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Abstract 
Manual Nuclear Magnetic Resonance (NMR) spectral analysis of proteins is a time 

intensive effort with methods often specific to each analysis.  The method described in this thesis 

automates the resonance assignment of protein side chains using a TOCSY (Totally Correlated 

Spectroscopy) NMR experiment.  The system under study is Ubiquitin (8.6 kDa).  54 of the 70 

available amino acid side chains were identified by a single TOCSY spectrum in less than 5 min 

of local computer runtime using the algorithms described.  Automation of spectral analysis can 

enhance reproducibility and create standards of spectral analysis.  
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Introduction 
 During the revolution in physics at the beginning of the twentieth century, an 

experimental observation by two young German researchers uncovered a then completely 

unknown quantum mechanical phenomenon with no classical analogue.  The researchers, Otto 

Stern and Walther Gerlach, observed the spatial quantization of a beam of silver atoms passed 

through an inhomogeneous magnetic field.  The beam was split into two discrete components.  It 

was later shown that the spatial quantization was a direct result of the angular momentum 

intrinsically possessed by the silver atoms.   

 

 

 Figure 1  Gerlach’s postcard to Neil’s Bohr showing a photograph of the beam splitting.  The message, 

translated says, “Attached [is] the experimental proof of directional quantization.  We congratulate [you] 

on the confirmation of your theory.” 
1
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While Stern-Gerlach experiment actually relied on the spin of electrons to produce the 

spatial quantization observed, atomic nuclei possess intrinsic angular momentum as well.  A 

neutron is composed of two down quarks with a charge of -⅓e and one up quark with a charge of 

+⅔e, making it a neutral particle.  Depending on their orientation of the spins of the quarks 

(symmetric v. antisymmetric) under normal conditions, a neutron can have spin, S, equal to 0 or 

½.
2
  A proton is composed of one down quark with a charge of -⅓e and two up quarks with a 

charge of +⅔e, giving a proton a charge of +1e. Similar to a neutron, the different spin 

configurations of the quarks give the proton a spin value of either S = 0 or S = ½, under normal 

conditions.
2
  Atomic nuclei, comprised of protons and neutrons, can also possess spin. Nuclear 

spin is a quantum number denoted with the letter, I.   The atomic number, Z, indicates the type of 

element and how many protons are in the nucleus. The number of neutrons can vary for 

elements.  Nuclei with the same number of protons, but different numbers of neutrons are called 

isotopes and can have different values of spin.  For example, C
12

 | 6p + 6n has a ground state spin 

of 0, while C
13

| 6p + 7n has a ground state spin of ½.  

Nuclei also possess an intrinsic magnetic moment that is a manifestation of the particle’s 

inherent spin angular momentum.  Spin and magnetism are proportional to each other, given by
3
,  

(1)     � =  �� 

where � is the operator for the magnetic moment, � is the gyromagnetic ratio and � is the 

operator for spin angular momentum.   The direction of the spin angular momentum vector is 

called the spin polarization axis.  For nuclei with � > 0 the magnetic moment points in the same 

direction to the spin polarization, and for nuclei with � < 0, the magnetic moment points in the 

opposite direction to the spin polarization
3
.   This thesis deals exclusively with spin ½ particles.  
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Nuclei with I = ½, to a good approximation, behave like magnetic dipoles.  Electrons also have a 

spin angular momentum value of ½, and therefore behave similar to magnetic dipoles.  The 

magnetic dipole nature of electrons explains the two-fold spatial quantization observed be Stern 

and Gerlach. 

 The reasons regarding which spin orientation of the protons and neutrons of a nucleus 

comprise the ground spin state will not be discussed in this thesis.  For nuclear spin state, I, there 

are (2I+1) degenerate energy levels.  Under a magnetic field, the degeneracy of the spin energy 

levels is broken.  The observed splitting of the nuclear spin levels is called nuclear Zeeman 

splitting.  The splitting is proportional to the gyromagnetic ratio of the nucleus.  The splitting of 

the nuclear ground state is smaller than the tremendous energy differences between the nuclear 

spin ground state and the nuclear spin excited states.  The energy difference between the nuclear 

spin ground state and the nuclear spin excited states are on the order of 10
11

 kJ/mol.
3
 The 

Zeeman splitting for a hydrogen atom under a field of 1 Tesla is 5.58 J/mol.
 3
 

 Nuclear Magnetic Resonance (NMR) is a technique developed to utilize the spin angular 

momentum and magnetic moment of nuclei in order to gather information about their local 

molecular environment.  As Felix Bloch, who won a Nobel Prize for his work on NMR, put it, 

“(We) put little spies into the molecules and send radio signals to them, and                    

they have to radio back what they are seeing.”
4 

NMR is the study of transitions between Zeeman energy levels of atomic nuclei in a strong 

magnetic field.  Strong radio frequency pulses can induce transitions the between the Zeeman 

energy levels.   

In the absence of a magnetic field, the orientations of the nuclear magnetic moments are 

isotropic; they point in every direction in space.  When a strong magnetic field is applied to a 
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sample, the nuclei begin to precess with an angle relative to the direction of the magnetic field.  

The angle of precession between the spin magnetization and the magnetic field depends on the 

spin polarization before the magnetic field is applied.  The frequency of precession is equal to
3
  

(2)         � =  
��

2�
 

where � is the Larmor frequency, usually expressed in Hz, � is the gyromagnetic ratio and � is 

the field strength of the applied magnetic field.  The Larmor frequency of a proton is 42.58 

MHz/Tesla.
 3

 A proton undergoes more than 40 million processions per second under a 1 Tesla 

field. 

 When a strong magnetic field is applied to a sample, the atoms in the molecule 

immediately begin to precess at an angle relative to the applied magnetic field. The rapid 

tumbling of the molecules caused by the thermal energy of the sample creates a microscopic 

magnetic field.  The total magnetic field seen by each nuclei is comprised of the large, static 

magnetic field created by the magnet and the microscopic magnetic field created by the tumbling 

molecules themselves. The microscopic magnetic field varies in both time and direction.  

Therefore, the local magnetic field experienced by a nucleus changes with time and is slightly 

different from the magnetic environment seen by any other nucleus.  This varying microscopic 

magnetic environment also constantly changes the angle of precession of a nucleus.  The 

precession angle is said to ‘wander’, eventually sampling every possible angle of precession.  

The wandering motion is biased.  It is more probable that the nuclear spin assumes an orientation 

with low magnetic energy than with a high magnetic energy.  Therefore, spin orientations 

parallel to the magnetic field are sampled slightly more by the nuclei.  When a sample is brought 

into a field, the biased wandering motions of the nuclear precession angle eventually create a 
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small longitudinal magnetic moment in the sample. The time constant associated with the 

magnitude of the longitudinal magnetic moment is referred to as T1, or the longitudinal 

relaxation time constant.     

 A sample at thermal equilibrium in a strong magnetic field has a macroscopic nuclear 

magnetic moment parallel to the direction of the applied magnetic field because the majority of 

the nuclei are precessing at an angle nearly parallel with the applied magnetic field.  All of the 

polarizations of every spin can be rotated by �
2

 radians about the x-axis by a strong radio 

frequency pulse bringing the spin polarization to the -y axis.  This pulse would rotate the entire 

macroscopic magnetic moment of the sample to the -y axis, creating an overall transverse 

magnetic moment.   After the pulse ends, the spins continue their biased precessional 

wandering.  On a macroscopic scale, however, the transverse magnetization along the -y axis 

begins to precess in the xy plane. The precessing transverse magnetization is the signal that is 

measured in an NMR experiment and can be detected by a wire coil surrounding the 

sample.  The changing magnetic field created by the precessing transverse magnetization induces 

an electric current in the coil, which can be measured and analyzed. 

 An NMR instrument is capable of applying a large magnetic field, thereby orienting the 

majority of spin polarizations along the direction of the applied magnetic field.  The instrument 

can then apply radiofrequency pulses, thus rotating the spin polarizations and producing a 

transverse magnetic moment.  The instrument then must be able to detect the oscillating electric 

current induced by the free induction decay of the transverse spin magnetization. 
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Quantum mechanical description of a TOCSY NMR experiment 

 In this thesis, a TOCSY NMR experiment is used to gather protein side chain information 

on the protein Ubiquitin.  TOCSY (TOtally Correlated SpectroscopY) uses a pulse sequence 

designed to transfer magnetization information between coupled spins.  The nuclei are coupled 

through the electrons in a process called J-coupling.  In a TOCSY spectrum, dozens of individual 

spin systems can be distinguished in a single spectrum.   

The Product Operators 

The product operators are the products of the individual spin angular momentum 

operators and are a convenient way to mathematically describe the evolution of a coupled spin 

system under the effect of a series of strong r.f. pulses.  There are three operators for spin angular 

momentum, Sx, Sy and Sz.   These operators are also the product operators for a spin system 

comprised of a single ½ spin.  The following product operators are formed for spin ½ systems 

(3)        �! =
!

!
 
0 1

1 0
 

(4)        �! =
!

!!
 
0 �

−� 0
 

(5)       �! =
!

!
 
1 0

0 −1
 

Along with the unitary operator, �, these operators are used below to describe a TOCSY NMR 

experiment.  

The Necessary Hamiltonians 

In a strongly coupled spin system, two Hamiltonians are necessary to describe the 

transfer of magnetization in a TOCSY experiment.  They are the Zeeman Hamiltonian and the 

isotropic, J-Coupling Hamiltonian.  It is assume that the spins are strongly coupled in this 



     10 

idealized experiment.  The Zeeman Hamiltonian describes the splitting of the ground state spin 

energy level of a nucleus, and is given by, 

(6)       Η! = ��! 

where � is the Larmor frequency.  J-coupling, also called indirect dipole-dipole coupling, 

describes the transfer of the spin magnetization though the electrons in a coupled spin system. 

The full form of the J-Coupling Hamiltonian between two spins is given by, 

(7)       Η!"

!,!"##
= 2� �!����! 

where ��� is a 3x3 tensor matrix that describes the magnitude of the J coupling between the spins.  

�! and �! are the angular momentum operators of the two spin j and k, respectively.   

(8)       ��� =  

�!!
!"

�!"
!"

�!"
!"

�!"
!"

�!!
!"

�!"
!"

�!"
!"

�!"
!"

�!!
!"

 

In solution state NMR, the rapid tumbling of the molecules averages out the term, ���, giving the 

isotropic, J-coupling Hamiltonian with the term, ���, replaced by  

(9)      �!" =
!

!
(�!!

!"
+  �!!

!"
+  �!!

!")   

Finally, the strong coupling Hamiltonian is a combination of the Zeeman Hamiltonian and the 

isotropic J-coupling Hamiltonian.    

(10)      Η! =  Η!  +  �!"
!"# 
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The Totally Correlated NMR Experiment 

A TOCSY NMR experiment for two spin ½ nuclei that are strongly coupled has 16 

product operators (4
N
) that can be formed for the entire spin system, 

�!! �!! 2�!!�!! 2�!!�!! 

�!! �!! 2�!!�!! �2!!�!! 

�!! �!! 2�!!�!! 2�!!�!! 

� 2�!!�!! 2�!!�!! 2�!!�!! 

    

The nuclear Zeeman operator is given by, 

(11)      Η! = �!�!! +  �!�!! 

The strong coupling Hamiltonian is then given by, 

(12)     Η! =  Η!  +  �!"
!"#
  

Now the experiment can be performed by calculating the time evolution of the entire ensemble 

using the density operator.  For a pure state described by the time dependent Schrödinger 

equation,  

(13)     �
!

!!

! !

!"
= � Ψ  

where � is the Hamiltonian operator, the wavefuntion’s time evolution can be expressed as the 

solution to the first order differential equation given in (13). 

(14)       Ψ(t) = �
!!!!!Ψ(0)  

The complex conjugate of the pure state given in equation (14) is,  

(15)       Ψ(t) =  �
!!!! Ψ(0)  
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A useful construct for describing an ensemble is given by combining equations (14) and (15), 

(16)                Ψ(t) Ψ(t) =  �
!!!!! Ψ(0) Ψ(0) �!!!!  

This construct is convenient because the term, Ψ(0) Ψ(0) , is the matrix representation of the 

pure state given in equation (14).  The summation of this term over an entire ensemble of spins, 

multiplied with their populations, �, creates the density operator. 

(17)               �! =   �! ∗ Ψ!(0) Ψ!(0)
!

!!!  

The density operator allows one to describe the entire state of a system with a linear combination 

of the wavefunctions.  The density operator can now be propagated for a system of coupled spins 

by,  

(18)       � � = �
!!!!!

∗  �! ∗  �
!!!! 

where the Hamiltonian has been replaced by the strong coupling Hamiltonian given in equation 

(12) and  

(19)    ∆� =
!

!!

 

is time between the discrete sampling points used in detection and �! is the spectral width. The 

signal at time t of a TOCSY experiment on a strongly coupled spin system is given by the 

expectation of the operator corresponding to the transverse magnetic moment of the spins. 

(20)               �(�) =   �! ∗ Ψ!(0)
!

!!! � Ψ!(0)    
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Extraction of Side Chain Information from TOCSY spectra 
 

Overview of the TOCSY Spectrum 

A TOCSY pulse sequence correlates the chemical shift of all nuclei in a coupled spin 

system. Every nuclei detected in a TOCSY spectrum has a crosspeak.  Spins coupled in the same 

spin system share off diagonal peaks. 

 

 

 

Information can be convoluted when crosspeaks overlap; such is the case with crowded 

spectra.  If its crosspeak is overlapped, it is difficult to determine with which spin system an off-

diagonal peak belongs. 

The 3D NMR experiment used in this thesis is a 
13

C – 
1
H HSQC-TOCSY. Ubiquitin is 

Figure 2.  This is a fake TOCSY spectrum of two spin systems (red and blue).  The colors 

are shown for convenience.  All nuclei detected have a crosspeak.  All coupled nuclei share 

off diagonal peaks.  The diagonal runs from the upper right hand corner to the bottom left 

hand corner.  Note that peaks symmetric about the diagonal belong to the same spin system. 
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used as the test system because of its well documented side chin chemical shift and its small size. 

Ubiquitin is 8.6 kDa in molecular weight and has 76 amino acids.  In this spectrum, there are 
13

C 

(ω1), 
13

C (ω2) and 
1
H (ω3) dimensions, where the information of the 

13
C spin system of an 

individual side chain is spread out along the 
13

C (ω2) dimension.  

DeCoDeC 

In typical protein analysis by NMR, side chain spectra are usually the last analyzed.  

While it may be possible to determine what kind of side chain a group of correlated TOCSY 

peaks belong to, there is no information regarding the connectivity of the spin systems. Without 

the ability to link resonances with sequence, it is difficult to determine specifically which side 

chain a group of peaks belong.  Generally, information about the backbone is first obtained.
 5

 

Protein backbone spectra contain information regarding the connectives of the amino acids.  This 

allows the connection between specific resonance peaks and the amino acids to which the peaks 

belong.   

DeCoDeC (Deconvolution by Consensus Trace Clustering) is an approach that seeks to 

begin side chain analysis with a TOCSY spectrum of the side chains themselves without the need 

for prior backbone assignment. Combined with a database of chemical shifts, DeCoDeC can 

glean specific amino acid side chain assignments as well as overcome the problem of crosspeak 

overlap in TOCSY spectra.  DeCoDeC requires that a spin system have at least one crosspeak 

that is not overlapped.  

DeCoDeC is able to extract 1D-like spectra that correspond to the individual 
13

C spin 

systems from a 3D spectrum (trace extraction).  Often the traces contain peaks belonging to 

another spin system, or false peaks, because two crosspeaks overlap.  By taking the consensus 

between two traces that represent the same spin system, false peaks can be eliminated in the 
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consensus trace.   Symmetric, off-diagonal peaks belonging to the same spin system in a TOCSY 

spectrum are first picked.  Once the symmetric peaks are picked, the 1D like spectra can be 

pulled from the 
13

C (ω1) dimension of the spectra.  This method is unable to assign Glycine 

because Glycine does not have any off-diagonal peaks.  The consensus of the traces can then be 

taken according to equation (21).
 6
  

                                                  

 

 

Figure 3. The two dimensional projection of the acquired three dimensional spectra.  The 

spectrum is largely symmetric about its diagonal.  Two symmetric peaks are marked with x’s (A 

and B) should represent the same spin system because they both share a crosspeak.  The traces 

are shown as solid blue lines.  These traces contain information about the same spin systems, but 

may have false peaks due to crosspeak overlap. 



     16 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4.  The 1D like spectra pulled from the three dimensional spectra.  These spectra contain information 

regarding the same spin system as well as information regarding another spin system because of crosspeak 

overlap. 

Figure 5.  (A) The two traces are shown simply superimposed.  Note how the non-overlapped peak at 

approximately 55 ppm is eliminated in the definition of the consensus trace (B). 
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(21)          �!! = min(�!" ,�!!!!) 

k and k’ are the cross-peak positions of the paired peaks in the (ω1 x ω2) dimension and �!" is the 

k
th 

row in the 
13

C (ω2) dimension.  The definition of the consensus ensures that false peaks 

present in the traces will be eliminated as long as the false peaks do not have the same chemical 

shift in both traces.  Although unlikely, false peaks can have the same chemical shift in both 

traces.  

The consensus traces can be clustered according to their inner product.  The inner product 

is defined between two consensus traces (kk’) and (mm’) as
6
, 

(22)                                  �(!!),(!!) =  
�!
(!!!)�!

(!!!)!

!!!

�!
(!!!) ∙ �!

(!!!)  

 

where the norm of a consensus trace, �!
(!!!) , is defined as

6 

 

(23)                                             �!
(!!!)

= �!
(!!!)

!
!

!!!

!/!

 

 

The method proposed here uses the dendrogram to cluster the consensus traces according 

to equation (22).  The clustering ideally would produce one cluster per amino acid.  The peaks of 

the individual consensus traces are then recorded by hand.  These peaks correspond to the 
13

C 

side chain chemical shifts.  These chemical shifts can be compared, or queried, against a 

database of 
13

C chemical shifts of Ubiquitin from databases such as the Biological Magnetic 

Resonance Bank, resulting in the side chain assignment of a consensus trace. 
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Figure 6.  The dendrogram is a hierarchical binary cluster tree that clusters according to the inner product.   The y-

axis is 1-�(��),(��) while the x-axis is arbitrary.  A colored cluster is a group of consensus traces whose inner 

product meets the threshold (1-�(��),(��))<.025.  Consensus traces that meet this threshold are considered to belong 

to the same spin system. 

 

 The dendrogram shown in Fig. 6 contained information about at least 54 of the 76 amino 

acids in Ubiquitin.  Six of the amino acids are glycine and are undetectable by DeCoDeC 

because they only contain a crosspeak.   

Cluster Clutch 

The process to analyze the dendrogram is time consuming.  Each consensus trace must be 

analyzed by hand.  The process of peak picking is hard for a computer and often easy for the 

human eye.  Cluster Clutch is a method that automatically analyzes the dendrogram by stepwise 

peak picking and querying.   The peaks are first picked with a simple peak picking scheme.  

Those peaks are then queried against a database of chemical shifts from the BMRB.  The total 

time for DeCoDeC and Cluster Clutch on a single TOCSY spectrum is approximately five 

minutes of local computer run-time.  DeCoDeC with analysis of the dendrogram by human eye 

analysis takes about one week. 

Cluster Clutch employs a simple peak picking scheme that is not applicable to complex 

spectra or spectra with multiplets.  The 1D-like, 
13

C consensus traces, however, contain only 
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singlets.  Furthermore, the consensus traces are filtered according to their entropy.  Therefore, 

the algorithm does not attempt to analyze noisy consensus. 

 

 

 

 

Figure 7.  Step wise peak picking.  The peak positions of two, three, four and then five peaks are 

queried against a database of chemical shifts.  
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In order for Cluster Clutch to work, one must first know the range of the number of peaks 

to expect.  For this experiment, the TOCSY spectrum has a spectral width from 0 ppm to 80 

ppm.  For protein side-chains, this means that at most five peaks and at least two peaks will be 

seen for a single spin system.  The peak picking scheme consists of step-wise peak picking and 

querying.  For every consensus trace, the two peaks with the highest intensity are picked and 

queried against the database.  The same procedure is repeated for three, four and five peaks.  An 

individual consensus trace is assigned to the result with the lowest RMSD when queried against 

the database. 

 

Figure 8.  The peak positions, as determined by the algorithm, are queried against the database.  Whichever 

selection of peaks has the lowest RMSD after shift and lowest number of mismatch is the system to which 

the consensus trace is assigned.  The consensus trace with the best match to a specific side chain in a cluster 

is the side chain to which the cluster is assigned. 
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Conclusions 

    The main limitation of DeCoDeC is that a database of chemical shifts is required.  This 

limits analysis of DeCoDeC to proteins with well-recorded side chain information.  If 

successful, DeCoDeC can greatly reduce experimental time needed because only one 

TOCSY spectrum is required to assign the side chain resonances.  In this thesis, 16 of the 

side-chain spectral resonances were not found.  The missing side chains vary in size and 

location within the protein.  Some of the consensus traces may have contained the missing 

amino acid side chain resonances; however, their RMSD when queried against the database 

was large enough to make it impossible to confidently label the peaks. It is difficult to 

Figure 9.  A comparison between the cluster identification of the dendrogram shown in figure 6. 

Analysis of the dendrogram by human eye and the algorithm is comparable.   
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determine if the spectrum contained the information of the missing 16 amino acids or the 

information was not obtained in the TOCSY experiment.   

 Cluster Clutch is not a method that is generally applicable to spectral peak picking and 

assignment.  Instead, Cluster Clutch is meant as a DeCoDeC refinement tool.  The effects of 

small changes to the DeCoDeC algorithm take days of analysis to uncover the consequences.  

Cluster Clutch is meant to shorten the analysis of dendrograms produced by DeCoDeC. If a 

more robust peak picking method were implemented, the method of stepwise peak picking 

and querying could useful for repetitive analysis of proteins with well-recorded side chain 

resonances.     
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