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ABSTRACT

I study 3-manifold theory, which is a fascinating research area in topology. Many new

ideas and techniques were introduced during these years, which makes it an active and fast

developing subject. It is one of the most fruitful branches of today’s mathematics and with

the solution of the Poincaré conjecture, it is getting more attention.

This dissertation is motivated by results about categorical properties for 3-manifolds.

This can be rephrased as the study of 3-manifolds which can be covered by certain sets

satisfying some homotopy properties. A special case is the problem of classifying 3-manifolds

that can be covered by three simple S1-contractible subsets. S1-contractible subsets are

subsets of a 3-manifold M3 that can be deformed into a circle in M3. In this thesis, I

consider more geometric subsets with this property, namely subsets are homeomorphic to

3-balls, solid tori and solid Klein bottles. The main result is a classification of all closed

3-manifolds that can be obtained as a union of three solid Klein bottles.
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CHAPTER 1

MOTIVATION AND HISTORICAL

BACKGROUNDS

We look back at the history of 3-manifold research and describe its current situation briefly,

also explain why we choose this topic and how we organize this dissertation.

1.1 History of 3-Manifold Theory

Topology has been a branch of mathematics for over 100 years. It originates in Greece

when people measure lands. More accurately, it belongs to geometry. According to F.Klein,

Geometry is to study invariants of space under some transformation group, and topology

is to study properties of spaces under continuous transformation. These properties are so

different from those in traditional Euclidean geometry. Since continuous transformation is

larger than isometry groups, some concepts which are important in Euclidean geometry do

not make sense any more in topology, such as length, area, volume and angle. In recent

years, under some big mathematicians work we brought those concepts back to topology,

but this is another story.
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Research in topology by mathematicians may be traced back to the time of C.Gauss and

B.Riemann, but there were only a few isolated results at that time, only with H.Poincaré

work, it gains independence status in mathematics. He introduced some important concepts,

which we are still using today, to the study of manifolds, such as triangulation, fundamental

group, homology groups. He proposed Poincaré conjecture, which promoted the research of

combinatorial topology and algebraic topology immensely. In the following 100 years, topol-

ogy developed very quickly, and interacted with other branches of mathematics. Nowadays

it is an important pillar of mathematics.

Topology can be treated from different points of view. By the method being used,

we have point-set topology, algebraic topology and differential topology. According to the

dimension of the objects, we have low dimensional topology and high dimensional topology.

Low dimensional topology includes theory for manifolds of dimension two, three and four.

Five or above are high dimensional, but sometimes the bounds are not so clear, they interact

with each other. Many new ideas and methods has been introduced in recent years, like

mapping class group theory and Heegaard Floer Homology. Many Fields medal winners are

doing research in topology. Today, it is still developing quickly.

3-manifold theory is an important part of topology, which also has a long history. Since

Poincaré proposed his conjecture, over 100 years passed, but only after W. Thurston’s work,

it got the attention of modern mathematics. In 1970’s, W.Thurston proposed geometriza-

tion conjecture, and made it one of the fastest growing topics in mathematics. Besides this,

our world is 3-dimensional, so it is very intuitive. But this also brought some disadvantages.

Since it has lower dimension, there is not much ”room” left for us to do surgery. Many

good methods in high dimensions do not work well here, which makes it very different and
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difficult. An example of this is the generalized Poincaré conjecture, which asserts every

n-dimensional homotopy sphere must be homeomorphic to the n-sphere. In more than 100

years since it was born, many mathematicians challenged it. When n ≥ 5, it was solved by

S. Smale in 1960s. The case n = 4 was solved by M. Freedman in 1980s. But when n = 3,

it looks extremely difficult. Just about 10 years ago, it was solved by G. Perelman. His

method combined differential topology, algebraic geometry and geometric analysis.

The central goal of 3-manifold reaserch is classification, that is , to find a ”table” of all

kinds of 3-manifold and some procedures to identify a given one. This table has been found

for 2-dimensional manifolds, and has been proved not existing for higher dimension. For

3-dimension, we do not have a answer. This makes 3-manifold theory especially mysterious

and important.

1.2 Current Research in 3-Manifold

3-manifold theory is still developing fast. On one hand, a lot of classic theory gains new

life, such as Heegaard splitting, knot theory. On the other hand, new ideas and tools come

out all the time. An obvious trend is that it is combining more and more knowledge from

other branches of mathematics and science, and becoming more comprehensive. Algebra,

analysis, and sometimes physics all play an important role in topology.

The following topics in 3-manifold theory are very active:

(1)The fundamental group and types of its decomposition, like Heegaard splitting, JSJ

decomposition and open book decomposition. Big mathematicians here are J. Stallings, W.
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Thurston, C. Gordon, P. Shalen, M. Scharlemann, H. Rubinstein.

(2)Invariants for knots and other 3-manifolds, like quantum invariants, geometric invari-

ants and homology invariants. Homology invariant theory is very popular these years, for

example, Khovanov Homology (M. Khovanov), Heegaard-Floer Homology (P. Ozsvath, Z.

Szabo).

(3)Classification of some important geometric structure on 3-manifolds: leaf structure,

contact structure, classification of hyperbolic manifolds, classification of manifolds whose

curvature is constant and so on.

(4)It also generates research in other algebraic and geometric objects: Actions of finite

groups or Lie groups on 3-manifolds, braid group, Mapping class group, Moduli space,

Teichmuller space, Fuchsian group and so on. This new research give 3-manifold theory

and the whole mathematics a new life.

The research of topology plays an important role in theoretical mathematics. A break-

through in topology can bring a breakthrough in mathematics and even the whole of science.

An example of its connection with other science is the classification of protein structure,

which is impossible without the guidance of topology theory.

1.3 The Source of My Research Topic and its Significance

As I said above, a basic way in mathematics research is to break complicated objects

into simples ones, the study of categorical properties of manifold also follows this idea.

For example, the classical Lusternik-Schnirelman category cat(M) for a manifold M is the

smallest number k such that there is an open coverW1,...,Wk of M with eachMi contractible
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in M . An extensive survey of this category can be found in [1]. M. Clapp and D.Puppe

proposed the following generalization: Let K be a non-empty class of topology spaces. A

subset W of M is K-contractible (in M) if the inclusion ι : W →֒ M factors homotopically

through some K ∈ K , i.e. there exist maps f : W → K, α : K → M , such that ι is

homotopic to α · f (W and K need not be connected). The K-category catK(M) of M is

the smallest number of open K-contractible subsets of M that cover M . If no such finite

cover exists, catK(M) is infinite.

If K contains only one space K, we write catK(M) instead. I am interested in computing

S1-category for 3-manifolds. From the definition, it is easy to see 2 ≤ catS1(M) ≤ 4 for any

closed 3-manifold M . If catS1(M) = 2, it was shown in [2] that the fundamental group is

cyclic and it is then from Perelman’s work [3] that in this case M is lens space; hence M

can be covered by two solid tori. Motivated by this work, as a first step of obtaining a list

of 3-manifolds with catS1(M) = 3, J. C. Gomez-Larranaga, F. Gonzalez-Acuna, Wolfgang

Heil classified 3-manifolds which can be covered three solid tori. Based on this, I classified

3-manifolds that can be covered by three pieces of solid tori and Klein bottles.

1.4 Work of this Dissertation and its Structure

This dissertation is the main work when the author is pursuing his PHD degree at

Florida State University, the main result is to classify 3-manifolds which can be covered by

certain sets.

The main contents and its structure are as follows:
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Chapter 1 describes the research situation of 3-manifold theory, including its history

and currency.

Chapter 2 gives some preliminary knowledge about manifold theory and combinatorial

topology, which prepares to introduce my work.

Chapter 3 gives the main theorem with detailed proof.
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CHAPTER 2

PRELIMINARIES ON 3-MANIFOLD THEORY

In this chapter, we introduce some basic theory in 3-manifold.

2.1 Basic Definitions and Theorems

Let’s start with the definition of topological manifold.

Definition 2.1. Let M be a second countable Hausdorff topology space. If every point

in M has a neighborhood homeomorphic to Rn, we say M is a n-dimensional manifold,

or n-manifold. n is called the dimension of M . If every point of M has a neighborhood

homeomorphic to Rn or Rn
+, we say M is a n-manifold with boundary. Let ∂M denote the

subset of points in M having a neighborhood homeomorphic to Rn
+, we call it the boundary

of M . It is easy to see ∂M is a manifold of dimension n− 1 and ∂∂M = ∅.

If M is compact without boundary, then we call M is closed. Especially, connected

1-manifold is called curve, 2-manifold is called surface.

Then we introduce the classification theorem for 2-manifolds.
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Theorem 2.1 (Classification of compact surfaces). (1) Any orientable compact surface is

homeomorphic to a connected sum of the 2-sphere and n tori (n≥ 0).

(2) Any nonorientable compact surface is homeomorphic to a connected sum of n pro-

jective planes (n≥ 1).

From the differential topology, we know the submanifolds of 3-manifold have simple

neighborhoods. If c is a simple closed curve in a 3-manifold, then its neighborhood is

homeomorphic to a disk bundle over c (which is called tabular neighborhood). If S is a

surface, then its neighborhood is an I-bundle over S. When the bundle structure is trivial,

we say S is 2-sided.

Theorem 2.2 (Morse and Bing, 1950’s). Every 3-manifold has a unique differential struc-

ture (or piecewise linear structure).

Just like the theory of curves plays an important role when we study surfaces, surface

theory also plays an important role when we study 3-manifolds. Now we introduce an

important surface class when we study 3-manifolds theory, that is, incompressible surface,

also see [4].

Definition 2.2. A 2-sided surface S without S2 or D2 components in a 3-manifold M is

called incompressible if for each disk D ⊂M with D∩S = ∂D, there is a disk D′ ⊂ S, with

∂D′ = ∂D. See the following Figure 2.1. Thus, surgery on S can not produce a simpler

surface, but only cuts off a 2-sphere S2 from S.
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Figure 2.1: Incompressible surface

A surface is called compressible if it is not incompressible. A disk D in M as above

but not cutting off a 2-sphere S2 from S will be called a compressing disk. We have the

following basic fact for incompressible surfaces:

A connected 2-sided surface is incompressible if and only if the inclusion induces injec-

tion on fundamental groups: π1(S) →֒ π1(M).

There is a relative form of incompressibility which is often very useful: A surface S ∈M

is ∂-incompressible if for each disk D ⊂ M such that ∂D decomposes as the union of two

arcs α and β meeting only at their common endpoints, with D ∩ S = α and D ∩ ∂M = β

(such a D is called a ∂-compressing disk for S ) there is a disk D′ ∈ S with α ⊂ ∂D′ and

∂D′ − α ⊂ ∂S. See Figure 2.2.

Figure 2.2: ∂-Incompressible surface
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Definition 2.3. A 2-sided surface S in a 3-manifold M is essential if it is both incom-

pressible and ∂-incompressible.

Now we introduce the concept of connected sum and prime decomposition:

Suppose M , M1, M2 are connected 3-manifolds and that there are 3-balls Bi ⊂ IntMi

and embeddings hi : Ri →M(Ri =Mi−IntBi) with h1(R1)∩h2(R2) = h1(∂B1) = h2(∂B2)

and M = h1(R1) ∪ h2(R2). We say that M is a connected sum of M1 and M2 and denote

this by M =M1♯M2.

Definition 2.4. A 3-manifold M is prime if the only way that M can be expressed as

connected sum is M =M♯S3. A 3-manifold M is irreducible if every 2-sphere in M bounds

a 3-ball.

Obviously, an irreducible manifold is prime. The only manifolds which are prime but

not irreducible are S2 × S1 and S2×̃S1(the non-orientable S2-bundle over S1).

Definition 2.5. A 3-manifoldM is P 2-irreducible ifM is irreducible and there is no 2-sided

P 2 imbedded in M .

Theorem 2.3 (Kneser and Milnor). Every 3-manifold M can be expressed as a connected

sum of a finite number of prime factors: M = M1♯...♯Mn and this factorization is unique,

that is, if we have another factorization M =M ′
1♯...♯M

′

n′. Then n = n′ and (after reorder-

ing) Mi is homeomorphic to M ′
i .

The following three lemmas and theorems are of fundamental importance in 3-manifold

theory, they interpret algebraic information into geometric one. Their proof and general-

izations can be found in [5].
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Lemma 2.1 (Dehn’s Lemma, M. Dehn). Suppose M is a 3-manifold and f : B2 → M is

a proper map such that for some neighborhood A of ∂B2 in B2, f | A is an embedding and

f−1(f(A)) = A. Then f |∂B2 extends to an embedding g : B2 →M .

Theorem 2.4 (The Loop Theorem, J. Stallings). Let M be any 3-manifold and F a

connected 2-manifold in ∂M . If N is a normal subgroup of π1(F ) and if ker(π1F →

π1M) − N 6= ∅, then there is a proper embedding g : (B2, ∂B2) → (M,F ) such that

[g|∂B2] 6∈ N .

A simple and common used version of The Loop Theorem is the following: Take N = 1,

we have if K = ker(π1F → π1M) 6= 1, then some nontrivial element of K is represented by

a simple loop.

Theorem 2.5 (The Sphere Theorem). If M is any orientable 3-manifold and if N is any

π1M−invariant subgroup of π2M with π2M−N 6= ∅, then there is an embedding g : S2 →M

such that [g] 6∈ N . Especially, if π2M is not trivial, then M is irreducible.

2.2 Some Special Classes of 3-Manifolds

Here we introduce some special classes of 3-manifold and describe their basic properties.

Definition 2.6. A 3-manifold M is called a handlebody of genus n or n-handlebody if there

is a collection D1, ..., Dn of pairwise disjoint, properly embedded 2-cells such that the result

of cutting M along ∪Di is a 3-ball.

By Van Kampen’s theorem, π1(M) is a free group of rank n.
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Handlebodies are the easiest 3-manifolds we understand. But what surprises us is that

any closed 3-manifold can be expressed as a union of two handlebodies along the boundary,

which is what is called Heegaard splitting:

Definition 2.7. A Heegaard splitting of a closed, connected 3-manifold M is a pair (V1, V2)

where Vi is handlebody, M = V1 ∪ V2, and V1 ∩ V2 = ∂V1 = ∂V2. The common genus of V1

and V2 called the genus of this splitting.

Theorem 2.6. Each closed, connected 3-manifold M has a Heegaard splitting.

Proof. See [5], page 17.

About the generalizations of handlebodies and Heegaard splittings for 3-manifolds with

boundary we refer to [6].

Definition 2.8. A 3-manifoldM is called a lens space if it has genus one Heegaard splitting.

Lens spaces are well classified, but for Heegaard splittings of genus two and higher, this

classification problem is still open. Especially, there is exactly one non-orientable 3-manifold

with genus one Heegaard splitting: the non-orientable S2-bundle over S1.

Now we give describe what is called Seifert manifold, the following material can be

found in [4]. A model Seifert fibering of S1 × D2 is a decomposition of S1 × D2 into

disjoint circles, called fibers, constructed as follows. Starting with [0, 1]×D2 decomposed

into the segments [0, 1] × x, identify the disks 0 × D2 and 1 × D2 via a 2πP/q rotation,

for p/q ∈ Q with p and q relatively prime. The segment [0, 1] × 0 then becomes a fiber

S1 × 0, while every other fiber in S1 × D2 is made from q segments [0, 1] × x. A Seifert
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fibering of a 3-manifold M is a decomposition of M into disjoint circles, the fibers, such

that each fiber has a neighborhood diffeomorphic, preserving fibers, to a neighborhood of a

fiber in some model Seifert fibering of S1×D2. A Seifert manifold is one which possesses

a Seifert fibering.

Each fiber circle C in a Seifert fibering of a 3-manifoldM has a well-defined multiplicity,

the number of times a small disk transverse to C meets each nearby fiber. For example, in

the model Seifert fibering of S1 ×D2 with 2πp/q twist, the fiber S1 × 0 has multiplicity q

while all other fibers have multiplicity 1. Fibers of multiplicity 1 are regular fibers, and the

other fibers are multiple (or singular, or exceptional). The multiple fibers are isolated and

lie in the interior of M . The quotient space B of M obtained by identifying each fiber to

a point is a surface, compact if M is compact, as is clear from the model Seifert fiberings.

The projection π : M → B is an ordinary fiber bundle on the complement of the multiple

fibers. In particular, π : ∂M → ∂B is a circle bundle, so ∂M consists of tori and Klein

bottles, or just tori if M is orientable.

The following proposition, which is proved in[4], describes the essential surfaces in Seifert

manifolds.

Proposition 2.1. If M is a connected compact irreducible Seifert-fibred manifold, then any

essential surface in M is isotopic to a surface which is either vertical, i.e., a union of

regular fibers, or horizontal, i.e., transverse to all fibers.

The classification of Seifert manifold is referred to [4]. Here we describe one of its

generalization: generalized Seifert manifold.
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Definition 2.9. A fibred solid Klein bottle is a solid Klein bottle which is finitely covered

by a trivial fibred solid torus.

Such an object can be constructed from a trivial fibred solid torus by cutting it open

along x × D2, for some x in S1, and gluing the two disks together by a reflection. As all

reflections of a disc are conjugate, we see that there is only one fibred solid Klein bottle (up

to fibred homeomorphism) and this is double covered by a trivial fibred solid torus. This

fibration is described in Figure 2.3:

Figure 2.3: Fibration for Klein bottle

If we identify D2 with the unit disk in the complex plane, then a solid Klein bottle

K ∼= D2×I/{(x, 0) ∼ (x, 1)}. Under this identification, for every x ∈ R1 ∩ D2, x×I

becomes a singular fiber, which has a neighborhood homeomorphic to a solid Klein bottle.

If x∈R1 ∩D2, then x×I and x×I join to a whole circle, and becomes a regular fiber, which

has neighborhood homeomorphic to a solid torus.

Definition 2.10. A generalized Seifert 3-manifold M is a manifold M that admits a

decomposition of M into disjoint circles, called fibres, such that each circle has a neighbor-
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hood in M which is union of fibres and is isomorphic to a fibred solid torus or fibred solid

Klein bottle.
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CHAPTER 3

3-MANIFOLDS OF S
1-CATEGORY THREE

3.1 Some Basic Definitions and Previous Results

The study of category properties for manifold relates closely to the study of critical points

for smooth function. This is of great importance in topology. Lusternik and Schnirelmann

introduced what is today called Lusternik-Schnirelman category for a manifold Mn, which

we denote by cat(Mn). It is defined as the smallest number of sets, open and contractible

in Mn needed to cover Mn. It is a homotopy invariant with values between 2 and n + 1

and has a close relation with crit(Mn), the minimal number of critical points of a smooth

manifold. This invariant has been studied widely and many reference can be found in [1].

In [7], Clapp and Puppe generalized cat(Mn) in the following way: For a fixed closed

connected k-manifold A, 0 ≤ k ≤ n − 1, a subset B in Mn is said to be A-contractible if

there are maps: ψ : B → A and α : A → Mn, such that the inclusion map i : B → Mn is

homotopic to α · ϕ.
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The A-category of catA(M
n) is the smallest number of sets, open and A-contractible

needed to cover Mn. When A is a point P, catP (M
n)=cat(Mn), which is the classical

Lusternik-Schnirelman category number.

We are interested here in the case A = S1, n ≤ 3, that is, the S1-category for M3. A

direct observation that can be made from the definition of S1-category for 3-manifolds is

that submanifolds which are homeomorphic to a solid torus or solid Klein bottle are always

S1-contractible and so are the simplest S1-contractible subsets other than B3.

In [2], it was shown that for a closed 3-manifoldM3, catS1M3 = 2 if and only if π1M
3 is

cyclic. By Perelman’s results, this implies that catS1M3 = 2 if and only ifM3 is a lens space

or the non-orientable S2-bundle over S1. We notice in this situation M3 can be covered by

two solid tori or solid Klein bottles.

If we requireM is orientable, irreducible and ∂M 6= ∅, it was shown in [8] that catS1M =

2 then M is a Seifert fiber space with handles and at most two exceptional fibers. In

particular, M can be obtained by gluing two solid tori along incompressible annuli and

disks on the boundaries, so in this situation M also admits a covering of two simple S1-

contractible sets.

When catS1M = 3, we still do not know if we have similar conclusion to that of catS1M =

2, that is,M can be covered by three simple S1-contractible sets. But we are still motivated
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by this, as a first step, we want to classify manifolds that can be covered by three simple

S1-pieces.

In the paper [9], J.C. Gomez-Larranaga, F. Gonzalez and Wolfgang Heil classified 3-

manifolds which can be covered by three open solid tori. This is their main result:

Suppose M is a closed 3-manifold. If M is a union of three open (punctured) solid tori,

then either

M is a connected sum of S2-bundles over S1 and at most 3 lens spaces, or

M is a connected sum of S2-bundles over S1 and a Seifert fiber space with at most 3

singular fibers and with any orbit surface.

This dissertation is to continue their work and to classify 3-manifolds that can be cov-

ered by three pieces of solid tori and solid Klein bottles.

3.2 Some Important Lemmas and Theorems

We will use the following notations through the rest of this dissertation.

• For a 3-manifold M , the manifold obtained by filling in all 2-sphere boundary compo-

nents by 3-balls is denoted by M̂ .

• For a 3-manifold N , the manifold obtained by removing the interior of finitely many

(possibly 0) 3-balls is denoted by N0.

• H or Hi denotes a punctured ball with finitely many punctures.

• W or Wi denotes a (punctured) handlebody (orientable or non-orientable)
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• L or Li denotes (punctured) lens space. (possibly S
1 × S2, S1×̃S2, or S3)

• V or Vi denotes a (punctured) solid torus.

• K or Ki denotes a (punctured) Klein bottle.

• S(n) denotes a Seifert fiber space with at most n exceptional fibers and any compact

orbit surface with non-empty boundary.

• S̃(n) denotes a Seifert fiber space with at most n exceptional fibers and any compact

orbit surface without boundary.

• W (S(n)) denotes a Seifert web on S(n), it is obtained from S(n) by attaching any

finite number of 1-handles to ∂S(n).

• B denotes the collection of manifolds that can are connected sums of S3 and S2-bundles

over S1 (with finitely many factors)

•W denotes the collection of 3-manifolds W1♯...♯Wn, n ≥ 0, that are connected sums of

handlebodies Wi (with finitely many factors)

For collections of manifolds X, Y, we denote by X♯Y the collection of manifolds of the

form X♯Y , where X ∈ X and Y ∈ Y.

The following lemma, proved in [10], Corollary 1(a), allows us to work in the PL-

category.

Lemma 3.1. Suppose M is a closed 3-manifold covered by three open sets U1, U2, U3

such that each Ui is homeomorphic to the interior of a compact connected 3-manifold Mi,
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(i = 1, 2, 3). Then M admits a covering M = M1 ∪M2 ∪M3 such that ∂M1 is transverse

to ∂M2, ∂M3 ⊂ int(M1 ∪M2), and M1, M2, M3 are PL embedded.

Lemma 3.2. ([11]) The family B♯W♯L1♯...♯Ln♯W (S(n))♯H is closed under the operation

of attaching 1-handles.

Remark. (a)Attaching a 2-handle to a punctured lens space L0 results in L0 (with one

more puncture).

(b) Attaching a 2-handle to a punctured solid torus V0 results in V0 (with one more

puncture) or in L0.

(c) Cutting a punctured lens space L0 along a disk results in L0 ∪ H or, if L0 is a

punctured S2 × S1, possibly in H.

(d) Cutting a punctured solid torus V0 along a disk results in V0 ∪H or H.

Lemma 3.3. Attaching a 2-handle to a punctured solid Klein bottle K0 results in K0 (with

one more puncture) or (punctured) S2×̃S1 or (punctured) P 2 × I.

Proof. There are three types of 2-sided simple closed curves (up to isotopy) on the Klein

bottle component of ∂K0: the trivial one, longitude, meridian. If attaching 2-handle along

the neighborhood of longitude or meridian, we get (punctured) P 2 × I or S2×̃S1. In all

other cases K0 survives (with one more puncture).

Lemma 3.4. Attaching a 2-handle to (P 2 × I)0 results in (P 2 × I)0 (with one more punc-

ture). Cutting (P 2 × I)0 along some properly embedded disk results in (P 2 × I)0 ∪H.

Proof. Just notice that every 2-sided simple closed curve on P 2 bounds a disk and every

properly embedded disk in P 2 × I is ∂-parallel.
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Lemma 3.5. Suppose M is a compact 3-manifold such that M̂ is P 2-irreducible. If M

contains a 2-sided compressible Klein bottle K, then K bounds a punctured solid Klein

bottle.

Proof. Without loss of generality, we assume M = M̂ . Since K is compressible, there is

some essential 2-sided simple closed curve C on K that bounds a disk D. There are only

two types of essential 2-sided simple closed curves on Klein bottle up to isotopy: longitude

or meridian. If C is longitude, then the regular neighborhood of K ∪D, which we denote

by N(K ∪ D) has boundaries P 2, which is impossible because M is P 2-irreducible. So C

is meridian, it is easy to see ∂(N(K ∪D)) is a 2-sphere, so it must bound a 3-ball, which

means the original Klein bottle K must bound a solid Klein bottle.

Now we define general position decompositions:

Definition 3.1. Let M1, ...,Mn be compact submanifolds of a 3-manifold N . We say that

N =M1 ∪ ... ∪Mn (∗)

is a general position decomposition of N , if ∂Mi is transverse to ∂Mj for each i 6= j,

and ∂Mi ∩ ∂Mj ∩ ∂Mk = ∅ for all distinct i, j, k.

The complexity α of the general position decomposition (*) is the number of components

of {∂Mi ∩ ∂Mj | i 6= j, i, j = 1, ..., n}.

The following lemma comes from [9], which is the essential tool we use in this paper.

Lemma 3.6. Suppose N = M1 ∪ ... ∪Mn is a general position decomposition of N and

N ⊂ int(M) for some compact 3-manifold M . If a component c of ∂Mi ∩ ∂Mj is null
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homotopic on ∂Mi then there is a disk D on ∂Mi such that ∂D = D ∩ ∂Mj for some j 6= i

and D ∩Mk = ∅ or D ⊂ int(Mk) for all k 6= i, j and either

(i) N ≈M ′
1 ∪ ...∪M

′
n is a general position decomposition of N with complexity α′ < α,

where M ′

k =Mk for k 6= j and M ′
j is obtained for Mj by attaching a 2-handle to ∂Mj with

cocore D, or

(ii) N = N ′ or N is obtained from N ′ by attaching a 1-handle to ∂N ′, where N ′ ≈

M ′
1∪...∪M

′
n is a general position decomposition with complexity α′ < α, and whereM ′

k =Mk

for k 6= j and M ′
j =Mj\D.

(Here Mj\D is obtained from M by cutting along properly embedded disk D).

As a direct application of Lemma 3.6, we prove the following results for later use.

Proposition 3.1. Let N ⊆ M be a submanifold of a 3-manifold M . Suppose N admits a

general position decomposition

(a) If N = H ∪ (S2×̃S1)0 ∪ (S2×̃S1)0, then N ∈ B♯W♯H

(b) If N = H ∪ L0 ∪ (S2×̃S1)0, then N ∈ B♯W♯L♯H.

(c) If N = H ∪ (P 2×I)0, then N ∈ B♯W♯W (P 2×I)♯H

(d) If N = H ∪ (P 2×I)0 ∪ (S2×̃S1)0, then N ∈ B♯W♯W (P 2×I)♯H

(e) If N = H ∪ L0 ∪ (P 2×̃I)0, then N ∈ B♯W♯L♯W (P 2 × I)♯H

Proof. The proofs in all cases are similar. Therefore we only show case (d).

Induction on complexity α of the general position decomposition of N .

When α = 0, there is no intersection between boundaries. Let S denote the union of

2-sphere components of ∂H ∪ ∂(P 2×I)0 ∪ ∂(S
2×̃S1)0. N cut along S is a disjoint collection
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of a punctured P 2×I, a punctured S2×̃S1 and punctured balls. N can be reconstructed

from these pieces by identifying some 2-sphere boundaries. Then N ∈ B♯(P 2×I)♯H.

If α > 0, notice every component, say, of ∂(P 2×I)0 ∩ ∂(S
2×̃S1)0 is null homotopic on

∂(P 2×I)0 or ∂(S
2×̃S1)0, so it bounds a disk on them. Choose some component that bounds

an innermost disk, we apply Lemma 3.6.

In case (i)

M ′
j is obtained from (P 2×I)0 or (S2×̃S1)0 by attaching a 2-handle to its boundary.

This only creates an additional puncture, so the new decomposition for N is of the same

type but with smaller α. Induction completes in this case.

In case(ii), M ′
j is obtained from (P 2×I)0 or (S2×̃S1)0 by removing a disk D. Notice

in these manifolds, all disks all ∂−parallel, so in this way, we only create a new punctured

ball. Notice H means a collection of punctured balls, so the new composition for N ′ is of

the same type with smaller α, by induction hypothesis, N ′ is as stated. N ≃ N ′ or can

be obtained from N ′ by adding 1-handles, in view of the proof of Lemma 3.2, it is easy to

check this set B♯W (P 2×I)♯W♯H is closed under attaching 1-handles, the result follows.

Following the spirit of Lemma 3.1, we first obtain a list of all 3-manifolds with boundary

as a union of two pieces. This will be done in the next section.

3.3 3-Manifolds with Boundary that are a Union of Two

Handlebodies of Genus 1

In this section, we classify 3-manifolds with boundary that can be covered by two han-

dlebodies of genus 1, that is, solid tori and solid Klein bottle. We start with the case that
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submanifolds can be covered by two solid tori:

Proposition 3.2. Let N ⊂ intM for some 3-manifold M . If N = V1 ∪ V2, where ∂V1 is

transverse to ∂V2, then

(a1) N ∈ B♯W♯L1♯L2♯H or

(a2) N ∈ B♯W♯W (S(2))♯H

Proof. This is a special case of Theorem 7 in [9].

The following propositions deal with submanifolds that can be covered by one solid torus

and one solid Klein bottle:

Proposition 3.3. Let N ⊂ intM for some 3-manifold M . If N has a general position

decomposition N = H ∪ L0 ∪K0, then

N ∈ B♯W♯L♯H or

N ∈ B♯W♯L♯W (P 2 × I)♯H

Proof. Let α denote the complexity of the general position decomposition N = H∪L0∪K0.

we use induction on α.

When α = 0, let S denote the collection of 2-spheres
⋃
∂H ∪∂L0∪∂K0. After we cut N

along S, we end up with a bunch of punctured balls and one punctured solid Klein bottle

and one lens space. N can be constructed from these pieces by identifying 2-spheres on the

boundary, then N ∈ B♯K♯L♯H.

When α > 0, every component of, say, ∂K0 ∩ ∂L0 bounds a disk on ∂L0. Let D be such

an innermost disk on ∂L0 and U(D) be a regular neighborhood of D rel ∂K. There are two

cases:
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D is outside K0, then we replace K0 by K0 ∪ U(D). By lemma 3.3, K0 ∪ U(D) is

punctured solid Klein bottle or punctured S2×̃S1 or punctured P 2×I. In the first case we

have a general position decomposition of N of the same type, but with smaller α, we can

apply induction. The second and third case satisfy the conditions of Prop. 3.1 (b) and (e).

The result follows.

If D is inside K0, we replace K0 by K0 − U(D). Let N ′ = H ∪ (K0 − U(D)) ∪ L0.

According to whether D is essential or not in K0, K0−U(D) is a punctured ball or K0∪H.

Thus N ′ has a general position decomposition N = H ∪ L0 or of the same type as N but

with smaller α. The first case is a special case of Theorem 7 in [9], in the second case we can

apply induction. For N we have either N ≃ N ′ or N can be obtained from N ′ by adding a

1-handle. Notice these sets are closed by adding 1-handle. The result follows.

Similarly, we can prove:

Proposition 3.4. Let N ⊂ intM for some 3-manifold M . If N has a general position

decomposition N = H ∪ (P 2 × I)0 ∪ V0, then

N ∈ B♯W♯W (P 2 × I)♯H or

N ∈ B♯W♯L♯W (P 2 × I)♯H

Now we can classify manifolds with boundary that can be covered by one solid torus

and one solid Klein bottle:

Proposition 3.5. Let N ⊂ intM for some 3-manifold M . If N = V0 ∪K0, where ∂V0 is

transverse to ∂K0, then

(b1) N ∈ B♯W♯H or

(b2) N ∈ B♯W♯L♯H or
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(b3) N ∈ B♯W♯L♯W (P 2 × I)♯H or

(b4) N ∈ B♯W♯W (S1)♯H

Here S1 denotes a generalized Seifert fiber space with one reflector curve and with at

most one singular fiber. W (S1) is obtained from S1 by adding 1-handles to its boundary.

Proof. Let α = ♯{∂V0∩∂K0}. We use induction on α. First assume α = 0, then ∂V0∩∂K0 =

∅. Let T be the torus boundary of V0, and ∂0K the Klein bottle boundary of K0. Let S

denote the collection of 2-spheres of ∂V0 ∪ ∂K0. Since V̂0 (or K̂0) is irreducible, S cuts V0

(or K0) into a punctured V ′
0 (or K ′

0) and punctured balls. So we have

N = V ′
0 ∪K

′
0 ∪H (∗)

Case 1. T 6⊂ K ′
0, ∂0K 6⊂ V ′

0 . Then N is obtained from V ′
0 , K

′
0 and H by identifying

some 2-spheres, N ∈ B♯V ♯K♯H, so (b1) holds.

Case 2. T ⊂ K ′
0, ∂0K 6⊂ V ′

0 . Then, given any point a ∈ V ′
0 can be joined to a point on

T by a path ρ in V ′
0 such that int(ρ) ⊂ int(V ′

0), i.e. ρ does not cross ∂0K, hence ρ ⊂ K ′
0, so

a ∈ K ′
0, so V

′
0 ⊂ K ′

0, in this case we can delete V ′
0 from decomposition (*) and (b1) holds.

Case 3. T 6⊂ K ′
0, ∂0K ⊂ V ′

0 , since ∂0K is a closed 2-sided non-orientable surface, and

V ′
0 is orientable, this is impossible.

Then we go to the situation α > 0.

If the components of {∂V0 ∩ ∂K0} are all null homotopic on ∂V0 or ∂K0, we apply

Lemma 3.6.

In case(i), we add 2-handle to V0 or K0.
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1) D ⊂ ∂K0, D∩V0 = ∂D, we add a 2-handle to V0. According to whether the attaching

curve is essential or not, V0 ∪ 2− handle is another punctured solid torus or lens space L0.

After we replace V0 by V0 ∪ 2− handle in the decomposition of N , either we end up with a

new decomposition of the same type with smaller α or N has a decomposition N = L0∪K0.

In the first case we can apply induction and in the second case we can apply Prop. 3.3.

2) D ⊂ ∂V0, D ∩K0 = ∂D, we add a 2-handle to K0. Then K0 ∪ 2− handle is another

punctured solid Klein bottle (with one more puncture) or a twisted S2-bundle over S1 or

P 2 × I, the argument is similar as above.

In Case(ii), we cut V0 or K0 along some disk D. Notice cutting V0 (or K0) along D

results in V0 ∪H (or K0 ∪H ) or H. N ′ has the decomposition of the same type, that is,

N ′ = H ∪ V0 ∪K0 or N ′ = H ∪ V0 or N ′ = H ∪K0. So by induction hypothesis, N ′ is of

type as in (b1) (b2) or (b3). Either N ≃ N ′ or can be obtained from N ′ by adding 1-handles

and these set are closed under adding 1-handles, so the conclusion is true.

Now we assume that V0 ∩ K0 6= ∅ and every component c of ∂V0 ∩ ∂K0 is not null

homotopic on ∂V0 and ∂K0, then the components of ∂V0 ∩ K0 resp. ∂K0 ∩ V0 consist of

annuli Ai resp. A
′
j .

If a boundary component of an Ai, say, is null homotopic in K0, then all the Ai are

compressible inK0 and we can find a meridian diskD ofK0 that is disjoint to all Ai and such

that ∂D is disjoint to Hi or D ⊂ int(Hi). A regular neighborhood of D in K0 decomposes

K0 into two punctured balls H0, H
′
0 so N has a new decomposition N = V ∪H0 ∪H

′
0, this

results in (b1) or (b2).

Then we assume all Ai and A
′
j are incompressible in K0 and V0. It follows Ai and A

′
j
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are all ∂-parellel, then the natural S1-fibration on the V ∩ K can be extended to V ∪ K

such that Ai and A′
j consist of fibers. (b4) follows. Figure 3.1 describes the fibration in

the special case when we can deform V or K so that they meet along one incompressible

annulus on the boundary.

Figure 3.1: A simple example of fibration for S1

Now we classify submanifolds with boundary that can be covered by two solid Klein

bottles, this also breaks into several steps:

Proposition 3.6. Let N ⊆ M be a submanifold of a 3-manifold M . If N admits a gen-

eral position decomposition N = H ∪ (P 2×I)1 ∪ (P 2×I)2, where (P 2×I)i is a punctured

P 2-bundle over I, i = 1, 2, then

N ∈ B♯W♯W (P 2×I)♯H or

N ∈ B♯W♯W (P 2×I♯P 2×I)♯H or
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N ∈ B♯W♯W (P 2×I♯bP
2×I)♯H or

N ∈ B♯W♯P 2×S1♯H

Here, P 2×I♯bP
2×I means disk sum of P 2×I with another P 2×I.

Proof. Let α denote the complexity of the general position decomposition N = H ∪

(P 2×I)1 ∪ (P 2×I)2. We use induction on α.

When α = 0, let S denote the collection of 2-sphere components of
⋃
∂H ∪ ∂(P 2×I)1 ∪

∂(P 2×I)2. After we cut N along S, we still end up with a bunch of punctured balls and two

punctured (P 2×I)′s. For simplicity we use the same notation. If int(P 2×I)1∩int(P
2×I)2 =

∅, then we can construct N by identifying 2-spheres from
⋃
∂H ∪ ∂(P 2×I)1 ∪ ∂(P

2×I)2,

the result follows (without W).

If int(P 2×I)1 ∩ int(P
2×I)2 6= ∅, say, (P 2×I)1 contains a P 2 component of ∂(P 2×I)2.

Since every P 2 in P 2×I can be isotoped to be a level surface, there are three possibilities

for the relative position of (P 2×I)1 and (P 2×I)2. See Figure 3.2:

Figure 3.2: Relative positions for two P 2×I

In the first two cases, we can replace these two P 2×I by one P 2×I, and in the third

case, by P 2×S1. The result follows.
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When α > 0, by Lemma 3.4, since we know every simple closed curve on P 2 bounds a

disk and every properly embedded disk in P 2×I is ∂-parallel, the technique we used in the

proof of Prop. 3.1 applies to complete the proof.

Proposition 3.7. Let N ⊆M be a submanifold of a 3-manifold M . If N admits a general

position decomposition N = H ∪K0 ∪ (P 2×I)0, where K0 is a punctured solid Klein bottle,

then

N ∈ B♯W♯W (P 2×I)♯H or

N ∈ B♯W♯W (P 2×I♯P 2×I)♯H or

N ∈ B♯W♯W (P 2×I♯bP
2×I)♯H or

N ∈ B♯W♯P 2×S1♯H

Proof. The proof is similar. Let α denote the complexity of the general position decompo-

sition N = H ∪K0 ∪ (P 2×I)0. We use induction on α.

When α = 0, let S denote the collection of 2-spheres
⋃
∂H ∪ ∂K0 ∪ ∂(P

2×I)0. After we

cut N along S, we end up with a bunch of punctured balls and one punctured solid Klein

bottle and P 2×I. N can be constructed from these pieces by identifying 2-spheres on the

boundary, the result follows.

When α > 0, every component of, say, ∂K0 ∩ ∂(P
2×I)0 bounds a disk on ∂(P 2×I)0.

Let D be such an innermost disk on ∂(P 2×I)0 and U(D) be a regular neighborhood of D

rel ∂K. There are two cases:

D is outside K0, then we replace K0 by K0 ∪ U(D). By Lemma 3.3, K0 ∪ U(D) is

punctured solid Klein bottle or punctured S2×̃S1 or punctured P 2×I. In the first case we
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have a general position decomposition of N of the same type, but with smaller α, we can

apply induction. The second and third case satisfy the conditions of Prop. 3.1 (d) and

Prop. 3.6 respectively. The result follows.

If D is inside K0, we replace K0 by K0 − U(D). Let N ′ = H ∪ (K0 − U(D)) ∪ P 2×I.

According to whether D is essential or not in K0, K0−U(D) is a punctured ball or K0∪H.

Thus N ′ has a general position decomposition N = H ∪ (P 2×I)0 or of the same type as N

but with smaller α. We can deal the first case using Prop. 3.1, in the second case we can

apply induction. For N we have either N ≃ N ′ or N can be obtained from N ′ by adding a

1-handle. Notice these sets are closed by adding 1-handle. The result follows.

The next proposition is similar and easier, we omit the proof.

Proposition 3.8. Let N ⊆M be a submanifold of a 3-manifold M . If N admits a general

position decomposition N = H ∪K0 ∪ (S2×̃S1)0, then

N ∈ B♯W♯H or

N ∈ B♯W♯W (P 2×I)♯H

Proposition 3.9. Let N ⊆M be a submanifold of a 3-manifold M . If N admits a general

position decomposition N = H ∪K1 ∪K2, where Ki denotes a punctured solid Klein bottle

for i = 1, 2, then

(a) N ∈ B♯W♯H or

(b) N ∈ B♯W♯W (P 2×I)♯H or

(c) N ∈ B♯W♯W (P 2×I♯P 2×I)♯H or

(d) N ∈ B♯W (P 2×I♯bP
2×I)♯H or
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(e) N ∈ B♯W♯(P 2×S1)♯H or

(f) N ∈ B♯W♯S2♯H

Here, S2 denotes a generalized Seifert fiber space with at most one closed reflector curve or

at most two reflector arcs and with any orientable or non-orientable orbit surface.

Proof. Let α denote the complexity of the general position decomposition N = H ∪K1 ∪

K2. Induction on α. First assume α = 0. Let Y1, Y2 denote the Klein bottle boundary

components of K1 and K2. Let S denote the collection of 2-sphere components of ∂K1 ∪

∂K2 ∪ ∂H. Since K̂i is irreducible, S cuts Ki into another punctured K ′
i and punctured

balls. Similarly, S cuts H into punctured balls. Let H ′ be the new collection of all the

punctured balls, we have

N = K ′
1 ∪K

′
2 ∪H

′ (∗∗)

Case 1. Y1 6⊂ K ′
2, Y2 6⊂ K ′

1. Then N is obtained from K ′
1, K

′
2 and H ′ by identifying

some 2-spheres boundaries, so (a) holds.

Case 2. Y1 ⊂ K ′
2, Y2 6⊂ K ′

1. Then given any point a ∈ K ′
1, it can be joined to a point on

Y1 by a path ρ in K ′
1 such that int(ρ) ⊂ int(K ′

1), i.e. ρ does not cross S, hence ρ ⊂ K ′
2, so

a ∈ K ′
2, so K

′
1 ⊂ K ′

2. In this case we can delete K ′
1 from decomposition (**) and (a) holds.

Case 3. Y1 ⊂ K ′
2, Y2 ⊂ K ′

1, then by 3.1(c) in [13], K ′
1 ∪K

′
2 = (S2×̃S1)0, (a) still holds.

Now we go to the situation α > 0.

If there is a component γ ∈ ∂K1 ∩ ∂K2 that bounds a disk D, say, in K1. Let U(D)

be a regular neighborhood of D rel ∂K2. If D ⊂ K2, in the general position decomposition

N = H ∪K1 ∪K2, we can replace K2 by K2 − U(D), in this way we reduce α, so that we
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can apply induction. If D is outside K2, we can replace K2 by K2 ∪U(D). By Lemma 3.3,

there are three cases. In the first case we can apply induction, in the second and third case,

we can apply Prop. 3.7 and 3.8 respectively. This justifies (a),(b),(c),(d),(e).

Now we assume every component on ∂K1 ∩ ∂K2 is not null homotopic in K1 and K2,

then the components of ∂K1 ∩K2 (resp. ∂K2 ∩K1) consist of annuli Ai and at most two

Möbius bands M1, M2 (resp. A′
j and M ′

1, M
′
2). They are 2-sided (because they lie on ∂Ki)

and incompressible in Ki, therefore they are all ∂-parallel.

In this case, since the annuli Ai and Möbius bands Mk are ∂-parallel in K2, there exists

a fibration of K2 so that Ai and Mk are fibred and since A′
i and M

′

k are also ∂-parallel in

K1, fibration on K1 ∩K2 can be extended to K1 ∪K2, so we get a Seifert fiber space with

at most 2 segment reflector curves. (f) holds. Figure 3.3 describes this fibration when we

can deform K1 or K2 so that K1 and K2 meet along annuli Ai and A
′
j on the boundaries.

Figure 3.3: A simple example of fibration for S2
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The next example shows what happens if we identify a pair of Möbius bands M1 with

M ′
1 and another pair of annuli A1 with A′

1. In this situation, these two reflector arcs are

joined to one arc. If we identify the other pair of Möbius bands, then we end up a closed

reflector curve. See Figure 3.4.

Figure 3.4: Another example of fibration for S2

Corollary 1. Let M be a closed 3-manifold. If M admits a general position decompo-

sition M = B3 ∪K1 ∪K2, then

(a) N ∈ B or

(b) N ∈ B♯P 2×S1 or

(c) N ∈ B♯S0

Here, S0 denotes a generalized Seifert fiber space with one closed reflector curve and with

orbit surface orientable or non-orientable of any genus.

Proof. In Prop. 3.9, let N = M , drop those manifolds with boundary in the connected

sum.
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Remark 1 : In the above statement, if we replace B3 by (S2×̃S1)0, the conclusion is

still true.

3.4 Closed 3-Manifolds that are a Union of Three

Handlebodies of Genus 1

In this section, we prove our main theorem, that is, to classify closed 3-manifolds that

can be covered by three handlebodies of genus 1.

Theorem 3.1. Let M be a closed 3-manifold. If M admits an open covering by two solid

tori and one solid Klein bottle, then M ∈ L1♯L2♯B.

(Note, the expression M ∈ L1♯L2♯B means M is a connected sum of S3 with finitely

many S2-bundles over S1 and at most two lens space.)

Proof. By Lemma 3.1, M can be covered by two PL submanifolds homeomorphic to solid

tori, which we denote by V1, V2 and one PL submanifold homeomorphic to a solid Klein

bottle, which we denote by K. Let N = V1∪V2, and we assume ∂V1 and ∂V2 are transverse

to each other. In order to make induction work well, we also allowK to have some punctures.

In Prop. 3.2 (a1), we represent N as

N = H ∪B1 ∪ ... ∪Bm ∪W1 ∪ ... ∪Wn ∪ L1 ∪ L2 (∗∗)
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where H denotes punctured ball, Bj is a once punctured S2-bundle over S1, Wi is a once

punctured handlebody and L1, L2 are once punctured lens spaces. We may assume L1, L2

are not S2 × S1, otherwise it can be considered as Bi.

Moreover, assume Bi ∩ Bj=Wi ∩ Wj=L1 ∩ L2=Bi ∩ Wj=Bi ∩ Lk=Wi ∩ Lk=∅, and

H ∩Wi=∂H ∩ ∂Wi=Ci, H ∩Bj=∂H ∩ ∂Bj = C ′
j , H ∩Lk=∂H ∩ ∂Lk=C

′′
j are all 2-spheres.

Let Sj be the non-separating 2-spheres in int(Bj), and assume Ci, C
′
j , C

′′

k , Sj are all

transverse to ∂K. Since M is closed, ∂K ⊂ intN and ∂N ⊂ intK.

Let β denote the number of components of S = ∂K ∩ (∪iCi ∪j C
′
j ∪k C

′′

k ∪j Sj). We use

induction on β.

First assume β = 0. If for some i, no component of ∂K is contained in Wi, then each

point of Wi∩K can be joined to a point of Fi (the nonsphere component of ∂Wi) by a path

in Wi that misses ∂K, hence this path must lie entirely in K and it follows that Wi ⊂ K.

Deleting Wi from (**), we may assume that ∂K ∩Wi 6= ∅ for each i.

Now the Klein bottle boundary J of K is contained in int(Wi) for some i. Since Wi is

P 2-irreducible, by Lemma 3.5 we have:

J bounds a (at most a once punctured) solid Klein bottle K ′ in Wi.

Let Q =Wi ∩K.

Then we replace Wi ∪K in the decomposition for N ∪K by the (punctured) S2-bundle

over S1: B′ =Wi −Q∪JK = K ′∪JK (where the union ∪J is along the common boundary

J) (See Figure 3.5).
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Figure 3.5: Union of a handlebody and a solid Klein bottle

Then M = H ∪B1∪ ...∪Bm∪W1∪ ...Wi−1∪Wi+1...∪Wn∪L1∪L2∪B
′, where Fj ⊂ B′

for all j 6= i.

Suppose that a 2-sphere S of ∂B′ lies in Wj for some j 6= i. If S bounds a ball in

Wj , let B3 be an innermost such ball. Then either B′ ⊂ B3 or B′ ∩ intB3 = ∅. The

first case can not happen since B′ contains a non=separating 2-sphere S
′

. In the second

case replace B′ by B′ ∪ B3 in the decomposition of M to get an B′ with fewer punctures.

Hence we may assume that all spheres of ∂B′ − Ci in Wj are parallel to Cj and we may

isotope these 2-spheres across Cj out of Wj into H. Thus we now have ∂B′ ∩Wj = ∅ and

it follows that Wj ⊂ B′ and we may delete Wj from the decomposition of M . We obtain

M = H ∪B1 ∪ ... ∪Bm ∪ L1 ∪ L2 ∪B
′ with complexity 0.

Cutting each Bj and B′ along Sj and S′ into a (once-punctured) ball B3
j and (B3

j )
′ we

obtain a general position decomposition ofM ′ =M \∪jSj with ∂M
′ a collection of 2-spheres

(two copies of S′ and Sj for each j). Hence M is obtained from M ′ = L1 ∪ L2 ∪H0, where
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H0 is a collection of puncture balls, by identifying boundary spheres of H0 in pairs and the

result follows.

Now consider β 6= 0.

Let c be a component of S. If c ⊂ ∂K ∩Ci, say, then c bounds a disk on Ci and there is

an innermost disk D ⊂ Ci such that D ∩ ∂K = ∂D. Let U(D) be a regular neighborhood

of D rel ∂K in int(N). If D ⊂ K, we replace K by K − U(D) in the decomposition of

M . According to whether D is essential or not, K − U(D) = B3 or K ∪ B3. If D 6⊂ K we

replace K by K ∪ U(D), and K ∪ U(D) = S2×̃S1 or P 2 × I. Notice N is a connected sum

of P 2-irreducible manifolds, so N contains no 2-sided P 2, and K ∪ U(D) = S2×̃S1. So the

new general position decomposition of M is either of the same type, but with smaller β or

different with K being replaced by punctured ball B3, or S2×̃S1. The first case is done by

induction and in the second case is a corollary of Theorem 8 (c) in [2].

In Prop. 3.2 (a2), we represent N as

N = H ∪B1 ∪ ... ∪Bm ∪W1 ∪ ... ∪Wn ∪W (S(2)) (∗ ∗ ∗)

where H,Bj ,Wi are as before and W (S(2)) is now a once punctured Seifert web on S(2).

As above, we may delete the W ′
is from the decomposition and assume ∂K ⊂ int(W (S(2))).

If ∂K is compressible in W (S(2)), we repeat the above arguments with Wi replaced by

W (S(2)) (note W(S(2)) is P 2-irreducible), so that M can be constructed from M ′ = B♯H0

by identifying boundary spheres of the punctured balls H0 in pairs and the result follows.

If ∂K is incompressible in W (S(2)), then ∂K can be isotoped off the 1-handles into

38



S(2) ⊂ W (S(2)). By a generalized version of Waldhausen’s theorem, ∂K can be further

isotoped to consist of fibers. (∂K can not be horizontal, since ∂W (S(2)) 6= ∅)

Let Q = K∩W (S(2)), suppose there is a component Q1 of Q that does not intersect ∂K,

then Q1 is a submanifold of W (S(2)) such that ∂Q1 consists of components of ∂W (S(2)).

Hence Q1 = W (S(2)) ⊂ intK, we may delete W (S(2)) from the decomposition, so we can

assume Q is connected.

Then Q is a submanifold of W (S(2)) such that ∂Q consists of ∂K and the components

of ∂W (S(2)), we replace W (S(2)) ∪ K in the decomposition by W ′(S(2)) ∪J K, where J

is the Klein bottle component of ∂K and W ′(S(2)) = W (S(2))−Q. Since ∂K is a fibred

Klein bottle in S(2) ⊂W (S(2)), the submanifold W ′(S(2)) is again a Seifert Web on some

S(2), since M is closed, ∂W ′(S(2)) = ∂K, hence W ′(S(2)) in fact has no 1-handle attached

and it is of type S(2). Since ∂K is fibred as S1-bundle over S1, the fibers of ∂K are

meridians in K. It follows from the ‘non-orientable’ generalization of Prop. 2 of [12] that

W ′(S(2))∪J K=S(2)∪J K is a connected sum of S2-bundles over S1 and at most two lens

spaces. The result follows.

The argument for β 6= 0 is similar as above, we omit the details.

Now we turn to the case to classify closed 3-manifolds that can be covered by one solid

torus and two solid Klein bottles:

Theorem 3.2. Let M be a closed 3-manifold. If M admits an open covering by one solid

torus and two solid Klein bottles, then :

(1) M ∈ B♯L or
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(2) M ∈ B♯L♯P 2 × S1 or

(3) M ∈ B♯S1.

Notice we still use the same notation S1 here to denote a closed generalized Seifert fibred

space with at most one reflector curve and one singular fiber.

Proof. By Lemma 3.1, M can be covered by one PL submanifold homeomorphic to a solid

torus, which we denote by V and two PL submanifolds homeomorphic to solid Klein bottles,

which we denote by K1, K2. Let N = V ∪K1, and we assume ∂V and ∂K1 are transverse

to each other. Then M = N ∪K2.

By Prop. 3.5, we represent N in the following cases:

(b1) N ∈ B♯W♯H or

(b2) N ∈ B♯W♯L♯H or

(b3) N ∈ B♯W♯L♯W (P 2 × I)♯H or

(b4) N ∈ B♯W♯W (S1)♯H

The proof of (b1) and (b2) are the same as for Theorem 3.1 and if this happens, (1)

holds. Now we go to (b3), where we represent N as:

N = H ∪B1 ∪ ... ∪Bm ∪W1 ∪ ... ∪Wn ∪ L ∪W (P 2 × I) (∗∗)

where H denotes punctured ball, Bj is a once punctured S2-bundle over S1, Wi is a once

punctured handlebody, W (P 2 × I) is a web on P 2 × I, which is union of P 2 × I with 1-

handles, and L is a once punctured lens space, we may assume L is not S2 × S1, otherwise

it can be considered as Bi.
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Moreover assume these pieces do not intersect with each other except that their inter-

section with H are all boundary 2-spheres. Let {Cl} denote this collection of 2-spheres,

{Sj} be the non-separating 2-spheres in intBj . We assume Cl, Sj are all transverse to ∂K2.

Since M is closed, ∂K2 ⊂ intN and ∂N ⊂ intK2.

Let β denote the number of components of S = ∂K2 ∩ (∪lCl ∪j Sj). We use induction

on β.

First assume β = 0. We can always throw awayWi in (**) and assume ∂K2 ⊂W (P 2×I),

details of this technique can be found in the proof of Theorem 8 in [9].

If ∂K2 is incompressible in W (P 2× I), we can isotope ∂K2 off those 1-handles and into

P 2 × I, which will induce an injection on the fundamental groups: π1(∂K2) →֒ π1(P
2),

which is impossible.

So ∂K2 is compressible in W (P 2 × I). Let D be such an innermost compressing disk in

W (P 2×I) for ∂K2 and U(D) be a regular neighborhood of D(rel ∂K2). If D is contained in

K2, we can replace K2 by K2\U(D) = B3. SinceM is closed, B3 must contain ∂W (P 2×I),

which is impossible.

So D is outside K2, then we replace K2 by K2 ∪ U(D).

Case 1. K2 ∪U(D) = (punctured) S2×̃S1. Since S2×̃S1 must contain ∂W (P 2 × I) and

it is P 2-irreducible, this is impossible .

Case 2. K2 ∪ U(D) = P 2 × I. Its boundaries are 2-sided P 2, which are incompressible

in W (P 2 × I), first we can isotope them off these 1-handles and then isotope them to be

level surfaces in W (P 2 × I). This will give the union manifold W (P 2 × I) ∪ P 2 × I a P 2-

bundle structure over some 1-dimensional manifold L. Since M is closed, L must be S1, so
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W (P 2 × I) ∪ P 2 × I = P 2 × S1, this leads to (2).

Now consider β 6= 0.

Let c be a component of S. If c ⊂ ∂K2 ∩ Ci, say, then c bounds a disk on Ci. If it also

bounds a disk on ∂K2, we can eliminate it by innermost disk argument, so we can assume

it is essential on ∂K2. We take an innermost disk D ⊂ Ci such that D ∩ ∂K2 = ∂D. Let

U(D) be a regular neighborhood of D (rel ∂K2) in int(N). If D ⊂ K2, we replace K2 by

K2 − U(D) = B3. If D 6⊂ K2 we replace K2 by K2 ∪ U(D), which is S2×̃S1 or P 2 × I.

We have three possibilities for the new decomposition of M . In the new decomposition we

can repeat similar procedure until we get a decomposition of complexity 0. As we argue in

Case 2 above, the theorem follows.

In Prop. 3.5 (b4), we represent N as

N = H ∪B1 ∪ ... ∪Bm ∪W1 ∪ ... ∪Wn ∪W (S(1)) (∗ ∗ ∗)

where H,Bj ,Wi are as before and W (S(1)) is now a once punctured Seifert web on S(1).

We can define β similiarly, and use induction on β.

First assume β = 0. As above, we may delete the W ′
is from the decomposition and

assume ∂K2 ⊂ int(W (S(1))).

If ∂K2 is compressible in W (S(1)), since W (S(1)) is P 2-irreducible, by Lemma 3.5 we

have:

∂K2 bounds a (at most once punctured) solid Klein bottle K ′ in W (S(1)).

Let Q =W (S(1)) ∩K2.
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Then we replace W (S(1)) ∪ K2 in the decomposition for N ∪ K2 by the (punctured)

S2-bundle over S1: B′ = W (S(1))−Q ∪∂K2
K2 = K ′ ∪∂K2

K2 (where the union ∪∂K2
is

along the common boundary ∂K2).

ThenM has a general position decompositionM = H∪B1∪...∪Bm∪B′ with complexity

0. Let Sj denote the non-separating 2-spheres in Bj , and S0 denote the non-separating 2-

sphere in B′. Cutting B′ and Bj along ∪jSj into (once-punctured) balls B3
j , we see M can

be constructed from a bunch of punctured 3-balls by identifying boundary spheres in pairs

and (1) holds.

If ∂K2 is incompressible in W (S(1)), then ∂K2 can be isotoped off the 1-handles into

S(2) ⊂W (S(1)). By a generalization of Waldhausen’s theorem, ∂K2 can be further isotoped

to consist of fibers (See proof of Prop.1.11 in [4]).

Let Q = K2 ∩W (S(1)). Suppose there is a component Q1 of Q that does not inter-

sect ∂K2, then Q1 is a submanifold of W (S(1)) such that ∂Q1 consists of components of

∂W (S(1)). Hence Q1 =W (S(1)) ⊂ intK2, we may deleteW (S(1)) from the decomposition.

So we can assume Q is connected.

Then Q is a submanifold of W (S(1)) such that ∂Q consists of ∂K2 and the components

of ∂W (S(1)), we replace W (S(1)) ∪K2 in the decomposition by W ′(S(1)) ∪∂K2
K2, where

W ′(S(1)) =W (S(1))−Q. First, since ∂K2 is fibred inW (S(1)), we noticeW ′(S(1)) is still

a Seifert web on some generalized Seifert fibred space with at most one reflector curve and

one singular fiber. Second, since M is closed, ∂W ′(S(1)) = ∂K2, hence W
′(S(1)) = S(1).

So if ∂K2 only consists of regular fibers, it follows from the ‘non-orientable’ generalization of

Prop. 2 of [12] thatW ′(S(1))∪∂K2
K2=S(1)∪∂K2

K2 is connected sum of twisted S2-bundles

over S1 and at most one lens space, (1) follows. If it contains singular fibers (which come
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from the preimage of reflector curve), then we can extend the fibration of ∂K2 to the whole

K2, so we have a closed generalized Seifert fibred space with at most one closed reflector

curve and one singular fiber. (3) holds.

When β 6= 0, the proof is similar to the proof in case (b3) above, we omit the details.

Now, we classify 3-manifolds that can be covered by three solid Klein bottles:

Theorem 3.3. Let M be a closed 3-manifold. If M can be covered by three open solid Klein

bottles, then

(1) M = B or

(2) M = B♯(P 2×S1) or

(3) M = B♯S0.

Proof. By Lemma 3.1, we can replace open solid Klein bottles by piecewise linear subman-

ifolds which are homeomorphic to closed solid Klein bottles, denoted by K1, K2, K3, satis-

fying: ∂K1 and ∂K2 are transverse to each other, ∂K3 ⊂ int(K1 ∪K2). Let N = K1 ∪K2,

by Prop. 3.9, we represent N as

(a) N ∈ B♯W♯H or

(b) N ∈ B♯W♯W (P 2×I)♯H or

(c) N ∈ B♯W♯W (P 2×I♯P 2×I)♯H or

(d) N ∈ B♯W♯W (P 2×I♯bP
2×I)♯H or

(e) N ∈ B♯W♯P 2×S1♯H or

(f) N ∈ B♯W♯W (S2)♯H
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Now we add the third piece, another solid Klein bottle K3 to it. In case (a) an argument

similar to the proof of Theorem 3.1, which leads to (1). We omit the details. In case (b),

we represent N as

N = H ∪B1 ∪ ... ∪Bm ∪W1 ∪ ... ∪Wn ∪W (P 2×I) (∗ ∗ ∗)

where H denotes punctured ball, Bj is a once punctured S2×̃S1, Wi is a once punctured

handlebody, and W (P 2×I) is a web on P 2×I. Moreover these pieces do not intersect with

each other except that their intersection withH are all boundary 2-spheres. Let {Cl} denote

this 2-sphere collection and {Sj} be the non-separating 2-spheres in intBj . We assume Cl,

Sj are all transverse to ∂K3. Since M is closed, ∂K3 ⊂ intN and ∂N ⊂ intK3.

Let β denote the number of components of S = ∂K3 ∩ (∪lCl ∪j Sj).

First assume β = 0.

If T , the boundary of K3, is not contained in Wi, then each point in Wi can be joined

to a point of Fi, the nonsphere component of ∂Wi, by a path in Wi that misses T , hence

this path must lie entirely in K3 and it follows that Wi ⊂ K3. Deleting Wi from (***) we

may assume that ∂K3 ∩Wi 6= ∅ for each i.

Assume T is contained in int(Wi) for some i. Since Wi is P
2-irreducible, by Lemma 3.5

we have:

T bounds an (at most once punctured) solid Klein bottle K ′ in Wi.

Let Q =Wi ∩K3.

Then we replaceWi∪K3 in the decomposition for N ∪K3 by the (punctured) S2-bundle
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over S1: B′ = Wi −Q ∪T K3 = K ′ ∪T K3 (where the union ∪T is along the common

boundary M).

Then M = H ∪ B1 ∪ ... ∪ Bm ∪W1 ∪ ... ∪Wi−1 ∪Wi+1... ∪Wn ∪W (P 2×I) ∪ B′ where

Fj ⊂ B′ for all j 6= i and we also have ∂W (P 2×I) ⊂ B
′

. By the path argument, we have

W (P 2×I) ⊂ B
′

, which is impossible, because B
′

is P 2-irreducible.

Now assume T ⊂W (P 2×I). First we can throw away all theWi from this decomposition

by the path argument. If T is incompressible in W (P 2×I), we can isotope T off those 1-

handles and into P 2×I, which will induce an injection on the fundamental groups: π1(T ) →֒

π1(P
2), which is impossible.

So T is compressible in W (P 2×I). Let D be such an innermost compressing disk in

W (P 2×I) for T and U(D) be a regular neighborhood of D(rel T ). If D is contained in K3

we can replace K3 by K3 \U(D) = B3. SinceM is closed, we have ∂W (P 2×I) ⊂ B3, which

is impossible.

So D is outside K3, then we replace K3 by K3 ∪ U(D), by Lemma 3.3, K3 ∪ U(D) =

(S2×̃S1)0 or (P 2×I)0(with one puncture).

If K3 ∪ U(D) = (S2×̃S1)0. Notice since M is closed, we have ∂W (P 2×I) is contained

in S2×̃S1. By the path argument, W (P 2×I) ⊂ S2×̃S1, this is impossible.

If K3 ∪ U(D) = (P 2×I)′0, another punctured P
2-bundle over I. Its P 2-boundaries are

2-sided P 2, which are incompressible in W (P 2×I). First we can isotope them off these

1-handles and into P 2×I and then isotope them to be level surfaces. This will give the

union W (P 2×I) ∪ (P 2×I)′ a (at most once punctured) P 2-bundle structure over some 1-

dimension manifold L, since the manifold is closed and can not have P 2 boundaries, L must
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be S1, so W (P 2×I) ∪ P 2×I = (P 2×S1)0 (with at most one puncture).

Now M has a decomposition M = H ∪ B1 ∪ ... ∪ Bm ∪ (P 2×S1)0 with complexity

0. Cutting each Bj along Sj into a (once-punctured) ball we obtain a general position

decomposition of M ′ = M \ ∪jSj with ∂M ′ a collection of 2-spheres (two copies of Sj

for each j). Hence M is obtained from M ′ = P 2×S1 ∪ H0, where H0 is the collection of

punctured balls, by identifying boundary spheres of H0 in pairs and the result follows.

Now we assume that β > 0.

Let c be such a component of S that bounds an innermost disk D on some 2-sphere

with D∩ ∂K3 = c and U(D) be a regular neighborhood of D rel ∂K3 in int(N). If D ⊂ K3

and inessential, we can reduce β by an isotopy and apply induction and if D is essential in

K3, we replace K3 by K3 − U(D) = B3. Since M is closed, we have ∂W (P 2×I) ⊂ B3, this

is impossible. Now we assume D 6⊂ K3, we replace K3 by K3 ∪ U(D), which is (S2×̃S1)0

or (P 2×I)0. Repeat the argument as above and induct on β (with K3 being replaced by

(S2×̃S1)0 or (P 2×I)0), we get (2) of this theorem.

Case (c) and (d) are similar. There is a slight difference for the handle position but this

will not cause any essential difficulty in the proof. We only prove (d). In (d) we represent

N as

N = H ∪B1 ∪ ... ∪Bm ∪W1 ∪ ... ∪Wn ∪W (P 2×I♯bP
2×I)

where H denotes collection of punctured balls, Bj is a once punctured S2×̃S1, Wi is

a once punctured handlebody, P 2×I♯bP
2×I denotes boundary sum of P 2×I and P 2×I.

W (P 2×I♯bP
2×I) is obtained from P 2×I♯bP

2×I by adding 1-handles to the boundaries.
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Moreover assume these pieces do not intersect with each other except that their inter-

section with H are all 2-spheres. Let Cl denote the collection of 2-spheres and Sj be the

non-separating 2-spheres in intBj , we assume Cl, Sj are all transverse to ∂K3. Since M is

closed, ∂K3 ⊂ intN and ∂N ⊂ intK3.

Let β denote the number of components of S = ∂K3 ∩ (∪lCl ∪j Sj).

First, let β = 0. As above, we may throw away those handlebodies W ′
is from the

decomposition and assume ∂K3 ⊂W (P 2×I♯bP
2×I).

Since π1(K3) can not be isomorphic to a subgroup of π1(W (P 2×I♯bP
2×I)) = Z2 ∗

Zz ∗ Z · · · ∗ Z, therefore ∂K3 is compressible in W (P 2×I♯bP
2×I). Let D be such an in-

nermost compressing disk for ∂K3 and U(D) be a regular neighborhood of D(rel ∂K3).

If D is contained in K3 we can replace K3 by K3 \ U(D) = B3. Since M is closed,

∂W (P 2×I♯bP
2×I) ⊂ B3, B3 does not contain any non-orientable surface, this is impossi-

ble.

So D is outside K3, then we replace K3 by K3 ∪ U(D). By Lemma 3.3, K3 ∪ U(D) is

either (S2×̃S1)0 or P 2×I.

K3 ∪ U(D) = (S2×̃S1)0(with one puncture). This is easy to deal with, since we can

apply Remark 1. after Prop. 3.9.

K2 ∪ U(D) = (P 2×I)′. Its boundaries are 2-sided P 2, which are incompressible in

the W (P 2×I♯PP
2×I), so we can isotope them off these 1-handles, that is, ∂(P 2×I)′∩(1-

handles) = ∅, then we have either (1-handles) ∩ (P 2×I)′ = ∅ or (1-handles) ⊂ (P 2×I)′.

Since the manifold is closed, we have ∂(1-handles)⊂ ∂N ⊂ P 2×I, so (1-handles) ⊂ (P 2×I)′.

So in the decomposition W (P 2×I♯bP
2×I) ∪ (P 2×I)′ we can throw away those 1-handles,
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and we have a union (P 2×I ∪ P 2×I)∪ (P 2×I)′. As we discussed before, this will give us a

P 2-bundle structure over S1. As before, this leads to (2) of the theorem.

If β > 0, this is the same as in case(b), we omit the details.

(e) is similar to (d) and much easier, since P 2×S1 is closed. Now we go to (f).

When β = 0, as before we throw away the handlebody components in the decomposition

and assume ∂K3 ⊂W (S2).

If ∂K3 is compressible in W (S2), let D be such an innermost compressible disk for ∂K3

and U(D) be a regular neighborhood of D(rel ∂K3). If D is contained in K3 we can replace

K3 by K3 \ U(D) = B3, ∂B3 either bounds another ball B3
1 ⊂ W (S2) or is parallel to the

2-sphere component Cl of ∂W (S2). In the first case, we have M = B3 ∪ B3
1 = S3. In the

second case, we can isotope ∂B3 into H and by path argument, we can throw away W (S2).

Then M = B3 ∪ H ∪ Bi = B. If D is outside K3, we replace K3 by K3 ∪ U(D), which is

P 2×I or S2×̃S1. P 2×I can not happen since N does not contain 2-sided P 2. The argument

for the case S2×̃S1 are the same as for B3.

Then we assume ∂K3 is incompressible in W (S2). First we can isotope ∂K3 off the

1-handles and by Waldhausen’s theorem, which also hold for generalized Seifert fiber space,

we can isotope ∂K3 to consist of fibers, see [4].

As we argued above, we can throw away these 1-handles, that is, W (S2)∪K3 = S2∪K3.

Let Q = S2 ∩K3 and now ∂K3 is fibred in S2. If ∂K3 only consists of regular fibers, then

S2 −Q is a regular Seifert fiber space with one Klein bottle boundary component, and the

fibers of ∂K3 are meridians in K3. It follows from the ‘non-orientable’ generalization of

Prop. 2 of [12] that S2∪K3=S2 −Q∪K3 is a connected sum of (S2×̃S1)′s. If ∂K3 contains
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singular fibers, then it contains exact two. In this way, a fibration of ∂K3 can be extended

to K3. We conclude S2 ∪K3 is a generalized Seifert fiber space. Since the reflector curve

must be closed now, we have only one reflector curve.

The case when β > 0 is similar, we omit the details here.
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[1] O.Cornea, G.Lupton, J.Oprea, D.Tanrè, Lusternik-Schnirelman Category, Math. Sur-
veys Monographs,vol.103, Amer. Math. Soc.,2003.

[2] J. C. Gomez-Larranaga, F. Gonzalez-Acuna, and W. Heil, Fundamental groups mani-
folds with S1-category 2, Math Zeitschrift (2008).

[3] John Morgan and Gang Tian, Ricci Flow and the Poincarè Conjecture, AMS Clay Math.
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