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ABSTRACT 

In this body of work, various energy storage devices were analyzed using Electrochemical 

Impedance Spectroscopy (EIS), a non-destructive technique providing frequency-dependent 

impedance information on electrochemical systems. Through Phenomenological Equivalent 

Circuit Modeling (PECM) the frequency-dependent impedance response of these systems was 

characterized utilizing linear and non-linear electric circuit elements and mathematical elements 

describing the various electrochemical processes of said systems. From this PECM, the 

performance of each system was modeled in simulation, validating the PECM against 

experimental galvanostatic and constant power charge/discharge. Also, from the resulting PECM, 

new insights into the behavior of each electrochemical energy storage device was gained.
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CHAPTER 1 

INTRODUCTION TO ELECTROCHEMISTRY 

This chapter will cover the mechanisms and chemical reactions commonly found in 

electrochemistry. This chapter will begin with a basic overview of electrochemical cells and their 

reactions. From there this chapter will focus on specific mechanisms occurring in lead-acid 

batteries, electrochemical capacitors, and Li-ion batteries.  

1.1. Redox Reactions 
To begin this discussion, first the discussion must begin with redox reactions. Redox 

reactions occur with the reduction of one species with the oxidation of another. This type of 

reaction is similar to an acid-base reaction in that both the reduction and oxidation occur 

simultaneously in the reaction. In redox reactions, the reducing agent (or reducer) freely gives 

electrons to the oxidizer, thereby becoming oxidized itself. Conversely, the oxidizer freely takes 

electrons thereby becoming reduced itself.  +  ⎯⎯⎯⎯⎯⎯           (1.1) 

⎯⎯⎯⎯⎯⎯ +          (1.2) 

From this reaction, electrons flow from one species to another. This flow of electrons 

forms an electrical current (unit Amperes), the basis for an electrochemical reaction. The most 

famous example of this reaction occurs in the galvanic cell known as the Daniell Cell.  

In the Daniell Cell (pictured below) two containers containing zinc sulfate and copper 

sulfate are connected by a salt bridge (an electrically insulating, ionically conducting material). 

In the two containers, two conducting electrodes of zinc and copper, respectively, are placed in 

the containers and they in turn are connected by an external electric circuit with a switch. When 

the switch is left in the open position, the external circuit is not completed and if a voltmeter was 

connected, a stable voltage would be read. As the switch is closed, a redox reaction occurs in 

which the zinc metal is oxidized in the zinc sulfate while simultaneously the copper sulfate is 

reduced. As a result, the zinc metal appears to “dissolve” into the zinc sulfate solution, while 

copper metal appears to “plate out” on the surface of the copper electrode. This reaction creates a 
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flow of zinc ions from the surface of the zinc metal electrode into the zinc sulfate solution, while 

a similar flow of copper ions flow from the copper sulfate solution to the surface of the copper 

electrode. 

 
Figure 1.1: Daniell cell at rest. 

 

So what is occurring during these reactions? Looking at Figure 1.1, it can be seen what is 

going on exactly when the switch is closed. As the zinc is oxidized at the electrode surface, free 

electrons are released via the external circuit. These positive zinc ions (cations) will dissolve in 

excess sulfate ions (anions) provided by the salt bridge. Similarly, the excess of electrons 

completing the circuit at the copper metal electrode drive a reaction in the copper sulfate solution, 

reducing the solution into sulfate ions and copper ions. The copper ions (cations) are drawn to 

the surface of the copper metal electrode where they can become copper metal, and the sulfate 

ions combine with the sodium ions contained in the salt bridge. When any one of these species 

(sulfates, zinc, copper, sodium) the flow of ions is halted, thereby stopping the flow of electrons 

(current).  



3 
 

 

Figure 1.2: Daniell cell under load conditions. 

 

Chemically speaking, the redox reaction occurring in the Daniell Cell can be summed as follows: 

Zn(s)Zn2+(aq) + 2e-          (1.3) 

Cu2+(aq) + 2e- Cu(s)         (1.4) 

 1.2. Overpotentials and Ohmic Resistance 
In electrochemistry, when work is done by a cell on its surroundings that cell is said to be 

a galvanic cell. More specifically, to be considered a galvanic cell, oxidation at the anode is the 

source of electrons (hence negative anode polarity). Conversely, when work is done by the 

surroundings to the cell, the cell is said to be electrolytic (anode attracts anions from the 

solution). For each case, the polarity of the cathode and anode are reversed (i.e. cathode is 

positive for galvanic, negative for electrolytic), however, for each case in order to create an 

electrochemical reaction, overpotentials (applied electrical fields) must be overcome to 

precipitate the reaction. This section will discuss several of these overpotentials.  

For the purposes of this discussion, a basic electrochemical experimental setup will be 

used to discuss these overpotentials. Figure 1.3 describes the experimental setup. The Working 
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Electrode (Anode) and the Counter Electrode (cathode) are both made of copper metal connected 

by an external circuit while submersed in a solution of copper sulfate.    

 

Figure 1.3: Experimental cell consisting of two copper electrodes suspended in a copper solution 
with zero applied voltage. 

 

1.2.1. Surface Overpotential 

From the experimental setup described above the overpotential required to start an 

electrochemical reaction between the two copper electrodes is known as the surface 

overpotential (ηs). When the voltage across the two electrodes is greater than the surface 

overpotential, copper ions (Cu+) in the copper sulfate solution will begin to “plate out” on the 

Counter/Reference Electrode while the sulfate anions will combine with copper ions released 

from the Working Electrode.  

This surface potential may be described, in part, by the Butler-Volmer (B-V) equation 

which relates the electrochemical kinetic principle between electrical current and electrode 

potential for both anodic and cathodic reactions occurring at the surface of an electrode. The B-V 

equation is defined as follows: = × ( ) −       (1.5) 
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Where α is defined as the charge transfer coefficient (assuming anodic and cathodic are 

equal), n is the number of electrons involved in the reaction, R is the universal gas constant 

(J*mol-1*K-1), T is the temperature (K), F is Faraday’s constant (C*mol-1), A is the electrode 

surface area (cm2), i0 is the exchange current density (A*cm-2) and ηs is the activation (surface) 

overpotential (V).  As will be discussed later in this manuscript, the B-V equation’s exchange 

current density is directly related to the charge transfer resistance, an important element in 

Electrochemical Impedance Spectroscopy (EIS). 

1.2.2. Ohmic Resistance and Overpotential 

For the same experimental setup, the flow of ions in response to a change in equilibrium 

is resultant in an ohmic resistance in the system. This can be caused by the following 

mechanisms: Migration, Diffusion, and Convection [1].  

In the case of migration (see figure below), the electric field present pushing surface 

overpotential creates a migration of ions from one electrode towards the other. This motion 

creates a flux density (Nmigration), the summation of which forms a kind of current density [1].  

 

 

Figure 1.4: Experimental cell under applied voltage V>ηs 
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In the case of diffusion and convection (see Figure 1.5), the movement of cations and 

anions in opposing directions creates concentration gradients in the vicinity of the electrode 

surfaces. These concentration gradients drive diffusion, which in turn drive mass transport, 

creating a flux density (Ndiffusion) [1].  

In the case of convection, the application of stirring or a pressure gradient along with 

natural density gradients can create a convection process and a corresponding convection flux 

density (Nconvection). An example of this convection process occurs in electrolytes. An example of 

this convection process occurs in electrolytes (copper sulfate in this case) during the migration 

and diffusion of ions. As concentration gradients form in the electrolyte, the local density of the 

electrolyte varies, causing a floating and settling of ionic species and particulates. Fig 1.5 shows 

this density change with the varying shades of yellow. 

 

Figure 1.5: Experimental cell under convection, migration and diffusion conditions. 

 

The resulting summation of flux densities is related to the current density of the cell by 

the equation below. Based upon this current density, the electrode geometry and dimensions, the 

application of Ohm’s Law can be performed and the Ohmic potential drop can be determined 

(ΔΦ).  
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= ∑            (1.6) 

Where i is the current density (A∙cm-2), N is the flux density, F is Faraday’s constant (C∙mol-1), 

and z is the charge number.  

1.2.3. Concentration Overpotential 

The formation of concentration gradients as described above will form another 

overpotential, the concentration overpotential [1]. Going back to our experimental setup, when 

we have two concentration gradients form, there will be a potential difference between them. If 

we consider the Ohmic potential drop discussed above, the concentration overpotential can be 

defined as such: = (Φ − Φ ) − ΔΦ        (1.7) 

Where (ΦWE-ΦCE) is the potential between the two electrodes. 

From these overpotentials, the voltage across both electrodes of our experimental setup 

(i.e. terminal voltage) will be the result of the open circuit voltage (UOCV) when the loop of the 

cell is not closed, subtracted by the various overpotentials discussed.  = − − ΔΦ −         (1.8) 

1.3. Passivation 
In addition to overpotentials and redox reactions, another important element in 

electrochemistry is the effect of passivation layers. Passivation layers form insulating or 

protective layers between two mediums. In some cases these passivation layers can be beneficial 

as they can control reaction rates and protect the surface of materials from corrosion (example: 

Aluminum oxide forming on Aluminum metal). In other cases, however, these passivation layers 

can be detrimental as will be discussed in the later section of this manuscript involving the Solid 

Electrolyte Interface (SEI) layer commonly found on graphitic or carbonaceous anodes in Li-ion 

batteries. 
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1.4. Li-ion Battery Mechanics 
  With a general explanation of some of the electrochemical processes in place in the 

proceeding sections, the application and refinement of these processes as they equate to Li-ion 

batteries is of great importance.  

1.4.1 Brief History of the Li-ion battery 

Through the work of several people (Goodenough et al. in developing the LixCoO2-

cathode, Basu et al. in demonstrating the electrochemical intercalation of Li-ions into graphite, 

and Yoshino et al. in combining these technologies) the creation of the Li-ion rechargeable 

battery was made possible. Through the efforts of Sony Corporation, in 1991, the first 

commercially available Li-ion battery was manufactured and sold, making direct competition 

possible between Li-ion batteries and the established nickel-cadmium (NiCad) and nickel-metal-

hydride (NiMH) rechargeable batteries available in the market [2].  

Due to its lighter weight, higher energy density, higher power density, and better 

cyclability, Li-ion batteries today make up an ever larger share of the portable power industry. 

For these features, Li-ion batteries are currently being used in Hybrid Electric Vehicles (HEV) 

and some Electric Vehicle (EV) applications. With this application in mind, different cathode 

and anode compositions are currently under investigation to further improve cell performance 

and reduce cost.  

1.4.2. Cathode Materials 

The term “Li-ion” or “lithium ion” in Li-ion batteries refers to the chief mechanism of 

ionic migration inside the cell. In truth, Li-ion batteries come in a variety of cathode materials. 

The most popular and common cathode chemistries in the market to date are the lithium cobalt 

oxide (LiCoO2 or LCO) and the lithium iron phosphate (LiFePO4) cathodes. They are distinctly 

different cathode materials; however they both play the same vital role—to provide storage 

accessibility of Li-ions to facilitate the “shuttle cock” mechanism that makes Li-ion batteries 

work.  

Originally, Goodenough et al. began work with LiCoO2 cathode materials showing a high 

electronegativity (-3.045 v. Standard Hydrogen Electrode) and a high specific capacity [3, 4]. 

This cathode material was paired with graphite (as anode) decreasing specific capacity, though 
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doing so replaced the lithium metal anode commonly used with disastrous results (dendrite 

formation causing short circuit and subsequent fire) [5]. Sony Corporation took this cell to 

market in 1991, producing LiCoO2-cathode cells on a large scale to meet computing, consumer 

electronics, and communication portable power needs.  

It became clear, however, that while LiCoO2-cathode cells could meet these needs, they 

suffered from several detractors: (1) they were prone to thermal runaway conditions as a result of 

overcharging, (2) they were not stable at high temperatures, (3) the cobalt contained therein was 

a known carcinogen, and (4) the cost of manufacturing these electrodes was high. As a result, 

Goodenough and Padhi developed another cathode material in 1996—the lithium iron phosphate 

(LiFePO4 or LFP) cathode[6]. 

While only about 60% of the energy density of the LiCoO2 cathode, the LiFePO4 cathode 

boasted a higher temperature range, cheaper materials, a higher specific power output, and a 

benign chemical composition. To date, LFP-based cells have gained ground in the battery market. 

The figure below depicts the unit cell structure of the LiCoO2 cathode. The theoretical 

specific capacity of LiCoO2 is 274 mAh/g, though the usable specific capacity is closer to 140 

mAh/g [7]. This usable difference in capacity arises from the imposed limitation of the removal 

of Li-ions from the cathode matrix. For LixCoO2, where 0.5<x<1, the cell will undergo little 

structural change[7]. For x < 0.5, the structure of the cobalt oxide can undergo structural changes, 

leading to poor cyclability and irreversible fracturing of the cathode structure.  

 

Figure 1.6: Unit cell structure of LiCoO2 cathode material. 
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The LiFePO4 cathode material has a theoretical specific capacity of 170 mAh/g, and a 

reported usable capacity of 120-160 mAh/g [8]. Unlike the LiCoO2 cathode material, LiFePO4 

benefits from a larger thermal stability window, contains no toxic materials, and is composed of 

relatively inexpensive materials. 

This material was not without its own detractors as well. During this material’s inception, 

the electronic conductivity of the LiFePO4 cathode was reportedly low. To resolve this, a 

“painting” of carbon material has been employed to raise the electronic conductivity [9]. This 

improvement in electronic conductivity has provided LiFePO4 to gain prominence in battery 

industry, and launched several companies that were, until recently, very popular in consideration 

electric vehicle applications.  

1.4.3. Anode Materials 

To date, carbon is the most practical anode material in Li-ion battery manufacturing. In 

particular, graphite has been proven to be safe, have good cyclability, and form a structure that 

allows for intercalation and deintercalation of Li-ions from its well ordered and layered structure. 

Like all carbon anodes, however, graphite does suffer from the deposition of materials on the 

electrode surface (the SEI layer) [10]. 

The structure graphite is characterized by a hexagonal arrangement of carbon atoms 

arranged in an ABAB stacking structure (see Figure 1.7). These planes are separated by an 

interlayer distance of 3.354 angstroms, held together by weak Van der Waals forces. For 

intercalation of Li-ions into a graphitic anode, Li-ions must travel between the layers and align 

themselves between the hexagonal arrays, where ionic bonds may be formed.  

 

Figure 1.7: Example of graphite structure 
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With a theoretical capacity of graphite being 372 mAh/g, other materials have been 

investigated to replace carbon as an anode material for Li-ion batteries. Among these materials 

are tin, silicon, and other spinel materials [11, 12]. To date, silicon (Si) has attracted interest due 

to its high specific capacity (4200 mAh/g), however it should be noted that silicon undergoes 

large (up to 400%) volumetric expansions during the intercalation of Li-ions. This large change 

in volume results in fracturing of the material, increasing impedance with each cycle; decreasing 

capacity, and reducing cyclability.  

1.4.4. Electrolytes 

An electrolyte is by definition any solution that is ionically conducting, containing at 

least one solute and one solvent. In the case of a single salt and solvent (ex. LiPF6 in EC 1:1 wt.) 

is known as a binary electrolyte. In the case of Li-ion batteries, a stable electrolyte usually 

consists of a combination of alkyl carbonates including organic solvents of ethylene carbonate 

(EC), propylene carbonate (PC), dimethyl carbonate (DMC), diethyl carbonate (DEC), ethyl-

methyl carbonate (EMC), etc [5, 13]. These solvents are usually mixed in some ratio 

combination before an electrolyte salt (solute) is added. These salts are usually LiClO4 or LiPF6, 

which will disassociate to form free ions in the electrolyte.  

To define a “good” electrolyte, electrolytes are usually formulated to provide good 

thermal stability, low electronic permittivity, high ionic conductivity, good stability over a range 

of electric potentials, and wide operating temperature range. Unfortunately, regardless of the 

solute and solvent composition, all electrolytes used in current Li-ion batteries will form Solid-

Electrolyte Interface (SEI) layers on carbon anodes.  

1.4.5. Capacity Loss 

The loss of capacity over time is a crucial problem with Li-ion batteries. This loss of capacity 

is observable in every scenario batteries face—ranging from continuous cycling to static storage. 

There are often several mechanisms at work in creating this capacity loss phenomena, though the 

most common mechanisms are enumerated below: 

i. Increasing impedance due to the precipitation of reduce species or the oxidation of 

species on the surface of electrodes [5]. This mechanism occurs only during the cycling 

of the cell. 
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ii. Deformation and fracturing of the graphitic anode structure due to co-intercalation of 

electrolyte solvent species [5]. 

iii. Temperature [5]. 

iv. Overcharge/discharge conditioning [5]. 

1.5. Lead Acid Battery Mechanics 
The lead acid battery was invented in 1859 by French physicist Gaston Plante and is the 

oldest known rechargeable battery. The battery consists of a lead(IV) oxide (PbO2) positive plate 

(cathode) and a lead metal (Pbm) negative plate  anode with a sulfuric acid electrolyte 

(typically >4 Molar). During discharge, the following reactions occur: ( ) + ( ) → ( ) + ( ) + 2      (1.9) ( ) + ( ) + 3 ( ) + 2 → ( ) + 2 ( )   (1.10) 

As a result of utilizing lead in both the anode and cathode, the energy density and power 

density of lead-acid batteries are very poor. The figure below is a Ragone plot of various battery 

systems, which shows lead acid’s position with regard to other battery chemistries. 

 

Figure 1.8: Energy density plots of various battery chemistries. 
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While the lead acid battery has a low energy and power density, it is preferable for 

automotive and battery backup applications for reasons including: Wide temperature operating 

range, high current output capability, good shelf life, and very low cost to manufacture.  

1.6. Capacitor Mechanics 
Unlike Li-ion batteries and Lead-Acid batteries, capacitors are considered electrolytic 

cells (cathode is negative, anode is positive) because the anode attracts anions from the solution. 

In general terms, three specific kinds of capacitors exist in the current energy storage market—

electrostatic, electrolytic, and electrochemical capacitors.   

1.6.1. Electrostatic Capacitors 

Perhaps the simplest capacitor to manufacture, the electrostatic capacitor is usually made 

from two ceramic electrodes with a dielectric (electrical insulator) material sandwiched between 

them. The principle theory of operation is as such: 

Two conductors accumulate equal and opposite charges on their facing surfaces, with a 

dielectric between them that generates an electric field, but does not allow the transmission of 

positive and negative charges across it. When a sufficiently high electric potential has been 

reached, the dielectric “breaks down” short circuiting the capacitor (for air as the dielectric this 

potential is 3 MV/m). Until that potential has been reached, the capacitor and corresponding 

dielectric will store the accumulated charge without incident.  

The equation describing this relationship between stored charge and electric potential is 

the definition of capacitance as defined below. The unit of capacitance is the Farad. =             (1.11) 

When discussing a parallel plate electrostatic capacitor, the capacitance of the capacitor 

can be defined as follows: =            (1.12) 
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Where ε0 is the permittivity of free space (8.854E-12 F/m), εr is the relative permittivity of the 

dielectric (F/m), A is the area of the plate (in meters), and d is the thickness of the dielectric 

separating the plates (in meters).  

When discussing the dielectric breakdown voltage, it is academically understood that the 

capacitance of the electrostatic capacitor remains constant until the breakdown voltage has been 

reached. In practice, however, ceramic capacitors are known to be temperature dependant, and 

voltage dependant in their true capacitance values. Traditionally, as ceramic capacitors increase 

in temperature and/or voltage, the capacitance decreases according to the temperature coefficient 

and voltage coefficient, respectively.  

In general, electrostatic capacitors are the simplest and oldest (1745 AD) form of 

capacitors to be investigated.  

1.6.2. Electrolytic Capacitors 

In an effort to increase specific capacitance, an electrostatic capacitor was redesigned in 

which one electrode was removed, and an electrolyte was used in its place. This capacitor had 

the benefit of decreased weight, and was coined as an electrolytic capacitor. Today, thin film 

capacitors made of Tantalum, Aluminum, and Niobium and their oxides are the best example of 

electrolytic capacitors.  

To manufacture these capacitors, a metal electrode is coated with a thin film surface 

oxidation layer which acts as a dielectric (in the case of Tantalum Pentoxide, εr = 23). This 

electrode (the anode) is then topped with an electrolyte soaked separator before finally being 

topped with another metal electrode (cathode). Leads are attached to the metal/oxide and metal 

electrodes, then the entire material is usually spiral wound and packaged for use. 

Unlike electrostatic capacitors, electrolytic capacitors are subject to polarity, meaning 

that the applied electric field must be applied in a particular direction. This stems from the 

introduction of electrolyte (which can decompose under certain voltages). Electrostatic 

capacitors are also subject to temperature stability issues as the combination of high temperature 

and the electrolyte can cause decomposition of the electrolyte and/or the destruction of the oxide 

layer, reducing capacitance. These issues, however, are outweighed by the high capacitance thin 
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film capacitors can achieve due to high surface area, and a very thin dielectric layer. In recent 

years, the application of dry electrolytes has also improved performance and failure issues. 

1.6.3. Electrochemical Capacitors 

The term Electrochemical Capacitor (EC) refers to two varieties of capacitors involving 

electrostatic storage (Electrochemical Double Layer Capacitors or EDLCs) and electrochemical 

storage via redox reactions (Psuedocapacitors). The figure below describes both EDLCs and 

Psuedocapacitors, where the observable difference between them occurring during discharge—

Psuedocapacitors undergo a redox reaction in which the ions and electrons form a new material, 

or charge—Psuedocapacitors undergo a similar though reversed redox reaction to that stated for 

discharging.  

 

Figure 1.9: Illustration of electrochemical capacitor (EC) 

 

The modern device described above (Figure 1.9) was first constructed by Standard Oil of 

Ohio in 1966 while working on experimental fuel cell designs[14]. They were not manufactured 

by Standard Oil, but instead the rights to the technology were sold to NEC of Japan, where they 

were initially made of parallel activated charcoal electrodes, used to provide back-up for 
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computer memory. In terms of their energy and power density, ultracapacitors or electrochemical 

capacitors can be seen in relation to other capacitor technologies by the Ragone plot below.  

 

Figure 1.10: Ragone plots of various energy storage devices. 

 

1.7. Chapter Summary 
In this chapter, the basics of electrochemistry were discussed. The definition of redox 

reactions and their prominence in electrochemistry is very important in discussing the 

mechanisms at work inside various electrochemical energy storage devices. The importance of 

various mechanisms of overpotential and passivation were also discussed with reference to a cell 

operating at “under load” conditions in which some mechanisms were “fast” (i.e. ohmic potential 

drop) while others were “slower” (i.e. diffusion driven concentration overpotential).   

Also covered in this chapter were the basic mechanics of Li-ion batteries, lead-acid 

batteries, and capacitors, which make up a strong majority of electrical and electrochemical 

energy storage devices available today.  
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CHAPTER 2 

 ELECTROCHEMICAL IMPEDANCE SPECTROSCOPY AND 

PHENOMENOLOGICAL EQUIVALENT CIRCUIT MODELING 

The following Chapter will discuss, in general, the basic operating principle of 

Electrochemical Impedance Spectroscopy (EIS) and the insights that can be gained through it as 

they related to energy storage devices. This will lead to the interaction between both linear and 

non-linear electronic circuit elements and their impedance response in the Bode and Nyquist 

Domains. Finally, this chapter will discuss electrochemical reactions and how they are 

represented in EIS through Phenomenological Equivalent Circuit Models (PECM).   

2.1. EIS Operation 
Electrochemical Impedance Spectroscopy (EIS) is a useful tool in characterizing the 

chemical reactions, surfaces, and physical properties of electrochemical systems and materials 

[15]. This measurement technique is based upon four fundamental points, namely: 

1) Over small perturbations, the signal-response may be considered linear; therefore the system 

under investigation may be considered in terms of the Linear System Theory. 

2) If measured over an infinite frequency range, the impedance data obtainable by 

perturbation/response techniques is all the information that may be gained via this technique.  

3) The experimental efficiency (i.e. the amount of information transferred to the observer as 

compared to the amount produced by the experiment) is very high [Greenleaf thesis]. 

4) The validity of the data is easily determined by the Kramers-Kronig (K-K) transforms, 

proving linearity. 

The origins of EIS begin with Oliver Heaviside’s work in mathematical transforms 

leading to operational calculus, thereby providing the ability to describe the flow of current in 

RLC (Resistor Capacitor Inductor) circuits into simple algebraic equations. This system of 

transformation between frequency and time domains (Laplacian space) made it possible to more 

easily compute impedances and responses to frequency dependant stimuli. 
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Via the definitions of admittance, reactance, and impedance defined by Heaviside, the 

operational impedance is defined by: ( ) = ( )( ) , ℎ  =         (2.1) 

Where V(s) and I(s) are the Laplace transforms of the voltage and current respectively.  

Via the transformations moving impedance from the Laplace to Fourier domains, the 

impedance can be represented in both real and imaginary impedance components which can be 

represented in Nyquist and Bode plots. From these transformations, Israel Epelboin et al. in 

conjunction with Solartron Instruments Ltd developed the first frequency response analyzer 

(FRA), the Solatron 1172 FRA. Through use of this equipment, linear circuits could be 

interpreted, and compared to experimental data, extracting a clear understand of an experimental 

system’s impedances.  

In simplistic terms, EIS operates on an excitation-response relationship. Specifically, a 

sinusoidal signal (either voltage or current) may be applied to an electrochemical system (the 

excitation), and a sinusoidal response (current or voltage) is received by the FRA. Providing that 

the signal and response pass the K-K transform test (i.e. the system is linear for the frequency of 

the sinusoidal excitation and response) the impedance of the system can be calculated by the 

equation above, which may be seen in its real and imaginary terms. An illustration of this process 

can be seen in the figure below.  

 

Figure 2.1: Illustration of the principle of operation for EIS. 
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Figure 2.1 describes the process by which EIS calculates impedance for a system that 

globally does not maintain a linear signal-response relationship. To accommodate this non-linear 

system, the system may be observed over a suitably small subset of an I-V relationship, where 

under this small subset, the signal-response relationship behaves in a linear manner. This linear 

manner is coined as “pseudo-linear,” and is the referred to linearity described in fundamental 

point one.  

Perhaps one of the most important insights to be gained from EIS occurs as the signal-

response or excitation-response relationship changes as a function of frequency. As the 

frequency is swept from high to low frequencies, the impedance reported changes in both real 

and imaginary values. This frequency dependence can show, as was discussed in Chapter 1, 

particular “fast” and “slow” electrochemical processes (or reactions) that truly provide insight 

into the experimental system being investigated.  

2.2. Electronic Circuits and EIS Representation 
In Electrochemical Impedance Spectroscopy (EIS), complex electrochemical reactions 

produce frequency dependent impedance spectrums which can be presented on Bode and 

Nyquist plots. This frequency dependent impedance often times can be represented by series and 

parallel combinations of electronic circuit elements whose impedance can be presented in the 

same manner as the complex electrochemical reactions at work in an experimental 

electrochemical system under investigation.  

2.2.1. R, L, and C Electronic Circuit Elements 

The three most common electronic circuit elements in electronics and electrochemistry 

are the resistor, capacitor, and inductor. The resistor, which defines resistance, is often denoted 

by the letter R, and has the unit of Ohm (Ω). The capacitor, which is often defined as reactance, 

is denoted by the letter C, and has the unit of Farad (F). Lastly, the inductor, which defines 

inductance, is denoted by the letter L, and carries the unit of Henry (H). They are defined in the 

frequency domain by their impedances via the following equations where ω = 2πf. ( ) =            (2.2) ( ) =           (2.3) 
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( ) =           (2.4) 

From the above equations it is easily seen that the impedance of a resistor (ZR) is 

independent of frequency while the capacitor (ZC) and inductor (ZL) show impedances both 

inversely and directly proportional to the frequency applied (respectively).  These elements can 

be represented on a Bode (frequency v. real impedance and frequency v. imaginary impedance) 

and Nyquist (real v. imaginary impedance) plot, in which the resistor would exist only as a single 

point on the real impedance plane, the capacitor would begin at origin and extend only in the 

negative imaginary impedance direction, and finally the inductor would begin at the origin and 

extend into the positive imaginary impedance direction. 

2.2.2. The Warburg Element 

In the latter part of the 19th century, Emil Gabriel Warburg began work in studying the 

mechanics of diffusion as it relates to electrochemical systems. From this work he found at low 

frequency that diffusion could be observed in electrochemical systems and could be represented 

on the Nyquist plot by a straight line with a 45° slope. From this, the Warburg Element (ZW) 

was founded, describing 1-dimensional diffusion.  

This diffusion element is not an electronic circuit model per se, as it is represented by a 

mathematical equation describing the diffusion of species in the 1-dimensional direction as the 

equation below describes.  

∞ =          (2.5) 

The equation above describes what is referred to as the Semi-Infinite Warburg Diffusion, 

where R is the universal gas constant in Joules per mol per Kelvin (8.314 J*mol-1K-1), T is the 

temperature in Kelvin (K), n is the number of electrons involved in the system (valency), F is the 

Faraday constant in Coulombs per mol (9.648E4 C*mol-1), X is the molar concentration in mol 

per centimeter cubed (mol*cm-3), S is the surface area of the electrode in centimeter squared 

(cm2), and D is the diffusivity in centimeter squared per second (cm2s-1). Because of the square 

root sign in the denominator over the jω, projects this equation in the Nyquist plot at a slope of 

45°, matching the diffusion observed by Warburg. 
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Stemming from this definition of the Semi-Infinite Warburg element, the Warburg 

Coefficient, often referred to by the symbol AW or σ (unit Ω*s-1/2)  is used to define diffusion 

behavior and is represented by the equation below. This coefficient can be determined in several 

ways, but is often determined by plotting the real and imaginary impedances of the diffusion 

region of the EIS against the 1/(ω-1/2) axis. The slope of these two plots should be equal to each 

other and equal to the Warburg coefficient. The figure below gives a visual representation of this.  = √           (2.6) 

 

Figure 2.2: Representation of Warburg coefficient determination by graphical method. 

 

Part of the physical representation corresponding to the Warburg element comes from 

this Semi-Infinite Warburg element: as a particle diffuses in the 1-dimension, so long as it 

encounters no barrier or boundary condition, the particle will experience the same impedance as 
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reactance during its diffusion corresponding similarly to the definition of the transmission line 

model.  

In most practical cases, however, the Semi-Infinite Warburg element is not a practical 

solution to the diffusion observed in EIS. Provided that the frequency spectrum used in EIS is 

sufficiently low such that ions taking part in the diffusion process can reach a boundary 

condition, the Warburg element must reflect this termination. To this end, the Finite Warburg 

Element, which comes in two stripes provide effective representation of the diffusion at 

transmissive (Warburg Short-Circuit Terminus or Generalized Finite Length Warburg) or 

reflective (Warburg Open-Circuit Terminus or Generalized Finite State Warburg) boundaries. 

Again, as with the Semi-Infinite Warburg, Generalized Finite State Warburg (GFSW) and 

Generalized Finite Length Warburg (GFLW) are not electronic elements per se, but are rather 

defined by specific mathematical equations defined below (where GFLW is ZWs and GFSW is 

ZWo). 

= tanh        (2.7) 

= coth        (2.8) 

In the equations above, all variables are the same as in the Semi-Infinite Warburg 

equation with the addition of l, the nernst diffusion length in centimeter (cm), which corresponds 

to the distance the particle covers before encountering the boundary condition. Furthermore, if 

the nernst diffusion length approaches infinity (i.e. there is no boundary condition) then the 

GFLW and GFSW become equal to each other and the Semi-Infinite Warburg (IFW). To 

observe the difference between these three elements, a visual representation of the Nyquist 

behavior of the three elements is portrayed in Figure 2.3. 
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Figure 2.3: Illustration of the various Warburg elements in nyquist plane. 

 

While these elements are important in characterizing the process of ion diffusion, without 

an electronic circuit representation, the Warburg element is difficult to implement in the 

Phenomenological Equivalent Circuit Model (PECM). To this end, the Warburg element can be 

represented by the Transmission Line model [15]. The figure below provides an illustration the 

Transmission Line model taken from McDonald et al. where ZD is the Warburg Element ZW, and 

rdx and cdx correspond to the Warburg resistance and capacitance per unit length (to be 

discussed later in this chapter). Furthermore, the element depicted as ZT provides the termination 

impedance, i.e. when ZT is equal to zero (short circuit), ZD becomes analogous to the GFLW and 

when ZT is equal to infinity, ZD becomes analogous to the GFSW. 

 

Figure 2.4: Definition of Finite Warburg elements. 
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With a mathematical understanding of diffusion and an electronic circuit analog 

describing its behavior, the application of the Warburg element to modeling EIS experimental 

results can be achieved through simulation and modeling. Several companies including Scribner 

Associates, Inc. created software to view and fit electronic circuits to EIS results by using a 

fitting algorithm. The “goodness of fit” can be based on fitting the resultant impedance response 

from the electronic circuit to the experimental EIS data and calculating the error between them 

per frequency point. The user can define whether this “goodness of fit” can be for only the real 

or imaginary impedances, or both, and can select from several algorithms to fit the data. For R, L, 

and C elements, this fitting is relatively straightforward as the parameters that can be adjusted for 

each are only the resistance, inductance, and capacitance respectively.  

In the case of the Warburg element (among others), there are several parameters that can 

be adjusted for fitting. These parameters from Scribner Associates are the Warburg resistance, 

Warburg time constant, and the ideality factor, represented by WR (unit Ω), WT (unit second), 

and p, respectively. In the case of the ideality factor, in order for the Warburg element to behave 

as depicted in the above equations, the ideality factor should be set to 0.5. The Warburg 

resistance and time values are provided below, as is the equation for the GFSW and GFLW 

provided by Scribner Associates in their Zview software. From these equations it can be easily 

shown that the Scribner Associates equations and the mathematical equations developed by 

Warburg (Eqns. 2.5, 2.7, and 2.8) are equivalent. = √           (2.9) 

=            (2.10) 

= ( )( )          (2.11) 

= ( )( )          (2.12) 

While Scribner Associates, Inc. distributed its software to Solatron Instruments Ltd, it 

was not the only software made to perform EIS fitting. Gamry Instruments, an electrochemical 

equipment manufacturer developed its own software to perform electronic circuit fitting. As was 
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the case with Zview, Gamry defines the parameters for the Warburg element differently than the 

mathematical equation defined in the above equation. Instead, the parameters used by Gamry are 

the Warburg admittance Y0 (unit S*s-1/2), and the time value B (unit s-1/2). As such, the equation 

Gamry uses to define the GFLW and GFSW are as follows: = tanh         (2.13) 

= coth         (2.14) 

From these equations, the values of Y0 and B such that the Gamry equations match the 

original mathematical equations are as follows: = = √ = √2        (2.15) 

= √            (2.16) 

While under no circumstances are Gamry and Scribner Associates the only two providers 

of impedance fitting software, it is important to show that while both (and other) software 

programs will return parameters relating to the Warburg element, it is important for the user to 

understand exactly what these parameters are referring to so they may be properly interpreted.  

2.2.3. The Constant Phase Element 

Another common EIS element not found in electronics is the Constant Phase Element 

(CPE). This element is unique amongst the elements commonly found in modeling and fitting 

software in that it can represent four unique elements based upon its ideality factor m. The 

equation defining the impedance of the CPE is as follows: = ( )           (2.17) 

In the equation above, as was stated before, m is the ideality factor of the CPE, while the 

parameter Q is a parameter that has the unit of farad. When m is equal to one, the impedance of 

the constant phase element is mathematically identical to that of the capacitor. When m is equal 

to zero, the equation for the constant phase element becomes that of a resistor (frequency 
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independent) with a resistance value of 1/Q. When m is equal to 0.5, the impedance of the 

constant phase element is the same as that of the Semi-Infinite Warburg element discussed in the 

proceeding section.  

. = ( ) . = = ∞       (2.18) 

   

When: 

= √ = √          (2.19) 

While in these three unique values for m, the CPE behaves exactly like other previously 

discussed circuit elements (and their corresponding electrochemical phenomena), however, for 

values of m not discussed previously, there is much debate as to whether the CPE truly has a 

meaningful interpretation in EIS.  

Many researchers have claimed [16] that for values ranging from 0.99 to 0.7 for m, the 

CPE can describe the effective capacitance at an electrode/electrolyte boundary for a rough or 

porous electrode surface. When the CPE is placed in parallel with a resistor under these 

conditions for m, the resulting RC element is often times used to describe this rough or porous 

electrode surface, or (as in the case of Li-ion anodes) the formation of Solid-Electrolyte Interface 

layers [5]. In either description, this circuit element is generally accepted under the conditions 

described for the value of m. For values of m ranging from 0.4 to 0.1, there has been little 

information regarding this scenario or its meaning.  

Research carried out under Hirschorn et al [16] have developed a meaningful 

mathematical solution to the CPE, by which the CPE operating under 0.99-0.7 conditions for m 

can be explained, and the effective impedances that formulate the CPE are investigated. 

Hirschorn et al. contend that the CPE in the range of m described above mat be represented by 

the figure below in which the CPE (when coupled with a resistor) can become a distribution of 

time constants.  
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Figure 2.5: Representation of the constant phase element as a distribution of RC circuits 

 

From Figure 2.5, the effective capacitances and resistances can be calculated as follows: = ∑            (2.20) 

= ∑            (2.21) 

To determine the effective capacitance of the CPE, Hirschorn et al. propose the following 

equation: 

= ( )
         (2.22) 

When Re<<Rt, the equation simplifies to: 

=           (2.23) 

2.3. Phenomenological Equivalent Circuit Elements 
With a toolkit of electronic and specialty elements available, electrochemical phenomena 

and there corresponding impedance spectra can be piecewise modeled. As an example, previous 

work done [17] has shown strong connections between electronic impedance and 
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electrochemical reactions through equivalent circuit modeling for LiFePO4-cathode Li-ion 

batteries. This section will detail the various electrochemical reactions commonly encountered, 

and their analogous electronic circuit element.  

2.3.1. The Double Layer Capacitance  

To define the double layer capacitance, first consider the common electrode-electrolyte 

interface seen in the preceding Daniell Cell example. In one half reaction copper metal is placed 

in a solution of copper sulfate. In this half reaction the copper metal is the electrode, while the 

copper sulfate solution acts as the electrolyte. At the interface of this electrode-electrolyte pair, 

copper cations (positively charged ions) are permitted to permeate across this interface while the 

sulfate anions (negatively charged ions) cannot. As this reaction occurs, an accumulation of 

charge occurs at the surface of this electrode/electrolyte interface, creating a capacitor-like layer 

of charge [18].  

Initial investigation of this phenomenon was performed by Helmholtz in 1853 by 

observing the interfaces of colloid suspensions. In his observations, he proposed that these 

double layers he observed could be considered analogous to capacitors, which he later expanded 

his work to encompass electrodes. This work was further amended by Gouy, Chapman, and 

Stern, each of whom created more elaborate models defining this double layer behavior.  

 

Figure 2.6: Illustration of the double layer capacitance. (A) Helmholz Layer, (B) Gouy-Chapman 
Model, (C) Stern Model. 
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While Helmholtz believed that the double layer was solely contributed by the single 

surface charge layer (Figure 2.6A) and could be explained by a single capacitor CH, Gouy-

Chapman believed that the difference of potential across the interface is not solely restricted to 

the surface area of the interface, but extended out into the electrolyte in a diffusive manner, 

creating a capacitor varying in capacitance as a function of distance (Cdiff). In 1924, Stern 

combined both Helmholtz and Gouy-Chapman’s work; accurately accounting for both the 

diffusive and Helmholtz capacitances in observed double layer capacitances yielding the Stern 

model (Figure 2.6C). This Stern model accounts for these capacitances as follows [5, 18]: = +           (2.24) 

2.3.2. The Charge Transfer Resistance 

Charge transfer resistance is defined as a non-ohmic resistance which can define the 

speed at which electrode reactions may occur. Formally, this resistance is defined as the 

differential potential with respect to the exchange current density. In terms of electrochemistry, 

this resistance stems from the Butler-Volmer (BV) equation and its limiting case (the Tafel 

Equation).  

The charge transfer resistance describes the reaction occurring at electrode/electrolyte 

interface or rather the speed at which transference of electrons may occur between an ionic 

conductor (the electrolyte) and an electronic conductor (the electrode). This process may be 

inherently slow [5] and can only be accelerated when the electric potential between the 

electrolyte/electrode interface can be overcome. This potential that must be overcome is known 

as the active polarization which was the rate limiting step between the electrode and electrolyte. 

This active polarization was discussed previously in Chapter 1.  

To better understand this charge transfer reaction, the BV equation should be considered: = × ( ) ( − ) − ( − )    (2.25) 

The above equation which was defined in Chapter 1 is the Butler-Volmer equation which 

defines the dependence of electrode potential on electrical current. In this definition, (E-E0) 
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replaces ηs from Chapter 1 where E0 is the equilibrium potential which must be overcome to 

facilitate the charge transfer.  

As an aside, the BV equation is only valid when the electrode reaction is controlled by 

the transfer of charges at the electrode, and not by the mass transfer to/from the electrode surface 

from/to the electrolyte. Also, it should be noted that the BV equation was first experimentally 

deduced, then later theoretically justified by Tafel in 1905. Tafel’s equation occurs in the high 

overpotential region (i.e. where E<<E0 for cathodic reaction and E>>E0 for anodic reaction), in 

which case the BV equation simplifies to: − = +          (2.26) 

Or similarly: = × exp ±αF ∆
         (2.27) 

Where the plus/minus sign signifies anodic or cathodic reaction respectively, and k is the rate 

constant for the electrode reaction.  

In the case of a negligible reverse reaction rate, when the polarization is low, the current 

dependency on polarization is linear, simplifying the Tafel equation to[19]: = ∆            (2.28) 

Or similarly at low current density: = ×            (2.29) 

In this linear region, the polarization resistance is similar to Ohm’s Law. Solving for Rct 

in terms of the BV equation in the non-linear region reduces to [5]: ( ) = = ⋅ exp α η − (1 − α)exp ( α) η   (2.30) 
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2.3.3. The Warburg Diffusion 

Described in Chapter 1, ionic diffusion is an important mechanism facilitating the 

movement of ions from electrolyte to electrode. This diffusion is most prominently observed in 

EIS at low frequencies, and is often times described by the 1-dimensional diffusion element, the 

Warburg Element. Work done by Kaiser et al [15] in the 1970’s has correlated pore geometries 

to impedance plots for ionic diffusion.  

 

Figure 2.7: Effect of pore geometry on diffusion impedance in Nyquist plane.  

 

Since the 1970’s much work has been done in developing useful expressions [20] and 

applications [21] describing Warburg Diffusion which are given below. 

In giving meaningful equations (which have been presented above) to define Warburg 

Diffusion, three possible diffusion situations present themselves. In conditions where “electrolyte 



32 
 

has a finite diffusion length and is limited by and ideal reservoir of constant concentration [20]” 

the equation describing Warburg Diffusion is considered to be the Generalized Finite Length 

Warburg (GFLW) as described earlier in this chapter.  In the case where the “electrolyte has a 

finite diffusion length and is limited by a non-permeable wall (no transport of substance through 

the wall) [20]” the Warburg Diffusion may be considered to be the Generalized Finite State 

Warburg (GFSW) as described earlier in this chapter. Lastly, in the case where “[the] infinitely 

extended electrolyte [as diffusion length grows to infinity] [20],” the finite Warburg Diffusion 

cases are equivalent and equal to the Semi-Infinite Warburg equation discussed earlier in this 

chapter. 

One key assumption of the Warburg Elements in that it is not truly representative of real 

diffusion behavior due to the Warburg equations’ reliance on ideal pore conditions. This 

assumption is represented by p = 0.5 (see Eqns. 2.11 and 2.12). This then begs the question, what 

does this variable correspond to? The variable p dates back to the 1960’s in the first work done in 

porous electrodes where the impedance was derived from [15]: = [ | |] . exp         (2.31) 

Where, R is the resistance per unit length of the pore (assuming cylindrical and 

perpendicular to the surface) with Z and φ being the interfacial impedance and phase angle at a 

planar surface. It should also be noted that this equation is the same as its Fourier domain 

impedance expression with the exception ot the inclusion of the pore resistance R, and a halving 

of the phase angle [19]. By halving the phase angle it is readily apparent that the pore walls are 

strictly capacitive in nature, thus the phase angle will be at π/4 or 45°. This phase angle will 

directly correspond to a value of p = 0.5, whereby the equations describing ideal Warburg 

Diffusion are founded.  

It may be theorized that for non-ideal (or irregularly shaped, non-planar) pore structure, 

the value of p would be different than that of 0.5, however little work has been found describing 

exactly the nature of p value to specific pore geometry.  

In general, determining the corresponding diffusion element to diffusion type is made up 

of several factors. In reference to the figure shown above, pore geometry also can control the 
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slope of the impedance element. For example, in looking at the pore geometry (1) in the figure 

and its corresponding Nyquist plot, as frequency decreases, the element eventually gives way to 

capacitive behavior as described by the GFSW element. This may be caused by the frequency 

dependence of the penetration depth of the AC input signal. This relationship is defined as: 

= ( ) .
          (2.32) 

Therefore, as the frequency decreases the impedance increases making the penetration 

depth (β) increase. By this relationship, at high frequencies the pore depth, L, is much larger than 

the penetration depth, making the pore appear to be semi-infinite. Conversely, at low frequencies 

when the penetration depth is much greater than the pore depth, the electrode appears to be 

quasi-planar, making the impedance take on the characteristics of a capacitor [22]. 

In the general case of the GFLW modeled diffusion, again at high frequencies the penetration 

depth is shallow, leading to behavior characteristic of linear semi-infinite ionic diffusion. The 

difference between GFLW and GFSW occurs at low frequency, when the observed diffusion is 

limited by the boundary condition described as an “ideal reservoir.” This leads to absorption at 

the boundary [5] and produces purely resistive behavior at low frequency.  

 2.3.4. Deposited Layer Structures and Semi-Permeable Oxide Layers 

Described in Chapter 1 as the Solid-Electrolyte Interface (SEI) specifically, in general the 

formation of deposited materials upon the surface of an electrode is common in electrochemistry. 

In some cases, it is the formation of an oxide layer on the surface which provides passivation (a 

slowing of the reaction rate) or in the case of Li-ion batteries it is the formation of a quasi-

irreversible compound of organic solvents, salts, and electrode materials which also can form 

this passivation.  

In the case of lead-acid batteries, this layer is an oxidation layer formed on the lead 

cathode, and contributes to limiting the reaction rate process as the oxide layer becomes thicker 

for increasing charging. In the case of Li-ion batteries, the SEI layer continually expands and 

contracts, not fully recombining into its constituent electrolyte parts during charge/discharge, 

which helps protect the anode electrode, and moderates current flow. Unlike lead-acid batteries, 
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however, the SEI layer continually grows with successive charging and discharging, reducing 

capacity and increasing internal impedance over time. 

To describe this deposited layer structure, or oxide layer interface, in the impedance 

regime, the layer structure is often times represented by an RC parallel circuit, or series group of 

them, to describe the restriction of passing through the layer (resistor) and the capacitance 

formed at the surface of this layer [5]. Because this layer structure is assumed to be 

heterogeneous (as is usually the observed case), it has been recently in fashion to describe this as 

a distribution of time constants as described by a single CPE||R block element where the 

distribution of capacitances and resistances are discussed earlier in this chapter. From this, either 

approach may be acceptable in describing the layered structures or passivation layers that are 

found in electrochemistry. 

2.4. Chapter Summary 
This chapter discussed the principle of operation for Electrochemical Impedance 

Spectroscopy (EIS), and the phenomenological elements that may be employed to model the 

results thereof. The basis of EIS comes from an excitement-response or signal-response over a 

very small subset of an electrochemical system’s I-V curve where in which the response to the 

signal may illicit pseudo-linearity. Under these conditions EIS data may be consider valid, and 

the use of phenomenological circuit elements may be employed to describe the observed (and in 

some cases assumed) faradic and non-faradic electrochemical reactions present during EIS. With 

a detailed knowledge of these electrochemical reactions (along with their representative elements) 

and a meaningful way to interpret the electrochemical system (i.e. EIS) the ability to provide 

useful and meaningful analysis of the system is readily available.  
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CHAPTER 3 

AN EXAMPLE OF PHENOMENOLOGICAL EQUIVALENT CIRCUIT 

MODELING 

 This chapter will provide an example of Phenomenological Equivalent Circuit Modeling 

(PECM) that was published in IEEE Transactions on Sustainable Energy, published in 2013. 

This published work provides a poignant example of how PECM is implemented and integrated 

into software (i.e. Simulink’s Matlab) to evaluate, predict, and model an electrochemical 

system’s performance. 

3.1. Introduction to PECM—the Lithium Iron Phosphate Battery 
 There have been many methods developed to determine the State of Charge (SOC) from 

EIS measurements. Previously work utilizing fuzzy logic [23] can extrapolate an approximation 

of SOC while other dynamic systems have included high frequency polling to determine SOC, 

and some approaches have even included multivariate approaches [24] to analyze EIS data.  

The origins of Phenomenological Equivalent Circuit Modeling (PECM) can be traced 

back to work carried out by Levi [25] Mauracher and Karden [20], and others who have 

presented a strong relationship between frequency-domain impedance spectroscopy and time-

domain performance for electrochemical systems. Through the application of PECM techniques, 

cell performance can be predicted and modeled. To this end, EIS was carried out on a 

commercially available LixFePO4-cathode secondary battery (i.e. rechargeable battery) with the 

intent to develop a model in software that can predict and replicate the performance of the cell. 

The benefit of this approach is twofold: (1) This technique does not harm the cell or require 

disassembly, and (2) this technique does not require large computational constraints as some 

approaches require. 

3.2. PECM Testing Procedure 
 To present the process by which PECM operates, work was carried out on a 

commercially available LixFePO4-cathode secondary cell. The cell used was a Powerizer® LFP-

RCR123A (see Figure 3.1) which consists of a LixFePO4 cathode, a graphitic anode, and a Li 

salt, organic electrolyte. The cell has an operational voltage window ranging from 3.6-2.0 V with 
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a nominal voltage of 3.2 V. The cell also has a rated capacity of 450 mAh and a packaged weight 

of 16.6 g.  

 

Figure 3.1: Powerizer LFP-RCR123A cell.  

 

To confirm the rated capacity of the cell, the cell was discharged from its original 

unknown SOC to 2.0 V at a constant-current (CC) discharge rate of 0.5C using an Arbin™ 

BT2000 battery test analyzer. The cell was then allowed to rest for a minimum of six hours 

(allowing all residual currents from charging or discharging to approach zero) [25], before the 

cell was charged to a terminal voltage of 3.6 V using CC charging at the 0.5C rate. Once the cell 

had reached 3.6 V, the cell was subjected to constant-voltage (CV) charging at 3.6 V until the 

DC current was reduced to <10 mA. The charge capacity of the cell was within 5% of the rated 

capacity, confirming that the cell was initially up to manufacturer specifications.  

 EIS was performed at room temperature at uniform intervals of SOC from 0-100% SOC 

using a Solartron 1250B Frequency Response Analyzer. To achieve this, the cell was first 

discharged to 2.0 V by constant-current discharge at -50 mA. The cell was allowed to rest six 

hours as was discussed above before the cell was subjected to potentiostatic EIS under 0 V v. DC 

bias condition, 10 mV AC signal from 10 mHz-2 kHz. Once the measurement had been made for 

that particular SOC, the cell was charged up to 20% of its capacity at 50 mA (CC regime) and 

then the process was repeated until the cell had been measured at 0%, 20%, 40%, 60%, 80%, and 
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100% SOC. With a spectrum of EIS results ranging as a function of SOC, Scribner Associates 

Inc. Zview software was then used to develop an equivalent circuit model. 

 

Figure 3.2: Electrochemical impedance spectrum of Powerizer cell at various SOCs. 

 

3.3. Application of PECM 
 As was discussed in the preceding chapters, the application of electronic and specialized 

circuit elements to describe electrochemical impedance behavior can relate electrochemical 

reactions to their analogous impedance spectra. Based upon the data presented in Figure 3.2 and 

modeling work done previously by Moss [5] on LixCoO2-cathode cells and Levi et al [25] on 

lead-acid batteries, a PECM that describes Li-ion battery behavior is presented in Fig 3.3. 
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Figure 3.3: Equivalent circuit model describing EIS data recorded in Figure 3.2 where (1) is line 
induction and induction from spiral wound nature of cell (2) is the ohmic resistance of solution 

and contacts (3) represents SEI layer growth (4) is charge transfer kinetics (5) ionic diffusion (6) 
mass capacitance of electrode. The circuit of Warburg element was also showed where Warburg 

resistance and capacitance can be expressed as = ∑ and = ∑  where CW = 
TW/RW. 

 

The decision to reuse the model elements described by Moss [5] is logical since the 

LixFePO4 and LixCoO2 cells undergo the same electrochemical processes, i.e. ionic diffusion, 

charge transfer kinetics, ohmic resistance due to separator, contacts, and electrolyte, Li-ion 

intercalation into a carbon matrix, and the spiral-wound cell structure. As a result, there is little 

difficulty in applying this model to the Powerizer cell. In the model presented in Fig 3.3, the 

Warburg Element ZW represents the GFLW or short-circuit terminus element as described in 

preceding chapters.   

 As a result of this fitting, Table I provides a populated list of element values as a function 

of SOC. These values were found by applying the frequency-domain model described in Figure 

3.3 to the EIS data presented in Figure 3.2. While it may have been possible to also fit the EIS 

data using a sufficiently large Voigt-type or transmission line model [26], this is 

counterproductive to the notion of assigning particular electrochemical reactions to their 

corresponding elements.  
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Table 3.1: A list of parameters obtained from fitting EISs at different SOCs 

SOC(%) 0 20 40 60 80 100 

L (H) 7.28E-7 9.30E-7 8.61E-7 1.12E-6 1.21E-6 1.17E-6 

Rs (Ω) 0.1177 0.1172 0.1160 0.1169 0.1164 0.1152 

R1(Ω) 0.0533 0.0109 0.0042 0.0041 0.0063 0.0605 

C1 (F) 1.39 180 101 29.36 255.4 153.1 

R2 (Ω) 1.54 0.0137 0.01129 0.0109 0.0095 0.0246 

C2 (F) 20.66 3.36 1.99 1.62 5.39 12.60 

R3 (Ω) 0.0435 0.0323 0.0284 0.0245 0.0241 0.0241 

C3 (F) 0.1926 0.1391 0.1268 0.1454 0.1906 0.4400 

Rct (Ω) 0.301 0.0321 0.0302 0.0305 0.0320 0.0363 

Cdl (F) 0.0241 0.0202 0.0194 0.0215 0.0214 0.0231 

Cint (F) 700 700 675 650 500 156.5 

RW (Ω) 1.072 0.2346 0.2480 0.2469 0.1550 0.1490 

TW (s) 23.4 143.1 127.8 144.0 122.7 125 

P 0.5 0.5 0.5 0.5 0.5 0.5 

OCV (V) 2.531 3.224 3.3106 3.3143 3.352 3.412 

where, TW=RW×CW 

By determining the discrete modeling data points in Table 3.1, the changes that 

electrochemical processes undergo as a function of SOC can be observed. To provide greater 

functionality to the model, these discrete points were used to define the fitting equations 

presented in Table 3.2, thereby creating continuous equations based upon the discrete points 

presented above.  
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Table 3.2: Fitting equations derived from Table 3.1 parameters.  

Parameter Equation  

L (H) 5.0×10-7x + 8.0×10-7 

Rs (Ω) -0.00187x + 0.118 

R1(Ω) 0.00296x + 0.0154 

C1 (F) 120x + 81.5 

R2 (Ω) 0.00218x + 0.12 

C2 (F) -0.818x + 6.36 

R3 (Ω) -0.0157x + 0.0365 

C3 (F) 0.169x + 0.10 

Rct (Ω) 0.0037x + 0.03 

Cdl (F) 0.00517x + 0.021 

Cint (F) -428x + 821 

RW (Ω) 2.967e11.6x+ 0.167e-0.00867x 

TW (s) 62.2x + 92.4 

OCV (V) 3.2e-0.08x – 0.665e-196x 

Note that for these equations the value x represents SOC and the range of x are the real numbers 

from 1-0 where (1 = 100% SOC to 0 = 0% SOC). 

To describe the cell’s performance in the time-domain, the model presented in Figure 3.3 

can be redesigned as shown in Figure 3.4 using Fourier transform techniques as described by the 

following equations [20]: 
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Figure 3.4: Time-domain transformation of frequency-domain equivalent circuit model. NOTE: 
the Warburg element (ZT) is approximated by the RC ladder network shown in (5) RT1||CT1 + 

RT2||CT2 + … + RTn||CTn. ( ) = ( )( )      (3.1) 

( ) = ( )
     (3.2) 

From Figure 3.4, the terminal voltage VT can be calculated as: ( ) = ( ) − ( ) − ( ) − ( ) − ( ) − ( ) (3.3) 

Where U is the open circuit voltage (OCV) which is the voltage of the cell at a given SOC under 

no load conditions and: ( ) = ( ) ⋅          (3.4) ( ) = ⋅ ( )         (3.5) 

( ) = ∑ ⋅ ( ) ⋅ 1 − ( ) ( )     (3.6) 

( ) = ⋅ ( ) ⋅ 1 − ( ) ( )      (3.7) 

( ) = ∑ ⋅ ( ) ⋅ 1 − ( ) ( )     (3.8) 
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From the equations presented, it can be seen that all voltage expressions are time 

dependent (SOC) functions and also that the Warburg element is defined in the time-domain by 

the summation of RC elements in an infinite transmission line model as presented in [20]. While 

the Warburg is strictly defined by an infinite transmission line model, in practicality, because the 

value of RTn decreases by a factor of (2n-1)2 for each iteration of n, therefore the resistance value 

becomes near zero for large values of n. For the purposes of simulating the Warburg element in 

the time-domain, VW can be enumerated from n = 1 to n = 10 without a real loss of accuracy. 

3.4. Evaluation of PECM Performance 
With these equations in place, the terminal voltage could be calculated over the entire range of 

SOC. To validate these equations, galvanostatic discharge was performed on the cell at varying 

rates of discharge ranging from the 1C to 1/20C rates. These experimental results were then 

compared to model simulations performed in Matlab™.  

 

Figure 3.5: Experimental v. simulated galvanostatic discharge profiles using the time-domain 
model shown in Figure 3.4 from (a) 1C, (b) 1/2C, and (c) 1/3C discharge rates. All experimental 

and simulation results were carried out at room temperature. 
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In addition to galvanostatic discharge performance evaluation, the cell was subjected to 

current pulses to determine how the model will perform under transient conditions. The figure 

below (Figure 3.6) presents this transient performance evaluation. 

 

Figure 3.6: Experimental v. simulated data for time-domain beginning at (b) 100% SOC and (c) 
20% SOC. Note the voltage amplitude increases from approximately 0.4 V to 0.6 V from (b) to 

(c) as the cell operates at low SOC. 

 

Finally, to evaluate the model’s performance in applications where constant power is 

necessary over simple galvanostatic charge/discharge regimes, the cell was subjected to constant 
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power charge/discharge and the model’s constant power performance was tested against 

experimental result. The resulting Ragone plot is presented below. 

 

Figure 3.7: Ragone plot of experimental and simulated constant power discharges. 

 

Perhaps one of the greatest advantages of PECM is that it provides an average voltage 

loss at different SOCs as shown below. This provides a visual way to identify which factors 

contribute most to inhibiting cell performance and at what SOCs this occurs. 
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Figure 3.8: Breakdown of individual voltage drops per model component for (a) 1C and (b) 8C 
constant current discharge profiles. 
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Figure 3.9: Breakdown of individual voltage drops per model component for constant power 
discharges at (a) 1 W and (b) 12 W. 

 

For example, from Figure 3.8 it can be seen that at SOC lower than 20% the cell voltage 

became largely dominated by the Warburg element (VW) which describes the Li-ion diffusion in 

the electrodes [27-29]. This result indicates that at low SOC, the majority of Li-ion movement 

inside the cell is controlled by the diffusion process in the cathode electrode material (LixFePO4) 

when the value of x is close to unity. The continuous decrease of VT indicates that the Li-ion 
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diffusion in the anode electrode is a fast process and never becomes the limitation factor. From 

Figure 3.8b it can be seen that the ionic diffusion still dominates the lower SOCs, however, the 

solution resistance (RS) and its corresponding voltage drop (VRs) appear to make a greater 

pronounced difference to corresponding terminal voltages (VT) at higher C-rates. This is logical 

when considering that at lower C-rates (i.e. lower currents) the dominating source of voltage loss 

is related to the slow process of diffusion while at higher C-rates we can observe a more 

significant impact of faster electrochemical effects.  

As a similar example, Figure 3.9 depicts the effect of high and low constant power 

discharge profiles similar in nature to that of Figure 3.8. Figure 3.9a depicts the individual, 

phenomenological-based, voltage drops as a function of cell voltage for 1 W and Figure 3.9b 

depicts the voltage drops at 12 W (60W/kg and 720 W/kg, respectively). For Figure 3.9a, as was 

the case for galvanostatic discharge, the diffusion element dominates the voltage contribution at 

low terminal voltage, which may be for exactly the same reason (diffusion being a slow process). 

As Figure 3.9b shows, however, it is now clearly visible that the voltage drop due to the solution 

resistance (VRs) now dominates the voltage drop of the cell, while the Warburg element shows 

the smallest impact on the terminal voltage. This simulation result also seems to be logical 

wherein the slow process of diffusion does not have the time to make an impact as compared to 

the faster mechanisms before the terminal voltage is pulled down to 2.0 V.  

3.5. Chapter Summary 
In this chapter, an example of a published PECM was discussed so that a basic 

understanding of PECM can be made clear. This chapter explained the reasoning behind the 

selection of particular elements and included the process (or methodology) behind applying the 

PECM to an electrochemical system. This chapter also discussed the performance of the PECM 

against experimental results for Powerizer cell and also provided some insight as to the 

dominating (or limiting) factors governing cell performance without further investigation that 

would require cell disassembly. 
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CHAPTER 4 

ELECTROCHEMICAL ANALYSIS THROUGH PHENOMENOLOGICAL 

EQUIVALENT CIRCUIT MODELING 

 This chapter presents work in which the electrochemical processes of two similar Li-ion 

chemistries (LiCoO2- and LiFePO4- cathodes) of similar construction and commercially 

available for use can be modeled using PECM. From the use of PECM, these two distinct 

chemistries (LCO for LiCoO2 and LFP for LiFePO4 henceforth) will be presented with respect to 

their electrochemical processes and what unique insight may be gained from this process. Results 

have shown that through the application of EIS, Scanning Electron Microscopy (SEM), and 

Brunauer Emmett-Teller (BET) analysis, that the PECM can determine the dominating electrode 

in the apparent exchange current densities, ionic diffusions, and double layer capacitances 

calculated via EIS and PECM. 

4.1. Experimental Premise 
 In this chapter, a phenomenological electric circuit model (PECM) discussed 

previously[17] was applied to EIS data gathered on two commercial Li-ion batteries of similar 

dimension and structure (except for cathode material) to determine if it is possible to define and 

quantify the electrochemical processes inside a Li-ion battery using only EIS and other in-situ 

processes. 

4.2. Experimental Setup 
 Both cells used in this experiment are commercially available RCR123A cells from 

Powerizer® with details listed in Table 4.1. The LixFePO4-cathode cell and the LixCoO2-cathode 

cell were assigned the names of LFP and LCO respectively. As was done previously[17], both 

cells were subjected to potentiostatic EIS measurements using a Solartron™ 1280B Frequency 

Response Analyzer at uniform states of charge (every 10% SOC). The frequency range for this 

test ranged from 10 kHz to 10 mHz with 0 V DC offset and an AC magnitude of 10 mV. The 

resulting spectra for both cells are presented in Figure 4.1. From previous work[17] the EIS data 

was fit in the frequency domain using electric circuit elements as shown in Figure 3.3.  
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Table 4.1: Deconstructed cell measurements 

Parameter LFP LCO Unit 

Capacity 450 650 mAh 

Electrode Anode Length 581.34 499.14 mm 

Electrode Anode Width 25.12 26.06 mm 

Electrode Anode Thickness 0.12 0.17 mm 

Electrode Cathode Length 547.83 482.83 mm 

Electrode Cathode Width 24.15 24.79 mm 

Electrode Cathode Thickness 0.14 0.14 mm 

Separator Length 982.35 977.52 mm 

Separator Width 26.3 26.309 mm 

Separator Thickness 0.02 0.02 mm 

Cu Current Collector 

Thickness 
0.01 0.01 mm 

Al Current Collector 

Thickness 
0.01 0.01 mm 

Anode Half cell Weight 3.6295 4.2275 g 

Cathode Half cell Weight 5.1594 5.7876 g 

Anode Weight 2.324 2.9904 g 

Cathode Weight 4.8022 5.4661 g 

Cu Volume 0.146 0.1383 cm3 

Al Volume 0.1323 0.119 cm3 

Cu Weight 1.3055 1.2371 g 

Al Weight 0.3572 0.3214 g 

Anode Electrode Area  292.06 260.15 cm2 

Cathode Electrode Area  264.6 239.38 cm2 

 



50 
 

 

 

Figure 4.1: EIS measurements of (a) LCO cell and (b) LFP cell per 10% SOC increments. 

 

(b) 

(a) 
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By assigning certain circuit elements to electrochemical processes, we may evaluate the 

EIS spectra of each battery and determine (for the full cell) the processes that affect cell 

performance. These elements and their corresponding processes are defined as follows: 

L describes the inductance observed in the Nyquist plots which correspond to the 

inductance of the experimental leads and of the spiral wound nature of the cells. RS describes the 

equivalent ohmic series resistance of separator and solution[26, 30] in the cells. Elements R1 

through R3 and C1 through C3 describe the formation of solid electrolyte interface (SEI) which 

form on the surface of the anode[20, 25, 31] during initial cycling and which grow through 

successive cycling. Rct refers to the charge transfer resistance, a non-ohmic reaction resistance 

that relates the activation overpotential and exchange current density as described by the Butler-

Volmer equation for the transfer of charge carriers through the solid/electrolyte boundary and Cdl 

describes the accumulation of charge carriers at the previously stated boundary condition and the 

resulting double-layer capacitance that forms as modeled by Guoy-Chapman[21, 25]. The 

variables TW, RW, and p refer to the diffusion time, Warburg resistance, and ideality factor 

(respectively) used to define the Warburg equation (ZW) for semi-infinite diffusion which 

describes the semi-infinite diffusion of charge carriers through media[15, 17, 21, 32, 33]. Lastly 

Cint defines the intercalation capacitance of the host materials. 

Based upon the PECM described above, and through the application of Ohm’s law and 

the inverse Fourier Transform, the frequency-domain model in Figure 3.3 may be converted to 

the time domain (Figure 3.4) defined by the equations provided in Chapter 3.  

 4.3. Data Analysis 
 Before the PECM was used to discuss the dominating electrodes in certain 

electrochemical processes, the model was validate using MATLAB and galvanostatic discharge 

data collected on the cells using the Arbin™ BT2000. The simulated and experimental data is 

presented in Figure 4.2. 



52 
 

 

Figure 4.2: Experimental and simulated galvanostatic discharge curves for (a) the LFP cell at 
various C-rates, and (b) the LCO cell at various C-rates. 

 

(b) 

(a) 
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From the comparison of the galvanostatic discharge data, a good agreement between 

experimental and simulated discharge can be seen, providing strong evidence that the circuit 

elements used in the PECM are close to the necessary values needed to represent the EIS data. 

Based upon this agreement, the following processes were investigated: 

4.3.1. Ohmic Solution and Separator Series Resistance 

 The Ohmic solution and separator resistance or RS should be directly related to two 

characteristics of the electrochemical cells; namely, RS should be dependent upon the electrolyte 

composition (solvent and salt), and the electrode surface area. Table 4.2 presents the following 

observations with regard to RS: (1) the resistance of RS tends to increase with decreasing SOC 

for both LCO and LFP cells. (2) The average difference of resistance of approximately 10% 

between the LCO and LFP cells.  

Table 4.2: RS information 

SOC 

RS LFP  

(Ω) 

RS LCO  

(Ω) 

LFP Unit Resistance 

 (Ω/cm2) 

LCO Unit Resistance  

(Ω/cm2) 

Difference 

(%) 

0.1 0.1101 0.0978 1.98E-04 1.96E-04 1.24% 

0.2 0.1092 0.0976 1.97E-04 1.96E-04 0.58% 

0.3 0.1085 0.0982 1.95E-04 1.97E-04 0.66% 

0.4 0.1083 0.0974 1.95E-04 1.95E-04 0.04% 

0.5 0.1086 0.0980 1.96E-04 1.96E-04 0.36% 

0.6 0.1081 0.1012 1.95E-04 2.03E-04 4.04% 

0.7 0.1081 0.0986 1.95E-04 1.97E-04 1.43% 

0.8 0.1076 0.0983 1.94E-04 1.97E-04 1.59% 

0.9 0.1063 0.0942 1.92E-04 1.89E-04 1.43% 

 

With regard to the materials used (i.e. separator and electrolyte) since both cells were 

from the same manufacturer and when disassembled had the same separator, it may be assumed 

that this 10% difference should be related solely to the difference in surface area between the two 
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cells. From the data presented in Table 4.2, if the impedance values used to model the PECM are 

divided by the contact surface area of the electrodes, the difference between the two cells reduces 

to roughly 1.26% on average. This 1.26% difference shows some substantive evidence that the 

resistance value of RS is uniformly related to the surface area given the same separator and 

solution materials. 

4.3.2. Charge Transfer Resistance 

 As was stated in the preceding chapters, charge transfer resistance (Rct) is a non-ohmic 

resistance related to the speed at which a surface reaction occurs that facilitates the transference 

of ions across the electrode/electrolyte boundary [34]. The relationship governing this reaction is 

known is the BV equation discussed previously (see Eq. 2.25) and can form the relationship 

between exchange current density and charge transfer resistance by: = ′            (4.1) 

 By Eq. 4.1 the exchange current density can be calculated given the charge transfer 

resistance values in Table 4.3 and their approximated surface areas. The respective averages for 

the LCO and LFP battery exchange current densities are 8.75×10-3 and 2.7×10-3 A-cm-2, 

respectively. From the data recorded, two conclusions may be made: First, the exchange current 

density of the full-cell LCO and LFP batteries is on the same order of magnitude as reported[35-

42] half-cell (LixCoO2, LixFePO4, Li1-xC6) exchange current densities, leading to the conclusion 

that the model interpretation of the charge transfer resistance is accurate. Second, the general 

trend of marginally decreasing exchange current density during cell charging leads one to 

conclude that the exchange current densities are at least partially dominated by their cathodic 

components. 
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Table 4.3: Charge transfer resistance and resulting exchange current density 

SOC 

LFP 

Rct 

(Ω) 

LCO 

Rct 

(Ω) 

LFP 

i0   

(A-cm-2) 

LCO 

i0  

(A-cm-2) 

0.1 0.029196 0.010925 3.06E-03 9.01E-03 

0.2 0.032104 0.00828 2.79E-03 1.19E-02 

0.3 0.032888 0.011522 2.72E-03 8.54E-03 

0.4 0.030225 0.010368 2.96E-03 9.49E-03 

0.5 0.032384 0.012162 2.76E-03 8.09E-03 

0.6 0.030461 0.01163 2.94E-03 8.46E-03 

0.7 0.030568 0.011847 2.93E-03 8.31E-03 

0.8 0.031983 0.010134 2.80E-03 9.71E-03 

0.9 0.03282 0.011531 2.73E-03 8.54E-03 

 

The first conclusion may be explained in greater detail: Values reported for LixCoO2 by 

Garcia et al[34] ranged from 2.5×10-3 to 3×10-4 A-cm-2 underperformed compared to calculated 

results taken from EIS. This may be due to the difference between experimental and 

commercially manufactured cell construction, though the inherent error used in modeling Rct via 

EIS may have also contributed to this discrepancy. In the case of the LixFePO4, the observed 

exchange current density of 2.7×10-3 A-cm-2 is higher than reported by others[40, 41] (8×10-5 A-

cm-2) which may be explained again by the difference in producing cells in a laboratory vs. a 

commercial process.  

The second conclusion may be explained further by relating the decreasing concentration 

of Li-ions at the cathode to a decrease in the magnitude of cathodic exchange current densities. 

This trend is well documented[34, 36-40] when looking at half-cell performances. From this we 

may infer that the trends we observed are caused by the cathodic exchange current.  
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4.3.3. Warburg Impedance 

 This element generally describes the 1-dimensional diffusion of charged particles 

diffusing through a medium. When describing diffusion in liquid and solid materials, the 

Warburg element describes the diffusion in semi-infinite and finite diffusion terms, relating to 

the tendency for said ions to encounter a boundary condition [20]. These boundary conditions, 

and the representative Warburg diffusion elements, were discussed in Chapter 2.  

In incorporating the FLW into our electric model, the Warburg coefficient (AW) was 

determined via direct calculation (Eq. 11) and validated via the graphical method by which the 

EIS diffusion tail is plotted Re(Z) v. 1/(ω)-1/2 or Im(Z) v. 1/(ω)-1/2 where the slope of the resulting 

lines is the Warburg coefficient. The difference between graphical and calculated Warburg 

coefficients are 7.45% and 11.46% for the LCO and LFP, full cells respectively. This difference 

further shows good agreement between the PECM and EIS data.  

W

W
W T

R
DSXFn

RTA 
222          (4.2) 

With the Warburg coefficient for the LCO and LFP full cells accurately determined, it 

may be possible to determine if one electrode dominates the diffusion coefficient of a full cell. 

Ye et al[43] has shown that the Warburg resistance element (RW) has an inversely proportional 

relationship to the diffusion coefficient (DLi) in half cells. Also, numerous sources[44-49] report 

a relationship in which the diffusion coefficient in electrode material is inversely proportional to 

the amount of lithium intercalated into the electrode (i.e. DLi decreases as x in LixFePO4, LixC6, 

or LixCoO2 increases). By extension, if the Warburg resistance increases with respect to 

increasing SOC (as seen in the LFP cell) we may infer that the overall diffusion coefficient for 

lithium is decreasing and this trend is consistent with LixFePO4 electrode behavior. Similarly, by 

this argument, the LCO battery’s diffusion coefficient is increasing with increasing SOC 

meaning that the diffusion depicted via EIS is due to anodic diffusion. Table 4.4 lists the 

calculated diffusion coefficient as a function of SOC, RW as a function of SOC, and the 

calculated and graphically determined Warburg coefficients (AW) as a function of SOC for the 

LCO and LFP cells. 
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Table 4.4: Diffusion parameters 

Cell SOC 
RW 

(Ω) 

TW 

(s) 

AW 

(graphical) 

(Ω-s-0.5) 

AW 

(calculated) 

(Ω-s-0.5) 

DLi 

(cm2-s-1) 

Average 

Particle Radius 

(µm) 

LCO 

0.1 0.055346 62.1 0.00700 0.00702 3.68E-10 

4.60 

 

0.2 0.050749 47.5 0.00810 0.00735 1.57E-10 

0.3 0.069428 85.0 0.00745 0.00753 8.69E-11 

0.4 0.07909 91.5 0.00740 0.00826 4.69E-11 

0.5 0.08157 72.9 0.00930 0.00937 2.57E-11 

0.6 0.09168 100.0 0.00995 0.00900 2.06E-11 

0.7 0.09900 103.9 0.00885 0.00971 1.36E-11 

0.8 0.12317 182.4 0.00770 0.00912 1.23E-11 

0.9 0.11849 179.4 0.00880 0.00884 1.06E-11 

LFP 

0.1 0.42096 106.6 0.03205 0.04077 1.07E-12 

1.20 

0.2 0.23455 143.1 0.02010 0.01960 2.95E-12 

0.3 0.21352 135.9 0.01840 0.01831 3.83E-12 

0.4 0.24803 127.8 0.02035 0.02194 3.41E-12 

0.5 0.24818 145.7 0.02045 0.02056 3.7E-12 

0.6 0.24692 144.0 0.01945 0.02057 4.49E-12 

0.7 0.24702 110.0 0.02145 0.02355 4.08E-12 

0.8 0.15503 122.7 0.01615 0.01399 7.98E-12 

0.9 0.15229 175.0 0.01790 0.01151 7.25E-12 

 

=           (4.3) 

Based upon this inference, the diffusion coefficient for each cell may be calculated as 

shown in Eq. 4.3. Based upon the assumed molar concentrations and measured surface areas, the 

diffusion coefficient for the LFP cathode and LCO anode were 4.5×10-12 and 8.3×10-11
 cm2-s-1, 

respectively. These diffusion coefficient values are within one order of magnitude as those 

reported by others[35, 36, 44, 47, 49-55] reinforcing the validity of the inference above.  

With knowledge of the diffusion coefficient it may be possible to estimate the average 

particle size of the electrode in question (as postulated by Dell’Era and Pasquali[50]). Eq. 4.4 



58 
 

relates the effective particle radius to the Nernst diffusion length (assuming spherical particle) 

provided by Srinivasan et al[40].    

5
r             (4.4) 

where the Nernst diffusion length is related to the diffusion coefficient by the definition of the 

Warburg Resistance (Eq. 4.5).  

= √            (4.5) 

From Eqns. 4.4 and 4.5, the average particle radii for the LFP cathode and LCO anode 

were calculated to be 1.2 and 4.6 µm, respectively. To see if these values were near real particle 

sizes for these cells, two commercial cells (one LFP and one LCO cell) were disassembled, their 

anodes and cathodes cleaned in EC solvent, dried, and then viewed under a scanning electron 

microscope (SEM). SEM results are presented in Figure 4.3.  

 

Figure 4.3: SEM result of LCO anode in planar view (top left), LCO anode cross-section to see 
proper particle size (top right), and the LFP anode (bottom). 
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From Figure 4.3 it can be seen that the average cathode particle radii for the LFP cell was 

approximately 0.5-1.0 µm while the average particle radii for the LCO anode was approximately 

12 µm. In the case of the LiFePO4 cathode, the calculated radius is almost double that of the 

SEM result while the calculated carbon anode radius was about one-third of the SEM result. This 

error may be due in large part to the orientation of the electrode materials as it is well 

documented that the orientation of electrode materials can dramatically affect the diffusion 

coefficient[45, 56-58]. Also, in the case of the LiFePO4 cathode, the model and method proposed 

do not account for any carbon painting on the LiFePO4 particles, commonly performed to 

increase electronic conductivity[59]. As such, while it may still be possible to calculate the 

particle size accurately in some limited cases; in general the results discussed here do not support 

that claim.  

4.3.4. The Double Layer Capacitance 

 The Electric (Interfacial) Double Layer Capacitance (EDLC) is explained in Chapter 2 as 

the accumulation of charge at the electrode/electrolyte boundary. This capacitance has been 

shown to increase as potential increases. In the case of a full cell, as the cell is charged, ions 

leave the cathode and intercalate into the graphitic anode matrix, corresponding to a potential 

decrease (Vanode v. Li-ion) at the anode and a potential increase (Vcathode v. Li-ion) at the cathode. 

From the data provided in Table 4.5 the capacitance values designated to the EDLC remain fairly 

constant across the cells SOCs.  

To validate the resulting measured EDLC, the surface area of the electrodes must be 

considered. Brunauer Emmitt-Teller (BET) analysis was initially employed to measure the 

surface areas of the electrode materials for EDLC analysis. This, however, returned results that 

were below the ability of the BET surface analyzer to measure. This could be for several reasons: 

First, the assembled electrodes were not able to be separated from their constituent binder 

materials which greatly affected the BET results. Second, in the case of the anodes, the SEI layer 

formed was sufficiently thick that even if the electrode was separated from the binder, the SEI 

layer greatly altered the surface area result by BET analysis. As a result of this, the BET analysis 

performed included high errors in surface area and returned the machine’s minimum value of 

surface area for both anode and cathode materials. The surface area was therefore estimated 

based upon the average particle size described through SEM analysis, and the measured weights 
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of electrode materials. Through algebraic manipulation of the assumed spherical particle surface 

area and volume, along with the measured weight of the cathodes and anodes, the approximated 

surface area could be calculated. Table 4 reflects these surface areas. Since the surface areas 

between LFP and LCO cathodes and anodes vary by several orders of magnitude, the overall 

capacitance of the cell would be dominated by the smaller anodes. As a result, the capacitance 

values per unit area varied as a function of SOC from 0.292-0.274 F-m-2 for the LCO anode, and 

0.147-0.266 F-m-2. The approximate value for the EDLC for Li1-xC6 anodes is roughly 0.2 F-m-2 

has been reported [60-62]. By this comparison, it is reasonable to conclude that it is plausible 

based upon a rough calculation of surface area, that the anodes of both cells dominate EDLC as 

described by EIS and PECM.  

Table 4.5: Double layer capacitance and surface area 

Cell SOC 
Cdl 

(F) 

Calculated Anode 

Specific Area 

(cm2/g) 

Anode 

Capacitance 

(uF-cm-2) 

Avg. 

Capacitance 

(uF-cm-2) 

LCO 

0.1 0.0206 

237.45 

28.99 

28.47 

0.2 0.0205 28.88 

0.3 0.0226 31.76 

0.4 0.0208 29.23 

0.5 0.0204 28.78 

0.6 0.0195 27.41 

0.7 0.0176 24.80 

0.8 0.0200 28.11 

0.9 0.0201 28.37 

      

LFP 

0.1 0.0081 

235.04 

14.76 

23.46 

0.2 0.0108 19.58 

0.3 0.0152 27.64 

0.4 0.0198 35.92 

0.5 0.0123 22.32 

0.6 0.0117 21.24 

0.7 0.0118 21.32 

0.8 0.0120 21.76 

0.9 0.0147 26.66 
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4.4. Chapter Summary 
By using a physical electric circuit model (PECM) that accurately models Li-ion battery 

performance, characterization of the electrochemical processes occurring inside two similar, 

commercial Li-ion batteries was carried out. Both cells were nearly identical with the exception 

of one cell containing a LixFePO4 cathode while the other contained a LixCoO2 cathode. From 

this analysis, the exchange current densities, ionic diffusion coefficients, and effective double 

layer capacitances were determined for both cells. It was determined by the EIS data and the 

PECM results that the cathodes of both cells limited the exchange current densities, the LixFePO4 

cathode and Li1-xC6 anode of the LFP and LCO cells each limited the ionic diffusion, and the 

anodes of both cells were representative of the double layer capacitances described.    
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CHAPTER 5 

PHENOMENOLOGICAL EQUIVALENT CIRCUIT MODELING OF 

HYBRID CAPACITORS 

The focus of this work is to develop a PECM to accurately depict the electrochemical 

reactions occurring in a hybrid capacitor consisting of a non-faradic positive electrode and a 

faradic negative electrode. This PECM should accurately predict capacitor performance and 

should provide insight into electrochemical processes not normally observable via in-situ 

analysis for a complete (full) cell.  

5.1. Experimental Premise 
 To evaluate a hybrid capacitor, a hybrid capacitor developed by Evan’s Capacitor 

Company in conjuncture with Power Science Laboratory at Florida State University was 

evaluated using EIS. The hybrid capacitor is comprised of a Tantalum/Tantalum Pentoxide 

(Ta/Ta2O5), non-faradic, electrode; and a high surface area faradic negative electrode composed 

of a Tantalum current collector with a Ruthenium Dioxide (Ta/RuO2) cathode.  

 

Figure 5.1: Conceptual model of Evans Hybrid Capacitor where (1) represents tantalum 
electrodes, (2) the electrolyte, (3) the separator, (4) ruthenium dioxide cathode, and (5) tantalum 

pentoxide anode. 
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  This particular hybrid capacitor is capable of providing high specific power and good 

energy density for a myriad of applications ranging from aerospace and military to commercial 

applications [63, 64]. The high surface area of the negative electrode is manufactured by 

adhering ruthenium dioxide powder to tantalum foil [63, 65] while the positive electrode is 

manufactured by treating and pressing tantalum pellets with a chemically deposited oxide layer 

[63]. The electrolyte used in this capacitor is aqueous sulfuric acid (wt. 38% H2SO4) with a 

separator paper placed to reduce the likelihood of short circuit failure. As a result of this 

construction, the hybrid capacitor is formed by the series connection of an electrolytic capacitor 

(positive electrode and electrolyte) and an electrochemical capacitor (negative electrode and 

electrolyte). Due to the high surface area of the EC capacitor, the resulting capacitance of the 

capacitor is directly controlled by the positive electrode capacitance. 

5.2. Experimental Procedure 
 As was discussed in Section 5.1, the total capacitance of the hybrid capacitor is related to 

the series addition of the capacitance of the anode (positive electrode) and the cathode (negative 

electrode) by the premise that the accumulation of charge on one electrode must be equal to the 

accumulation of the opposing charge on the other electrode. = +            (5.1) 

Where CC >> CA, therefore: =             (5.2) 

 To carry out this work, experimentation was performed on an Evan’s Capacitor Company 

Hybrid® Capacitor model TDD3063143 with specifications outlined in Table 5.1. 
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Table 5.1: Capacitor specifications 

Specification Value 

Cell Model: TDD3063143 

VDC: 63V 

Cell Weight: 112g 

Surge Voltage: 69V 

ESR: 0.015 Ω 

Leakage Current: 200 μA 

 

Similarly to the EIS experimental setup in Chapters 3 and 4, the capacitor was charged to 

various voltages using a Arbin BT2000 Battery Test Analyzer and allowed to rest for several 

hours before potentiostatic EIS of frequency range 0.01-2000 Hz was carried out with a 10 mV 

AC excitation signal with a 0 V vs. Open Circuit DC bias. EIS was carried out on a Gamry™ 

Reference 3000 Frequency Response Analyzer.  

As seen in Table 5.1, the maximum voltage the capacitor can be charged to is 63 V DC. 

The Arbin can only charge/discharge a cell or capacitor ±10 V DC, and therefore the range of 

voltage to which the cell could be subjected for EIS was from 0-10 V DC (as the hybrid 

capacitor must observe positive polarity).  

Previous modeling work [63] provided a simple capacitor model (R+C model) to model 

system performance, however this model seems inaccurate in describing the electrochemical 

reactions as well as true power performance. To validate this claim, another equivalent circuit 

model was developed similar to models described by Fan [66], Liu [67] and others [68, 69] 

which was tested in conjunction with the simple capacitor model as described by Cespiva et al. 

From the data shown in Figure 5.2, a Phenomenological Equivalent Circuit Model 

(PECM) was developed do describe the electrochemical interactions occurring in the cell as 

described by the EIS impedance plots of Figure 5.2. Figure 5.3a provides an equivalent circuit 

representation of the PECM where RESR is the equivalent series resistance, LESL is the equivalent 

series inductance, RP represents polarization resistance, ZCPE describes the capacitance of the 

porous Ta2O5 electrode surface and ZWo describes the diffusion of charge carriers into the porous 
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openings on the surface of the Ta2O5 electrode [17, 70]. Figure 5.3b describes the simple 

capacitor model as defined by Cespiva et al. 

 

Figure 5.2: EIS per voltage nyquist plot for TDD3063143 capacitor 
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Figure 5.3: (a) Phemenological equivalent circuit model for Evans Capacitor Hybrid® capacitor 

where L represents the inductive nature of the cell and test leads, RS represents the equivalent 
series resistance (ESR) of the cell separator, contacts, etc. Rp represents the polarization 

resistance ZW represents the ionic diffusion of ions in the electrolyte diffusing through the porous 
cathode/anode, and Zcpe represents the electronic double layer capacitance of the porous 

electrodes. (b) Simplified model as described by Cespiva. 

 

 Based upon the PECM, PECM elements as a function of voltage taken from fittings 

carried out in Scribner Associates Zplot® software (Seen in Figs. 5.4 and 5.5) were populated as 

a function of open circuit voltage as shown in Table 5.2.  

Based upon the data presented in Table 5.2 and with an understanding of the conversion 

between frequency- and time-domains as discussed in Chapter 3 (with the exception of the 

GFSW element which will be discussed below) the impedance model describing terminal voltage 

can be described as given in Eqn. 5.3. 

 

(a) 

(b) 
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Figure 5.4: Nyquist plot of TDD3063143 at 3.05V (0 V v. OCV potentiostatic EIS) from 0.012 
Hz to 2000 Hz. 
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Figure 5.5: Example of model fitting at 3.05 V for (a) imaginary impedance v. frequency and (b) 
real impedance v. frequency. 

 

Table 5.2: Phemenological equivalent circuit elements per voltage 

Voltage 

(V) 

LESL 

(H) 

RESR 

(Ω) 

RP 

(Ω) 

WoR 

(Ω) 

WoT 

(s) 

Q 

(F) 

m 

7.52 1.66E-06 0.060948 138.3 0.1650 0.000118 0.0145 0.9893 

5.73 2.13E-06 0.073154 103.4 0.4551 0.000623 0.0140 0.9860 

4.93 1.96E-06 0.071354 93.2 0.2325 0.000416 0.0149 0.9846 

3.05 2.04E-06 0.063987 75.0 0.3899 0.001346 0.0152 0.9806 

1.12 2.13E-06 0.066275 67.4 0.0308 0.00027 0.0157 0.9753 

0.22 1.89E-06 0.060032 52.6 0.0039 6.36E-05 0.0162 0.9698 
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( , ) = ( + ∫ ( ) × ( ) ) − ( , ) − ( , ) − ( , ) − ( )   (5.3) 

Where: = +            (5.4) 

Where Ceff was defined previously in Chapter 2 (Eq. 2.22) and where: 

= coth          + ∑∞     (5.5) 

Where: = √ =           (5.6) 

= √ = =          (5.7) 

 

Figure 5.6: Transmission-line model representing the Warburg element as defined by Eqns. 5.5-
5.9. 

 

From this time-domain conversion to the transmission line model as shown in Figure 5.6 the 

values of Cn and Rn can be defined as follows: = =            (5.8) 

=             (5.9) 
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From the transmission line model describing the Warburg diffusion behavior, coupled 

with the equations defining the total capacitance of said model, it can be assumed that the 

effective capacitance of the Warburg element is approximately that of the Warburg capacitance 

factor as defined in Eq. 5.10. ≅             (5.10) 

To complete the calculation of the terminal voltage, the voltage drops must also be 

calculated. The following equations define the voltage drops experienced by the hybrid capacitor 

as defined by the PECM. It should be noted that for the Warburg voltage drop, the summation in 

the equation is infinite. Since the value of resistance decreases by a factor of n2π2, after the 10th 

iteration of the summation, the remaining 11th-nth terms can be considered negligible. For this 

reason, simulations carried out in MATLAB were done so for 1st through 10th terms only. ( , ) = ( ) ( )          (5.11) 

( , ) = ( ) ( ) 1 − ( ) ( )        (5.12) 

( , ) = ∑ ( ) ( ) 1 − ( ) ( )∞       (5.13) 

For the simple model as defined above (Figure 5.3b), the terminal voltage was defined as follows: ( , ) = ( + ∫ ( ) × ) − ( ) ( )      (5.14) 

 

5.3. Analysis of PECM and Performance Results 
 From the models outlined, simulated results were compared against experimental data 

recorded on the Arbin™ Battery Analyzer. Figure 5.7 shows simulated v. experimental results 

for a single charge/discharge cycle for both the PECM and simple model. From this figure it is 

readily apparent that the effective capacitance of the capacitor decreases as the voltage increases 

during charging and vice versa during discharging. The non-linear charging and discharging 

slopes shown from the 0-3 V range for the experimental charge and discharge curves were used 
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to back solve the recorded capacitance of the capacitor experimentally. Figure 5.8 plots this 

change in capacitance as a change in terminal voltage for the experimental and simulated 

charge/discharge data. From Figure 5.8 it can be seen that both the experimental and PECM 

results show a change in capacitance as a function of voltage while the simple model proposed 

by Cespiva does not account for this variation.  

 

Figure 5.7: Single charge/discharge cycle at +/- 10mA. 

 

From Table 5.2 it can be seen that the capacitance contribution from the Warburg 

element (describing ionic diffusion) is directly related to the variation in capacitance with respect 

to terminal voltage of the capacitor. As the terminal voltage increases, the Warburg capacitance 

(CW or WoC) decreases roughly in an exponential manner. This change in capacitance as a 

function of bias voltage is unusual for tantalum film capacitors (also known as voltage 

coefficient) as literature describes a stable capacitance independent of bias voltage (unlike 

ceramic capacitors).  
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Figure 5.8: Capacitance of TDD3063143 as a function of voltage for experimental, PECM 
simulation, and simple model simulation results. 

 

Since the Warburg element can be likened to 1-Dimensional diffusion through a porous 

medium, Scanning Electron Microscopy (SEM) was performed on the Ta/Ta2O5 electrode. Since 

the Ta2O5 oxide layer forms a dielectric, the surface of the electrode was subjected to gold 

sputtering to increase electronic conductivity before viewing. Figure 5.9 provides an image of 

the electrode under SEM.  

 

Figure 5.9: SEM image of Ta/Ta2O5 electrode. 
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From the SEM image presented in Figure 5.9 the structure of the Ta/Ta2O5 electrode 

contains a rough pressed structure of Ta/Ta2O5 pellets of varying particle sizes ranging from 5-15 

μm. While the material contains large vacancies in the electrode surface, the surface itself 

appears to be devoid of pores. To validate this, Brunauer Emit-Teller (BET) surface analysis was 

used on a separate piece of the electrode to determine the average surface area by weight. 

Analysis of the BET result yielded a very low surface area by weight concluding that the 

Ta/Ta2O5 electrode had negligible porosity.  

With the porosity of the electrode determined to be low, the ionic diffusion characterized 

by the impedance model and EIS results is likely related to ionic diffusion through electrolyte 

from the bulk to electrode surface. Reinforcing this notion, work done by Jonscher et al[71] has 

shown similar results for low biased tantalum oxide dielectric films in which the diffusion effect 

disappears after increasing the bias voltage over 5 V. From this information, we may conclude 

that the initial capacity observed at low bias is due almost exclusively to this effect.  

  

Along with galvanostatic charge/discharge cycling, the capacitor was tested in simulation 

using constant power discharge from 63 V to 0 V so that a Ragone plot could be constructed. 

The plot, shown in Fig. 5.10 shows the power and energy performance for the simple model 

depicted in Fig. 5.3b and the detailed PECM depicted in Fig. 5.3a.  

Not included in this Ragone plot is the experimental performance of the Evans Capacitor. 

This is due to the fact that the low capacitance (1400 uF), high voltage (63 V) and known high 

power of the capacitor is beyond the ability of our equipment to measure at the Power Sciences 

Laboratory. Instead, it may be assumed that, the true power/energy performance of the capacitor 

will fall in the region between the two models. This is because best performance scenario for the 

capacitor will occur if the diffusion impedance is ignored (i.e. the only loss on the capacitor is 

ohmic loss) and the worst performance scenario for the capacitor will occur when ohmic, 

diffusion, and polarization losses are counted.   
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Figure 5.10: Ragone plot for PECM, and simple R+C model 

 

With the accuracy of the model validated in the case of “low current” performance, the 

PECM results and the phenomenological factors they represent may be characterized. As was 

described above, the discrepancy in ESR determined via EIS v. the results gathered 

experimentally by Evans Capacitor Corp. are difficult to determine, however, the modeling of 

other factors (especially the interaction of the Warburg and constant phase element) in 

determining the effective capacitance of the cell provide an interesting and unique insight into 

the electrochemical forces at work in the capacitor when storing energy.  
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5.4. Chapter Summary 
 By using a Physical Electric Circuit Model (PECM), a model was developed that could 

accurately simulate the performance of a novel high power hybrid capacitor developed by Evans 

Capacitor Corp. within the specified power and current conditions. This PECM was based upon 

real electrochemical processes at work inside the cell and used the effect of these forces as a 

function of open circuit voltage (determined by potentiostatic Electrochemical Impedance 

Spectroscopy (EIS)) to accurately model the cell’s performance during both galvanostatic 

charge/discharge cycling and high constant power discharge.  

Analysis of the PECM and the resulting data had shown a dependence on capacitance as 

a function of voltage, and the PECM has shown a cause for this voltage dependent capacitance. 

Furthermore, analysis of the models has provided a window in which the capacitor should 

operate on a Ragone plot.  
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CHAPTER 6 

APPLICATION OF PECM OF LEAD-ACID BATTERIES FOR PV AND 

SMART GRID APPLICATIONS 

 Previous work done in conjuncture with the Florida State University Center for Advanced 

Power Systems (FSU-CAPS) used a previously developed PECM (for A123 Systems® 18650 

LiFePO4-cathode secondary cells) to provide a cost management strategy for photovoltaic (PV) 

inclusion in a smart grid environment containing an energy storage component [70]. As a result 

of this work, the “break-even point” for sizing and implementation for energy storage systems in 

PV applications could be calculated and interactively amended to help better determine the 

feasibility of implementing such a system for residential use.  

 To provide a more robust evaluation, FSU-CAPS desires an A-B comparison for this cost 

strategy between Li-ion and Lead-acid (Pb-Acid) batteries. To achieve this A-B comparison, a 

similar model capable of producing simulation results including SOC, State of Health (SOH) and 

cyclability must be included for Pb-Acid batteries.  

6.1. Experimental Premise 
 Lead-Acid batteries are an established battery chemistry capable of operating in a variety 

of conditions, and are an attractive option for load balancing and energy storage for renewable 

energy power generating systems. Generally speaking, lead-acid batteries are capable of 

operating under extreme temperature conditions (as compared to Li-ion batteries), are 

inexpensive, and have a proven track record in power applications. So long as weight and 

footprint do not factor into the power generating facility, lead-acid batteries will likely remain a 

standard in this field. 

With its current prominence for these applications, research remains to be done in 

developing robust models that are state of the art to allow for a wide range of simulation and 

testing. Having realistic and phemenologically equivalent models that can accurately simulate 

lead-acid battery performance will allow designers to more efficiently design and analyze cost 

for renewable energy systems. The benefit of a phemenological equivalent model can also 

provide insight into loss mechanisms inside the battery which can provide intelligent analysis of 
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cell State of Charge (SOC) and State of Health (SOH) which, in turn, can provide predictive or 

active monitoring of a lead-acid battery.  

Due to power limitations, experimental work was not able to be carried out on large lead-

acid batteries as would be found in renewable energy or load balancing systems. Instead, 

experimental work was carried out on sealed lead-acid (SLA) cells. The cells tested were 

Sigmas® SP6-1.2, 1.2 Ah SLA cells. Table 6.1 provides cell specifications as taken from the 

manufacturer’s datasheet. 

Table 6.1: Battery parameters 

Parameter: Values Units 

Minimum Voltage: 5.5 V 

Maximum Voltage: 7.2 V 

Capacity: 1.2 Ah 

Max C/rate: 4C A 

Charging C/rate: 0.3C A 

weight: 317.9 g 

 

Three cells (PbA-1, PbA-2, and PbA-3) were tested under galvanostatic charge and 

discharge cycling conditions at temperatures of 23°C, 0°C, and 40°C, respectively. These cells 

were initially discharged to a minimum voltage of 5.5 V and charged to a maximum voltage of 

7.2V using a constant current—constant voltage charge regime (CCCV) in which the cell was 

first charged to its maximum voltage of 7.2 V and then subjected to a constant voltage of 7.2 V 

until the current had reduced to below 6mA. From this, the initial capacity of all cells as a 

function of temperature could be determined. After CCCV charging had been performed, 

potentiostatic Electrochemical Impedance Spectroscopy (EIS) was carried out using a 

Solartron™ 1280B Frequency Response Analyzer on each cell, from a range of 2000 Hz to 0.01 

Hz, 0 V v. Open Circuit Voltage (OCV) DC, 10 mV AC amplitude. All EIS and 

charge/discharge was performed at the stated temperatures above to obtain the most accurate 

representation of the cells. Table 6.2 provides the capacities for each cell.  
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Table 6.2: Cell capacity 

Cell Cycle 

Capacity 

(Ah) 

PbA-1 

1 1.003 

100 0.943 

200 0.88 

300 0.751 

400 0.638 

500 0.604 

600 0.542 

PbA-2 

1 0.779 

50 0.844 

100 0.76 

150 0.747 

300 0.3 

PbA-3 

1 1.14 

50 1.001 

150 0.96 

 

Once the initial capacity and 100% SOC EIS had been obtained, the cells were 

discharged by 20% of their rated capacity at the C/10 rate and allowed six hours rest before EIS 

was performed again under the same conditions. This process was repeated until the cell had 

reached 0% SOC, thereby providing EIS per 20% SOC increment. After the initial cycle EIS had 

been gathered, the cells were subjected to constant current charge/discharge cycling in testing 

increments of 50 and 100 cycles with the same EIS testing occurring between increments. Table 

6.2 provides a testing schedule to better explain this procedure.  

Separately, another cell PbA-4 underwent various tests of galvanostatic EIS at room 

temperature to determine if a non-zero DC current superimposed with the AC current signal 

would appreciably change the resulting EIS response. To do this, PbA-4 was charged to 100% 

SOC using the CCCV charging regime described above and the cell was allowed to rest for six 
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hours thereafter. The cell was then subjected to galvanostatic EIS from 2000 Hz to 0.01 Hz, 

10mA AC amplitude, and a DC current of -10mA, -100mA, -200mA, -500mA, and -750mA per 

test. This testing regime was also conducted with 50mA AC amplitude signal with no 

appreciable change in response as compared to its 10mA counterpart.  

From the experiment performed on cells PbA-1, PbA-2, and PbA-3, an evolution of the 

cell’s impedance profile could be examined as a function of temperature. Work done previously 

by Mauracher and Karden [20] on lead acid battery modeling was used as the basis for 

developing a Phemenological Equivalent Circuit Model (PECM) as described in previous papers 

[17, 19, 70] that could accurately model the EIS data gathered. Figure 6.1 provides an assortment 

of EIS data taken for these cells at various temperatures and SOCs.  The PECM developed can 

be seen in Figure 6.2 where RS describes the ohmic contact and solution resistances of the cell, 

Rct and Cdl describe the charge transfer kinetics and double layer capacitance formed at the 

electrode/electrolyte interface, Rox and Cox define the oxidation layer formed on the cathode, 

while ZW describes the diffusion of ionic species through the porous structure of the electrode. 

 

Figure 6.1: Example nyquist plots for SLA battery at various temperatures and SOCs. 
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Figure 6.2: Phemenological equivalent circuit model describing SLA battery. 

 

From EIS results, the domination of the diffusion as seen by EIS occurs at the electrode 

leading to the selection of the GFLW or “short-circuit” terminus Warburg element as described 

by Eq. 2.7. 

As a result, the model described in Figure 6.2 does not account for the diffusion of ionic 

species in the bulk electrolyte. Since diffusion in bulk electrolyte may be considered to have a 

higher diffusion coefficient than diffusion through a porous material (by at least one order of 

magnitude), therefore for the purposes of this work it was omitted.   

Figure 6.3 provides an example fitting of the EIS data using Scribner and Associates Zplot® 

software. Table 6.3 shows the circuit elements of the PECM as a function of SOC at room 

temperature (23°C), and the 100% SOC circuit elements at 0°C and 40°C. From the equivalent 

circuit elements calculated from EIS fitting, each element was fitted as a function of SOC and 

temperature. With these fitting equations (as shown in Figure 6.4), the frequency-domain PECM 

can be converted into a time-domain model as defined in previous work [17, 70] where the 

calculation of terminal voltage as a function of temperature can be defined as in Eqns. 6.1-6.9 

where UOCV is defined as the open circuit voltage of the cell under zero load conditions as a 

function of SOC.  
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Figure 6.3: (a) Bode plot showing EIS data for PbA-1 at 60% SOC and PECM fitting and (b) 
Nyquist plot of same fitting. 

 

(b) 

(a) 
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Table 6.3: PECM elements per SOC at 23°C 

Temperature  

© SOC 

RS  

(Ω) 

Rox  

(Ω) 

Cox  

(F) 

Rct  

(Ω) 

WsR 

 (Ω) 

WsT 

 (s) 

Cdl  

(F) 

23 

0% 0.095 0.183 0.060 0.075 0.40 11.67 0.005 

20% 0.058 0.137 0.093 0.046 0.46 20.12 0.008 

40% 0.047 0.108 0.112 0.035 0.65 33.42 0.010 

60% 0.039 0.082 0.132 0.027 1.02 63.01 0.012 

80% 0.034 0.087 0.175 0.023 1.56 76.24 0.016 

100% 0.031 0.083 0.326 0.015 3.84 89.67 0.009 

 

Table 6.4: PECM elements per temperature at 100% SOC 

Temperature 

(C) SOC 

RS 

(Ω) 

Rox 

(Ω) 

Cox 

(F) 

Rp 

(Ω) 

WsR 

(Ω) 

WsT 

(s) 

Cdl 

(F) 

0 100% 0.059 0.568 0.202 0.066 6.74 140.30 0.015 

23 100% 0.031 0.083 0.326 0.015 3.84 91.69 0.009 

40 100% 0.027 0.044 0.269 0.014 1.36 42.97 0.022 

 

 

Figure 6.4: Example fitting of PECM element WsR as a function of SOC. 
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( , ) = ( ) − ( , ) − ( , ) − ( , ) − ( , ) (6.1) 

Where: ( , ) = × ( , )        (6.2) 

( , ) = × ( , ) × 1 − ( , ) ( , )    (6.3)  

|| ( , ) = × ( , ) × 1 − ( , ) ( , )    (6.4) 

        

( , ) = ∑ × ( , ) × 1 − ( , ) ( , )∞   (6.5)  

Where RTn and CTn are defined by: ( , ) = ( , )        (6.6) 

( , ) = ( , )( , )        (6.7) 

( , ) = ( , )( , )         (6.8) 

( , ) = ( , )( )          (6.9) 

 Based upon these equations and the fitting carried out on Scribner Associates, a working 

PECM may be created that can accurately account for the performance of the SLA battery over 

varying temperatures and SOCs.  
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6.2 Analysis of PECM 
From the data represented in Tables 6.3 and 6.4, several observations can be made. In the 

case of Table 3 (SOC dependence on circuit parameter value) it can be seen that as the SOC 

increases from 0% to 100%, a monatomic decrease is observed for RS, Rox, and Rp. This trend is 

generally expected as it conforms to similar results obtained previously [7], however, for the case 

of the Warburg resistance (WsR) and diffusion time constant (WsT), the reverse is true. While 

further investigation would be required, it is possible that this monatomic increase in these 

parameters with respect to increasing SOC is due to the decrease in H+ ions in the electrolyte 

during charging; is due to the decrease in HSO4
- ion diffusion coefficient (D) as HSO4

- is 

produced at both plates; or by some combination of both.  

In the case of Table 6.4 (temperature dependence on circuit parameter value) we see 

monatomic decreases in resistances RS, Rox, Rp, WsR and in diffusion time constant WsT with 

increasing temperature. This result was expected and may be explained simply via collision 

theory or by the Arrhenius Equation.  

In both cases (Tables 6.3 and 6.4) the data has shown strong dependence on temperature 

and SOC which is further supported indirectly by the observed capacities of Table 6.2 and by the 

impedance data depicted in Figure 6.1. This dependence may therefore be modeled and 

integrated into our PECM to provide more accurate simulations of the SLA battery. 

Furthermore, the Nyquist plot of PbA-4 as a function of galvanostatic discharge current is 

presented in Figure 6.5. From this figure it is apparent that there exists a direct relationship 

between galvanostatic current and impedance for SLA batteries. These results are confirmed to 

pass the K-K transform up to the minimum frequencies presented in Figure 6.5, after which the 

cell’s pseudo-linear regime is broken (and therefore has been omitted from the figure).  



85 
 

 

Figure 6.5: Nyquist plot of PbA-4 as a function of galvanostatic discharge current. 

  

From the plot of Figure 6.5, (fitted to the PECM of Figure 6.2) Figure 6.6 provides an 

insight into the diffusion process occurring as a function of galvanostatic current. Because of this 

exponential decay in Warburg Resistance as a function of increasing current, the voltage 

response to constant power discharge must reflect a similar result. Further investigation should 

show this link to support this decrease in diffusion impedance, but also should provide a physical 

or electrochemical explanation for this decrease in diffusion resistance. 
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Figure 6.6: Effect of galvanostatic current on EIS measurement of Warburg resistance (WsR). 

 

As stated, the cell PbA-4 was subjected to galvanostatic EIS at varying currents (Figure 

6.5). The resulting impedance measurements were insightful on several counts: (1) the 

magnitude of the impedance response in the diffusion region was inversely proportional to the 

magnitude of the DC current applied (i.e. as DC current increased, diffusion impedance 

decreased). (2) As the magnitude of the DC current increased during EIS, the break with pseudo-

linearity between perturbation and response occurred at higher frequencies.  

For (1), this relationship was similar to results obtained by [20], however further 

investigation proposes the following hypothesis: Given increasing magnitudes of current in the 

cell, the overpotentials inside the cell would also increase in magnitude. With this increasing 

magnitude of overpotential, the system may act according to the Drift-Diffusion model (Eq. 

6.10), i.e.: 

= +           (6.10) 
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Where during potentiostatic conditions, there is little change in the electric field intensity; 

therefore the majority of current through the cell is derived from the diffusion of charge carriers 

(Eq. 6.11). 

=             (6.11) 

While under galvanostatic conditions, drift contributes a non-zero role in current density, 

thereby reducing the demand on the diffusion current to carry the charge. From the resulting EIS 

shown in Fig. 5, the reduction in diffusion controlled impedance seems to lend credence to this 

hypothesis.  

For (2) the break in pseudo-linearity observed is due to the break in pseudo-linearity in 

the EIS signal-response caused by a significant change in battery SOC during low frequency EIS 

scans.  

By applying the same PECM to the galvanostatic EIS data, it was immediately seen that 

the Warburg Impedance decreased significantly with increasing galvanostatic current (shown in 

Figure 6.6). When the model was corrected to include this change in impedance as a function of 

current, high power simulations up to 25W were able to be performed with reasonable agreement 

to their experimental counterparts (as seen in Figure 6.7).  

 

Figure 6.7: Constant power discharge simulation and experimental results at 10, 15, 20, and 25 
W. 
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Noticeable in Figure 6.7 is the exaggerated upswing in voltage (similar to a voltage 

recovery) from approximately 100% to 80% SOC. While it matches similarly to the 25 W data, it 

is far more pronounced in simulation than in experimental results. This is due in large part to the 

change in the Warburg Resistance (WsR) as shown in Table 6.3 and Figure 6.4. As the SOC 

decreases from 100% SOC, the diffusion resistance decreases. This decrease in diffusion 

resistance may correspond to the increase in concentration gradient(s) present at the 

electrolyte/electrode interface as cations and anions diffuse into/out of the porous electrode 

masses. As such, the summation of voltage drops due to the various electrochemical phenomena 

alters the simulated voltage profile in such a way that this terminal “voltage maxima” occurs. 

From the 10 W and 15 W experimental results shown in Figure 6.7, it can be seen that this 

“voltage maxima” does, in fact, occur, though in higher power discharges it is not observed. The 

initial inaccuracy in this “voltage maxima” behavior may be explained by the discrepancy 

between measured and modeled diffusion impedances at low frequencies (see Figure 6.3) and 

also by errors in deriving the fitting equations used to predict the diffusion resistance as a 

function of SOC and temperature.  

To validate the effect of the constant power results further, the model was used to create 

the Ragone plot in Figure 6.8 by populating the data in Table 6.5. Figure 6.8 shows PECM 

simulated results and experimental results for the discrete powers of 0.5, 1, 2, 5, 10, 15, 20, and 

25 W. The galvanostatic effect simulated result shows good agreement with the experimental 

result as compared to those simulated results in which the effect of galvanostatic EIS was not 

included for high power discharge.  
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Table 6.5: Ragone plot data 

Sp. 

Power 

(W/kg) 

Experimental 

Sp. 

Energy 

(Wh/kg) 

Sp. Energy 

With 

Galv. 

Effect 

(Wh/kg) 

Sp. Energy 

Without 

Galv. 

Effect 

(Wh/kg) 

% Error 

With Galv. 

Effect 

% Error 

Without Galv. 

Effect 

1.57 23.99 23.9 23.99 0.38% 0.00% 

3.15 20.95 20.94 20.92 0.05% 0.14% 

6.29 19.16 19.13 19.14 0.16% 0.10% 

15.73 11.5 11.53 11.51 0.26% 0.09% 

31.46 12.5 12.32 12.3 1.44% 1.60% 

47.18 9.8 9.43 0.31 3.78% 96.84% 

62.91 7.76 7.34 0.03 5.41% 99.61% 

78.64 6.41 5.88 0 8.27% 100.00% 

 

Figure 6.8: Ragone plot showing discrete experimental v. simulation results with and without 
factoring in the change in diffusion impedance as a result of galvanostatic discharge during EIS. 
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6.3. Chapter Summary 
 In this chapter a lead-acid battery PECM is discussed with the intent to provide an A-B 

comparison for energy storage devices implemented in PV applications. From the work carried 

out, a model has been developed and equations defined to describe the performance of the sealed 

lead-acid (SLA) battery at various temperatures and SOCs. What’s more, an interesting 

relationship has been discovered between the magnitude of applied current and the resulting 

impedance result which figures directly into the terminal voltage observed at various constant 

power discharges. Further investigation related this effect to some physical or electrochemical 

process or reaction occurring inside the SLA similar to the drift-diffusion phenomena.  
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CHAPTER 7 

INVESTIGATION OF LARGE CURRENT BATTERY/CAPACITOR 

DIRECT COUPLING FOR SIMPLE POWER APPLICATIONS 

 This work was performed to determine the optimal paring of Li-Capacitor to Li-ion 

battery for simple power applications. In this work, “simple” applications refer to applications in 

which the use of power electronics are not present either to reduce cost or complication. In 

general, this topology would be beneficial in providing high current that the battery would have 

been otherwise unable to accomplish without the assistance of the capacitor. Through paring a 

LiFePO4-based Li-ion battery with a Li-capacitor created by FSU’s Power Sciences Laboratory, 

simulation work in MATLAB using Physical Electronic Circuit Modeling techniques similar to 

those discussed in the proceeding chapters was carried out to determine an optimal impedance 

ratio and capacitance for this hybridized system. 

7.1. Experimental Premise 
 Using Electrochemical Impedance Spectroscopy (EIS), a prismatic LiFePO4-based Li-ion 

battery was analyzed using the same techniques as was discussed in the proceeding chapters. 

This prismatic cell was provided courtesy of BrenTronics® Corporation (BT-LFP), with a 

nominal terminal voltage of 3.2 V, a capacity of 38.8 Ah, and an internal impedance of 0.7 mΩ. 

This battery was evaluated both via EIS and through galvanostatic charge and discharge using an 

Arbin™ BT2000 Battery Analyzer resulting in a PECM accurate to the maximum discharge 

current (10A) of the Arbin™ analyzer. Similarly, a FSU Li-capacitor (FSU-LIC) was evaluated 

using EIS to produce a simple R-C series model that would be used in evaluating the 

performance of hybridized system.  Table 7.1 presents the equivalent circuit element data per 

SOC obtained via EIS data fitting for the Li-ion battery. 

 

 

 

 



92 
 

Table 7.1: PECM parameters for BrenTronics® LiFePO4 battery  

SOC L (H) RS(Ω) R1(Ω) C1(F) Rct(Ω) RW(Ω) TW(s) Cdl(F) Cint(F) 

0 6.60E-07 6.90E-04 3.46E-04 19.22 3.84E-04 0.00186 $8.30 187 3931 

20 4.30E-07 6.62E-04 9.30E-05 56.31 1.23E-04 0.00092 $14.49 400 22542 

40 2.01E-07 6.23E-04 1.24E-04 27.23 1.10E-04 0.00100 $20.29 646 27323 

60 4.29E-07 5.29E-04 1.82E-04 6.072 8.39E-05 0.00103 $23.80 555 28085 

80 4.70E-07 6.28E-04 7.42E-05 50.78 7.73E-05 0.00095 $24.64 550 26000 

100 2.94E-07 5.50E-04 1.39E-04 14.56 9.25E-05 0.00125 $15.92 318 6375 

 

For the FSU-LIC, the ESR was measured to be approximately 2 mΩ, with a capacitance 

of approximately 2830 F. Figure 7.1a and 7.1b show the Nyquist plots of the battery and 

capacitor, respectively. 

Figs. 7.2 and 7.3 present the PECM model and experimental and simulated galvanostatic 

discharge of the BT-LFP at the 1/5 C rate and the simulated and experimental 1 A charge, 2 A 

discharge of the FSU-LIC. From these figures it can be readily seen that the simple R-C circuit 

and PECM adequately model the experimental results.  

7.2. Analysis of Hybridized System 
Using the same techniques discussed above, a PECM for the BT-LFP battery was 

assembled using the same model as depicted in Figures 3.3 and 3.4. Similarly, the simple R-C 

model depicted in Figure 5.3b was used to model the FSU-LIC since a comprehensive PECM of 

said device does not currently exist. With these models in place, MATLAB was then used to 

evaluate the effect of the parallel combination of the battery and capacitor. Figure 7.4 depicts a 

generalized overview of the system.  
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Figure 7.1: (a)BrenTronics® battery at various SOC, and (b) FSU-LIC at various voltages. 
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Figure 7.2: Simulated and experimental discharge of BT-LFP at 1/5C rate. 

 

Figure 7.3: Simulated and experimental charge/discharge of FSU-LIC at 1 A charge/2 A 
discharge. 
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Figure 7.4: Generalized overview of the battery/capacitor system attached to a galvanostatic load. 

 

From Figure 7.4 it can be seen that the load current (IL) is the summation of battery and 

capacitor currents (IB and IC, respectively) wherein the battery current, capacitor current, and 

terminal voltage (VL) are defined by the following equations: ( ) =( ) + ( ) 1 − ( ) ( ) + ( ) 1 − ( ) ( ) +∑ ( ) 1 − ( ) ( ) =    (7.1) 

Where Rn and Cn are defined in Chapter 3.  

= − ∫           (7.2) 

= ( )
         (7.3) 

= −            (7.4) 

With the following equations defining the behavior of the system, analysis of the hybrid 

system was possible.  
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7.2.1. Thirty Second high Current Discharge 

In accordance with BrenTronics testing regime, the parallel system was configured to 

provide a DC current of 500 A for a sustained time of 30 seconds without reading a terminal 

voltage less than 2.5 V (the discharged voltage of the battery). To accomplish this, the system 

could be configured with as many capacitors as necessary to achieve this performance profile. 

Figure 7.5 shows the result of this test using three capacitors. 

 

Figure 7.5: 30 Second discharge of the battery with (solid line) and without (dashed) the addition 
of FSU-LIC capacitors. 

 

 From Figure 7.5 it can be seen that without the addition of the capacitors, the voltage of 

the battery would have fallen below the 2.5 V mark six seconds into the 30 second discharge 

pulse. With the addition of the three capacitors to the system, a terminal voltage of 2.55 V was 

recorded at the end of the 30 second pulse, satisfying the BrenTronics testing scheme.  

7.2.2 Optimized Pairing of Capacitor and Battery for Hybridized System 

 Although the BrenTronics testing scenario was accomplished with three FSU-LICs in 

parallel with the battery, some optimization may be possible to further improve this paring’s 

performance. To establish the “optimal” capacitor pairing, the metrics of internal resistance and 

capacitance were deemed primary variables in meeting this goal.  
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Using the resistance and capacitance of the FSU-LIC as optimization variables is 

reasonable since the capacitance of a Li-capacitor is largely based on the volume of the 

electrodes while the ESR resistance of the capacitor can be adjusted in a variety of ways 

including adjusting the surface area of the electrodes, thickness of the separator paper, and even 

adjusting the electrolyte used to control the ionic conductivity. In this way it may be possible to 

“tune” an FSU-LIC to meet the specific requirements of such a pairing.  

Figure 7.6 depicts the effect of varying the resistance (as a ratio to the battery) of the 

capacitor and its effect on the terminal voltage of the hybrid system. For this determination, the 

capacitance was fixed to 2830 F and only one capacitor was placed in parallel with the battery. 

 

Figure 7.6: Effect of varying capacitor resistance (in ratio) to the battery resistance for a single 
30 second discharge at 500 A (Capacitance = 2830 F). 

 

From Figure 7.6 it can be seen that there indeed is an optimal paring in resistances to 

achieve the best terminal voltage at a given time. For example, if the ratio of capacitor resistance 

to battery resistance is 0.1, over short time periods (t < 10 seconds) the terminal voltage remains 

the highest of the plotted terminal voltages; however, after some time (t > 10 seconds), the higher 

resistance plots start to have a higher value for their voltage.  
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 Furthermore, this effect can be illustrated when viewing the capacitor current under the 

same regime (as shown in Figure 7.7) from which it was determined for a 30 second discharge, 

the best resistance ratio for this capacitance was 1.35. 

 

Figure 7.7: Capacitor current under various ratios of capacitor resistance to battery resistance. 

 

When maintaining this resistance ratio, the capacitance was also varied to determine its 

effect on the final terminal voltage. At a ratio of 1.35, Figure 7.8 depicts the effect of varying the 

capacitance has on the terminal voltage. 
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Figure 7.8: Effect of varying the capacitance of a single FSU-LIC for a given capacitor/battery 
ratio of 1.35. 

 

 From Figure 7.8 it can be clearly seen that the effect of increasing the capacitance of the 

FSU-LIC will only increase the final magnitude of the terminal voltage. 

 To evaluate this further, this testing was repeated at two additional currents (5 A and 100 

A), looking for the optimal capacitance and resistance at 15 and 30 seconds that would yield the 

highest terminal voltage at those times. Figures 7.9 and 7.10 depict the relationship between 

capacitance and resistance for the 15 and 30 second discharge cases, respectively. 
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Figure 7.9: Relationship between capacitance and resistance at various currents that provide 
maximum terminal voltage at 15 seconds. 

 

 

Figure 7.10: Relationship between capacitance and resistance at various currents that provide 
maximum terminal voltage at 30 seconds. 
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From Figures 7.9 and 7.10 it can be seen that the optimized resistance for a given capacitance (or 

vice versa) is defined by exponential lines as provided in Table 7.2 

Table 7.2: Fitting of optimization curves of Figures 7.7 and 7.8 

Discharge Time 

(seconds) 

Galvanostatic 

Current (A) 

A B 

 

15 

5 13.15 0.00045 

100 10.33 0.00047 

500 9.989 0.00049 

 

30 

5 5.368 0.00062 

100 5.192 0.00061 

500 5.109 0.00058 

Where: : = ×          (7.5) 

7.3 Chapter Summary 
 In summation, this chapter discussed the pairing of Li-ion batteries with Li-ion capacitors 

for simple power applications where “high” currents were needed. Under specific testing regimes 

provided by the battery manufacturer this simple system provided adequate performance to meet 

a 30 second, 500 A load current while maintaining a final potential greater than 2.5 V. 

 Furthermore, a methodology for optimizing the capacitor to maximize terminal voltage 

for various current pulse durations and magnitudes was discussed in which the capacitance and 

equivalent series resistance of the capacitor were adjustable parameters. From this discussion, a 

series of equations governing the relationship between capacitance and equivalent series 

resistance which will yield the maximum terminal voltage was presented for various magnitudes 

of current.     

  



102 
 

REFERENCES 

[1] J. Newman and K. Thomas-Alyea, Electrochemical Systems. John Wiley & Sons Inc., 2004. 

[2] J. -. Tarascon and M. Armand, "Issues and challenges facing rechargeable lithium 
batteries,"  Nature, vol. 414, pp. 359-367, 11/15, 2001.  

[3] M. Endo, C. Kim, K. Nishimura, T. Fujino and K. Miyashita, "Recent development of carbon 
materials for Li ion batteries,"  Carbon, vol. 38, pp. 183-197, 2000.  

[4] L. J. Fu, H. Liu, C. Li, Y. P. Wu, E. Rahm, R. Holze and H. Q. Wu, "Surface modifications 
of electrode materials for lithium ion batteries,"  Solid State Sciences, vol. 8, pp. 113-128, 2, 
2006.  

[5] P. Moss. Study of capacity fade of lithium-ion polymer battery with continuous cycling & 
power performance modeling of energy storage devices. 2008.  

[6] A. K. Padhi, K. S. Nanjundaswamy and J. B. Goodenough, "Phospho-olivines as Positive-
Electrode Materials for Rechargeable Lithium Batteries,"  Journal of the Electrochemical Society, 
vol. 144, pp. 1188-1194, April 01, 1997.  

[7] G. Nazri and G. Pistoia, Lithium Batteries: Science and Technology. Springer, 2009. 

[8] B. Lung-Hao Hu, F. Wu, C. Lin, A. N. Khlobystov and L. Li, "Graphene-modified LiFePO4 
cathode for lithium ion battery beyond theoretical capacity,"  Nat Commun, vol. 4, pp. 1687, 
04/09, 2013.  

[9] L. - Yuan, Z. - Wang, W. - Zhang, X. - Hu, J. - Chen, Y. - Huang and J. B. - Goodenough, "- 
Development and challenges of LiFePO4 cathode material for lithium-ion batteries,"  - Energy 
Environ.   Sci., pp. - 269, . 

[10] D. C. R. Espinosa and J. A. S. Tenório, "Recycling of nickel–cadmium batteries—
Thermogravimetric behavior of electrodes,"  J.  Power Sources, vol. 160, pp. 744-751, 9/29, 
2006.  

[11] C. K. Chan, X. F. Zhang and Y. Cui, "High Capacity Li Ion Battery Anodes Using Ge 
Nanowires,"  Nano Lett., vol. 8, pp. 307-309, 01/01; 2013/08, 2008.  

[12] C. K. Chan, H. Peng, G. Liu, K. McIlwrath, X. F. Zhang, R. A. Huggins and Y. Cui, "High-
performance lithium battery anodes using silicon nanowires,"  Nat Nano, vol. 3, pp. 31-35, print, 
2008.  

[13] H. Ye, J. Huang, J. J. Xu, A. Khalfan and S. G. Greenbaum, "Li Ion Conducting Polymer 
Gel Electrolytes Based on Ionic Liquid/PVDF-HFP Blends,"  Journal of the Electrochemical 
Society, vol. 154, pp. A1048-A1057, November 01, 2007.  



103 
 

[14] J. Shindall, "The Charge of the Ultra-Capacitors,"  IEEE Spectrum, November 2007. 2007.  

[15] D. D. Macdonald, "Reflections on the history of electrochemical impedance 
spectroscopy,"  Electrochim.  Acta, vol. 51, pp. 1376-1388, 1/20, 2006.  

[16] B. Hirschorn, M. E. Orazem, B. Tribollet, V. Vivier, I. Frateur and M. Musiani, 
"Determination of effective capacitance and film thickness from constant-phase-element 
parameters,"  Electrochim.  Acta, vol. 55, pp. 6218-6227, 8/30, 2010.  

[17] M. Greenleaf, H. Li and J. P. Zheng, "Modeling of Li  FePO   Cathode Li-Ion Batteries 
Using Linear Electrical Circuit Model,"  Sustainable Energy, IEEE Transactions On, vol. PP, pp. 
1-6, 2013.  

[18] Ernest B. Yeager Center for Electrochemical Sciences (YCES) and the Chemical 
Engineering Department, Case Western Reserve University. (July 19, 2013). Electrochemical 
Science and Technology Information Resource (ESTIR). Available: 
http://electrochem.cwru.edu/estir/inet.htm. 

[19] M. Greenleaf, "Physical Based Modeling and Simulation of LiFePO4 Secondary 
Batteries,"  2010.  

[20] P. Mauracher and E. Karden, "Dynamic modelling of lead/acid batteries using impedance 
spectroscopy for parameter identification,"  J.  Power Sources, vol. 67, pp. 69-84, 8, 1997.  

[21] M. D. Levi, Z. Lu and D. Aurbach, "Application of finite-diffusion models for the 
interpretation of chronoamperometric and electrochemical impedance responses of thin lithium 
insertion V2O5 electrodes,"  Solid State Ionics, vol. 143, pp. 309-318, 7/2, 2001.  

[22] J. C. Wang, "Realizations of Generalized Warburg Impedance with RC Ladder Networks 
and Transmission Lines,"  Journal of the Electrochemical Society, vol. 134, pp. 1915-1920, 
August 01, 1987.  

[23] A. J. Salkind, C. Fennie, P. Singh, T. Atwater and D. E. Reisner, "Determination of state-of-
charge and state-of-health of batteries by fuzzy logic methodology,"  J.  Power Sources, vol. 80, 
pp. 293-300, 7, 1999.  

[24] K. Bundy, M. Karlsson, G. Lindbergh and A. Lundqvist, "An electrochemical impedance 
spectroscopy method for prediction of the state of charge of a nickel-metal hydride battery at 
open circuit and during discharge,"  J.  Power Sources, vol. 72, pp. 118-125, 4/21, 1998.  

[25] M. D. Levi, "Solid-State Electrochemical Kinetics of Li-Ion Intercalation into Li[sub 1-
x]CoO[sub 2]: Simultaneous Application of Electroanalytical Techniques SSCV, PITT, and 
EIS,"  J.  Electrochem.  Soc., vol. 146, pp. 1279, 1999.  



104 
 

[26] K. N. Allahar, D. Battocchi, G. P. Bierwagen and D. E. Tallman, "Transmission Line 
Modeling of EIS Data for a Mg-Rich Primer on AA 2024-T3,"  J.  Electrochem.  Soc., vol. 157, 
pp. C95, 2010.  

[27] K. Dokko, Y. Fujita, M. Mohamedi, M. Umeda, I. Uchida1 and J. R. Selman1, 
"Electrochemical impedance study of Li-ion insertion into mesocarbon microbead single particle 
electrode: Part II. Disordered carbon,"  Electrochim.  Acta, vol. 47, pp. 933-938, 12/14, 2001.  

[28] M. Umeda, K. Dokko, Y. Fujita, M. Mohamedi, I. Uchida and J. R. Selman, 
"Electrochemical impedance study of Li-ion insertion into mesocarbon microbead single particle 
electrode: Part I. Graphitized carbon,"  Electrochim.  Acta, vol. 47, pp. 885-890, 12/14, 2001.  

[29] S. S. Zhang, K. Xu and T. R. Jow, "EIS study on the formation of solid electrolyte interface 
in Li-ion battery,"  Electrochim.  Acta, vol. 51, pp. 1636-1640, 1/20, 2006.  

[30] H. Blanke, O. Bohlen, S. Buller, R. W. De Doncker, B. Fricke, A. Hammouche, D. Linzen, 
M. Thele and D. U. Sauer, "Impedance measurements on lead–acid batteries for state-of-charge, 
state-of-health and cranking capability prognosis in electric and hybrid electric 
vehicles,"  J.  Power Sources, vol. 144, pp. 418-425, 6/15, 2005.  

[31] S. Rodrigues, N. Munichandraiah and A. K. Shukla, "AC impedance and state-of-charge 
analysis of a sealed lithium-ion rechargeable battery,"  Journal of Solid State Electrochemistry, 
vol. 3, pp. 397-405, 1999.  

[32] V. S. Muralidharan, "Warburg impedance - basics revisited,"  Anti - Corrosion Methods and 
Materials, vol. 44, pp. 26, 1997.  

[33] H. Song, Y. Jung, K. Lee and L. H. Dao, "Electrochemical impedance spectroscopy of 
porous electrodes: the effect of pore size distribution,"  Electrochim.  Acta, vol. 44, pp. 3513-
3519, 6/1, 1999.  

[34] B. Garcia, J. Farcy, J. P. Pereira‐Ramos and N. Baffier, "Electrochemical Properties of Low 
Temperature Crystallized LiCoO2,"  Journal of the Electrochemical Society, vol. 144, pp. 1179-
1184, January 01, 1997.  

[35] M. D. Levi and D. Aurbach, "Simultaneous Measurements and Modeling of the 
Electrochemical Impedance and the Cyclic Voltammetric Characteristics of Graphite Electrodes 
Doped with Lithium,"  The Journal of Physical Chemistry B, vol. 101, pp. 4630-4640, 1997.  

[36] G. Bajars, G. Kucinskis, J. Smits, J. Kleperis and A. Lusis, "Characterization of LiFePO 4 
/C Composite Thin Films Using Electrochemical Impedance Spectroscopy,"  IOP Conference 
Series: Materials Science and Engineering, vol. 38, pp. 012019, 2012.  

[37] T. Piao, S. Park, C. Doh and S. Moon, "Intercalation of Lithium Ions into Graphite 
Electrodes Studied by AC Impedance Measurements,"  Journal of the Electrochemical Society, 
vol. 146, pp. 2794-2798, January 01, 1999.  



105 
 

[38] K. M. Shaju, G. V. Subba Rao and B. V. R. Chowdari, "Influence of Li-Ion Kinetics in the 
Cathodic Performance of Layered Li (Ni1/3Co1/3Mn1/3)O2,"  Journal of the Electrochemical 
Society, vol. 151, pp. A1324-A1332, January 01, 2004.  

[39] Y. H. Rho and K. Kanamura, "Li+-Ion Diffusion in LiCoO2 Thin Film Prepared by the 
Poly(vinylpyrrolidone) Sol-Gel Method,"  Journal of the Electrochemical Society, vol. 151, pp. 
A1406-A1411, January 01, 2004.  

[40] V. Srinivasan and C. Y. Wang, "Analysis of Electrochemical and Thermal Behavior of Li-
Ion Cells,"  Journal of the Electrochemical Society, vol. 150, pp. A98-A106, January 01, 2003.  

[41] G. X. Wang, S. Bewlay, S. A. Needham, H. K. Liu, R. S. Liu, V. A. Drozd, J. -. Lee and J. 
M. Chen, "Synthesis and Characterization of LiFePO4 and LiuTi0.01Fe0.99PO4 Cathode 
Materials,"  Journal of the Electrochemical Society, vol. 153, pp. A25-A31, January 01, 2006.  

[42] I. V. Thorat, T. Joshi, K. Zaghib, J. N. Harb and D. R. Wheeler, "Understanding Rate-
Limiting Mechanisms in LiFePO4 Cathodes for Li-Ion Batteries,"  Journal of the 
Electrochemical Society, vol. 158, pp. A1185-A1193, January 01, 2011.  

[43] S. H. Ye, J. Y. Lv, X. P. Gao, F. Wu and D. Y. Song, "Synthesis and electrochemical 
properties of LiMn2O4 spinel phase with nanostructure,"  Electrochim.  Acta, vol. 49, pp. 1623-
1628, 4/15, 2004.  

[44] M. Safari and C. Delacourt, "Modeling of a Commercial Graphite/LiFePO4 
Cell,"  J.  Electrochem.  Soc., vol. 158, pp. A562, 2011.  

[45] P. J. Bouwman, B. A. Boukamp, H. J. M. Bouwmeester and P. H. L. Notten, "Influence of 
Diffusion Plane Orientation on Electrochemical Properties of Thin Film LiCoO2 
Electrodes,"  Journal of the Electrochemical Society, vol. 149, pp. A699-A709, January 01, 2002.  

[46] A. V. Churikov, M. A. Volgin, K. I. Pridatko, A. V. Ivanishchev, N. A. Gridina and A. L. 
L'vov, "Electrochemical Intercalation of Lithium into Carbon: A Relaxation Study,"  Russian 
J.  Electrochem., vol. 39, pp. 531-541, 2003.  

[47] A. V. Churikov, A. V. Ivanishchev, I. A. Ivanishcheva, V. O. Sycheva, N. R. Khasanova 
and E. V. Antipov, "Determination of lithium diffusion coefficient in LiFePO4 electrode by 
galvanostatic and potentiostatic intermittent titration techniques,"  Electrochim.  Acta, vol. 55, pp. 
2939-2950, 3/1, 2010.  

[48] K. Dokko, M. Mohamedi, Y. Fujita, T. Itoh, M. Nishizawa, M. Umeda and I. Uchida, 
"Kinetic Characterization of Single Particles of LiCoO2 by AC Impedance and Potential Step 
Methods,"  Journal of the Electrochemical Society, vol. 148, pp. A422-A426, January 01, 2001.  

[49] A. Funabiki, M. Inaba, Z. Ogumi, S. Yuasa, J. Otsuji and A. Tasaka, "Impedance Study on 
the Electrochemical Lithium Intercalation into Natural Graphite Powder,"  Journal of the 
Electrochemical Society, vol. 145, pp. 172-178, January 01, 1998.  



106 
 

[50] A. Dellâ€™Era and M. Pasquali, "Comparison between different ways to determine 
diffusion coefficient and by solving Fickâ€™s equation for spherical coordinates,"  Journal of 
Solid State Electrochemistry, vol. 13, pp. 849-859, 2009.  

[51] M. Doyle, J. Newman, A. S. Gozdz, C. N. Schmutz and J. Tarascon, "Comparison of 
Modeling Predictions with Experimental Data from Plastic Lithium Ion Cells,"  Journal of the 
Electrochemical Society, vol. 143, pp. 1890-1903, January 01, 1996.  

[52] S. J. Harris, A. Timmons, D. R. Baker and C. Monroe, "Direct in situ measurements of Li 
transport in Li-ion battery negative electrodes,"  Chemical Physics Letters, vol. 485, pp. 265-274, 
1/26, 2010.  

[53] M. D. Levi and D. Aurbach, "Frumkin intercalation isotherm — a tool for the description of 
lithium insertion into host materials: a review,"  Electrochim.  Acta, vol. 45, pp. 167-185, 9/30, 
1999.  

[54] Y. NuLi, J. Yang and Z. Jiang, "Intercalation of lithium ions into bulk and powder highly 
oriented pyrolytic graphite,"  Journal of Physics and Chemistry of Solids, vol. 67, pp. 882-886, 4, 
2006.  

[55] K. Persson, V. A. Sethuraman, L. J. Hardwick, Y. Hinuma, Y. S. Meng, A. van der Ven, V. 
Srinivasan, R. Kostecki and G. Ceder, "Lithium Diffusion in Graphitic Carbon,"  The Journal of 
Physical Chemistry Letters, vol. 1, pp. 1176-1180, 2010.  

[56] M. S. Islam, D. J. Driscoll, C. A. J. Fisher and P. R. Slater, "Atomic-Scale Investigation of 
Defects, Dopants, and Lithium Transport in the LiFePO4 Olivine-Type Battery 
Material,"  Chemistry of Materials, vol. 17, pp. 5085-5092, 2005.  

[57] J. Xie, N. Imanishi, T. Matsumura, A. Hirano, Y. Takeda and O. Yamamoto, "Orientation 
dependence of Li–ion diffusion kinetics in LiCoO2 thin films prepared by RF magnetron 
sputtering,"  Solid State Ionics, vol. 179, pp. 362-370, 5/15, 2008.  

[58] P. J. Bouwman, "Lithium intercalation in preferentially oriented submicron LiCoO2 
films,"  April, 2002.  

[59] K. Striebel, J. Shim, V. Srinivasan and J. Newman, "Comparison of LiFePO4 from 
Different Sources,"  Journal of the Electrochemical Society, vol. 152, pp. A664-A670, January 
01, 2005.  

[60] H. Gerischer, R. McIntyre, D. Scherson and W. Storck, "Density of the electronic states of 
graphite: derivation from differential capacitance measurements,"  J.  Phys.  Chem., vol. 91, pp. 
1930-1935, 1987.  

[61] I. J. Ong and J. Newman, "Double‐Layer Capacitance in a Dual Lithium Ion Insertion 
Cell,"  Journal of the Electrochemical Society, vol. 146, pp. 4360-4365, January 01, 1999.  



107 
 

[62] G. Sikha, R. E. White and B. N. Popov, "A Mathematical Model for a Lithium-Ion 
Battery/Electrochemical Capacitor Hybrid System,"  Journal of the Electrochemical Society, vol. 
152, pp. A1682-A1693, January 01, 2005.  

[63] D. Cespiva, D. Evans and Z. Kejikova, "Tantalum hybrid capacitors -- the capacitors with 
the highest available power density in medium voltage range," in 19th International Seminar on 
Double Layer Capacitors and Hybrid Energy Storage Devices, Deerfield Beach, FL, 2009, . 

[64] D. Evans, "Hybrid capacitors with high specific power," in 22nd International Seminar on 
Double Layer Capacitors and Hybrid Energy Storage Devices, Deerfield Beach, FL, 2011, . 

[65] D. Evans, J. Zheng and S. Roberson, "Improved capacitor using amorphous RuO2," in 9th 
International Seminar on Double Layer Capacitors and Similar Energy Storage Devices, 
Deerfield Beach, FL, 1999, . 

[66] Y. Fan and H. Wu, "Constant phase angle impedance on solid electrolyte Na-
montmorillonite / graphite,"  Solid State Ionics, vol. 100, pp. 319-329, 10, 1997.  

[67] X. LIU, R. ZHANG, L. ZHAN, D. LONG, W. QIAO, J. YANG and L. LING, "Impedance 
of carbon aerogel/activated carbon composites as electrodes of electrochemical capacitors in 
aprotic electrolyte,"  New Carbon Materials, vol. 22, pp. 153-158, 6, 2007.  

[68] P. Hung, K. Chang, Y. Lee, C. Hu and K. Lin, "Ideal asymmetric supercapacitors consisting 
of polyaniline nanofibers and graphene nanosheets with proper complementary potential 
windows,"  Electrochim.  Acta, vol. 55, pp. 6015-6021, 8/1, 2010.  

[69] Jong-hyeon Chang, Jungil Park, Youngmi Kim Pak and J. J. Pak, "Fitting improvement 
using a new electrical circuit model for the electrode-electrolyte interface," in Neural 
Engineering, 2007. CNE '07. 3rd International IEEE/EMBS Conference On, 2007, pp. 572-574. 

[70] A. Aichhorn, M. Greenleaf, H. Li and J. Zheng, "A cost effective battery sizing strategy 
based on a detailed battery lifetime model and an economic energy management strategy," in 
Power and Energy Society General Meeting, 2012 IEEE, 2012, pp. 1-8. 

[71] A K Jonscher and F Meca and,H.M.Millany, "Charge-carrier contributions to dielectric 
loss,"  Journal of Physics C: Solid State Physics, vol. 12, pp. L293, 1979.  

  

  



108 
 

BIOGRAPHICAL SKETCH 

Michael Caldwell Greenleaf was awarded his Bachelors of Science in Electrical Engineering in 

December of 2008, his Masters of Science in Electrical Engineering in December of 2010, and 

will receive his Doctorate of Philosophy in Electrical Engineering in May of 2014 from Florida 

State University in Tallahassee, FL. 

 


	Florida State University
	DigiNole Commons
	April 2014

	Phenomenological Equivalent Circuit Modeling of Various Energy Storage Devices
	Michael Greenleaf
	Recommended Citation



