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Abstract: 

Using the FSU Ion Penning trap it is possible to measure the ratio of the cyclotron frequencies of 

two molecular ions to a precision of 0.1 ppb.  These cyclotron frequencies can be shifted due to 

large electric polarizabilities in some molecular ions.  Because the polarizability of the molecular 

ion is dependent on the quantized rotational levels of the molecule, is possible to use the 

cyclotron frequency shifts detected in our lab to detect transitions between rotational levels.  This 

allows us to do microwave spectroscopy on single molecular ions.  The main goal of this project 

will be to implement this new method of microwave spectroscopy, by measuring the lambda-

type doubling splitting of the diatomic molecular ion, NH
+
, in its vibrational and rotational 

ground state. 
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Chapter 1.  Introduction 

1.1  An Overview of Microwave Spectroscopy of Molecules 

 Microwave spectroscopy studies the interaction of microwave radiation with matter [1].  

The microwave region of the electromagnetic spectrum (from about 0.3 GHz to 300 GHz) 

typically corresponds to transitions in molecular rotational states.  For this reason, microwave 

spectroscopy of molecules is also referred to as rotational spectroscopy [2].  Because rotational 

motion is usually quenched in solids or liquids due to collisions, rotational spectroscopy is 

practical only in the gas phase. 

 Like many other spectroscopic techniques, microwave spectroscopy can be performed 

using absorption.  A sample is subjected to incoming radiation in a range of frequencies with 

which it interacts.  The radiation is then collected after it passes through the sample and the 

intensity difference between the incident and collected radiation is compared.  A decrease in 

intensity of radiation at a specific frequency is due to absorption of that radiation by the sample.  

These absorption spikes represent transitions (in the case of microwaves, rotational) in the 

sample molecules with the same energies as of the photons of the radiation absorbed.  In this 

way, it is possible to map the energy levels of the sample. 

 Another important technique for microwave spectroscopy is molecular beam 

spectroscopy.  In this technique, transitions between different states are usually detected by 

measuring the change in magnetic dipole moment.  A beam of molecules is fired through a series 

of Stern-Gerlach deflecting magnets.  These magnets will deflect molecules in different states in 

different directions.  In this way, one can separate all of the molecules in the beam that are in a 

particular state.  Then, this "pure" molecular beam can be subjected to microwave radiation and 
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then passed through another Stern-Gerlach magnet.  If the radiation has the correct frequency to 

induce a transition in the molecules, then the beam will be split again.  The extent of the 

deflection of the different molecules gives information on the state they are in, and the intensity 

of the branches of the beams gives information on the transition rates between the states. 

 In the visible and ultraviolet region of the spectrum it is possible to do spectroscopy by 

detecting fluorescence - i.e. re-emitted photons - from a sample.  Incident light is passed through 

a sample in a single direction.  Unlike absorption spectroscopy (where the detector would be 

positioned behind the sample, in the path of the radiation beam), one detects the scattered 

radiation.  These detected photons result from a molecule absorbing a photon from the radiation 

source which induces a transition.  The molecule then relaxes back into lower energy states by 

re-emitting photons in a random direction.  The intensity of scattered radiation is much smaller 

than that of the incident beam so the detection system should have much higher sensitivity than 

in absorption experiments.  This method is not practical, though, in the microwave region.  The 

longer wavelengths make it harder to produce a tight beam of radiation and also the scattering 

rates are much smaller.
1
  Also, microwave detectors are relatively insensitive compared to visible 

or ultraviolet detectors such as photomultiplier tubes which can detect single photons. 

 However, in the late 1970's, Fourier Transform Microwave Spectroscopy (FT-MW) was 

developed by T.J. Balle and W.H. Flygare.  A gas mixture is allowed to expand supersonically 

through a pulsed valve into an evacuated resonant microwave cavity.  The gas is then excited 

with a pulse of microwave radiation which causes many of the molecules to rotate in phase.  The 

collective emission rate of a number of molecules radiating in phase is much stronger than the 

independent, incoherent emission of the same molecules and the rotational spectrum can be 

                                                           
1
 Spontaneous (fluorescent) decay rates are proportional to ΔE3, where ΔE is the transition energy [2]. 
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measured by detecting the emitted radiation.  The technique has been advanced over the years 

and now provides rotational spectra and structural information with very high accuracy. 

 This thesis proposes a new method of microwave spectroscopy using the MIT/FSU 

Precision Penning Trap currently located at the Florida State University.  This technique utilizes 

the Penning trap's ultra-precise cyclotron frequency measurement capabilities to perform 

microwave spectroscopy on molecular ions and measure polarizabilities.  A key point is that the 

use of the Penning trap allows one to perform spectroscopy on a single molecular ion.  All the 

other techniques mentioned require large sample sizes, which is generally not practical for ions 

as their sample densities are always low. 

1.2  The MIT/FSU Penning Trap 

 The Penning trap mass spectrometer currently located at the Florida State University 

(FSU) was originally developed and operated at MIT (1984 to 2003) where it produced most of 

the world's most precise atomic mass measurements up to that time.  In 2003, the Penning trap 

was relocated to FSU where it has continued to produce most of the world's most precise atomic 

mass measurements to date.  A list of the masses measured by the MIT/FSU Penning trap and 

detailed analysis of the mass measurement process can be found in Brianna Mount's [3] and 

Matthew Redshaw's [4] theses.  
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Chapter 2.  Penning Trap Physics and Mass Measurement 

2.1  The Penning Trap 

 The FSU/MIT Penning trap is composed of a two meter long tube ending at a vacuum 

can which is located in the liquid helium filled bore of an 8.53 T superconducting magnet.  This 

apparatus is known as the insert and is shown schematically in figure 1. 

 

Figure 1:  A schematic of the trap insert. 

 The ion trap itself is located in the vacuum can at the bottom end of the insert tube.  The 

trap consists of two end-cap electrodes and a ring electrode that produce a nearly quadropole  

electric potential with a volume of about 1 cubic centimeter, see figure 2.  To accommodate the 
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fact that the ring and end-cap electrodes are not perfect, compensation electrodes (also called the 

guard rings) are also present.  The presence of electric and magnetic fields makes it possible to 

trap ions.  Figure 2 provides both a schematic view of the ion trap and a photograph of the actual 

trap in the process of assembly. 

a)    b)  

Figure 2: a) A schematic cross-section of the ion trap, and, b) a photograph of parts of a spare 

trap.  The end-cap electrodes sit at the top and bottom of the trap, the ring electrode circles the 

middle of the trap, and the compensation electrodes also circle the trap but are located between 

the ring electrode and the end-caps. 

 The trap insert was designed at MIT to make ions from gaseous samples.  Tiny amounts 

of gas or vapor, of order 0.1 cm
3
 x 1 torr, are introduced into the top of the insert.  A fraction of 

this gas travels down the tube towards the can where the trap is located.  The can and the length 

of this tube are cryogenically cooled to liquid helium temperature which freezes out any gas 

molecules that come into contact with the walls.  In doing so, the only molecules that make it 

into the trap, through a 0.5 mm hole in the upper end cap, are those that were originally 

travelling with a trajectory that would take them through the center of the tube, a very low 

fraction (about 10
-6

)  of the total amount introduced.  In this way, the trap insert creates a low 
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density, collimated beam of gas molecules going into the trap.  In order to ionize the incoming 

gas molecules, a Field Emission Point (FEP, also known as a Field Emission Tip or FET) is used 

to make an electron beam that is fired into the incoming beam of gas from the bottom of the trap. 

 At FSU, a technique was developed in order to measure cyclotron frequencies of ions 

made from vapors of samples that are solid at room temperature.  This involved the addition of 

the "vapor loader" which is located on top of the insert.  Solid samples are packed into a "U" 

shaped niobium (or stainless steel) tube, called the element, and heated to a temperature at which 

the vapor pressure of the sample is around 10
-4

 Torr.  Vapor is emitted from a slit in the element 

and passes through the insert into the ion trap. 

2.2  The Cyclotron Frequency 

 When a charged particle moves in a magnetic field, it experiences a force known as the 

Lorentz force, 

         , (1)  

where q is the charge of the particle, v is the particle's velocity and B is the magnetic field.  This 

force causes the particle to undergo circular motion in the plane perpendicular to the magnetic 

field.  In the case of the FSU/MIT Penning trap, the magnetic field is directed along the vertical 

axis and cyclotron motion is confined to the horizontal plane.  In such a case, the Lorentz force 

can be written more simply 

        , (2)  

 

where the force and all motion resulting from the force is in the horizontal plane. 
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 Since the Lorentz force causes the particle to undergo circular motion, it can also be 

described as a centripetal force (given by       ).  Setting the two forces equal to each other 

and rearranging we find: 

         (3)  

where ωc denotes the angular frequency that is referred to as the cyclotron frequency and m is the 

mass of the particle.  It is possible, then, by measuring the ratio of cyclotron frequencies of two 

particles to get the ratio of their two masses.  This basic idea is the foundation for the ultra-

precise atomic mass measurements acquired in our lab.  There are, however, a multitude of 

complications to this process, starting with the electric fields present in the trap. 

 The above expression for the cyclotron frequency is only true for a particle moving 

through only a magnetic field.  However, since the Lorentz force only affects motion in the plane 

perpendicular to the magnetic field (this plane will henceforth be referred to as the radial 

direction), it is not possible to confine our charged particle in all three dimensions using only a 

magnetic field.  In the direction of the magnetic field (henceforth referred to as the axial 

direction) the particle can move freely and escape. 

 The solution to this axial trapping problem is to use an electrostatic field.  A quadropole 

electric potential (created by the end-caps and ring electrodes) of the form 

                     

(4)  
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confines the charged particle in the axial direction where z is the distance from the center of the 

trap in the axial direction, ρ is the distance from the center of the trap in the radial direction, and 

d is the characteristic trap size parameter given by the axial (z0) and radial (ρ0) trap dimensions, 

                  (5)  

VR is the voltage difference between the end-caps and the ring.   For positively charged particles, 

the ring electrode is biased negatively with respect to the end-caps. 

 The quadropole electrostatic potential confines the ion and induces harmonic oscillatory 

motion in the axial direction.  Unfortunately, this electrostatic potential also modifies the 

cyclotron frequency and induces another circular motion known as the magnetron motion.  The 

magnetron motion is a relatively slow (compared to the cyclotron and axial motions) drift about 

the electrostatic axis of the trap.  This motion results from the balance between the Lorentz force 

from the magnetic field and the outward pull of the electric field in the radial direction.  (The 

cyclotron motion can be thought of as a balance between the Lorentz force and the centrifugal 

acceleration - hence is has a higher frequency).  Ultimately, the motion of an ion in the Penning 

trap consists of three distinct modes each with its own frequency:  axial (ωz), magnetron (ωm), 

and trap (modified) cyclotron (ωct).  In a perfect Penning trap with end-caps to ring voltage VR, 

with an ion of mass m and charge q, these three eigenfrequencies are given by 

              (6)  

                        (7)  
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                       (8)  

Figure 3 provides a schematic of the three modes that an ion has while trapped and some 

ballpark values for the magnitudes  of their frequencies. 

 

Figure 3:  Ions trapped in the Penning trap have three distinct motions:  cyclotron, axial and 

magnetron. 

 For a uniform magnetic field and an electrostatic potential that is purely quadratic, the 

motions in all three of these modes are harmonic.  This means that their frequencies are 

independent of the amplitudes of their motions.  It can be shown that the actual cyclotron 

frequency (ωc) that would be found in a magnetic field without the added potential can be 

calculated from the three trap motions by means of the Brown-Gabrielse Invariance Theorem [5], 

                    (9)  

What is really powerful about this theorem is that it remains true for a real Penning trap in which 

there is some misalignment of the electrostatic axis relative to the magnetic field and in which 

there is some elliptical distortions of the electrostatic field.  In fact, in the limit of small 

amplitudes, it is an exact prescription for recovering ωc in the presence of the electrostatic 
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potential. Since ωct is so much larger than ωz which is then considerably larger than ωm, only ωct 

must be measured to the same fractional precision as is needed for ωc. 

2.3  Measuring the Cyclotron Frequency:  PNP's 

 In the MIT/FSU Penning trap, the only motion that is detected in the Penning trap is the 

axial motion.  As the ion moves axially in the trap, it induces a current in a circuit connected 

between the upper and lower end-caps.  This circuit consists of an inductor, in fact a coil of 

superconducting wire, that is used to cancel the effects of the trap capacitance.  At a certain 

frequency, the resonant frequency of the effective parallel LC circuit, the current through the coil 

induced by the ion is a maximum.  This current is detected by a DC SQUID that is inductively 

coupled to the coil.  (Although a SQUID is an extremely sensitive magnetic field detector, it can 

be used as a sensitive current detector.  The current flowing through the circuit produces a 

magnetic field in a tiny coil built into the SQUID chip.)  This current through the coil produces a 

back electromotive force which damps the motion of the ion.  The result of an ion having its 

axial motion excited, and then the subsequent damping and detection of its motion produce what 

we call the "ring-down" signal.  This signal is detected and analyzed by computer to provide the 

amplitude, phase and frequency of the ion's axial motion. 

 The Pulse aNd Phase (PNP) technique is used to measure the modified cyclotron 

frequency of an ion in the trap and the method is currently unique to the FSU Penning trap.  In 

this technique, an RF pulse is applied to half of the guard ring electrode.  This pulse excites the 

ion into a cyclotron orbit of around 50-150 μm.  The ion is then allowed to continue its cyclotron 

motion ("evolve cyclotron phase") for a predetermined amount of time called the evolution time, 

Tevol.  A cyclotron-to-axial RF coupling pulse (also known as a π-pulse) then converts the 
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cyclotron motion into axial motion.  This axial motion is damped by the coil and the ring-down 

signal is recorded and analyzed to find the amplitude, frequency and phase.  The phase of the 

ring-down corresponds to the phase of the cyclotron motion at the time the π-pulse was applied 

and, therefore, gives the final cyclotron phase.  By plotting the cyclotron phase, Φ, versus the 

cyclotron phase evolution time, the average cyclotron frequency is obtained from 

                         (10)  

 (if Φ is given in degrees, 1/2π is replaced by 1/360°) 

 In order to obtain one measurement of fct, the PNP process is repeated 10 times with 

evolution times ranging from 0.2 seconds to 58 seconds.  The set of these 10 PNP's is called a 

PNP cycle.  The values of the phases that are recorded are in the range 180 .  Therefore, the 

total number of revolutions has to be determined using initial measurements of the cyclotron 

frequency.  With each PNP we get a better and better estimate of the actual cyclotron frequency, 

which is then used as the basis for the next PNP.  As we go from shorter to longer Tevol's, we get 

successively more accurate measurements of the trap cyclotron frequency.  This process is 

known as "phase unwrapping." 

 While each PNP cycle results in one precise measurement of the trap cyclotron 

frequency, ωct, each cycle produces 10 measurements of the axial frequency, ωz.  These 10 

measurements are averaged to give a single axial frequency corresponding to the PNP cycle.  

Once the axial and modified cyclotron frequencies have been found, the magnetron frequency is 

obtained using the formula 
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                            (11)  

where θmag is characteristic to the trap and represents the angle between the electrostatic and 

magnetic axes in the trap [3].  This angle is measured before the trap is used to take data on the 

ions.   

 Now that all three of the trap frequencies have been found, the free space cyclotron 

frequency can be calculated using the Brown-Gabrielse Invariance Theorem.  Typically, one 

cycle of 10 PNP's yields a measurement of ωc to about 3x10
-10

 precision and lasts about 10 

minutes. 

2.4  The Two Ion Technique 

 Regardless of the precision in which one measures the cyclotron frequency in the trap, 

the precision in which one knows the mass is dependent on the precision in which one knows the 

magnetic field.  Since we do not know the exact magnetic field strength at the location of the 

trapped ion, for high precision it is much more effective to measure a frequency ratio of two ions 

in the trap.  Since the frequencies are determined precisely and both ions are present in the same 

magnetic field inside the trap, this ratio will eliminate the measurement's dependence on 

magnetic field strength and yield a very precise measurement of the mass ratio.  If one of these 

ions has a very well known mass (say 
12

C or an element that has previously been measured 

against 
12

C) then one has produced an ultra-precise mass measurement of the second ion. 

 In order to obtain a mass ratio of two ions, it is necessary to measure the ratio of their 

cyclotron frequencies.  Since we want the ratio measurements to be precise, even small 

fluctuations of the magnetic field between measurements of the different ions will add noise to 
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the measurement, reducing the precision of  the results.  Originally, a single ion was made and 

trapped in the Penning trap, then its cyclotron frequency was measured, after which it was 

"killed."  The process was then repeated for an ion of the second species and back and forth until 

a sufficient amount of data for both species had been collected.  This process is very time 

consuming, though, particularly for ions that are difficult to make, trap, and then isolate.  Due to 

the long time between measurements using this technique, the varying magnetic field reduced the 

precision of the data. 

 To reduce the time between measurements of the different ion species, Matthew Redshaw 

and later, Brianna Mount developed a procedure which allows two ions to be trapped 

simultaneously, with one ion at the trap center and the other in a large (>1.5 mm radius) 

cyclotron orbit.  The cyclotron frequency of the inner ion is measured while the outer ion is 

"parked."
2
  There is still only one ion being measured at a time; however, the technique reduces 

the time required to interchange ions for measurement.  The procedure is completely automated 

allowing data to be taken day and night for an amount of time limited only by the lifetime of the 

ions in the trap. 

 The radius of the parked ion has to be sufficiently large that it does not significantly 

perturb the motion of the inner ion through the Coulomb interaction.  Since the two ions have 

different masses, there cyclotron frequencies will also be different.  Resonant RF pulses can be 

used to manipulate the ions separately by exciting or cooling the cyclotron frequency.  In this 

way, ions can be moved from the center of the trap into parking orbits and vice-versa.  

                                                           
2
 This two ion technique was inspired by a technique developed by G. Gabrielse [6]. 
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 The ion swapping process begins after one ion has undergone three PNP cycles.  The 

radius of the outer ion is then reduced ("cooled") by about 50%.  An RF pulse at the trap 

cyclotron frequency of the inner ion pushes the ion and causes it to spiral outward into a large 

cyclotron orbit.  The former outer ion is then cooled all the way into the center of the trap, where 

its cyclotron frequency can be measured. 

 The swapping time is dominated by the time involved in cooling the outer ion.  Short 

pulses at the cyclotron-to-axial coupling frequency are used to convert small amounts of the 

outer ion's large amount of cyclotron motion into axial motion.  The guard ring voltages can be 

varied to compensate for higher-order field imperfections which make the axial motion at large 

ρc anharmonic.  The ring voltage is adjusted to keep the axial motion near resonance with the 

detection circuit.  Similar to during a PNP, the circuit damps the axial motion.  This process is 

repeated until all of the cyclotron motion has been "cooled."  Measurements can then be made on 

the newly centered ion. 

 Figure 4 shows an example of PNP data that was taken by Brianna Mount [3].  It is a 

cyclotron frequency (fc) vs. time (t) plot for the measurement of an NH
+
 ion vs. a 

15
N

+
 ion.  It can 

be clearly seen that the NH
+
 ion experiences a shift in its cyclotron frequency during the data 

taking process.  As I will discuss below, this "jump" is due to a change in polarizability of the 

NH
+
 due to a transition of the ion into its ground rotational state.  (The mean lifetime of the 

original, excited state was estimated to be 42 days and only one such jump was witnessed over 

the course of 150 hours of data taking.) 
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Figure 4:  An example of PNP data taken by Brianna Mount [3] for a measurement of a NH
+
 ion 

vs. 
15

N
+
.  The vertical axis gives the cyclotron frequency of the two ions.  The NH

+
 molecule 

exhibits a "jump" in its cyclotron frequency due to a transition from a rotational excited state (a 

negative parity J = 1/2 state)  into its rotational ground state (a positive parity J = 1/2 state). 

 This specific jump in cyclotron frequency will be a main subject in the chapters that 

follow since it provides the means to detect the rotational transition on which we propose to 

perform microwave spectroscopy.  
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Chapter 3.  Microwave Spectroscopy on the NH
+
 Molecular Ion 

3.1  The Energy Structure of NH
+
 

 NH
+
 is a diatomic molecular ion.  As such, its energy structure is made up of levels that 

result from three types of energy:  electronic, vibrational and rotational.  Like atoms, molecules 

have electronic energy levels that correspond to the configuration of electrons and how they 

occupy the molecule's orbital shells.  For the purposes of this experiment, only the electronic 

ground state of NH
+
 will be considered. A detailed discussion of diatomic molecular spectra and 

structure can be found in the Gerhard Herzberg's book [7].  The following sections will focus 

specifically on the NH
+
 ion.  

 The electronic ground state of NH
+
 is designated X

2Π1/2 and is referred to as "X-Doublet-

Pi-Half" [2].  The "X" in the designation refers to the fact that this is the ground state of the 

molecular ion.  In general, the total electron spin quantum number, S, can take the values 0, 1/2, 

1, ... corresponding to the resultant of the individual s = 1/2 spins of the electrons. NH
+
 has a 

single unpaired electron in its ground state which gives the molecule a total electron spin 

quantum number of 1/2.  The superscript in the ground state designation denotes 2S+1. 

 Unlike in an atom where the electrons move in a spherical potential, a diatomic molecule 

has cylindrical symmetry.  So, unlike an atom, the total electronic orbital angular momentum is 

not well defined.  Its projection on the internuclear axis, however, is well defined.  In atomic 

structure, the symbol "P" refers to one unit of electronic orbital angular momentum.  In 

molecular structure, as in the case of the NH
+
 ion in its ground state, the symbol "Π" denotes one 

unit of electronic orbital angular momentum along the internuclear axis.  The Greek letter  Λ is 

used to refer to the value of this orbital angular momentum. 
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 While we have defined the total electron spin angular momentum it is more relevant, in a 

molecule, to know the component of that angular momentum along the internuclear axis, Σ.  For 

an S of 1/2, Σ takes the values  1/2.  The electron spin angular momentum component (Σ) and 

the orbital angular momentum component (Λ) can couple to give the total electronic angular 

momentum component along the internuclear axis denoted by │Ω│.  For NH+, Σ and Λ can add 

in one of two ways: a) 1 + 1/2 = 3/2 or, b) 1 - 1/2 = 1/2.  Therefore, the two possible values for 

│Ω│ are 1/2 and 3/2.  The presence of two energy levels resulting from the coupling of the 

electron spin and the orbital angular momentum is known as the spin-orbit splitting. The ground 

state for NH
+
 happens to be │Ω│= 1/2.  This is the origin of this number in the subscript of the 

ground state designation. 

 The second form of energy present in the NH
+
 molecular ion is vibrational energy.  

Vibration in the diatomic molecule refers to the oscillatory motion of the atoms, back and forth, 

along their bond axis.  For any given electronic energy state of the molecule, we can designate a 

vibrational energy level, denoting it as v which can take the values 0, 1, 2, 3,... etc. depending on 

the amount of vibrational energy. 

 Again, in this experiment we are only concerned with the ground state vibrational energy.  

The first excited vibrational energy state in the NH
+
 ion is about 3000 cm

-1
 in energy [2].  A 

quick conversion of this value into eV using 



2

hck
hE   -  where 

2

k
 is the wavenumber, h 

is Planck's constant, and c is the speed of light -  yields about 0.37 eV.  This means that at least 

0.37 eV are required to excite NH
+
 out of its ground state vibrational level.  The ion trap, though, 

is cooled to liquid helium temperature - 4.2 K.  This temperature corresponds to a thermal energy 
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of about 0.36 meV.  Therefore, NH
+
 should be in its ground vibrational energy state (v=0) inside 

the Penning trap. 

 The third and final contribution to the energy structure of NH
+
 comes from the rotational 

motion of the molecule.  Rotation about an axis that is perpendicular to the internuclear axis in a 

diatomic molecule results in rotational energy.  The rotational angular momentum can combine 

with the angular momentum Ω  along the internuclear axis.  This combination of rotational 

angular momentum and electronic angular momentum gives the total angular momentum of the 

molecule which is designated by the quantum number J.   

 For the case of the electronic and vibrational ground state of NH
+
 where │Ω│ = 1/2, J 

can take the values of 1/2 (no rotational angular momentum), 3/2 (one unit of rotational angular 

momentum combined with an Ω of 1/2), and so on.  Integer values of rotational angular 

momentum can be added to Ω to yield values of J.  The energy splitting between the X
2Π1/2, 

J=1/2 and J=3/2 is about 300 cm
-1

.  This energy, using the same equation given earlier, 

corresponds to about 37 meV.  This energy required to excited NH
+
 into its first excited 

rotational energy state is still far above the available thermal energy in the trap.  As a result, the 

ion will be present in its J=1/2 rotational state inside the trap. 

 Below is an energy level diagram for NH
+
.  The level at the bottom, leftmost column is 

the ground state, J=1/2.  
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Figure 5:  Diagram of the energy structure of NH
+
 in its vibrational ground state, from ref. [8] 

3.2  Λ-Doubling Splitting 

 In actuality, the 
2Π1/2,  J=1/2 energy level is split into two levels that are separated by 

about 14 GHz.  Until now, only the absolute value of Ω has been considered.  In the Born-

Oppenheimer approximation, where the nuclei of the molecule are imagined to remain fixed, the 

electronic angular momentum along the internuclear axis, though, can in fact be  Ω.  This is 

because the angular momentum along the internuclear axis can be clockwise or counter-

clockwise with respect to the direction of the N and H. 

 Also as a result of the Born-Oppenheimer approximation, the Ω=+1/2 and the Ω=-1/2 

levels are degenerate.  However, when the molecule is "allowed" to rotate (as real molecules do) 

an interaction occurs between the rotation of the nuclei and the electrons result in a mixing of the 

Ω=+1/2 and the Ω=-1/2 states.  This produces two states of opposite parity which are both 

superpositions of Ω= 2/1 : 
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  2/12/1
2

1
 parity , 

(12)  

  2/12/1
2

1
 parity . 

(13)  

The difference in energy of these two states is called the Λ-doubling splitting and is about 14 

GHz.  In the proposed experiment we aim to use microwaves to induce transitions between these 

levels. 

3.3  The Zeeman Effect:  NH
+
 in a Magnetic Field 

 In molecules that have electronic angular momentum (i.e. molecules that are not in 
1Σ 

states) like the ground state of NH
+
, the energy levels of the molecules are split in the presence 

of a magnetic field.  (A complete description of the Zeeman effect can be found in Townes and 

Schawlow, ref. [1].)  This comes about due to the interaction between the magnetic field and the 

magnetic dipole moments associated with the electron orbital angular momentum and the 

electron spin.  The sum of the spin and electronic orbital angular momentum, Ω, precesses about 

J, the total angular momentum of the molecule.  J, then, precesses about the magnetic field, B, 

with a projection M in the direction of B.  M  has one of the values J, J - 1,..., -J.  For the case of 

NH
+
, 

2Π1/2, J = 1/2, MJ can take only two values, 2/1 .  The energy splitting for these two 

levels will be given by 

   JBJ MBgE     (14)  

where μB is the Bohr magneton, B is the magnetic field and gJ is the g-factor given by 

                                               (15)  



21 

 

where Ω = J = 1/2.  Therefore, here the "first order" Zeeman splitting is very small.  Usually g is 

of order 1 and the Zeeman splitting is of order BB  where 

                                         (16)  

In fact, as calculated by Cheng et al. [9], the second order Zeeman effects are larger and, as 

figure 2 shows, all four J = 1/2 levels are pushed down in energy as B increases. 

 

Figure 6:  NH
+
 
2Π1/2,  J=1/2 energy levels versus magnetic field, see Cheng et. al. [9]. 

The large splitting between the two pairs of energy levels is the Λ doubling splitting between the 

+ and - parity states of │Ω│= 1/2.  The magnetic field dependent splittings are due to the 

Zeeman effect.  Due to the unusually small g-factor the splittings are still quite small even in a 

high magnetic field. 

3.4  The Stark Shift:  NH
+
 in an Electric Field 
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 A ion undergoing cyclotron motion in the Penning trap can also be considered from its 

rest frame.  In this frame, the particle is not moving but still experiences a centripetal force.  

Since the particle is not moving this force cannot be attributed to the Lorentz force of a charge 

moving through a magnetic field.  Instead, in the rest frame of the particle it experiences an 

electric field.  In fact, whenever a charged particle moves through a magnetic field it "sees" an 

electric field. 

 In the same way that the magnetic dipole moment of the molecule interacts with the 

external magnetic field to produce the Zeeman effect, the electric dipole moment can interact 

with the electric field that the molecule experiences due to its motion in the magnetic field.  The 

interaction of an atom or molecule with an electric field is called the Stark effect.  (Refer to ref. 

[1] for a more complete discussion of the Stark effect.)  This produces a shift in the energy levels 

called the Stark shift and is calculated using second order perturbation theory 

 

2

2
2


i

ji

ij

i
EE

ij
E 





 



 

(17)  

where ΔEi is the energy shift to state (i) that has unperturbed energy Ei, j represents all other 

quantum states, ε is the electric field,   is the electric dipole operator and ij  ˆ  are the 

matrix elements of the interaction.  αi represents the polarizability of the molecule which is the 

constant of proportionality between the induced electric dipole moment and the electric field, 

  .  The electric field that the ion sees in the trap is given by 

        BBBBv , (18)  

where ω is the angular velocity and ρ is the distance from the center of the trap.  However, since 

ρ is perpendicular to the magnetic field and ω is anti-parallel to the magnetic field, the second 
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term is zero, and the first term on the right side of the equation is just the product of the 

magnitudes of the vectors in the first term on the left side and corresponds to an electric field 

towards the center of the cyclotron orbit of magnitude 

         (19)  

  Therefore, the energy shift due to the Stark interaction will be 

                 
(20)  

 Since the polarizability, αi, of the molecule is dependent on its quantum state, then so, 

too, will the Stark energy shift be dependent on its state.  As calculated by Cheng et al., at 8.53 T 

the four parity-MJ components of NH
+
 X 

2Π1/2, J = 1/2 have polarizabilities of 64300 a.u. for the 

+ parity, MJ = -1/2 state; 74205 a.u. for the + parity, MJ = 1/2 state; -71009 a.u. for the - parity, 

MJ = -1/2 state; and -61105 a.u for the - partiy, MJ = 1/2 state.  Figure 7 shows the shift in the 

four energy levels due to the Stark effect due to cyclotron motion of different radii ρc in an 8.53 

T magnetic field. 
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Figure 7:  Stark Shift due to the motional electric field due to cyclotron motion as a function of 

cyclotron radius, ρc.  The polarizabilities that are used in our experiment come from theoretical 

calculations reported in Cheng et. al. [9]. 

3.5  Using Cyclotron Frequency Shifts to Detect Polarizability Changes 

 As equations (17) and (20) show, the energy of the molecule is shifted by the motional 

electric field, and the shift depends on the polarizability, which depends on the quantum state.  

For positive (negative) polarizabilities, the energy decreases (increases) with increasing electric 

field, and hence cyclotron radius, so the ion experiences an additional force.  For positive 

(negative) α this force is away (towards) the center of the ion's cyclotron motion which will 

decrease (increase) its cyclotron frequency.   

 One can calculate the additional force on the ion using equation (20) 

                      (21)  

The equation of motion for the ion in the trap including the extra force from the Stark effect is, 

hence, modified to 

                       (22)  

where ω2ρ is the centripetal acceleration and ωρ is the velocity of a particle orbitting with 

angular velocity ω and radius ρ, and the convention is that forces away from the enter of 

cyclotron motion are positive.  Solving equation (22) and making the approximation that 

       , we obtain 
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               (23)  

where Δωi is the cyclotron frequency shift for an ion in state i to its unperturbed cyclotron 

frequency, ω0. 

  If the molecule were, then, to be excited into a different energy level, the polarizability 

would change and it could be measured as a shift in the cyclotron frequency.
3
  By measuring 

these cyclotron frequency shifts, one could detect energy transitions in the molecule.  It is in this 

way that we propose to perform microwave spectroscopy on the Λ-doublet levels of the 

rotational ground state of NH
+
.  Below is a plot of the transition energies for all possible 

transitions between the Λ-doublet components vs. ρc.  The four higher energy transitions 

correspond to transitions between different parity states which are allowable electric dipole 

transitions.  The two lower energy transitions correspond to transitions between like parity states 

which can be accomplished though magnetic dipole transitions, but are forbidden electric dipole 

transitions. 

                                                           
3
 There will also be a cyclotron frequency shift due to the ion's change in energy.  A change in energy will result in a 

change in ion mass (E=mc
2
) which will shift the cyclotron frequency.  These shifts, however, are negligible when 

compared to the polarizability shifts that we are measuring. 
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Figure 8:  A plot of transition energy vs. cyclotron radius, ρc for the NH
+
 molecular ion.  This 

figure was constructed using theoretical calculations of the polarizability and energy levels from 

Cheng et. al. [9].  
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Chapter 4.  Rate of Microwave Transitions in NH
+
 

4.1  The Form of the Transition Probability 

 For an electron in a magnetic field, the transition probability for a spin flip when it is 

exposed to microwave radiation for a time Δt is given by 

                       (24)  

where P is the probability,  Χ(ω) (Chi) is the line profile function which will be explained in 

more detail in section 4.3 and Ω is the Rabi rotation frequency for no detuning given by 

           (25)  

where gμB is the electron magnetic moment and B is the magnitude of the oscillating magnetic 

field [5].  For long Δt's, this expression tends to P = 1/2, i.e. there is a 50% probability of finding 

the molecule in each of the two states.  For small Δt's, though, the probability is given by 

     Ω Δ Χ      (26)  

 For the NH
+
 molecule, transitions between (+) and (-) parity levels, we make an analogy 

between this "two level system" and the electron spin-flip described above.  (In general, all 

quantum two-level problems are analogous to the electron spin flip [10].)  Our transition is 

driven by the electric field of the microwave radiation unlike the electron spin-flip transition 

which is driven by the magnetic field.  To account for this, we replace the magnetic dipole 

interaction (        ) with the electric dipole interaction (         ) in the expression 

for the Rabi frequency.  Therefore, for our transition, 
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Ω                      (27)  

where          is the electric dipole matrix element corresponding to the transitions between 

the two states and Ez1 is the amplitude of the oscillating electric field in the z direction.  (For 

simplicity we are only considering transitions with ΔMJ = 0 which are driven by the electric field 

parallel to the z-axis (the magnetic field axis.  Analogous Ω's can be found for microwaves with 

electric potential perpendicular to the magnetic field.) 

4.2 Calculation of the Matrix Element and Rabi Frequency for NH
+
 

 According to Brown and Carrington [2], the dipole matrix element in the lab frame can 

be expressed in terms of the body frame dipole moment (i.e. as calculated using the Born-

Oppenheimer approximation).  Assuming that NH
+
 is a Hund's type-A coupled molecule, the 

modulus squared of the electric dipole matrix element follows 

     Ω          Ω                              Ω  Ω                   (28)  

where what look like matrix terms are so-called 3-J symbols which are a form of Clebsch-

Gordon coefficients.  For NH
+
, 

2Π1/2,  J=1/2, MJ = MJ' = 1/2 (or MJ = MJ' = -1/2).  In this case, 

both of the 3-J symbols squared are equal to 1/6 and, hence, 

                              
(29)  

 The best value for the electric dipole moment of NH
+
 in its ground state is               , where e is the electron charge and a0 is the Bohr radius (theoretical dipole moment 

calculated by Cheng et. al. [9] and experimentally confirmed by B. Mount [3]).  The Rabi 

frequency for our transition is, then, given by  
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Ω                                             (30)  

4.3  The Line Profile Function 

  We will detect microwave induced transitions by observing a "polarizability jump" which 

will be detected as a change in the cyclotron frequency.  We measure the cyclotron frequency by 

repeating PNP measurements.  For each PNP, the ion is first "cooled" (axial, cyclotron, and 

magnetron motion are all cooled).  The cyclotron motion is then excited and allowed to evolve.  

We will only try to induce a transition while the ion is "cooled".  However, the "cooled" ion will 

still have some cyclotron motion which will vary slightly from PNP to PNP.  These varying 

cyclotron motions will have different cyclotron radii and, hence, different Stark shifts to the 

transition frequency.  The line profile function is due to the distribution of cyclotron radii that 

leads to a distribution in Stark shifts. 

 It can be shown that if the ion has an axial amplitude az, a Π-pulse at its cyclotron-axial 

coupling frequency ideally results in a cyclotron radius of 

                  (31)  

where ωz and ωct are the axial and trap modified cyclotron frequencies, respectively [11].  If the 

NH
+
 ion is in thermal equilibrium with the circuit that damps and detects it at temperature T, then 

the Boltzmann equipartition theorem says that the average energy for each degree of freedom is      .  The axial motion of the ion has 2 degrees of freedom, and its kinetic energy is given by 

             (32)  



30 

 

where vz is the velocity in the z direction.  The ion's total energy is equal to its kinetic energy 

when z = 0: 

                           (33)  

The two expressions for the total energy can be used to find the average axial amplitude that a 

"cooled" ion in equilibrium with the circuit will have: 

                                   (34)  

For our system, the temperature is approximately 4.2 K, the axial frequency is 213 kHz, and the 

mass of NH
+
 is 2.492x10

-26
 kg.  Also, for the cooled ion, the trap modified cyclotron frequency 

will be approximated to be the free cyclotron frequency (                   ) in a 

magnetic field of 8.53 T.  Using all of this information, the average rms axial amplitude for a 

cooled ion is 51 μm.  Using equation (31), the average cyclotron radius of a cooled ion is 8 μm. 

 We can use the Boltzmann energy distribution to find an expression for the probability of 

the ion having an axial energy, Ez: 

                (35)  

where Χ(E) is the probability of the energy being in the range Ez to Ez + dEz and Ez.  Using the 

result from equation (33), we find 

 
Χ                     (36)  

Rearranging equation (31), and substituting for az yields 
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Χ                       (37)  

For a given ρc, there is a corresponding Stark energy shift in the transition frequency (refer to the 

parity changing transitions in figure 8).  These transition energies can be written as  

                
 

(38)  

where f is the transition energy in Hertz and a is a scaling constant proportional to the difference 

in polarizability between the two states given by figure 8.  The term f0 is the transition frequency 

with no Stark shift (ρc = 0).  The term aρc
2
 can be renamed Δf, and the line profile function can 

be written in terms of Δf: 

 
Χ Δ           Δ         (39)  

In terms of angular frequency shift, Δω, 

 
Χ Δ           Δω         (40)  

To make things easier, we define   as 

                  (41)  

Since this line profile function is just a Boltzmann probability distribution, it carries with it the 

condition that its integration over all space must be equal to 1: 

  Χ Δ    Δ   
      (42)  

To meet this condition, a normalization factor, A, is included in the line profile so that the final 

form of the function is 
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Χ Δ      Δ     (43)  

When the integration described in equation (42) is carried out, we find that A =      .  Now, our 

definition of   contains only constants whose values we know (the second order scale factor, a, 

from equation (38) is approximately 8x10
16

 Hz/m
2
).  Plugging all of these constants in, we find 

that    = 3.19x10
7
 rad/s and our final form of the line profile function is 

 
Χ Δ              Δ             (44)  

A plot of the line shape Χ Δ   is shown below, in figure 9.   

 

Figure 9:  A plot of the line profile function. 

 Using the line profile function that we just calculated and the Rabi frequency (Ω) that we 

found in equation (30), we can obtain a final form for the estimated transition probability: 
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from an oscillating electric field of amplitude 10 mV/cm magnitude.  The maximum transition 

probability occurs when     .  Therefore, with 10 mV/cm we should be able to induce a 

transition from a microwave pulse of about 46 ms which is much shorter than the ~60 s required 

for the measurement of the cyclotron frequency.  (This required electric field strength is very 

small.  For example, 1 W into 50 Ω corresponds to a voltage amplitude of 10 V.)   

 The line shape function in figure 9 illustrates one drawback to this technique.  In order to 

get detectable cyclotron frequency shifts, one must use a molecular ion that has a large 

polarizability.  However, these large polarizabilities broaden the line shape of the transition.  

Using a two trap system, though, is one way to get around this problem.  The ion could be 

excited in a trap with a weak magnetic field which would decrease the motional electric field and 

the Stark shifts would be much smaller (Stark Shift     ).  This would produce a much sharper 

line shape.  The ion could then be moved into a Penning trap with a much larger magnetic field 

where the cyclotron frequency could be detected with high precision. 
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Chapter 5.  Conclusion and Further Work 

 We have outlined a new technique for performing rotational spectroscopy, focussing on 

the NH
+
 molecular ion, using the precision Penning trap at FSU.  In order to implement this 

technique, we need to modify the Penning trap so that we will be able to introduce microwaves 

to sample ions.  A measurement protocol will have to be developed to determine how best to 

apply the microwaves as regards to pulse length, amplitude and frequency.  Towards this we 

have made an estimate of the expected line shape and transition probabilities for a given 

microwave power described in chapter 4.  We currently have all of the necessary equipment for 

performing the experiment including a 0 - 20 GHz Agilent Technologies E8257D microwave 

generator, a 3 W microwave amplifier and microwave grade coaxial cables.  However, because 

the Penning trap facility has been occupied with maintenance and other measurement projects, it 

has not been possible to attempt this proposed method of spectroscopy to date. 
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