysis of the Parameter-Filtering Adaptation in online identification of time-varying 

systems and show the relationship between the frequency-sparse property of the 

variation and the quality of the (online) causal estimator. 

 

 

1.3. Thesis outline 

In chapter 2, the author will review the method of Minimum Entropy Estimation in a linear 

regression context. This method has been shown to provide a superior estimation quality 

comparing to the traditional Least Squares estimator when the noise are non-Gaussian, unknown, 

independent and identically distributed (iid). The identification of MIMO systems under 

unknown, non-Gaussian iid measurement noise is discussed in chapter 3 after reviewing a 

standard technique being used in system identification of MIMO system called Eigensystem 

Realization Algorithm. A simulation in the end of the chapter shows the superiority of the 

Minimum Entropy Estimation method. Chapter 4 continues exploring the use of the Minimum 

Entropy Estimation in identification of feedback systems under the assumptions of unknown 

colored non-Gaussian distributed measurement noise, which is a more general situation 

comparing to chapter 3. Chapter 5 will start discussing about the concept of Parameter-Filtering 

Adaptation (PFA) algorithm in estimation of time-varying systems. The detailed algorithm 

derivation of the PFA algorithm in estimating IIR systems is shown in chapter 6, as well as its 

application in estimation of time-varying spectral line signals. Chapter 7 continues to derive the 

PFA algorithm for estimating time-varying FIR systems, and some applications in estimating 
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systems undergone cyclic changes. Chapter 8 will focus on analyzing the PFA algorithm and 

show the relationship between the frequency sparse property of the variation and the estimation 

quality.  
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CHAPTER 2 

MINIMUM ENTROPY ESTIMATION FOR LINEAR REGRESSION IN 

NON-GAUSSIAN MEASUREMENT NOISE 

2.1. Introduction 

Many input/output system identification scheme can be casted in the form of a linear 

regression problem. Thus, the study of the linear regression is of important matter in the field. 

Traditionally, the solution to this linear regression problem is solved by the Maximum 

Likelihood (ML) method, which is shown to be the Minimum Variance Unbiased Estimator [16] 

[17], which is optimal. However, the distribution of the measurement noise in reality is never 

known exactly, thus, only approximations to the Maximum Likelihood method are available. 

One popular way to approximate the Maximum Likelihood estimator is to assume that the 

measurement noise is Gaussian, which results in the Least Square (LS) Estimator. However, 

when the measurement noise is indeed non-Gaussian, the LS estimator will produce a suboptimal 

estimator.  

The Minimum Entropy Estimation (MEE) method is a regression procedure that is based 

on non-parametric reconstruction of the residual error’s probability density function (pdf) and its 

entropy minimization. The method does not require the knowledge of the measurement noise’ 

pdf before-hand due to the built-in pdf estimator, hence MEE is much more robust than the 

traditional Maximum Likelihood (ML) estimator. This method was proposed by several authors, 

including Akaike [8], Viola et.al in 1996 [18], Pronzato and Thierry (2000) [14] and show a 

great potential against the popular Least Square (LS) Estimation when the disturbance are of 

Non-Gaussian distributed nature with even pdf function. This method has been revisited in 2003 

by the author to derive the method from the information theory and show that the artificial 

restriction of even pdf function can be removed [19] [15]. Thus, in effect, the information 

approach proposed by the author has generalized Pronzato and Thierry’s method.  
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The applications of the MEE are coming up in character recognition [20], mechanical 

structural estimation [21], video motion estimation [22], GPS estimation [23]. In this 

dissertation, MEE regression method is the foundation for two classes of offline system 

identification, which prove to be very efficient against non-Gaussian noise. A brief review of the 

method is presented in this chapter. 

 

2.2. Linear Regression and the entropy of the residual error 

Linear regression is the generic form for many Input/Output system identification 

problems. In the most abbreviated form, it can be written as follows: 

  (2.1)

where     …   and  are the known input and output respectively, and e is the 

independent and identically distributed (iid) measurement noise. We want to estimate the true 

parameters     …  ] based on the input/output measurements  …  and   … .  

Given a particular parameter  the residual error is defined as: 

  (2.2)

This error plays a crucial role in many estimation methods such as Maximum Likelihood, Least 

Squares, and Minimum Entropy. Thus, we take a close look at the pdf  of the residual noise ,  which is also a function of the parameter  (the underlined notation simply implies a random 

variable). This pdf can be derived as: 

 

 (2.3)

The previous equation (2.3) indicates that the pdf of the residual error is simply the pdf of 

the original iid measurement noise e(t), being convolved with a pdf of the input. This is the 

consequence of the RV  being the sum of two independent RV’s  and . Note that a 
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convolution would smear out any peaks in a (positive) pdf function. Thus, as we might suspect, 

this convolution would increase the entropy of the original function. 

To be more rigorous mathematically, it can be shown that the entropy of : log   is related to the entropy of the measurement noise  through the 

equality [15]: 

 ,  (2.4)

where I( . , . ) is the mutual information between two RVs, defined as: 

 , , log ,
 (2.5)

Since mutual information is a non-negative quantity: , , we have 

  (2.6)

Assuming that the independent RVs e and  is sufficiently excited, the inequality and 

equation (2.4) implies that   is minimum when =θ θ . Moreover, the minimization of  

leads to the minimization of the Kullback-Leibler distance ||   (see [15]), which is the 

foundation of the ML method [8].  

 

2.3. A general Information Theoretic inequality 

Equation (2.4) and the entropy inequality (2.6) is a special case of a more general 

information theoretic inequality. Given X and Y to be two independent random variables and Z X Y. Denote H(.) the entropy of a random variable, i.e. log . Then we have: 

 ,  (2.7)

and 
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  (2.8)

This inequality is well known and can be found in many references such that [24] and a 

reiteration of the same idea can be found in a reference from the authors [19]. The equality 

happens when Y is a constant. 

When the random variable Y is given in the form of 

  (2.9)

where Y1 is a random variable with positive variance and  is a control deterministic variable, 

then the condition of Y being almost constant essentially implies that . 

 

2.4. The Minimum Entropy Estimation method 

When we only have a finite number of sample data,  can’t be known exactly, hence 

 needs to be estimated. A possible way to estimate the entropy is through Parzen’s kernel 

estimator [25] of the pdf : 

   (2.10)

where N is the number of sample and h is a small constant to match the “smoothness” of the pdf. 

The entropy  can then be estimated from  by either: 

• The plug in estimator: 

 
 (2.11)

where A is a selected large number. 

• The estimator based on the Law of Large Number 
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 (2.12)

Note that  is a function of , so the estimated entropy based on  is also a function of , 

i.e.,   , . Minimization of ,  with respect to θ  leads to the Minimum Entropy 

Estimator: 

 arg min ,  (2.13)

 

2.5. An illustrative example on MEE of an FIR filter 

The effectiveness of the MEE can be illustrated by an example of estimating an FIR filter 

based on the input/output data [15]. When the output is corrupted by a non Gaussian noise, we 

show that the MEE has a better variance comparing to the traditional Least Square method 

(Figure 2.1). 

 

Figure 2.1: Comparison of LS and MEE estimator performances when estimating a 5-tap FIR 
filter under non-Gaussian measurement noise. The dashes – are for the LS estimator and the solid 

line –– is for the MEE estimator 
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CHAPTER 3 

MINIMUM ENTROPY ESTIMATION OF 

MULTIPLE-INPUT MULTIPLE-OUTPUT SYSTEMS  

BASED ON EIGENSYSTEM REALIZATION ALGORITHM 

3.1. Introduction 

The Eigensystem Realization Algorithm (ERA) is a popular method in the modal analysis 

and identification of Multiple-Input Multiple Output (MIMO) large structural systems [12]. The 

method allows one to identify a state-space model of a structural system under some uncertainty 

of measurement noise based on the Least Squares (LS) approach. It is well-known that the LS 

method is optimal (coinciding with the Maximum Likelihood) when the measurement noise is 

Gaussian distributed. In many real situations, the measurement noise is non-Gaussian (e.g. 

quantization noise). Thus, in most practical cases, estimation based on LS methods is 

suboptimal. The sub-optimality can have serious implications. For instance, it can lead to a poor 

estimation of the structural system poles. The poles play very important roles in the analysis of 

large physical structures. Of course, the problem lies in the fact that the LS method does not 

account for the distribution of the measurement noise – it implicitly assumes the measurement 

noise is Gaussian.  

As discussed in chapter 2, the Minimum Entropy Estimation method is much more robust 

against the unknown and non-Gaussian nature of the measurement noise. This is due to the 

incorporation of the modeling of the measurement noise distribution in MEE method, and hence 

it proves to be superior to the LS method in terms of estimation variance. In this paper, we adapt 

the MEE to the ERA, and so produce a better estimation in this environment when non-Gaussian 

measurement noise is present. 
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3.2. The Eigensystems Realization Algorithm (ERA) 

In the ERA, a MIMO system with measurable input/output is to be identified. The dynamic 

system should be described using the state-space form (Figure 3.1): 

 
 (3.1)

 

Figure 3.1. Estimation of a MIMO System 

Using this input/output data, the problem is to identify  up to a similarity 

transformation. This is because when the state is defined differently by a reversible transform T: 

 then the same input/output transfer characteristics can still be described by (2.1) 

with a new set of system matrices  where 

  (3.2)

Note that a similarity transformation can be used to transform the system matrix A into the 

diagonal matrix containing the system poles (eigen-values of A).  

An important quantity in the identification process is the Markov sequence of the system:  

  (3.3)

The Markov sequence is the MIMO version of the Impulse Response. It can be derived 

intuitively as follows. Supposed the input u(t) is single dimension. Then, an impulse function 
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 (a Kronecker delta) will result in a series of state and output responses (assumed no 

noise): 

 (3.4)

For single dimensional input, the elements of Markov sequence are vector of the same dimension 

as the output. For multiple dimensional input, these Markov-sequence elements become matrices 

with columns being the impulse response from each input. 

The first step in the ERA estimation of , , ,  is to estimate the Observability Ob and 

Controllability Ct matrices: 

 …  (3.5)

and …  (3.6)

The estimated matrices C and B can then be inferred from the first rows of Ob and Ct. Thus, 

estimation of Ob and Ct will lead to estimation of C and B. 

Note that the two matrices, Ob and Ct, are also unique up to a similarity transformation. 

This implies that when the state vector is transformed by a reversible matrix:  then 

Ob and Ct are also transformed by: 

 .           and         .  (3.7)

Thus, any estimations of Ob and Ct are, in fact, estimation of a family of Observability and 

Controllability matrices that relate to one-another by invertible linear transformations.   

In spite of the similarity transformation issue, it is easy to verify that we still have the 

following equality: 

 .           and           . .  (3.8)

where  H1 and H2 are constant Hankel matrices of the Markov sequence, defined as: 
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……… and ………  (3.9)

Because of their uniqueness (up to a similarity transformation), we can determine Ob and 

Ct by decomposing H1 into . .  One such decomposition that yields useful results is the 

Singular Value Decomposition (SVD). Here, we decompose as follows: 

 . .  (3.10)

where V and W are unitary matrices, i.e. satisfy: 

 and  (3.11)

and  is diagonal. The matrices P and Q serve as the estimates of Ob and Ct. Combining these 

results, we see that the system matrix A can be determined as: 

  (3.12)

where ( )†•  denotes the pseudo-inverse. Of course, once we have obtained the estimate of A, the 

system poles can be obtained by diagonalizing A. Finally, D can be estimated from h0. 

 

3.3. Estimation of the Markov Sequence and the Minimum Entropy method 

In this whole procedure, it is apparent that the estimation of the Markov parameters is 

critical to the estimation of the system matrices. Assuming that the system is stable, we note that 

the input and output of this linear system are related by the equation: 

  (3.13)

where we have used the vectors     . . .   and    …  . Also, the 

measurement noise vector is defined as     …   , and U is the convolution 

matrix of the input measurement. The standard method for computing the Markov sequence {hi} 

is the Least Squares method which performs the Least Squares fit of the input/output information 

from equation (3.10).  
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In reality the measurement  can be affected by noise sources that have non-Gaussian 

characteristics. A very common non-Gaussian noise source is the quantization noise, which is 

uniform. Other kinds of non-Gaussian interferences are possible. When the measurement noise is 

non-Gaussian distributed, LS estimator is suboptimal. Thus a Minimum Entropy Estimation 

approach should produce a better estimate to the LS estimation. Following the derivation given 

in chapter 2, equation (3.13) can, in fact, be considered as a linear regression with H becomes the 

parameter to be estimated and e is the multi-dimensional non-Gaussian noise source. Since the 

output usually of the same type, the elements of e should have the same distribution 

characteristics. We simulate the estimation of a MIMO system by the LS and MEE methods in 

the next section. 

3.4. Simulation 

We simulate a system of 3 masses (mi) inter-connected by springs (ki) and dampers (di) that 

generates a state-space model with 6 poles. The block diagram representing this mechanical 

structure is shown in Figure 3.2. In the simulation, m1=m2=m3=1, k1=k4=10, and k2=k3=50. 

 

Figure 3.2: A simple structure with 6 poles. 

The stiffness and mass matrices for this structure are: 

 
 (3.14)

and  

 
 (3.15)
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We also use a proportional damping matrix: 

  (3.16)

where α=0.001 and β=0.2. The system is excited by random input forces on m2 and m3. The 

outputs are the displacements of m1 and m3. We want to identify the (discretized) parameters 

(A,B,C,D). 

To emphasize the effect of a non-Gaussian noise on the system, a bimodal, non-zero mean 

random sequence is added to the output with the distribution as shown in Figure 3.3.  

 

Figure 3.3 – Non Gaussian distributed output noise with non-zero mean. 

 

Figure 3.4: MSE of the standard ERA and the MME version of ERA 
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As shown in Figure 3.4, the MSE of the Markov sequence estimated from the MME is 

much smaller than that from the standard ERA. The data is compiled from 200 experiments. 

The accuracy of the poles’ locations is critical. When the measurement noise is non 

Gaussian, the variance of the Markov parameters’ estimate is so large that 2 complex poles are 

identified as real ones. The application of the MEE results in a much better estimate of the 

Markov parameters and corrects the location of the poles (see Figure 3.5). 

 

Figure 3.5: Identification of the dynamics of a 6 pole-system. The first plot shows the true pole 
locations. The 2nd and 3rd plots are the poles estimated by the standard ERA (Least Squares) and 

the MEE-version of ERA, respectively. 
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CHAPTER 4 

MINIMUM ENTROPY ESTIMATION OF 

INFINITE IMPULSE RESPONSE FILTER UNDER  

COLORED NON-GAUSSIAN NOISE 

4.1. Introduction 

Systems in natures usually have feedback path, i.e. of recursive nature. This notion is easily 

observed in almost all mechanical/civil structures but it can be seen on other kinds of systems as 

well. The inclusion of feedback path normally ensures stability and hence associated with it is 

the long impulse response of the system. 

 Estimation of recursive structures is a well-known nonlinear estimation problem. The 

general approach is to truncate the impulse response which results in an FIR structure and a 

linear regression problem. Solving this linear regression problem is usually easier than solving 

the original nonlinear estimation problem, but the ease comes at the cost of having inaccuracy 

(due to truncation) and/or increase in computational complexity (due to increase FIR model 

order to match the long impulse response) for estimating simple recursive structures.  

Another simplification in estimation procedure comes in the form of assuming the output 

noise is Gaussian distributed. Coupled with the simplification of FIR modeling can results in a 

quadratic cost function which guarantees of computing the minimum fast and efficient. These 

ideas lead to the popularization of the Least Square based estimation procedures and even online 

adaptive filtering (such as the RLS algorithm) due to computational efficiency [10]. Extension of 

the same idea to IIR structures leads to the so-called Recursive Maximum Likelihood-based 

estimation such as the Prediction Error method [7] [26]. This type of IIR estimation is also 

efficient in spite of the cost function no longer being quadratic.  

The classical approaches based on the Gaussian assumption, however, can be suboptimal 

when the output noise is non-Gaussian distributed, or even unknown. Recent approaches in 
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dealing with non-Gaussian disturbance nature start seeing the inclusion of disturbance statistical 

modeling in the estimation procedure such as the method of Minimum Entropy Estimation 

(MEE) [14] [15]. However, these approaches usually limit themselves in two ways: The model is 

usually an FIR filter, and the disturbance (output noise) is assumed independent, identically 

distributed. In this chapter, we propose the extension of this method to an ARMAX structure, 

thus generalizes the identification to an IIR structure with colored non-Gaussian noise. The 

approach is then compared with standard Least Square approach to show the superior estimation 

accuracy of the Minimum Entropy Estimation. 

 

4.2. Problem formulation 

Considered an ARMAX structure (Figure 4.1) described by the difference equation: 

 
 (4.1)

or equivalently 

  (4.2)

where u is the input, assuming an iid random variable with sufficient excitation (positive 

variance, spectrum content covers all frequencies),  y is the output, and the unknown output 

disturbance  is assumed to be a colored version  of a non Gaussian, iid 

noise source e(t) that is independent with the input.  

 

Figure 4.1. The ARMAX Model 



20 
 

Equation (4.1) is the true description of a physical system parameterized by the true parameter … , … , …  

Let … , … , …   be any estimate of .  

The operator notations are defined as:  ; ∑   ; ∑   ; ∑   

where  is the delay operator. We simplify the notation further by denoting , , , , , . Transfer function ,  and ,  are assumed monic, i.e 

 and . 

We often assume further more that model (4.1) is noise invertible, i.e., ,  has 

minimum phase. Thus, if  is known then the independent disturbance can be computed from the 

input/output data by: 

 

 
(4.3)

Thus, for any estimate   of  , the residual error can be computed by a similar inversion: 

 ;  (4.4)

Combine (4.2) and (4.4), the residual error ;  can be solved in terms of the independent 

random variable  and  as follows: 

 ;   
             (4.5)
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The optimal parameter is normally found by optimizing a cost function of the residual error ; : 

 arg min
θ

; …  (4.6)

such as the Square Error: ∑ ; , which corresponds to the Prediction Error 

estimator. In the case of non-Gaussian distributed , the Prediction Error estimator is sub-

optimal and a different cost function needs to be introduced. This observation leads to the 

development of the method of Minimum Entropy Estimation for this recursive structure. 

 

4.3. Entropy of the Residual Error 

The Information Theoretic Inequality given by equation (2.8) can be applied to equation (4.5) 

at several places. Firstly the transfer functions ,  and ,  being monic implies that the 

second terms can be expanded into a causal transfer function with the first impulse response to 

be 1. Thus: 

 ; ,
∞

 (4.7)

Because  and  for k<t, are independent R.V.’s , the summation will increase the 

entropy, i.e. 

 
 (4.8)

and the equality happens only when ; , , i.e. 

 
 (4.9)
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Next, because u(t) is independent of e(t), thus the term  is also 

independent of e(t). Therefore, the addition of the input term into the disturbance will also 

increase the entropy, i.e.: 

 ;  (4.10)

Because  is sufficiently excited, i.e.  and spectrum of  cover all 

frequencies, the first inequality becomes an equality when 

 
 (4.11)

Note that the condition of ,  being monic implies that ; . 

Equation (4.9) and (4.11) shows that the two triples ; , ; , ;  and ; , ; , ;  are equivalent in the sense that the estimation difference equation 

 ; ; ;  (4.12)

is essentially the same as (4.2), except for a possibly a scale transfer function. If we further 

assume that ;  and ;  are co-prime polynomials and the estimated transfer functions ; , ; , ;  are of the same order as the original ; , ; , ;  then 

we certainly have: 

 ; ;; ;; ;  (4.13)

The minimization of the entropy cost function also enjoys an advantage of near Maximum-

Likelihood estimation. It has been shown that minimization of the residual entropy is equivalent 

to a minimization of the Kullback-Leibler distance , , | || , ,  (in a similar 

way to [15]) 
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4.4. Simulation and Result 

We simulate a simple system described by the following difference equation: 

 

where a=0.6; b= -0.3 and c= -0.8. The disturbance is a NonGaussian, bimodal distribution that is 

a sum of multiple (single-sided) Gaussian pdf with different mean and variance. The pdf of the 

disturbance is given in Fig. 4.2. We compare the MEE method with the offline-Prediction Error 

estimation (whose cost function to be minimized is simply ∑ ;  ) and the 

distribution of the estimated values is given in Fig. 4.3 with the variance given in Table 4.1. It 

can be seen that the MEE produced a much lower estimation variance comparing to the 

renowned Prediction Error method.  

 

Figure 4.2. Probability distribution function of the Non-Gaussian Independent disturbance 

Table 4.1. Mean Square Error (MSE) of the estimations of the three parameters a=0.6, b=-0.3, 
and c=-0.8 using Prediction Error Estimation and Minimum Entropy Estimation 

Method a b c 

Prediction Error Estimation 2.8881e-003 9.3842e-003 2.6555e-003 

MEE Estimation 0.4142e-003 1.1637e-003 0.2776e-003 

-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1



24 
 

 

Figure 4.3. Distribution of the estimator reconstructed after 100 experiments of the three 
parameters a=0.6; b= -0.3 and c= -0.8. The solid line (―) corresponds to the Minimum Entropy 

Estimator and the dash line (--) to the PE estimator. 
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CHAPTER 5 

OVERVIEW OF THE PARAMETER FILTERING ADAPTATION 

ALGORITHM 

5.1. Introduction 

Adaptive Filtering Theory has traditionally focused on the convergence of various 

adaptation schemes [10]. Since the birth of the simple LMS filter by Widrow, various 

improvements have been introduced to increasingly improve convergence properties such as the 

Normalized LMS scheme, the RLS schemes, the Prediction Error scheme, the Transform 

Domain/subband scheme, they all have better convergence rate than the simple LMS algorithm. 

Efforts have been spent on designing these algorithms to tweak them to converge even faster.  

However, some researchers have also paid close attentions to the problem of tracking time-

varying system, especially since the work of Macchi [27]. A startling realization from the work 

of Macchi is that fast convergence might not have the best tracking error. Since the convergence 

is only a transient phenomenal and tracking is a steady-state phenomenal that benefit the long-

run, adaptive applications that require a long time operations on constantly changing 

environment might not have a lot of benefits from fast convergence algorithms and, as the result, 

tracking properties of adaptive filter start having attentions.  

Adaptive Filters are almost exclusively built around the FIR and IIR models (ARMA, 

ARMAX, ARARMAX etc. [26]), as well as their derivations (such as neural networks). Their 

coefficients are usually parameterized as unknown parameters or functions of unknown 

parameters. Then the tracking problem is defined as finding the way to estimate and follow the 

variations of these parameters. A common wisdom in designing adaptive trackers is that the 

plant’s parameters are assumed varied sufficiently slowly. If so then it’s possible to design an 

adaptive filter to slowly follow it. If the variation is too “fast” then it is believed that it is not 

helpful to design any adaptive filter at all because they would never be able to track that “fast” 
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changing. This notion extends to a doctrine of slow plant variation with the major mechanism is 

the Markov model of plant’s variation and adaptive filter performance bound by Macchi’s degree 

of nonstationarity (see more in [27], [10]). 

Although the idea of slow plant variation has become standard, some recent researches start 

showing that it’s possible to track plants that vary “fast” in some limited cases. Works by Gazor 

[28] and Niedzweiki [29] represents two radically different approaches to show that it is possible 

to track a plant with sinusoidal variations. In the work of Gazor, the 2nd order modeling of the 

plant’s variation is somewhat arbitrary and not entirely adaptive. The approach by Niedzweiki 

requires an offline estimation of the spectral line before tracking it (so it doesn’t initialize 

adaptively either) and is limited to sinusoidal modeling. A more advanced and generalized 

modeling of plant’s variation based on modification of the work by Gazor has been proposed by 

Lindbom et.al. [30] [31] [32] but this approach still suffers from a prerequisite designed of the 

Wiener filter for the plant’s variations. Although still having limitations, these approaches have 

raised a question of the validity of the slow plant variation assumption.  

The underlying idea of the slow-plant variation model is that the plant’s additive variation 

is white and unpredictably random. Under this assumption, Macchi’s way of analysis is, of 

course, correct. However, many plant variations are purely mechanical and they have predictable 

internal structures. If the variations have internal structures, it is possible to predict ahead the 

next parameters to some degree of accuracy, so following a fast changing plant might not be a 

problem. 

A recent work by the authors also shows that when tracking linear or quadratic chirps, it is 

possible to have a better estimation of the parameters than the standard Prediction Error method 

[33]. This seeming unrelated work also confirmed that exploitation of the internal structure of the 

plant variation can be put to a good use.  

Motivation by these recent advances, the author would like to propose a new algorithm, the 

method of Parameter-Filtering Adaptation, for tracking fast-variation plant with internal 

structure. The new method shows that a tracking problem may be considered as a particular type 

of the filtering problem. This leads to a redefinition of the concept of degree of nonstationarity, 

as well as a new revelation about the connection between the Frequency-Sparse nature of the 
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signals/systems being tracked and the quality of tracking variance. These concepts can be 

considered as a new paradigm to replace/update the current slow plant variation assumption. 

In this chapter, we state the Parameter-Filtering Adaptation method as a generalization of 

the current adaptive filter structure. Chapter 6 will consider the problem of tracking an IIR plant 

with structural variation with emphasis on improving the quality of the estimator based on the 

exploitation of the non quadratic error surface structure. Chapter 7 returns to tracking a time-

varying FIR plant by the Parameter-Filtering Adaptation with emphasis on the filtering effect of 

the Parameter-Filtering Adaptation and convergence/tracking analysis.  We will pay some 

special attentions on the sinusoidal variations, and show the connection between the variation 

being sparse in the frequency domain and the quality of the classical adaptive filters as well as 

the proposed Parameter-Filtering Adaptation based on analysis on Chapter 8. 

 

5.2. A review of traditional adaptive algorithm to track a time varying plant 

Consider a plant with input , output , (and usually some disturbances ) with 

the plant’s time-varying model is parameterized by  – the true parameter of the plant at time 

t (see chapter 6 and 7 for some plant models).  

 

Figure 5.1. Traditional Adaptive Algorithms 

If the parameter  is to vary, the variation nature is usually unobservable. Thus from the 

statistical point of view, the variation in parameters (difference between  and ) can 

;   +

, +
 

+

–



28 
 

be considered random. This notion gives rise to the currently dominant model for the plant 

variation the Markov model: 

  (5.1)

where  is the unpredictable variation. Note that the current value of the parameter is 

dependent on previous one only. The corresponding form of the adaptation is: 

 ,  (5.2)

where , ,  is the prediction error, and  is known as the step sizes (see 

chapter 7 also). 

The adaptation equation can be considered of the same form as the Markov model, except 

the corrective term. This general form of adaptation can be found in almost all types of adaptive 

algorithm such as LMS, RLS, and Prediction Error. 

 

5.3. The Parameter-Filtering Adaptation as a generalized adaptive filter 

An adaptive filter is a process estimator with self-modification based on the provided 

input/output information. The plant’s process to be estimated usually has some side-information 

that allows the designer to select an appropriate adaptation model (FIR, ARMAX, etc.) with 

some unknown parameters to be estimated. Usually, the plant to be estimated is stable, thus the 

effect of the unknown initial conditions will die out after a while, so it can be ignored. Since the 

objective of this paper is on the steady-state tracking performance, we focus on having the best 

tracking property instead of having the fastest convergence and some minimal attentions are paid 

on ensuring the convergence of the adaptive process. This makes a perfect sense since on the 

long run the convergence speed does not play a major role on the estimator’s accuracy. 

We begin to depart from the traditional approach and introduce the Parameter-Filtering 

Adaptation method by noting that to incorporate the structural variation of the plant’s true 

parameter  we should look for models that take into account all the past value of the 
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parameters as well. Thus, a more appropriate model would be of an accommodating form such as 

the autoregressive model: 

  (5.3)

where q-1 is the delay operator and A(q) is a (unknown) transfer function (of FIR or IIR forms) 

given as a polynomial of q.  

To adapt to such systems we can mimic the above equation by  ,  

plus a corrective term where ,  is an approximated transfer function parameterized by . 

The corresponding form for the adaptation naturally takes the form of: 

 , , ,  (5.4)

Note that when  then the equation reduces to the traditional adaptation scheme.  

In the case when A(q) is unknown, our objective also includes to estimate ,  (i.e. 

estimate ) such that  tracks . The adaptation process can be visualized as follows: if 

each difference equation corresponds to an evolutionary (causal) curve in the parameter space, 

then the adaptation process corresponds to an estimated curve that we want to drive closer and 

closer to the true curve. From a heuristic point of view, we want to select ,  that 

approximates A(q). However as later points out, the selection of ,  is really to facilitate a 

filtering action on  (see chapter 7). 

If we denote , , the predicted parameter, then the adaptation 

difference equation can be reduced to the set of equation: 

 , ,  (5.5)

We call the above scheme coupled with adaptation on the transfer function ,  the 

Parameter-Filtering Adaptation. The next chapters analyze the benefits of the Parameter-Filtering 

Adaptation method on the tracking of Time-Varying IIR and FIR plants. 
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Figure 5.2. Parameter Filtering Adaptation algorithm  
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CHAPTER 6 

PARAMETER FILTERING ADAPTATION FOR IIR STRUCTURES AND 

THE FREQUENCY-PREDICTING ADAPTIVE NOTCH FILTER FOR 

ENHANCEMENT OF TIME-VARYING SPECTRAL LINES 

6.1. Tracking of Time-Varying IIR plant - Parameter Prediction in 

Minimization of Time-Varying non-Quadratic Cost function 

Tracking an IIR plant will face an inherent difficulty of non-absolute convergence because of 

the local minima in the Error Surface [34] [35]. The application of the Parameter-Filtering 

Adaptation in this context is, therefore, mainly on improving the quality of the estimator when 

convergence has been achieved. The following derivation is developed in parallel with the 

Prediction Error method described by Ljung [7] [26], due to its generality.  

6.1.1. Prediction of the parameters and computation of the optimal solution 

Consider a general system with input and unknown disturbance affecting the output: 

 , ,  (6.1)

where  is the input,  is the iid sequence of the original random noise, G and H are the 

transfer functions parameterized by the true parameter . Let , ,  be the 

prediction error associated with the estimated parameter , with the output predictor being: 

 , , , ,  (6.2)

The cost function to be minimized is: 

 , , ,  (6.3)
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where ,  is the weight, usually of the form ,  is the forgetting factor, and  is 

the normalized factor for the weight, i.e. ∑ , . More generally for time-varying 

forgetting factor , the weights are defined as , ,  and ,  (see 

Chapter 11 in [26]). The cost function ,  can be considered as an approximation of the 

Mean Square Error , . Note that if  is time-varying then the cost function ,  is 

also time varying, as well as the location of its global minimum. 

At the time t, let  , , …  be the set of the optimal estimators computed at 

the previous time iterations. If  has an internal dynamic structure (in terms of long range 

correlations) then this structure should manifest in the sequence of estimators also. Thus, it’s 

possible to predict ahead a parameter  that is closer to the new location of 

the minimum.  

The optimal estimator at time t can be found by applying the Newton method. Consider the 

row vector , , /  which is the gradient of V w.r.t. . Perform a Taylor 

expansion of ,  around , we have: 

 , , ,  (6.4)

Set , , we get the optimal estimator at the time t is: 

 , ,  (6.5)

Recursive computation of (6.5) is realized by introducing the following notations: 

• Error gradients: , , .
 , ,   and  , .  

• Hessian matrices: ,  and ,   

To solve equation (6.5) in terms of the input/output data, we need to compute ,  

and , . The computation of these quantities can be similar to the traditional derivation 

of the Prediction Error method [7].   
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A. Computation of  , : 

Because ,  approximates  , , we have: 

 , , .                                            , , , ,  (6.6)

where , ,  
 and ,  is the gradient of the prediction error, evaluated at 

. 

B. Computation of  , : 

It has been shown in [7] that the Hessian (the second derivative matrix of ,  can be 

approximated as: 

 , , , ,  (6.7)

For , we use the approximation: 

 , ,  (6.8)

For , we also use the same approximation: 

 , ,  (6.9)

Thus, if we denote  ,  and , , ,  and ,  then: 

  (6.10)

  (6.11)

The last equation can be rewritten as: 

  (6.12)
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We then arrive at the approximation where iteration step is usually scaled by  to avoid 

any surface irregular:  

 , ,  (6.13)

Note that the gradient ,  can only be calculated (approximately) based on the specific IIR 

structure and problem. We’ll illustrate the calculations for a specific problem – Adaptive Notch 

Filter – in the next subsection. Table 1 summarizes the general Parameter-Filtering Adaptation 

algorithm.  

,
 

Table 6.1. Parameter-Filtering Adaptation for an IIR structure. 

6.1.2. The role of the predicted parameter  

The significance of the predicted parameter  lies in the fact that the procedure is based 

on the local quadratic approximation of the cost function ,  to find the minimum point in 

one step optimization. Generally ,  is a non-quadratic surface (see e.g. Figure 6.2), so the 

approximation (3.5) will be much less reliable when the initial point  is far from the 

minimum of ,  due to the term  in (3.4). In other word, the error surface is 

closer to a quadratic shape near the optimal point and less so when far away. Couple with the 

fact that the minimum point is moving, it’s critical to use the knowledge from previous 

estimators , , …  to deduce the dynamic structure of  and then predict 

. With  being closer to the minimum point than  is the quantity |  is further reduced and approximation (6.5) is improved significantly over the traditional 

Prediction Error method (see a numerical simulation in section 6.3). 
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6.2. Parameter Filtering Adaptation applied to the problem of Adaptive 

Spectral Line Enhancement using Adaptive Notch Filters 

The Adaptive Notch Filter is an IIR form for the problem of Adaptive Spectral Line 

Enhancement (ALE). The internal mechanism of the method is still the Prediction Error 

algorithm. However, the significant of the method is the fact that it is an adaptive element with 

Local Time and Frequency bandwidth. The trade off of the Time and the Frequency uncertainty 

is manifested in the control of the Pole Contraction Factor. 

The Adaptive Notch Filter (ANF) has garnered significant attention ever since it was 

introduced, certainly from the 1980s. Many have investigated the method and extended it to a 

complete theory that covers the optimal number of parameters [36], asymptotic convergence 

properties [36] [37], filter structures [36] [38] [39] [40], and choices of the forgetting factor and 

pole contraction factor for tracking time-varying signals [41] [42]. Recently, there are attempts to 

extent the concept to a broader context: adaptive identification of quasi-periodically varying 

systems [29]. Several of these contribute to the success of the ANF, including convergence 

speed, structural simplicity, and the ability to track time-varying frequencies.  

The last aspect has an important implication in field of nonstationary adaptive 

signal/system modeling. Historically, an adaptive filter structure (like the adaptive FIR of 

Widrow’s type [9]) is designed to model a fixed system with stationary input/output. Transform-

based adaptive filters such as those based on the Fourier Transform [10] are developed to 

improve the convergence speed with the assumption that a stationary signal’s transformed 

coefficients are somewhat less correlated than the original time series data. To the authors, this 

assumption is quite questionable when the signal/system to identify is nonstationary. Consider 

the example of a chirp signal where the correlation is strong between the time samples as well as 

the frequency coefficients. We realize that the time-domain ANF paradigm, on the other hand, is 

designed to track time-varying frequencies such as chirp signals [39] [41] [42]. This makes the 

ANF a strong candidate for nonstationary signal tracking and modeling. 

We also realize that in many systems the strong correlation between frequency coefficients 

is in fact due to a systematic change in the frequency. Previous approaches in frequency tracking, 

in specific, and the time-varying parameter estimation in general, assume that the parameter 
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change follows a first order Markov model. This has an advantage in keeping the adaptive 

algorithm very simple, and in fact, close to the original form used to track a stationary signal. 

The first order Markov model, however, might be too restrictive in modeling the sequence of 

frequencies/parameters that have structure. It is useful to note that the sequence of the estimated 

frequencies/parameters can be considered as a time series and any structure underlying it can be 

incorporated in a method to improve the estimation of the next frequency/parameters. Thus, 

besides adapting on the time domain by fitting a model to the output measurements, a frequency 

adaptation can be implemented in parallel to the time domain estimation. This, then, is the basis 

for our novel Frequency-Predicting Adaptive Notch Filter (FP-ANF) algorithm. 

6.2.1. Adaptive Notch Filter - Review 

A. The Adaptive Line Enhancement (ALE) problem 

The signals we consider are a combination of sinusoids with time-varying frequencies and 

white noise. For simplicity in analysis we investigate the case when there’s only a single time-

varying sinusoid in white noise. The signal is then given in the form of: 

 cos  (6.14)

where φ(t) is the time varying phase and e(t) is white noise. The instantaneous frequency is the 

differentiation of φ(t). For the discrete case, this quantity is expressed in the form of: 

  (6.15)

The sinusoid  can be approximately expressed in a recursive form as (using the delay 

operator notation ): 

 cos  (6.16)

Consequently, the measurement signal  follows a recursive equation: 

  (6.17)
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B. Nehorai’s type ANF algorithm: 

In order to estimate  and  we follow the ANF structure proposed by Nehorai [36] 

to “filter out” the signal  

 ,  (6.18)

where θt
T=[αt,ρt] contains the parameters of the notch filter: the frequency related parameter αt = 

cos(ωt) and the pole contraction factor ρt. In essence, this 2nd order structure has two pole/zero 

pairs on the same radial line with the zeros being constrained to the unit circle (Figure 6.1). 

These pairs are allowed to vary until finding the right frequency to “notch.” The adaptations are 

then of the Prediction Error type on both parameters.  

 
Figure 6.1. Pole-Zero Plot and the Frequency Response of a Notch Filter 

Note that due to the IIR structure, the error surface is non-quadratic. Thus the convergence 

might not be absolute. Figure 6.2 shows two typical cases of the adaptive algorithm: one when 

the algorithm diverges to a bias solution due to a local minimum on the error surface, and one 

when the algorithm converges correctly. The objective of ensuring convergence is out of scope 

of this dissertation. Hence the analysis will focus only on the steady state estimation accuracy, 

assuming that the initial convergence has been achieved. 
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Figure 6.2. Error surface of Nehorai’s ANF algorithm with evolution of adaptive parameters ,  in the case of non-convergence (left), and convergence (right). The horizontal axis 
extending from (-1,1) is , and the other horizontal axis extending from (0,1) is . 

The Nehorai’s type ANF algorithm can be summarized as in Table 6.2 where the algorithm 

is written for each iteration step with ,  is the gradient vector, ,  is the Hessian matrix, εf(t) and ε(t) are respectively the posterior 

error and the prediction error, and  λα(t) and λρ(t) are the forgetting factors corresponding to α 

and ρ, respectively. 

Table 6.2. Nehorai’s Adaptive Notch Filter algorithm 

At time : 
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Note that in this form of the algorithm, the adaptation is on not only the frequency 

parameter αt, but also on ρt, which is necessary when tracking time varying frequencies. The 

ability to change the filter’s bandwidth by modifying ρt plays a crucial role in allowing the varied 

frequency to still stay within the filter’s bandwidth. Setting the forgetting factor λα(t) close in 

value to ρt will produce an optimal tracking property (for example in [41], λα(t) is equal to a 

filtered version of ρt). 

6.2.2. Parameter prediction 

An important assumption when deriving the adaptation of the time-varying frequency is 

that the parameter in question varies as a first order Markov process: 

  (6.19)

where  is a zero mean white Gaussian noise process. By imposing this model on the 

optimization process the earlier estimation methods just assume the parameter in question to be a 

random walk process, and hence ignoring any structure in that parameter. By incorporating any 

underlying structural variation of the parameter into our algorithm, we can derive a novel method 

that significantly improves the estimation of the parameter. 

Note that Nehorai’s type ANF performs remarkably well when tracking time-varying, 

single frequency signals. It is observed that the produced estimated frequency has almost no bias 

and a small variance. In this sense, the estimated frequencies form a time series that is similar to 

a noisy measurement of the true frequencies: 

  (6.20)

In many natural signals, the variation of the underlying frequency  is continuous, 

which implies an internal structure of . If  has an internal structure, it can be utilized to 

produced a better frequency estimation. This notion was proposed in a recent paper by the author 

[33]. 

The design of an improved estimator can be based on the existing prediction theory. 

Denote  to be the predicted frequency based on the existing set of estimated frequencies , … , : 
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  (6.21)

The choices for the predictor are numerous and depend on the particular pattern of the frequency 

variation that we wish to track. For example, it can take the form of an NLMS algorithm (which 

implies a linear relationship between the current frequency and the previous ones), but any other 

prediction algorithms are relevant as well. 

Integrating the predictor into the RPE algorithm can take 2 different forms: 

(Algo1) The easiest way is to run the ANF independently and produce the predictor  as a 

side product of the algorithm. This can be accomplished by running in parallel to the 

ANF an (adaptive) predictor on the sequence of estimated frequency from the ANF. 

(Algo2) The more direct way is to use the predictor   to improve the next estimated 

frequency, thus integrating the prediction process directly into the ANF algorithm. This 

algorithm is presented next. 

The pole contraction factor is not predicted adaptively because it is a bandwidth control 

parameter and we don’t consider it to have an internal dynamic. This could be altered 

straightforwardly. 

6.2.3. Frequency-predicting ANF algorithm 

Because the predictors  and cos  are the best estimates of the current 

parameters based on the data up to time , we wish to use them to improve the calculation of 

the best estimate of the current frequency  and its cosine cos  based on the data 

up to time . The updating of  takes the form of: 

  (6.22)

where  is the gradient , , , ,  is the Hessian of the 

error surface ,  at the point  and   is the prediction error from the 

parameter . Thus, it is required to compute  and  from the parameter estimate 

sequence and the data up to the time . 
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Define the posterior gradient , .  Introduce some offline variables: 

• ,  – the filtered error from the predicted parameter  

• ,   - the prediction error from the predicted parameter  

• ,  – the filtered error from the optimized parameter  

• , , ,  – the gradient of ,  w.r.t. ( ,  

• , , ,  –  the gradient of ,  w.r.t.  and  

From the filtering equation (6.18), we have: 

                             , ,  (6.23)

Note that , , ,  can’t be computed online, thus, we have to 

make an approximations: 

 , , , ,  (6.24)

Equation (6.23) becomes: 

                            (6.25)

As a side result, we need a recursive calculation of . This can be derived in the same 

manner and utilize exactly the same approximation, hence the recursive calculation of  

doesn’t introduce more variable (see step 3 and 4, table 6.3).  

Similarly, the gradients ,  are computed as: 

 ,                                  , ,  (6.26)
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 , ,                          , ,  (6.27)

Approximation (6.24) can be used to calculate , . Once again, gradient quantities  , , , for k=1,2, can’t be computed recursively and thus require similar 

approximations: 

 , , , , , , ,  (6.28)

Recursive calculation of the gradients becomes (see step 4, table 6.3): 

 ,                                   (6.29)

 , ,                            (6.30)

As a side result, we need a recursive calculation of , . Recursive calculation of these 

variables can be derived in the same manner and require one more approximation (see step 1, 

table 6.3 for the final result):   

 , , , , , , ,  (6.31)

The last quantity is the filtered error ,  from the optimized parameter 

. Computed in the same manner as equation (6.23): 

                           , ,  (6.32)

This requires an approximation (see step 1, table 6.3 for the derived recursive form): 

 , , ,  (6.33)

Finally the forgetting factor λα(t) is adjusted to match ρt, while the forgetting factor λρ(t) is 

normally fixed, similar to [43] [39]. The algorithm can then be summarized in Table 6.3. 
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Table 6.3. The Frequency-Predicting ANF Algorithm 

At time , sequence { , , , …} has been computed.  Let 

 

Step 1: Compute the posterior error, gradients, and Hessian: 

 

 

 

 

 

Step 2: Predict  / or predict  and form cos  

Form , ,  and 

 

Step 3: Compute the filter error from the prediction: 

 

Step 4: Compute the prediction error, the gradients, and Hessian: 

 

 

   

 

Step 5: Update the parameter ( , ) ,  
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6.3. Simulation and Discussion 

We investigate the tracking performance of the proposed algorithms. In this example, the 

signals are a quadratic- and a cub-phase chirp, embedded in a zero-mean white Gaussian noise 

with SNR=3dB. The frequency predictor is chosen to be the NLMS algorithm with a 5-tap FIR 

filter. The tracking results are shown in Figure 1 and 2. Since tracking is a steady-state process 

we are interested in the steady-state error instead of the transient error. Table 2 show the average 

frequency estimation error in three cases: the Frequency-Predicting ANF (Algo2), the ANF with 

the enhancement Algo1 and the original ANF. These results show the best estimation algorithm 

comes from the FP-ANF with the steady-state MSE error of the frequency estimation 

significantly smaller than the other algorithms. Notice that due to the “inertia” effect of the 

process of modeling parameter dynamics (Algo2) a sudden change in the dynamic itself might 

result in a larger oscillation of the estimated frequency at the point of discontinuity. 

The ANF in general and the FP-ANF in particular are known to be sensitive to the 

underlying frequency being too low or too high (α on the stability boundary) where the algorithm 

might converge to a false frequency. We are working on a different aspect of the algorithm to 

improve the convergence accuracy. However, once the frequency has converged to the proximity 

of the true instantaneous frequency, the FP-ANF will provide a superior tracking performance. 

Computationally the FP-ANF runs nearly as fast as Nehorai’s ANF. To be exact, the 

computational complexity of Nehorai’s ANF is about 59N, while the computational complexity 

of the FP-ANF is about 104N+Prediction Complexity, again O(N). Thus, the FP-ANF takes 

roughly twice the time to run when compared to Nehorai’s ANF, but it is still of the same order 

of complexity. 
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Figure 6.3. Tracking of quadratic phase chirps by FP-ANF (top), Algo. 1 (middle), and 
Nehorai's ANF (bottom). The dotted line (…)  is the true frequency, and the solid line (—) is the 

estimated frequency. 
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Figure 6.4. Tracking of cubic phase chirps by FP-ANF (top), Algo. 1 (middle), and Nehorai's 
ANF (bottom). The dotted line (…)  is the true frequency, and the solid line (—) is the estimated 

frequency. 

Table 6.3. Tracking MSE (steady-state) of frequency estimates for quadratic phase and cubic 
phase chirps (based on the average power of the frequency error of the last 500 samples), 

averaging over 100 experiments (assuming convergence). 

Method Quadratic phase chirp 
Frequency Error 

Cubic phase chirp 
Frequency Error 

Frequency-Predicting ANF 9.218x10
-5

 2.014x10
-4

Algo. 1 7.648x10-4 1.216x10-3

Nehorai’s ANF 7.847x10-4 1.360x10-3
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CHAPTER 7 

PARAMETER FILTERING ADAPTATION FOR TRACKING OF 

TIME-VARYING SYSTEMS USING THE FIR MODEL 

7.1. Introduction 

We turn our attention to deriving the Parameter-Filtering Adaptation algorithm for the FIR 

models. The FIR adaptive filters in general have a more predictable convergence and tracking 

quality than an IIR filter. The FIR model also possesses a preferable quality that is the error 

surface is quadratic. Therefore, unlike the IIR case, the need for approximating the quadratic 

surface at the minimum point isn’t essential.  The application of Parameter-Filtering Adaptation 

algorithm in this case will focus on the design of the adaptation of the parameter predictor ,  that has been discussed in chapter 5, equation (5.4).  

A similar approach has been considered by Lindborn et. al. [30] [31] [32] under the 

assumption that ,  is fixed, or optimally designed by an offline procedure. In contrast, we 

consider that the adaptation on ,  is crucial for time-varying environment and more 

importantly, the frequency bandwidth of the variation play a major role in estimation quality. In 

this section, we focus on deriving the adaptation algorithm. Illustration on tracking of periodic 

systems is considered in the next section and analysis results are considered in section VII. 

We start this section by reviewing the traditional approach to tracking with FIR adaptive 

algorithms.   

 

7.2. The traditional adaptive FIR algorithm in tracking plant’s variation 

Many systems in reality have a fast decay impulse response and hence can be represented 

by FIR filters. This representation of the true process is common: 
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  (7.1)

where  …  is the input vector,  …  is 

the parameter vector, and  is zero-mean white Gaussian noise. The traditional Markov model 

for plant’s variation takes the form of equation (5.1): 

  

A traditional adaptation algorithm (LMS, RLS) can be written generally as: 

 
(7.2)

(7.3)

Substitute equations (7.1), (7.2) into (7.3), and denote , we have: 

  (7.4)

Difference selections of  gives rise to difference algorithms, for examples: 

•  is corresponding to the LMS 

•   is the Normalized LMS  

•  is the RLS, with  being the approximation for  etc. 

In order to analyze the steady state of this equation, we can employ Kushner’s Direct 

Averaging method [10] [44]. In this method, the stochastic adaptation equation approximates a 

difference equation with deterministic coefficients, which are the average of the stochastic 

coefficients in equation (7.4): 

  (7.5)

In general, the input is not white, i.e. . Convergence and analysis of 

(5.5) in the case of the LMS family (where ), therefore requires a similarity 

transformation of the equation to diagonalize . To avoid that side-track issue, we employ the 

RLS approach instead. In this case, the correlation matrix  is computed according to: 
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For  being fixed or varied slowly, it can be seen that  is  being low-pass filtered by 

.   Notice that the amplitude of the lowpass filter is 1 at DC. Also if  is stationary 

then we can represent  as a sum of its average and the zero mean random fluctuation: 

 

Thus,  acts as a lowpass filter that suppresses  and keep . We can then use the 

approximation , and consequently , and: 

  (7.6)

Therefore  is already diagonalized for the RLS algorithm. The Direct Averaged equation 

(5.5) becomes: 

  (7.7)

It’s easy to see that this equation is, in fact, a filter again of the form  with a pole at 

, so, in effect, it’s a low pass with a very low cut-off frequency [10]. Thus, the adaptation 

equation can be considered as a filter acts on the “signal” , corrupted by the “noise” 

.  

The reason for the low-pass filtering nature of the traditional adaptation stems from an 

unexpected source: the Markov model of the plant’s variation in equation (5.1). In fact, equation 

(5.1) models a Wiener process, or can be view as the limiting case of a low-pass filter with the 

pole touching the unit circle. Because  is assumed to reside only the low frequency part of 

the spectrum, it makes sense to perform low-pass filtering on its “observation” 

 to get rid of the high-pass noise. Thus, starting from the assumption, we have 

already considered the parameter to possess only the low pass spectrum, and hence the 

adaptations are designed to retain only this portion of the spectrum. The adaptation algorithms, in 

return, are unable to track faster time variation (i.e. variation at higher frequency spectrum) due 

to its inherent design. Removing this notion leads to a new paradigm of the Parameter-Filtering 

Adaptation method in designing general adaptive filter that can track faster time-variation. 
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7.3. Tracking of FIR plants with structural variations in parameters by 

Parameter-Filtering Adaptation 

In Parameter-Filtering Adaptation, we replace the Markov model of the plant’s variation by a 

more general parameter variation model which is a linear process induced by some unknown 

disturbance as previously stated in equation (5.3) 

  

where  is a unknown transfer function and  is the zero-mean white Gaussian process 

noise. The Parameter-Filtering adaptive equation (5.5) in this case, takes the form of 

 ,
 

(7.8)

(7.9)

(7.10)

We wish to analyze the evolution of  and see when the evolution will converge to that of 

. Substitute (5.3), (7.8) and (7.9) into (7.10), and substitute , we have: 

 ,  (7.11)

7.3.1. Weight Average Behavior 

The evolution of  can be seen by analyzing its average behavior. The application of the 

method of Direct Averaging on this situation is difficult, so we have to make an important 

assumption that the behavior of this filtering stochastic equation will be similar to the traditional 

adaptive filter presented in section 7.2.  

Average Stochastic Equation Assumption ― Equation (7.11) behaves in average similar to the 

following equation: 

 ,  (7.12)

We can see again that an adaptive process is just a filtering operation acting on “signal”  

being corrupted by the “disturbance noise” . 
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We’ll concentrate on the particular adaptation form of the weighted RLS algorithm due to the 

simplification of the filtering equation (7.12). Similar to analysis in section 7.2, we have: 

 and  

Thus, (7.12) can be reduced to: 

 ,  (7.13)

Or equivalently 

 ,                    (7.14)

By denoting ,  and  ̃  as the weight 

measurement disturbance we can shorten the equation into  ̃ . 

7.3.2. The Stability Condition 

Equation (7.12) can be rewritten in the filtering form of 

 , ̃  (7.15)

The stability condition can be stated from the previous equation as: 

The zeros of  ,  must be inside of the unit circle 

For the RLS form of the algorithm (equation (7.14)), the stability condition reduced to: 

The zeros of  ,  must be inside of the unit circle 

7.3.3. Output Prediction Error, Weight Prediction Error, and the Parameter Error Filter: 

We turn our attention on analyzing the Output Prediction Error. The quantity in the 

Parameter Filtering scheme can be defined as: 

   ,  (7.16)

where ,  is termed the Weight Prediction Error. 
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Because  is a white sequence and independent from ,  is independent from . 

Therefore: 

  (7.17)

where  is the (fixed) measurement noise level  and  
 is the well known Excess MSE that bound the Weight Prediction 

Error by a double inequality involving the maximum and minimum eigenvalues  and  

of  ( [10] pp. 269): 

 
 (7.18)

The double inequality indicates that a decrease in the Excess MSE (achieved by minimizing 

) generally leads to a decrease in the weight prediction error . 

Using the average stochastic equation assumption (7.12), the weight prediction error  

can be approximated as: 

 ,            ,              , , ̃, , ̃  (7.19)

where ,  is termed the Parameter Error Filter (see chapter 8) that will be crucial in 

analyzing the error. Note that ,  is strictly causal, thus elements of ,  is 

either strictly causal or monic.  

The Error filter ,  can be written explicitly in terms of the Predictor filter , . From 

(7.14) and (7.19), we have: 

 ,                                           .  , ,           (7.20)

The second equality is due to linearity and the delay operator  can swap to the beginning of 

second term in the right hand side. 
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Assuming the weights’ variations are independent (see more in chapter 8), which implies ,  is diagonal , , . Then error filter ,  is also diagonal , ,  by equation (7.20) and its elements can be represented as: 

 , , ,  (7.21)

Note that the Stability Condition in section 7.3.2 ensures that ,  is stable too.  

This equation can be very useful in designing the appropriate error filter that is “tuned” to the 

specific requirements (see section 7.4). In general, equation (7.19) dictates ,  to 

accomplish two conflicting goals: 

• To suppress  at those frequencies when it is significant 

• To be close to the identity matrix I at the rest of the frequencies. 

From equation (7.17), (7.19), and (7.20), it can be seen that the prediction error  is a 

function of both the (predicted) weight  (in fact, it’s distance to the true parameter ) 

and the parameter prediction filter , . Thus, we need to minimize  with respect to 

both variables. The minimization of  w.r.t. the weight can be considered as being taken 

care of by the weight update equations (7.8), (7.9), and (7.10). The remaining issue is to 

minimize  w.r.t. the parameter prediction filter , . 

7.3.4. Filtering of noisy parameter measurement interpretation 

Because , ̃ , which is a filter of a noisy version of the 

true parameter , we can interpret the minimization of the prediction error  w.r.t. ,  as finding the optimal way to filter that noisy parameter.  

This intuition can be shown by using a device quantity as follows. Consider the imaginary 

error: 

 – ,  (7.22)

Utilizing the average stochastic equation (7.12),  can be approximated by 
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 ,         ,                                            ,                        (7.23)

Thus, minimizing  (w.r.t. , , which is a function of , ) is approximately 

equivalent to minimizing the norm of , , weighted by . In the ideal 

case when the input is a white Gaussian process, the weight , thus minimizing  

is equivalent to minimize the norm of , . As it will be discussed in 

chapter 8, the error filter that minimizes the aforementioned norm is one that corresponds to the 

Wiener filter. 

On the other hand: 

  (7.24)

Because  due to  being white and uncorrelated with 

. Thus, coupled with (7.17), we have: 

                 (7.25)

For a stationary input and measurement noise, the quantity  is 

fixed, thus minimizing   leads to the minimization of . 

7.3.5. Minimization of the Prediction Error 

Equations (7.23) and (7.25) shows that the prediction error is (roughly) a convex function 

of the Error filter ,  parameterized by . As it will be discussed in section VII, this filter is 

constrained (to be monic) and the optimal is the causal Wiener Error filter (corresponding to the 

Wiener causal predictor , ). Although this filter can be designed offline as the approach by 

Linborn et.al.( [30] [31] [32]), an adaptive procedure to estimate it would be far more robust. In 

this section, we derive the gradient descent adaptive algorithm to estimate . 
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Equation (7.16) is the exact relationship between the prediction error  and the 

parameter . Take the derivative w.r.t. , we have: 

 
 (7.26)

Because  is a filtered version of  , we have: 

 , ,  (7.27)

Now, because of the update equation (5.10) on  , we have: 

 
 (7.28)

And we arrive at the recursive form of computing  in terms of the set of equation (7.28), 

(7.27), and (7.26).  

In specific, if ,  takes the form of a diagonal matrix of IIR filters  , , , ,,  

Then (7.27) can be written in an explicit form as follow. From the filtering equation ,  that can be reformulated as , , , take the 

derivative of both sides w.r.t  we have: 

 , , , ,  (7.29)

Or equivalently:  

 , , , ,
(7.30)

 

In summary, if we denote  

,  , and   
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then a recursive computation of the gradients can be derived as: 

  , , , ,        

(7.31)

The update of  can then takes the form of the Prediction Error method: 

 
 (7.32)

We’ll illustrate the algorithm by tracking of fast, frequency-sparse variations in the next section 

 

7.4. Tracking of FIR plants with Frequency Sparse parameter variations 

7.4.1. Variations with Sparseness in Frequency Domain 

Traditional tracking of slow variation, as summarized in section 7.2, mainly concerns 

estimating parameters such that most of their energy is concentrated near DC. As it will be 

discussed in section 8.1, the tracking problem can be seen as an extended causal prediction 

problem in a Time-Parameter plane. Moreover, as it will be shown in section 8.3 that the less 

bandwidth the signal takes in the frequency domain, the better the prediction quality becomes, it 

can be seen that the reason why traditional tracking method is very successful in tracking slow 

varying parameter is owed to fact that the parameters being concentrated near DC. 

Parameter Filtering Adaptation method can extend the kind of parameter variation to 

frequencies other than DC. However, because of the particular concerns about the estimation 

quality (see section 8.2 and 8.3), it is highly desirable to limit the kind of variations to those that 

are concentrated in a few frequencies, i.e., Frequency Sparse variation. The technical issue is 

now to derive the tracking algorithm in such scheme. We will illustrate a procedure by deriving 

Parameter-Filtering Adaptation to track an FIR plant with sinusoidal variation.  
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7.4.2. Tracking of Plants with Sinusoidal Time-Varying Parameters  

We assume that each weight varies in a single frequency. Minimization of the Prediction 

Error  can be seen from the point of view of equations (7.19), (7.20), (7.23) as designing 

the error filter  ,  that suppresses the sinusoid   and retain the weight measurement 

disturbance ̃ . The design of those “notching” filter can follow the step of the traditional 

Adaptive Notch Filter designed mentioned in section 6.2.1. Thus, ,  can take the form of: , , , … , ,  

where 

 , ,  (7.33)

Given the relationship in (7.21) we can derive the relevant form of  ,  to be: 

 , , ,                  (7.34)

The gradient can follow the one given in section 7.3.5 and we can summarize the algorithm 

in Table 7.1.  
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Table 7.1. Parameter-Filtering Adaptation to track time-varying Plants with Sinusoidal Variation. 

At time t, sequence { , , , …} has been computed.   

Denote:  ;   ;   ,  ,  

and 

, /   

Main Loop: ,
 

Parameter Adaptation Loop: 

For i = 1:p 

• Compute the Gradient w.r.t. , : 

, , ,

       
       , ,

 

• Adaptation of  and : 

, , , ,, , , , ,  

• Stability check and projection on  and . 

end 
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7.4.3. Tracking of parameter variations with multiple frequencies 

In general, the variation can be concentrated on several frequencies, thus tracking requires 

several ANF stages. This type of multiple sinusoidal tracking was considered before in the 

context of signal tracking [45]  [39]. Depending on the specific types of applications, whether we 

just need to learn about the plant’s structure, or if we need to control it, the tracking of parameter 

variations can take the hierarchy form or the cascade form. 

In the hierarchy form, which is suitable for learning, each frequency component is estimated 

at a single stage and removed from the prediction error. The residual prediction error from this 

stage is, then, fed to the next one as the desired output. This scheme can be depicted as shown in 

Figure 7.1. 

 

Figure 7.1. Hierarchy form to track parameter variation in multiple frequencies. 
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In the control application where there is the need to estimate all frequency components at 

once and remove from the prediction error, the cascade form can be used. In this scenario several 

stages of frequency component estimator or Adaptive/NonAdaptive Notch Filters are cascaded 

and the prediction error is calculated once before feeding back to each stage to perform 

adjustments such as those depicted in Figure 7.2. 

An important issue when dealing with variation in multiple frequencies is the need for 

sufficient “distance” between frequencies for the Adaptive Notch filter to be able to track each 

frequency. If the frequencies are too close (low “resolution”) then the Adaptive Notch Filter 

might not be able to separate them. In certain application, such as in automaton, when the 

frequencies are known, it’s better to design fixed Notch Filter at the known frequency and let the 

Parameter Filtering approach adapt only the parameters in each frequency. 

 

Figure 7.2. Cascade form to track parameter variation in multiple frequencies. 
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7.5. Simulation 

In this section, we demonstrate the effectiveness of the Parameter-Filtering Adaptation 

algorithm by considering three examples: Tracking of a frequency varying chirp using Adaptive 

Notch Filter, tracking of an FIR plant with sinusoidal time-varying parameters of unknown 

frequencies and tracking of an FIR plant with a periodic state-switching parameter variation of 

known frequencies.  

7.5.1. Tracking of an FIR plant with sinusoidal time-varying parameters of unknown 

frequencies. 

We simulate algorithm presented in section 7.4.2 by tracking an FIR plant of order 2 whose 

coefficients varies independently and sinusoidally by two different frequencies (just to show 

proof of concepts). The measurement noise is 26dB bellow the input signal. Comparing to the 

traditional RLS method, the new algorithm is significantly better. In Figure 7.3, we consider the 

convergence of Parameter-Filtering Adaptation on one parameter to show that the deviation is 

usually “die out” as in the traditional DC tracking case. The estimated parameter by Parameter-

Filtering Adaptation is significantly better in the steady state, and the RLS algorithm, in 

comparison, was barely able to keep up (due to the low frequency of the varation). In Figure 7.4, 

we consider the tracking of other parameter varying with higher frequency. The estimator from 

Parameter-Filtering adaptation is able to “snap on” the true parameter, while the estimator from 

the RLS is completely unable to “react”. 

The convergence of the frequency related parameter and the bandwidth control 

parameter  are shown in Figure 7.5 and 7.6. The frequency-related parameter ’s all converge 

to the true parameter, while the bandwidth control parameter ’s fluctuate to open or close the 

bandwidth depending on the current noise level.  
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Figure 7.3. Tracking of a coefficient varies sinusoidally with low frequency by Parameter-
Filtering Adaptation (top) and RLS (bottom) that show both the transient and steady-state. The 

dotted line (…)  is the true parameter, and the solid line (—) is the estimated parameter. 
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Figure 7.4. Tracking of the other coefficient varies sinusoidally with higher frequency by 
Parameter-Filtering Adaptation (top) and RLS (bottom) that show the tracking steady-state only. 

The dotted line (…)  is the true parameter, and the solid line (—) is the estimated parameter. 
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Figure 7.5. Convergence of  

 

Figure 7.6. Convergence of  
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7.5.2. Tracking a periodic switching plant 

We simulate the cascade structure in section 7.4.3 to track an FIR plant of order 2, whose 

coefficients switch between two states periodically. This type of switching systems is widely 

available. For each coefficient, we use 3 notch filters to track the variance: one at the 

fundamental frequency, and its 3rd and 5th multiples.  

It can be seen from Figure 7.7 that Parameter-Filtering Adaptation algorithm tracks this 

type of plant much better than the RLS algorithm. The lag error is fully eliminated and the 

frequency response is much more fully captured. The expanded view in Fig. 7.8 shows this more 

clearly. 

 

Figure 7.7. Tracking of a Periodically switching plant with known frequency by Parameter-
Filtering Adaptation (top), and RLS algorithm (bottom). The dotted line (…)  is the true 

parameter, and the solid line (—) is the estimated parameter. 
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Figure 7.8. Detail comparison between Parameter-Filtering Adaptation (top) and RLS (bottom) 
The dotted line (…)  is the true parameter, and the solid line (—) is the estimated parameter. 
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CHAPTER 8 

ANALYSIS OF THE PFA AND ITS RELATIONSHIP TO 

THE SPARSITY IN THE FREQUENCY DOMAIN OF THE VARIATION 

8.1. On the General estimation of Time-Varying Transfer function 

Consider a general time-varying nonlinear transfer function that can be expressed in the 

form of 

  (8.1)

where , , …  and  is a nonlinear function that is reasonably 

smooth and satisfies the stability condition , (i.e. if the input is 0 then the output is also 

0).  

Take the Taylor Expansion of  around  , we have: 

             
   (8.2)

Thus, in general, a nonlinear time-varying problem can be approximated by a linear causal time-

varying problem. The problem of estimating a linear causal time-varying transfer function 

 is in fact a prediction problem on the Time-Parameter plane where given the past value 

of | , … ∞  as a function of i and k, we want to predict the current function 

. By modeling {  abstractly as a random process on the Time-Parameter plane, it’s 

possible to invoke linear prediction techniques such as the Wiener filter theory to predict the 

current transfer function with computable accuracy. 
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In general, to solve a prediction problem on a plane (such as the time-parameter plane) 

using the linear prediction techniques requires the use of a tensor predictor, so it can be 

computationally prohibited. Therefore, in order to reduce the computational complexity, the 

random process on the Time-Parameter plane must be constraint to one that can be parameterized 

by a limited number of parameters. The constraint could be given in several ways, such as the 

IIR filter form as in chapter 6, the FIR form with a limited number of taps as in chapter 7, or 

other ways (not described in this dissertion) such as a form using Laguerre series. We investigate 

the performance of the general Parameter Filtering Adaptation in terms of the concept of Degree 

of Nonstationarity in the next section. 

 

8.2. Generalized Degree of Non-stationary 

The degree of Non-stationarity, proposed by Macchi [27] [10], is an effective measure of 

systems’ tracking ability. This is an intrinsic value of a system, thus it has nothing to do with 

which adaptive algorithm will be used. Its value is a function of the variance of the innovation 

sequence (process noise) in relation to the input and the output noise. The Degree of Non-

stationary has an important role in lower bounding the Misadjustment  - the amount of the excess 

prediction error (power of the prediction error minus the power of measurement noise) 

comparing to the measurement noise, and by that definition, the misadjustment shows the quality 

of a particular adaptive filter estimator. In other words, the tracking ability of an algorithm 

strongly depends on how fast (or unpredictability) the system changes. If the system changes 

slowly then an adaptive algorithm can easily track it. It the system varies too fast -  or too 

unpredictable to be more precise – then all algorithms will fail, manifesting in the misadjustment 

being greater than 100%. In practice, it is considered ideal (tracking) for the misadjustment to be 

under 10%. Thus, the utility requirement imposing on the misadjustment constrains the 

magnitude of the degree of nonstationary. 

 This measure is originally derived in the context of the Markov modeling of the system 

variation. Given the plant’s model as in Equ (5.1), output model as in (7.1), the prediction error 

(7.2) can be computed in terms of the weight error: 
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                             (8.3)

Note that  is the best estimator at time , thus at best it can be equal to 

.Since the process noise  and measurement noise  are assumed white and 

uncorrelated, we can derive an approximate bound for the steady-state prediction error as: 

 
 (8.4)

The steady-state misadjustment can then be bounded by: 

 

 
(8.5)

where  is termed the degree of non-stationarity. Note that the degree of non-stationarity is 

given as a function of the input statistics, measurement noise and the process noise. Given the 

same input and measurement noise, the process noise play a major role in determining process 

that is trackable or not. This process noise can be considered as the innovation of the parameter 

process that follows the Markov model. 

 Given the context of the Parameter-Filtering Adaptation algorithm as a generalized adaptive 

filter, this lower bound of the steady-state misadjustment can be re-derived. From equation (7.1) 

and (7.8), the prediction error in this case can be expressed as: 

 
 (8.6)

The predicted parameter  is the best that the algorithm can estimate based on the set 

of the entire past estimators  Θ | … ∞ . Note that even if  is obtained from 

the set of true parameters Θ … ∞  and perfectly predicted then from Equation 

(5.3) the weight error  is still bounded by the norm of the parameters’ 

innovation : 
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  (8.7)

Thus, by reasoning similar to the DC tracking case, the steady-state misadjustment can be lower-

bounded by: 

 

 
(8.8)

Thus, the degree of non-stationarity can still be defined in the same form, except  is 

define more exactly as the innovation of the true parameter (vector) sequence. 

 

8.3. Frequency Sparsity property and Predictability 

We can see from the concept of degree of nonstationarity that a lower process noise is 

desirable. The smaller the power of the process noise is, the better the misadjustment will be. 

Thus, it is desirable to have  to be essentially 0. This implies the time series is predictable. 

We recall some results from the prediction theory without formal proofs, which can be found in 

[46]. 

Consider a discrete stochastic process |  and we form the sum: ∑ . The prediction error is define as: . 

Definition 1: A discrete process  is called predictable if the MMSE of the prediction 

error is 0, which can be described mathematically as: 

min  

Theorem 1: A process is predictable if and only if its spectrum consists of lines, i.e. 

 

Definition 1 and theorem 1 define processes that are perfectly predictable.  
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In the case when the error is not 0 but arbitrarily small, we have a new type of process 

called weakly predictable, which is defined as follows: 

Definition 2: A discrete process  is called weakly predictable if 

inf  

Theorem 2: A process is weakly predictable if and only if it is band-limited. 

The two aforementioned classical results will not be elaborated too much, but a portion of 

Theorem 2 is reproduced in section 8.4.3. 

This predictability notion can be extended to sequences on a plane such as the set of 

parameters as in our case. Thus, we want to place more attentions on this class of time series. 

In this case (of frequency band-limited parameters) the misadjustment, however, is not 0 

and the prediction error is still larger than the minimum MSE . The reason can be seen 

from equation (7.14) as the estimated parameter  is in fact a causal linear predictor of  

under a noisy measurement, so (9.5) is not exactly an equality. The prediction error then 

becomes a function of the frequency bandwidth of variation of the parameters. We explore this 

relationship in the case of single dimension in the next section. 

8.4. Relation between Signal Sparsity in the Frequency Domain and the 

quality of its causal linear estimation from a noisy measurement. 

8.4.1. Introduction 

We noted that in the Adaptive Line Enhancement (ALE) problem, the ANF notch filter 

usually has a significantly small Mean Square Error (MSE) when tracking sinusoidal signal 

buried in additive noise. This shows on the graph as a very smooth-appearance for the estimated 

curves (See e.g. Fig. 7.3 and 7.4). On the one hand, this can be considered as the consequence of 

sinusoidal signals being (near) ARMA processes. Thus, using an ARMA model to estimate such 

a process requires only a few parameters. The number compares favorably to AR or MA (FIR) 
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models (for example, Kolmogorov shows that a finite ARMA process can be represented by an 

AR process of infinite order [47]).  

On the other hand, the small MSE can also be considered as the result of the signal 

occupying only a very small portion of the frequency spectrum (the support length in the 

frequency axis is essentially 0). Consequently by imposing a (causal linear) filter that select only 

a very limited frequency spectrum of the signal and suppress the rest of the frequencies, we can 

effectively eliminate almost all noise. Thus, the (causal) estimation of a spectrum line usually 

results in a significantly small MSE comparing to when we track a broadband signal. This 

heuristic argument suggests a direct connection between the signal being sparse in the frequency 

domain (frequency band-limited) and the MSE improvement of its causal estimation from the 

noisy measurements. We explore this connection in more details as follows.  

8.4.2. Causal Linear Estimation of an WSS signal in white noise 

Consider the classical problem of causal linear estimation of a wide sense stationary signal 

 buried in a white noise  (See e.g., [17]). The observed signal is: 

  (8.9)

and ’s causal estimator takes the form of a linear prediction of : 

  (8.10)

where ∑  is a prediction filter. 

Note that the prediction error  can be written as: 

  (8.11)

The noise  is uncorrelated with the signal, and since  is assumed white, it is also 

uncorrelated with its past  and effectively uncorrelated with . Thus we have 

 . This leads to the MSE to be separated as: 

  (8.12)

and as a side result: . Minimization of , therefore, leads to the 

minimization of . 
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The optimal to this causal linear prediction problem is often solved in the form of the 

causal IIR Wiener filter. This causal filter is usually obtained by performing the Spectral 

Factorization of the input spectrum  and given in the form of ( [48] pp. 365): 

 
 (8.13)

where  is the (monic minimum-phase) innovation filter of the random process , 

resulted from the Spectral Factorization of .  

The minimum MSE (MMSE) is calculated by the Kolmogorov-Szego [17] formula: 

 min exp ln       
                         exp ln  (8.14)

where  and  are the frequency spectrum of the signal  and the noise 

. This form, however, doesn’t show the connection between the bandwidth of  and the 

MMSE due to the inherent difficulty of expressing ln  of functions of 

individual spectrum  and , so we take a different approach to quantify that 

connection. 

8.4.3. Signal Bandwidth and the quality of its noisy estimation 

The prediction error  is actually given by a causal filtering of : 

  (8.15)

where the causal monic ∑  is known as the Error Filter [17]. The 

prediction error , therefore, can be expressed in the spectrum form of: 

 
 (8.16)
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When  is minimum, we have  is a monic minimum-phase filter. Invoking the 

relation   ln ln  for any minimum phase filter [17], we have: 

 ln ln  (8.1

where  is the first impulse response of the filter . The problem, therefore, is to search 

among the set  of monic, minimum-phase filters (those monic filters that satisfies (8.17)) for 

one that minimizes (8.16).  

Note that the minimum prediction error  forms a white sequence. Thus,  

acts as a spectrum magnitude equalization for , hence it takes a form of band-suppression 

filter (i.e. suppress spectrum with signal and enhance one without signal).  

Supposed the signal is band-limited, i.e. there exists a collection of intervals ,  

with positive measure such that  is insignificant (almost 0) for . We consider a 

sub-optimal error filter  with a similar form that suppress frequencies of  in 

the set , \  and enhance those frequencies in D. Let , the size of the 

support of the signal spectrum. Condition (1.9) imposes a severe restriction on the magnitude 

response of elements in  so that it can’t take an arbitrary form of spectrum filters. In general if 

the stop band of  is smaller than  with  then the pass band will raise to an 

average of greater than . This can be proved quickly as follows: 

Proof: 

We have:    ,   for  ln ln  

Eq. (8.17) implies:      ln ln ln  

Define exp ln  then  can be considered approximately an 

average of  on D. Assuming ,  so that , we then have: 
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The previous intuitive result can be used to develop a double bound on the prediction error, 

utilizing the approach in [46] (Theorem 2 on weakly predictable process). Given an arbitrary 

 design a real-positive even polynomial function ∑  such that (see 

Figure 8.1):  

  ,, ,  (8.18) 

where G is a subset of D and the length of G is ζ, and . 

Let ln d  . We have: 

 π ln d π ln dG π ln dGπ ζ. ln ζ ln δ π ln δ π ln  (8.19)

This “shaping” function  is real and positive, so it can be used to design a minimum 

phase filter  such that  (Riess-Ferjer Theorem [49]).  

 

Figure 8.1. Shaping function  [46] 

 

2π-ζ 
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It can be checked that  satisfies (8.16): 

 ln ln ln
 

(8.20)

hence  due to the fact that it is a monic minimum phase filter.  

In addition, since  we have . Because  is optimal, replacing 

 by  will increase the error. Couple with (8.16), the MSE can then be bounded by: 

 ̃                      

   
 (8.21)

Consider the effect on the upper bound function  

 , , ζ
 

(8.22)

When the signal bandwidth decreases, indicated by ζ , then , we have ζ and ζ  is decreasing. Moreover: 

 lim ζ  (8.23)

Thus 

 min lim , , ζ  (8.24)

So  is bounded between 2 tight bounds. Therefore the smaller bandwidth of  is the 

better the MSE  becomes.  
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CHAPTER 9 

CONCLUSION AND FUTURE WORK 

9.1. Conclusion 

Getting better estimation is always the goal of System Identification. New situations that 

occur everyday, however, tend to pose new problems to the field that may or may not have been 

considered, and may require new techniques to be developed. This dissertation explores several 

new techniques that can improve the estimation quality in a several general situations.   

When measurement noise is non-Gaussian and unknown distribution statistics, the regression 

method of Minimum Entropy Estimation (MEE) can be applied. General for estimation of fixed 

systems under the unknown non-Gaussian measurement noise condition an offline optimization 

procedure can be employed. This method can be developed into one suitable to estimate 

Multiple-Input-Multiple-Output (MIMO) structures such as one proposed in Chapter 3. The 

method is developed from the Eigensystem Realization Algorithm (ERA), and comparing to the 

original one, the MEE approach shows a much better estimation error. Extension of the MEE 

method to estimate feedback systems under colored unknown non-Gaussian measurement noise 

is considered in Chapter 4. The derivation shows that this is a nonlinear regression problem and 

the method of MEE is still relevant and applicable. Simulation shows that the new method 

outperforms the traditional (nonlinear) Least Squares in this case too.  

Another general and potentially more complicated situation being considered in this 

dissertation is when the system being estimated is time-varying. In this case, online estimation 

techniques are usually employed, such as the method of Adaptive Filtering.  Usually, the 

changing nature of a system is strongly coherent in time, and this time-correlation structure can 

be exploited to improve the estimation quality. Following this line of reasoning, the dissertation 

proposed a method called Parameter Filtering Adaptation which is an Adaptive Filter with the 

adaptation not only on the system parameter being estimated (as in the traditional Adaptive 
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Filter), but also on the prediction functions for the parameters (i.e. using coherent between the 

past parameters to predict ahead the current one). This method is shown to be much more 

superior comparing to the traditional Adaptive Filter on several grounds. When applying on the 

IIR structure, the exploration in chapter 6 shows that the prediction will help the computation of 

the optimal parameter for the current time due to the better quadratic approximation of the non-

quadratic time-varying error surface. An example application of this idea is to the problem of 

Adaptive Line Enhancement using the concept of Adaptive Notch Filter, which shows a 

significant advantage in frequency estimation comparing to a traditional method called Nehorai’s 

adaptive notch filter. The update of the parameter prediction function in the IIR case is not very 

advanced in a sense that only the next parameter estimation is fed back to improve the parameter 

prediction filter. A more advance way to update the parameter prediction function based on the 

prediction error is presented in chapter 7 when we explore the application of Parameter Filtering 

Adaptation algorithm in estimation of time-varying systems using FIR models. In chapter 7 the 

Parameter Filtering Adaptation method is shown to have a filtering effect on the sequence of 

parameters. Thus a variation with very low frequency bandwidth will likely to have a better 

estimation. Simulations at the end of chapter 7 show that plants with sinusoidal variations can be 

accurately estimated using Parameter Filtering Adaptation with better tracking quality comparing 

to the traditional adaptive filter algorithms (the Recursive Least Squares method was used for 

comparison). A more interesting simulation is the tracking of periodically switching plant, where 

Parameter Filtering Adaptation algorithm shows no lag in tracking of the predicable switch. The 

previous connection between the frequency bandwidth of the parameter variation and the quality 

of its estimation is considered more quantitatively in chapter 8, when mathematical formulation 

is derived to show that the sparser in the frequency domain the parameter variation is, the better 

its estimation quality. In the general case, the misadjustment of the online estimator by Parameter 

Filtering Adaptation algorithm is bounded by a quantity which is the redefinition of the degree of 

nonstationarity, a quantity proportional to the innovation of the parameter sequence and the input 

power, as well as inversely proportional to the measurement noise.  
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9.2. Future work 

The dissertation leaves several open questions that can be very interesting to pursue: 

• Is it possible to apply the Minimum Entropy Estimation of a system when the input is a 

function of the output (identification-in-the-loop)? 

• Is it possible to derive an Adaptive form for the Minimum Entropy Estimation method? 

• The derivation of the Parameter Filtering Adaptation method for the IIR case is still 

incomplete in a sense that the variation parameter  has not been adapted from the 

prediction error.  

• The chirp tracking example shows that the quality of the tracker might not depend 

entirely on the frequency bandwidth, since in the chirp’s situation, the frequency is time-

varying. This leads to the question of whether it is possible to track signal with local 

time-frequency characteristics besides chirps 

These are the questions that have been presented on the author’s mind since the development 

of these investigations. The author does hope that they can be answered in the near future.
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