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ABSTRACT 

 

 General diagnostic models (GDMs) and Bayesian networks are mathematical 

frameworks that cover a wide variety of psychometric models. Both extend latent class models, 

and while GDMs also extend item response theory (IRT) models, Bayesian networks can be 

parameterized using discretized IRT. 

 The purpose of this study is to examine similarities and differences between GDMs and 

Bayesian networks using both simulated data and real test data sets. The performances of the two 

frameworks in data generation and estimation under various possible conditions are investigated. 

Several indices for accuracy and precision are examined as well as the agreement between the 

GDM and Bayesian network for simulated data and a real data set in this study. 

Both have problems with identifiability and high-level proficiency variables. Bayesian 

networks are slightly better with small samples and can use correlations among proficiency 

variables to stabilize estimates for scales with few items. 

 

Keywords: cognitive diagnosis model (CDM), general diagnostic model (GDM), 

Bayesian network, evidence-centered assessment design (ECD), proficiency model, evidence 

model, assembly model, directed acyclic graph (DAG).  
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CHAPTER ONE  

 

INTRODUCTION 

 

In the past decades, a large number of statistical models for educational assessment were 

proposed for various purposes. Most assessment models focus on measuring latent variables of 

interest from observed responses. The latent variable may be continuous, ordered, or 

dichotomous. The observable response variables can be either dichotomous or polytomous. The 

purposes may vary from providing general information to making diagnoses for examinees. The 

link functions between observed outcomes and latent variables differ, as their relationships and 

purposes vary. For example, the class of item response theory (IRT; Embretson, 2000) models, 

which usually include the 1-parameter logistic (1PL) model, the 2-parameter logistic (2PL) 

model, the 3-parameter logistic (3PL) model, and the partial credit model (PCM; Masters, 1982), 

have different link functions, different purposes, and different types of observed responses.  

IRT models aim to provide the order or rank of examinees along one or a few continuous 

scales for selection, certification, or overall program evaluation. Cognitive diagnosis models 

(CDMs; de la Torre et al., 2004; Hartz, 2002; Henson et al., 2009; Junker et al., 2001; Rupp et al., 

2008; Tatsuoka, 1983), which include but are not limited to the fusion model (Hartz, 2002), and 

the rule-space methodology (RSM; Tatsuoka, 1983) and so on, provide students with profiles 

specifying presence or absence of particular knowledge, procedures, or skills. The goals of 

CDMs are to provide interpretative and diagnostic information for further learning or classroom 

instruction.  

Do IRT frameworks and CDMs represent different classes of models? To address these 

issues, a variety of general frameworks have been proposed recently to cover the existing 

assessment models. For example, the generalized partial credit model (GPCM; Muraki, 1992) 

can express a class of IRT models and the log-linear CDM (LCDM; Henson et al., 2009) covers 

most of the CDMs. Von Davier (2008) proposes the general diagnostic models (GDMs) to 

represent the existing assessment models.  

The goal of GDMs is to produce a general mathematical framework to cover the existing 

models. The underlying idea is to integrate the features of IRT models, log-linear models, and 

latent class analysis (LCA) to mimic available assessment models. The GDM can be suitable for 

dichotomous and polytomous response data as well as latent variables with two or multiple levels. 
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As a result, the GDM can express many educational measurement models, such as the Rasch 

model, the partial credit model (PCM), the deterministic input, noisy and-gate (DINA) model, 

etc. (von Davier, 2008). 

A Bayesian network is a graphical model that visually encodes a joint probability 

distribution over a set of variables of interest (Heckerman, 2008; Pearl, 1988). Almond et al. 

(1999) propose a full Bayesian framework for educational assessment models that addresses all 

responses, all people, and all items by breaking a large model into small pieces. Assessment 

models are usually built to capture the conditionally probabilistic relationships between observed 

outcomes and latent skills, where the observable outcomes are produced from the student  

responses to individual assessment tasks or test items. A Bayesian network deals with the 

probabilistic relationships between latent skills and observed responses, as well as among latent 

skills. The former can be investigated using some specific measurement models. The latter are 

analyzed in Bayesian networks through a proficiency model, while they are commonly not 

considered by the GDMs. The proficiency model explores the relationships among the 

knowledge, latent abilities, and skills of interest. These latent abilities or skills are called 

proficiency variables (Almond et al., 2006). 

The GDM and Bayesian network are general forms of assessment models. Both extend 

latent class models, and while GDMs also extend IRT models, Bayesian networks can be 

parameterized using discretized IRT. There is no comparison of the GDM and Bayesian network 

in the research on educational assessment. Their similarities and differences are not well 

understood.   

The purpose of this study is to compare GDMs and Bayesian networks via simulation 

study and with empirical test data. I applied both methods to a common data set from an 

assessment for learning system called ACED (Adaptive Content for Evidence-Based Diagnosis; 

Shute, Hansen & Almond, 2008). In ACED design, 230 middle school students attempted 63 

tasks on geometric sequences.  

The simulated GDM and Bayesian network were constructed based on the structure of 

ACED. The steps in the simulation study were as follows: (1) Draw the true parameters; (2) 

Generate data; (3) Estimate model parameters; (4) Replicate Steps two to three 25 times; and (5) 

Compare model fit by condition level. Four factors were manipulated in the simulation study: (1) 
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The statistical frameworks used for the data generation; (2) The statistical models for data 

estimation; (3) The sample size; and (4) The test length.  

Both the performance of parameter estimation and the accuracy of the proficiency profile 

assignment were compared. Several indices for the accuracy and precision of the simulation 

study were provided. The indices of item parameter recovery were as follows: (1) The bias; (2) 

The standardized residual of estimates (SR); (3) The root mean squared error (RMSE); (4) The 

percentage of 95% confidence intervals covering the true values; and (5) The minimum and 

maximum of the standard error of parameter estimates. The indices of accuracy for the 

proficiency profile assignment included the following:  (1) For the agreement of the estimated 

proficiency profile assignment from each model with the true proficiency profile,  I used linear 

weighted Cohen’s kappa (Cohen, 1960); (2) For agreement of the estimated proficiency profile 

assignments from GDMs and the Bayesian networks for the simulated data sets, I used linear 

weighted Cohen’s kappa    ; (3) For improvement of estimation than simple assignment of 

students into the modal category, Goodman and Kruskal’s lambda     (Goodman & Kruskal, 

1954). Also I examined (4) the root mean squared errors (RMSE) of the estimates of continuous 

theta, which is a measure of deviation from the true values for 25 data sets in each condition; and 

(5) the agreement of the estimated proficiency profile assignments from the GDM and from the 

Bayesian network for the ACED data set examined in this study. 

This study researched the following issues:  

1. GDMs and Bayesian networks in educational assessment are derived from different 

design philosophies, and they also use very different notation. What are the similarities 

and differences between the two types of models? 

2. Bayesian networks exploit the relationships between latent skills in the proficiency model 

in the parameter estimation, while the GDM does not use these relationships. Are the 

models’ accuracies different in these two estimation methods?  

3. The overall general ability or skill refers to the higher-order latent variable that captures 

the correlations between lower level abilities. Can the general ability and subskills be 

accurately estimated by the models?   

4. Do the different data estimation methods differ in their accuracy and precision?  

5. What is the effect of the sample size and test length in both models?  



 

4 

 

 GDMs and Bayesian networks are two general mathematical frameworks that can 

cover a wide variety of psychometric models. A formal comparison of these two general 

frameworks in educational assessment has not been conducted. Therefore, examining the 

similarities and differences of the two frameworks would help us to better understand how the 

continuous and discrete latent models and the latent class model work. The performance of the 

two methods in the data generation and estimation for both the proficiency model and the 

evidence model in various conditions also should provide useful and insightful information. 

Besides investigating the impact of the sample size and test length in the simulation study, this 

research addressed the issue of the proficiency structure, in which a continuous latent model and 

a discrete latent model were examined. This dissertation research also compared applications of 

the two frameworks in analyzing a real test data set. The measures of accuracy and precision for 

the two frameworks were explored in this study.   
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CHAPTER TWO 

 

 LITERATURE REVIEW 

 

This chapter focuses on the literature related to general diagnostic models (GDMs) and 

Bayesian networks in educational assessment. Section 2.1 introduces Evidence-Centered 

Assessment Design (ECD). The literature related to cognitive diagnosis models (CDMs) is 

reviewed in Section 2.2. Section 2.3 describes the GDM and some assessment models covered 

by the GDM. Section 2.4 discusses Bayesian networks and some applications in educational 

measurement. Section 2.5 reviews an approach used to build Bayesian networks for the CDMs. 

The last section of the chapter describes the ACED data structure. 

 

2.1 Evidence-Centered Assessment Design  

 

Evidence-Centered assessment Design (ECD) is an assessment design framework that 

describes the assessment design process based on the principles of evidential reasoning (Mislevy 

et al., 2003). In an ECD framework, an assessment design is divided into four models:  

1. The proficiency model describes the unobservable latent skills or abilities of interest and 

their relationships. These skills or abilities are modeled with proficiency variables. 

2. The evidence models describe the connections between students’ work and their 

proficiency variables. The evidence model contains (a) evidence rules that produce the 

values of observed outcomes (e.g., grading rubrics) from students’ work products, task 

scoring; and (b) a statistical part that models the connections between proficiency 

variables and observable variables, test scoring.  

3. The task model describes the features of a task that yield the needed evidence.  

4. The assembly model describes the collection of tasks that construct a valid form for an 

assessment.  

The proficiency model, the statistical part of the evidence model, and the assembly model are 

the focus of this study. ACED was developed using the ECD framework. Its statistical model can be 

split into the proficiency model and the evidence model. 
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2.2 Cognitive Diagnosis Models 

 

Models based on unidimensional item response theory (IRT) and classical test theory 

(CTT) assume measurement of only one latent or unobserved continuous ability. These models 

report a single test score (or scaled score) to represent the overall performance level and are 

commonly used in large scale assessments to rank students along a proficiency continuum. 

However, these scores may be of little value in practical classroom instruction and learning 

because they contain limited diagnostic information necessary for the identification of students’ 

specific strengths and weaknesses. For instance, Alice, Mike, and John take a mathematics test 

that reports a single score of overall proficiency for each student. Alice’s score is higher than that 

of Mike, and both of them passed the exam. Mike’s score is greater than John’s score, and John 

failed the exam. Why did John fail? Which skill(s) or aspects does he have trouble with? What 

intervention should the teachers provide him?  

The single test score does not provide detailed insight about John’s mathematics skills 

that require further improvement. Cognitive diagnosis models (CDMs) are designed to provide 

specific diagnostic information about examinees’ cognitive strengths and weaknesses. These 

models report a profile of mastery status for the skills required by the test. CDMs can also help 

to identify specific deficiencies and allow teachers to implement interventions that will help 

students succeed in an educational setting (Rupp et al., 2009; Tatsuoka, 1983). This section 

introduces the elements of CDMs, describes several existing CDMs (i.e., the statistical parts of 

the evidence model), and the proficiency model in the CDMs. 

 

2.2.1 Elements in Cognitive Diagnosis Models  

This section describes notations and terminologies used in this study. An attribute is a 

latent characteristic of an examinee, which can be any knowledge, skill, or procedure required 

for solving items in a test. Attributes measured by the test are labeled as a K-dimensional vector:            , where K represents the total number of attributes measured by the test. The 

items are indexed by        , where J is the total number of items in the test. The 

relationships between test items and attributes are defined by a Q-matrix whose element       

indicates that Item j measures the k
th

 attribute and      , otherwise. The Q-matrix has J rows 

and each row    corresponds to one item and provides information for one item that requires 
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specific attribute(s). For CDMs with binary attributes, there exist      unique    patterns. The 

columns of the Q-matrix correspond to the attributes and show how each attribute is measured by 

the items. In most cases, the Q-matrix is fixed and predefined by content experts before test 

construction. Table 2.1 shows a Q-matrix example, where a test contains J = 5 items and 

measures K = 4 attributes. Row 1 is for Item 1, whose 1s in Columns 1, 3, and 4 indicate that 

Item 1 measures Attributes 1, 3, and 4 and does not measure Attribute 2. The first column tells us 

that Items 1, 2, and 4 measure the first attribute. 

 

Table 2.1   

Q-matrix of a test that contains J = 5 items and measures K = 4 attributes 

 

 

 

The examinees are indexed by i = 1, …, N, where N is the total number of examinees. 

The response of Examinee i to Item j is denoted by    , where i = 1,…, N,  and j = 1, …, J. If the 

examinee responds correctly to the item, then      , otherwise      . The responses for all 

examinees to all items are denoted by  , which is an     matrix. The vector                is of length K and represents the attribute profile for Examinee i. Here     indicates 

whether Examinee i possesses the kth attribute (     ) or not (      ). The primary purpose 

of the CDMs is to estimate attribute profiles for examinees based on their observed response 

patterns  . These types of models are also called multiple classification latent class models 

(MCLCM; Maris, 1999). In any test with K binary attributes, there are    distinct possible 

attribute patterns for the students. Table 2.2 gives an example of attribute patterns when a test 

measures     attributes. Table 2.2 contains          different patterns, which range 

from a case when no attributes are mastered (0000) to one in which all the attributes are mastered 

(1111). 

 

Item 1 2 3 4

1 1 0 1 1

2 1 1 0 0

3 0 1 1 0

4 1 0 0 0

5 0 0 1 1

Attribute
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Table 2.2  

Attribute patterns measuring K = 4 attributes 

 

 

 

2.2.2 Evidence Model in Cognitive Diagnosis Models 

The CDMs include the following: the RSM (rule-space methodology, Tatsuoka,1983), 

the AHM (attribute hierarchy method; Leighton, Gierl, & Hunka, 2004), the DINA (deterministic 

input, noisy and-gate; Haertel, 2005; Junker & Sijtsma, 2001), the  NIDA models (noisy input; 

deterministic and-gate model; Junker & Sijtsma, 2001), the higher-order DINA (de la Torre & 

Douglas, 2004), the generalized DINA (de la Torre, 2011), the DINO (deterministic input, noisy 

or-gate ) and NIDO (noisy input deterministic or-gate) models (Templin, 2006; Templin & 

Henson, 2006), the RE-RUM (random effects reparameterized unified model; Henson et al., 

2009), the RUM (Hartz, 2002; Henson & Templin, 2006), the compensatory RUM (Hartz, 2002), 

the multiple classification latent class model (MCLCM, Maris, 1999), the LCDM (the log-linear 

cognitive diagnosis model; Henson, Templin, & Willse, 2009), the GDM (general diagnostic 

model; von Davier, 2005; Xu & von Davier, 2006), and BINs (Bayesian inference networks; Yan, 

Mislevy, & Almond, 1993). 

1 2 3 4

1 0 0 0 0

2 1 0 0 0

3 0 1 0 0

4 0 0 1 0

5 1 1 0 0

6 1 0 1 0

7 0 1 1 0

8 1 1 1 0

9 0 0 0 1

10 1 0 0 1

11 0 1 0 1

12 0 0 1 1

13 1 1 0 1

14 1 0 1 1

15 0 1 1 1

16 1 1 1 1

Pattern
Attribute
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In CDMs, the way the attributes interact to produce an item response is generally 

assumed to follow logical relationships, which are usually modeled by a structure function or 

combination function. According to these relationships, CDMs are classified into four types of 

models: compensatory model, conjunctive model, disjunctive model, and the inhibitor model. In 

the compensatory models, the average or sum of the required attributes determines the item 

response. Its combination function is the sum or weighted sum, which maps the configuration of 

attributes onto a real number representing the configuration of effect. The typical compensatory 

models in CDMs are the GDM and the compensatory RUM. For an overview of the conjunctive 

model, disjunctive model, and the inhibitor model, refer to Rupp, Templin, & Henson (2010).     

 

2.2.3 Proficiency Model in Cognitive Diagnosis Models  

Some CDMs examine not only the statistical parts of evidence models, but also the 

proficiency models that explore the relationships among the components of   , such as AHM 

(Leighton, Gierl, & Hunka, 2004) and higher-order DINA (de la Torre & Douglas, 2004). 

Hierarchical relations among attributes are commonly accepted in the psychological area, where 

positive correlations among attributes are captured by a few more general constructs.  

There exist four traditional approaches for creating examinees’ skill patterns in CDMs:  

(1) Independent attributes: assume that all the attributes are independent, and then the joint 

distribution of   is the product of the probabilities of the student possessing each attribute; (2) 

Correlated attributes: assume that the components of attribute vector   are discretized from 

correlated continuous proficiency variables; (3) Structured attribute patterns:  attribute patterns 

follow a structure on outcome (Leighton et al., 2004); (4) Hierarchical attributes: the higher-

order latent construct(s) capture the correlational relationships among skills, given the higher-

order latent constructs, and the attributes at the lower level are conditionally independent, so the 

constructs determine the attributes’ status. In this situation, these attributes are usually clustered 

into groups and mastery status in each group is related to one or a few general abilities. Persons 

having greater general ability levels tend to possess the specific attribute(s).  

De la Torre and Douglas (2004) propose higher-order latent trait models for cognitive 

diagnosis to describe the relationships among attributes. They assume conditional independence 

of observable responses given  , and also assume the components of   are independent 

conditional on the general ability vector  ,         ∏              . They induce an IRT 
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model at a higher order to capture the relationships between general ability and specific attributes. 

The latent attributes at the lower-level are treated as items that are locally independent, given the 

general ability of  . The probability of mastery of a skill is computed using the IRT models for 

the binary skills (de la Torre et al., 2004),                                                 
where    may be a unidimensional or multidimensional ability, and    and    are item 

discrimination and difficulty parameters corresponding to   . Once the probability is obtained 

then     is created from a Bernoulli distribution                 .  

In CDMs, the columns in the Q-matrix represent proficiency variables and each column 

corresponds to one proficiency variable and indicates which items are measuring that skill. Each 

row of the Q-matrix represents one item and its elements indicate whether the corresponding 

item measures that skill(s). Items can be grouped into evidence models in terms of the set of 

attributes they measure. 

2.3 General Diagnostic Models 

 

The general diagnostic model (GDM) is a mathematical framework that can cover a wide 

variety of psychometric models, such as the Rasch model, the generalized partial credit model 

(GPCM; Masters, 1982), and the majority of CDMs (von Davier, 2008). The GDM combines the 

properties of item response theory (IRT) models, log-linear models, and latent class analysis 

(LCA; Bartholomew, 2002 ) and then puts constraints on the link and structure functions to 

express each specific model (von Davier, 2008). The GDM formulates the probability of 

obtaining a correct response to the item as a function of the Q-matrix entries for that item, the 

examinee’s attribute profile, and the item parameters. The format of the GDM is as follows:    (                 )         (     )                               (2.1) 

where g(.) is a link function,       is a structure function for Item j,    is the attribute profile of Examinee i,    defines which attributes are measured by Item j, 

    represents the discrimination parameter vector for Item j on the K attributes, and     represents the difficulty parameter of Item j. 
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The link function connects the probability of obtaining a correct response for each item 

with the latent skills, which can take the form of normal, logistic, or probit functions and so on. 

The structure function models the configuration of the skills on the response performance for the 

item, which may be a sum, maximum, minimum, piecewise functions, or other variations. These 

functions can be fixed across items or may vary from item to item when a subscript j is included 

in the function.  

GDMs can be used for dichotomous response variables as well as polytomous response 

variables, binary skills to multilevel skills, as well as real-valued elements in the Q-matrix. The 

following terminologies and notations are used in the GDM. The vector                is the 

i
th

 examinee’s response vector, each outcome being               ,    represents the 

maximum score of Item j. In other words, items may have more than 2 possible score points 

(      when      and the GDM extends the dichotomous response to a polytomous 

response. As the CDM frameworks do, the GDM measures a vector of K latent discrete attributes, 

which is denoted as             and      is the number of skill level for the k
th

 attribute,   . The mastery vector of attributes for the i
th

 examinee is expressed as                with                     . The relationships between the attributes and the items are also defined 

by a     Q-matrix whose elements can be non-integer as well as integer. If the k
th

 attribute is 

irrelevant to Item j, then      , and if Attribute k is necessary to solve the j
th

 item, then      . The element     indicates whether the item measures the attribute as well as what 

extent of attribute is needed by the item.  

More specifically, von Davier (2005) defines a class of GDMs with GPCM form as:   (                 )           ∑        (     )       ∑          ∑        (     )                       (2.2) 

where     is the threshold parameter for response x to Item j,      is a K-dimensional discrimination parameter vector for response x to Item j,     and   are the same as for formula (2.1), and     is the maximum score for Item j. Note that the bolded symbols represent vectors and 

unbolded symbols denote scalars in all the equations.  

The structure function   (    ) is the core of the GDM and provides a more flexible 

approach of specifying the impact of the skill interaction on the response probabilities 
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   (                 )  Many measurement models can be written as special cases of the 

GDM by setting linking and structure functions, such as uni- and multidimensional Rasch 

models, the 2PL IRT model, the GPCM, compensatory fusion models, etc.  

 

2.3.1 Some Assessment Models Covered by General Diagnostic Models 

  Von Davier (2008) provides some examples to show how to define the link function 

and the structure function so that the GDM can express a class of measurement models. This 

section shows how the GDM conveys the 2PL model, the multidimensional IRT (MIRT) model, 

and the GPCM. 

2.3.1.1 Discrete 2PL model. The 2PL models require a single continuous attribute 

(ability  ). The probability of getting a correct response to an item is a function of a person’s 

ability    and two item parameters. The item parameters refer to the item discrimination 

parameter    and difficulty parameter    (Embretson, 2000). Given the examinee’s trait level θi, 

the probability of a correct response to Item j for Examinee i is defined as:   (     |  )         (     )          (     )  
Let              the number of attributes   = 1 and      for all j, the continuous ability    

is divided into multiple categories by setting cutpoints. For example,           the cutpoints 

are                  , then the   is discretized into 81 levels. And then  (     )               and         . The GDM can express the 2PL model. 

2.3.1.2 Multidimensional IRT model. The 2PL MIRT model (Reckase, 1997) assumes a 

M-dimensional random ability vector               , where the combination of skills is 

usually compensatory. The   is the item difficulty for Item j and    (          ) is the item-

discrimination vector with length M, where     corresponds to the discrimination of Item j to 

Ability m. Given the examinee’s latent ability vector     the probability of getting a correct 

response in the 2PL MIRT is defined as:   (     |  )                                 

      ∑                      ∑                
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where       ∑           . Let            ,             which is a     column 

vector ith all elements equal to 1 for all j, the continuous abilities are discretized into multiple 

levels by using cutpoints,      ,     (    )      (     )  ∑                    and      . Then the 2PL MIRT can be expressed by the GDM. 

2.3.1.3 Generalized partial credit model (GPCM). The GPCM (Muraki, 1992) extends 

the 2PL model from dichotomous response scores to the polytomous data case. Given the 

examinee’s trait level θi, the probability function for scoring in Category x on Item j is defined as:    (        )       ∑   (      )       ∑      ∑                      

where    is the maximum score of Item j,     is the skill threshold parameter for score category x, 

and    is the item discrimination parameter. Let       {        }  M = 1,                     ,                       ,  (     )                   and               , Then the GPCM can be expressed by the GDM.  

 

2.4 Bayesian Networks 

 

A research domain in educational assessment can be modeled by a list of 

variables        , which include the latent proficiency variables and the outcomes from tasks. 

The variables may be discrete or continuous. Knowledge about the domain is represented by a 

joint distribution             , which gives all the information about the domain. For discrete 

variables          the number of values in the joint distribution              increases 

exponentially in the number of variables. To specify the joint probabilities and to make 

inferences for the model are time consuming and memory consuming (Charniak, 1991; Pearl, 

1988). For example, in the simplest condition, if the variables         are all binary,              is a table with    numbers.  

 A Bayesian network is a graphical model that visually represents the conditional 

independence relationships over the random variables in a joint distribution (Heckerman, 1995). 

A Bayesian network efficiently factorizes the joint distribution into the product of the conditional 

probability distribution of each variable given its parents in a directed acyclic graph (DAG). The 

DAG in a Bayesian network illustrates the direct probability dependencies for each variable 
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(Heckerman, 1995; Pearl, 1988). Section 2.4.1 briefly introduces the graph and its related 

properties. Section 2.4.2 discusses Bayesian networks. Section 2.4.3 shows the general 

framework in the statistical measurement model. A full Bayesian framework for the 

measurement models is discussed in Section 2.4.4. The last section describes the application of 

Bayesian networks to measurement models. 

 

2.4.1 Graph 

A graph G = (V, E) contains a set V of nodes or vertices (e.g.,             in Figure 

2.1) and a set E of edges. Edges are ordered pairs of elements in V. An edge (X,Y) is represented 

by an arrow pointing from node X to node Y. If both edge (X, Y) and edge (Y,X) are included in G, 

the edge is called undirected and expressed by connecting the two nodes with no arrow on either 

end. A graph G = (V, E) is directed if it does not contain any undirected edges. A directed path 

from node X  to node Y in a directed graph G = (V, E) is a sequence of nodes:                 where for each               is a directed edge in G (e.g.,       . A directed cycle in G is a 

directed path from   to itself. If each edge is directed in G and for any node     there does not 

exist any directed cycle in G, the G is a directed acyclic graph (DAG) (Koski & Noble, 2011). 

If a directed edge (X, Y) is in G, X is a parent of Y, and Y is a child of X. For each node X, 

the graph determines the set of its parents       and the set of its children ch(X). The ancestors 

of the node   refer to the set       and the ancestors of all nodes in      . The set of 

descendants of node   consists of the set       and the descendants of all nodes in      . Two 

nodes are neighbors if there is an edge between them (going in either direction). Figure 2.1 is an 

example of a DAG; Node W is the parent of X, and Node X is the parent of Y and Z; W is an 

ancestor of Y and Z; X is the child of W; and Y and Z are the children of X as well as descendants 

of W. In this example,          ,          (no parents),          ,            ,          , and             
 

2.4.2 d-separation  

If   is a random variable, its density or mass function is       or         , where              and J is the number of states of X. The latter is for the discrete variable. 

2.4.2.1 Independent. Two random variables   and   are independent if their joint 

density factorizes into the product of their marginal densities:                     . 
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Figure 2.1. A Directed Acyclic Graph (DAG). 

 

2.4.2.2 Conditionally independent. Consider three random variables,  , Y, and Z. If Y is 

known, learning X provides no additional information about Z, and then we say that X and Z are 

conditionally independent given Y. Mathematically, it can be expressed as: if for each value  , X 

and Z are independent in the conditional distribution given    , that is to say                         , and usually write as       (Jensen & Nielsen, 2007). 

For a node Y and its two neighbors X and Z in the graph, there are three basic types of 

adjacent triplets in a DAG: serial connections (head-to-tail), diverging connections (tail-to-tail), 

and converging connections (head-to-head). They correspond to the possible combinations of 

arrows between Y and X or Z. Each has slightly different rules for determining conditional 

independence (Charniak, 1991; Pearl, 1988). 

 2.4.2.3 Serial connections. Three nodes, X, Y, and Z, have serial connections when X 

has an influence on Y (XY) and Y has an influence on Z (YZ), as shown in Figure 2.2(a). In 

this case, evidence about Z will affect the beliefs about X through Y (Jensen & Nielsen, 2007). 

              

 

Figure 2.2. (a) Serial connections; (b) Diverging connections; (c) Converging connections. 

X

Z

W

Y

X ZY Z
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X Y

ZX
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In serial connections, if the state of Y is known, then X and Z become independent. In 

other words, knowing X does not provide more information about Z if we already know Y. For 

example, let X represent educational level, Y represent occupational type, and Z represent income 

level in Figure 2.2 (a). The probability of the income being in each level only depends on 

occupational type. If we do not know someone’s occupation, but we do know his/her educational 

level, this would provide information on both his/her occupational type and income level. 

However, once we know the occupational type, then the educational level would not make any 

difference to the probability of income being in each level.  

Serial connections also work for evidence chains of length greater than three; evidence 

may be transmitted through a serial connection unless the state of an intermediate variable in the 

chain is known (Jensen & Nielsen, 2007).  

2.4.2.4 Diverging connections. Two variables X and Z have a common cause (parent) Y 

(XYZ) as shown in Figure 2.2(b). Evidence can pass between X and Z unless the state of Y is 

known (Jensen & Nielsen, 2007). For example, let Y represent the examinee’s ability, and X and 

Z be two observed outcomes. If there is no evidence about a person’s ability, then learning that a 

student correctly answers one item will increase the probability of his/her ability being at a high 

level of ability and in turn will increase the chances of answering the other item correctly. 

However, if we already know the examinee’s ability level, then knowing s/he had a correct 

answer on Item 1 will not tell us anything new about the probability of getting a correct answer 

on Item 2. Therefore, evidence may be transmitted through a diverging connection unless it is 

observed (Jensen & Nielsen, 2007, p. 26). Serial connections and diverging connections 

represent the same dependencies (X and Z are independent given Y). 

2.4.2.5 Converging connections. This is the situation where a node Y (the effect) has two 

or more parents X and Z, which is shown in Figure 2.2(c) (XYZ). Converging connections 

produce the opposite conditional independence structure to that of serial connections and 

diverging connections. That is, the parent nodes X and Z are marginally independent if nothing is 

known about Y, but become dependent given information about the common effect Y, which is 

the “explaining away” effect (Jensen & Nielsen, 2007, p. 28). For example, suppose a burglar 

alarm (Y) can detect a burglary (X) or an earthquake (Z). A burglary and an earthquake are 

independent of each other. If the alarm goes off and there was an earthquake seconds ago, then 

the earthquake explains the alarm. A burglar is unlikely to be present and the probability of a 
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burglary X will decrease (Neapolitan, 2004). The conclusion about the converging connections is 

that evidence may be transmitted through a converging connection only if either the variable in 

the connection or one of its descendants is known (Pearl, 1988). 

 2.4.2.6 d-separation. Two disjoint subsets of nodes A and C in a DAG  are d-

separated (“d” for “directed graph”) if for every node   in A and for every node   in C for all 

paths between X and Y, there are intermediate nodes Z (distinct from X and Y) such that either: (1) 

the connection is serial or diverging and Z is known, or (2) the connection is converging, and 

neither Z nor any of Z’s descendants have received evidence (Jensen & Nielsen, 2007). 

Two nodes that are d-separated in a Bayesian network are conditionally independent. The 

definition of d-separation provides a graphical criterion for testing conditional independence: If 

A and C are d-separated by B in a DAG, then A is conditionally independent of C, given B 

(Jensen & Nielsen, 2007). 

 

2.4.3 Bayesian Networks  

A Bayesian network is defined by a pair    = (G, P), where G is a DAG, G = (V, E),   

corresponds to a collection of random variables  P, and P is a joint probability distribution over 

the random variables V. In a Bayesian network, each node in the DAG represents a random 

variable, which can be either a discrete variable or a continuous variable. In this study, Bayesian 

networks include both discrete variables and continuous variables. The edges in a Bayesian 

network represent direct probability dependences and determine the required conditional 

probability distributions for each variable. These specify factors of the joint probability 

distribution over all the random variables--              , for all    (Charniak, 1991; Pearl, 

1988). Absence of edges from any node in             to    indicates probabilistic 

independence; each variable    is conditionally independent of all its non-descendants given its 

parents in G. This property is called the Markov condition (Pearl, 1988).  

The joint distribution of any set of random variables,                 can be factored in 

a Bayesian network as:                ∏                                        (2.3) 

where the factor                is called the local probability distribution of variable   , and the 

distribution is conditional only on the values of its parents       . If a variable    has no parents, 
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  (  |      )          becomes a marginal distribution that is called a prior distribution in 

Bayesian networks. For a detailed derivation, refer to Jensen and Nielsen (2007).  

From the factorization, to specify the joint distribution of a Bayesian network one must 

give the prior probabilities for all nodes with no parents and the conditional probability 

distributions (CPDs) for each node given all possible combinations of its parents (Jensen & 

Nielsen, 2007). The following example illustrates how a Bayesian network reduces the 

parameters in the computation of the joint probability distribution over a set of random variables 

of interest. In Figure 2.1, all the nodes are random variables, W and Y are conditionally 

independent given the node X (parent of Y), that is                               . In 

the same way, given X, Z is conditionally independent of the nodes W and Y, so                                 . 

The CPD for each variable    is given by a table (conditional probability table (CPT)) 

containing all conditional probabilities given all possible combinations of its parents       . For 

each combination of parents’ state, the probabilities of    being in all states are usually given by 

one row of the table and these probabilities sum to one. For example, given one configuration of 

parents of Item 1 in Table 2.1, (Skill 1=1, Skill 3 = 1, Skill 4 = 1), the state of response to Item 1 

is either correct or incorrect. Therefore,                                                                                                      =1. The parameters in a 

network are included in the CPTs. Table 2.3 and Table 2.4 show the two typical CPTs for the 

variables without parents and with one parent respectively. For example, Node W in Figure 2.1 

has no parents, thus the probability distribution is an unconditional (marginal) distribution, and 

the sum over all the states is equal to one. For simplicity, let the variables in the examples have 

only two levels, whereas the proficiency variables in the simulation data and real data sets have 

three levels in this study. 

 

Table 2.3  

The conditional probability table for the variable without parents 

 

W 1 0 

Pr(W) 0.4 0.6 
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The CPT for Node X is shown in Table 2.4. For a given combination of values of the 

parent (W), the probabilities           and            must add up to 1, e.g.,                                  .  

 

Table 2.4  

The conditional probability table for the variable with one parent 

 

  X 

W 1 0 

1 0.9 0.1 

0 0.2 0.8 

 

The CPDs for nodes Y and Z in Figure 2.1 are given in Table 2.5 (a) and (b), where {W} 

and {Y} are d-separated by X, and {W, Y} and {Z} are d-separated by X. Therefore,                   and                    . 

 

Table 2.5  

The CPT for variable Y (a) and CPT for variable Z (b) (see Figure 2.1) 

 

 

Y 

X 1 0 

1 0.78 0.22 

0 0.25 0.75 

(a) 

  Z 

X 1 0 

1 0.95 0.05 

0 0.1 0.9 

(b) 

 

For example, the joint probability of all the nodes (W, X, Y, and Z) in Figure 2.1 using the 

multiplication rule of probability is:                                                   . 
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By using conditional independence relationships in the graph, this joint probability can be 

written as:                                                
The probability of    ,    ,    , and     is equal to:                                             
Therefore, the factorization that comes from a DAG structure results in a much simpler 

computation compared to factorization from the multiplication rule. The parent structure in a 

Bayesian network can also be much simpler than the structure given by a multiplication rule. The 

Bayesian network factorization also reduces the total number of parameters (Jensen & Nielsen, 

2007). For example, as shown in Table 2.6, when all variables have two levels, there are        probabilities for the random variable Z to estimate using the multiplication rule of 

probability in Figure 2.1. However the factorization from the DAG structure shows that              =         , which only requires             parameters as shown in Table 

2.5 (b). Table 2.6 gives an example of CPT for a variable with three binary variables coming 

before it. 

 

Table 2.6  

The conditional probability table for a node with three parent nodes 

 

      Z 

W X Y 1 0 

1 1 1          

1 1 0          

1 0 1          

1 0 0          

0 1 1          

0 1 0          

0 0 1          

0 0 0         
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 In the assessment models,    and    are latent proficiency variables and    are 

observed response variables. Both can be represented with nodes in Bayesian networks. 

Therefore, the assessment models can be covered by Bayesian networks.  

 

2.4.4 Full Bayesian Framework for the Measurement Models 

Junker (1999) proposes a three-level general framework for a statistical assessment 

model. At the same time, Almond and Mislevy (1999) put forward a full Bayesian model for the 

general measurement model. Their underlying idea is to break an assessment model into several 

levels that address all responses, all examinees, and all items. In a statistical assessment model, 

the variables include observable responses to the items, examinees’ knowledge, skills, and 

abilities, and item parameters. The observed variable     is determined by student proficiency 

parameters    and item characteristic parameters   , this relationship is denoted by               , for all examinees          and all items        .                represents 

the probability of obtaining a particular score of the observable response     as a function of the 

values of all the parents of    , which are the person’s ability    and item parameters   . Note 

that the elements of    are the proficiency variables and can be binary, ordinal, or continuous. If 

the proficiency variables are discrete latent skills,    represents   .    is not in the proficiency 

model and represents the item parameter vector for Item j.    can represent the item parameters 

of the IRT model or any CDM. In the three-level general framework, the joint distribution of all 

the response variables given their parents forms the first level of the assessment model (Junker, 

1999).  

If both   and    are not constants and are independent, the common prior distribution for 

all examinees and the individual prior distributions for each item are included to model the 

uncertainty of the person proficiencies and item features using the higher-level model with 

parameters   and   . Therefore, the parameters    and    are modeled having higher-level 

distributions:                  (  |  )  
This represents the second level of the models (Junker, 1999), or the distribution of proficiency 

variables and item parameters (Almond & Mislevy, 1999).  
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The level one data can be modeled with likelihood 

∏∏     
   

 
      |     )  

 

The distributions for level two are ∏              and ∏   (  |  )      

In the same way, the parameters   and    can be further modeled by higher-level 

distributions        and        , which can represent group differences of students and the 

different strategies of item (Junker, 1999). Almond and Mislevy (1999) call them the prior 

distributions for parameters of distributions for proficiency variables and item parameters. 

Figure 2.3 shows the graphical representation of a three-level assessment model.  This 

figure makes the role of the item parameters     as visible as those of the proficiency variables    . The vector                denotes the i
th

 examinee’s responses to the all J items in the 

model, which is represented at the first level. The probability formula                at the first 

level determines which specific assessment model is employed, such as an IRT model, or a CDM. 

For instance, the vector    is a continuous “general proficiency variable” and    is the vector of 

difficulty and discrimination parameters of Item j when                represents a 

unidimensional 2PL IRT model. In a CDM,    represents a vector of binary variables                   and    is usually composed of the slipping and guessing parameters of the j
th

 item. 

The information obtained from the     must always propagate to the branches of both sides; we 

use the rules of probability to obtain posterior probabilities about the states of the proficiency 

variables and item parameters.  

Putting these three-level distributions together, Almond and Mislevy (1999) propose a 

full Bayesian framework for measurement models, which factorizes a joint probability 

distribution for all observed outcomes and latent variables in a problem. Thus an assessment 

model for the responses of N examinees to J items is written as follows:                ∏ ∏          |     )           (  |  )        (  )     (2.4) 

where                represents a measurement model, which models the probability of getting a 

correct item response given proficiency variable and item parameters, 



 

23 

 

         represents the distribution for proficiency variables,   (  |  ) represents the distribution for item parameters,       represents the prior distribution for parameters of population distributions, and         represents the prior distribution for parameters of distributions for parameters of Item  . 
 

 

Figure 2.3. A three-level hierarchical Bayes view of many of the assessment models. 

 

Such Bayesian models examine the relationships between observed outcomes and 

proficiency variables as well as the relationships among the proficiency variables. The 

conditional probabilities denote the strengths of the connections and are the parameters in a 

Bayesian network. The relationships between observable scores and proficiency variables might 

be measured by certain statistical assessment models whose purposes and assumptions may be 

peculiar to each item or estimated directly from pilot study data. Furthermore, Bayesian 

networks can also incorporate the relationships among the proficiency variables using expert 

opinion or results from previous research. Figure 2.4 is a plate representation of an assessment 

model, where the plates represent that the variables repeated over the listed indices (i.e. items or 
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persons). The parameter   outside of the plate indicates a common prior distribution for all 

examinees. The parameters    and    in the item plate assumes different item parameters and 

different prior hyperparameters for the item parameters. The two boxes (two plates), indicate the 

information across all examinees or all items. The overlap of the plates represents all responses, 

which are across all persons and all items. Both GDMs and Bayesian networks fit into this 

framework.  

 

Figure 2.4. The plate representation of the assessment model. 

 

2.4.5 Some Applications of Bayesian Networks in Educational Assessment Models 

2.4.5.1 Cognitive diagnosis models (Discrete Attribute Model). Figure 2.5 is a 

graphical representation of a CDM corresponding to the Q-matrix            in Table 2.1. 

Attribute vector                   consists of K binary latent variables, where 1/0 denotes 

the presence or absence of the skill. Items are observable response variables. Arrows indicate the 

dependency of items on attributes. Whenever       then Item j measures Attribute k and a 

directed arrow connecting the attribute node to the item node is included in the graph. For 

instance, three arrows connect Attributes 1, 3, and 4 to Item 1, which corresponds with the three 

1s in Columns 1, 3, and 4 in the first row of the Q-matrix. The element       indicates that 

Item j does not measure Attribute k and there is no arrow between Item j and Attribute k.  

In cognitive psychology, the attributes tend to be related in certain ways. For example, 

some attributes are prerequisites of other attributes; some attributes are correlated, and so on. The 

direct relationships between attributes can be obtained by connecting skills directly in the graph. 

λ

θi

τj

βj

Pij Xij

Person i

Item  j
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Thus the joint probability distribution for the CDMs can also be expressed as a full Bayesian 

model. One advantage of Bayesian networks in the CDMs is that they enable us to investigate 

the relationships among attributes, which are often left implicit in most statistical assessment 

models. For instance, four attributes may have the relationship shown in Figure 2.6. Attributes 1 

and 2 are prerequisites of Attribute 3 and Attribute 2 is a prerequisite of Attribute 4. 

 

 

Figure 2.5. Typical CDM corresponding to the Q-matrix in Table 2.1. 

 

 

Figure 2.6. The graphical representation of the attributes. 

 

The joint probability distribution can be factored as:                                                                                 

 

2.5 Adaptive Content for Evidence-Based Diagnosis Data Set 

 

The empirical test data set used in this study is a field trial of the Adaptive Content for 

Evidence-based Diagnosis (ACED) system, which is a coached-practice program designed to 

α1 α2 α4α3

Item 1 Item 2 Item 4Item 3 Item 5

α1 α2

α4α3
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assess sequences as patterns (Shute et al., 2008). The ACED design covers three types of 

sequences: Arithmetic, Geometric, and Other Recursive. This study focuses only on the data set 

for Geometric sequences as part of a field trial designed for Algebra I students who were not 

taught Geometric sequences as part of the curriculum. This research analyzes the data from the 

230 students who used ACED and responded to the 63 Geometric sequence tasks. 

The original proficiency model that was created according to the math experts’ 

knowledge is shown in Figure 2.7 (Shute et al., 2006). Their CPTs were created based on 

“regressions”, in which correlations and intercepts were given by the math expert. Probabilities 

in the evidence model were calculated using Samejima’s graded response model by assigning 

difficulty 1 for hard, 0 for medium, and -1 for easy. Discriminations of 1.5 were assigned for 

primary attributes, and 1 for others.  

The software MDLTM (Multidimensional Discrete Latent Traits Models; von Davier, 

2005) can distinguish about           distinct patterns. However each skill in this study has 

three levels and the model has more than           patterns to distinguish. Thus for this 

dissertation I combined skills and reduced the set to nine skills. This process is shown in Figure 

2.8. Rather than keeping four latent skills above the Solve Geometric Problem skill, I removed 

three skills and connected the Solve Geometric Problem skill to the Distinguish Types skill, 

removing from the model, latent skill variables which were neither directly measured nor used 

for reporting as suggested by previous research. The four skills in the bottom dashed box were 

integrated to create the Induce Rules Geometric skill as well. Therefore, the structure of ACED 

was simplified to have nine skills, eight subskills and one general skill, as shown in Figure 2.9. 
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Figure 2.7. Original proficiency model for ACED (Geometric branch only). 
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Figure 2.8. Simplification procedure of the proficiency model for ACED (Geometric branch 

only). 

 

 

Figure 2.9.  Simplified proficiency model for ACED data set (Geometric branch only). 
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In this dissertation, the proficiency model contains one overall Solve Geometric Problem 

skill (general skill or ability) with eight subskills as shown in Figure 2.9. The general skill is 

hierarchically related to the eight subskills, and the eight subskills are conditionally independent 

given this overall skill. The general skill does not appear in the Q-matrix and is conditionally 

independent of item responses given the other eight subskills. The skills in this data set have 

three levels: low, medium, or high. The 63 tasks are nested within 11 evidence models, which 

represent 11 unique Q-matrix patterns (see Table 2.7). Every evidence model except for the tenth 

one has six items. The tenth evidence model has three items. The first four evidence models 

contain only items with simple structures; each of these evidence models measures only one skill, 

from Skill 1 to Skill 4. The tasks within each evidence model have three difficulty levels that are 

evenly distributed: easy, medium, and hard. The observable response scores are dichotomous: 

right or wrong. For each item with a complex structure, one skill is defined as primary and the 

rest of the skills are defined as relevant (Shute et al., 2008). 

 

Table 2.7  

The evidence-model-level Q-matrix of the ACED data set 

 

 

 ** indicates the skill is primary to the items; * indicates the skill is relevant to the items. 

 

  

Extend 
Common 

Ratio
Example Visual Table 

Distinguish 

Types
Model 

Induce 

Rules 

1 * 0 0 0 0 0 0 0

2 0 * 0 0 0 0 0 0

3 0 0 * 0 0 0 0 0

4 0 0 0 * 0 0 0 0

5 0 0 0 * ** * 0 0

6 0 0 0 * 0 ** 0 0

7 0 0 0 * * 0 ** 0

8 0 0 0 0 * 0 ** 0

9 0 0 0 * 0 0 ** 0

10 0 0 0 * * * 0 **

11 0 0 0 * * * * **

Skill
Evidence 

model 
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CHAPTER THREE 

 

RESEARCH METHODS 

 

A simulation study and an application of GDMs and Bayesian networks to a real test data 

set were conducted in this dissertation research. GDMs and Bayesian networks were compared 

by using both methods to analyze a common test data set from the ACED study (Shute et al., 

2008). Also simulated data were created based on the structure of the ACED data set. The 

simulation study followed the ECD framework using the two-stage procedure corresponding to 

(a) the proficiency model, and (b) the evidence model in data generation and data estimation. In 

the simulation study, I investigated the interplay of four factors that are involved in the data 

generation or estimation. The four manipulated factors are listed below: 

1. The statistical models used for data generation. The first factor consists of two 

statistical models that were used in the data generation: (a) the GDM and the Bayesian 

network. In the data generation using the GDM, a higher-order latent trait model was 

used to create the person profiles (de la Torre et al., 2004). This model is a special case of 

GDM. These person profiles were substituted into a GDM equation to generate the 

observed responses in the evidence model. In the data generation using the Bayesian 

network, a Bayesian network was used to create person profiles in the proficiency model. 

The person profiles were substituted into another Bayesian network to produce the 

observed outcomes for the evidence model. 

2. Sample size. The sample size factor contains two levels: a large sample size,        

and a small sample size,      . The latter is equal to the sample size of the ACED 

data set.  

3. Test length. Two different test lengths were used. The first was set to be equal to the 

number of items in ACED Geometric series,       and the second was about half of the 

length of the empirical data set,     .  

4. The estimation approaches used in the evidence and proficiency models. Each data 

set, whether it was generated from the GDM or the Bayesian network, was fitted to both 

models. This factor allowed me to examine what happened when the data-generation and 

data-analysis models were the same or different. When the analysis model was a 

Bayesian network, the parameters were estimated using a MCMC algorithm which 
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simultaneously estimated proficiency profiles and evidence-model parameters. In contrast, 

when the analysis model was a GDM, a two-stage estimation procedure was used. In the 

first stage, a higher-order general ability (not shown in the Q-matrix) was not estimated. 

A second-stage estimation procedure was used to estimate the general ability. At the first-

stage proficiency profiles of subskills were estimated and in the second stage they were 

used to estimate a general ability. In the second stage, subskill scores obtained from stage 

one were analyzed using a PCM that is a special case of a GDM. Both stages employed 

the EM algorithm to find the parameter estimation.  

 

Crossing the different levels of the first three factors yielded            data-

generation conditions, and then each data set was fitted by both the GDM and the Bayesian 

network, a total of         conditions in this simulation study. Table 3.1 lists these 

controlled factors and their levels. 

 

Table 3.1  

The manipulated factors in the simulation study 

 

 

 

The steps in the simulation study are listed below:  

1. Draw the true parameters. All the true parameters were created before the data 

generation was conducted. One set of random values of the parameters for every 

model was used in all runs. The short test lengths need fewer item parameters. 

2. Generate data. A statistical model (the GDM or the Bayesian network) was chosen 

and a two-stage procedure was used to create data. The GDM was used for half of the 

simulation conditions and Bayesian network for the other half. 

Factor level Number of levels

GDM

Bayesian network

Large: 1000

Small: 230

Long: 63

Short: 30

GDM

Bayesian network
4

3

2

1

Factors

2

2

2

2Sample size

Statistical models for data generation

Statistical models for data estimation

Test length
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3. Estimate model parameters and person profiles. The data set was analyzed using 

both GDMs and Bayesian networks. 

4. Replicate this process. I repeated Step two to Step three 25 times and computed the 

model fit and parameter estimation for each data set. 

5. Compare model fit. I computed the means and standard deviations of the model fit 

and the indices of the precision and accuracy of the parameter estimates by condition. 

Then the results were compared by using tables and charts. 

The processes of the simulation study are demonstrated in Figure 3.1.  

 

 

Figure 3.1. Flowchart for the processes of the simulation study. 

 

Figure 3.2 is the plate plot which shows data generation and estimation procedures. The 

vectors  ,   ,     and    are the parameters that were generated before I ran replications. The 

vector   is the parameter of the distribution of student ability in the population and gives the 

prior distribution of general ability. When data sets were generated using the GDM, the vectors    are the skill threshold parameters in the proficiency model. For the data created using the 

Bayesian network,   and     are the parameters of the distributions of general skill and subskills. 

The vectors     are the item parameters and     are the parameters of the distributions for the jth 
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item’s parameters. In the simulation study, all the parameters were generated first. The GDM and 

the Bayesian network used different parameter values to generate person profiles in the 

proficiency model. The same item parameter values were used to create observed responses in 

the evidence model for each data set for both the GDM and the Bayesian network. The person 

profiles                     were unique for each data set. 

The data generation flows from high level to low level, while the data estimation flows 

from lower level to high level. For example, the generation for the skill k plate happens in the 

proficiency model, from higher-order general skill to subskills. It is estimated in the evidence 

model, which moves from the observed responses to the latent subskill. The overlap between the 

Person-i and Item-j plates corresponds to all the responses and their probabilities across all 

persons and items, which occurs in the evidence model. The item plate is related to the data 

generation and estimation across all items. The item parameters for the evidence model were first 

created and shared with all data sets. Within each condition, the simulation for all data sets used 

the same set of item parameters. In other words, the person profiles were randomly created for 

each data set, the person-i plate was varied across all data sets.  

 

 

 

 

 

 

  

 

Figure 3.2. The plate plot for the data generation and estimation procedures. 

 

This chapter describes the methodology from data generation to model estimation.  Each 

section follows the ECD framework that separates the procedures into the proficiency and 

evidence models. Section 3.1 describes the generation of the true parameters. Section 3.2 

describes the data-generation procedures. Section 3.3 discusses the data-estimation procedures. 

Section 3.4 presents the evaluation criteria for the recovery of the item parameters and person 
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profiles and the coherence between models. The evaluation criteria for the simulated and ACED 

data sets are then discussed. 

 

3.1 Generation of True Parameters 

 

The Q-matrices and the structure/combination function are the necessary elements for the 

GDM and the Bayesian network in the study. They determine which subskills exist and how 

these subskills impact the item responses. They were defined first. The item parameters and the 

parameters for the distribution of the person profiles are the model parameters in this study. They 

were defined before data generation and fixed for all conditions.  

For the proficiency model, the parameters for the distributions of the person profiles in 

GDMs specify the prior distribution for the general ability and the skill threshold parameters for 

each subskill. In Bayesian networks, they are the parameters for the prior distribution of the 

general skill, and each subskill distribution. For the evidence model, the item parameters in the 

GDM include the difficulty and discrimination parameters. In the Bayesian network the item 

parameters are used to generate CPDs for each item. The CPDs for the Bayesian network 

evidence model were computed by borrowing the item parameters from the GDM. This section 

describes: (1) the creation of the Q-matrices for the long and short test forms, (2) the selection of 

the structure function to define the configurations of skills influencing the item responses, (3) the 

generation of the skill threshold parameters for subskills in the GDM, (4) the creation of the 

parameters for the distribution of person profiles in the Bayesian network, (5) the generation of 

the item difficulty parameter for each item, (6) the creation of the item discrimination parameters, 

and (7) the generation of the CPDs for the items. 

  

3.1.1 The Q-Matrix 

The Q-matrices in the simulation study were created based on the simplified Q-matrix of 

the Geometric branch of the ACED data set as shown in Table 2.7. It contains eight subskills,          . Each subskills is defined as relevant, primary, or irrelevant to each item. An item 

was classified as a simple-structure item or a complex-structure item according to the number of 

skills measured by the item. If an item only measures one skill, it is a simple-structure item; the 

skill is relevant to the item. Each item that measures more than one skill, with one skill being 
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defined as a primary skill and the rest being defined as relevant or irrelevant skills, is a complex-

structure item.  

The evidence-model-level Q-matrix for the long test form is the same as that in Table 2.7. 

It contains 11 rows, which represent 11 evidence models, each of these is used by between three 

to six different items that follow the ACED design. The items for each evidence model come in 

“easy”, “medium”, and “hard” variants. The symbol with two stars indicates a primary skill, and 

one star represents a relevant skill. Evidence models (EM) one through four only contain simple-

structure items where each item only measures one skill. The evidence-model-level Q-matrices 

for the two test forms are shown in Table 3.2. The second and third columns show the evidence 

model and item numbers for the long test form. The long test contains 11 evidence models and 

63 items built according to these evidence models.  

 

Table 3.2  

The evidence-model-level Q-matrix of the simulated data for the long and short test forms 

 

 

Note. EM represents the evidence model in this table. ** indicates the skill is primary to the 

items; * indicates the skill is relevant to the items. 

 

The fourth and fifth columns show the form of the short test, which has ten evidence 

models and 30 items. The blank cells indicate that the short test does not include the 

corresponding evidence model or items. So Evidence Model 10 was not used in the short test 

form. As shown in Table 3.2, the short test also measures eight subskills and the remaining 

evidence models are exactly the same as those in the long test form but with half the number of 

items. This design explored the impact of test length on the precision and accuracy of the 

Item 

type EM Item EM Item Skill 1 Skill 2 Skill 3 Skill 4 Skill 5 Skill 6 Skill 7 Skill 8

1  1~6 1 1~3 * 0 0 0 0 0 0 0

2  7~12 2 4~6 0 * 0 0 0 0 0 0

3  13~18 3 7~9 0 0 * 0 0 0 0 0

4  19~24 4 10~12 0 0 0 * 0 0 0 0

5  25~30 5 13~15 0 0 0 * ** * 0 0

6  31~36 6 16~18 0 0 0 * 0 ** 0 0

7 37~42 7 19~21 0 0 0 * * 0 ** 0

8  43~48 8 22~24 0 0 0 0 * 0 ** 0

9  49~54 9 25~27 0 0 0 * 0 0 ** 0

10  55~57 0 0 0 * * * 0 **

11  58~63 11 28~30 0 0 0 * * * * **

Complex 

structure 

item

Long test form Short test form Skill

Simple 

structure 

item
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estimation. In each evidence model, one third of the items are easy, one third are medium, and 

the rest are hard. 

In this study, the evidence-model-level Q-matrices direct the creation of the item 

discrimination parameters. In the computation, two item-level Q-matrices were used. There are 

two values for the elements in the item-level Q-matrices. If the subskill is relevant to or primary 

to the item, the element      , otherwise,      . The item-level Q-matrices for the two test 

forms are shown in Table 3.3.  

 

Table 3.3  

The item-level Q-matrix of the simulated data for the long and short test forms 

 

 

Note. The numbers in the parentheses are the evidence-model numbers and numbers of items for 

the short test form. 

 

The first two columns show the evidence-model numbers and item numbers. Those 

numbers for the short test form are given in the parentheses. Compared to the Q-matrix for the 

Evidence

model Skill 1 Skill 2 Skill 3 Skill 4 Skill 5 Skill 6 Skill 7 Skill 8

1(1) 1 0 0 0 0 0 0 0

2 1 0 0 0 0 0 0 0

3(2) 1 0 0 0 0 0 0 0

4 1 0 0 0 0 0 0 0

5(3) 1 0 0 0 0 0 0 0

6 1 0 0 0 0 0 0 0

…
31(16) 0 0 0 1 0 1 0 0

32 0 0 0 1 0 1 0 0

33(17) 0 0 0 1 0 1 0 0

34 0 0 0 1 0 1 0 0

35(18) 0 0 0 1 0 1 0 0

36 0 0 0 1 0 1 0 0

…
55 0 0 0 1 1 1 0 1

56 0 0 0 1 1 1 0 1

57 0 0 0 1 1 1 0 1

58(28) 0 0 0 1 1 1 1 1

59 0 0 0 1 1 1 1 1

60(29) 0 0 0 1 1 1 1 1

61 0 0 0 1 1 1 0 1

62(30) 0 0 0 1 1 1 0 1

63 0 0 0 1 1 1 1 1

Skill

1(1)

6(6)

10( )

11(11)

Item
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long test form, this form retains the first, third, and fifth items in the evidence models. It contains 

half the number of items in each corresponding evidence model, and does not include any items 

from the tenth evidence model in the long test form. The same Q-matrices were used in the data 

generation and estimation because the Q-matrices for the GDMs correspond to the edges in the 

Bayesian networks. Thus there are only two Q-matrices:  one for the short test and one for the 

long test.   

 

3.1.2 The Structure Function 

 The structure function models the configurations of proficiency variables influencing the 

item response. The compensatory structure function was employed in this study. The weighted 

mean of the item relevant skills determined the probability of getting a correct item response. 

The structure function is defined as     (     )  ∑                          (3.1) 

where  (     ) is the inner product of vectors    and   .The    is the entry of the Q-matrix for 

Item j,    is the person profile for the ith student, and     is the discrimination parameter vector 

for Item j. The weighted sum of the student’s subskills determines the item response in this 

simulation study. For example, if an item measures three subskills, the three different subskills 

then combine into one entity using the structure function (3.1) for each student.  

 

3.1.3 The Skill Threshold Parameters for the GDM Proficiency Model 

 The continuous higher-order general ability in the GDM was drawn from a standard 

normal distribution, where the parameters of the distribution for general ability are     and      or        . The probability of each subskill being in each level was calculated using a 

Rasch-type PCM. Therefore, the item parameters for the GDM proficiency model are the skill 

threshold parameters. These skill threshold parameters were randomly drawn from the normal 

distributions: (1)                and            for easy skills, (2)            and               for moderate skills, and (3)              and            for hard skills. I also 

made a constraint:        , for all k. 

For the purposes of the simulation, Skills 1 and 2 are easy skills, Skills 3 through 6 are 

medium skills, Skills 7 and 8 are hard skills. Table 3.4 gives the true skill threshold parameters in 

the proficiency model for the data generation using the GDM. Table 3.5 shows the correlations 
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between skills that were created using the parameters in Table 3.4. Each subskill is moderately 

correlated to the higher-order general skill. The subskills are weakly correlated. 

 

Table 3.4  

The true skill threshold parameters for the proficiency model in the GDM 

 

 

 

 

Table 3.5  

The correlations between the proficiency variables given the skill threshold parameters in Table 

3.4 for the GDM 

 

 

 

 

3.1.4 The Parameters for the Bayesian-Network Proficiency Model 

 The probabilities of the higher-order general skill    being in each level are given by a 

Dirichlet distribution. The parameters are given by a vector:          . This distribution has a 

pseudo sample size of eight (2+4+2); compared to an even small sample size N = 230, this is not 

a very strong prior distribution. This distribution shows that approximately 25%, 50%, and 25% 

of examinees are in the low, medium, and high levels respectively. The eight subskills have three 

Skill Level

1 Easy -0.78 -0.30

2 Easy -0.95 -0.39

3 Medium -0.40 0.02

4 Medium -0.13 0.61

5 Medium -0.23 0.45

6 Medium 0.05 0.35

7 Hard 0.70 0.96

8 Hard 0.63 1.19

Step Parameter

Skill 1 Skill 2 Skill 3 Skill 4 Skill 5 Skill 6 Skill 7 Skill 8

Skill 2 0.31

Skill 3 0.32 0.31

Skill 4 0.31 0.30 0.32

Skill 5 0.31 0.30 0.32 0.32

Skill 6 0.31 0.31 0.32 0.32 0.32

Skill 7 0.28 0.28 0.30 0.30 0.31 0.31

Skill 8 0.28 0.27 0.29 0.30 0.30 0.30 0.30

General ability 0.55 0.54 0.56 0.55 0.56 0.56 0.53 0.53
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levels: easy, medium, and hard. When their parent skills are in the low, medium, and high levels, 

the probabilities for each subskill being in the low, medium, or high level are also drawn from 

Dirichlet distributions. The parameters of these distributions are given in Table 3.6, where 

pseudo sample sizes are set to 10. These distributions are adjustable based on the updated 

information or expert opinion. Given the probabilities, the multinomial distribution was used to 

assign the states for skills.  

The properties of these parameters were illustrated by computing the correlations and 

distributions of simulated skills. Table 3.7 shows the correlation matrix between skills, where the 

data were created using the parameters in Table 3.6 with a large sample size N = 100,000. 

Figures 3.3 and 3.4 show the distributions for all the skills.  

 

Table 3.6  

The parameters of the distributions of subskills given parent variable 

 

 

 

 

Table 3.7  

Correlations between skills created using the parameters in Table 3.6 

 

 

 

Table 3.7 shows that the subskills are weakly correlated to each other, and each subskill 

moderately correlates to the higher-level general ability. In Figures 3.3 and 3.4, the x-axis 

Easy Skill(1,2) Medium Skill(3-6) Hard Skill(7,8)

π.|L Dirichlet(2,5,3) Dirichlet(6,3,1) Dirichlet(7,2,1)

π.|M Dirichlet(2,3,5) Dirichlet(1,6,3) Dirichlet(3,5,2)

π.|H Dirichlet(1,2,7) Dirichlet(1,3,6) Dirichlet(2,3,5)

Distribution 
Parameter

Skill 1 Skill 2 Skill 3 Skill 4 Skill 5 Skill 6 Skill 7 Skill 8

Skill 2 0.05

Skill 3 0.11 0.11

Skill 4 0.11 0.11 0.25

Skill 5 0.11 0.11 0.25 0.25

Skill 6 0.11 0.11 0.25 0.24 0.25

Skill 7 0.10 0.09 0.20 0.20 0.20 0.20

Skill 8 0.09 0.10 0.20 0.20 0.20 0.20 0.17

General skill 0.23 0.23 0.48 0.48 0.48 0.48 0.41 0.41
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represents skill level, and the y-axis represents frequency. All axes were set to be equal so all 

plots can then be compared. Figure 3.3 shows the distribution of the higher-order general skill 

for all students. In regard to the general skill, approximately half of the students are in the middle 

level, and the other half are evenly distributed in the low and high levels.  Figure 3.4 shows the 

distributions of all the subskills as well as their difficulty levels. The bar plots in Figure 3.4 show 

that (1) more students are in the high level for easy skills (Skills 1 and 2), (2) more student are in 

the middle level for medium skills (Skills 3 through 6), and (3) more students are in the low or 

middle level for hard skills (Skills 7 and 8).  

 

 

 

Figure 3.3. Population distribution for the higher-order general skill in the proficiency model 

given the prior distributions in this study. 

 

 

Given the examinees’ general ability status, the distributions of subskills are shown in 

Figures A.2 (a) through A.2 (c) in Appendix A. Given low general ability, more students are in 

the low level for each subskill as shown in Figure A.2 (a). In addition, more students shift to the 

low level as the difficulty level of the subskill increases. Figures A.2 (b) and A.2 (c) show that as 

general ability increases, more students are in the high or middle levels for each subskill. These 

distributions indicate that students with high general skill tend to have high levels of subskills. 
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Figure 3.4. Population distributions of the subskills given the prior and likelihood distributions 

in this study. 

 

 

3.1.5 The Difficulty Parameters 

 The difficulty parameters were randomly drawn from normal distributions with the 

means and variances given by the parameter vectors   . The vector    determines the 

characteristics of Item j. The variances are equal to one for all difficulty parameters. Different 

mean values represented the difficulty levels: (a)            for easy items; (b)           

for moderate items; and (c)           for hard items. The proportions of items in each 

difficulty level are equal to those in the ACED design. There are one third easy items, one third 

medium items, and one third hard items. 

 

3.1.6 The Discrimination Parameters  

The discrimination parameters were generated using two steps. First I drew the random 

values         from the truncated normal distribution with a variance of 0.3. The mean is equal 

to 1.5 for primary skills or 1 for relevant skills: (a)                         if Skill k is primary 
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to Item j, with lower bound 0.5 and upper bound 2; and (b)                         if Skill k is 

relevant to Item j, with lower bound 0.5 and upper bound 1.5. The random values were divided 

by√∑    to obtain the discrimination parameters, so           √∑    . The purpose of this 

transformation was to stabilize the variance so that the probability of getting a correct answer 

does not shift as the number of parent variables varies.  

Table 3.8 shows the evidence model, item discrimination and difficulty parameters, and 

item difficulty levels for Evidence Models 1, 6, 10, and 11 of two simulated test forms. In each 

evidence model, there are two (or one) items in each level for the long test form. There is one 

item in each level for the short test form in each evidence model. The complete table, containing 

11 evidence models and 63 items, is included in Appendix A. The numbers in the parentheses are 

the evidence model number or item numbers for the short test form.  

 

Table 3.8  

Evidence model, true item parameters, and item difficulty levels for Evidence Models 1, 6, 10, 

and 11 of the simulated test forms  

 

 

Note. The numbers in parentheses are the evidence-model number and item numbers for the 

short test form. 

 

Evidence Difficulty

model γ1 γ2 γ3 γ4 γ5 γ6 γ7 γ8 β Item level

1(1) 1.22 0 0 0 0 0 0 0 -0.74 Easy

2 0.81 0 0 0 0 0 0 0 -1.12 Easy

3(2) 1.45 0 0 0 0 0 0 0 -0.63 Medium

4 1.30 0 0 0 0 0 0 0 -0.19 Medium

5(3) 0.57 0 0 0 0 0 0 0 0.61 Hard

6 0.87 0 0 0 0 0 0 0 0.85 Hard

…
31(16) 0 0 0 0.80 0 1.11 0 0 -0.96 Easy

32 0 0 0 0.92 0 0.98 0 0 -1.16 Easy

33(17) 0 0 0 0.89 0 0.92 0 0 -0.25 Medium

34 0 0 0 0.75 0 1.31 0 0 -0.07 Medium

35(18) 0 0 0 0.53 0 1.12 0 0 1.05 Hard

36 0 0 0 0.70 0 1.05 0 0 1.02 Hard

…
55 0 0 0 0.64 0.37 0.51 0 0.83 -1.13 Easy

56 0 0 0 0.58 0.38 0.65 0 0.58 0.10 Medium

57 0 0 0 0.68 0.5 0.39 0 0.73 1.21 Hard

58(28) 0 0 0 0.28 0.37 0.50 0.61 0.5 -0.89 Easy

59 0 0 0 0.30 0.48 0.47 0.52 0.56 -0.71 Easy

60(29) 0 0 0 0.34 0.53 0.39 0.61 0.54 0.37 Medium

61 0 0 0 0.46 0.65 0.40 0.36 0.76 0.18 Medium

62(30) 0 0 0 0.54 0.36 0.55 0.27 0.74 1.00 Hard

63 0 0 0 0.57 0.58 0.33 0.56 0.64 1.00 Hard

6(6)

11(11)

10( )

Dscrimination Parameters

1(1)

Item
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3.1.7 The CPDs for the Bayesian-Network Evidence Model 

 The Q-matrices in Table 3.3 provide the graphical structures for evidence models in the 

Bayesian network, where       corresponds to an edge from the proficiency variable to the 

item, otherwise there is no edge. The    in the probability                in Equation (2.4) is a 

set of discrete skills given by this graphical structure,                  , where     has 

three levels: -1, 0, and 1. The probability                can be obtained from any measurement 

model in a Bayesian network, so the conditional probabilities of the evidence models can be 

calculated using specific measurement models or assigned in terms of previous research. In this 

work, Equation (2.2), one of the GDMs, was used to calculate the probabilities in the CPTs for 

the evidence models in the Bayesian network. Its structure function has the form of Equation 

(3.1). The parameters in the equation came from Table A.1 in Appendix A.  

Since each skill has three levels, each item has a CPT with     rows, where    is the 

number of parent skills for Item j and the sum of each row is equal to 1. For example, Item 31 

(16) measures two skills: Skill 4 and Skill 6, so                              ; there are         possible person profiles as shown on the left side of Table 3.9. As given in Table 

3.8, the true parameters are           ,           , and          .  If an examinee has 

high levels of Skill 4 and Skill 6, and all of the information is substituted into Equation (2.2), 

then       , which is the probability of getting a score of 1 for Item 31 in the CPT with                and              as shown in the first row of Table 3.9. The probability of 

getting an incorrect response given                and              is equal to 0.06 (1 - 0.94). 

Note that the sum of the probabilities in each row is equal to 1 indicating all possible states given 

the parent status. Table 3.9 is a CPT that shows the CPDs for Item 31, where nine rows represent 

all possible combination values of the two parent skills.  

 Each item has one CPT with the number of rows varying from 3 to 243 (         and           , where    is the number of parent skills for the item), which contains the 

probabilities given all possible combinations of the item’s parent skills. Given the examinee’s 

skill profiles, the corresponding row of the CPT gives the probability of obtaining a correct or 

incorrect answer to the item. 
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Table 3.9  

The conditional probability table (CPT) for Item 31(16) 

 

 

 

 

3.2 Data Generation 

 

 The data generation procedure followed the ECD framework, which flowed from the 

higher-order models to the lower level models. Stage 1 generated person profiles for the 

proficiency model. Stage 2 generated observed responses for the evidence model.  In each stage, 

the GDM calculates the probability using a specific formula (i.e., Equation (2.2)), while the 

probabilities in the Bayesian network are provided by the CPTs. This section provides a detailed 

description of data generation in the proficiency and evidence models. Sections 3.2.1 and 3.2.2 

discuss the data generation procedure for true person-skill profiles in the proficiency model using 

the GDM and the Bayesian network, respectively. Section 3.2.3 presents the data generation 

procedure for the observed responses in the evidence model using the GDM from the person 

profiles obtained in Section 3.2.1. Section 3.2.4 describes the data generation procedure in the 

evidence model using Bayesian networks from the person profiles obtained in Section 3.2.2. 

 

3.2.1 Data Generation for the GDM Proficiency Model 

 The subskills in the simplified ACED model are conditionally independent given the 

overall Solve Geometric Problem skill. All the skills are ordered categorical variables, in which 

each skill can take three values: -1, 0, and 1. These three values represent low, medium, and high 

Skill 4 Skill 6 1 0

Item 31 High High 0.94 0.06

Item 31 High Medium 0.83 0.17

Item 31 High Low 0.60 0.40

Item 31 Medium High 0.87 0.13

Item 31 Medium Medium 0.66 0.34

Item 31 Medium Low 0.36 0.64

Item 31 Low High 0.71 0.29

Item 31 Low Medium 0.42 0.58

Item 31 Low Low 0.18 0.82

Response scoreParent skill
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levels, respectively. The correlational relationships among all subskills are accounted for by only 

one general ability. For this case, eight subskills measure one overall general ability as shown in 

Figure 2.9. Given the general ability, a higher-order latent trait model was employed to provide 

the probability for each subskill being in each state.   

3.2.1.1 The statistical procedures used to create data in the GDM. The continuous 

general ability   for each examinee was drawn from the standard normal distribution,         . 

The eight subskills are conditionally independent given the general ability  , thus         ∏              . In the higher-order latent trait model, the status of each subskill was determined 

by its high-level proficiency variable, that is, the continuous ability  . The probability for each 

subskill taking on each state for an examinee was computed using a PCM, which is a special case 

of the GDM. The three scores were -1, 0, and 1. The probabilities of Skill k for the i
th

 examinee 

being in medium or high level,      and      , were calculated as follows:                      ∑               ∑    ∑                   .             (3.2) 

where          and the      are the skill threshold parameters given in Table 3.4. Note that        is the score for the first level, so                  ∑    ∑                  ,  and       is the second level score, and not the lowest level. Then the categorical distribution was 

used to assign the value for    ,                                           , where i ranges 

from 1 to N. The N is the sample size, which is equal to 1000 or 230 in this study. 

 

3.2.2 Data Generation for the Bayesian-Network Proficiency Model  

In the Bayesian network, the proficiency variables are             , where         

correspond to the eight subskills identified in the Q-matrix in Table 3.3. Skill    is the parent of 

subskills         and is not directly related to the items and is not shown in the Q-matrix. The 

distribution for Skill    is           The DAG of the proficiency model is shown in Figure 2.9. 

Given the overall skill, the subskills are conditionally independent, thus the proficiency model  

for Figure 2.9 was factored as follows:                                             . 

The prior distribution           and the conditional probabilities            were drawn 

from Dirichlet distributions with three categories. For the high-level proficiency variable, the 

probabilities of the general skill    being in each of the three levels were drawn from a Dirichlet 



 

46 

 

distribution           . Given the parent skill status, the probabilities of each subskill being in 

the low, medium, or high levels were drawn from Dirichlet distributions with the parameters 

shown in Table 3.6. Given the probabilities, the skill level for each of an examinee’s skills was 

created from a categorical distribution,                 (                 )                   where         and        represent the probabilities of Skill k of the i
th

 examinee being 

in the medium or high levels, respectively, given the general skill level,   . 

 

3.2.3 Data Generation for the GDM Evidence Model 

After the skill profile for each examinee (the true values of their proficiency variables) 

was created, the GDM with eight skills was used to formulate the probabilistic relationship 

between the proficiency and the observed variables or responses, which is the statistical part of 

the evidence model in the ECD framework. In this study, the probability of getting a correct 

response was computed by using a specific case of Equation (2.2). The structure function was 

given by Equation (3.1), which computed the weighted sum of        for all ks representing the 

compensatory combination rule among skills. The weights were the item discriminations given 

by Table 3.8. In this situation, the GDM worked similarly to a discrete IRT model with     ability levels, where    is equal to the number of skills that Item j measures. After combining 

two equations the formula used to compute the probability is as follows:     (                 )       ∑                         ∑                   .   (3.3) 

Once the probability   of getting a correct answer was obtained, the response score was assigned 

using the Bernoulli distribution,                 .  

 

3.2.4 Data Generation for the Bayesian-Network Evidence Model 

In the data generation procedures based on the Bayesian, the probabilities are given by 

the CPT for each variable. Therefore, in each data generation step the CPD for each variable was 

first obtained by looking up its CPT. Then, the variable value for each data point was assigned 

according to the CPD. In this simulation study, the Bernoulli distribution was used to assign the 

response score for the examinee after the probabilities were obtained from the CPTs. 
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3.3 Parameter and Proficiency Estimation 

 

The purpose of data estimation procedure is to find values for all of the item parameters 

and proficiency variables. Data generated using either the GDM or the Bayesian network were 

fitted with both models. This design aims to investigate the performance of the GDM and 

Bayesian network procedures in the estimation. I used a two-stage procedure in the data 

estimation for the GDM. Stage 1 estimated the item parameters and proficiency profiles in the 

evidence model and Stage 2 was the estimation involved in the proficiency model. The Bayesian 

network estimated both the item parameters and proficiency profiles of the evidence and 

proficiency models simultaneously. Section 3.3.1 describes the parameter and proficiency 

estimation procedures using the GDM. Section 3.3.2 discusses the parameter and proficiency 

estimation procedures using the Bayesian network. 

 

3.3.1 Parameter and Proficiency Estimation Based on the GDM 

The GDM estimated the parameters in the evidence model and in the proficiency model 

separately. For each data set, a two-stage procedure was conducted for the data estimation using 

the GDM. Stage 1 involved data estimation in the evidence model. In Stage 2, I estimated an 

overall ability by fitting a PCM type of GDM with the eight subskills’ scores obtained from 

Stage 1 as polytomous response scores.  

3.3.1.1 Parameter estimation for the GDM evidence model. In the first stage, each 

data set was fitted to a GDM with eight skills, where both item parameters and person profiles of 

eight subskills were estimated using the EM algorithm via the software MDLTM with a 

multidimensional discrete 2PL model. Both discrimination and difficulty parameters were 

estimated for each item. A person profile with eight subskills was assigned to each examinee.  

3.3.1.2 Parameter estimation for the GDM proficiency model. Since the overall 

higher-order skill was not estimated in Stage 1, an additional discrete PCM was used to estimate 

the overall skill, where one overall ability (construct) was measured by eight ordinal subskills 

that play the role of observed variables with three categories in the model. For the continuous 

general ability in the data created using the GDM, the GDM approximated the general skill by 

fitting a discrete PCM with 61 levels ranging from -3 to 3. For the discrete general ability in the 
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data created using the Bayesian network, the GDM fitted the data with a discrete PCM with three 

levels: -1, 0, and 1. 

  

3.3.2 Parameter and Proficiency Estimation for the Bayesian Network 

A two-level-Bayesian-network model was fitted to each data set. The item parameters 

and person profiles in the proficiency model and the evidence model were analyzed 

simultaneously using the program JAGS (Just Another Gibbs Sampler; Plummer, 2011). For the 

evidence model, the Q-matrix is the representation of the DAG. Given the number of skills and 

items in this study, the graphical representation of the evidence model is too complex to be 

shown in its entirety. Figure 2.9 shows the DAG of the proficiency model.  

For the evidence models, the Bayesian network fitted a model with eight discrete skills to 

estimate the item parameters and person profiles. For the proficiency model, the Bayesian 

network estimated a continuous general skill for the data created using the GDM. The Bayesian 

network also estimated a discrete general skill for the data created using the Bayesian network 

itself. 

The prior distributions were set with continuous theta, with         . The discrete theta   was drawn from the categorical distribution with                    . The prior 

distributions for the skill threshold parameters in the proficiency model were as follows:              and           for the easy skills,           and             for the 

medium skills, and             and           for the hard skills. The item parameters were 

drawn from:         , and            with lower bound of 0.1. 

Three Markov chains were drawn in the estimation. The different initial values were set 

to allow the sampling to start from different locations. The three chains started from low, 

medium, and high levels for the continuous parameters. For the discrete theta ( ), the initial 

values were randomly drawn from categorical distributions with probabilities from the Dirichlet 

distribution given above. One thousand iterations of burn-in were used for each run. An 

additional 1,000 iterations were run to obtain samples for posterior inferences. The thinning rate 

was set to 5 for the case with the large sample to save memory and computation time. That is, I 

only kept every 5
th

 sample (a total of 200 samples out of 1000 samples) in order to save 

computer storage or plotting time. Besides the history and density plots drawn to check the 

convergence of the estimation, the percentages of R-hat values greater than 1.2 were calculated. 
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The R-hat is the ratio of the total variance to the mean of within variances of three chains. The 

values of R-hat should be less than 1.2 (recommended by Gelman, 1996) or 1.1 (default value of 

JAGS) if the chains converge.  

For the discrete parameters, the mode of the posterior samples for each skill was reported 

as the point estimate. The modes of eight subskills (         were reported for the data 

generated using the GDM, and eight subskills plus one general skill, (            for the data 

generated using the Bayesian network. The R packages “coda” and “modeest” were used to 

calculate the mode of the parameter distribution of each skill. The means, standard deviations 

(standard error), and 2.5% and 97.5% thresholds of the credible intervals of the posterior samples 

were reported as the point estimates for continuous parameters, which included the   (for data 

created using the GDM),   ,   , and   . A credible interval is a Bayesian probability interval 

and is the analogue of a confidence interval. A 95% credible interval is based on the Bayesian 

method, in which the probability of the parameter being in a 95% credible interval is 95%. A 95% 

confidence interval is based on the frequentist method and approximately 95% of the computed 

95% confidence intervals will cover the true parameter with a large number of repeated samples. 

The credible intervals incorporate prior information into the estimate, while confidence intervals 

are based on solely on the data (Carlin & Louis, 2000).                                

The estimates from the GDM and the Bayesian network had different steps as noted 

above. They also had different estimation algorithms. The estimates based on the GDM were 

obtained through the expectation-maximization (EM) algorithm. The estimates in the Bayesian 

network were computed using the Markov chain Monte Carlo (MCMC) method. The rationales 

of the EM algorithm and the MCMC approach are described in the next two sections. 

 

3.3.3 The Expectation-Maximization (EM) Algorithm 

The parameter estimates for the GDM are based on the Expectation-Maximization (EM) 

algorithm (Neal & Hinton, 1998). The EM algorithm is usually used to estimate the model 

parameters of statistical models involving latent variables or data with missing values. The EM 

procedure includes two steps: (a) An expectation (E-) step and (b) A maximization (M-) step. 

The E-step aims to find the expectation function of the log-likelihood of the complete data, given 

current parameter estimates and observed data. The complete data include the observed data and 

unknown data. The M-step then finds the parameters that maximize the expectation obtained in 
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the E-step. Then the parameter estimates from the M-step are used to determine the distribution 

of the latent variables in the next E-step. The two steps are iterated until pre-specified 

convergence criteria are met; each iteration is guaranteed to increase the log-likelihood. The EM 

algorithm should converge to a local maximum of the likelihood function, which may or may not 

be a global maximum of the likelihood function. The EM algorithm finds the maximum 

likelihood estimates (MLEs) or maximum a posteriori (MAP) estimates of the model parameters.  

 

3.3.4 The Markov Chain Monte Carlo (MCMC) Algorithm 

Parameter estimates for the Bayesian networks are based on the MCMC algorithm. 

Instead of computing point estimates for the parameters, MCMC estimation approximates the 

posterior distribution of the parameters by constructing Markov chains whose stationary 

distribution is the desired posterior distribution. The state of the chain after a large number of 

steps converges to the stationary distribution within an acceptable error, so a “burn-in” step in 

the MCMC method removes the effects of the initial sampling values (before stationarity is 

achieved) and then the remaining samples should be from the stationary distribution. These 

samples are treated as a sample of the posterior distribution and are used to draw the statistical 

inferences for the posterior distribution, e.g., inferences about its mean and variance. For an 

overview of MCMC, refer to Gelman, Carlin, Stern, and Rubin (2003) and Geyer (1992). 

MCMC alternates between imputing values for latent variables and sampling (rather than 

maximizing) values for parameters. The MCMC explores the entire distribution.  In particular, if 

there are multiple modes it may fail to mix well (e.g., multiple chains might get “stuck” with 

different modes). With the EM algorithm, we may find either a global or a local maximum 

(mode), but unless we start from multiple places, we may never know whether it is a local or 

global maximum.  

 

3.4 Evaluation Criteria 

 

In this study, each data set, whether it was created using a GDM or a Bayesian network, 

was analyzed using both approaches. This section discusses the criteria for (a) the recovery of the 

item parameters for the GDM and the Bayesian network in the simulation study, (b) the 

agreements of person profile assignments between the estimated and true values, and the 
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estimates from two models, (c) the consistency of the estimates of item parameters between two 

models for the ACED data set, and (d) the agreement of the person skill assignment between the 

estimates from two models for the analysis of the ACED data. Section 3.4.1 discusses the criteria 

for the simulation study. Section 3.4.2 describes the criteria for the ACED test data analysis. 

 

3.4.1 The Evaluation Criteria for the Simulation Study 

For each condition, 25 data sets were randomly created and parameter values and 

proficiency profiles for each data set were estimated using the GDM and the Bayesian network. 

This study reports the results by condition for (1) the means for the model fit indices; and (2) the 

means and standard deviations for (a) the indices of accuracy and precision of estimates for item 

parameters, and (b) the agreement of person profile assignment between estimates and true 

scores and between the estimates from two models.  

3.4.1.1 The model fit indices. Three indices of the goodness-of-model-fit for each model 

were reported and compared: the AIC (Akaike information criterion; Akaike, 1974), the BIC 

(Bayesian information criterion; Schwarz, 1978), and the DIC (deviance information criterion; 

Spiegelhalter et al., 2002).  

The AIC (Akaike’s Information Criterion) and the BIC (Bayesian Information Criterion) 

were reported for the GDMs. The AIC was calculated as                . The deviance is 

equal to twice the log-likelihood and computed using the MLE from the EM algorithm approach. 

The d is the number of free parameters in the model. The AIC is a likelihood penalization 

criterion, which includes a penalty for the number of parameters. 

The BIC was computed as                     , where d is the same as above, N 

is the sample size, and deviance is calculated the same way as for the AIC index. The penalty 

term in the BIC includes not only the number of parameters but also the sample size in the model. 

Its value is usually larger than AIC. 

For the AIC and BIC in this study, there exist two deviances: one is from the evidence 

model,            and the other is from the proficiency model,          . The AIC in the 

study was computed as                       . The BIC was computed as                           . The value of           is the deviance obtained from the 

evidence model. The parameters   and    are the total numbers of free parameters in the 

evidence and proficiency models. N is the sample size and is the same number in both models. 
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The DIC was computed as the goodness-of-model-fit index for the estimation using the 

Bayesian network. It has the mathematical formula,         ̅̅ ̅̅ ̅̅ ̅    . The     ̅̅ ̅̅ ̅̅ ̅ is the 

deviance and is equal to twice the log-likelihood. But it is different from the deviance in the AIC 

and BIC, and the     ̅̅ ̅̅ ̅̅ ̅ is calculated using the posterior mean. The variable   is the effective 

number of parameters in the model. Therefore, the DIC is also a likelihood penalization criterion. 

It is a balance between model fit and model complexity. In this paper, the DIC was not computed 

by JAGS since the likelihoods in the evidence model were given by discrete skills (some 

likelihoods depend on the discrete parameter skill vector   )). Therefore, half of the variance of 

the deviance was used as an alternative measure of the model complexity:               ̅̅ ̅̅ ̅̅ ̅   . Then         ̅̅ ̅̅ ̅̅ ̅         ̅̅ ̅̅ ̅̅ ̅     (    ̅̅ ̅̅ ̅̅ ̅)   The idea of using this alternative 

measure of complexity is suggested by Gelman et al. (2004) and Spiegelhalter et al. (1997). 

3.4.1.2 The indices of accuracy and precision for item parameter estimates. The 

accuracy compares the true parameters from the simulation with estimates of the parameters. The 

precision measures the consistency among the estimates. The indices and figures of the accuracy 

and precision of the item parameter estimates were reported for each condition. The indices of 

accuracy or precision were: (a) the means and standard deviations of the bias of the item 

parameters; (b) the means and standard deviations of standardized residuals; (c) the standard 

deviations of the estimates; (d) the mean percentages of 95% intervals covering the true values, 

computed using standard errors from the output for the GDM and the 2.5% and 97.5% thresholds 

of the credible intervals for the Bayesian network; and (e) the means and standard deviations of 

the minimum and maximum standard errors of the estimates. The figures illustrate whether the 

95% intervals drawn using the standard deviation among estimates covered the true values.  

The generating true value of the parameter and the estimate from the i
th

 data set were 

denoted as   and  ̂ , respectively. The empirical bias  ( ̂) was calculated as       ̂   , with 

mean of estimates  ̂     ∑  ̂  and the standardized residual (SR) defined as            ( ̂)   where 

    ( ̂)  √    ∑  ̂   ̂    is the standard deviation of the estimates. Three types of 95% 

intervals were considered in this study: (a) the 95% confidence intervals computed using the 

standard deviation among estimates,             ( ̂), (b) the 95% confidence intervals 

computed using the standard error from the GDM output,  ̂           ( ̂ ), and (c) the 95% 



 

53 

 

credible intervals for the estimates from the Bayesian network, using the 2.5% and 97.5% 

thresholds of credible intervals. The percentage of intervals covering the true values was 

calculated as: 
         , where n is the number of cases when       ̂       ( ̂ )         in the 25 

data sets in each parameter set and d is the number of parameters in each parameter set. The     ( ̂ ) is the standard error of estimate. The root mean squared error (RMSE) was defined as      ( ̂)  √    ∑  ̂     , which is another measure of parameter recovery and represents the 

degree of deviation of estimates from the true values. 

3.4.1.3 The indices of agreement for person profile assignment. The overall accuracy 

of the proficiency profile assignment for each condition was reported. The accuracy of the 

person profile compares the true profile from the simulation to estimates from each of the two 

models. The criteria for the correct proficiency profile assignment included the following: (a) 

weighted Cohen’s kappa (   for the discrete skills (Cohen, 1960; Fleiss, Levin, & Paik, 2003); (b) 

Goodman and Kruskal’s lambda     for the discrete skills (Goodman & Kruskal, 1954); and (c) 

the root mean squared errors (RMSE) between the estimates and the true values for the 

continuous skill.  

The weighted Cohen’s kappa was computed as:   ∑∑       ∑∑           ∑∑          , where ∑∑       is the weighted proportion agreement of the assignment observed, and ∑∑          is the weighted proportion agreement expected by chance and is determined 

according to the marginal distributions. Linear weights used in this study were:               , 

C is the total number of categories (in this case,    ). The weighted Cohen’s kappa is a 

measure of agreement to the ideal accuracy corrected for chance. The weighted Cohen’s kappa 

index was computed to measure (1) the agreement between estimates from each estimation 

model and true person profiles from the simulation and (2) the agreement between estimates 

from two statistical frameworks.  

The Goodman and Kruskal’s lambda was computed as:   ∑                          , which is a 

measure of proportional reduction in error coefficient, where ∑      is the overall probability of 

making a correct classification after I took into account the classification approach, and           is the probability of correct classification if all subjects are simply classified into the 
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category with the largest frequency without considering any classification variable. The lambda 

(  ) represents the extent to which the model improves the estimates associated with simply 

assigning the examinees into the modal category group. The lambda (  ) was computed to 

indicate the quality of the estimation of the GDM and the Bayesian network, respectively. The 

root mean squared error (RMSE) is computed as:  ̂  √  ∑      ̂       . That is a measure of 

discrepancy between the true values    and estimates  ̂ .  
 

3.4.2 The Evaluation Criteria for the ACED Data Set  

The ACED data set was analyzed using the GDM and the Bayesian network. Both 

statistical models contain the discrete high-level skill as well as a continuous high-level skill. 

Both the original Q-matrix and simplified Q-matrices were fitted to the data set. For cases with 

the simplified Q-matrices, containing eight or nine subskills, four analyses were conducted for 

the ACED data set, (1) the GDM with discrete Solve Geometric Problem skill, (2) the GDM with 

continuous Solve Geometric Problem skill, (3) the Bayesian network with discrete Solve 

Geometric Problem skill, and (4) the Bayesian network with continuous Solve Geometric 

Problem skill. The AIC, BIC, and DIC from the different analyses were compared. For the 

condition with ten subskills, two Bayesian networks with the discrete or continuous Solve 

Geometric Problem skill were fitted to the data. The DICs were compared. For each matrix 

condition, the estimated parameters for the ACED data set from the two statistical frameworks 

were compared using figures.  

The agreement of the proficiency profile assignment for each skill was examined. The 

weighted Cohen’s Kappa (  ) was used to measure the agreement of the classification for each 

skill from the two models. For the model with a continuous high-level ability, the correlation 

between the estimated Solve Geometric Problem skill score and the raw scores of the ACED data 

was computed to measure the validity of the models. For the discrete high-level general ability, 

the correlation between EAP (expected a posteriori) and raw score was reported.  

The computer language R (R Development Core Team, 2011), MCMC package (Andrew 

et al., 2012), msm package (Jackson, 2012), ggplot2 package (Wickham et al., 2012), Rlab (Boos, 

Nychka, & Boos, 2009), and reshape2 package (Wickham, 2012) were used for data generation 

and analysis of the data in this study. The software MDLTM (multidimensional discrete latent 
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trait models, von Davier, 2011) was used for data analysis for the GDM. JAGS (Just Another 

Gibbs Sampler, Plummer, 2011) and R packages rjags (Plummer, 2010), R2jags (Su & Yajima, 

2010), coda (Plummer, Best, Cowles, & Vines, 2012), modeest (Poncet & Poncet, 2012), 

gmodels (Warnes, 2012), and Hmisc (Harrell & Dupont, 2012) were used for data analysis of the 

Bayesian network.  
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CHAPTER FOUR 

 

 SIMULATED DATA AND RESULTS 
 

This chapter presents a simulation study comparing GDMs and Bayesian network models 

for a cognitively diagnostic assessment. Simulated data for GDMs and Bayesian networks were 

created based on the structure of the simplified Geometric branch of the ACED data set. The 

details for the simulation model were presented in Sections 3.1and 3.2.  

In the simulation study, four aspects of the design, data generation and analysis were 

manipulated: (1) the test length (     versus     ); (2) the sample size          versus       ); (3) the statistical frameworks for data generation (the GDM 

versus the Bayesian network); and (4) the statistical models in the data estimation (the GDM 

versus the Bayesian network). Combining the first three factors resulted in eight data generation 

conditions. Twenty-five data sets for each of eight data generation conditions were created. 

Therefore, a total of              data sets were generated. Each data set was analyzed 

using the GDM and the Bayesian network, leading to           estimation results. These 

results were grouped into 16 sets by condition, which correspond to the four manipulated factors,             . I calculated the means and standard deviations of the indices for each set 

of results. All the indices were tabled and charted for each of the 16 conditions at the model, item, 

and person levels. Section 4.1 reports the results for the measures of convergence for the MCMC 

algorithm in the Bayesian network. Section 4.2 reports the deviances for evaluating goodness-of 

-fit for models. Section 4.3 summarizes the item-level results. Section 4.4 describes the person-

level results. 

 

4.1 The Measures of Convergence for the MCMC Algorithm in the Bayesian Network 

 

For the analysis model of the Bayesian network, three Markov chains were drawn for 

each data set in the estimations. Different initial values were set to start each chain from different 

locations. The three chains started from low, medium, and high levels for the continuous 

parameters. For the discrete theta, the initial values were randomly drawn from categorical 

distributions with probabilities from the Dirichlet distribution given above. One thousand 

iterations of burn-in were used for each run. An additional 1,000 iterations were run to obtain 
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samples for posterior inferences. The thinning rate was set to 5 for the case with the large sample 

to save memory and computation time.  

For the discrete parameters, the mode of the posterior samples for each skill was reported 

as the point estimate. The modes of eight subskills (         were reported for the data 

generated using the GDM, and eight subskills plus one general skill (            for the data 

generated using the Bayesian network. The R packages “coda” and “modeest” were used to 

calculate the mode of parameter distribution of each skill. The means and standard deviations 

(standard errors) of the posterior samples were reported as the point estimates for continuous 

parameters, which included the general ability   (for data created using the GDM), skill 

threshold parameters   , item difficulty parameters   , and item discrimination parameters   . 

The R-hat indices for the measure of convergence for the MCMC algorithm are 

summarized in Table 4.1. The table gives the percentage of R-hats greater than 1.2 for each set of 

parameters and the maximum R-hat in the parameter set from all data sets. Percentages greater 

than 5 and maximum values greater than 2 are italicized and boldfaced. I looked at convergence 

at three levels: (1) Overall model fit—the deviance; (2) Evidence model fit—item parameters 

and person subskills; (3) Proficiency model fit—high-level proficiency variable, and skill 

threshold parameters.  

First, I examined the convergence issue at the model level. As shown at the left section of 

Table 4.1, the R-hat values of the deviance for all the conditions were very close to 1 and always 

less than 1.2, with an overall maximum of 1.11. Thus the estimations at the model level 

converged in terms of R-hat values of the deviance.  

Next, I considered the convergence at the evidence model level. When the statistical 

models for data generation and estimation were the same, the estimates for the evidence model 

showed better convergence. Also the percentage of R-hats greater than 1.2 was less than 2.5, as 

shown in the bottom of the middle section of Table 4.1. When the statistical models mismatch 

(shown in the rows marked GDM), the estimates of difficulty parameters     in the evidence 

model do not converge well.  

Finally, the estimates in the proficiency model (i.e., for   and b) show severe 

convergence issues in all conditions. Fitting a continuous Bayesian network for the general 

ability (for the data generated using the GDM) showed better convergence, with all R-hat values 

less than 1.2. In other words, even though the statistical models for data generation and 
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estimation were different, the estimation of the general ability using the Bayesian network for the 

data sets created using the GDM showed good convergence. However, the estimates of the skill 

threshold parameters (b) in this situation showed different patterns. About 10% to 60% of the R-

hat values were greater than 1.2. This pattern indicates that the estimations did not converge well. 

One possible reason was the shift of both the skill threshold parameter in the proficiency model 

and the difficulty parameter in the evidence model within each chain, and their relative locations 

did not change. The mathematical explanation for this situation is:   (     )             (      )             (              ) . Both parameters shifted their 

locations with c units within the chain, but the prediction stays the same. So there were large 

variations between chains that led to large R-hat values. The new parameter                

and its R-hat were computed, where the j
th

 item only measures the k
th

 skill, and k goes from 1 to 

4. As shown in the right section of Table 4.1, the maximum of the R-hat and the percentage of R-

hats larger than 1.2 dropped dramatically for the shifted values. Almond et al. (2007) reported 

similar issues as well.  

 

Table 4.1  

The percentage of R-hat values greater than 1.2 and the maximum R-hat for each parameter set  

 

 

Note. BN represents the Bayesian network. Percent represents the percentage of R-hat values 

greater than 1.2. Alpha, Gamma, Beta, Theta, and b columns present the results for all subskills, 

all discrimination parameters, all difficulty parameters, general skill, and the skill threshold 

parameters, respectively. The top of the right section presents the results for the new computed 

parameter:               , for k runs from 1 to 4. The bottom of the right section shows the 

percent of the R-hat values of the general skill (  ) greater than 2. 

 

Data 

generation 

Sample 

size 

Test 

length
Percent Max Percent Max Percent Max Percent Max Percent Max Percent Max Percent Max

GDM Small 30 0 1.07 2.19 1.80 0.01 1.20 19.73 2.14 0 1.03 13.75 3.04 7.33 1.78

GDM Large 30 0 1.11 5.41 2.51 0.19 2.33 61.73 4.57 0 1.05 48.50 5.73 20.67 4.57

GDM Small 63 0 1.04 1.62 2.31 0.00 1.22 14.29 3.23 0 1.03 10.50 3.05 2.00 3.30

GDM Large 63 0 1.11 7.03 3.49 13.19 2.77 40.89 5.77 0 1.08 35.00 7.37 7.83 2.03

BN Small 30 0 1.07 0.08 1.43 0.57 1.21 0 1.17 35.34 7.28

BN Large 30 0 1.05 0.22 1.57 2.41 1.29 0 1.14 35.63 11.22

BN Small 63 0 1.02 0.06 1.40 0.32 1.19 0 1.11 34.92 27.18

BN Large 63 0 1.02 0.22 1.52 1.59 1.29 0 1.12 35.27 16.25

2.26

2.01

2.26

2.86

 Percent           

R-hat_theta>2

Beta-bDeviance Alpha Gamma Beta Theta bCondition
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For the data created using the Bayesian network, all parameters converged well, with the 

exception of the general skill parameter in the proficiency model. Approximately one third of the 

cases had R-hat values greater than 1.2 for this coefficient. The maximum value of R-hat was 

very large, reaching 27.18. Such values indicated that the estimates for discrete general ability 

parameters converged slowly and that, in at least one case, the total variance was approximately 

27 times the mean of the within variance for three chains. However further investigation showed 

that in only about 2% of cases were the R-hat values greater than 2. These percentages are given 

at the bottom right in Table 4.1. Indeed, only one case (or a few cases) with a large R-hat value 

seemed to occur for each condition. Values for the other conditions were much lower than the 

maximum.  

One possible reason for this finding is that the posterior distribution may have two modes. 

The three chains may have converged to different modes, which led to a very small within 

variance for the corresponding chain. However, different chains converged to different skill 

levels, which led to a large total variation between chains. Consequently, the ratio (R-hat) is 

much larger for these cases. Another possible reason may due to an identifiablility issue. Almond 

et al. (2007) made models identifiable by changing the highest node to have fixed probabilities 

rather than a Dirichlet distribution over the probabilities. 

The density and history plots of the theta for the case with an R-hat value equal to 27.18 

are drawn in Figure 4.1. The case is from Examinee 183 in the 24
th

 data set created using the 

GDM with a small sample size (N = 230) and short test length (J = 30). All samples in the two 

chains with no variation converged to the low level, while almost all samples from the third 

chain converged to another skill level (medium). The denominator of R-hat was extremely small, 

which leads to a very large value of R-hat.  

Figures A.3 (a) to A.4 (c) in the appendix show typical plots from the JAGS output of the 

conditions with a small sample size and short test form. The data-generation and estimation 

methods are different in Figures A.3 (a) through A.3 (c), in which the estimation using the 

Bayesian network is for data created using the GDM. Figures A.4 (a) through A.4 (c) show the 

plots for data generated and analyzed using a Bayesian network. The 80% interval for each chain, 

the scatter plot for the R-hat values, and the median and 80% intervals for the first 15 parameters 

are shown in Figures A.3 (a) and A.4 (a). For simplicity, only the first part of parameters are 

shown on the figures because of the large number of parameters. Examples of the history plot 
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and the density plot of the first case for each parameter set are drawn in Figures A.3 (b), A.3 (c), 

A.4 (b), and A.4 (c). As can be seen in Figure A.3 (c), the skill threshold parameter (b) and the 

difficulty parameter (   converge slowly. The high-level general ability     also converges 

slowly in Figure A.4 (b). These findings are consistent with those from the R-hat values. 

 

 

Figure 4.1. The density and history plots of the general skill for the case whose estimated theta 

has the largest R-hat value (27.18). 

 

 

4.2 Deviance 

 

The goodness-of-fit of the model was compared using the AIC, BIC, and DIC. Since the 

estimation using the GDM contains two stages, the AIC and BIC were not reported directly by 

MDLTM. As described in Section 3.4, the likelihoods of getting correct responses in the 

evidence model depend on the discrete parent skills, so the DIC was not reported directly as well. 

The model-fit indices were computed manually using the deviances from the output. The 

computation procedures are described in Section 3.4. 

Table 4.2 presents the means of AIC, BIC, and DIC values for both the GDM and the 

Bayesian network fitted to the simulated data and the percentage of AIC and BIC values greater 

than the DIC values. Within each condition, except for the large-sample-size condition, the AIC, 

BIC, and DIC are close. For all conditions except one, the DIC is greater than the AIC. For the 

data created using the GDM with a small sample size and long test form, the DIC is less than the 

AIC. For the conditions where the data sets were created using the Bayesian network, the AIC 

and BIC are less than the DIC for all data sets and conditions as shown in the bottom section of 

the table. For the data created using the GDM, the DIC is greater than the BIC only for the 
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condition with a large sample size and short test form. In summary, the GDM appears to fit the 

data better than the Bayesian network when the data sets were generated by the Bayesian 

network. The differences among the AIC, BIC, and DIC measures may be due to differences in 

the way they penalize model complexity rather than just differences in model fit. For that reason, 

the accuracy of parameter estimation (Sections 4.3 and 4.4) may be a better way to compare 

model fit.  

 

Table 4.2  

The mean of AIC, BIC, and DIC for each condition and the percentage of AIC and BIC greater 

than DIC 

 

 

 

4.3 Item Level Results 

 

The item-level results include the estimation of the item discrimination parameters and 

the item difficulty parameters. For the results in each condition, (1) the empirical bias  ( ̂), (2) 

the standardized residual (SR), (3) the root mean squared error (RMSE), (4) the percentage of 95% 

intervals, computed using the standard errors or using the 2.5% and 97.5% thresholds of the 

credible intervals, covering the true values, and (5) the minimum and maximum of the standard 

error for the item discrimination and difficulty parameters, respectively. Tables 4.3 and 4.5 

present the means and standard deviations (SDs) of these indices, which were examined to 

evaluate the recovery and precision of the item parameters.  

 Figures 4.5 and 4.6 are the error bar plots of the difficulty parameters for two conditions. 

These error bars were drawn using the standard deviations of the corresponding item parameter 

Data-

generation 

Sample 

size 

Test 

length
AIC BIC DIC AIC>DIC BIC>DIC

GDM Small 30 8596 9218 8972 0 100

GDM Large 30 36137 37025 40239 0 0

GDM Small 63 17258 18252 17087 100 100

GDM Large 63 73290 74709 74261 0 96

BN Small 30 8646 9069 9829 0 0

BN Large 30 36882 37486 45060 0 0

BN Small 63 17597 18391 19239 0 0

BN Large 63 75464 76598 143489 0 0

Mean of Model Fit Indices PercentCondition
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estimates from the 25 data sets. Table 4.4 summarizes the results of these figures for the 

discrimination parameters regarding (1) the simple-structure items, (2) the primary skills, (3) 

Skill 4, and (4) the relevant skills. Skill 4 is measured by 18 out of 30 items in short test forms 

and 39 out of 63 items in long test forms, including both simple-structure items and complex-

structure items. Table 4.6 summarizes the results of the figures for the difficulty parameters in 

regard to (1) the simple-structure items and (2) the complex-structure items. 

 

4.3.1 Results for Discrimination Parameters.  

Table 4.3 shows that the estimates from the GDM are negatively biased. That indicates 

that the GDM underestimates the discrimination parameter. In contrast, the positive biases for 

the results estimated using the Bayesian network indicate that the Bayesian network 

overestimates the discrimination parameter. Given the same test length, the standard error of 

estimates decreases as the sample size increases, and the standard errors for large sample 

conditions are approximately the half of the size of those for small sample sizes, which are 

roughly close to the square root of the ratio of the small sample size to the large sample size, √        . When using the GDM for the estimation and holding the test length and data 

generation method constant, the mean bias and standardized residual increase as the sample size 

increases. That led to the 95% intervals, computed using the standard error of the estimate using 

the GDM, failing to cover the true values more often. In contrast, when using the Bayesian 

network for the estimation, the mean bias, standardized residual, and standard error of the 

estimates using the Bayesian network decrease as the sample size increases controlling the other 

three factors. The estimates from the Bayesian network provide larger values of estimates, wider 

ranges of estimates, and larger standard deviations and standard errors of estimates, for the same 

data sets. 

Figure 4.2 shows the error bar plots of the estimated discrimination parameters for the 

condition data sets created and estimated using the GDM with the small sample size (N = 230) 

and short test length (J = 30). The four plots present the error bars of the estimated 

discrimination parameters of (1) all skills; (2) the primary skills; (3) Skill 4; and (4) the relevant 

skills. The x-axis represents an index or label for all the discrimination parameters of the first 

item to the last item. Thus a total of 63 error bars for 63 discrimination parameters in the short 

test form are drawn in Figure 4.2. Those correspond to the 63 discrimination parameters in the 
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Table 4.3 The mean and SD of the bias, the standardized residual (SR), the root mean squared error (RMSE), the percent of 95% 

intervals covering the true values, the mean and SD of the minimum and maximum of standard error (SE) for discrimination 

parameters 

 

Note. SR=standardized residual; RMSE=root mean squared error; SD=standard deviation; SE=standard error; Percent=percentage of 

95% intervals, computed using the SE for the GDM and 2.5% and 97.5% thresholds of credible interval for the Bayesian network, 

covering the true values. 

Data 

generation 

Sample 

size 

Test 

length

Data 

estimation 
Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD

GDM Small 30 GDM -0.14 0.31 -0.41 0.93 0.40 0.10 73.3 0.15 0.21 0.01 0.25 0.02

GDM Small 30 BN 0.33 0.13 0.75 0.32 0.56 0.17 89.8 0.11 0.30 0.06 0.61 0.080

GDM Large 30 GDM -0.18 0.21 -0.77 0.94 0.35 0.09 44.6 0.13 0.09 0.01 0.11 0.01

GDM Large 30 BN 0.18 0.09 0.49 0.31 0.43 0.13 67.1 0.20 0.17 0.03 0.31 0.060.0

GDM Small 63 GDM -0.10 0.17 -0.32 0.56 0.39 0.10 74.4 0.16 0.19 0.01 0.25 0.02

GDM Small 63 BN 0.26 0.13 0.75 0.42 0.46 0.15 82.0 0.19 0.25 0.04 0.40 0.050.0

GDM Large 63 GDM -0.18 0.14 -0.79 0.64 0.36 0.12 43.6 0.20 0.10 0.01 0.10 0.01

GDM Large 63 BN 0.18 0.09 0.51 0.31 0.42 0.16 59.0 0.24 0.15 0.03 0.25 0.050.0

BN Small 30 GDM -0.22 0.29 -0.69 0.93 0.43 0.10 31.9 0.14 0.21 0.01 0.24 0.01

BN Small 30 BN 0.15 0.22 0.43 0.65 0.42 0.11 86.7 0.11 0.25 0.04 0.41 0.040.0

BN Large 30 GDM -0.26 0.25 -1.20 1.25 0.40 0.10 61.5 0.16 0.10 0.00 0.10 0.01

BN Large 30 BN -0.05 0.36 -0.07 0.39 0.77 0.22 53.4 0.27 0.13 0.03 0.23 0.060.0

BN Small 63 GDM -0.15 0.17 -0.47 0.52 0.41 0.11 71.9 0.16 0.21 0.01 0.24 0.01

BN Small 63 BN 0.19 0.18 0.61 0.57 0.43 0.12 81.5 0.16 0.23 0.04 0.36 0.040.0

BN Large 63 GDM -0.23 0.14 -1.04 0.72 0.38 0.13 41.7 0.21 0.09 0.00 0.10 0.01

BN Large 63 BN 0.09 0.21 0.26 0.64 0.40 0.13 100.0 0.00 0.14 0.02 0.20 0.04

Condition Max(SE)Bias SR RMSE Percent Min(SE)
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Q-matrix for the short test form. The y-axis represents the values of the discrimination 

parameter and uses the same scale ranging from 0 to 2.5 in all plots. The true values are 

marked as red triangles, and the means of estimated parameters from the 25 data sets are 

represented by solid dots. The upper and lower bounds of 95% intervals, computed using 

the standard deviations among estimates, are represented by the whiskers of each error 

bar. 

The dashed line separates parameters for the simple-structure items early in the 

test form, from the more complex-structure items later in the test form. Note that the 

latter have multiple discrimination parameters per item. Figure 4.2 shows that the GDM 

tends to underestimate the discrimination parameters. This pattern is very clear for the 

simple-structure items, which are shown to the left of the dashed line. The second plot of 

Figure 4.2 emphasizes the error bars for the primary-skill discrimination parameters, 

which show a similar pattern to those of the simple-structure items, in that the GDM 

underestimates the discrimination parameters of the primary skills.  

The third plot of Figure 4.2 highlights the plot for the discrimination parameters 

of Skill 4. Skill 4 is measured by 18 out of 30 items and should be measured precisely 

and accurately. Compared to the others, the means of estimates for Skill 4 are much 

closer to the true values. The last plot of Figure 4.2 emphasizes the error bars for the 

discrimination parameters of the relevant skills; these error bars all capture their true 

values.  

Some patterns can be determined from Figure 4.2. First, the patterns for the 

discrimination parameters of the simple-structure items and the complex-structure items 

are different. The 12 error bars to the left of the dashed line for the discrimination 

parameters of the items with simple structure show that the red triangles for these bars are 

beyond the upper bounds of the 95% intervals, which indicates that the GDM tends to 

underestimate the discrimination parameters for these items. However, the error bars to 

the right of the dashed line do not show this distinct pattern as some error bars cover the 

true value and some do not.  

Second, the GDM more likely underestimates the discrimination parameters of 

the simple-structure items and the primary skills. The error bars to the left of the dashed 

line in the first plot and the solid error bars in the second plot in Figure 4.2 show that the  
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Figure 4.2. Error bar plot of (1) all estimated discrimination parameters, (2) the estimated discrimination parameters of the primary 

skills, (3) the estimated discrimination parameters of Skill4, and (4) the estimated discrimination parameters of the relevant skills, the 

condition data created and estimated using the GDM, with the small sample size (N = 230) and short test length (J = 30). The 12 bars 

to the left of the dashed line are for the discrimination parameters of simple-structure items. 
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triangles are above the solid dots and most error bars do not capture the triangles (true 

values). These plots indicate that the estimates of discrimination parameters of the 

primary skill have a similar pattern to those of the simple-structure items. In other words, 

the GDM tends to underestimate the discrimination parameters of the primary skills and 

the simple-structure items.  

Third, the GDM appears to recover the discrimination parameters of the relevant 

skills, which include Skill 4. The two plots at the bottom of Figure 4.2 show error bar 

plots for the discrimination parameters of Skill 4 and the relevant skills, respectively. All 

the highlighted error bars in the third plot capture the true values and all means are near 

the true values. The discrimination parameters of the relevant skills and Skill 4, being 

treated as a relevant skill, were recovered by the GDM. Compared to the estimates of the 

discrimination parameters for Skills 1, 2, and 3, which are measured only by simple-

structure items, the estimates for Skill 4 are much closer to the true values. The error bars 

of Skill 4 for the simple-structure items capture true values as shown by the three solid 

bars to the left of the dashed line at the left bottom plot of Figure 4.2. The mean estimates 

for the discrimination parameters of Skill 4 for the complex-structure items are larger 

than, but extremely close to, the true values. In other words, the plot indicates that Skill 4 

is estimated accurately, which is also supported by the number of items relevant to Skill 4.  

Finally, Skill 8 is not estimated well by the GDM. As shown in the second plot of 

Figure 4.2, the three short bars at the right bottom corner are for the estimates of the 

discrimination parameters of Skill 8. All three mean estimates are approximately zero and 

are much lower than the true values. Skill 8 is only measured by these three complex-

structure items. The short test form does not provide enough information to estimate 

Skill 8, hence, the discrimination parameters of Skill 8 are not well estimated either. 

Figure 4.3 shows error bar plots of the estimated discrimination parameters for (1) 

all skills, (2) the primary skills, (3) Skill 4, and (4) the relevant skills, the condition data 

created using the GDM and estimated using the Bayesian networks with a small sample 

size (N = 230) and short test length (J = 30). The true values and the means of estimates 

are also represented by triangles and solid dots. The dashed line separates the 

discrimination parameters of simple-structure items from those of complex-structure 

items.  
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Figure 4.3 Error bar plot of the estimated discrimination parameters of (1) all skills; (2) the primary skills; (3) Skill 4; and (4) the 

relevant skills, for the condition data created using the GDM and estimated using the Bayesian network, with the small sample size (N 

= 230) and short test length (J = 30). Triangles and dots represent true values and means of estimates, respectively. The 12 bars to the 

left of the dashed line are for the discrimination parameters of the simple structure-items.



 

68 

 

Compared to Figure 4.2, Figure 4.3 shows the following patterns: (1) The Bayesian 

network more likely overestimates the discrimination parameters. Most of the red triangles are 

below the solid dots, and all triangles, with the exception of one case, are captured by the error 

bars. (2) The means of the estimates for the simple-structure items are very close to the true 

values. (3) The estimates for the primary skills also show patterns similar to those for simple-

structure items, and are much closer to the true values than those for the relevant skills from 

complex-structure items. (4) The estimated mean values for      ,      , and        the 

discrimination parameters for Skill 8, are larger than the true values and very close to the lower 

bound, and the 95% intervals capture the true values but reach the lower bound. (5) The 

estimation for the Skill 4 parameters is no better than that for the parameters of other skills. For 

the discrimination parameters of the simple-structure items, the means are not as close to the true 

values as those of Skills 1 to 3. For the relevant skills, the means are slightly closer to the true 

values than those from the other relevant skills. (6) The estimation for the relevant skills clearly 

shows overestimation. The true values are much lower than the means of estimates and one case 

is even below the lower bound. 

Figure 4.4 shows the error bar plots of the discrimination parameters for the condition 

that data sets were created and estimated using the GDM with a small sample size (N = 230) and 

long test length (J = 63). The four plots highlight the error bars of the estimated discrimination 

parameters of (1) all skills; (2) the primary skills; (3) Skill 4; and (4) the relevant skills, 

respectively. A total of 138 discrimination parameters are included in the long test form, which 

also correspond to 138 discrimination parameters in the Q-matrix for the long test form. 

Therefore, each plot contains 138 error bars. The bars to the left of the dashed line are for the 

discrimination parameters of the 24 simple-structure items, which are from the first four 

evidence models.  

The figure shows wide intervals that capture most of the true values. However, compared 

to the plots in Figure 4.2 with the same sample size and different test length, the error bars seem 

to have similar length but capture more true values. This indicates that the longer test form 

provides more accurate estimation. Note that the precision refers to the variation among the 

estimates, and the accuracy measures the deviation of estimates from the true values.  
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Figure 4.4. Error bar plot of estimated discrimination parameters of (1) all skills, (2) the primary skills, (3) Skill4, and (4) the relevant 

skills, the condition data created and estimated using the GDM, with the small sample size (N = 230) and long test length (J = 63). The 

x-axis ranges from 1 to 138 denoting 138 discrimination parameter indices. Triangles and dots represent true values and means of the 

estimates. The 24 bars to the left of the dashed line show the error bars of the estimated discrimination parameters of the simple-

structure items.  
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Figure 4.4 - continued. 
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As shown in Figure 4.4, the means of the estimates are less than the true values for the 

simple-structure items and the primary skills, but this underestimation trend is not as distinct as 

that shown in Figure 4.2. Again, this indicates that the GDM underestimates the discrimination 

parameters of the simple-structure items and the primary skills. One distinct difference is that the 

phenomenon of the clear underestimation of the discrimination parameters of Skill 8 does not 

happen. That indicates that longer test form provides more accurate estimation for Skill 8. 

The detailed figures for additional cases follow a similar form and can be found in 

Appendix B. Table 4.4 summarizes the results of these figures for the estimated  discrimination 

parameters of (1) the simple-structure items, (2) the primary skills, (3) Skill 4, and (4) the 

relevant skills.  

 

Table 4.4  

The summary of the error bar plots for the estimated item discrimination parameters 

 

 

Note. Accurate refers to the small deviation from the true value. Precise refers to the small 

variation among estimates. The symbols “_” and “+”represent underestimation and 

overestimation, respectively. The symbols “Y” and “N” represent whether the discrimination 

parameters accurately or precisely estimated or not. The label “mixed” means some parameters 

were estimated accurately (or precisely), some were not. 

 

GDM Small 30 GDM _ N _ N Y N Y N

GDM Small 30 BN Y N Y N + N + N

GDM Large 30 GDM _ Y _ Y Mixed Y Y Y

GDM Large 30 BN Y N Y N + N + Y

GDM Small 63 GDM _ N _ N Y N Y N

GDM Small 63 BN Y N Y N Mixed N Y N

GDM Large 63 GDM _ Y _ Y Mixed Y Y Y

GDM Large 63 BN Y N Y N + N + N

BN Small 30 GDM _ N _ N Mixed N Y N

BN Small 30 BN Y N Y N + N + N

BN Large 30 GDM Y N Y N Mixed N + N

BN Large 30 BN Mixed N Mixed N Mixed N Mixed N

BN Small 63 GDM _ Y _ Y Mixed Y Y Y

BN Small 63 BN Y N Y N Mixed N + N

BN Large 63 GDM _ N _ N Y N Y N

BN Large 63 BN Y N Y N + N + N

Condition

Data 

generation 

Sample 

size 

Test 

length

Data 

estimation 
Accurate Precise Accurate Precise Accurate Precise Accurate 

Relevant skill

Discrimination parameter

Simple-structure item Primary skill Skill 4

Precise
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In general, the estimations for the discrimination parameters of the simple-structure items 

and the primary skills show similar patterns. Those for the relevant skills have different patterns 

than the others. The GDM tends to underestimate the discrimination parameters of the simple-

structure items and primary skills. However, the GDM estimates the discrimination parameters 

of relevant skills well. The Bayesian network estimates show different patterns. The Bayesian 

network estimates the discrimination parameters of the simple-structure items and primary skills 

well and overestimates those of the relevant skills. As the test form becomes longer, the accuracy 

of the estimates increases. As the sample size increases, the variation among estimates decreases.  

In summary, since the GDM was used to compute the CPDs in the evidence model for 

the Bayesian network, the data generation methods do not affect the estimations of 

discrimination parameters greatly. When using the GDM for estimation and holding the test 

length, the means of the estimated discrimination parameters for the conditions with large sample 

sizes are smaller. But as sample size increases, the variation among estimates drops, so more 

error bars for the discrimination parameters of simple-structure items and primary skills do not 

capture the true values. Bias also increases and underestimation becomes more severe as the 

sample size increases in the estimation using the GDM. In contrast, when using the Bayesian 

network for estimation , the Bayesian network provides a wider range of estimates and better 

estimations for the discrimination parameters of the simple-structure items and primary skills. As 

the sample size increases, the bias, the variation among estimates, and the standard error of 

estimates decrease in the estimation using the Bayesian network. The Bayesian network provides 

better estimates for the data sets with the small sample size and short test length.  

 

4.3.2 Results for Difficulty Parameters 

Table 4.5 summarizes the means and standard deviations of (1) the bias, (2) the 

standardized residuals (SR), (3) the root mean squared error (RMSE), (4) the percentage of 95% 

intervals, computed using the standard error of estimates when using the GDM for the estimation 

or using the 2.5% and 97.5% thresholds of credible intervals when using the Bayesian network 

for the estimation, covering true values, and (5) the minimum and maximum values of the 

standard error of the estimated parameters.  
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Table 4.5 The mean and SD of the bias, the standardized residual (SR), the root mean squared error (RMSE), the percentage of 95% 

confidence interval covering true values, the mean and SD of the minimum and maximum of standard error (SE) for difficulty 

parameters 

 

Note. SR=standardized residual; RMSE=root mean squared error; SD=standard deviation; SE=standard error; Percent=percent of 95% 

intervals covering the true values, computed using the SE for the GDM and the 2.5% and 97.5% thresholds of credible interval for 

Bayesian networks,.

Data 

generation 

Sample 

size 

Test 

length

Data 

estimation 
Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD

GDM Small 30 GDM -0.21 1.60 -0.16 1.35 1.17 0.31 4.5 0.02 0.14 0.01 0.16 0.01

GDM Small 30 BN -0.19 0.10 -0.18 0.10 1.14 0.21 94.9 0.11 0.29 0.07 0.56 0.090.0

GDM Large 30 GDM -0.21 1.61 -0.17 1.35 1.16 0.30 2.1 0.02 0.07 0.00 0.07 0.01

GDM Large 30 BN -0.06 0.08 -0.06 0.07 1.15 0.20 92.0 0.10 0.16 0.04 0.41 0.110.0

GDM Small 63 GDM -0.25 1.65 -0.22 1.30 1.19 0.31 4.9 0.02 0.15 0.01 0.17 0.02

GDM Small 63 BN -0.13 0.11 -0.12 0.11 1.16 0.26 93.0 0.10 0.22 0.05 0.43 0.080.0

GDM Large 63 GDM -0.24 1.65 -0.20 1.30 1.18 0.31 9.5 0.08 0.07 0.00 0.08 0.01

GDM Large 63 BN 0.08 0.12 0.07 0.11 1.17 0.25 85.0 0.09 0.13 0.04 0.37 0.120.0

BN Small 30 GDM 0.08 1.59 0.11 1.35 1.15 0.23 21.2 0.05 0.14 0.01 0.16 0.01

BN Small 30 BN 0.05 0.06 0.05 0.05 1.15 0.23 95.0 0.05 0.17 0.02 0.23 0.030.0

BN Large 30 GDM 0.08 1.59 0.11 1.38 1.14 0.22 11.2 0.06 0.07 0.00 0.07 0.00

BN Large 30 BN 0.00 0.05 0.00 0.05 1.10 0.21 89.0 0.09 0.09 0.01 0.12 0.020.0

BN Small 63 GDM 0.07 1.63 0.07 1.30 1.15 0.24 22.0 0.07 0.15 0.01 0.16 0.01

BN Small 63 BN 0.06 0.07 0.06 0.06 1.17 0.24 95.0 0.06 0.17 0.02 0.23 0.03

BN Large 63 GDM 0.06 1.63 0.07 1.32 1.14 0.23 11.6 0.07 0.07 0.00 0.07 0.00

BN Large 63 BN 0.06 0.06 0.06 0.06 1.14 0.24 87.0 0.08 0.10 0.02 0.13 0.03

Condition Max(SE)Bias SR RMSE Percent  Min(SE)
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Every two rows show the results for the same data sets estimated using the GDM or the 

Bayesian network. Holding the test length, data generation, and estimation methods constant, 

standard error decreases as the sample size increases. However, as sample size increases, the bias 

and standardized residuals, and the RMSE do not show an obvious drop. This led to the 

percentage of 95% intervals covering the true values decreasing. One possible reason may be 

that the standard error of the estimated parameter becomes smaller, leading to a much narrower 

interval than for a small sample size, thereby capturing fewer true values. 

Figure 4.5 shows the error bar plots of difficulty parameters for the condition that data 

sets were created and estimated using the GDM with small sample size (N = 230) and short test 

length (J = 30). The x-axis represents the item number, and the y-axis represents the difficulty 

levels. The true values are represented by red triangles, the means of the estimated parameters 

for 25 data sets are marked as solid dots; and the upper and lower bounds of the 95% interval 

computed using the standard deviation among estimates are represented by whiskers at each 

error bar. The error bars to the left of dashed line represent the 12 difficulty parameters from 

simple-structure items. The correlation between the true values and the means of the estimates 

from 25 data sets is approximately 0.94.  

 
Figure 4.5. Error bar plot of the estimated difficulty parameters for the condition data created 

and estimated using the GDM, with the small sample size (N = 230) and short test length (J = 30). 

Triangles and dots represent the true values and means of estimates, respectively. The bars to the 

left of the dashed line are for the difficulty parameters of the simple-structure items. The error 

bars for the items only measuring Skill 4 are boldfaced.  
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Figure 4.5 shows that the GDM tends to underestimate the difficulty parameters of the 

simple-structure items except for those only measuring Skill 4. The three boldfaced error bars are 

for the items measuring only Skill 4 and show that the GDM recovers these difficulty parameters. 

To the right of the dashed line, the GDM appears to overestimate the item difficulties for the 

complex-structure items.  

Figure 4.6 shows the error bars plots for the condition where the data sets were created 

using the GDM and analyzed using the Bayesian network with a small sample size (N = 230) and 

short test length (J = 30). Compared to Figure 4.5, these error bars have wider intervals and 

capture more true values. The means of the estimated difficulty parameters are much closer to 

the true values. The correlation between the means of estimates and the true values is as high as 

0.99. Even though a few cases show slight underestimation, the Bayesian network recovers the 

difficulty parameters.  

 

Figure 4.6. Error bar plot of the estimated difficulty parameters the condition data created using 

the GDM and estimated using the Bayesian network, with the small sample size (N = 230) and 

short length (J = 30). Triangles and dots represent the true values and means of estimates, 

respectively. The bars to the left of the dashed line are for the simple-structure items. The three 

boldfaced bars are for the items only measuring Skill 4.  

 

The error bar plots of estimated difficulty parameters for additional cases are included in 

Appendix A. Table 4.6 summarizes the error bar plots of the estimated difficulty parameters. 

Both the GDM and the Bayesian network recover the difficulty parameters well, while the GDM 

underestimates the difficulty parameter for some simple-structure items and overestimates the 
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difficulty parameter for some complex-structure items. Compared to the estimates from the 

GDM, the means of estimates from the Bayesian network are much closer to the true values of 

the difficulty parameters.  

 

Table 4.6  

The summary of the error bar plots for the estimated item difficulty parameters 

 

 

Note. Precise refers to the small variation among estimates. Accurate refers to the small deviation 

from the true values. The symbols “_” and “+”represent underestimation and overestimation, 

respectively. The symbols “Y” and “N” represent whether the discrimination parameters 

accurately or precisely estimated or not. The label “mixed” means some parameters were 

estimated accurately (or precisely), some were not. 

 

The error bars from the same data sets estimated using the Bayesian network have longer 

error bars, cover the true parameters more frequently, and have higher correlations between the 

true values and the means of estimates than those from the GDM. As sample size increases, the 

error bars become shorter indicating that the estimates become more stable. For the data created 

and estimated using the GDM, the difficulty parameters of the simple-structure items are 

Accurate Precise Accurate Precise

GDM Small 30 GDM _ N + N

GDM Small 30 BN Y N Y N

GDM Large 30 GDM _ Y + Y

GDM Large 30 BN Y N Y N

GDM Small 63 GDM _ N + N

GDM Small 63 BN Y N Y N

GDM Large 63 GDM _ Y + Y

GDM Large 63 BN Y N Y N

BN Small 30 GDM _ N Y N

BN Small 30 BN Y N Y N

BN Large 30 GDM _ Y Y Y

BN Large 30 BN Y Y Y Y

BN Small 63 GDM _ Mixed Y Y

BN Small 63 BN Y N Y N

BN Large 63 GDM _ Y _ Y

BN Large 63 BN Y Y Y Y

Difficulty parameter

Simple-structure item Complex-structure itemTest 

length

Data 

estimation 

Sample 

size 

Data 

generation 

Condition
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underestimated except for the items measuring only Skill 4, but all of the difficulty parameters 

for the complex-structure items are overestimated. For the data sets created using the Bayesian 

network, the GDM tends to underestimate the difficulty parameters for the simple-structure items, 

but recovers the difficulty parameters of the complex-structure items. The Bayesian network 

tends to recover the item difficulty parameters no matter which model were used to create the 

data.  

Taken as a whole, for the data created and estimated using the GDM, the item difficulty 

parameters are likely underestimated, which demonstrates negative bias for these conditions as 

shown in the tables and figures. The Bayesian network shows slight overestimation and tends to 

recover the difficulty parameters with a correlation between the means of estimates and the true 

values equal to 0.99. 

4.4 Person Level Results 

 

The person level results contain (1) the subskill scores in the evidence model and (2) the 

scores of the general ability in the proficiency model. The evaluation indices of the estimates of 

person proficiencies in the evidence model are (a) the weighted Cohen’s kappa (   and (b) the 

Goodman and Kruskal’s lambda (    The evaluation indices of the estimated general ability in 

the proficiency model are (a) the weighted Cohen’s kappa (  , (b) the Goodman and Kruskal’s 

lambda (   for the discrete general skill, or (c) the root mean squared errors (RMSE) between the 

estimates and the true values for the continuous general skill.  

 

4.4.1 The Estimation of Person Profiles in the Evidence Model.  

The evidence models contain eight subskills, and each skill has three levels. Table 4.7 

shows the means and standard deviations of the weighted Cohen’s kappa indices ( ) of 

agreement between estimates and true person profiles from the simulation for each model and the 

agreement of assignments from the two models. Each section shows the results for the same data 

sets using different estimation methods. In each section, the first two rows show the agreement 

between the true values and the estimates using the GDM and the Bayesian network, respectively. 

The last line in each section shows the agreement between the estimates using the two estimation 

methods, which was labeled as GDM vs. BN. As can be seen in Table 4.7, given the same test 

length, the kappa index tends to go up as the sample size increases with the exception of the  
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Table 4.7  

The means and standard deviations (SDs) of weighted Cohen’s kappa (   for eight subskills from 25 data sets across all conditions 

 

Note. Boldfaced values are kappa values that are much less than the others in the same condition. 

Data 

generation 

Sample 

size 

Test 

length

Data 

estimation 
Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD

GDM Small 30 GDM 0.46 0.04 0.46 0.04 0.38 0.06 0.58 0.04 0.47 0.04 0.44 0.04 0.49 0.04 0.21 0.06

GDM Small 30 BN 0.51 0.05 0.50 0.06 0.42 0.06 0.53 0.06 0.41 0.06 0.48 0.06 0.55 0.06 0.33 0.06

0.68 0.10 0.69 0.09 0.59 0.13 0.61 0.08 0.51 0.11 0.55 0.09 0.50 0.09 0.34 0.08

GDM Large 30 GDM 0.76 0.01 0.76 0.01 0.76 0.01 0.73 0.00 0.74 0.00 0.73 0.01 0.74 0.01 0.78 0.00

GDM Large 30 BN 0.76 0.01 0.76 0.01 0.76 0.01 0.76 0.01 0.78 0.01 0.76 0.02 0.75 0.01 0.80 0.01

0.72 0.03 0.71 0.02 0.71 0.03 0.73 0.02 0.75 0.03 0.73 0.03 0.73 0.02 0.78 0.03

GDM Small 63 GDM 0.55 0.04 0.52 0.04 0.54 0.04 0.67 0.04 0.57 0.03 0.59 0.05 0.58 0.05 0.33 0.04

GDM Small 63 BN 0.60 0.05 0.57 0.06 0.53 0.06 0.57 0.09 0.40 0.07 0.50 0.06 0.67 0.06 0.38 0.08

0.71 0.10 0.68 0.12 0.77 0.08 0.61 0.07 0.44 0.12 0.56 0.09 0.54 0.10 0.34 0.09

GDM Large 63 GDM 0.73 0.00 0.74 0.01 0.73 0.01 0.71 0.00 0.72 0.00 0.71 0.00 0.72 0.01 0.76 0.01

GDM Large 63 BN 0.59 0.02 0.58 0.03 0.55 0.03 0.56 0.14 0.42 0.05 0.55 0.08 0.70 0.04 0.34 0.09

0.64 0.05 0.61 0.08 0.71 0.08 0.63 0.10 0.47 0.06 0.64 0.09 0.58 0.06 0.31 0.10

BN Small 30 GDM 0.41 0.05 0.42 0.05 0.28 0.05 0.49 0.05 0.38 0.06 0.38 0.03 0.54 0.05 0.20 0.05

BN Small 30 BN 0.38 0.13 0.36 0.14 0.15 0.09 0.44 0.14 0.29 0.12 0.28 0.10 0.49 0.15 0.12 0.06

0.48 0.17 0.50 0.17 0.24 0.13 0.54 0.17 0.44 0.13 0.36 0.13 0.61 0.19 0.19 0.11

BN Large 30 GDM 0.39 0.02 0.39 0.03 0.32 0.02 0.49 0.02 0.41 0.03 0.42 0.02 0.55 0.02 0.29 0.03

BN Large 30 BN 0.37 0.08 0.38 0.10 0.11 0.03 0.46 0.10 0.19 0.06 0.13 0.03 0.53 0.11 0.05 0.03

0.46 0.11 0.44 0.12 0.16 0.05 0.59 0.12 0.26 0.09 0.17 0.05 0.66 0.14 0.09 0.02

BN Small 63 GDM 0.47 0.06 0.48 0.04 0.44 0.04 0.58 0.04 0.47 0.05 0.46 0.04 0.64 0.04 0.31 0.07

BN Small 63 BN 0.51 0.05 0.51 0.06 0.35 0.06 0.61 0.04 0.44 0.05 0.43 0.05 0.66 0.03 0.31 0.05

0.59 0.05 0.58 0.05 0.47 0.07 0.64 0.03 0.54 0.04 0.52 0.05 0.72 0.04 0.44 0.05

BN Large 63 GDM 0.48 0.02 0.47 0.02 0.45 0.02 0.60 0.02 0.48 0.02 0.50 0.02 0.65 0.02 0.40 0.02

BN Large 63 BN 0.53 0.02 0.51 0.02 0.34 0.03 0.62 0.02 0.45 0.03 0.38 0.03 0.67 0.02 0.29 0.03

0.58 0.03 0.56 0.03 0.39 0.04 0.64 0.02 0.50 0.02 0.41 0.04 0.72 0.02 0.34 0.04

GDM vs. BN

GDM vs. BN

GDM vs. BN

GDM vs. BN

Condition

GDM vs. BN

GDM vs. BN

GDM vs. BN

GDM vs. BN

Skill 7 Skill 8Skill 1 Skill 2 Skill 3 Skill 4 Skill 5 Skill 6
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Table.4.8  

The means and standard deviations (SDs) of the Goodman and Kruskal’s Lambda     for eight subskills from 25 data sets across all 

conditions   

 

 

Note. Boldfaced values are small or negative lambda.  

Data 

generation 

Sample 

size 

Test 

length

Data 

estimation 
Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD Mean SD

GDM Small 30 GDM 0.40 0.04 0.39 0.05 0.32 0.05 0.44 0.06 0.31 0.06 0.37 0.06 0.44 0.07 0.25 0.05

GDM Small 30 BN 0.30 0.06 0.24 0.10 0.25 0.08 0.39 0.07 0.27 0.07 0.30 0.08 0.28 0.08 0.12 0.04

GDM Large 30 GDM 0.15 0.03 0.11 0.04 0.27 0.03 0.41 0.03 0.36 0.03 0.36 0.03 0.13 0.05 -0.09 0.03

GDM Large 30 BN 0.26 0.04 0.23 0.08 0.26 0.07 0.36 0.10 0.28 0.04 0.27 0.08 0.35 0.04 0.07 0.06

GDM Small 63 GDM 0.28 0.07 0.22 0.09 0.38 0.06 0.50 0.06 0.42 0.04 0.41 0.08 0.20 0.10 -0.08 0.08

GDM Small 63 BN 0.39 0.07 0.35 0.09 0.36 0.07 0.41 0.14 0.26 0.07 0.32 0.09 0.45 0.08 0.11 0.13

GDM Large 63 GDM 0.27 0.03 0.20 0.04 0.38 0.03 0.51 0.03 0.45 0.02 0.46 0.03 0.24 0.06 -0.02 0.05

GDM Large 63 BN 0.38 0.03 0.35 0.05 0.40 0.04 0.39 0.18 0.30 0.07 0.40 0.07 0.50 0.04 0.09 0.14

BN Small 30 GDM 0.12 0.08 0.10 0.09 -0.08 0.12 0.23 0.12 0.08 0.11 0.07 0.11 0.35 0.08 0.03 0.07

BN Small 30 BN 0.17 0.09 0.17 0.06 0.02 0.08 0.32 0.07 0.17 0.08 0.16 0.06 0.38 0.07 0.02 0.07

BN Large 30 GDM 0.09 0.04 0.07 0.05 -0.03 0.06 0.22 0.05 0.11 0.05 0.12 0.05 0.37 0.03 0.12 0.04

BN Large 30 BN 0.15 0.08 0.15 0.09 -0.05 0.03 0.29 0.10 0.03 0.06 -0.02 0.04 0.39 0.11 0.00 0.03

BN Small 63 GDM 0.15 0.11 0.17 0.07 0.13 0.10 0.35 0.07 0.19 0.10 0.18 0.10 0.47 0.06 0.12 0.08

BN Small 63 BN 0.28 0.07 0.29 0.09 0.17 0.09 0.47 0.06 0.28 0.07 0.27 0.07 0.54 0.05 0.17 0.07

BN Large 63 GDM 0.16 0.04 0.15 0.04 0.16 0.03 0.36 0.04 0.20 0.05 0.22 0.04 0.50 0.03 0.22 0.03

BN Large 63 BN 0.30 0.03 0.29 0.03 0.16 0.04 0.49 0.03 0.30 0.03 0.22 0.04 0.56 0.02 0.17 0.03

Skill 7 Skill 8Skill 1 Skill 2 Skill 3 Skill 4 Skill 5 Skill 6Condition
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condition data created using the Bayesian network with short test length. For the data sets created 

and estimated using the GDM, the kappa values indicate moderate agreement for conditions with 

the small sample size and high agreement for conditions with the large sample size. For the data 

sets created using the Bayesian network, the kappa is lower than the corresponding condition in 

which the data sets were created using the GDM. When the data generation and estimation 

methods are different, the agreement is lower than that when the methods are the same. The bold 

italic values are the kappa values that are lower than their next larger values by more than 0.05. 

Skill 8 and Skill 3 have low agreement in some conditions. 

Table 4.8 shows the mean of Goodman and Kruskal’s lambda ( ) for the improvement of 

each subskill when compared to simply assigning examinees into the group with the highest 

frequency. The lambda ( ) shows that the models improve the person profile assignment, except 

in a few cases, such as for Skills 3 and 8. One possible reason is that Skill 3 has low true 

discrimination parameters and Skill 8 is not measured by an adequate number of items, in the 

short test form. Therefore, their relevant item parameters and person profiles were not well 

estimated.  

Tables 4.9 and 4.10 show the mean correlation matrices between the subskills for the true 

person profiles and the estimates from the two frameworks corresponding to the conditions 

(1) the small sample size and short test length, and (2) the large sample size and long test length. 

Table 4.9 is for the data created using the GDM. Table 4.10 is for the data created using the 

Bayesian network. 

For each table, the three upper-triangle matrices are the mean correlations of the subskills 

from 25 data sets with the small sample size and short test length. The three lower-triangle 

matrices are for condition with the large sample and long test form. The first one is the mean 

correlation matrices for the true person profiles. The second and third are those for the estimates 

from the GDM and the Bayesian network. Table 4.9 shows that the true subskill scores are 

moderately correlated; the correlations are approximately 0.3 for both conditions. One possible 

reason is that the study fixed the skill threshold parameters in the proficiency model for the 

GDM, so the relationships between the subskills do not change as the sample size and test length 

vary. Table 4.10 shows that the correlations of the true subskills fluctuate. This may due to the 

fact that the probabilities for skills were randomly created using Dirichlet distribution. The 

relationships between subskills were fixed. 
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Table 4.9  

The mean correlations between subskills of the true person profiles versus the estimates from the 

GDM and the Bayesian network for the conditions data created by the GDM with (a) a small 

sample size and short test form and (b) a large sample size and long test length. The upper-

triangles are mean correlations for condition (a). The lower-triangles are for condition (b). The 

three matrices are the mean correlations of the true person profile, the estimates from the GDM, 

and the estimates from the Bayesian network 

 

 

 

Both tables show that the correlations of the estimates from the GDM decrease for the 

small sample and short test form, and increase for the large sample and long test form. This is an 

indication that there is not enough information for estimation using the GDM for the condition 

with the small sample size and short test form. As shown in the upper triangles of the second and 

third matrices, the correlations of the estimates for the same data sets using the Bayesian network 

are much higher than those from the GDM. One possible reason is that the relationships between  
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Table 4.10  

The mean correlations between subskills of the true person profiles versus the estimates from the 

GDM and the Bayesian network for the conditions data created using the Bayesian network with 

(a) a small sample size and short test form and (b) a large sample size and long test length. The 

upper-triangles are mean correlations for condition (a). The lower-triangles are for condition 

(b). The three matrices are the mean correlations of the true person profile, the estimates from 

the GDM, and the estimates from the Bayesian network 

 

 

 

estimated skills are enhanced since the MCMC algorithm incorporates the prior information and 

correlations of subskills (Wainer et al., 2001). For the same reason, Skill 8 and Skill 3 are weakly 

correlated with the other skills for the condition with small sample size and short test length in 

the GDM. In the short test form, Skill 8 is only measured by three complex-structure items and 

has the shortest effect test length. Skill 3 has the lowest discrimination parameter values. These 

two skills show much higher correlations to the other skills for the same data sets estimated using 
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the Bayesian network than using the GDM in this condition.  

Table 4.11 presents the means of standard deviations of estimated subskills. For each 

skill estimated from the same data sets, the estimates from the GDM have more variation than 

those from the Bayesian network. The estimates of Skill 8 in the short test form using the GDM 

have the largest standard deviations, which is consistent with the clear underestimation by the 

GDM. The overestimation of standard deviations corresponds to the underestimation of the 

discrimination parameters (i.e., skills are only measured by the simple-structure items in the 

GDM). The underestimation of standard deviation corresponds to the overestimation of 

discrimination parameters (i.e., the relevant skills from the complex-structure items in the 

Bayesian network). One possible reason is that when a constant is multiplied by the 

discrimination parameter and then divided by this constant from the additive term, the likelihood 

does not change,   (       )            (      )               (      )    where      (for k = 1 to 3) in the GDM, and      (for k = 4 to 8) in the Bayesian network. 

 

Table 4.11  

The mean standard deviation of each estimated subskill  

 

 

 

Data-

generation 

Sample 

size 

Test 

length

Data-

estimation 
Skill 1 Skill 2 Skill 3 Skill 4 Skill 5 Skill 6 Skill 7 Skill 8

GDM Small 30 GDM 0.96 0.97 0.99 0.88 0.91 0.93 0.89 0.99

GDM Small 30 BN 0.84 0.83 0.82 0.65 0.62 0.70 0.67 0.62

GDM Large 30 GDM 0.98 0.97 0.98 0.91 0.94 0.95 0.92 1.00

GDM Large 30 BN 0.82 0.83 0.83 0.65 0.60 0.69 0.72 0.55

GDM Small 63 GDM 0.91 0.90 0.91 0.88 0.89 0.89 0.88 0.96

GDM Small 63 BN 0.80 0.79 0.82 0.64 0.53 0.63 0.69 0.53

GDM Large 63 GDM 0.94 0.94 0.95 0.90 0.92 0.92 0.89 0.97

GDM Large 63 BN 0.79 0.76 0.81 0.63 0.57 0.71 0.72 0.48

BN Small 30 GDM 0.96 0.97 0.99 0.88 0.91 0.94 0.90 0.99

BN Small 30 BN 0.71 0.71 0.63 0.63 0.59 0.60 0.75 0.63

BN Large 30 GDM 0.96 0.96 0.98 0.89 0.92 0.93 0.90 1.00

BN Large 30 BN 0.72 0.70 0.64 0.67 0.62 0.62 0.76 0.55

BN Small 63 GDM 0.91 0.91 0.91 0.88 0.89 0.89 0.89 0.96

BN Small 63 BN 0.74 0.74 0.63 0.66 0.61 0.61 0.75 0.70

BN Large 63 GDM 0.92 0.93 0.94 0.89 0.91 0.91 0.89 0.96

BN Large 63 BN 0.77 0.75 0.73 0.65 0.59 0.66 0.74 0.59

Standard deviation of subskillCondition
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4.4.2 The Estimation of General Ability in the Proficiency Model.  

The results of the estimation of general ability were reported for the two data generation 

methods. The general ability in the GDM was drawn from a continuous distribution, so the 

general ability of these data sets was fitted by a continuous PCM model in a Bayesian network 

and a discrete PCM model with 61 levels in the GDM. For these conditions, the means and the 

standard deviations of the root mean squared errors (RMSE) of estimates from the true values 

were reported. Let    be the true general ability and  ̂  be the estimated general ability for 

 

Examinee i, then the RMSE for the general ability is      √  ∑      ̂       . For the data 

created using the Bayesian network, the general ability was created from a discrete distribution 

with three levels. Thus the parameter was fitted using a discrete Bayesian network with three 

levels and a one-dimension discrete PCM with three levels. The weighted Cohen’s kappa and the 

Goodman and Kruskal’s lambda were reported as measures of the agreement of the estimated 

general abilities from two models.   

Table 4.12 shows the indices for the estimates of person profiles in the proficiency model. 

The top of the table shows the RMSE for the conditions in which data sets were created using the 

GDM. As a whole, the estimation from the Bayesian network has a smaller RMSE. As the 

sample size goes up, the RMSE becomes smaller for the Bayesian network. The mean RMSE 

values indicate that the estimates for the data created and estimated using the GDM with a large 

sample size deviate significantly from the true values. I investigated the estimates from the 

evidence model and found that the most of the examinees were classified into extreme groups in 

the evidence model, with all subskills are in either a high level or a low level. This led to the 

estimates of general ability   ̂  with extreme values in the proficiency model and departure from 

the true values. Another possible reason is that the limited number of items (eight items) in this 

PCM cannot provide sufficient information for estimation using the GDM. However, the RMSEs 

for the Bayesian network are much lower than the GDM values. One possible reason is that the 

Bayesian network used a one-stage procedure in the estimation, which used the relationships 

among the subskills to stabilize proficiency estimates in each iteration. In contrast, the GDM 

estimated the parameters in the evidence and proficiency models separately and did not use these 

relationships. Therefore, the estimation using the Bayesian network with the MCMC algorithm 
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shows better results in the proficiency model for the data created using the GDM than estimation 

using the GDM with the EM algorithm.  

The agreement of the assignment for the discrete general skill increases as the sample 

size increases, the test form becomes longer, or both. However, the estimates for the proficiency 

variable only show low to moderate agreement, and Kappa values range from 0.1 to 0.5. This is 

an indicator that the limited number of items cannot provide enough information for estimation 

in the proficiency model. Comparing the two models, the GDM shows better agreement for the 

discrete general ability estimates.  

 

Table 4.12  

The indices of the precision of estimates of general ability in the proficiency model; the root 

mean squared error (RMSE) for the continuous theta; and the means and standard deviations 

(SDs) of the weighted Cohen’s kappa and the Goodman and Kruskal’s lambda for the discrete 

theta  

 

 

Note. For each section, the first line gives the condition: (1) the data-generation method - “GDM-

_” (the GDM) or “BN_” (the Bayesian network); (2) the sample size - “_Small_” (N = 230) or 

“_Large_” (N = 1000); and (3) the test length - “_30” (J = 30) or “_63” (J = 63). The first 

column shows the type of person profile: “GDM” - person profiles estimated using the GDM, 

“BN” - person profiles estimated using the Bayesian network, and “True” - simulated person 

profiles. 

 

 

Mean SD Mean SD Mean SD Mean SD

GDM 0.78 0.05 0.65 0.05 1.50 0.41 1.08 0.11

BN 0.65 0.03 0.58 0.04 0.65 0.02 0.58 0.01

GDM vs. True 0.19 0.07 0.37 0.08 0.45 0.02 0.51 0.02

BN vs. True 0.11 0.05 0.14 0.03 0.05 0.05 0.13 0.02

GDM vs. BN 0.10 0.08 0.12 0.08 0.07 0.08 0.16 0.02

GDM vs. True 0.10 0.05 0.22 0.10 0.12 0.05 0.19 0.05

BN vs. True -0.06 0.07 -0.04 0.06 -0.11 0.03 -0.06 0.03

Goodman and Kruskal's Lambda

Root Mean Squared Error (RMSE)

GDM_Small_30 GDM_Large_30 GDM_Large_63

Weighted Cohen's Kappa

GDM_Small_63
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CHAPTER FIVE 

 

THE ANALYSIS OF ACED DATA 

 

The test data set used in this study was taken from the field trial of the Adaptive Content 

for Evidence-Based Diagnosis (ACED) system, which is a coached-practice program designed to 

assess sequences as patterns. The ACED design covers three types of sequences: Arithmetic, 

Geometric, and Other Recursive. This study focused only on the data set of Geometric sequences 

used as part of a field trial designed for Algebra I students who have not been taught Geometric 

sequences as part of the curriculum (Shute et al., 2008). This research analyzed the data from the 

230 students who used ACED and responded to the 63 Geometric sequence tasks. 

The original proficiency model, created according to math experts’ knowledge, was 

shown in Figure 2.7 (Shute et al., 2006). Figure 2.7 shows 10 subskills in the original proficiency 

model for the Geometric branch of ACED. Shute et al. (2008) used a Bayesian network for 

ACED. Their CPDs were created based on a “regression” model, in which correlations and 

intercepts were provided by the math experts. Probabilities in the evidence model were 

calculated using Samejima’s graded response model by assigning difficulty 1 for hard items, 0 

for medium items, and -1 for easy items. For each item measuring more than one skill, a 

discrimination of 1.5 was assigned for the primary skill, and a 1 was assigned for the others.  

In this study, I completed the following actions: (1) I ran a Bayesian network with ten 

subskills. (2) I reduced ten subskills to nine to run both the GDM and the Bayesian network with 

nine subskills, and (3) I combined and reduced ten subskills to eight to run both the GDM and 

the Bayesian network with eight subskills.  

For the first condition, the ten subskills are shown in Figure 2.7 and were measured by 63 

items. The ten subskills are Distinguish Types, Common Ratio, Example Geometric, Extend 

Geometric, Verbal Rule Geometric, Explicit Geometric, Recursive Rule Geometric, Table 

Geometric, Visual Geometric, and Model Geometric. For the second condition with nine 

subskills, the Recursive Rules Geometric skill, which is only relevant to six simple-structure 

items, was removed from the model and the corresponding six items were also removed from the 

data set. This led to a total of 57 items and nine subskills in the Q-matrix. The nine remaining 

subskills are Distinguish Types, Common Ratio, Example Geometric, Extend Geometric, Verbal 

Rule Geometric, Explicit Geometric, Table Geometric, Visual Geometric, and Model Geometric. 
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For the condition with eight subskills, the simplification procedures are shown in Figure 2.8. The 

subskills in the box at the bottom of Figure 2.8 were replaced by their high-level skill (Induce 

Rule Geometry). If an item measured any of the three skills (Verbal Rule Geometric, Explicit 

Geometric, and Recursive Rule Geometric) the corresponding Q-matrix entry for the item and 

the Induce Rule Geometry skill was equal to 1. Therefore, the structure of ACED was simplified 

to eight subskills and one high-level general skill as shown in Figure 2.9. The eight subskills are 

Extend Geometric, Common Ratio, Example Geometric, Distinguish Types, Table Geometric, 

Visual Geometric, Model Geometric, and Induce Rule Geometric. 

The ACED data set was analyzed using both the GDM and the Bayesian network with 

different Q-matrix designs. For each Q-matrix, I examined Bayesian networks with both 

continuous and discrete general skills. For the Q-matrices with eight or nine subskills, I 

examined the GDM proficiency model with a 61-level or a three-level discrete general skill. In 

other words, the ACED data set was treated as both GDM-type data and Bayesian-network-type 

data.  

For the estimation using the Bayesian network employing the MCMC algorithm, 2,000 

iterations were discarded as burn-ins, and an additional 2,000 iterations were run to draw 

samples from the posterior distribution. Table 5.1 reports the R-hat statistics for the estimation 

using Bayesian networks. The table includes (1) the percentage of R-hats greater than 1.1, (2) the 

percentage of R-hats greater than 1.2, and (3) the maximum value of R-hat in each parameter set.  

The R-hat values for the deviance are extremely close to 1 indicating that the models 

converge well as a whole. The parameters in the evidence model also have good convergence; 

the percentage of R-hats greater than 1.2 is less than 1.3% and all maximum values are less than 

1.3. The percentage of R-hats of the skill threshold parameter in the proficiency model greater 

than 1.2 is less than 6%, and the R-hat values of the continuous general ability parameters are 

very close to 1. However, the Bayesian network with discrete general ability shows some 

convergence issues for the high-level general ability. In general, the Bayesian networks with 

continuous general ability converge well.  
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Table 5.1  

The R-hat statistics for the estimation of the ACED data set using Bayesian networks 

 

 

Note. Percent >1.1 and >1.2 represent the percentages of R-hat values greater than 1.1 and 1.2. 

The “discrete” and “continuous” in the first column represent whether the model fitted a discrete 

or continuous Solve Geometric Problem skill in the proficiency model.  

 

The results for the ACED data analysis include the following: (1) deviance, (2) the 

agreement of subskill assignment between the discrete and continuous Bayesian networks with 

the same Q-matrix, (3) the agreement of subskill assignment between the GDM and the two 

Bayesian networks with the same Q-matrix, (4) the correlations between the examinees’ raw 

scores and the estimated continuous Solve Geometric Problem skill, and (5) the correlations 

between the raw scores and the expected a posteriori (EAP) estimates of the discrete Solve 

Geometric Problem skill. 

Table 5.2 presents the deviance as model-fit indices for all the models fitted to the ACED 

data set. The AIC, BIC, and DIC are reported. Smaller values of these indices are preferred. 

Within each column, the DIC has the largest value with the exception of the BIC for the model 

of nine-skill with continuous general ability. For the models with eight subskills, the AICs and 

BICs are less than the DICs. As the number of subskills increases, the AICs and BICs go up. 

Comparing the DIC across all Bayesian networks, the DIC for the ten-subskill model with 

continuous Solve Geometric Problem skill is the smallest. The AIC and BIC from the models 

with the same Q-matrix are equal, since their proficiency models have the same numbers of 

model parameters. 

 

Percent 

>1.1
Max

Percent 

>1.1

Percent 

>1.2
Max

Percent 

>1.1

Percent 

>1.2
Max

Percent 

>1.1

Percent 

>1.2
Max

Percent 

>1.1

Percent 

>1.2
Max

Percent 

>1.1

Percent 

>1.2
Max

Eight-skill 

discrete
0 1.00 2.12 0.49 1.29 0 0 1.05 0 0 1.02 55.65 27.83 3.46

Eight-skill 

continuous
0 1.00 1.63 0.44 1.29 0 0 1.04 14.29 0 1.15 0 0 1.01 12.5 0 1.13

Nine-skill 

discrete
0 1.00 1.30 0.68 1.29 0 0 1.07 0 0 1.09 54.35 43.03 5.03

Nine-skill 

continuous
0 1.01 6.09 1.21 1.29 0 0 1.09 10.53 0 1.15 0 0 1.02 16.67 5.56 1.34

Ten-skill 

discrete
0 1.00 1.17 0.52 1.29 0 0 1.05 0 0 1.02 56.52 49.13 3.05

Ten-skill 

continuous
0 1.01 0.11 0.04 1.29 0 0 1.05 1.59 0 1.10 0 0 1.01 5 0 1.12

Alpha Gamma Beta Theta bDeviance

Condition
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Table 5.2  

Model fit indices from different Q-matrix models and statistical models 

 

 

Note. The “discrete” and “continuous” in the first row represents whether the model fit a discrete 

or continuous Solve Geometric Problem skill in the proficiency model.  

 

Table 5.3 shows the correlations between the estimated Solve Geometric Problem skill 

measures and the raw scores. The estimates of the continuous Solve Geometric Problem skill 

from the different models are highly correlated to the raw scores, with correlations of .8 or .9. 

The EAP estimates of the discrete Solve Geometric Problem skills from Bayesian networks are 

weakly to moderately correlated to the raw scores. This indicates that information was lost after 

discretizing the distribution of general skill into three categories. 

 

Table 5.3  

Correlations between raw scores and the estimated general geometry skill 

 

 

 

Table 5.4 shows the weighted Cohen’s Kappa for the agreement of the estimates from 

GDMs and Bayesian networks fitted with a discrete evidence model. These Kappa values denote 

moderate or high agreement among the subskills. The Common Ratio, Distinguish Types, 

Extend Geometric, and Visual Geometric skills have high agreement from different models. The 

Explicit Geometric, Verbal Geometric, and Model Geometric skills have low to moderate 

agreement. After the Explicit Geometric, Verbal Geometric, and Recursive Rule Geometric skills 

were combined into the high-level Induce Rule Geometric skill, the assignments of the combined 

skill have moderate to high agreement among the eight-skill models. 

 

Eight-skill 

discrete

Eight-skill 

continuous

Nine-skill 

continuous

Ten-skill 

discrete

Ten-skill 

continuous
AIC 12628 12628 14908

BIC 13243 13243 15568

DIC 17479 14775 15152 17650 13175

Eight-skill 

discrete

Eight-skill 

continuous

Nine-skill 

discrete

Nine-skill 

continuous

Ten-skill 

discrete

Ten-skill 

continuous

GDM 0.851 0.804 0.834 0.82

BN 0.384 0.927 0.335 0.923 0.339 0.932
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Table 5.4  

The weighted Cohen’s Kappa (   of the subskills from the fitted model for the ACED data set 

 

 

Note. CBN and DBN represent the Bayesian network model fitted a continuous and a discrete 

Solve Geometric Problem skill in the proficiency model, respectively. GDM represents the 

ACED data fitted to a GDM. 

 

 Figure 5.1 shows the error bar plots for the estimated discrimination parameters from 

the GDM with eight subskills. The x-axis represents the discrimination parameter identification 

number. The whiskers are the lower and upper bounds of the 95% confidence intervals computed 

using the standard errors of estimates from the GDM. These error bars differ from those in the 

simulation study in that there is no replication in the ACED data analysis and no true values. The 

estimates from the GDM are represented as solid dots. The estimates from the Bayesian network 

are denoted by the triangles in the figure. The horizontal reference line is at a discrimination 

value of 0. The error bars to the left of the dashed line are the estimated discrimination 

parameters of the simple-structure items. Most of the estimates from the Bayesian network are 

larger than those from the GDM. A few negative estimated discrimination parameters were 

found using the GDM. All the estimates from the Bayesian network are greater than zero. 

Detailed figures for additional models can be found in Appendix A. The whiskers for the 

error bar of the estimated discrimination parameter from the Bayesian network are the 2.5% and 

97.5% thresholds of the 95% credible intervals. The figures show some error bars from the GDM 

are quite long. The estimated parameters from the GDM also have a wide range, which is from -

1 to 3. This indicates that the GDM may have overfitting issues. Most of the estimates from the 

Bayesian network are larger than those from the GDM. A few negative estimated discrimination 

Condition
Common 

Ratio

Distinguish 

Types

Examples 

Geometric

Explicit 

Geometric

Extend 

Geometric

Model 

Geometr

RecursiveRule

Geometric

Table 

Geometric

Verbal 

Geometric

Visual 

Geometric

Induce 

Rule 

GDM_DBN 0.97 0.94 0.90 0.74 0.29 0.43 0.42 0.72

CBN_DBN 0.80 0.71 0.49 0.75 0.42 0.35 0.66 0.65

GDM_CBN 0.82 0.73 0.52 0.66 0.47 0.51 0.66 0.68

GDM_DBN 0.83 0.73 0.48 0.33 0.68 0.54 0.42 0.39 0.65

CBN_DBN 0.79 0.74 0.49 0.18 0.70 0.50 0.56 0.36 0.64

GDM_CBN 0.88 0.88 0.92 0.44 0.68 0.36 0.43 0.35 0.74

CBN_DBN 0.80 0.71 0.48 0.16 0.81 0.49 0.77 0.58 0.25 0.66

Eight-Subskill Model

Nine-Subskill Model

Ten-Subskill Model
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parameters were found using the GDM. All of the estimates from the Bayesian network are 

greater than zero. 

 

 

Figure 5.1. The error bar plot of the discrimination parameters for the ACED data set analyzed 

using the GDM with eight subskills. The sample size and test length are equal to 230 and 63, 

respectively. A total of 113 discrimination parameters are estimated in the model. The reference 

line represents the discrimination parameter equal zero. The dots and triangles represent the 

estimates using the GDM and the Bayesian network, respectively. The bars represent the 95% 

confidence intervals computed using the standard error of the estimates from the GDM output.  

 

Figure 5.2 shows the error bars plots for the difficulty parameters from the GDM with 

eight subskills. The error bar plots for the other models are included in Appendix A. The figures 

again show patterns that differ from those of the simulated data. The whiskers are the lower and 

upper bounds of the 95% confidence intervals computed using the standard errors of estimates 

for the GDMs. The whiskers are the 2.5% and 97.5% thresholds of the 95% credible intervals for 

the Bayesian networks. The solid dots represent the estimates. The triangles are the estimates 

from the other statistical model. The difficulty level from the design is denoted by the blue stars. 

The values of -1, 0, and 1 represent easy, medium, and hard items, respectively. The information 

on the designed difficulty levels is available at: http://ecd.ralmond.net/ecdwiki/ACED/ACED. 

The estimates of the difficulty parameters cover a wide range, from -2 to 4. More than 

half of the error bars do not cover the estimates from the other model. Some hard items were 

estimated to have low difficulty parameters by all models, such as Items 5, 6, 29, and 30. The 

estimates from the Bayesian network tend to be higher than those from the GDM, and have less 

variation. The estimates from the GDM with eight subskills show some extreme values which 

are larger than three. As can be seen by most of the dots and triangles appearing above the stars, 
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these difficulty parameters are inflated, with higher values than those from the design. Both the 

GDM and the Bayesian network tend to inflate the difficulty of easy and medium items and 

deflate the difficulty of hard items.  

 

 

Figure 5.2. The error bar plot of the difficulty parameters for the ACED data set estimated using 

the GDM with 8 subskills and 63 items. The dots and triangles represent the estimates from the 

GDM and the Bayesian network, respectively. The item difficulty levels from the design are 

marked as stars, easy, medium, and hard levels are represented as -1, 0, and 1, respectively. The 

bars are 95% confidence intervals computed using the standard errors of the estimates from the 

GDM output.  
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CHAPTER SIX 

 

 SUMMARY AND DISCUSSION 

 

In this dissertation, I compared the GDM and the Bayesian network approaches to 

modeling data from a particular diagnostic assessment, ACED. Each statistical framework 

contains two levels: (a) the proficiency model and (b) the evidence model. Thus, each data set 

was created and estimated using a two-level model. The GDM computed the parameter estimates 

via EM algorithm by using a two-stage procedure (each stage corresponding to one level of the 

model). The Bayesian network employed the MCMC algorithm and estimated the parameters in 

the evidence and proficiency models simultaneously. The performance of the two statistical 

models was compared at (1) the model level, (2) the item level, and (3) the person level. This 

study manipulated four factors: (1) the statistical models used for data generation,  

(2) the statistical models used for data estimation, (3) the sample size, and (4) the test length. 

The difference in the design philosophy and estimation procedures produced several 

differences between the two models. First, the data generation procedures in the evidence model 

were the same in essence in the GDM and the Bayesian network (Section 3.2). The GDM was 

employed to compute the probabilities of CPTs in the evidence model for the Bayesian network 

in this study. Given the same person profile, the probabilities of correctly answering an item in 

the two models are the same in essence. Therefore, the mismatch between the data generation 

and estimation procedures in the evidence model did not affect the model results greatly in this 

study. 

Second, incorporating the relationship among the proficiency variables in the estimation 

resulted in smaller RMSE of the high-level ability, as shown in Table 4.12 (Section 4.4). The 

Bayesian network used these relationships among the skills to stabilize proficiency estimates in 

each iteration of the estimation algorithm. Similar to Wainer et al. (2001), this avoids large 

RMSE values in the estimation in the proficiency model. The GDM estimated the parameters in 

the evidence and proficiency models separately and did not use these relationships. Therefore, 

the RMSEs between the estimated general ability estimated by the GDM and the true values are 

much larger than those from the Bayesian network. Furthermore, overfitting may occur in the 

estimation of the parameters of the GDM due to the fact that the number of observations is much 

smaller than the number of parameters. The study includes eight subskills with three levels in the 
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evidence model, yielding         distinguishable patterns, but the sample size was only 

1,000 or 230. The overfitting amplifies the variability in the data and leads to extreme person 

profiles in the evidence model. Therefore, the deviation in the evidence model resulted in large 

differences in the estimates of the general ability in the proficiency model. As shown in Table 

4.12, the RMSE of the general skill is as high as 1.51 for the large sample size with a short test in 

the GDM, while the corresponding RMSE in the Bayesian network is 0.65. 

Third, the recovery of the person profiles for the low-level skills is generally better than 

that of the high-level ability, as shown in Tables 4.7, 4.8, and 4.12. For the evidence model, both 

approaches recover the person profiles moderately well. The GDM performs better in the 

estimation of person profiles for the large sample size and long test length conditions, while the 

Bayesian network recovers person profiles slightly better for the small sample size and short test 

length conditions. For the proficiency model, neither the GDM nor the Bayesian network 

performs well. The estimates of the continuous general skill using the GDM deviated from the 

true values. The estimates of the discrete general skill using the two approaches also have low 

agreement with true values. One reason that occurred may be that the proficiency model does not 

have an adequate number of items because of the limited number of subskills. 

Taken together, both models do not recover person profiles well. The GDM provides 

better agreement for the person profile assignment than the Bayesian network. One possible 

reason is that the estimation is sensitive to the conditional probability distributions (likelihoods) 

in the Bayesian network. The CPDs of the proficiency variables are given by Dirichlet 

distributions, population distributions of the states of the low-level proficiency variables may not 

be well estimated. Improving the conditional probability distribution and likelihoods by 

incorporating expert knowledge for the Bayesian network is an area for future research.  

Fourth, both the GDM and the Bayesian network have identifiability issues, such as shifts 

of locations or improper variances of estimates (Bafumi et al., 2005). The skill threshold 

parameters of subskills and the difficulty parameters of items do not converge well. One possible 

reason is that the performance is only related to relative locations of difficulty and person 

abilities given the discrimination parameter. The shift of both location parameters does not affect 

the relative location and the model prediction in each chain. This resulted in a large variation 

between chains and big R-hat values and was also evidenced by the R-hat values that decreased 

sharply when subtracting the mean of the two skill threshold parameters from the difficulty 
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parameter. The fact that high-level ability parameters in this situation converge well may be due 

to the fact that the convergence issue has happened to the skill threshold (location) parameters. 

On the other hand, the general ability also converged slowly when the estimation in the higher-

order model did not involve the location parameter. For the data created using the Bayesian 

network, all parameters converged well, with the exception of the high-level ability in the 

proficiency model. This general ability is non-identified. This is similar to the problem found in 

Almond et al (2007).  

The GDM underestimated the discrimination parameters for simple-structure items. This 

study further investigated the standard deviations of subskills and found that the estimated 

standard deviations of Skills 1 to 3 are greater than those for the other estimated skills, with the 

exception of Skill 8, as shown in Table 4.11. That indicates the underestimation issue for the 

discrimination parameters of the simple-structure items led to a large variations among the 

estimates of the first three subskills. For the complex-structure items, the corresponding 

discrimination parameters show more complicated patterns in the GDM. The parameters of the 

primary skills are underestimated and those of the relevant skills are estimated accurately. The 

estimated standard deviations for Skills 4 to 7 are slightly smaller than those for Skill 1 to 3. The 

parameters related to Skill 8 are clearly underestimated by the GDM as shown in Figure 4.2 and 

has the largest ratio among the eight subskills as shown in Table 4.11. 

In contrast, the Bayesian network estimated the discrimination parameters of the simple-

structure items accurately; the means of the estimated standard deviations are much lower than 

those from the GDM, with the exception of Skill 4. The estimated standard deviations become 

smaller as the item structure becomes more complex, where the means of the estimates deviate 

(overestimate) from the true values for the Bayesian network condition, as shown in Figure 4.3. 

The overestimation of the discrimination parameters of the complex-structure items results in 

small standard deviations among skills for the Bayesian network. 

 Fifth, the Bayesian network performed better than the GDM for the skills that were not 

measured by an adequate number of items (Figures 4.2 and 4.3). The discrimination parameters 

for Skill 8 were remarkably underestimated and were not even captured by the GDM for the 

short test length condition, the estimates were very close to 0 or even took on negative values 

and were much lower than the true values. One possible reason was that the EM algorithm used 

in the GDM estimation does not reach global maxima for the discrimination parameters of 
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Skill 8. An alternative reason was that perhaps the GDM does not detect Skill 8 since there are 

only three items with complex structure measuring Skill 8, which may not provide adequate 

information for estimation using the GDM. However, the Bayesian network shows a different 

pattern for the same condition. One possible reason is that the Bayesian network estimates Skill 8 

based not only on the direct evidence from the Skill 8 items, but also on the indirect evidence 

from items that measure other skills and the correlations between those skills and Skill 8 (Wainer 

et al., 2001). In contrast, the GDM used a two-stage procedure and estimated the evidence model 

and proficiency model separately. So the GDMs did not exploit the relationships among skills 

during the estimation of the evidence model and performed worse for the data with small sample 

sizes and short test forms. Therefore, the Bayesian network is recommended for analysis of test 

data with small sample sizes and short test forms. 

Sixth, the true values of the discrimination parameters for Skill 3 are small in the 

condition with small sample size and short test length, thus the Bayesian network performs better 

than the GDM in the estimation of these discrimination parameters, as shown in Figures 4.2 and 

4.3. The small true values correspond to a weak relationship between the skill level and the 

probability of getting a correct response. For example, the true values for Skill 3,     ,     , and     , are lower than the other discrimination parameters of the simple-structure items in the short 

test form. Their error bars are low and even cover negative values. As expected, the person skills 

are not well estimated for Skill 3 in the short test length conditions.  

Seventh, both statistical models recover the difficulty parameters relatively well  

(Section 4.3.2). The estimates from the two frameworks have negative bias for difficulty 

parameters when data sets were created using the GDM. When the data sets were generated 

using the Bayesian network, the biases are positive. The means of the estimates from the two 

models are strongly related to the true values of the difficulty parameters with correlations of 

0.94 and 0.99, respectively. 

  Taken as a whole, the condition in which data sets were created and estimated using the 

Bayesian network with a large sample size (N = 1000) and short test length (J = 30) shows the 

worst results (Figure A.13). In this condition, the estimated discrimination parameters deviate 

from the true values, even though a small bias can be found in the table. The overestimates and 

underestimates cancelled out. The weighted Cohen’s kappas and Goodman and Kruskal’s 
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lambdas for the estimates of person profiles also show low agreements for this condition (Tables 

4.7 and 4.8). Further exploration of this issue should be interesting. 

Finally, the sample size determines the consistency among the estimates, and test length 

is related to the accuracy of the estimates. As the sample size increases, the variation among 

estimates becomes smaller. When the test form is longer, the parameter estimates become more 

accurate. The accuracy of the person profile assignment increases as the sample size increases, 

the test form becomes longer, or both, with the exception of the condition data created and 

estimated using the Bayesian network with a large sample size and short test form.  

This study only examined conditions in which the item parameters were fixed, and 

investigated the influence of person profiles. This restriction limited investigation of the impact 

of the magnitude of item parameters, especially in regards to small discrimination parameters. 

The findings are that the estimation for both item parameters and person profiles in terms of 

skills with small true values was not particularly accurate.  

A second limitation is that there are some convergence issues for estimation using the 

Bayesian network. One possible reason is that this study has not run adequate iterations for the 

MCMC algorithm due to limits on computation time. Another reason could be that the model is 

non-identified. The identifiability issue should be fully discussed in future research. Some 

strategies should be taken to solve this issue, which occurs not only in Bayesian networks, but 

also in the GDM. 

Overfitting is a possible limitation in both the GDM and the Bayesian network since the 

number of model parameters is much larger than the sample size; cross-validation is a suggestion 

for possible future work. The procedure involves (1) partitioning the data set into the 

complementary subsets, the training set and the testing set; (2) evaluating the recovery of the 

proficiency profiles should be done on the test data. 

Both approaches have strengths and weaknesses. Based on this limited study, I would 

recommend the Bayesian network if the sample will be small. The GDM can be used to produce 

CPTs for the Bayesian network, so the data generation methods are in essence the same. These 

are preliminary conclusions and the differences should be studied under other conditions. 
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APPENDIX A 

 

TABLES AND FIGURES  

 

Table A.1  

Evidence model, true item parameters, and item difficulty levels for the two simulated test forms 

  

 

 

Evidence Difficulty

model γ1 γ2 γ3 γ4 γ5 γ6 γ7 γ8 β
1(1) 1.22 0 0 0 0 0 0 0 -0.74 Easy

2 0.81 0 0 0 0 0 0 0 -1.12 Easy

3(2) 1.45 0 0 0 0 0 0 0 -0.63 Medium

4 1.30 0 0 0 0 0 0 0 -0.19 Medium

5(3) 0.57 0 0 0 0 0 0 0 0.61 Hard

6 0.87 0 0 0 0 0 0 0 0.85 Hard

7(4) 0 1.08 0 0 0 0 0 0 -0.69 Easy

8 0 1.04 0 0 0 0 0 0 -0.75 Easy

9(5) 0 1.27 0 0 0 0 0 0 -0.05 Medium

10 0 0.67 0 0 0 0 0 0 0.03 Medium

11(6) 0 1.18 0 0 0 0 0 0 1.00 Hard

12 0 1.09 0 0 0 0 0 0 0.89 Hard

13(7) 0 0 0.95 0 0 0 0 0 -0.91 Easy

14 0 0 1.32 0 0 0 0 0 -1.19 Easy

15(8) 0 0 1.03 0 0 0 0 0 0.25 Medium

16 0 0 0.73 0 0 0 0 0 0.08 Medium

17(9) 0 0 0.65 0 0 0 0 0 1.18 Hard

18 0 0 1.11 0 0 0 0 0 1.13 Hard

19(10) 0 0 0 0.91 0 0 0 0 -0.91 Easy

20 0 0 0 1.12 0 0 0 0 -0.60 Easy

21(11) 0 0 0 1.19 0 0 0 0 0.14 Medium

22 0 0 0 1.10 0 0 0 0 -0.10 Medium

23(12) 0 0 0 0.93 0 0 0 0 1.08 Hard

24 0 0 0 1.28 0 0 0 0 1.06 Hard

25(13) 0 0 0 0.59 0.87 0.72 0 0 -1.21 Easy

26 0 0 0 0.60 0.89 0.51 0 0 -0.76 Easy

27(14) 0 0 0 0.74 0.83 0.66 0 0 0.00 Medium

28 0 0 0 0.36 0.82 0.72 0 0 0.06 Medium

29(15) 0 0 0 0.69 0.86 0.54 0 0 1.06 Hard

30 0 0 0 0.52 0.77 0.71 0 0 0.85 Hard

31(16) 0 0 0 0.80 0 1.11 0 0 -0.96 Easy

32 0 0 0 0.92 0 0.98 0 0 -1.16 Easy

33(17) 0 0 0 0.89 0 0.92 0 0 -0.25 Medium

34 0 0 0 0.75 0 1.31 0 0 -0.07 Medium

35(18) 0 0 0 0.53 0 1.12 0 0 1.05 Hard

36 0 0 0 0.70 0 1.05 0 0 1.02 Hard

37(19) 0 0 0 0.57 0.56 0 0.67 0 -0.95 Easy

38 0 0 0 0.52 0.69 0 0.65 0 -0.82 Easy

39(20) 0 0 0 0.59 0.52 0 0.78 0 0.14 Medium

40 0 0 0 0.74 0.58 0 1.14 0 0.39 Medium

41(21) 0 0 0 0.35 0.72 0 0.92 0 1.10 Hard

42 0 0 0 0.39 0.56 0 0.85 0 1.10 Hard

Dscrimination Parameters

2(2)

Item level

3(3)

5(5)

7(7)

4(4)

Item

1(1)

6(6)
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Table 1-continued 

 

Note. The numbers in parentheses are the evidence-model number and item number for the short 

test form. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Evidence Difficulty

model γ1 γ2 γ3 γ4 γ5 γ6 γ7 γ8 β
43(22) 0 0 0 0 0.48 0 1.15 0 -1.01 Easy

44 0 0 0 0 0.49 0 1.12 0 -1.27 Easy

45(23) 0 0 0 0 0.70 0 0.90 0 -0.14 Medium

46 0 0 0 0 0.79 0 1.31 0 -0.03 Medium

47(24) 0 0 0 0 0.78 0 1.35 0 0.87 Hard

48 0 0 0 0 0.90 0 1.01 0 1.07 Hard

49(25) 0 0 0 0.65 0 0 1.04 0 -1.01 Easy

50 0 0 0 0.53 0 0 0.81 0 -1.29 Easy

51(26) 0 0 0 0.63 0 0 0.86 0 -0.17 Medium

52 0 0 0 1.01 0 0 1.32 0 -0.03 Medium

53(27) 0 0 0 0.58 0 0 0.98 0 1.23 Hard

54 0 0 0 0.42 0 0 1.25 0 1.25 Hard

55 0 0 0 0.64 0.37 0.51 0 0.83 -1.13 Easy

56 0 0 0 0.58 0.38 0.65 0 0.58 0.10 Medium

57 0 0 0 0.68 0.50 0.39 0 0.73 1.21 Hard

58(28) 0 0 0 0.28 0.37 0.50 0.61 0.50 -0.89 Easy

59 0 0 0 0.30 0.48 0.47 0.52 0.56 -0.71 Easy

60(29) 0 0 0 0.34 0.53 0.39 0.61 0.54 0.37 Medium

61 0 0 0 0.46 0.65 0.40 0.36 0.76 0.18 Medium

62(30) 0 0 0 0.54 0.36 0.55 0.27 0.74 1.00 Hard

63 0 0 0 0.57 0.58 0.33 0.56 0.64 1.00 Hard

8(8)

9(9)

Dscrimination Parameters
Item levelItem

10( )

11(11)
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Figure A.2 ( a) Population distributions of all subskills given general skill being in the low level; 

(b) Population distributions of all subskills given general skill being in the middle level; 

(c) Population distributions of all subskills given general skill being in the high level. 

 

(a) 

(b) 
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Figure A.2 - continued. 

 

(c) 
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Figure A.3 (a) JAGS plot for the estimates; (b) Typical history plots of the parameters; 

(c) Typical density plots of the parameters for the data set created using GDM and estimated 

using the Bayesian network with small the sample size (N = 230) and short test length (J = 30). 
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Figure A.3 - continued. 

(b) 



 

104 

 

 

 

 

Figure A.3 - continued.   

(c) 
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Figure A.4 (a) JAGS plot for the estimates; (b) Typical history plots of the estimated parameters; 

(c) Typical density plots of the estimated parameters of data set created and estimated using the 

Bayesian network with small the sample size (N = 230) and short test length (J = 30). 
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Figure A.4 - continued.   

 

(b) 
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Figure A.4 - continued.   

   

(c) 
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Figure A.5. Error bar plots of the estimated discrimination parameters for the condition data created and estimated using the GDM, 

with the large sample size (N = 1000) and short test length (J = 30). The four plots highlight the error bars of the estimated 

discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. The 12 bars to the left of 

the dashed line are for the discrimination parameters of the simple-structure items. The rest are for the discrimination parameters of 

the complex-structure items. Triangles and dots represent true values and means of estimates.  
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Figure A.6. Error bar plot of the estimated discrimination parameters for the condition data created using the GDM and estimated 

using the Bayesian network, with the large sample size (N = 1000) and short test length (J = 30). The four plots highlight the error bars 

of the estimated discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. 

 The 12 bars to the left of the dashed line are for the discrimination parameters of simple-structure items. The rest are for the 

discrimination parameters of the complex-structure items. Triangles and dots represent the true values and the means of estimates.  
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Figure A.7. Error bar plot of the estimated discrimination parameters for the condition data created using the GDM and analyzed using 

the Bayesian network, with the small sample size (N  = 230) and long test length (J = 63). The four plots highlight the error bars of the 

estimated discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles and 

dots represent true values and means of estimates, respectively. The 24 bars to the left of the dashed line on the top plot are the error 

bars of the discrimination parameters of simple-structure items. The rest are for the discrimination parameters of the complex-structure 

items. 
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Figure A.7-continued. 
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Figure A.8. Error bar plot of the estimated discrimination parameters for the condition data created and estimated using the GDM, 

with the large sample size (N = 1000) and long test length (J = 63). The four plots are the error bars of discrimination parameters for 

(1) all skills; (2) the primary skills; (3) Skill 4; and (4) the relevant skills, respectively. Triangles and dots represent true values and 

means of estimates, respectively. The 24 bars to the left of the dashed line are the error bars of the estimated discrimination parameters 

of the simple-structure items. The rest are for the estimated discrimination parameters of the complex-structure items.  
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Figure A.8 - continued. 
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Figure A.9. Error bar plot of the estimated discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant 

skills, for the condition data created using the GDM and estimated using the Bayesian network, with the large sample size (N = 1000) 

and long test length (J = 63). The error bars at both sides of the dashed line are for the estimated discrimination parameters of simple-

structure items and complex-structure items, respectively. Triangles and solid dots represent true values and means of estimates.
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Figure A.9 - continued. 
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Figure A.10. Error bar plot of the estimated discrimination parameters for the condition data created using the Bayesian network and 

estimated using the GDM, with small sample size (N = 230) and short test length (J = 30). Triangles and solid dots represent true 

values and means of estimates, respectively. The four plots highlight the error bars of the estimated discrimination parameters of (1) 

all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. The 12 bars to the left of the dashed line are the error bars 

of the estimated discrimination parameters of the simple-structure items. The rest are for the estimated discrimination parameters of 

the complex-structure items.  
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Figure A.11. Error bar plot of the estimated discrimination parameters of (1) all skills, (2) the primary skills, (3) Skill 4, and (4) the 

relevant skills, for the condition data created and estimated using Bayesian network, with the small sample size (N = 230) and short 

test length (J = 30). The four plots highlight the error bars of the estimated discrimination parameters of (1) all skills, (2) primary 

skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles and solid dots represent true values and means of estimates, 

respectively. The 12 bars to the left of the dashed line are the error bars of the estimated discrimination parameters of the simple-

structure items. The rest are for the estimated discrimination parameters of the complex-structure items.  
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Figure A.12. Error bar plot of the estimated discrimination parameters of (1) all skills, (2) the primary skills, (3) Skill 4, and (4) the 

relevant skills, for the condition data created using the Bayesian network and estimated by the GDM, with the large sample size (N = 

1000) and short test length (J = 30). The four plots highlight the error bars of the estimated discrimination parameters of (1) all skills, 

(2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles and solid dots represent true values and means of 

estimates, respectively. The 12 bars to the left of the dashed line are the error bars of the estimated discrimination parameters of the 

simple-structure items. The rest are for the estimated discrimination parameters of the complex-structure items. 
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Figure A.13. Error bar plot of the estimated discrimination parameters of (1) all skills, (2) the primary skills, (3) Skill 4, and (4) the 

relevant skills, for the condition data created and estimated using Bayesian network, with the large sample size (N = 1000) and short 

test length (J = 30). The four plots highlight the error bars of the estimated discrimination parameters of (1) all skills, (2) primary 

skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles and solid dots represent true values and means of estimates, 

respectively. The 12 bars to the left of the dashed line are the error bars of simple-structure items. The rest are for the estimated 

discrimination parameters of the complex-structure items. 
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Figure A.14. Error bar plot of the estimated discrimination parameters for the condition data created using the Bayesian network and 

estimated using the GDM, with the small sample size (N = 230) and long test length (J = 63). The four plots highlight the error bars of 

the estimated discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles 

and solid dots represent true values and means of estimates, respectively. The 24 bars to the left of the dashed line are the error bars of 

the estimated discrimination parameters of the simple-structure items. The rest are for the estimated discrimination parameters of the 

complex-structure items. 
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Figure A.14 – continued. 
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Figure A.15. Error bar plot of the estimated discrimination parameters for the condition data created and estimated using the Bayesian 

network, with the small sample size (N = 230) and long test length (J = 63). The four plots highlight the error bars of the estimated 

discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles and solid dots 

represent true values and means of estimates, respectively. The 24 bars to the left of the dashed line are the error bars of the estimated 

discrimination parameters of the simple-structure items. The rest are for the estimated discrimination parameters of the complex-

structure items. 
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Figure A.15 - continued. 
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Figure A.16. Error bar plot of the estimated discrimination parameters for the condition data created using the Bayesian network and 

estimated using the GDM, with the large sample size (N = 1000) and long test length (J = 63). The four plots highlight the error bars 

of the estimated discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles 

and solid dots represent true values and means of estimates, respectively. The error bars are short indicating less variation among 

estimates for large samples. The 24 bars to the left of the dashed line are the error bars of the estimated discrimination parameters of 

the simple-structure items. The rest are for the estimated discrimination parameters of the complex-structure items. 
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Figure A.16 - continued. 
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Figure A.17. Error bar plot of the estimated discrimination parameters for the condition data created and estimated using the Bayesian 

network, with the large sample size (N = 1000) and long test length (J = 63). The four plots highlight the error bars of the estimated 

discrimination parameters of (1) all skills, (2) primary skills, (3) Skill 4, and (4) relevant skills, respectively. Triangles and solid dot 

represent the true values and the means of estimates, respectively. The 24 bars to the left of the dashed line are the error bars of the 

estimated discrimination parameters of the simple-structure items. The rest are for the estimated discrimination parameters of the 

complex-structure items. 
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Figure A.17- continued.
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Figure A.18. Error bar plot of the estimated difficulty parameters for the condition data created 

and estimated using the GDM, with the large sample size (N = 1000) and short test length (J = 

30). The bars to the left of the dashed line are for the estimated difficulty parameters of simple-

structure items. The rest are for the estimated difficulty parameters of the complex-structure 

items. Triangles and dots represent the true values and means of estimates, respectively. The 

boldfaced bars are for the items only relevant to Skill 4.  

 

Figure A.19. Error bar plot of the estimated difficulty parameters for the condition data created 

using the GDM and estimated using the Bayesian network, with the large sample size (N = 1000) 

and short test length (J = 30). The bars to the left of the dashed line are for the estimated 

difficulty parameters of the simple-structure items. The rest are for the estimated difficulty 

parameters of the complex-structure items. Triangles and dots represent the true values and 

means of estimates, respectively. The boldfaced bars are for the difficulty parameters of the 

items that only measure Skill 4. 
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Figure A.20. Error bar plot of the estimated difficulty parameters for the condition data created 

and estimated using the GDM, with the small sample size (N = 230) and long test length (J = 63). 

The 24 bars to the left of the dashed line are for the estimated difficulty parameters of simple-

structure items. The rest are for the estimated difficulty parameters of the complex-structure 

items. Triangles and dots represent the true values and the means of estimates, respectively. The 

boldfaced bars are for the items only measuring Skill 4.  

 
Figure A.21. Error bar plot of the estimated difficulty parameters for the condition data created 

using the GDM and estimated using the Bayesian network, with the small sample size (N = 230) 

and long test length (J = 63). The 24 bars to the left of the dashed line are for the estimated 

difficulty parameters of the simple-structure items. The rest are for the estimated difficulty 

parameters of the complex-structure items. Triangles and dots represent the true values and the 

means of estimates, respectively. The boldfaced bars are for the difficulty parameters of the 

items that only measure Skill 4. 
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Figure A.22. Error bar plot of the estimated difficulty parameters for the condition data created 

and estimated using the GDM, with the small sample size (N = 1000) and long test length (J = 

63). Triangles and dots represent the true values and the means of estimates and intercepts for 

primary skills, respectively. The bars to the left of the dashed line are for the estimated difficulty 

parameters of the simple-structure items. The rest are for the estimated difficulty parameters of 

the complex-structure items. The boldfaced bars are for the items only measuring Skill 4.  

 

 

Figure A.23. Error bar plot of the estimated difficulty parameters for the condition data created 

using the GDM and estimated using the Bayesian network, with the large sample size (N = 1000) 

and long test length (J = 63). The bars to the left of the dashed line are for the estimated 

difficulty parameters of simple-structure items. The rest are for the estimated difficulty 

parameters of the complex-structure items. Triangles and dots represent the true values and the 

means of estimates, respectively. The boldfaced bars are for the difficulty parameters of the 

items that only measure Skill 4. 
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Figure A.24. Error bar plot of the estimated difficulty parameters for the condition data created 

using the Bayesian network and estimated using the GDM, with the small sample size (N = 230) 

and long test length (J = 30). Triangles and dots represent the true values and the means of 

estimates, respectively. The bars to the left of the dashed line are for the estimated difficulty 

parameters of simple-structure items. The rest are for the estimated difficulty parameters of the 

complex-structure items. The boldfaced bars are for the difficulty parameters of the items that 

only measure Skill 4. 

 

 
Figure A.25. Error bar plot of the estimated difficulty parameters for the condition data created 

using the Bayesian network and estimated using the GDM, with the small sample size (N = 230) 

and short test length (J = 30). The bars to the left of the dashed line are for the estimated 

difficulty parameters of simple-structure items. The rest are for the estimated difficulty 

parameters of the complex-structure items. Triangles and dots represent the true values and the 

means of estimates, respectively. The boldfaced bars are for the difficulty parameters of the 

items that only measure Skill 4. 
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Figure A.26. Error bar plot of the estimated difficulty parameters for the condition data created 

using the Bayesian network and estimated using the GDM, with the large sample size (N = 1000) 

and short test length (J = 30). Triangles and dots represent the true values and the means of 

estimates, respectively. The bars to the left of the dashed line are for the estimated difficulty 

parameters of simple-structure items. The rest are for the estimated difficulty parameters of the 

complex-structure items. The boldfaced bars are for the difficulty parameters of the items that 

only measure Skill 4. 

 
Figure A.27. Error bar plot of the estimated difficulty parameters for the condition data created 

and estimated using the Bayesian network, with the large sample size (N = 1000) and long test 

length(J = 30). Triangles and dots represent the true values and the means of estimates, 

respectively. The bars to the left of the dashed line are for the estimated difficulty parameters of 

simple-structure items. The rest are for the estimated difficulty parameters of the complex-

structure items. The boldfaced bars are for the difficulty parameters of the items that only 

measure Skill 4. 
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Figure A.28. Error bar plot of the estimated difficulty parameters for the condition data created 

using the Bayesian network and estimated using the GDM, with the small sample size (N = 230) 

and long test length(J = 63). Triangles and dots represent the true values and the means of 

estimates, respectively. The bars to the left of the dashed line are for the estimated difficulty 

parameters of simple-structure items. The rest are for the estimated difficulty parameters of the 

complex-structure items. The boldfaced bars are for the difficulty parameters of the items that 

only measure Skill 4. 

 

Figure A.29. Error bar plot of the estimated difficulty parameters for the condition data created 

and estimated using the Bayesian network, with the small sample size (N = 230) and long test 

length (J = 63). The bars to the left of the dashed line are for the estimated difficulty parameters 

of simple-structure items. The rest are for the estimated difficulty parameters of the complex-

structure items. Triangles and dots represent the true values and the means of estimates, 

respectively. The boldfaced bars are for the difficulty parameters of the items that only measure 

Skill 4. 
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Figure A.30. Error bar plot of the estimated difficulty parameters for the condition data created 

using the Bayesian network and estimated using the GDM, with large sample size (N = 1000) 

and long test length(J = 63). Triangles and dots represent the true values and means of estimates, 

respectively. The bars to the left of the dashed line are for the estimated difficulty parameters of 

simple-structure items. The rest are for the estimated difficulty parameters of the complex-

structure items. The boldfaced bars are for the difficulty parameters of the items that only 

measure Skill 4. 

 

Figure A.31. Error bar plot of the estimated difficulty parameters for the condition data created 

and estimated using the Bayesian network, with large sample size (N = 1000) and long test 

length (J = 63). Triangles and dots represent the true values and the means of estimates, 

respectively. The bars to the left of the dashed line are for the estimated difficulty parameters of 

the simple-structure items. The rest are for the estimated difficulty parameters of the complex-

structure items. The boldfaced bars are for the difficulty parameters of the items that only 

measure Skill 4.  
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Figure A.32. The error bar plot of the estimated discrimination parameters for the ACED data set 

estimated using the Bayesian network with eight subskills. The sample size and test length are 

equal to 230 and 63, respectively. The reference line represents the discrimination parameter 

equal zero. The dots and triangles represent the estimates using the Bayesian network and GDM, 

respectively. The whiskers are 2.5% and 97.5% thresholds of the credible intervals from the 

Bayesian network estimates.  

 

 

Figure A.33. The error bar plot of the discrimination parameters for the ACED data set estimated 

using the GDM with nine subskills, sample size: N = 230, and test length:  J = 57. A total of 104 

discrimination parameters were estimated in this model. The dots and triangles represent the 

estimates from the GDM and Bayesian network, respectively. The whiskers are drawn using the 

standard error of the estimates from the GDM output.  
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Figure A.34. The error bar plot of the discrimination parameters for the ACED data set estimated 

using the Bayesian network with nine subskills. The sample size and test length are equal to 230 

and 63, respectively. The dots represent the estimates from Bayesian network and the triangles 

are the estimates using the GDM. The bars are drawn using the 2.5% and 97.5% thresholds of the 

credible intervals.  

 

 

Figure A.35. The error bar plot of the discrimination parameters for the ACED data set estimated 

using the Bayesian network with 10 subskills, sample size N = 230, and test length  J = 63. A 

total of 114 discrimination parameters were estimated in this model. The dots and triangles 

represent the estimates for the simple-structure items and complex-structure items. The whiskers 

were drawn using the 2.5% and 97.5% thresholds of the credible intervals. The value of zero was 

marked as reference line.  
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Figure A.36. The error bar plot of the difficulty parameters for the ACED data set estimated 

using the Bayesian network with 8 subskills and 63 items. The dots and triangles represent the 

estimates using the Bayesian network and the GDM, respectively. The item difficulty levels from 

the design are marked as stars, easy, medium, and hard levels are represented as -1, 0, and 1, 

respectively. The whiskers are the 2.5% and 97.5% thresholds of the credible intervals of the 

estimates from Bayesian network.  

 

Figure A.37. The error bar plot of the difficulty parameters for the ACED data set analyzed using 

the GDM with nine subskills and 57 items. The dots and triangles represent the estimates using 

the GDM and the Bayesian network, respectively. The item difficulty levels from the design are 

marked as stars, easy, medium, and hard levels are represented as -1, 0, and 1, respectively. The 

bars represent the 95% confidence intervals computed using the standard errors of the estimates 

from the GDM.  
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Figure A.38. The error bar plot of the difficulty parameters for the ACED data set estimated 

using the Bayesian network with nine subskills and 57 items. The dots and triangles represent the 

estimates using the Bayesian network and GDM, respectively. The item difficulty levels from the 

design are marked as stars, easy, medium, and hard levels are represented as -1, 0, and 1, 

respectively. The whiskers are the 2.5% and 97.5% thresholds of the credible intervals of the 

estimates from the Bayesian network.  

 

Figure A.39. The error bar plot of the difficulty parameters for the ACED data set estimated 

using the Bayesian network with 10 subskills. The dots and triangles represent the estimates for 

the simple-structure items and complex-structure items. The item difficulty levels from the 

design are marked as stars, easy, medium, and hard levels are represented as -1, 0, and 1, 

respectively. The whiskers are 2.5% and 97.5% thresholds of credible interval of the estimates in 

Bayesian network.  
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APPENDIX B 

 

THE ACED TASK EXAMPLES AND JAGS CODE FOR DATA ESTIMATION 

 

Example B.1: Task CommonRatio 1a: one of two easy items measuring Common Ratio 

skill 

 

Question: Find the common ratio for the following geometric sequence: 

 

1, 2, 4, 8, 16, . . . 

 

Enter your answer here: 

 

2 

Right! 

The student got this item correct. 

 

1 

Sorry, that's incorrect. Perhaps you calculated the second term minus the first term. 

But for this geometric sequence, the difference between successive terms is not the 

same. For example, 2 minus 1 is 1, but 4 minus 2 is 2. The ratio between successive 

terms is the same, however. 

The student probably confused the common ratio of a geometric sequence with the 

common difference of an arithemetic sequence. 

 

8 

Sorry, that's incorrect. Perhaps you calculated the fifth term minus the fourth term. 

But for this geometric sequence, the difference between successive terms is not the 

same. For example, 2 minus 1 is 1, but 4 minus 2 is 2. The ratio between successive 

terms is the same, however. 

The student probably confused the common ratio of a geometric sequence with the 

common difference of an arithemetic sequence. 

 

Sorry, that was incorrect. 

The student got this item incorrect, but it is not clear why. 

 

 

Example B.2: Task ExamplesGeometric 2a: one of two middle level task measuring 

Examples Geometric skill. 

  

Question: Give the first 3 terms of a geometric sequence that satisfies the following: 

 

1. The first term is a negative integer between -6 and -4, inclusive. 

 

2. The common ratio is a positive integer between 4 and 6, inclusive. 
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Note: There is more than one correct answer. Any example you choose that meets 

the above requirements will be scored as correct. 

 

Enter your answers here:             ,                and               . 

 

-6 

-24 

-96 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

 

-6 

-30 

-150 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

-6 

-36 

-216 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

-5 

-20 

-80 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

-5 

-25 

-125 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 
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-5 

-30 

-180 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

-4 

-16 

-64 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

-4 

-20 

-100 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

-4 

-24 

-144 

Right! You correctly generated the first three terms of a geometric sequence that 

satisfies the requirements specified in the question. 

The student correctly generated a geometric sequence that met the constraints defined 

in the question. 

 

-6 

-2 

2 

Sorry, that's incorrect. The first term is correct, but it looks like you added 4 to each 

term instead of multiplying by 4. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-6 

-1 

4 
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Sorry, that's incorrect. The first term is correct, but it looks like you added 5 to each 

term instead of multiplying by 5. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-6 

0 

6 

Sorry, that's incorrect. The first term is correct, but it looks like you added 6 to each 

term instead of multiplying by 6. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-5 

-1 

3 

Sorry, that's incorrect. The first term is correct, but it looks like you added 4 to each 

term instead of multiplying by 4. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-5 

0 

5 

Sorry, that's incorrect. The first term is correct, but it looks like you added 5 to each 

term instead of multiplying by 5. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-5 

1 

7 

Sorry, that's incorrect. The first term is correct, but it looks like you added 6 to each 

term instead of multiplying by 6. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-4 

0 

4 
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Sorry, that's incorrect. The first term is correct, but it looks like you added 4 to each 

term instead of multiplying by 4. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-4 

1 

6 

Sorry, that's incorrect. The first term is correct, but it looks like you added 5 to each 

term instead of multiplying by 5. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

-4 

2 

8 

Sorry, that's incorrect. The first term is correct, but it looks like you added 6 to each 

term instead of multiplying by 6. The example you generated is still a sequence, but it 

is an arithmetic sequence rather than a geometric sequence. 

The student may not understand the distinction between arithmetic and geometric 

sequences. 

 

4 

-24 

144 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 4 as its first term and -6 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

4 

-20 

100 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 4 as its first term and -5 as its 

common ratio Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

4 

-16 

64 



 

144 

 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 4 as its first term and -4 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

5 

-30 

180 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 5 as its first term and -6 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

5 

-25 

125 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 5 as its first term and -5 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

5 

-20 

80 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 5 as its first term and -4 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

6 

-36 

216 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 6 as its first term and -6 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

6 

-30 

150 



 

145 

 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 6 as its first term and -5 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

6 

-24 

144 

You are very close, but your response is incorrect. You have given an example of a 

geometric sequence, but the sequence you specified has 6 as its first term and -4 as its 

common ratio. Perhaps you misread the question. 

The student generated an example of a geometric sequence, but it was not the correct 

sequence. It is possible the student simply misread the question. 

 

Sorry, your answer did not meet the requirements specified in the question. 

The student did not give an example of a sequence that satisfied the constraints as 

defined in the question. 

 

 

Jags code for data estimation 

 

# N: the number of examinees 

#K: the number of skills 

#J: the number of items 

#b: skill threshold parameter 

#theta: examinee's general ability parameter 

#gamma: skill's weight, item discrimination parameter 

#beta: item difficulty parameter 

#q:Q-matrix entry 

#alpha: examinee skill profile 

 

model 

{ 

#proficiency model  

for (i in 1:N){ 

for (k in 1:K){ 

pi[i,k,2]<-exp(theta[i]-b[k,1])/(1+exp(theta[i]-b[k,1])+exp(theta[i]-b[k,1]+theta[i]-b[k,2])) 

pi[i,k,3]<-exp(theta[i]-b[k,1]+theta[i]-b[k,2])/(1+exp(theta[i]-b[k,1])+exp(theta[i]-

b[k,1]+theta[i]-b[k,2])) 

pi[i,k,1]<-1-pi[i,k,2]-pi[i,k,3] 

alpha[i,k]~dcat(pi[i,k,]) 

#theta[i]~dnorm(0,1) 

} 

 

theta[i]~dnorm(0,1)} 
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for (k in 1:2){ 

b[k,1]~dnorm(-0.5,1) 

b[k,2]~dnorm(0,1) 

} 

 

for (k in 3:6){ 

b[k,1]~dnorm(0,1) 

b[k,2]~dnorm(0.5,1) 

} 

for (k in 7:8){ 

b[k,1]~dnorm(0.5,1) 

b[k,2]~dnorm(1,1) 

} 

 

#evidence model 

for ( j in 1:J){ 

 

for (k in 1:K){ 

 

gamma[j,k] <- rr[j,k]*q[j,k] 

rr [j,k]~ dnorm(1,3)I(0.1,) 

} 

 

beta[j]~dnorm(mu,1) 

} 

mu~dnorm(0,1) 

 

for (j in 1:J){ 

for (i in 1:N){ 

 

for (k in 1:K){ 

efftheta[i,j,k]<- gamma[j,k]*q[j,k]*(alpha[i,k]-2) 

} 

logit(pr[i,j])<-sum(efftheta[i,j,])-beta[j] 

r[i,j]~dbern(pr[i,j])  

}} 

 

} #end of model 
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