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ABSTRACT 

Computational neuroscience is a relatively new area that utilizes the computational 

analyses of neural systems as well as development of mathematical models. Analyses of neural 

systems help us to gain a deeper understanding of how different dynamical variables contribute 

to generate a given electrical behavior and modelling helps to explain experimental results or 

make predictions that can be tested experimentally. Due to the complexity of nervous system 

behavior, mathematical models often have many variables, however simpler lower-dimensional 

models are also important for understanding complex behavior. The work described herein 

utilizes both approaches in two separate, but related, studies in computational neuroscience. 

In the first study, we determined the contributions of two negative feedback mechanisms 

in the Hodgkin-Huxley model. Hodgkin and Huxley pioneered the use of mathematics in the 

description of an electrical impulse in a squid axon, developing a differential equation model that 

has provided a template for the behavior of many other neurons and other excitable cells. The 

Hodgkin-Huxley model has two negative feedback variables. The activation of a K+
 current (n), 

subtracts from the positive feedback responsible for the upstroke of an impulse. We call this 

subtractive negative feedback. Divisive feedback is provided by the inactivation of the positive 

feedback Na+current (h), which divides the current. Why are there two negative feedback 

variables when only one type of negative feedback can produce rhythmic spiking?  We detect if 

there is any advantage to having both subtractive and divisive negative feedback in the system 

and the respective contributions of each to rhythmic spiking by using three different metrics. The 

first measures the width of a parameter regime within which tonic spiking is a unique and stable 

limit cycle oscillation. The second metric, contribution analysis, measures how changes in the 

time scale parameters of the feedback variables affect the durations of the “active phase” during 

the action potential and the inter-spike interval “silent phase” of a tonically spiking model. The 

third metric, dominant scale analysis, measures a sensitivity of the voltage dynamics to each of 

the ionic currents and ranks their influence. 

In the second study, we used electrophysiology data provided from the collaborating lab 

of Mike Shipston combined with mathematical modelling to show how two different 

neurohormones regulate patterns of electrical activity in corticotrophs. Corticotroph cells of the 
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anterior pituitary are electrically excitable cells and are an integral component of the stress the 

neuroendocrine response to stress. Stress  activates  neurons  in  the  hypothalamus  to  release  

corticotrophin-releasing hormone  (CRH)  and  arginine  vasopressin  (AVP).  These  

neurohormones  act  on corticotrophs  in  the  anterior  pituitary  gland,  which  secrete  another  

hormone, adrenocorticotropic  hormone  (ACTH).  ACTH  enters  the  general  circulation  and 

stimulates the adrenal cortex to secrete corticosteroid (cortisol in humans). Corticotrophs display 

single spike activity under basal conditions which can be converted to complex bursting behavior 

after stimulation by the combination of CRH and AVP. Bursting is much more effective at 

releasing ACTH than is spiking, so this transition is physiologically important. We investigated 

the underlying mechanisms controlling this transition to bursting by mathematical modelling 

combined with the experimental data. 

  

The significance of the work in this dissertation is that it provides a very good example of 

how experiments and modelling can complement each other and how the right mathematical 

tools can increase our understanding of even a very old and much studied model. 

 



1 

 

CHAPTER 1 

INTRODUCTION 

The nervous system is made up of a large number of elements that interact with each 

other in a very complex way. To understand how such a complex system functions in even the 

simplest of animals requires the construction and analysis of computational models at many 

different levels. Dynamical systems and computational methods are now being used to study this 

complex behavior in various neuronal systems. It is becoming increasingly recognized that 

neuroscience provides unique interdisciplinary collaborative research opportunities for both 

experimentalists and theoreticians (Ermentraut and Terman, 2010). The overall aim of this 

dissertation is to show this interdisciplinary collaboration by bringing new understanding to an 

old model and by developing a new model to help interpret recent experimental findings.  

 

Chapter 2 provides a brief introduction to the theory and explains the basis of electrical 

activity in the neuron and other excitable cells. We first present the basics of how a 

semipermeable membrane, along with ion channels and pumps, maintains different ion 

concentrations inside and outside the cell resulting in an electrical potential across the cell 

membrane. This membrane was modelled first as an electrical circuit by Hodgkin and Huxley in 

1952. Next, we introduce the Hodgkin-Huxley model of the action potential. This model is 

known as the first successful example of combining experimental and computational studies in 

neuroscience. They used the newly invented voltage clamp technique to produce the 

experimental data and then constructed a set of mathematical equations representing the 

movement of ions that control the opening and closing of sodium and potassium channels. We 

also show in this chapter how the activation of sodium channels provides a fast positive feedback 

to the system that produces the upstroke of an action potential, while the inactivation of sodium 

channels and the activation of potassium channels provides the delayed negative feedback that 

produces the downstroke. Hodgkin (1948) injected a DC-current of varying amplitude, and 

discovered that some neurons could exhibit repetitive spiking with arbitrarily low frequencies, 

while the others discharged in a narrow frequency band. Hodgkin’s classification is explained in 

Chapter 2.  
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In Chapter 3, we explore the roles that the two negative feedback mechanisms play in 

neuronal activity, and investigate the advantage of having both in this model. To do so, we use 

recently-developed mathematical techniques called Contribution Analysis and Dominant Scale 

Analysis. We also define 2D and 3D reductions of the Hodgkin-Huxley model and compare the 

robustness of these models to that of the full Hodgkin-Huxley model. Although the results of the 

analysis are specific to the Hodgkin-Huxley model, the techniques that we employ here could be 

used for any neuronal model. The work presented in this chapter is published in the Journal of 

Computational Neuroscience (Sengul et al. 2014).  

 

In Chapter 4, we develop a model of the electrical activity of pituitary corticotrophs. 

Corticotrophs are one of the endocrine pituitary cells that are electrically excitable like neurons. 

They produce adrenocorticotropic hormone (ACTH) in response to corticotropin releasing 

hormone (CRH) and arginine vasopressin (AVP). First, we explain the regulation of corticotroph 

cells in detail. Then we explain the biological questions that motivated the project. This work 

was done in collaboration with the lab of Mike Shipston at the University of Edinburgh, who 

supplied the electrophysiological data. The combination of data and model simulations show 

how CRH and AVP differentially regulate patterns of corticotroph excitability. In addition to 

interpreting existing data, our model was used to generate predictions about the role of large-

conductance Ca
2+

-activated K
+
 channels (BK channels) in the transition from spiking to bursting 

in pituitary corticotrophs. These  predictions  were  then  tested  and  verified  using  

pharmacological  manipulations and in vitro recordings. The results we present in this chapter 

are submitted for publication to the Journal of Physiology (Duncan et al. 2014). 

 

Finally, Chapter 5 concludes the dissertation and present topics for future research. 
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CHAPTER 2 

BACKGROUND AND SIGNIFICANCE 

2.1 Excitable Cells and Neurons 

 

 The basic unit of living tissue is the cell. Cells are specialized in their anatomy and 

physiology to perform different tasks. All cells exhibit a voltage difference across the cell 

membrane but excitable cells are the cells that are able to produce and respond to electrical 

signals. Nerve cells or neurons, muscle cells, heart cells and secretary cells such as pituitary 

cells, pancreatic beta cells or cells in the adrenal medulla are examples of electrically excitable 

cells.  

 

2.1.1 Neurons 

 

 At the end of the 19th century two neuroanatomists, Santiago Ramony  Cajal and Camillo 

Golgi, first described the cells in the brain which are now called nerve cells or neurons (Levitan 

and Kaczmarek, 2001). Neurons are basic units of information processing. In the human brain 

there are almost 10
11

 neurons which is much fewer than the number of non-neural cells, but 

neurons are unique because only they can transmit electrical signals over long distances. A 

typical neuron can be divided into 3 functionally distinct parts: dendrites, soma and axon as in 

Fig. 2.1. Neurons can receive input from more than 10,000 other neurons through the contacts on 

its dendrites called synapses (Fig. 2.1). The dendritic tree is the part of the neuron where 

information is received and integrated from other neurons or from other places in the body. 

These inputs then reach the soma which is the central processing unit. Whenever the total input 

exceeds a threshold an action potential or spike is generated. These spikes travel through the 

axon which is the part of the neuron specialized for intracellular information transfer. A layer of 

myelin cells surrounding the axon allow the spikes to travel from the soma through the axon very 

rapidly.  
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2.1.2 Ion movements across the cell membrane 

 

The electrical behavior of excitable cells is based upon the transfer and storage of charge, 

and electrical current can be carried by any charged particle, including ions such as K
+
, Na

+
, and 

Ca
2+

 in a solution (Fall, 2000). Excitation and electrical signaling in the nervous system involve 

the movement of these ions through ion channels. Ion channels are macromolecular pores in cell 

membranes (Fig. 2.2). The Na
+
, K

+
, Ca

2+
, and Cl

-
 ions are responsible for almost all actions in 

our body such as muscle contractions, heart beat, or our brain activity. The ions channel's 

response is called gating by simply closing or opening of the pore. The open pore has the 

important property of selective permeability that allows some restricted class of small ions to 

flow passively down their electrochemical gradients at a rate greater than 10
6
 ions per second 

(Hille, 1991). In Fig. 2.2, we can see the protein structure of a K
+
 ion channel. It has four 

subunits, color coded in the figure, and each consists of membrane-spanning alpha helices.  

 

All cells have ion channels in their membrane. Some of the functions of the ion channels 

can be listed as establishing a resting membrane potential, shaping electrical signals, gating the 

flow of messenger Ca
2+

 ions, controlling the cell volume and regulating the net flow of ions 

across secretary cells (Hille, 1991). 

Figure 2.1: Communication between neurons. Neurons receive inputs from its dendritic 

tree. The resulting ionic current I(t) flows into the soma and is integrated to produce spike 

trains that travel down the axon. Synapses transmit these spikes to the other neurons 

(Modified from Benda, J. 2002).  
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 Another way of ion transport is through ion pumps or ion carriers (Fig. 2.3). Ion pumps 

are the transmembrane proteins that maintain a concentration gradient across the plasma 

membrane. They convert energy from different sources such as ATP, sunlight and other 

reactions to potential energy which then can be used by ion channels or ion carriers. Ion carriers 

also can transport many different types of small molecules including ions. Ion carriers are much 

slower than ion channels as they undergo a conformational change every time they move a 

molecule across the lipid bilayer.  

 

2.1.3 Electrical activity of neurons 

 

 A neuron has been studied at many different levels of analysis. But when it comes to 

mathematical or computational modeling, the study of neurons mostly focuses on their electrical 

activity. In neurons, as in all living cells, a measurement of the voltage across the membrane 

shows that there is an electrical potential difference between the inside and outside of the cell 

membrane, called the membrane potential. Mathematically, the membrane potential is defined 

as Vm=Vin-Vout. In neurons, the membrane potential is used to transmit and integrate signals over 

long distances.  The resting membrane potential is the potential across the membrane when the 

cell is at rest and it is typically around −70 mV, so the potential inside the cell is more negative 

than that on the outside. The cytoplasm and the extracellular medium contain different 

concentrations of various ions. The maintenance of the potential difference also involves the 

transport of ions across the cell membrane and the selective permeability of the membrane to 

Figure 2.2: Atomic structure of a K
+
 channel (Rossi, 2008). 
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these ions. Some of these ions in neurons are positively charged cations, including sodium (Na
+
), 

potassium (K
+
), calcium (Ca

2+)
 and magnesium (Mg

2+
) and some others are negatively charged 

anions such as chloride (Cl
−
).  

 

 

 Electrical potential changes by the movements of these ions across the plasma membrane 

against the concentration gradient. The total ion flux across the membrane is described by the 

Nernst-Planck Equation:   = − � + � � �                                                     (2.1) 

 

where C is the ion concentration,  is the electrical potential , D is the diffusion coefficient, R is 

the gas constant, T is temperature, z is the ion valence, and F is the Faraday constant. In this 

equation the first term describes the concentration gradient and second term describes the 

electrical potential gradient.  

  

In 1888, Nernst formulated the Nernst equation to calculate the equilibrium potential 

resulting from permeability to a single ion species. The equilibrium potential occurs when the 

electrical and osmotic forces are balanced by each other, so J=0 in the Nernst-Planck equation. 

When integrated over the width of the membrane the resulting potential difference is called the 

Nernst potential:  

Figure 2.3: Three important components of the membrane of a neuron. The lipid bilayer is 

the barrier for inorganic ions. Ion channels and ion pumps allow certain ions to pass through the 

membrane (Sterrat et al. 2011). 
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� = ��  �       .                                                     .  

 

This is equal to the electrical potential difference from inside to outside (� = � − ) 

of the cell. In electrophysiology, the equilibrium potential is also called the reversal potential for 

this ion species, because departure from that point of zero current flux results in the inward or 

outword flow of ions. 

  

We can calculate the equilibrium potential for K
+
 with the intracellular concentration 400 

mM and extracellular concentration 20 mM that are similar to the squid giant axon and the 

recording temperature is 6.3
◦
C (279.3K) by substituting these values into the Nernst equation: 

 � = � � [ +][ +]� = . .+ . × = − . �   .                   .  

 

K
+
 ions have a greater concentration inside than outside so they have a negative equilibrium 

potential.  Na
+
 and Ca

2+
 ions are positively charged, and their concentration is greater outside 

than inside and so their equilibrium potential is positive.  On the other hand, Cl
−
 ions are more 

concentrated outside than inside, but since they are negatively charged their equilibrium potential 

is negative. 

 [ +]� > [ +]    so    � < ,   [� +]� < [� +]    so    � > , [ +]� < [ +]    so    � > . 
 

 The resting membrane potential of the cell, on the other hand, is the weighted average 

of Nernst potentials for the various ions with the weights being the macroscopic conductance (g) 

of each ion species:  

 � = � + � + �+ +                                                  .  
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where the ion with the greatest permeability contributes the most. The relative locations of 

Nernst and resting potentials are shown in Figure 2.4. 

 

 

 

 

 

2.2 The Hodgkin-Huxley Model 

 

 In the 1950s, Alan Hodgkin and Andrew Huxley partly in collaboration with Katz 

published a series of five papers (Hodgkin et al., 1952; Hodgkin and Huxley, 1952a, b, c, d) that 

described the experiments they conducted to understand the movement of ions in a nerve cell 

during an action potential. In their last paper they constructed a mathematical model for the 

action potential based upon their collected data. Their experiments were done on a squid’s giant 

axon, extracted and isolated in a dish. Since the axon of a squid is big enough, they were able to 

insert a silver wire which is a good conductor, inside the axon and they could measure the 

electrical potential inside the membrane. Also they sent enough current to maintain a particular 

voltage in the membrane against the attempts of the ion channels to change it. This is the so-

called voltage clamp technique. To understand how much current passed through the membrane 

and in which direction, it was enough to measure how much current was required to keep the 

voltage from changing. Then they did the same experiments in Na
+ 

-free or K
+
 -free solutions. 

This told them which ions were responsible for which currents. They conducted these 

experiments at many different voltages to understand how the Na
+
 and K

+
 currents increase or 

decrease with changes in membrane potential. They used these data to define the first 

mathematical model of the generation of an action potential. 

 

 K.S. Cole suggested that the electrical properties of neural membrane are similar to an 

electrical circuit and according to this theory and experimental findings of Hodgkin and Huxley 

described above he created the circuit model shown in Fig. 2.5.  

V (mV) VCa VNa 0 VK 

Vrest 

Figure 2.4: The relative locations of resting potential and Nernst potentials of K
+
, Na

+
 

and Ca
2+

 channels.  
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 In the circuit model, the inside and the outside of the membrane are connected with four 

pathways. There is a membrane capacitor and a fixed membrane conductance on the left. 

Resistors are connected to batteries that reflect the Nernst potentials. There are three ionic 

currents in the model: a sodium current INa, a potassium current IK and a leak current IL, mostly 

due to the chloride ions. The sodium and potassium conductances depend on voltage, as shown 

by the arrow through their resistors. But channels carrying the leak current are not voltage 

sensitive and the leak conductance remains the same at any voltage. VL is the major determinant 

for the resting membrane potential. In the circuit diagram Na
+
 and K

+
 batteries are pointed in 

opposite directions. The K
+
 battery like the leak battery will make the membrane negative as 

opposed the Na
+
 battery which makes the membrane positive.  

  

According to Kirchhoff’s current law, the total current, I, flowing across a patch of a cell 

membrane is the sum of the membrane capacitive current and the ionic currents:  

 = + �      .                                                             .  

 

Since charge is proportional to the voltage across the capacitor (the membrane), = � , 

when we differentiate q we obtain capacitance current as = � ′. The total ionic current 

Iion is the sum of sodium, potassium and leak currents. Then total current is 

Figure 2.5: The electricl circuit diagram representing a patch of a squid membrane.  
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= � + + + .                                                   .  

 

In the equivalent circuit diagram, K
+
 current is represented as a conductor in series with a 

battery. If  is the conductance of K
+
 ion channels, then, using Ohm’s law, the ionic current 

through this channel is = � − � .                                                             .  

 

Here, (Vm-VK) is the driving force. Similarly, sodium and leak currents are given by 

 = � − �                                                            .  

 = ̂ � − � .                                                               .  

 

Hodgkin and Huxley measured the potassium conductance for a number of voltage clamp 

holding potentials as in Fig. 2.6C. The form of the curve at each holding potential is similar to 

the response to a holding potential of 25 mV above rest as shown in Fig. 2.6A. During 

depolarization the conductance rises, a process called ‘activation’. The conductance stays at this 

peak value until the voltage is stepped back down to rest, where the conductance then decays 

exponentially (Fig. 2.6B); a process called ‘deactivation’. 

 

The kinetic diagram for the opening or closing of a simple two-state ion channel is:  

�    �→←�     

where C and O correspond to the closed and open states, respectively, and α and β are the 

voltage-dependent rate constants at which a gate goes from the closed to the open and from the 

open to the closed states, respectively. If n is the fraction of open gates, then 1-n is the fraction of 

closed gates, and, from the law of mass action we have 
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 = � − − � = ∞ � −� �                                  .  

where 

∞ � = �� + �                                                        .  

        � � = � + � .                                                        .  

 

Note that solution approaches the equilibrium ∞ �  with a rate determined by the time 

constant � � . In the Hodgkin–Huxley model, rate constants �  and �  are derived by 

fitting the data as in Fig. 2.7. They also found that raising n to the power four give the best fit to 

the data and it suggests that each gate contains four gating particles and for potassium ions to 

flow through a gate, all of the four gating particles in the gate have to be in the open position. 

Then the probability of the entire gate being open is equal to n
4
 and the potassium conductance is 

equal to = ̅ . 
 

Figure 2.6: The open circles are data points derived from experiment. The solid lines are fits 
to the data with a model. Time course of the potassium conductance in a voltage clamp with (A) 

a step from resting potential to 25mV above resting potential and (B) return to resting potential 

(C) varying holding potentials (Hodgkin and Huxley, 1952). 
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In a similar way to the procedure for potassium conductance, Hodgkin and Huxley 

isolated the sodium current and calculated the sodium conductance curves over a range of 

voltage clamp steps (Fig. 2.8). The main difference between the sodium conductance and the 

potassium conductance is that the sodium conductance reaches a peak and then decays back to 

rest, even while the clamped voltage remains depolarized. This is because of the inactivation of 

the sodium conductance.  Hodgkin and Huxley could not use the description they used for 

potassium, where n was the only gating variable. In order to quantify the inactivation process, 

they applied a range of voltage clamp experiments again. They defined a gating variable h to 

represent the inactivation of the channel. The kinetic equation for h is 

 ℎ = ℎ � − ℎ − ℎ � ℎ = ℎ∞ � − ℎ�ℎ �       .                                .  

 

Hodgkin and Huxley completed their model of sodium conductance by introducing 

another gating particle for sodium conductance activation. They called this sodium activation m. 

As with n and h, the time course of m can be defined with the equation  

 = � − − � = ∞ � −� � .                                 .  

Figure 2.7: Potassium rate constants as a function of the membrane potential. Symbols 

represents the data points and smooth curves were drawn from the equations (Hodgkin and 

Huxley, 1952).  
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As with the potassium conductance, the Na
+
 conductance was fit to experimental data, 

and the best fit required raising m to the third power and h to the first power: 

 = ̅ ℎ.                                                               .  

 

 

Hodgkin and Huxley’s data suggested that other ions besides sodium and potassium 

might carry current across the membrane. They thought that it was due to a mixture of ions, and 

they called it leak current, IL. This conductance does not change with the membrane potential, 

and is modeled simply as a linear function:  

 = � − � .                                                         .  

 

The Nernst potential of the leak current is about VL = -40 mV, so it is a depolarizing 

current. In summary, the equations for the Hodgkin-Huxley model are 

 � = − ̅ ℎ � − � − ̅ � − � − � − � ,            .  

 = � − − � = − − ∞� ,   whe�e  = ,  and ℎ.   .  

Figure 2.8: Time course of the sodium conductance in a voltage clamp. The open circles 

represents the experimental data points and smooth curves are the equations fitted to the data 

(Hodgkin and Huxley, 1952). 
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Hodgkin-Huxley model is a four dimensional nonlinear system of ordinary differential 

equations. The typical time course of the action potential is shown in Fig. 2.10. Solving this 

system took three weeks for them by using a hand-operated calculator. Nowadays, it takes just 

milliseconds (roughly the duration of an action potential) on fast computers to solve the coupled 

differential equations of the Hodgkin-Huxley model. All the parameters and gating functions 

used in this dissertation are in Table 3.1. Looking at the time variables in Fig. 2.9, τm is smaller 

than τn and τh so that m is faster than n and h. In the next section, we will consider m and V as 

fast variables that give fast positive feedback to the system while n and h are slow variables that 

give slow negative feedback to the system.  

 

2.2.1 Positive and negative feedback systems 

 

 The mechanisms underlying the action potential include both positive and negative 

feedback. Positive feedback happens when the system responds to a perturbation by creating a 

larger perturbation. Such systems are not self-limiting, they are limited by something outside of 

the positive feedback system or the opposition of some negative feedback system. Negative 

Figure 2.9: Voltage dependence of rate coefficients and time constants for the Hodgkin-

Huxley model gating variables.    
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feedback systems, on the other hand, are self-limiting since the cycle of influence produces a 

change that opposes the original change (Lytton, 2002). Many biological oscillators include two 

types of negative feedback processes, including the Hodgkin Huxley system. Divisive feedback 

decreases the gain of the positive feedback loop and subtractive feedback increases the input 

threshold. Both feedback mechanisms help the system move between the high- and low-activity 

states (Tabak et al., 2011). 

 

 

 The Hodgkin-Huxley model uses two types of ion channels that are controlled by three 

types of switches. Activation of the Na
+
 channel pushes voltage up (depolarization) and is a 

positive feedback process. Opening of the K
+
 channel pulls the voltage back down to the resting 

state (hyperpolarization) and is a negative feedback process. Another negative feedback process 

is the inactivation of Na
+
 channels. The positive and negative feedback processes happen at 

different rates in the Hodgkin-Huxley model. Initially, the action potential starts by a 

depolarization due to a current injection or synaptic potential. This causes the Na
+
 channel to 

activate quickly. This current through the Na
+
 channel will cause more depolarization which 

further activates the Na
+
 channels. This positive feedback produces the upstroke of the spike as 

voltage rises rapidly (Fig. 2.10). The sodium channel activation provides the fast positive 

feedback by activating the channel with depolarization. The inactivation of Na
+
 channels on the 

other hand provides the delayed negative feedback during depolarization. The inactivation of the 

channel happens in slower time scale. The delay in negative feedback allows potential to rise 

about 100 mV over about a milisecond. Then negative feedback occurs. The action potential 

Figure 2.10: Positive and negative feedback shape the action potential.  
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reaches its peak as the Na
+
 channel inactivates and the potential starts decreasing toward the 

resting potential (Fig. 2.10). Further negative feedback is provided by activation of the K
+
 

channel, which contributes the cell’s repolarization.  The continued activation of K+
 channels 

brings the voltage below the resting potential and is called after-hyperpolarization (Fig. 2.10). 

Another spike can't be generated in this period. 

 

2.2.2 Hodgkin classification 

 

 In 1948, Alan Hodgkin described three classes or types of axonal excitability in 

experiments on crustacean nerves using constant current stimuli (Hodgkin 1948). Axons having 

Type 1 excitability fires repetitively with arbitrarily low frequency that depends on the strength 

of the applied current. Type 2 axons also fire repetitively once a threshold is crossed, but in these 

neurons action potentials are generated in a certain frequency band that is relatively insensitive to 

changes in the strength of the applied current. Type 3 axons fire at most once or twice, or not at 

all, regardless of stimulus intensity or duration. 

 

In Chapter 3, we will analyze the distinction between Type 1 and Type 2 models with 

respect to the negative feedback processes in the Hodgkin Huxley model quantitatively. 

Contribution of negative feedback processes can help us to understand more about the behavior 

under two different types of neural excitability in the Hodgkin Huxley model. 

 

2.3 Simplified Models of Electrical Excitability  

 

 Hodgkin and Huxley showed the mechanism of spikes and helped us to understand the 

electrical activity of the nervous system with a mathematical model. This model is important 

because it is not only one of the most successful mathematical models in the quantification of a 

biological phenomenon, but in addition the model, with modification, can be applied to many 

kinds of neurons and other excitable cells.  In Chapter 4, for example, we apply a variation of the 

Hodgkin-Huxley model in the description of the electrical activity of pituitary corticotrophs. 

  



17 

 

 The Hodgkin-Huxley model is a four-dimensional nonlinear model and it is hard to 

analyze the underlying behavior mathematically. Following publication of the Hodgkin-Huxley 

model, several simplified models for excitable cells were developed. In the 1950s, FitzHugh 

reduced the Hodgkin Huxley model to a two-variable polynomial model (FitzHugh 1961, 1962):  

 = − − − � +                                                    .  

 � = − � .                                                             .  

 

Here the model is in dimensionless form, v is the fast variable represents voltage and � is the 

slow variable represents Na
+
 activation. ,  and  are constants with  < <  and ≪ . In 

1962, Nagumo published an equivalent circuit of the FitzHugh model which describes a 

prototype of an excitable system (Nagumo et al. 1962). Hence the model became known as the 

FitzHugh-Nagumo model. It has the advantage that the v nullcline is a cubic polynomial, while 

the w nullcline is a line. These features, and the two-dimensionality of the system, facilitate 

mathematical analysis. 

 

Another example of such a model was published by Kathleen Morris and Harold Lecar in 

1981 (Morris and Lecar, 1981).  The Morris-Lecar model has the form 

 � = − ∞ � − � − � − � − � − � + ,                 .  

 = ∅ ∞ −� .                                                          .  

 

In the simplest version of the model, Ca
2+

, K
+
 and leak current are the ionic currents and the 

calcium activation is instantaneous.  The model 2-dimensional, and the mechanistic features 

underlying continuous spiking and action potentials can be understood easily using phase plane 

analysis.  
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 The dimensionality of the Hodgkin Huxley model can be reduced to 1 by using 

integrate-and-fire model (Geisler & Goldberg, 1966). It describes the membrane potential of a 

neuron in terms of the synaptic inputs and the injected current that it receives. An action 

potential is generated when the membrane potential reaches a threshold, but the changes in the 

membrane voltage and conductances driving the action potential are not part of the model. 

  

Even though lower dimensional models allow us to analyze the behavior under the action 

potential, they may not be able to capture many of the properties of the target cell. More realistic 

models require more variables and parameters. For example, the Cha-Noma Model is one of the 

recently developed model that describes the detailed behavior of pancreatic beta cells (Cha et al., 

2011). This model consists of 8 ion channels, 3 ion transporters and Ca
2+

 dynamics in the 

endoplasmic reticulum, along with glucose dependent ATP synthesis. Relations between the 

components are shown in the Fig. 2.11. As we can see, biological models can have many 

interacting components to form a complex dynamical behavior. Understanding the role of each 

component is one of the crucial problems for models. 

 

So far, a number of studies have been done on the analysis of nonlinear dynamical 

characteristics of the electrically excitable cells. For the lower dimensional models like the 

Morris-Lecar model phase plane analysis is very helpful. However for more complicated 

behavior like bursting we cannot use phase plane analysis. Instead, we use a geometric analysis 

technique developed by John Rinzel called "Fast-Slow Analysis" (Rinzel, 1987). In this method, 

variables can be separated into those that change rapidly and those that change slowly. A 

bifurcation diagram of the fast subsystem is constructed, using the slow variable (or variables) as 

a bifurcation parameter. 

 

More recently, correlation analysis was developed to  compare relaxation oscillations 

and bursting oscillations to the experimental results of biological systems (Tomaiuolo et al., 

2009). The main idea of the technique is that the active phase duration may be correlated with 

either/both the previous or next silent phase duration and we can use these correlations to 

classify the oscillations into different types.  
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Lead potential analysis gives the quantitative contribution of individual ion channels or 

transporters to the changes in membrane potential (Cha et al., 2011). A similar type of analysis, 

called Dominance Scale Analysis or the Dominance Factor Technique will be described in 

Chapter 3 and applied to the Hodgkin-Huxley model to determine the contributions of two 

negative feedback processes to electrical spiking.    

Figure 2.11: Complex interactions of components in Cha-Noma model (Cha et al. 2011).  
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CHAPTER 3 

COMPUTATIONAL ANALYSIS: DETERMINING THE 

CONTRIBUTIONS OF DIVISIVE AND SUBTRACTIVE FEEDBACK IN 

THE HODGKIN-HUXLEY MODEL  

The material in this chapter was published in the Journal of Computational Neuroscience 

(Sengul et al., 2014). 

 

3.1 Introduction 

 

 The Hodgkin-Huxley model revolutionized neuroscience with its description of the action 

potential using four dynamic variables (Hodgkin and Huxley 1952). In the next decade simpler 

descriptions of an impulse were developed independently by FitzHugh (Fitzhugh 1961) and 

Nagumo (Nagumo et al. 1962) that are now known as the FitzHugh-Nagumo model. This model 

consists of only two dynamic variables, which greatly simplifies analysis at the expense of 

biophysical detail. Other planar models for membrane excitability were later developed, most 

notably the Morris-Lecar model that is expressed in terms of ionic currents (Morris and Lecar 

1981). Details of these simplified models are mentioned in Chapter 2. In this study, we examine 

how reductions in dimensionality affect impulse generation in the Hodgkin-Huxley model.  

  

 One apparent redundancy of the Hodgkin-Huxley model is the presence of two negative 

feedback variables. One, the activation of a K+
 current (n), subtracts from the positive feedback 

responsible for the upstroke of the impulse. The other, inactivation of the positive feedback Na+current (h), divides the current. It is known that models with only one negative feedback 

variable, such as the Morris-Lecar model, can also produce rhythmic spiking. The Morris-Lecar 

model uses subtractive feedback, eliminating the redundancy of the Hodgkin-Huxley model 

model by replacing inactivating Na+current with non-inactivating Ca
2+

 current, and divisive 

feedback but no subtractive feedback can also be used in excitable cell models (Wang and 

Rinzel, 1992). Can we detect an advantage to having both subtractive and divisive negative 

feedback? In the Hodgkin-Huxley model that possesses both types of negative feedback 
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processes, what are the respective contributions of each to rhythmic spiking? 

  

To answer these questions, we use three numerically computed metrics to contrast 

properties of the full Hodgkin-Huxley model with those of several lower-dimensional reduced 

models that are related to the FitzHugh-Nagumo and Morris-Lecar models. The first measures 

the width of a parameter regime within which tonic spiking is a unique and stable limit cycle 

oscillation. The second metric, contribution analysis, measures how changes in the variables’ 

time scale parameters affect the durations of the “active phase” (AP) during the action potential 

and the inter-spike interval “silent phase” (SP) of a tonically spiking model (Tabak et al. 2011). 

The third metric, dominant scale analysis, measures a sensitivity of the voltage dynamics to each 

of the ionic currents to rank their influence (Clewley et al. 2005; Clewley et al. 2009; Clewley 

2011; Clewley 2012). Each of these approaches highlights different, but related, properties of 

action potential dynamics and yields different kinds of insights.  

 

3.2    2D and 3D Reductions of Hodgkin-Huxley Model 

 

We use the Hodgkin-Huxley model (Hodgkin and Huxley 1952) of the action potential. It 

involves a fast sodium current ( , with activation variable m and inactivation h), a delayed 

rectifying potassium current ( , with activation variable n), and a leak current ( ). The 

differential equations are:   � =  − − −                                                         .  

 =  ∞ � −� �                                                                   .  

 = ∞ � −� �                                                                       .  

 ℎ = ℎ∞ � − ℎ�ℎ �                                                                       .  
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where  is the applied current. The currents used above are: 

 =   ℎ � − �                                                          .  

  =   � − �                                                                   .  

 =  � − �                                                                          .  

 

where , ,  are the maximal conductances and � , � , �  are the reversal potentials 

associated with the currents. The steady state activation and inactivation functions are:  

 

∞ � = � �� � + � �                                                         .   

 � � = ��� � + � �                                                         .   

 

for χ = , , ℎ. The transition rates  and  for χ = , , ℎ are given in Table 1. �  is a 

parameter that we use to vary the time constant �  and the default is � = .  

  

Hodgkin (Hodgkin 1948) introduced two types of neurons: Type I neurons have a 

continuous relationship between firing frequency and applied current, and can fire at arbitrarily 

low frequencies (Kopell et al. 2000; Ermentrout 1996; Izhikevich 1999). Type II neurons have a 

nonzero minimum firing frequency, and thus a step discontinuity between firing frequency and 

applied current (Izhikevich 2000; Hodgkin and Huxley 1952). Details can be found in Chapter 2. 

We examine both types, which correspond to the different sets of parameters given in Table 3.1. 

 

In addition to analyzing the full Hodgkin-Huxley model (which we refer to as model A), 

we also examine 3-dimensional and 2-dimensional reductions given in Table 3.2. Model B is a 

standard 3D reduction of the Hodgkin-Huxley model that takes advantage of the fast dynamics of 

m relative to the other gating variables. In this case, and in all subsequent models, = ∞ �  
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(Fitzhugh 1960, Rinzel 1985). Model C is similar to model B, but the recovery variables n and h 

are slowed down by a factor of 50 so that impulses are relaxation oscillations. 

 

The 2-dimensional reductions of the Hodgkin-Huxley Model are achieved by freezing 

one of the two negative feedback variables. In the h-model (Model D), we freeze the gating 

variable  by setting = . In the n-model (Model E), we freeze the gating variable ℎ by setting ℎ = . 

 

Table 3.1: Transition rates and parameter values for the Type I and Type II Hodgkin-
Huxley models. The Type I parameter set is taken from Kopell et al. (2000) and the Type II 

parameter set is from the standard Hodgkin-Huxley model (Hodgkin and Huxley 1952). 

 

  Type I Type II 

T
ra

n
si

ti
o
n

 R
a
te

s 

αm 

βm 

αh 

βh 

αn 

βn 

 0.32(V + 54)/(1 − exp(−(V + 54)/4)) 

 0.28(V + 27)/(exp((V + 27)/5) − 1) 

 0.128 exp(−(50 + V)/18) 

 4/(1 + exp(−(V + 27)/5)) 

 0.032(V + 52)/(1 − exp(−(V + 52)/5)) 

 0.5exp(−(57 + V)/40) 

 0.1(V + 40)/(1 − exp(−(V + 40)/10)) 

 4exp(−(V + 65)/18) 

 0.07 exp(−(V + 65)/20) 

 1/(1 + exp(−(V + 35)/10)) 

 0.01(V + 55)/(1 − exp(−(V + 55)/10)) 

 0.125 exp(−(V + 65)/80) 

P
a
ra

m
et

er
 V

a
lu

es
 

 

gNa 

gK 

gL 

VNa 

VK 

VL 

Iapp 

C 

  

100 mS/cm
2
 

 80 mS/cm
2
 

 0.1 mS/cm
2
  

 50 mV 

 −100 mV  

 −67 mV 

 3 A/cm2
  

 1 F/cm2
 

 

120 mS/cm
2
 

 36 mS/cm
2
  

 0.3 mS/cm
2
  

 50 mV 

 -77 mV  

 -54.4 mV  

 20 A/cm2
 (h-model 70 A/cm2

,  

n-model 100 A/cm2
) 

 1 F/cm2
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Table 3.2: The full Hodgkin-Huxley model and its reductions.  

Model A: Full Hodgkin-Huxley model  � =   − − −  

=  ∞ � −� � ,      = ∞ � −� � , ℎ = ℎ∞ � − ℎ�ℎ �  

Model B: Hodgkin-Huxley model with = ∞  � =   − − −  

= ∞ � ,    = ∞ � −� � , ℎ = ℎ∞ � − ℎ�ℎ �  

Model C: Relaxation limit with increased time constants for n and h  � =   − − −  

= ∞ � ,    = ∞ � −� � ,      ℎ = ℎ∞ � − ℎ�ℎ �  

Model D: h-model  � = − − � − � − , = ∞ � ,      = ,        ℎ = ℎ∞ � − ℎ�ℎ ,       
Model E: n-model � = − − ∞ � − � −  

= ∞ � ,        ℎ = ,        = ∞ � −� . 
 

  

3.2.1    Contribution analysis  

 

We wish to know the relative contributions of each negative feedback process to spike 

termination and initiation. If the negative feedback process contributes to impulse termination, 
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then slowing down the feedback variable by increasing its time constant will increase impulse 

duration. Similarly, if the process contributes to impulse initiation, then slowing down the 

process by increasing its time constant will significantly delay impulse initiation.  

 

We find the contribution of n to impulse termination and initiation by perturbing its time 

constant, � , and calculating the fractional change in AP and SP durations. This is illustrated in 

Fig. 3.1, where the model is in a tonic spiking regime. To measure the contribution of  to the 

AP, at the start of the action potential �  is increased by � . This slows down the rise in  

during that action potential, with a resulting increase in the AP duration of ��. Therefore, the 

contribution of  to impulse termination is C P = δ PP τnδτn. Similarly, the contribution of  to 

impulse initiation is measured by perturbing �  at the beginning of the SP, giving CSP = δSPSP τnδτn. 

Similar definitions apply for the ℎ variable (Tabak et al. 2011).  The AP and SP durations were 

determined using a simple voltage threshold of -40 mV to detect the start and end of the AP. 

  

These measurements were repeated while varying a parameter such as �ℎ over a wide 

range in which spiking solutions occurred. The contribution of variable X was calculated using a �� that perturbed �� by 4%, which we chose so that the perturbation is just large enough to 

calculate the effects accurately. Numerical simulations for this part of the analysis were 

performed with XPP (Ermentrout 2002) using the 4th order Runge-Kutta algorithm (dt=0.01ms) 

and independently verified with PyDSTool (Clewley 2012) using the adaptive time-step Radau 

algorithm (Hairer  and Wanner 1999) and after allowing the system to relax to a limit cycle 

before measuring the change in the AP and SP durations. In the PyDSTool version of this 

analysis, the AP and SP durations were also defined in terms of regime changes that were 

detected by dominant scale analysis (see below) rather than simple � thresholds, but the trends in 

the contribution measures remained the same as those shown in Figs. 3.7, 3.9, 3.10, and 3.13 

(data not shown). 

 

3.2.2    Dominant scale analysis 

  

 This is an alternate approach that determines which variables are dominant during 
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different portions of a trajectory. A portion of a trajectory where one subset of variables is 

dominant is called a regime. 

 

 

Figure 3.1: Increasing �� by ��� at the beginning of an impulse slows down n slightly (red 

trace), so the active phase is lengthened by ��� (black trace). V=-40 mV is used as a 

threshold to define the onset and the termination of the active phase (AP). 

 

The technique is described in detail in several previous works (Clewley 2004; Clewley et al. 

2005; Clewley et al. 2009; Clewley 2011). The determination of dominance is based on the 

asymptotic membrane potential (�∞) which is derived by rewriting the ODE for V as  
� =�∞ , ,ℎ −��� , ,ℎ .  Then, one computes = | �∞| for = , , ℎ, , and , where  and  are 

“dummy” static gating variables for  and , respectively. These sensitivity quantities are 

ranked at each point in time along a trajectory, and the largest at time t is called “dominant.” 

Roughly speaking, we define “regime change” as the times when the most dominant variable 

changes. In the AP, there is a regime dominated by  followed by one that is dominated by ℎ.  

  

We measure the fraction of the AP duration occupied by the n-dominated regime as the 

effective contribution of  to the AP duration and denote it D P. As we do not find any AP 

regime dominated by  in the Type I dynamics, we set D P = . Similarly, there is no SP 
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regime dominated by ℎ, so DSP = .  

 

 Numerical simulations for this part of the analysis were performed with PyDSTool 

(Clewley 2012) using the Radau stiff integrator with variable step size (maximum   = .  

ms for models A and B,  ms for model C).  

  

 The source code containing the model definitions and the simulation and analysis scripts 

are available at http://www.math.fsu.edu/~bertram/software/neuron and on modelDB 

(https://senselab.med.yale.edu/ModelDB). The code is also included as supplementary material. 

 

3.3    Robustness of Models with One or Two Negative Feedback Variables  

 

Here we ask whether there is an advantage of having two negative feedback processes by 

comparing the Hodgkin-Huxley model with models that have only one negative feedback 

process: the h-model and the n-model.  The measure of robustness that we use is the extent of the 

parameter range within which tonic spiking is the unique stable limit cycle solution. We use 

Type II parameter values here but obtained similar results with the Type I parameter set. 

  

While  acts as an input to the system,  measures the gain of the positive feedback 

and  measures the amount of subtractive feedback. Figure 3.2 shows the effects of changing 

 on voltage traces (panels a, b and c) and the durations of the AP and SP (d) for the h-model, 

the n-model and the Hodgkin-Huxley model (model B). The AP and SP durations are plotted 

over the full range of  for which the model cell exhibits tonic spiking. While AP durations 

(solid lines) change slightly with , SP durations (dashed lines) drop dramatically with 

increasing  and it is this decrease that is primarily responsible for the increase in spike 

frequency as  is increased in Fig. 3.2a-c. In the n-model, the decrease in SP is compensated 

by an increase in AP duration at larger . Also, for the h-model, the range of  values that 

support spiking is comparatively limited.  

http://www.math.fsu.edu/~bertram/software/neuron
https://senselab.med.yale.edu/ModelDB
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Figure 3.2. The effects of changing applied current on AP and SP durations. Tonic spiking 

in the (a) h-model ( = . ) (b) n-model ( =12) and (c) Hodgkin-Huxley model (model B) 

increases in frequency when  is increased from 65 A/cm2
 to λ5 A/cm2

. (d) Durations of the 

AP (solid line) and the SP (dashed line) for the h-model, the n-model and the Hodgkin-Huxley 

model. 

 

The SP duration of the h-model is restricted and more sensitive to changes in  than 

the n-model (Fig. 3.2d). These differences in response to variations in  can be explained by 

phase plane analysis. In Fig. 3.3, V-nullclines (S shaped for the h-model and Z shaped for the n-

model) with different  values are presented along with the h-nullcline for the h-model (left) 

and the n-nullcline for n-model (left). Figure 3.3a shows that changing  affects the low knee 

much more than the high knee for the h-model. This is mostly because h multiplies ∞ �  in the 

voltage equation and at low voltages ∞ �  is almost zero. When  is changed, there is a 

large compensatory change in the value of h needed to bring V to threshold. On the other hand, 

when the value of V is high, the value of ∞ �  is near 1, so variations in  do not necessitate 

a large compensatory change in the value of h at the high knee. Therefore, in most models with 

divisive feedback, as long as ∞ is small at negative values of V, the low knee will be more 

sensitive to  than the high knee. This is discussed in more detail in (Meng et al. 2012, Tabak 

et al. 2006).  Since the trajectory follows the bottom branch of the V-nullcline during the SP, the 

sensitivity of the low knee to  means that the SP duration will also be sensitive to , as 
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demonstrated in Fig. 3.2. For  sufficiently small, the spiking stops altogether as the system 

passes through a Hopf bifurcation. The entire dynamic range of the model is covered by the  interval from 68 A/cm2
 to 100 A/cm2

. 

  

In the n-model, changing  also primarily affects the low knee (Fig. 3.3b), but less so 

than in the h-model. Therefore, the model is more robust to changes in .  On the other hand, 

for the n-model there is a sensitivity of the high knee to  that is similar to the sensitivity of 

the low knee to  for the h-model (not shown). This is why the range of  values that 

produce oscillations is small for the n-model (Fig. 3.5). 

 

 

Figure 3.3: Nullclines for the h-model (a) and n-model (b) for three values of ����. 

Parameter values are as in Fig. 3.2. 

 

Figure 3.4 shows the changes in AP and SP durations as  and  are varied. When the 

activity is regulated by the Na
+
 current inactivation, as in the h-model, increasing  speeds up 

the spiking activity by decreasing the SP duration (Fig. 3.4a, blue dashed line). If the activity is 

regulated by the K+ current activation, as in the n-model, then increasing  slows the activity 

by increasing the AP duration (Fig. 3.4a, red solid line). Thus, the two models respond very 

differently to changes in . On the other hand, the Hodgkin-Huxley model combines a modest 

increase of AP duration (as with the n-model) with a modest decrease in SP duration (as with the 

h-model) when  is increased (Fig. 3.4a, green solid/dashed lines). Note also that the 
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Hodgkin-Huxley model oscillates over a much larger range of values of  than either the n- or 

h-model. Finally, Fig. 3.4b shows that increasing  slows the spiking activity by increasing the 

SP in all models. It also decreases AP duration for the n- and Hodgkin-Huxley-models.  

 

 

Figure 3.4. Effects of changing � and � on AP and SP durations. (a) Effects of changing 

on AP duration (solid line) and SP duration (dashed line) for the Hodgkin-Huxley model, the 

h-model and the n-model. (b) Effect of changing  on the AP duration (solid line) and the SP 

duration (dashed line) for the Hodgkin-Huxley model, the h-model and the n-model. Parameter 

values are as in Fig. 3.2. 

  

The parameter interval for oscillations is delimited by Hopf or saddle-node of periodics 

(SNP) bifurcations. That is, as a parameter is varied, a model begins to oscillate according to one 

of these bifurcations. In our models, when an SNP exists, it is very close to a subcritical Hopf 

bifurcation. For simplicity, we use the Hopf bifurcation as the boundary. If we vary two 

parameters, the curves of Hopf bifurcations form the approximate boundary between oscillatory 

and non-oscillatory behavior. We show these in Figs. 3.5-3.6, varying the pairs of parameters 

( , ) and ( , ). 

 

 The size of the oscillatory region for the h-model varies greatly with the frozen 

conductance, . To illustrate, we show the oscillatory region for several values of  (Fig. 
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3.5a). The region shifts rightward as  is increased since more applied current is required to 

drive oscillations. In addition, more Na
+
 conductance is required for the action potential upstroke 

so the oscillatory region grows in the  direction. The size of the oscillatory region also grows 

with larger values of . By comparison, the oscillatory region is much smaller for the n-model 

(with h frozen) with the same value =  mS/cm
2
. For this model, the oscillatory region is 

severely restricted in the  direction (Fig. 3.5b, note change in scale), since with h frozen there 

is no compensation mechanism in the Na
+
 current for an increase in . 

 

 Similar behavior is observed when one views the oscillatory region in the −  

plane with the n-model. As gNa is increased the oscillatory region grows and moves upward and 

to the right (Fig. 3.5d). However, at the largest  value, where the region is very large in the n-

model, the region is very restricted in the  direction with the h-model (Fig. 3.5c, note change 

in scale). Thus, for each model with a frozen conductance, the oscillatory region is greatly 

restricted with respect to that conductance. 

 

 

Figure 3.5. Oscillatory regions for the h-model and the n-model. (a) Oscillatory region for 

 vs.  using the h-model. (b) Oscillatory region for  vs.  using the n-model.  (c), 

(d)  Oscillatory regions for  vs. . 
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This limitation is overcome in the full Hodgkin-Huxley model, since now both n and h 

are free to adapt to changes in  and . This is illustrated in Fig.3.6, where the oscillatory 

regions for the Hodgkin-Huxley model, the h-model (with =  / , from Fig. 3.5a,c) 

and the n-model (with =  / , from Fig. 3.5b,d)  are shown together. In the   −  plane the h-model has an oscillatory region with similar size to that of the Hodgkin-

Huxley model but it is right-shifted. However, in the −  plane the oscillatory region for 

the Hodgkin-Huxley model is much larger since n can adapt to increases in  while n is frozen 

and can't adapt in the h-model. The n-model behaves similarly, with a larger oscillatory region in 

the −  plane, but a substantially smaller region in the −  plane where the 

variable is frozen. Thus, the Hodgkin-Huxley model provides a good compromise between the 

two models with a single source of negative feedback. 

 

 

Figure 3.6. Oscillatory regions for the Hodgkin-Huxley model (Model B) with oscillatory 

regions for the h model ( =  / ) and the n-model ( =  / ) 

superimposed. (a) In the −  plane, the region is slightly smaller in size for the 

Hodgkin-Huxley model than the h-model and larger in size for the Hodgkin-Huxley model than 

the n-model. (b) In the −  plane, the region for the Hodgkin-Huxley model is much larger 

than for the h-model. The bounding curves are curves of Hopf bifurcations (see text for details). 
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3.4    Slow Variable Contributions in the Relaxation Limit  

 

Our goal in this section is to begin the investigation of the roles played by  and ℎ in the 

termination of the active phase and the silent phase of the spike pattern (Fig. 3.1). We employ the 

two methods for evaluating variable contributions that were described in Methods (sections 

3.2.2, 3.2.3). First we consider the relaxation limit, which we approximate in our simulations by 

multiplying the time constants of  and ℎ by 50. In addition, we set = ∞ � , so that we 

have a 3D system with one fast (�) and two slow variables (  and ℎ). For a range of values of n 

and ℎ the fast voltage equation is bistable, and as  and ℎ slowly vary the voltage moves from 

one stable point to the other in a relaxation oscillation. In this case, the extreme separation of 

time scales between slow and fast variables should make the results of the contribution analysis 

unambiguous. Because the results for Type I and Type II are very similar, we only show results 

for Type II dynamics in Model C of Table 3.2. 

 

 Intuitively, the faster the rate of change a negative feedback variable is relative to the 

other, the more it will vary and therefore it should contribute to ending the active and silent 

phase, so we vary the relative time scales of  and ℎ by varying � /�ℎ (see Eq. 3.9). Increasing 

this ratio slows the rate of change of  relative to ℎ. 

 

 In Fig. 3.7a, the contribution of  to the active phase (C P) decreases with the ratio � /�ℎ 

so that  contributes less when it is slower relative to ℎ. Panel b shows that the variations of C P 

are complementary to those of C P; as the contribution of  to AP duration declines with � /�ℎ, 

the contribution of ℎ increases. As expected, making a variable faster relative to the other 

increases its contribution. In contrast,  is almost entirely responsible for setting the interspike 

interval, regardless of � /�ℎ (Fig. 18a) and ℎ contributes little (Fig. 3.7b). Again CSP and CSP are 

complementary, but this time they are not much affected by the relative speeds of  and ℎ. These 

results show that  and ℎ contribute similarly to AP duration, with a dependence on the relative 

speed of the variable, while only  contributes significantly to setting the SP duration. That is, a 

spike can occur only when  has decreased to a certain level. For both SP and AP, the sum of the 
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contributions of  and ℎ is nearly equal to 1, indicating that this approach accounts for all 

contributions to active and silent phase durations (Tabak et al. 2011). 

 

 

Figure 3.7. Contributions of  and  in the relaxation limit (Model C) with Type II 

dynamics. The relative time scales of  and ℎ are varied by changing λ /λ , with � = .  (a) 

Contributions of  to episode termination (C P  and initiation (CSP). (b) Contributions of ℎ to 

episode termination (C P) and initiation (CSP). (c) First panel shows the time courses of the 

variables , ℎ and ∞. Second and third panels are the absolute values of the Na
+
 and K

+
 currents 

for the AP (left) and the SP (right).  

 

Figure 3.7c shows the time courses of , ℎ and ∞ (upper panel) and the absolute values 

of the Na
+

 and K
+ 

currents (lower panels) for � /�ℎ =1. During the AP,  rises and ℎ falls, while 

the opposite occurs during the SP. It is not evident from these time courses why  controls the 

duration of the SP. Yet, these variables affect the membrane potential through the  and  

currents. During the SP, the conductance of the Na
+
 current, ̅ ∞ℎ, is nearly 0 since ∞ ≈ . 

Hence ℎ has a little impact on � during the SP, which  controls instead.  In contrast, Na
+
 and K

+
 

current levels are similar during the AP, which explains why  and ℎ contribute together to the 

active phase.  
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3.4.1    Comparison with dominant scale analysis  

 

We employ dominant scale analysis here to determine which fraction of the AP is 

controlled by , using D P, and which fraction is controlled by ℎ, using D P. Similar fractions DSP, DSP  are computed for the SP. 

  

Figure 3.8 shows that  is dominant during the entire SP, regardless of the time scale 

ratio. This is consistent with the results from contribution analysis (Fig. 3.7). The  variable is 

also dominant during much of the AP, when � /�ℎ is small (  faster). This dominance is 

transferred to ℎ as � /�ℎ is increased, increasing the speed of ℎ relative to . Again, there is 

qualitative agreement with the contribution analysis (Fig. 3.7).  

 

 

Figure 3.8. Dominant scale analysis in the relaxation limit (Model C) with Type II 

dynamics. Influence of (a)  and (b) ℎ on AP and SP durations with the ratio λ /λ . 

 

3.5    Contributions Away From the Relaxation Limit 

 

Next, we return the time constants to their default values � =   and �ℎ =   for model B 

of Table 3.2. The oscillations produced are now recognizable action potentials rather than 

relaxation oscillations. Figure 3.9 shows the results of the contribution analysis for  and ℎ for 

the Type I and Type II parameter sets. The variables contribute to the AP and SP in a similar 
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manner to the relaxation case when Type II excitability parameters are used (Fig. 3.9a2-c2). This 

suggests a spiking mechanism similar to spiking at the relaxation limit.  

 

Figure 3.9. Away from the relaxation limit,  and  contribute differently with Type I and 
Type II dynamics.  (a1-c1) Contributions with Type I dynamics. (a2-c2) Contributions with 

Type II dynamics. 

 

 Figure 3.9 a1 and b1 shows that the contributions of  and ℎ to the AP duration have 

similar values with Type II and relaxation cases. Surprisingly, though, for Type I parameter 

values, neither variable contributes much to the SP duration. This can also be seen in Fig. 3.9c1, 

where the sum of the  and ℎ contributions is far below one for the SP. This is in stark contrast 

to the relaxation oscillation case. What is responsible for terminating the SP away from the 

relaxation limit? We examine this in Fig. 3.10. To do so, we increased the membrane capacitance 

 for the duration of one AP or SP, thereby increasing the time constant of � during that phase.  

For the Type II parameter set, this shows that � dynamics have a small influence on AP and SP 

durations (Fig. 3.10b). For Type I parameters, � dynamics are primarily responsible for the SP 
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duration (Fig. 3.10a). The contributions of , ℎ and � sum to 1 for both AP and SP (Fig. 3.10c), 

as expected. 

 

 

Figure 3.10. � is responsible for the episode initiation when the Type I parameter set is 

used. (a) Contribution of � to episode termination and initiation for the Type I parameter set and 

(b) Type II parameter set. (c) The sums of the contributions of the , ℎ and � to the AP and to 

the SP for Type I excitability are close to 1. Similar results are observed for Type II excitability.  

 

 Figure 3.11 shows the time courses of , ℎ and ∞ (row a), the absolute value of the Na
+

 

and K
+  

currents (row b), and the absolute value of the sum of the leak current and applied current 

(row c) for Type I and Type II parameters. During the AP, Na
+
 and K

+
 current are similar and 

their values are much higher than + . This confirms that  and ℎ are controlling the AP. 

During the SP,  and  are almost 0 for the Type I model, while the net current −  > 

0 slowly depolarizes the membrane towards spike threshold. However, for the Type II model, I  

is larger than the other currents during the silent phase because it deactivates much more slowly 

during the SP, helping to gate the effects of the depolarizing forces. Thus, we can interpret  to 

be responsible for spike initiation for the Type II model but not for the Type I model, where  

and  are the main factors bringing � back from the hyperpolarized levels of the SP.  

 

3.5.1    Dominant scale analysis explains the “contribution of V” 

 

In Fig. 3.9, we observed that none of the negative feedback variable contributes much to 

SP for Type I. We found a significant contribution of � (Fig. 3.10), meaning that changing the � 
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time constant affected SP duration. But what does this mean? To understand how � dynamics 

influence the SP, we can use dominant scale analysis. 

 

 

Figure 3.11. Difference between Type I (left) and Type II (right) excitability away from the 
relaxation limit in terms of the system variables and currents. (Row a) Time courses of the 

system variables. (Row b) Absolute value of the Na
+
 and K

+
 currents for both the active phase 

(left sub-plot) and the silent phase (right sub-plot). (Row c) Absolute value of the sum of the 

applied and the leak currents for both the active phase (left sub-plot) and the silent phase (right 

sub-plot). 

 

Figure 3.12 shows the dominant scale analysis for model B. For the Type II parameter set, both  

and ℎ contribute to the AP with  contributing more when it is faster than ℎ, and vice versa. As 

was seen with contribution analysis,  is dominant at all times during the SP. With the Type I 

parameter set the results are again consistent with contribution analysis. In particular,  plays 

only a partial role and ℎ no role at all in the SP. Instead, the leak and applied currents are 

important, as is  (Fig. 3.12c1). As the K
+
 current deactivates (decline in ) it is the leak and 

applied depolarizing currents that bring the voltage back to spike threshold. As the voltage 

depolarizes the Na
+
 current begins to activate ( ), complementing the effects of  and . 

In model B, = ∞ �  so Na
+
 current activation is instantaneous with �. Thus, the “� 

contribution” indicated in our contribution analysis (Fig. 3.10) is mediated by two factors that 

depend only on � (  and activation of ) and a constant applied current.  
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3.6    Contributions of the Variables in the Full Hodgkin-Huxley Model 

 

We began our analysis with the relaxation limit as the simplest case, and then we 

removed the relaxation assumption and found that in this case there was a difference between 

Type I and Type II dynamics for the Hodgkin-Huxley model. 

 

 

Figure 3.12. Dominant scale analysis for Type I (top) and Type II (bottom) excitability 

away from the relaxation limit (Model B). Influence of (a) , (b) ℎ and (c) ,  and  

which is instantaneous ( = ∞). 

 

We now remove the rapid equilibrium assumption = ∞ �  and analyze the full 

Hodgkin-Huxley Model (model A of Table 3.2). This does not significantly affect the relative 

contributions of  and ℎ (not shown).  Figure 3.13 shows the m contribution for a range of � / �ℎ. Contributions of  are always small and, as expected, are independent of the ratio � / �ℎ. A similar result is obtained with dominant scale analysis (not shown). Thus, adding 

independent dynamics of  has little effect on its contribution to the action potential, confirming 

that the often-used quasi-equilibrium approximation ( = ∞ � ) has little qualitative impact 

on the spike dynamics in these Hodgkin-Huxley models.  
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Figure 3.13. Validating the = ∞ assumption used in model B by measuring the 
contributions of m to the AP and SP in the full model A. (a) Contributions of m to episode 

termination (C P) and initiation (CSP) for the Type I parameter set. (b) Contributions of m to 

episode termination (C P) and initiation (CSP) for the Type II parameter set.  When m is not 

instantaneous it has a weak contribution to both AP and SP (c) Sums of the contributions of all 

variables including m to the AP C P + C P + C P + C PV ) and to the SP CSP + CSP + CSP +CSPV ) for the Type I parameter set. Similar results are observed for the Type II parameters. 

 

3.7 The Effect of Na
+
 Conductance and Applied Current on the Relative Contributions of n 

and h 

 

 We now are interested to see how the parameters that change excitability like the Na
+
 

conductance  and the applied current  affect the contributions of n and h to the episode 

initiation and termination. Here we are only interested in the contributions of n and h relative to 

each other, so we combine the contributions on AP, C P and C P into a single measure DAP 

which we call the dominance factor: 

 D P = C P − C P / C P + C P .                                    .   
Similarly for the SP, DSP = CSP − CSP / CSP + CSP .                                      .  

 

When h fully controls to AP, the dominance factor DAP is 1 and when n dominates the AP 

then DAP=-1. A value near 0 means they have similar contributions.  
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Variations of dominance factors with  and  are shown in Fig. 12 for both Type I 

and Type II excitability (model A). While n and h contribute equally (DAP near 0) to episode 

termination using Type I parameters, h contributes more (DAP near 0.5) to AP for Type II 

excitability. For spike initiation, DSP is always very negative (n is in control) for both the Type I 

and the Type II parameter sets.  However, for Type II excitability the influence of h is not nil as 

it is for Type I. Moreover, dominance factors are not affected significantly by the changes in 

parameters  or . DAP modestly increases with gNa so that h contributes more to episode 

termination when the Na
+
 conductance is higher while it decreases slightly with Iapp for both 

types so that h contributes less to episode termination when applied current is high. Finally, for 

Type I parameters we observe that the contribution of n to SP duration is increasing and it 

becomes dominant compared to contribution of V (Fig. 8) for higher applied current.     

 Dominance factors for AP and SP are also unaffected by changes in K
+
 conductance and leak 

conductance (not shown).  

 

 

Figure 3.14. Dominance factors for AP and SP durations with λn/ λh =1. The left panels show 

results using a parameter set that yields Type I spiking. The right panel shows results for a 

parameter set yields Type II spiking. 
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3.8 Discussion  

 

Biological systems rarely take the simplest approach to achieving a function. Instead, 

there are often complex pathways where simpler ones would be sufficient and redundancies 

where none seem needed. We have explored the roles played by two apparently redundant 

elements of a classic model for neuronal electrical activity, as well as the advantage of having 

redundancy in this model. Although the results of the analysis are specific to the Hodgkin-

Huxley model, the two analysis techniques that we employed could be used for any neuronal 

model. For example, one could use the techniques to analyze the contribution that inactivation of 

an A-type K
+
 current or T-type Ca

2+
 current make to spike initiation or termination, or one could 

analyze the contribution that n and h make in a model with these additional types of ionic 

currents. In the latter case, the results would likely differ quantitatively, and perhaps 

qualitatively, from what we show here. Indeed, we have demonstrated that even with a single 

model the contributions made by n and h are different with Type 1 and Type 2 dynamics, and 

differ at the relaxation limit versus away from that limit. In other words, the contributions vary 

with the set of parameter values used. Therefore, the main messages that we wish to convey are 

(1) divisive and subtractive feedback can contribute very differently to different phases of the 

impulse and are model- and parameter-dependent, (2) contribution analysis and dominant scale 

analysis are two complementary techniques that can be used to determine these contributions, 

and (3) having both variable K
+
 and Na

+
 conductance in the Hodgkin-Huxley model increases 

the robustness of the oscillations to parameter changes. 

 

3.8.1 Robustness of rhythmic spiking: two feedback variables are better than one    

 

 We first focused on whether there is an advantage to having a model with two 

negative feedback variables instead of one by analyzing reduced models in which n or h were 

held constant. One observation from the oscillatory regions of the single negative feedback 

variable models in Fig. 3.5 is that the regions are highly sensitive to the conductance associated 

with the frozen variable. Having an activation variable like n allows the system to compensate 

for increases in  (or ) by simply reducing the values covered by n during spiking. Thus 
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there is a large range of values where oscillations occur. When n is frozen, a change in  or 

 may also be compensated by a change in the values covered by h during spiking, but 

because the V-nullcline is so sensitive to  or  in that case, the necessary change in values 

may be too large to support spiking (cf. Fig 3.3a). Similarly, the n-model shows little 

compensatory ability to a change in  because its V-nullcline is sensitive to changes in this 

parameter. On the other hand, if we unfreeze h, then a change in  can be compensated by an 

opposite change in the range of values covered by h. Since the Hodgkin-Huxley model has 

compensation in both the Na
+
 and K

+
 currents it can compensate for a wide range of variations in 

all three parameters ,  and  (Fig. 3.6).  

 

 Nevertheless, we saw in Fig 3.5-3.6 that the h-model could support oscillations in a 

wide area of the -  plane, and that the n-model could support oscillations in a wide area of 

the -  plane. Depending on the values of the other parameter, these areas could even be 

larger than the area supporting oscillations in the Hodgkin-Huxley model. However, these areas, 

for instance the area shown with =  in Fig. 3.5a (h-model), comprise parameter values that 

are much larger than in the Hodgkin-Huxley model. In other words, it would be more costly for a 

cell to operate in these ranges, because this would require more inputs and more channels on the 

cell surface. Finally, we note from Fig. 3.2 and 3.4 that the Hodgkin-Huxley model typically has 

a shorter active phase than the n- and h-model, with little variation in AP with parameters. This 

ensures a short and constant spike duration in many situations. 

 

 Thus, adding one extra negative feedback variable to the n- or h-model allows for a 

robust spiking behavior. It is not surprising that allowing a parameter to “unfreeze” would lead to 

more flexible behavior. There are indeed many examples in computational biology where the 

robustness to input or parameter values, or the range of possible behaviors, are increased by 

adding dynamic variables (Tomaiuolo et al. 2008, Tsai et al. 2008, Howell et al. 2012).  

 

3.8.2 The contributions of the negative feedback variables are parameter dependent 

 

 An interesting finding is that the divisive feedback variable contributes very little to the SP 



44 

 

duration in the relaxation limit. This raises the question of whether the h-model can produce 

impulses in this limit. It does, but only over a restricted range of applied currents, due to 

sensitivity of the lower knee of the V-nullcline to changes in  (Fig. 3.3). This sensitivity also 

explains why ℎ does not contribute significantly to the silent phase. Thus, the high sensitivity of 

the h-model to  and the negligible contribution to the SP of h dynamics in the Hodgkin-

Huxley model occur for the same reason. Namely, during the silent phase ∞ �  is close to 0 so 

h dynamics have little effect. Thus, as long as this holds ( ∞ � ≈  during the SP), we expect 

little or no contribution of h to the SP. In models for which ∞ �  is not close to 0 during the 

silent phase, recovery from inactivation might contribute to terminating the SP. That is, the 

negligible contribution of h dynamics to the SP depends on the parameters describing  

activation. 

 

Another interesting finding from the contribution analysis arose from examining variable 

contributions for parameter sets yielding Type I or Type II dynamics. In the relaxation limit, the 

contributions of  and ℎ with the Type I parameter set are similar to those with the Type II 

parameter set. This is not the case away from the relaxation limit (Fig. 3.8). Indeed, for the Type 

I case, spike initiation relies heavily on elements other than  and ℎ . This was brought to light 

using contribution analysis (Fig. 3.10), and then fully explored with dominant scale analysis 

(Fig. 3.12). Again, this shows that the results of the contribution analysis depend on the 

parameters describing channel kinetics. 

 

We also analyzed how the parameters that change excitability, such as the Na
+
 

conductance  and the applied current , affect the contributions of  and ℎ to the initiation 

and termination of the active phase and silent phase (not shown). We observed that the relative 

contributions of  and ℎ are not sensitive to  or , except in the following way: ℎ 

contributes a little more to active phase termination when the Na
+
 conductance is higher, while it 

decreases slightly with  for both Type I and Type II cases so that ℎ contributes less when 

applied current is high. On the other hand, increasing  for the Type I model brings back the 

contribution of n to the SP observed in Type II. This is because at high magnitudes of applied 
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current, V becomes strongly depolarized, driving ∞ away from zero.  Finally, the relative 

contributions of n and h are also largely unaffected by changes in K
+
 and leak conductances.  

 

3.8.3 Analysis of the contributions of variables and inputs: two tools are better than one 

 

 The combined use of our two forms of analysis brings deeper insights into the action 

potential mechanism than either method alone. For instance, although there are measures of the 

contribution of � with C�, there is no corresponding dominant scale measure D�. This is because 

the latter technique measures the effects of distinct input currents on �∞. In the other direction, 

the measures of DI��� and D  do not have a corresponding CI��� and C  because those 

inputs do not have intrinsic dynamics involving time constants that can be perturbed. 

 

 The m variable is different from  and ℎ in having such a small time constant in all 

the models. Changing �  mostly affects the time during the jumps between active and silent 

phases. Thus, it may not be surprising that perturbing �  has a small effect on the durations of 

the active phase and silent phase (i.e., a small C  was measured (Fig. 3.13)). For instance, at the 

relaxation limit, there is a folded nullsurface in the (�, , ℎ) state space, and it is solely the slow 

dynamics of  and ℎ that controls the flow on each sheet, bringing the system to a fold where it 

jumps between the two different phases.  (or / ) has no contribution to flow on a sheet 

and both analyses agree in this respect. However, ∞ �  helps to shape the folded surface, 

which is the set of points where the � derivative is 0 and = ∞ � , and therefore affects the 

precise position of the transition points between the lower sheet (silent phase) and upper sheet 

(active phase). Away from the relaxation limit, ,  and  depolarize � during the silent 

phase and therefore they have an effect with the time constant ��, so CV is positive. This is 

confirmed by the dominance of ,  and  in Fig.3.12.  

 

 As one would expect, the  activation variable is only dominant towards the end of 

the silent phase and initiates the action potential upswing in both Type I and Type II excitability 

regimes (Fig. 3.11). After the upswing, K
+
 activation dominates the dynamics until Na

+
 

inactivation assists in the repolarization of the spike’s downswing. When  once again 

becomes small, the action potential ends and K
+
 dynamics drive the membrane through the 
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refractory period at the beginning of a new silent phase. The dominant scale analysis showed that 

,  and  have similar contributions to episode initiation (Fig. 3.12) so that  controls 

the transition from silent phase to active phase, while  brings � up to the point where  and � can enter a positive feedback loop.  

 

3.8.4 Concluding remarks 

 

Although the results of the contribution analysis depend on channel kinetic parameters, 

some of the results shown here for the Hodgkin-Huxley model may apply more generally to 

oscillators controlled by negative feedback processes. For instance, in excitatory neural networks 

that produce relaxation oscillations, divisive feedback may be mediated by synaptic depression, 

while subtractive feedback may be mediated by spike frequency adaptation. Having both types of 

negative feedback processes in these network models provides a larger parameter space over 

which the network produces spontaneous episodic activity than in network models that 

incorporate only one type of negative feedback (Tabak et al. 2006). Also, in these network 

models both the divisive and subtractive feedback control the duration of the active phase, but 

the dynamics of the divisive feedback have no effect on the duration of the silent phase (Tabak et 

al. 2011). This lack of influence of the divisive feedback process in the excitatory networks is 

also due to the fact that during the silent phase the positive feedback process is not engaged, so 

recovery from divisive feedback has little effect. Given that biological oscillators generally 

involve fast positive feedback and one or more slower negative feedback processes (Friesen and 

Block 1984; Ermentrout and Chow 2002; Tsai et al 2008), the results obtained here with 

repetitive firing in the Hodgkin-Huxley model, and previously with spontaneously active 

network models, may be observed in a large class of biological oscillators. 
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CHAPTER 4 

MATHEMATICAL MODELING: BURSTING IN THE 
PITUITARY CORTICOTROPH: THE ROLE OF BK ION 

CHANNELS 

The results we present in this chapter are submitted for publication to the Journal of 

Physiology (Duncan et al. 2014). 

 

4.1 Endocrine Pituitary Cells and ACTH Secretion Regulated by CRH 

 

 The endocrine system consists of various glands situated in different parts of the body 

and each gland produces different hormones which regulate the activity of other organs and 

tissues in the body. The pituitary is an important gland in the body and it is often referred to as 

the 'master gland', because it controls several of the other hormone glands like adrenals or 

thyroid. It is usually about the size of a pea and consists of two parts; the neurohypophysis or 

posterior pituitary and the adenohypophysis, composed of intermediate and anterior pituitary 

lobes (Fig. 4.1).   

 

 

The pituitary gland is composed of several hormone secreting cell types which regulate 

many of the body’s endocrine functions. These cells and the hormones they produce areμ 

Figure 4.1: Diagram showing the pituitary gland (http://www.webmd.boots.com). 
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somatotrophs that produce growth hormone, lactotrophs that produce prolactin, thyrotrophs that 

produce thyroid stimulating hormone, melanotrophs that produce melanocyte-stimulating 

hormone, gonadotrophs that produce the gonadotropins, and corticotrophs that produce 

adrenocorticotropic hormone (ACTH). Our focus is on the corticotrophs, which are key players 

in the stress response.  

 

When our body is stressed it triggers a hormonal response via the ‘HPA (hypothalamus-

pituitary-adrenal) axis’ (Fig. 4.2). Stress can be physical, psychological or environmental, and 

activates neurons in the hypothalamus to release the hormones corticotrophin-releasing hormone 

(CRH) and arginine vasopressin (AVP). They are then transported through portal blood to the 

pituitary gland where they act on corticotrophs. These in turn secrete another hormone, 

ACTH.  ACTH enters the systemic blood and ultimately stimulates the adrenal cortex, which is 

part of the adrenal gland. Cells in the adrenal cortex then produce and secrete cortisol (humans) 

or corticosteroid (rodents), which enters the blood and acts on many targets throughout the body, 

including the brain. To keep the system in balance, a negative feedback system exists. This 

basically means that high levels of cortisol trigger the hypothalamus to reduce its output of CRH 

which in turn lowers the levels of ACTH and cortisol. Studies show that people exposed to high 

stress as infants and children and even as early as a fetus can have a more ‘sensitive’ HPA axis 

which can be set off by minor triggers so they have a more sensitive stress response. This 

chronic stress causes high circulating cortisol levels in their body that can result in neuronal 

damage in the brain. 

 

Figure 4.2: Hypothalamic-pituitary-adrenal axis (Modified from http://total-body-

psychology.com.au). 
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Our ability to respond to stress is critically dependent upon the release of the stress 

hormone ACTH. Since 1975, endocrine pituitary cells have been known to be excitable neuron-

like cells. Using electrophysiological recording techniques and the monitoring of Ca
2+

, it has 

been demonstrated in the last 10 years that intracellular Ca
2+

 signals are produced by stimulators 

and inhibitors of secretion via the modulation of action potentials in isolated pituitary cells. 

Oscillations in Ca
2+

 level control numerous cellular functions such as secretion, protein 

synthesis, gene expression, and proliferation over time scales from milliseconds to hours. 

 

CRH (CRF) which acts on the corticotropin-releasing factor receptor 1 (CRF-R1), is a 

typical G protein-coupled receptor. The CRF-R1 stimulates adenylyl cyclase (AC) to initiate the 

cyclic AMP (cAMP) signaling pathway. One role of cAMP is to control a membrane oscillator 

in the plasma membrane that consists of at least five ion channels that interact with each other to 

generate oscillations in the level of Ca
2+ 

that are triggered by periodic action potentials. 

A key element of such membrane oscillators is the pacemaker depolarization responsible 

for the slow membrane depolarization that activates the Ca
2+

 channels, which introduce Ca
2+

 into 

the cell. Inhibition of an inwardly rectifying K+ channel (Kir) and activation of non-selective 

cation current is important for initiating the pacemaker depolarization. Once the slow pacemaker 

depolarization reaches the activation threshold for the voltage-operated-channels these channels 

open and produce the upstroke of the spike. It is the spike that brings Ca
2+ 

into the cell, which 

evokes hormone secretion. The main Ca
2+ 

entry channels are the L-type channels (Stojilkovic et 

al., 2010). 

 

The recovery of the spike depends on the opening of two K+ channels, a voltage-

dependent K
+
 (K-dr) channel and the large-conductance (BK) channels. BK channels are 

particularly important during the recovery process because they will respond to the buildup of 

Ca
2+

 by initiating the recovery process. As the Ca
2+

 concentration returns back towards the 

resting level, the hyperpolarizing effect of these BK channels will decline and this will 

contribute to the pacemaker depolarization that develops to trigger the next spike. The elevation 

of Ca
2+

 during each spike triggers Ca
2+

 -dependent exocytosis to release ACTH into the 

circulation. Although corticotrophs are known to be electrically excitable, ion channels 
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controlling their electrical properties are poorly understood. We investigate how the various ion 

channels can produce the response of corticotrophs to CRH and AVP. 

 

4.2 Excitability of Pituitary Corticotrophs  

 

Excitable cells, such as neurons and endocrine cells, exhibit diverse patterns of 

spontaneous electrical activity that can be modified in response to neuropeptide stimulation. 

These diverse responses are coordinated by an eclectic array of ion channels, and establishing 

the role of any particular ion channel remains a significant challenge. 

 

Endocrine cells of the anterior pituitary typically display spontaneous activity 

(Stojilkovic et al., 2010) that is characterized by either single action potentials or bursts of 

electrical activity, termed “pseudo-plateau bursting”, that results in small oscillations of the 

membrane potential during the active phase of the burst, rather than full spikes (Tsaneva-

Atanasova et al., 2007; Stern et al., 2008; Vo et al., 2014).  Pseudo-plateau bursting has been 

proposed to increase intracellular Ca
2+

 to a greater extent than spiking alone which is thought to 

be important in driving hormone secretion in endocrine cells (Van Goor et al., 2001c; Stojilkovic 

et al., 2005). Previous studies have identified a role for large conductance calcium- and voltage-

activated potassium (BK) channels in the generation of spontaneous pseudo-plateau bursting in 

anterior pituitary somatotrophs and lactotrophs (Van Goor et al., 2001a; Tsaneva-Atanasova et 

al., 2007; Tabak et al., 2011)  whereas gonadotrophs, that express little BK current, show 

spontaneous single spiking (Van Goor et al., 2001b; 2001c; Stojilkovic et al., 2010). 

 

Anterior pituitary corticotrophs, the central hub of the hypothalamic-pituitary-adrenal 

(HPA) axis which governs the homeostatic response to stress, express BK channels (Shipston & 

Armstrong, 1996; Shipston et al., 1999; Tsaneva-Atanasova et al., 2007; Brunton et al., 2007; 

Stern et al., 2008; Liang et al., 2011; Vo et al., 2014) yet display predominantly spontaneous 

single spike activity but can transition to pseudo plateau bursting when stimulated (Kuryshev et 

al., 1997; Van Goor et al., 2001c; Stojilkovic et al., 2005; Liang et al., 2011). This suggests that 

under unstimulated conditions BK channels in corticotrophs do not contribute to spontaneous 

electrical activity but may promote pseudo-plateau bursting in response to the hypothalamic 
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secretagogues corticotrophin-releasing hormone (CRH) and arginine vasopressin (AVP).  CRH 

and AVP activate distinct G-protein receptor signaling cascades: the cAMP/PKA and IP3/PKC 

pathways respectively (Antoni, 1986; King & Baertschi, 1990; Van Goor et al., 2001a; Tsaneva-

Atanasova et al., 2007; Tabak et al., 2011), both of which have been reported to control BK 

channel activity and properties in pituitary cells, including corticotrophs (Shipston et al., 1996; 

Tian et al., 2008; Zhou et al., 2012b). 

 

Fast activating BK channels (BK-near), in close proximity to voltage activated calcium 

channels, have been demonstrated to facilitate pseudo-plateau bursting (Tabak et al., 2011). The 

rapid activation of the channels that occurs during the upstroke of an action potential limits the 

spike amplitude and activation of delayed rectifier K
+
 channels and thus allows the membrane 

potential to oscillate, resulting in a burst (Tabak et al., 2011; Vo et al., 2014).  BK channels that 

are located distantly from voltage-gated Ca
2+

 channels (BK-far) are responsible for the 

termination of a burst (Tsaneva-Atanasova et al., 2007). While the molecular basis for these 

different populations is not established, importantly functional diversity of BK channel 

properties in anterior pituitary cells can be conferred by multiple mechanisms including 

alternative pre-mRNA splicing and post-translational modification of the pore-forming subunit 

encoded by a single gene, KCNMA1 (for example see Tian et al., 2004; Chen et al., 2005; Tian 

et al., 2008; Stojilkovic et al., 2010).   

 

In this study, we have developed a mathematical model of corticotrophs and used this in 

conjunction with pharmacological and genetic approaches to interrogate the role of BK channels 

in spontaneous and CRH/AVP-evoked electrical activity in native male mouse corticotrophs.  

We reveal that corticotroph BK channels do not play a significant role in spontaneous electrical 

activity but are essential for the transition to bursting upon CRH-stimulation. Furthermore, we 

reveal that AVP, in contrast to CRH, does not promote bursting, rather it increases the frequency 

of single spikes and is independent of functional BK channels.  Thus CRH and AVP engage BK 

channel-dependent and –independent pathways respectively and BK channels are essential for 

the CRH-induced transition to pseudo-plateau bursting in murine corticotrophs. 
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4.3 Mathematical Model 

 

The Hodgkin-Huxley formalism is used (Hodgkin & Huxley, 1952) with currents that are 

present in pituitary corticotrophs. In our model, the potential difference across the plasma 

membrane varies according to: � = −( + − + − + − + −� + + � )                     .  

where  is the membrane capacitance. There are six ionic currents in the model as shown in 

Fig. 4.3A.  is the high voltage activated dihydropyridine sensitive L-type Ca
2+

 current that is 

responsible for most Ca
2+

 entry during an action potential. −  is the rapidly activated delayed 

rectifier K
+
 current that is largely responsible for the downstroke of an action potential. The 

model also contains large-conductance, voltage and Ca
2+

-activated K
+ 

channels (BK channels). 

Some are located near Ca
2+

 channels and respond to Ca
2+

 in microdomains at open Ca
2+

 

channels, producing the current − . Others are situated away from Ca
2+

 channels and 

respond to the mean cytosolic Ca
2+

 concentration, producing the current − . BK-near 

channels represent STREX type channels, while BK-far channels represent ZERO type channels  

(Shipston et al., 1999; Chen et al., 2005; Zhou et al., 2012). −�  is the barium insensitive 

inward rectifier K
+
 current that activates under hyperpolarization. Also, the model has a current 

Figure 4.3: Schematic diagram of the ionic currents in the pituitary corticotroph model 
and steady-state activation functions. A) Schematic diagram of the ionic currents in the 

pituitary corticotroph model. B) Steady-state activation functions for the K
+
 (black), Ca-L 

(green) and K-ir (magenta) channels and  C) for the BK-far (red) and BK-near (blue) channels. 
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produced by non-selective-cation channels, . The effect of system noise is included in the 

model through the current � .  

The non-selective-cation current has constant conductance in our model � =� − � . The voltage-dependent currents with dynamic conductances (g) are as follows: 

 � = ∞ � � − �                                                  .  

− � = � − �                                                          .  

−�  � =  −� ∞ � � − �                                                   .  

− �,  =  − � − �                                              .  

− �,  =  − � − �                                         .  

 

We assume that the Ca
2+

 channels and inward rectifying K
+ 

channels activate 

instantaneously. The gating variable for the activation of delayed rectifier K
+
 current (n) has first 

order kinetics and changes with time according to   

= ∞ � −� .                                                               .  

The steady-state functions are 

∞ � = + �−�� ,        = , , .                                             .  

For the near and far populations of BK channels we use the model of (Tsaneva-Atanasova et al., 

2007) for pituitary somatotrophs. The gating variables are 

= ∞ �, −� �                                                          .  
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= ∞ �, −�                                                            .  

where  is the free Ca
2+

 concentration in a microdomain and  is the mean free cytosolic 

Ca
2+

 concentration. The equilibrium functions are: 

∞ �, = + exp −(� − � − ),                                  .  

∞ �, = + exp − � − � − .                                          .  

where 

� − = � 0 − ℎ�  �n ��−� �� ,                                    .  

� − = � 0 − ℎ� �n ��− ��                                             .  

and domain Ca
2+

 is modeled as proportional to the Ca
2+

-current: = −� − � .                                                                .  

The equation for the mean intracellular Ca
2+

 concentration is  

= − +                                                                .  

where f is the fraction of free Ca
2+

 in the cytosol,  converts current to concentration and  is 

the Ca
2+

 pump rate.  

The current due to channel noise is � = � � with �  is noise amplitude and � is a 

Wiener variable. The model is implemented in the XPPAUT software program (Ermentrout, 

2002) using the Euler method (dt=0.1 ms), and the computer code is available for free download 

from http://www.math.fsu.edu/~bertram/software/pituitary. 

http://www.math.fsu.edu/~bertram/software/pituitary
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Parameters of the model are listed in Table 4.1 and the steady-state activation functions 

for the currents are shown in Fig. 4.3B & C. 

 

Table 4.1: Parameter values for mathematical model of corticotroph excitability. 

    Parameter Value     Parameter Value g −  1.8 nS (basal), 2.2 nS (CRH) � BK−n ar  18 M (basal), 6 M (CRH) gNS 0.1 nS (basal), 0.2 nS (AVP) � BK− ar  6 M g  8.2 nS �  3 mV g −  1 nS sm 10 g −  2 nS sn 10 g −  1 nS sr -1 V  60 mV V 0 0.1 mV VNS -10 mV �  18 V  -75 mV A 0.15 

 -60 mV  0.12 M 

 -20 mV f 0.01 

 -5 mV  0.0015 τ n  20 ms (basal), 4 ms (CRH) σN 5 pA τ  4 ms C  6 pF �� 40 ms   

 

4.4 CRH/AVP Increases Frequency and Bursting in Corticotroph Cells 

 

The experiments are performed by Peter Duncan and Mike Shipston from University of 

Edinburgh and pharmacology is done by Peter Ruth from University of Tubingen.  In 

corticotrophs isolated from POMC-GFP male mice spontaneous activity was observed in more 

than 90% of cells recorded under current-clamp using the perforated patch-clamp approach, as 

previously observed in female corticotrophs (Liang et al., 2011) with predominantly large 

amplitude single-spike action potentials (Fig. 4.4A & B). Corticotrophs had a resting membrane 

potential of -53.7 ± 1.5 mV, displayed spontaneous action potentials at a frequency of 0.34 ± 

0.14 Hz and had a mean cell capacitance of 4.43 ± 0.94 pF (Fig. 4.4D & E).  The mean event 

duration of 69 ± 26 ms and a burstiness factor (BF) of 0.18 ± 0.10 are both consistent with 

predominantly single action potential behaviour (Fig. 4.4F & G) in the unstimulated state. 

Replacement of external sodium ions with the large organic cation N-methyl-D-glucamine 

(NMDG
+
) resulted in a significant (p = 0.00059) hyperpolarisation of 22.7 ± 2.8 mV (n = 5) 
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within one minute, accompanied by a cessation of spontaneous activity which was fully 

reversible following washout. These data are consistent with that previously observed in female 

mouse corticotrophs and that a background sodium conductance is important for setting the 

resting membrane potential of corticotrophs, as in other pituitary cells (Tomic et al., 2011; Liang 

et al., 2011). 

 

 

In vivo, corticotrophs are exposed to pulses of both CRH and AVP released from the 

hypothalamus in response to stress, resulting in the release of ACTH.  Thus corticotrophs were 

stimulated with CRH and AVP (0.2 and 2 nM respectively) at concentrations chosen to be 

physiologically relevant and within peak concentrations in portal circulation in response to stress 

(Gibbs & Vale, 1982; Sheward & Fink, 1991). A three minute exposure to CRH/AVP resulted in 

a robust depolarisation and an increase in firing frequency (Fig. 4.4A) with a transition from 

single-spike action potentials (Fig. 4.4B) to complex bursting patterns (Fig. 4.4C) that included 

both single spike and ‘pseudo-plateau burst’ behaviours. Following CRH/AVP exposure, there 

was a significant (p = 0.0031) membrane depolarisation to -47.4 ± 0.8 mV (Fig. 4.4D) and a 

Figure 4.4: Current clamp recordings of a corticotroph cell and summary bar graphs 
illustrating that stimulation with CRH/AVP. A) Representative current clamp recording of a 

corticotroph cell exposed to 0.2 nM CRH and 2 nM AVP for three minutes. Under basal 

conditions B) corticotroph cells display predominantly single-spike action potentials which C) 

transition to complex bursting patterns following CRH/AVP exposure. Grey shading indicates 

membrane potential between -50 mV and +10 mV. Summary bar graphs illustrating that 

stimulation with CRH/AVP results in D) a membrane depolarisation coupled with E) an increase 

in event frequency, F) event duration and G) burstiness factor (BF). 



57 

 

significant (p = 0.0080) increase in event frequency to 0.86 ± 0.18 Hz (Fig. 4.4E).  This was 

accompanied by a significant (p = 0.016) increase in mean event duration (564 ± 160 ms) 

following CRH/AVP stimulation (Fig. 4.4F) as well as a significant (p = 0.00014) increase in the 

burstiness factor to 0.79 ± 0.06 (Fig. 4.4G), indicating a switch to predominantly pseudo-plateau 

bursting following CRH/AVP exposure. After 10 min washout of CRH/AVP, membrane 

potential returned to -52.5 ± 1.3 mV which was not significantly different to baseline (Fig. 

4.4D). However, corticotroph activity remained elevated compared to pre-stimulation with event 

frequency elevated at 0.88 ± 0.2 Hz (Fig. 4.4E). Although event duration and the burstiness 

factor were elevated compared to pre-stimulation levels, they were suppressed compared to 

levels 3 min following CRH/AVP application (Fig. 4.4F & G). These data reveal that exposure 

of corticotrophs to physiological levels of the hypothalamic secretagogues CRH and AVP result 

in a complex patterns of excitability that include increases in event frequency and a transition to 

pseudo-plateau bursting. 

 

4.5 Modeling of the CRH/AVP Effect in Pituitary Corticotrophs 

 

To examine whether our mathematical model of the corticotroph can recapitulate the key 

features of both spontaneous (basal) activity and the subsequent depolarisation and transition to 

bursting following CRH and AVP stimulation we changed ionic current parameters in the model 

that correspond to currents implicated in the control of corticotroph excitability. The model 

consists of six ionic currents (Fig. 4.3A): L-type Ca
2+

 current (ICa-L), delayed rectifier K
+
 current 

(IK-dr), inward rectifier K
+
 current (IK-ir,) BK-near (IBK-near) and BK-far (IBK-far) currents and non-

selective current (INS). See methods for full description.   

 

L-type Ca
2+

 channels are critical for CRH/AVP stimulated ACTH secretion and CRH has 

been reported to increase L-type Ca
2+

 current in a variety of corticotroph models (Mollard et al., 

1987; Guérineau et al., 1991; Kuryshev et al., 1995).  CRH and AVP have been reported to 

activate non-selective cation channels (Takano et al., 1996; Mani et al., 2009)  in corticotrophs 

or other cells and a non-selective Na
+
-dependent conductance is critical for determining the 

resting membrane potential (Liang et al., 2011). 
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Although CRH has been reported to regulate inward rectifier K
+
 current IK-ir in rat 

corticotrophs (Kuryshev et al., 1997) the barium sensitive IK-ir has no functional effect in mouse 

corticotrophs (Liang et al., 2011). Distinct BK channel splice variants, including the stress 

regulated exon (STREX) and ZERO (lacking STREX insert) splice variants of the channel are 

expressed in the anterior pituitary and murine corticotrophs (Shipston & Armstrong, 1996; 

Shipston et al., 1999; Brunton et al., 2007; Liang et al., 2011). 

 

 The model incorporates two distinct BK channel populations: BK-near and BK-far. 

While the molecular identity of these populations is not prescribed, the characteristics of these 

populations are similar to those of the STREX and ZERO variants, respectively.  For example, 

BK-near (STREX) have a significantly left shifted apparent voltage for half maximal activation 

compared to BK-far (ZERO) channels (Xie & McCobb, 1998; Chen et al., 2005) (Fig. 4.3C). 

Moreover, activation of the cAMP/PKA pathway shifts the properties of STREX channels to 

channels with ZERO-like properties including a significant right shift in the half maximal 

Figure 4.5: Adding CRH/AVP transforms spontaneous spiking to bursting in the 
corticotroph model. The CRH/AVP effect is modeled as an increase in gCa from 1.8 nS to 2.2 

nS, an increase in gNS from 0.1 nS to 0.2 nS, a decrease in τ n from 20 ms to 4 ms and a 

decrease in � BK−n ar   from 18 M to 6 M.   
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voltage of activation and faster activation kinetics (Tian et al., 2001a; 2004; Chen et al., 2005; 

Zhou et al., 2012a). 

 

Thus in our model we first simulated the application of CRH/AVP through changes to 

three ionic currents: the L-type Ca
2+

 current (ICa), the non-selective cation current (INS), and the 

BK-near current (IBK-near). Figure 4.5A & B shows the model corticotroph cell exhibiting 

spontaneous spiking over the first 100 seconds as seen experimentally. The slow spiking is due 

to the noise that pushes the voltage randomly above spike threshold with the resting membrane 

potential set close to threshold by gNS. The application of CRH/AVP is simulated by increasing 

the conductances gNS and gCa (Table 4.3). Also, the BK-near channel time constant τ n is 

decreased along with � BK−n ar  (Table 4.3), producing a faster activation of this current and 

shifting its activation curve rightward to overlap that of the BK-far activation curve (Fig. 4.3C, 

blue curve becomes like red curve). After these changes to the model parameters, the low 

frequency spiking changes to high-frequency bursting (Fig. 4.5A & C). Moreover, the spike 

amplitude decreases substantially (by ~20 mV) and the base membrane potential increases (by 

~20 mV), as seen experimentally. The effect of drug washout is simulated by slowly changing 

parameters back to their original values (Fig. 4.5A). 

 

4.6 CRH and AVP Differentially Regulate Corticotroph Excitability In Vitro 

 

CRH and AVP act synergistically to increase ACTH secretion from corticotroph cells 

and activate distinct G-protein coupled receptor activated intracellular signaling cascades: the 

cAMP/PKA and IP3/PKC pathways, respectively. Stimulation of corticotrophs with combined 

secretagogues CRH/AVP increased both firing frequency and bursting behaviour. Previous 

studies have reported that CRH and AVP are individually able to regulate electrical excitability 

in corticotrophs (e.g see Mollard et al., 1987; Guérineau et al., 1991; Lee & Tse, 1997; Tse & 

Lee, 1998). We thus asked whether CRH and AVP promote distinct, or similar, patterns of 

electrical activity when applied alone in an attempt to dissect key conductances that may be the 

targets of these neuropeptides.  
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Individually, both CRH (Fig. 4.6A & B) and AVP (Fig. 4.6C & D) were still able to 

produce an increase in corticotroph excitability. However, the patterns of stimulated excitability 

were distinct. Treatment of corticotrophs with 0.2 nM CRH resulted in a significant (p = 0.0057) 

depolarisation from -53.0 ± 2.4 mV to -43.0 ± 3.8 mV. Firing frequency increased significantly 

(p = 0.043) from 0.13 ± 0.07 Hz to 1.45 ± 0.68 Hz (Fig. 4.6E). Following 10 min washout, event 

frequency had significantly declined to 0.40 ± 0.22 Hz in contrast to the sustained elevation of 

excitability observed in cells treated with combined CRH/AVP (0.88 ± 0.24 Hz). A transition 

from spiking to bursting was observed in all tested cells and mean event duration increased 

significantly (p = 0.021) from 63 ± 49 ms to 378 ± 267 ms following CRH stimulation (Fig. 

Figure 4.6: Representative traces of corticotroph cells before and after exposure to CRH 
and AVP alone. Representative traces of corticotroph cells before A) and following B) 0.2nM 

CRH alone or before C) and after D) exposure to 2 nM AVP for 3 min. Summary bar graphs 

reveal that E) individually CRH and AVP can both induce an increase in event frequency but F) 

only CRH is able to produce an increase in event duration which corresponds to a transition to 

bursting behaviour. F) Mann-Whitney U test compared to base values. 
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4.6F). In contrast, cells treated with 2 nM AVP alone failed to produce a significant 

depolarisation, there was a significant (p = 0.033) increase in firing frequency from 0.32 ± 0.17 

Hz to 1.77 ± 0.42 Hz (Fig. 4.6E). Firing frequency remained elevated (1.33 ± 0.60 Hz) following 

10 min washout suggesting that AVP promotes a sustained increase in activity. Interestingly, 

AVP alone failed to induce a transition from spiking to bursting in any cell examined. Mean 

event duration was 55 ± 46 ms under basal conditions and did not significantly increase (105 ± 

78 ms) following AVP exposure (Fig. 4.6F).  

 

These data suggest that CRH can drive a transition to pseudo-plateau bursting while AVP 

promotes a sustained increase in single-spike frequency but does not support a transition to 

bursting.  This predicts that CRH and AVP differentially control conductances important for 

increased electrical excitability in corticotrophs and that conductances regulated by the 

cAMP/PKA pathway are likely responsible for the transition to bursting.  

 

4.6.1 Distinct conductances differentially regulate spike frequency and bursting in the 

corticotroph model 

 

The experimental findings we observed after the addition of CRH only or AVP only were 

further investigated in our model. In the experiments, adding only CRH (without AVP) changes 

the basal single-spike activity to bursting (Fig. 4.6A & B). Since CRH may act on several 

conductances, we asked which conductances were necessary for conversion to bursting. We 

found that increasing either the non-selective-cation current conductance gNS or Ca
2+

 current 

conductance gCa increases spike frequency but does not produce bursting. However, making the 

BK-near channels similar to BK-far by reducing τ n of the BK-near channel from 20 ms to 4 

ms and right-shifting its activation curve (� BK−n ar  from 18 to 6 M) is sufficient to convert 

spiking to bursting without the need to make any other changes (Fig. 4.7A & B). A small 

additional increase of the L-type conductance did not prevent that transition to bursting, but 

increased burst frequency and amplitude. 
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The data in Fig. 4.6C & D show that application of AVP alone greatly increases the spike 

frequency but does not convert spiking to bursting. We found that increasing gNS alone (from 0.1 

to 0.2 nS) is sufficient to generate the effect seen in experiments. That is, an increase in firing 

frequency and a slight depolarisation of the membrane potential without a transition to bursting 

(Fig. 4.7C). In accordance with a role for gNS in AVP action, step current injection alone only 

stimulates an increase in firing frequency, not a transition to bursting (for example a 1 pA 

current injection results in a 2.41 ± 0.31 (n = 4) fold increase in action potential frequency). 

Moreover, inhibition of the non-selective sodium conductance results in membrane 

hyperpolarization and prevents CRH/AVP induced depolarisation and increase in excitability 

(Liang et al., 2011). Changes in gCa alone increases spike frequency and amplitude, while 

changes in τ n and � BK−n ar convert spiking to bursting. Hence the model suggests that 

changes in BK-near cause the CRH-induced transition to bursting, and an increase in the non-

selective cation conductance causes the increased spike frequency induced by AVP.   

 

In the model, BK channels have almost no effect on the spontaneous low-frequency 

spiking activity. Fig. 4.8A shows spontaneous activity in the absence of BK conductance. When 

application of CRH and AVP together is simulated the spike frequency greatly increases and the 

model cell is depolarised, but there is no bursting (Fig. 4.8B). 

Figure 4.7: Simulations of CRH and AVP alone. A) Basal spiking activity. B) CRH alone 

transforms spiking to high frequency bursting due to changes in the currents ICa (gCa is increased 

from 1.8 nS to 2.2 nS) and IBK-near (τ n is decreased from 20 ms to 4 ms and � BK−n ar is 

decreased from 18 M to 6 M). C) AVP alone modulates INS (gNS is increased from 0.1 nS to 

0.2 nS)  which leads to fast spiking. 
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However, when even a small fraction (15%) of BK conductance remains there is a mixture of 

bursting and fast spiking (Fig. 4.8C). 

 

4.6.2 CRH/AVP-evoked bursting activity is suppressed by pharmacological inhibition of 

BK channels 

 

The model predictions of Fig. 4.8 were tested in corticotrophs exposed to the selective 

BK channel inhibitor paxilline (1 M). To investigate the role of BK channels in regulating basal 

activity, corticotrophs were exposed to paxilline for three minutes. In 3/3 cells tested, paxilline 

had no effects on spontaneous corticotroph activity for all parameters measured. These results 

are not surprising as the BK channel has been suggested to promote bursting behavior which is 

uncommon under basal conditions. 

 

To investigate the role of BK channels in the CRH/AVP response, corticotroph cells 

were treated with paxilline (1 M) for four minutes prior to CRH/AVP exposure. Paxilline 

remained present throughout the remainder of the recording. In comparison to control cells, 

paxilline treated cells showed predominantly single-spike action potentials under basal 

conditions (Fig. 4.9A). In contrast, there was a significant reduction in CRH/AVP-evoked 

bursting behavior (Fig. 4.9B). Under basal conditions, paxilline-treated cells had a resting 

membrane potential of -54.2 ± 2.8 mV and a spontaneous event frequency of 0.27 ± 0.20 Hz (n = 

Figure 4.8: Simulations with little or no BK conductance. A) Basal spiking activity in the 

absence of BK conductance. B) CRH/AVP increases spike frequency without bursting when 

there is no BK conductance. C) When some BK conductance remains, CRH/AVP elicits some 

bursting mixed with fast spiking. 



64 

 

7). Paxilline treated cells also had a mean event duration of 148 ± 39 ms and a burstiness factor 

of 0.23 ± 0.13. The basal properties of paxilline treated cells were not significantly different to 

untreated cells for all parameters measured.  

 

 

Following CRH/AVP exposure, there was a significant (p = 0.0068) depolarisation from 

-54.2 ± 2.8 mV to -46.3 ± 2.9 mV in paxilline-treated cells which was no different from controls. 

Event frequency significantly (p = 0.044) increased to 0.69 ± 0.16 Hz (Fig. 4.9C) which was not 

significantly different to untreated cells (0.86 ± 0.18 Hz). A transition to bursting was observed 

in only 4/8 cells after CRH/AVP stimulation, compared to 7/7 of control cells. CRH/AVP was 

unable to produce a significant increase in mean event duration (178 ± 58 ms) in paxilline-

treated cells (Fig. 4.9D), which was significantly (p = 0.021) reduced compared to untreated 

cells (564 ± 160 ms). The burstiness factor following CRH/AVP stimulation was 0.43 ± 0.15 

which was significantly (p = 0.018) reduced compared to untreated cells (0.79 ± 0.06). 

Figure 4.9: Representative traces of corticotrophs after paxilline treatment. A) 

Representative traces of corticotrophs pretreated with 1 M paxilline which B) reduces 

CRH/AVP-evoked bursting behaviour. C) Paxilline has no effect on the ability for CRH/AVP to 

increase event frequency but D) significantly reduces event duration. 



65 

 

4.6.3 BK-knockout mice show reduced bursting compared to wild-types 

 

Pharmacological blockade of BK channels resulted in a reduction in CRH/AVP-evoked 

bursting activity, as predicted by the model. To further investigate the role of BK channels in 

promoting bursting, cells isolated from BK channel knockout mice (BK
-/-

) were exposed to 

CRH/AVP for three minutes following the same 20 minute protocol. The mean cell capacitance 

of BK
-/-

 cells was 4.16 ± 0.40 pF (n = 6) which was not significantly different from wild-type 

cells (4.89 ± 0.29 pF). 

 

Current clamp recordings revealed 4/6 BK
-/-

 cells displayed spontaneous activity with 6/6 

showing an increase in activity following CRH/AVP stimulation (Fig. 4.10A & B). In 

comparison to paxilline-treated cells, corticotrophs isolated from BK
-/-

 mice showed no 

difference in basal membrane potential (-53.7 ± 2.3 mV), frequency (0.40 ± 0.19 Hz), mean 

Figure 4.10: Representative traces of corticotrophs isolated from BK-knockout mice. A) 

Representative traces of corticotrophs isolated from BK
-/-

 mice which B) also results in a 

reduction in bursting following CRH/AVP stimulation. C) BK
-/-

 cells show a higher event 

frequency following CRH/AVP compared to wild-type cells but D) show a decrease in event 

duration.  
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event duration (153 ± 106 ms) or burstiness factor (0.15 ± 0.11) compared to wild-type cells (n = 

6). CRH/AVP exposure resulted in a significant (p = 0.00074) depolarization to -45.1 ± 2.4 mV 

which was not significantly different to wild-type. CRH/AVP was able to induce a significant (p 

= 0.046) increase in firing frequency to 2.30 ± 0.79 Hz (Fig. 4.10C). Interestingly, peak firing 

frequency was significantly (p = 0.040) elevated compared with controls (0.86 ± 0.18 Hz) 

representing a 2.7-fold increase in CRH/AVP-evoked activity. Following CRH/AVP stimulation, 

bursting activity was observed in 3/6 cells. Basal mean event duration was 153 ± 106 ms which 

did not significantly increase (305 ± 127 ms) following CRH/AVP (Fig. 4.10D). 

These pharmacological and genetic data combined show that CRH/AVP is still able to 

produce a robust increase in electrical activity in BK
-/- 

cells. However, the increase in activity 

was largely associated with an increase in firing frequency rather than a transition to bursting 

supporting a key role for BK channels in the CRH/AVP –induced transition to bursting.  

 

            4.7 Discussion 

 

In this study we have exploited electrophysiological, pharmacological and genetic 

approaches in conjunction with mathematical modelling of anterior pituitary corticotroph cells to 

examine the mechanisms controlling secretagogue-induced electrical excitability. Importantly, 

our data reveal that the hypothalamic neuropeptides CRH and AVP stimulate distinct patterns of 

electrical excitability. CRH promotes bursting behavior that is dependent upon functional BK 

channels whereas AVP promotes an increase in firing frequency of single action potentials 

through BK-independent pathways likely involving activation of non-selective conductances. 

Thus, as distinct stressors can stimulate differential release of CRH and AVP and corticotroph 

excitability is differentially controlled by these two hypothalamic secretagogues, the pattern of 

corticotroph excitability may be distinct for different stressors. 

 

In this study we examined corticotrophs from male mice expressing GFP under control 

of the POMC promoter to aid visual identification. In agreement with previous studies in female 

mice > 90% of male corticotrophs displayed spontaneous activity with single action potentials 

that varied widely in frequency (0.01 to 1 Hz) in unstimulated conditions using the perforated 

patch-clamp recording approach (Liang et al., 2011). A previous study in mouse corticotrophs 
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reported that corticotrophs are not spontaneously active (Lee et al., 2011) however, this 

employed conventional whole cell recording that results in intracellular dialysis, a procedure that 

abolishes spontaneous activity in murine corticotrophs (Liang et al., 2011). The modeling, in 

conjunction with electrophysiological analysis, revealed that the resting membrane potential was 

largely determined by the non-selective sodium conductance with single spike activity resulting 

from stochastic fluctuations that bring the voltage above spike threshold. In accordance with 

other anterior pituitary cell types that display single spike activity under basal conditions, 

spontaneous corticotroph activity was unaffected by pharmacological or genetic inhibition of the 

BK channel (Van Goor et al., 2001b; 2001c). 

 

Stimulation of corticotrophs with physiological concentrations of CRH/AVP resulted in a 

robust depolarisation and increase in event frequency coupled with a transition from single-spike 

action potentials to complex bursting patterns. The modeling analysis revealed that the transition 

to the complex bursting pattern following combined CRH/AVP could be explained primarily by 

changes in three conductances: the L-type Ca
2+

 conductance, non-selective cation conductance 

and the properties of the BK-near conductance. Separately CRH and AVP are able to drive an 

increase in electrical activity of the corticotroph but differentially modulate the pattern of 

electrical activity. These distinct patterns result from the differential contribution of these three 

conductances in CRH and AVP-stimulated excitability. Corticotrophs stimulated with CRH 

alone promoted a transition to bursting, an effect dependent upon changes that make the BK-near 

channels like the BK-far channels, i.e., a right shifted activation curve and faster activation.  

Thus regulation of BK-near alone may control bursting although regulation gCa and gNS are 

required for the significant depolarization of resting membrane potential and increase in the 

frequency of spikes and bursts. Indeed, when BK channels are blocked pharmacologically, or 

deleted genetically, stimulation promotes an increase in single spike activity. In contrast, AVP 

stimulated an increase in single spike frequency without a transition to bursting, an effect 

dependent upon gNS. Intriguingly, AVP alone (or CRH/AVP) resulted in an increase in event 

frequency which remains elevated at the end of the washout period whereas with CRH alone 

activity declines during washout. This suggests that AVP prolongs the duration of the response 

to hypothalamic secretagogues and supports the hypothesis that CRH mediates a rapid increase 
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in ACTH secretion whereas AVP acts to elicit a plateau phase (Lee & Tse, 1997; Tse & Lee, 

1998).  

 

How may CRH and AVP control conductances required for stimulation of distinct 

patterns of electrical activity?  CRH and AVP operate through two distinct intracellular signaling 

cascades activated via distinct GPCRs (Antoni, 1986; King & Baertschi, 1990; Stojilkovic et al., 

2010). CRH exerts its actions exclusively through CRHR1 in corticotroph cells resulting in an 

increase in cytosolic cAMP with subsequent activation of downstream effectors, predominantly 

PKA. In contrast AVP acts through V1B receptors, and results in the cleavage of PIP2 to IP3 and 

DAG, the latter leading to the activation of PKC. Voltage dependent calcium influx via L-type 

Ca
2+

 channels is essential for CRH and AVP-evoked ACTH secretion. CRH, via PKA has been 

shown in a number of models to stimulate Ca
2+

 influx by activating L-type Ca
2+

 channels, most 

likely via PKA phosphorylation of the channel (Kuryshev et al., 1996).  Both CRH and AVP 

have been reported to activate non-selective cation conductances (Takano et al., 1996; Mani et 

al., 2009),  thus providing potential pathways for driving cellular depolarization. Although the 

molecular identity of these non-selective conductances have not been defined, work in other 

pituitary cell types suggest that it may, in part, be mediated via transient receptor potential 

(TRP)–like conductances that are also regulated by the cAMP/PKA pathway (Tomic et al., 

2011). 

 

Our data reveals that BK channels play an important role in CRH-stimulated generation 

of bursting behavior in corticotroph cells. Previous studies have identified a correlation between 

the level of BK expression in anterior pituitary cell types and the incidence of spontaneous 

bursting activity (Van Goor et al., 2001b; 2001a).  Furthermore, previous studies have suggested 

that there exist two populations of BK channels involved in the generation of bursting (Tsaneva-

Atanasova et al., 2007). BK channels located in close proximity to voltage-gated Ca
2+

 channels 

(BK-near) are important in the generation of a burst whereas BK channels located distantly from 

Ca
2+

 channels (BK-far) are required for burst termination. Our model predicts that CRH 

promotes bursting by decreasing the time constant of BK-near and shifting the activation curve 

so that it becomes like BK-far. In vivo, global genetic deletion of BK channels results in mice 

with a blunted HPA axis response to acute stress, although the phenotype is likely manifest 
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through changes at multiple levels of the HPA axis (Brunton et al., 2007). BK channels are 

expressed in several corticotroph models including murine corticotrophs where at least two 

splice variants, STREX and ZERO, are predominantly expressed (Shipston & Armstrong, 1996; 

Shipston et al., 1999; Brunton et al., 2007; Liang et al., 2011). CRH can inhibit total BK 

conductance in corticotrophs (Shipston et al., 1996; Tian et al., 2008) and in expression systems 

PKA dependent protein phosphorylation of either the STREX or ZERO variant results in channel 

inhibition or activation, respectively (Tian et al., 2001b; 2004; Chen et al., 2005). More 

importantly, the properties of the STREX and ZERO variants correspond to the key features of 

BK-near and BK-far in the model, respectively, and a key effect of PKA phosphorylation of 

STREX is to convert it to a phenotype more closely corresponding to ZERO. Thus, a potential 

mechanism for CRH induced bursting may involve PKA-dependent phosphorylation of STREX 

variant channels that may underlie the BK-near conductance while also potentially enhancing 

BK-far. Although PKC can also regulate BK channels it can only regulate STREX variant 

channels under defined conditions, including channels that have already been phosphorylated by 

PKA (Zhou et al., 2012), suggesting that combined CRH/AVP may have an additional effect on 

BK-near. Furthermore, as glucocorticoids have been shown to prevent PKA-mediated regulation 

of BK channel (Shipston et al., 1996; Tian et al., 1998) it will be of interest to examine whether 

glucocorticoid feedback may control CRH-induced bursting in native mouse corticotrophs. 

Clearly, alternative explanations for the molecular composition of these BK conductances are 

plausible and warrant future investigation.  

 

Corticotroph cells treated with paxilline or isolated from BK
-/- 

mice showed no difference 

in spontaneous activity compared with controls, which suggests that BK channels are not 

responsible for regulating resting membrane potential or for the generation of spontaneous 

activity in corticotrophs. The model suggests that CRH/AVP promotes bursting primarily 

through BK channels and based on these observations one would predict that in the absence of 

BK, corticotrophs excitability driven by CRH/AVP would result mostly in an increase in single-

spike frequency. Following CRH/AVP stimulation, both paxilline-treated and BK
-/- 

cells showed 

an increase in event frequency but failed to significantly transition to bursting. In both cases 

bursting was not completely abolished, which suggests that although BK channels are an 

important component in promoting bursting, there may be other channels involved. Indeed, this 
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has been predicted in a prior modeling study of pituitary cells (Teka et al., 2011). Furthermore, 

bursting was more prevalent in BK
-/-

 cells, compared to WT cells acutely exposed to the BK 

inhibitor paxilline, which could be the result of compensation through changes in expression of 

other ionic conductances. Previous studies have revealed that intermediate conductance calcium-

activated potassium channels (IK) may control bursting activity in female corticotroph cells 

(Liang et al., 2011), although the IK inhibitor TRAM-34 has no effect in male corticotrophs. 

This suggests that male and female corticotrophs display sexually dimorphic mechanisms to 

control bursting.   

 

In conclusion, we reveal that CRH and AVP regulate distinct patterns of electrical 

excitability in corticotrophs. Importantly, the CRH-induced transition to bursting is dependent 

upon functional BK channels whereas AVP promotes an increase in spike frequency alone that is 

independent of BK channel function. The ability of these neuropeptides to engage distinct modes 

of electrical excitability is likely to have important functional consequences for the regulation of 

corticotrophs in response to different stressors. 
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CHAPTER 5 

CONCLUSIONS 

5.1 Summary 

 

This dissertation provides new insights to the area of computational neuroscience and 

highlights new knowledge into the biophysical mechanisms that neurons and electrically 

excitable cells operate. In Chapter 3, the three techniques we used to determine the contributions 

of the two negative feedback mechanisms in the Hodgkin-Huxley model provided insight onto 

how various ion channel conductances cooperate to produce the intrinsic dynamics of the neuron. 

In the Hodgkin-Huxley model, the sodium channels generate voltage-dependent inward current, 

providing fast positive feedback that increases membrane potential, while the delayed activation 

of outward potassium currents and inactivation of the inward sodium currents provide negative 

feedback. We found that divisive and subtractive feedback can contribute differently to different 

phases of the impulse and these contributions are model and parameter dependent. We used two 

complementary techniques, contribution analysis and dominant scale analysis, to determine these 

contributions. Moreover we showed that having both K
+
 and Na

+
 conductances in the Hodgkin-

Huxley model increases the robustness of the oscillations to parameter changes. 

 

In Chapter 4, we combined mathematical modeling with electrophysiology and 

pharmacology to examine the mechanisms controlling secretagogue-induced electrical 

excitability in the anterior pituitary corticotroph cells. Our data generated predictions, which was 

then tested and verified pharmacologically. The data with the help of our model revealed that the 

hypothalamic neuropeptides CRH and AVP stimulate distinct patterns of electrical excitability. 

CRH promotes bursting behavior due to the BK channels whereas AVP promotes an increase in 

firing frequency of single action potentials through non-selective-cation channels. Thus, distinct 

stressors can stimulate differential release of CRH and AVP and corticotroph excitability is 

differentially controlled by these two hypothalamic secretagogues, providing evidence that the 

pattern of corticotroph excitability may be distinct for different stressors. 
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5.2 Future Work 

 

The dissertation addressed how we can combine the mathematical model of the neuronal 

systems with the experimental data as well as how we can analyze the neuronal systems by using 

computational and mathematical tools. Through our studies, it also revealed a number of 

obstacles and raised several questions that have yet to be investigated. 

 

The results of the analysis we have done in Chapter 3 are specific to the Hodgkin-Huxley 

model and this could be verified experimentally for electrically compact cells using the dynamic 

clamp technique, which allows us to introduce a model-generated ionic current into a cell (Tabak 

et al., 2011). For example, one could pharmacologically block the Na
+ 

current, and then re-

introduce it into the cell using the dynamic clamp that is computed from a model. It would be 

possible to change its inactivation time constant by a desired amount and measure the effect of 

this perturbation on the duration of the spike or interspike interval. Moreover these techniques 

that we employed in Chapter 3 could be used for any neuronal model that has more than one 

negative feedback processes. Also, we can use these techniques to understand the neuronal 

systems deeper like how these contributions change with temperature or other conditions.   

 

The model that we developed in Chapter 4 utilized functional forms of ionic currents, 

used in prior published neural modeling studies of corticotrophs (Tomic et al., 2011; Liang et 

al., 2011, Mollard et al., 1987; Guérineau et al., 1991; Kuryshev et al., 1995, Takano et al., 

1996; Mani et al., 2009). It would be necessary to obtain voltage clamp  recordings  that  would  

better  identify  the  various  ionic  currents  gating and moreover pharmacological  blockers  

could  be  used  with  a  range  of  current  pulses  to  better  constrain the model parameter 

values. Also, we can analyze the dynamic behavior for the underlying mechanism of the 

transition from spiking to bursting due to the CRH mathematically.  

 

 

 



73 

 

5.3 Conclusion 

 

In conclusion, the work presented in this dissertation is a very good example to show the 

importance of the field of computational neuroscience. Large number of interacting elements 

forming the neural subsystem under consideration can only be found by constructing the 

computational models. We showed that a mathematical model combined with experimental data 

can be used to increase our understanding of the phenomena under investigation and to predict 

reliably the behavior of the system under the given circumstances. Though experiments are vital 

in developing a model and setting initial parameter values, it might be possible to use modeling 

to extend the effective range of experimentation. Also we need mathematical techniques to 

analyze the underlying behavior of these complex elements that formed the biological behavior. 

Moreover, as we show in Chapter 3 using the combination of different techniques to analyze the 

neuronal systems brought us deeper insights than either method alone.  
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APPENDIX A 

SOURCE CODES 

The simulations done in this dissertation are written using various programming 

languages, including Matlab, XPPAUT and Python.  The corresponding source codes are large, 

and for this reason we only summarize their details here and provide links to the urls where they 

are available for free download online. 

 

A.1 Hodgkin-Huxley Model 

 

The simulations for the Hodgkin-Huxley model (Chapter 3) are done using the Runge-

Kutta numerical integrator in XPPAUT (http://www.math.pitt.edu/~bard/xpp/xpp.html) and the 

ode45 solver in Matlab (http://www.mathworks.com/products/matlab/). Numerical simulations 

for the contribution analysis were performed with Matlab and the Dominant Scale analysis are 

performed with PyDSTool (Clewley 2012) using the adaptive time-step Radau algorithm (Hairer  

and Wanner 1999). The source codes for these simulations containing the models including the 

source code to generate each figure are available online at 

http://www.math.fsu.edu/~bertram/software/neuron as well as at ModelDB website located at 

https://senselab.med.yale.edu/ModelDB. The work done with this software is published in the 

Journal of Computational Neuroscience (Sengul et al. 2014). 

 

A.2 Corticotroph Model  

 

The model for the pituitary corticotroph is implemented in the XPPAUT software 

program (Ermentrout, 2002) using the Euler method (dt=0.1 ms), and the computer code is 

available for free download from http://www.math.fsu.edu/~bertram/software/pituitary. The 

results in this work is sent for publication in the Journal of Physiology and currently under 

review (Duncan et al. 2014). 

 

http://www.mathworks.com/products/matlab/
http://www.math.fsu.edu/~bertram/software/neuron
https://senselab.med.yale.edu/ModelDB
http://www.math.fsu.edu/~bertram/software/pituitary
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APPENDIX B 

LIST OF ABBREVIATIONS 

AP – Active phase 

SP – Silent phase 

Iapp – Applied current 

INa  –  Sodium current 

IK – Potassium current 

Ileak – Leak current �  – Contribution of x on AP, x=m,n,h,V. �  – Contribution of x on SP, x=m,n,h,V. �  – Dominance of x on AP, x=m,n,h,V,Iapp, Ileak. �  – Dominance of x on AP, x=m,n,h,V,Iapp, Ileak. 

ACTH – Adrenocorticotropic hormone  

CRH – Corticotrophin releasing hormone 

AVP – Arginine vasopressin  

HPA – hypothalamus-pituitary-adrenal 

CRF-R1 – Corticotrophin-releasing factor receptor 1  

AC – Adenylyl cyclase 

ICa – Calcium current 

IK-dr – Delayed rectifier potassium current 

IBK-near – Large conductance potassium current located near Ca2+ channels 

IBK-far – Large conductance potassium current located away from Ca2+ channels 

IK-ir – Inward rectifier potassium current 

INS – Non-selective cation current 

CDOM – Domain calcium 
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