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ABSTRACT

The thesis work we present here focuses on solving a conjecture raised by Aluffi [8] about
Chern-Schwartz-MacPherson classes. Let X be a nonsingular variety defined over an al-
gebraically closed field k of characteristic 0, D a reduced effective divisor on X, and
U = X r D the open complement of D in X. The conjecture states that cSM(1U ) =
c(DerX(− log D)) ∩ [X] in A∗(X) for any locally quasi-homogeneous free divisor D. We
prove a stronger version of this conjecture. We also report on work aimed at studying the
Grothedieck class of hypersurfaces of low degree. In this work, we verified the Geometric
Chevalley-Warning conjecture in several low dimensional cases.
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CHAPTER 1

INTRODUCTION

1.1 A Descriptive Paragraph For Non-Experts

In mathematics, the study of systems of equations and their solutions is fundamentally
important. Algebraic geometry is the mathematical discipline which studies the system of
polynomial equations and their solutions. The connection between polynomial equations
and geometric objects arises naturally. For example, the set of real solutions of the equation
x2 + y2 = 1 is a circle, and similarly the equation y − x2 = 0 corresponds to a parabola
in the plane. The geometric objects which are determined by the solutions of polynomial
equations are called varieties. Surprisingly, even the simplest information provided by the
system of equations such as the number of the variables appearing in the equations and the
highest power of the variables reflects nontrivial geometric properties of the corresponding
variety. For instance, given one parabola and one circle in the plane, they intersects at no
more than 4 points. The number 4 appears not by an accident. It can be computed by
2 × 2 = 4 where the first 2 stands for the highest power of the variables in the defining
equation of the circle, and the second 2 stands for the highest power of the variables in
the defining equation of the parabola. The branch of algebraic geometry which studies the
intersection of varieties in an ambient space is called intersection theory.

Intersection theory is a powerful tool to study singularities on varieties. To understand
the meaning of singularities, we look at the variety defined by xy = 0. This variety is
the union of x-axis and y-axis on the plane. For points on this variety except the origin,
there is a well-defined tangent line. Such points are called nonsingular points. The origin
is the only singular point on the variety because no line through the origin is tangent to
the variety. As one sees from this example (and it’s true in general), the neighborhood of
a nonsingular point can be well approximated by the tangent space of the variety at this
point, the structure of the neighborhood of a singular point can be much more delicate. In
algebraic geometry, the problem of classifications of the local structure of singularities and
study how they affect the global structure of the variety is very rich and deep. In fact, the
singularity in the previous example is called normal crossing singularity, and it is the easiest
type of singularity one encounters in algebraic geometry. However, even in this simplest
case, the nature of normal crossing singularities is not completely known from an algebraic
point of view (cf. [21] Theorem A and Conjecture 26).
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With the help of intersection theory, one can associate to a variety some characteristic
classes, which carry rather significant information about singularities on the variety. One
such characteristic class is the Chern-Schwartz-MacPherson class of the variety. When there
is no singularity on the variety, the CSM class agrees with the Chern class of the tangent
bundle of the variety. The CSM class also has an interesting explanation in algebraic topol-
ogy. In fact, the degree 0 component of the CSM class agrees with the famous topological
Euler characteristic of the variety. The author’s dissertation and current research are largely
about the interplay between the CSM class of a variety and singularities on the variety.

1.2 A Review Of Basic Intersection Theory

In the rest of this work, we assume the reader are familiar with the basic language of
algebraic geometry presented in [25]. In particular, the reader should know the meaning
of schemes, divisors, coherent sheaves, flat morphisms, and proper morphisms. We will
quickly review the definitions of Chow groups, flat pull-back, proper push-forward, and
Chern classes of vector bundles. A short subsection will be devoted to the definition of
Grothendieck group of varieties and its relation to the CSM classes.

In this section, we adopt the convention used in [23]. An algebraic schemes over a field
k is a scheme X, together with a morphism of finite type from X to Spec(k). A variety
is a reduced and irreducible algebraic scheme. A subvariety V of a scheme X is a reduced
and irreducible closed subscheme of X. If V is a subvariety of a scheme X, its local ring is
denoted by OV,X . The field of rational functions of a variety V is denoted by R(V ). Except
the last subsection, all the details of the following account can be found in [23].

1.2.1 Chow Groups

Let X be an algebraic scheme.

Definition 1.2.1. A k-cycle on X is a finite formal sum
∑

ni[Vi] (1.1)

of k-dimensional subvarieties Vi of X, with integer coefficients. We denote by Zk(X) the
group of k-cycles on X. This group is also the free abelian group generated by all k-
dimensional subvarieties of X.

Given a (k+1)-dimensional subvariety W of X, and f ∈ R(W )∗, we will define a k-cycle
div(f) on X. For any k-dimensional subvariety V of W , we can find g and h, both in OV,W ,
such that f = g

h . We define the order of f along V by

ordV (f) = l(OV,W /(g)) − l(OV,W /(h)) (1.2)

where l(·) is the length of a given ring. Notice here that both OV,W /(g) and OV,W /(h) are
0-dimensional Noetherian local rings so that they have finite lengths.

We then define div(f) by

div(f) =
∑

V

ordV (f)[V ] (1.3)

2



where the summation is over all k-dimensional subvarieties of W . Because f is a unit in all
but finite local rings OV,W , we see that the above summation is a finite sum.

Definition 1.2.2. A k-cycle α on X is rationally equivalent to 0 if we can find a finite
number of (k+1)-dimensional subvarieties Wi and rational functions fi ∈ R(Wi)

∗ such that

α =
∑

i

div(fi). (1.4)

We denote Ratk(X) the group of k-cycles rationally equivalent to 0.

Definition 1.2.3. The group of k-cycles modulo rational equivalence relation on X is the
quotient group

Ak(X) = Zk(X)/Ratk(X). (1.5)

The Chow group of X is the graded group A∗(X) = ⊕Ak(X)

1.2.2 Push-Forward Under A Proper Morphsim

Let X → Y be a proper morphism of schemes. We will define push-forward homomor-
phisms f∗ : Zk(X) → Zk(Y ). Because Zk(X) is a free abelian group, we only need to choose
images in Zk(Y ) for free generators of Zk(X), and define the homomorphism by Z-linearity.

Let V be any k-dimensional subvariety of X. The (schematic) image W = f(V ) in Y is
a subvariety of Y . We define f∗([V ]) by the following rule:

f∗([V ]) =

{

0 dimW < k

[R(V ) : R(W )] · [W ] dimW = k
(1.6)

where [R(V ) : R(W )] is the degree of the field extension R(W ) → R(V ).
The next proposition explains the reason for this definition.

Proposition 1.2.4 ([23] Theorem 1.4). Let X → Y be a proper morphism of algebraic
schemes. If α ∈ Ratk(X), then f∗(α) ∈ Ratk(Y ).

Therefore, the homomorphism f∗ : Zk(X) → Zk(Y ) passes to a homomorphism for
cycles modulo rational equivalence relation. We use the same notation f∗ for the induced
homomorphism Ak(X) → Ak(Y ). We also see that the assignment A:

k-Schemes → Ab

X 7→ A∗(X)
(1.7)

makes A a covariant functor for proper morphisms.
If X is complete, in other words, there is a proper morphism π : X → Spec(k), and

α ∈ A∗(X), then we define the degree of α, somtimes written as
∫

Xα by the following
formula:

deg(α) =

∫

X
α = π∗α (1.8)

This number is always an integer, which counts the number of the 0-dimensional com-
ponents in the cycle class α.
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1.2.3 Cycles of Subschemes

Let X be any scheme. We can define the fundamental cycle [X] ∈ Z∗(X) for X in the
following way:

[X] =
∑

V

l(OV,X)[V ] (1.9)

where the summation is over all irreducible component of X. We see that this is a fi-
nite summation because X has only finitely many irreducible components, and that each
l(OV,X) is a finite number because all these local rings are 0-dimensional. If X is purely
k-dimensional, then [X] ∈ Zk(X). We often refer to the image of [X] in A∗(X) by the same
notation.

If i : X → Y is a closed imbedding, by an abuse of language, we also write [X] for
i∗([X]) in Z∗(Y ) or A∗(Y ).

Now let L be a line bundle on a variety X. The line bundle uniquely determines a Carter
divisor class. In other words, it is isomorphic to O(D) for a Cartier divisor D on X, and D
is unique up to adding a principal divisor. Writing D = D1 − D2 for two effective Cartier
divisors D1 and D2, we get an element [D] := [D1] − [D2] in A∗(X) depending only on L
and free from all other choices in the construction. This construction will be important for
us to define the first Chern class of a line bundle.

1.2.4 Flat Pull-Back

In this work, a flat morphism f : X → Y of schemes will always be a flat morphism of
constant relative dimension. This means that for any subvariety V of Y , and any irreducible
component V

′

of f−1(V ), the number dimV
′

− dimV is a fixed number.
For a flat morphism f : X → Y of relative dimension n, one can define the flat pull-back

homomorphisms f∗ : Zk(Y ) → Zk+n(X) by

[V ] 7→ [f−1(V )] (1.10)

where [V ] is the cycle of a k-dimensional subvariety V ⊂ Y and [f−1(V )] is the fundamental
cycle of f−1(V ).

Flat pull-back homomorphisms commute with proper push-forward homomorphisms.

Proposition 1.2.5 ([23] Proposition 1.7). Let

X
′

f
′

��

g
′

// X

f

��

Y
′

g
// Y

be a Cartesian square of schemes, with g flat and f proper. Then g
′

is flat and f
′

is proper.
For any α ∈ Z∗(X), we have

f
′

∗g
′∗α = g∗f∗α (1.11)

in Z∗(Y
′

)
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As proper push-forward homomorphisms, flat pull-back homomorphisms also preserve
rational equivalence relation. For a flat morphism f : X → Y of relative dimension n, the
induced homomorphisms Ak(Y ) → Ak+n(X) are also denoted by f∗. The next proposition
implies that the assignment X 7→ A∗(X) is functorial. So A is a contravariant functor for
flat morphisms.

Proposition 1.2.6. If X → Y is flat, then for any subscheme V of Y , we have

f∗([V ]) = [f−1(V )] (1.12)

1.2.5 Chern Classes of Vector Bundles

Let X be a scheme, and E be a vector bundle of rank n on X. For each i such that
0 ≤ i ≤ n, we will define the homomorphisms :

ci(E)∩ : Ak(X) → Ak−i(X). (1.13)

The operation of taking a cycle class α in A∗(X) and computing ci(E)∩α is called intersect-
ing α with the i-th Chern class of E. Unlike in the theory of vector bundles on manifolds,
our ci(E) does not have a stand-alone meaning as a cohomology class. For us, Chern classes
are always homomorphisms on Chow groups.

We define c∗(E) the total Chern class of E by

c∗(E) = c0(E) + c1(E) + . . . + cn(E) (1.14)

which of course corresponds to the homomorphism A∗(X) → A∗(X):

α 7→ c∗(E) ∩ α = c0(E) ∩ α + . . . + cn(E) ∩ α (1.15)

To define these homomorphisms, we start from defining the first Chern class of a line
bundle L. For any k-dimensional subvariety V of X, the restriction of L to V is a line
bundle on V . The construction in subsection 1.2.3 produces for us a cycle class in Ak−1V .
Then c1(L) ∩ [V ] is the image of this class under the push-forward Ak−1V → Ak−1X.
This definition immediately extends to a homomorphism c1(L)∩ : Zk(X) → Ak−1(X) by
Z-linearity. The fact that this homomorphism factors through Ak(X) is non-trivial. We
write

c1(L)∩ : Ak(X) → Ak−1(X) (1.16)

for the induced homomorphism as well.
If L is the sheaf of sections of O(D) for a Cartier divisor D and α is a cycle class in

Ak(X), the notation D · α is also used for c1(L) ∩ α.

A good knowledge for the first Chern class of a line bundle will be crucial for us to
understand the Chern classes of a vector bundle of an arbitrary rank. We will first define
the total Segre class of a vector bundle E, and formally invert it to get the total Chern class
of E.

Let E be a vector bundle on X of rank e+1 and E be its sheave of sections. The projec-
tivized bundle P(E) is Proj(Sym(E ∨)), endowed with the natural projection p : P(E) → X
induced by the inclusion OX → OX ⊕ E ∨ ⊕ Sym2(E ∨)⊕ . . .. Geometrically it is the bundle
whose fiber over a point is the projective space of lines in the fiber of E over the same point.
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Definition 1.2.7. Let X and E be as above. The i-th Segre class of E are homomorphisms

si(E)∩ : Ak(X) → Ak−i(X) (1.17)

for each k defined by
si(E) ∩ α = p∗(c1(OP(E)(1))e+i ∩ p∗α) (1.18)

It can be easily verified that si(E) = 0 for i < 0 and s0(E) = 1 ∈ End(A∗(X)). We
form the generating series

st(E) =
∑

i≥0

si(E)ti (1.19)

whose coefficients are in End(A∗(X)). This power series is invertible because the leading
coefficient is 1. We define the Chern polynomial

ct(E) =
∑

i≥0

ci(E)ti (1.20)

to be the inverse of st(E). The coefficients for this polynomial are defined to be Chern
classes of E. Explicitly,

c0(E) =1

c1(E) = − s0(E)

c2(E) =s1(E)2 − s2(E)

(1.21)

and so forth.

Proposition 1.2.8 ([23] Theorem 3.2). The Chern classes satisfy the following properties:

(a) (Vanishing) For all vector bundles E on X, all i > rank(E),

ci(E) = 0 (1.22)

(b) (Commutativity) For all vector bundle E, F on X, integers i, j, and cycles α on X,

ci(E) ∩ (cj(E) ∩ α) = cj(F ) ∩ (ci(E) ∩ α) (1.23)

(c) (Projection formula) Let E be a vector bundle on X, f : X
′

→ X a proper morphism.
Then

f∗(ci(f
∗E) ∩ α) = ci(E) ∩ f∗(α) (1.24)

for all cycles α on X
′

, all i.

(d) (Pull-back) Let E be a vector bundle on X, f : X
′

→ X a flat morphism. Then

ci(f
−1E) ∩ f∗α = f∗(ci(E) ∩ α) (1.25)

for all cycles α onX, all i.

6



(e) (Whitney sum) For any exact sequence

0 → E
′

→ E → E
′′

→ 0 (1.26)

of vector bundles on X, then

ct(E) = ct(E
′

) · ct(E
′′

) (1.27)

(f) (Normalization) If E is a line bundle on a variety X, D a Cartier divisor on X with
O(D) ∼= E, then

c1(E) ∩ [X] = [D] (1.28)

Remark 1.2.9. Property (f) implies that if E is a line bundle, the first Chern class we
defined in the paragraph before equation 1.16 agrees with the definition we give through
Segre classes.

Remark 1.2.10. Properties (b), (c), and (d) are also true if replacing Chern classes by Segre
classes.

Remark 1.2.11. Over a nonsingular variety X, Chern class can be defined for any coherent
sheaf, because in this case, the Grothendieck group of coherent sheaves on X is isomorphic
to the Grothendieck group of vector bundles on X. The isomorphism is given by finding a
finite locally free resolution of a coherent sheaf and taking the alternating sum of the terms
of the resolution in the Grothendieck goup of vector bundles. The fact that Chern classes
can be defined at the level of Grothendieck group of vector bundles follows directly from
(e).

1.2.6 Constructible Functions and The Relative Grothendieck Group of

Varieties

In this subsection, we define the functor C of constructible functions and the functor
K0(V ar/−) of relative Grothendieck group of varieties.

Let X be a scheme. For any subvariety W of X, the indicator function 1W of W is the
function

1W (x) =

{

1 if x ∈ W

0 if x /∈ W
(1.29)

Definition 1.2.12. The group C(X) of constructible functions on X is the group of Z-
valued functions on X generated by all indicator functions of subvarieties.

Hence, a constructible function f on X can be written as a finite sum

f =
∑

ni · 1Wi
(1.30)

where ni are integers and Wi are subvarieties of X.
It is easy to see that C(X) is isomorphic to the free abelian group generated by all

closed subvarieties of X.
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A proper morphism f : X → Y induces a homomorphism f∗ : C(X) → C(Y ). For
schemes defined over C, the result of this homomorphism on indicator functions is given by

(f∗(1W ))(y) = χ(f−1(y) ∩ W ) (1.31)

where W is a subvariety of X, y is an arbitrary point on Y , and χ is the topological Euler
characteristic. The verification that f∗(1W ) is a constructible function on Y relies on the
stratification properties on maps, for instance, the Hardt theorem [49]. The stratification
properties also imply that f∗ ◦ g∗ = (f ◦ g)∗, which is to say that C:

k-Schemes → Ab

X 7→ C(X)
(1.32)

is a functor for proper morphism of schemes.
For schemes defined over an arbitrary algebraically closed field of characteristic 0, the

above formula involving topological Euler characteristic will not make sense. For a descrip-
tion of this homomorphism and its functoriality, see [30].

We now define the Grothendieck group of k-varieties K0(V ar/k) where k is an arbitrary
field. This group is the free abelian group on isomorphic classes [X] of varieties X over
k modulo the relations [X] = [X − Y ] + [Y ] for Y ⊂ X a subvariety. The group has a
natural ring structure induced by Cartesian products: [X] · [Y ] = [X × Y ]. Though having
a simple description, its structure is rather mysterious. Here are some (non-trivial) facts
about K0(V ar/k).

Proposition 1.2.13 ([41]). K0(V ar/k) is not a domain, if char(k) = 0.

Remark 1.2.14. It is not yet known whether K0(V ar/k) is a domain in positive character-
istics.

Proposition 1.2.15 ([12]). The Grothendieck group of k-varieties has the following alter-
native presentations:

(a) K0(V ar/k) is the abelian group generated by the isomorphism classes of smooth varieties
over k subject to the relations [X] = [X−Y ]+[Y ], with X a smooth variety and Y ⊂ X
a smooth subvariety.

(b) K0(V ar/k) is generated by the isomorphism classes of smooth complete k-varieties sub-
ject to the relation [∅] = 0 and [BlY X] − [E] = [X − [Y ], where X is smooth and
complete, Y ⊂ X is a smooth subvariety, BlY X is the blow-up of X along Y and E is
the exceptional divisor of this blow-up.

Let S be a scheme, we can similarly define K0(V ar/S) the Grothendieck group of S
varieties. It is the free abelian group on isomorphic classes [X → S] of S-varieties X modulo
the relation [X → S] = [(X − Y ) → S] + [Y → S] for Y a sub S-variety of X. A morphism
f : S1 → S2 induces a natural homomorphism f∗ : K0(V ar/S1) → K0(V ar/S2) by

[X → S1] 7→ [X → S1
f
−→ S2]. (1.33)
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Therefore, we get another covariant functor K0(V ar/−):

k-Schemes → Ab

X 7→ K0(V ar/X).
(1.34)

At this stage we have described three functors A, C, and K0(V ar/−) from k-Schemes

to Ab. The first two functors are with respect to proper morphism of schemes. Are
there natural transformations connecting them? This is in fact a very deep question. The
interplay among these functors, and of course with others, are spelled out clearly in [13]
to which we refer the readers. We only mention here that for C-schemes there are the
augmented natural transformation ǫ : K0(V ar/−) → C given by

K0(V ar/X) →C(X)

[Y
f
−→ X] 7→χ(f−1(·))

(1.35)

where χ is the topological characteristic, and the MacPherson transformation c∗ : C → A. If
W is a subvariety of X with the inclusion i : W → X, then the indicator function 1W is the

image of [W
i
−→ X] under the augmented transformation. The augmented transformation

suggests that the Grothendieck group of varieties is a broader arena to study the theory of
characteristic classes. We will come back to this point and give slightly more information
about the MacPherson transformation in the next section.

1.3 A Formal Introduction

Understanding the homology and cohomology of algebraic varieties is one of the cen-
tral themes in algebraic geometry. Historically, Weil conjecture, whose solution relied on
finding a good cohomology theory for varieties defined over finite fields, inspired the birth
of scheme theory and consequently led to a revolution in algebraic geometry. Even much
earlier than the emergence of scheme theory, mathematicians viewed smooth projective
complex algebraic varieties as compact complex manifold, and very nice properties about
their singular cohomology groups were found out through De Rham theory and harmonic
theory. These nice properties include the Poincaré duality between the singular homology
and cohomology groups, the Hodge decomposition of each cohomology group, the hard Lef-
schetz theorem, not to mention many others. However, for singular complex varieties or
non-complete complex varieties, the situation changes. Though one can still associate such
a variety with a complex analytic space and speak about its singular (co)homology, these
(co)homology groups a priori do not share the nice properties mentioned above for projec-
tive smooth complex varieties. The philosophical approach to fix this problem is to seek for
novel (co)homology theories defined for certain types of singular complex varieties for which
the missing nice properties are recovered. Under this guideline, MacPherson and Goresky
invented the intersection homology theory for complex varieties [24]. The theory recovers
the Poincaré duality and the hard Lefschetz theorem. Mixed Hodge theory is also related
to the same idea. Given a nonsingular complex variety U , according to the resolution of
singularities, we can always imbed U into a complete variety X such that D = X r U is a
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normal crossing divisor. The logarithmic De Rham complex Ω•
X(log D) computes the singu-

lar cohomology of U . The Hodge filtration and the weight filtration on the logarithmic De
Rham complex induce two filtrations on each singular cohomology group, which result in a
structure generalizing the pure Hodge structure for nonsingular complete complex varieties.

The theory of characteristic classes fits well into the broad picture of studying varieties
by (co)homologies. One reason is that for a complex algebraic variety X, there exist cycle
maps

cl : Ak(X) → H2k(X) 0 ≤ k ≤ dimCX (1.36)

where H∗(X) are the Borel-Moore homology groups. The Borel-Moore homology is also
called homology with compact support, and it agrees with the singular homology when X
as a complex analytic space is compact. Since the characteristic classes live in the Chow
groups, they can also be viewed as homology classes through the cycle maps.

Another good reason has to do with the classical Poincaré-Hopf theorem. It states that
if M is a compact orientable differentiable manifold and v is a vector field on M with
isolated zeros, then the topological Euler characteristic of M is the sum of indices of v at
all its zeros. There is a beautiful analogue of this theorem for smooth projective complex
varieties (example 3.2.13 in [23]):

∫

X
c(TX) ∩ [X] = e(X). (1.37)

In the formula e(X) is the topological Euler characteristic for X by viewing X as a compact
manifold. The key points here are the Riemann-Roch theorem and the fact that the top
Chern class of a vector bundle computes the cycle of the zero scheme of any of its regular
section (proposition 14.1 in [23]).

In fact, for a smooth projective complex variety X and a holomorphic vector bundle E
over X, we can define the the χy-characteristic of E by

χy(X,E) :=
∑

p≥0

χ(X, E ⊗ ΛpT ∗X) · yp (1.38)

where χ(X,−) denotes the sheaf-theoretic Euler characteristic of the vector bundle to be
filled in the slot.

With this definition, the Poincaré-Hopf theorem becomes a special case of the generalized
Hirzebruch theorem (p.13 in [13]):

χy(X, E) =

∫

X
T ∗

y (TX) · ch1+y(E) ∩ [X] ∈ Q[y], (1.39)

In this theorem, T ∗
y (TX) (resp. ch1+y(E)) is a power series in terms of the Chern roots

of the vector bundle TX (resp. E) and y is a parameter taking values −1, 0, and 1. For
their precise definitions, see [13]. When E is the trivial line bundle, the χy-character of E
becomes the topological characteristic e(X) of X for y = −1, the arithmetic genus χ(X)
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of X for y = 0, and the signature sign(X) of X for y = 1. In these cases, the generalized
Hirzebruch theorem unifies the following important formulas:











e(X) =
∫

Xc(TX) ∩ [X] the Poincaré-Hopf theorem for y = −1

χ(X) =
∫

Xtd(TX) ∩ [X] the Hirzebruch Riemann-Roch theorem for y = 0

sign(X) =
∫

XL(TX) ∩ [X] the Hirzebruch signature theorem for y = 1

(1.40)

Unfortunately singular varieties fail to preserve these intricate relations. One simple
reason is that TX is a coherent sheaf but is not necessarily a vector bundle. A coherent
sheaf on a singular variety does not always has a finite resolution by locally free sheaves.
Thus the definition for c(TX) ∩ [X] and other characteristic classes become problematic.
As our discussion for (co)homology theories suggests, one needs theories for singular va-
rieties extending the existing characteristic classes theories for nonsingular varieties. The
Chern-Schwartz-MacPherson class arises as the correct (and unique) substitute for the to-
tal Chern class of a nonsingular variety in the theory of singularities. In fact, MacPherson
constructed a natural transformation c∗ from the functor of constructible functions to the
Chow homology functor for complex varieties [35]. Later, this natural transformation was
generalized to varieties defined over any algebraically closed field of characteristics 0 [30].
This transformation is compatible with proper morphisms of varieties and is normalized by:

c∗(X)(1X) = c(TX) ∩ [X] for nonsingular X. (1.41)

The image of 1X under this transformation is called the Chern-Schwartz-MacPherson class
of X. When the underlying variety X is understood from the context, we also write cSM

for c∗(X).
It is easy to see by a resolution of singularity argument that the compatibility with proper

morphisms and the normalization property determine the transformation c∗ uniquely.
Despite the theoretical soundness of the MacPherson theory, the actual form of CSM

class is mysterious except for limited types of singular varieties. The computation for
the CSM class involves either the resolution of singularities, or writing 1X by an integer
combination of local Euler obstructions, and neither task is straightforward. For a similar
reason, when Y is a subvariety of a nonsingular X, the image of 1Y under the MacPherson
transformation cSM : F (X) → A∗(X) is hard to compute. Even in the nicer case that Y is a
divisor (hypersurface) of a nonsingular X, we know that the expression for cSM(1Y ) ∈ A∗(X)
involves the Segre class of the singular subscheme of Y in X, which in general is difficult
to compute [5]. The complexity of its computation brings up interesting questions such as
comparing the CSM class with other well known characteristic classes for singular varieties.
Works which were done in the past along this direction include the comparison of the CSM
class to the Chern-Mather class, and the Fulton’s Chern class [6].

Let us assume D is a normal crossing divisor in X for the moment. This is one of
the few situations where cSM(1D) ∈ A∗(X) has a simple expression. Also let U = X r D
the complement of D in X. Inspired by the idea from Hodge theory that the sheaves of
logarithmic differentials contain information for cohomology of U , we compare cSM(1U ) =
cSM(1X) − cSM(1D) with c((Ω1

X(log D))∨) ∩ [X]. The total Chern class of the sheaf of
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logarithmic 1-forms can be computed easily by the residue exact sequence. It turns out in
this situation these two classes agree with each other [5].

Naturally we ask the question that if a similar relation continues to hold for more general
types of reduced effective divisors. In fact, this question makes sense outside the context of
normal crossing divisors because the coherent sheaf of logarithmic p-forms Ωp

X(log D) and
the coherent sheaf of logarithmic derivations DerX(− log D) can be defined for arbitrary
reduced effective divisors [43]. We will also focus our study on free divisors, for which the
sheaf of logarithmic derivations (and consequently the sheaves of logarithmic p-forms) is
locally free. Thus, the mathematical formulation of our question is the following:

Question 1.3.1. Let X be a nonsingular variety defined over an algebraically closed field
k of characteristic 0, let D be a free divisor in X, and let U = X r D the complement of
D in X. Is the formula

cSM(1U ) = DerX(− log D) ∩ [X] (1.42)

true in general? If not, can we find sufficient conditions for the equality? Here, cSM is the
MacPherson transformation for X: C(X) → A(X), and 1U is the constructible function
1X − 1D on X.

In the next 3 chapters, we will study question 1.3.1 in the following situations:

• X is a nonsingular algebraic surface, and D is arbitrary.

• X is a nonsingular projective complex variety, and D is free and locally quasi-homogeneous.

• X is a nonsingular variety, and D is free and of linear Jacobian type.

Chapter 2 answers question 1.3.1 completely in the case that X is a nonsingular alge-
braic surface. We will prove that formula (1.42) is true if and only if D is locally quasi-
homogeneous. We infer from the results presented in Chapter 2 that local quasi-homogeneity
is the natural condition to guarantee the correctness of formula (1.42). Chapter 3 and Chap-
ter 4 justify this idea for varieties of arbitrary dimension by different methods. The entire
chapter 3 is based on complex analytic methods whereas the treatment in chapter 4 is purely
algebraic.

To summarize, the bulk of my thesis work extends for CSM class the classical principle
that logarithmic datum recovers the cohomology of the open complement of a divisor. From
a philosophical point of view, it is not at all clear why this principle cannot be implemented
to other characteristic classes theories, since a principle works only for one case should
not be called a principle. Just as the CSM class is a substitute for the total Chern class
for singular varieties, the total Todd class and the total L-class unified by the generalized
Hirzebruch theorem also take on an upgrade to singular varieties. Moreover, Brasselet,
Schümann and Yokura established an even broader theory for singular varieties unifying
the MacPherson transformation c∗, the Todd transformation td∗ of Baum-Fulton theory,
and the L-class transformation of Cappell-Shaneson [13]. The theory involves with the
motivic Chern class transformations

mC∗ : K0(var/X) → G0(X) ⊗ Z[y] (1.43)
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and the motivic Hirzebruch transformation

Ty∗ : K0(var/X) → H∗(X) ⊗ Q[y] (1.44)

in which the parameter y takes values −1, 0, and 1, corresponding to the three above-
mentioned theories respectively.

Thus, we may raise the much general question:

Question 1.3.2. How are mC∗([U → X]) and Ty∗([U → X]) related to Ω1
X(log D) for a

free divisor D in a nonsingular variety X? Here [U → X] is the class of the inclusion
morphism in the relative Grothendieck group of X-varieties.

In particular, we know the following formulas:

mC∗([U → X]) = λy(Ω
1
X(log D)) ⊗ O(−D) (1.45)

T0∗([U → X]) = td∗(O(−D)) (1.46)

are true for normal crossing divisors. Are they still true for locally quasi-homogeneous free
divisors?

The author will be very glad to pursue these questions in depth after he finishes his
dissertation. However, from the formulation of these questions, we see that a good un-
derstanding of the structure of K0(var/X) is necessary for us to conduct such research.
Hence, the last chapter of the thesis work can be viewed as a prelude to this much big-
ger project, though originally it was done under an independent motivation. In chapter 5,
our objective is to compute the classes of certain hypersurfaces in K0(V ar), and to verify
these hypersurfaces satisfy the conclusion of the geometric Chevalley-Warning conjecture.
A version of the conjecture states that if the degree of a hypersurface in Pn is no more
than n, then its class in K0(V ar) is congruent to 1 modulo the Lefschetz motive L. The
projective hypersurfaces which we have tested are quadratic hypersurfaces, cubic surfaces
in P3, singular cubic hypersurfaces in Pn for any n ≥ 3, and certain graph hypersurfaces
arising from physics.
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CHAPTER 2

CHERN CLASSES OF LOGARITHMIC

VECTOR FIELDS FOR FREE DIVISORS IN A

SURFACE

In this chapter we study question 1.3.1 in the case that X is a nonsingular algebraic surface.
Without assuming X is a surface, we show that formula (1.42) has an equivalent formu-

lation in terms of a Riemann-Roch type formula. In this formulation, the total Chern class
of a coherent sheaf commutes with a certain proper push-forward. As a corollary, we show
that on a surface, formula (1.42) is true if and only if the Tjurina number and the Milnor
number are the same for all singularities of D. In particular, the result of this chapter
implies that the freeness of divisors is in general inadequate to guarantee the validity of
formula (1.42).

Replacing X by a complex manifold, we get a complex analytic version of formula (1.42).
In this case, it is well known that the local quasi homogeneity of the divisor at an isolated
singularity is characterized by the equality of the Tjurina number and the Milnor number
[42]. So the corollary about formula (1.42) over surfaces can be restated in a slight different
manner: formula (1.42) is true for surfaces if and only if the divisor D is locally quasi
homogeneous. This result strongly overlaps a result by Adrian Langer in [32] Proposition
6.1 and Corollary 6.2.

The research presented in this chapter was carried out in the summer 2010, when formula
(1.42) was only checked for normal crossing divisors and free hyperplane arrangements of
projective spaces [8] [5]. The content of this chapter has been published on the Journal of
Singularities [34].

2.1 Technical Preparations

2.1.1 Chern-Schwartz-MacPherson Class of A Hypersurface

Recall that the MacPherson transformation is the unique natural transformation from C
to A, associating the indicator function of a nonsingular variety to the total Chern class of its
tangent bundle. We write cSM(1U ) for the image of 1X −1D in A(X). For the purpose of the
calculation in this chapter, we need a formula for the CSM classes of singular hypersurfaces
proved in [5].
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Lemma 2.1.1 ([5]). Let D be an effective divisor in a nonsingular variety X, and let Ds

be its singular subscheme (Jacobian scheme). Then

cSM (1D) = c(DerX) ∩ (s(D,X) + c(O(D))−1 ∩ (s(Ds, X)∨ ⊗X D)) (2.1)

Remark 2.1.2. The following is a brief clarification of several notations in the formula and
some properties we will use in the next section. Proofs and more detailed explanations can
be found in [3].

1. The singular subscheme Ds, also called the Jacobian scheme of the divisor D, is the
subscheme locally defined by the equation of D and all its partial derivatives.

2. For a subscheme Y of X, s(Y,X) is the Segre class of Y in X in the sense of [23],
Chapter 4.

3. The Segre class s(D,X) is easy to compute for an effective divisor D in X. It equals

the class [D]
c(O(D)) .

4. If A = ⊕ia
i is a rational equivalence class on a scheme X, indexed by codimension,

we let
A∨ =

∑

i≥0

(−1)iai

the dual of A; and for a divisor D we let

A ⊗X D =
∑

i≥0

ai

c(O(D))i

the tensor of A by D. The subscript of the tensor tells the ambient variety where the
codimension of A is calculated.

5. This tensor product of a rational equivalence class and a divisor satisfies the “asso-
ciative law”

(A ⊗X D1) ⊗X D2 = A ⊗X (D1 ⊗ D2).

6. if F is a coherent sheaf of rank 0 on a nonsingular variety X, then

c(F ⊗ D) ∩ [X] = (c(F ) ∩ [X]) ⊗X D.

2.1.2 Sheaves of Logarithmic Vector Fields

Let X be a nonsingular variety over a field k, and D a reduced effective divisor on X.
The sheaf of logarithmic vector fields along the divisor D is a subsheaf of the sheaf of regular
derivations. Over an open subset where the divisor D has a local equation f , it is given
by DerX(− log D)(U) = {θ ∈ DerX(U) | θf ∈ (f)}. Saito was the first to study this sheaf
in full generality [43]. He showed that DerX(− log D) is a reflexive sheaf. Its dual sheaf is
called the sheaf of logarithmic 1-forms. Saito also gave a criterion when DerX(− log D) is
locally free. A divisor is free if DerX(− log D) is locally free. Normal crossing divisors (in
particular nonsingular divisors) are always free.
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From the definition of the DerX(− log D), we obtain an exact sequence:

0 → DerX(− log D) → DerX → IDs(D) → 0

The second arrow in the above exact sequence takes each θ ∈ DerX(U) to θf over an open
subset U .

Combining this sequence with the sequence defining the singular subscheme Ds:

0 → IDs → OD → ODs → 0

we get a long exact sequence

0 → DerX(− log D) → DerX → OD(D) → ODs(D) → 0 (2.2)

Exact sequence (2.2) implies that a singular divisor D is free if and only if its singular
subscheme Ds is Cohen-Macaulay of codimension 2 [1] [47]. In fact this can be seen from
the following argument. To say Ds is Cohen-Macaulay of codimension 2 is equivalent to
say the ODs is a Cohen-Macaulay OX -module of dimension n − 2, where n = dimX. This
condition is true if and only if the depths of all stalks of ODs are n − 2. The Auslander-
Buschbaum formula tells us the projective dimension of ODs at each stalk is thus 2, which
in turn is equivalent to the syzygy sheaf DerX(− log D) being locally free. This simple
observation allows us to deduce the fact that any reduced effective divisor in a surface is
free. In fact, the singular subscheme Ds is 0-dimensional in this case. A 0-dimensional
module is always Cohen-Macaulay because the depth is smaller or equal to the dimension
for a finitely generated module over a local ring.

2.2 A Riemann-Roch Type Formula

Theorem 2.2.1. Formula (1.42) is true if and only if a Riemann-Roch type formula
π∗(c(OE) ∩ [X̃]) = c(ODs) ∩ [X] holds. Here Ds is the singular subscheme of D, X̃ is the
blowup of X along Ds, E is the exceptional divisor, and π is the morphism X̃ → X. The
same result can also be stated in terms of a comparison between a Segre class and a Chern
class: Formula (1.42) is true if and only if [X] − s(Ds, X)∨ = c(ODs) ∩ [X].

Proof. The proof of the theorem is based on equation (2.1) and exact sequence (2.2) in the
previous section. Taking the total Chern class for exact sequence (2.2), we have:

c(DerX(− log D)) =
c(DerX) · c(ODs(D))

c(OD(D))
=

c(DerX) · c(ODs(D))

c(O(D))

In the second equality we use the fact that c(OD(D)) = c(O(D)). This can be seen by
tensoring O(D) to the exact sequence 0 → O(−D) → OX → OD → 0 and then taking
Chern classes. Then

cSM (1U ) = c(DerX(− log D)) ∩ [X] ⇐⇒

c(DerX) ∩

(

[X] −
[D]

c(O(D))
−

s(Ds, X)∨ ⊗X D

c(O(D))

)

=
c(DerX) · c(ODs(D))

c(O(D))
∩ [X] ⇐⇒
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c(DerX)

c(O(D))
∩

(

[X] − s(Ds, X)∨ ⊗X D
)

=
c(DerX) · c(ODs(D))

c(O(D))
∩ [X] ⇐⇒

[X] − s(Ds, X)∨ ⊗X D = c(ODs(D)) ∩ [X] ⇐⇒

[X] − s(Ds, X)∨ = c(ODs) ∩ [X]

In the last step, we “tensor” the classes on each side of the equation by the divisor −D.
The tensor product of [X] and −D is [X] itself because the codimension of the class [X] is
0. The tensor product of S(Ds, X)∨ ⊗X D and −D is S(Ds, X)∨ according to property (5)
of 2.1.2. The right hand side term of the equation is taken care of by property (6) of 2.1.2,
because ODs is a rank 0 OX -module.

Next we want to prove the Riemann-Roch type formula. Recall the Segre class is pre-
served by proper morphisms of schemes: π∗(s(E, X̃)) = s(Ds, X)[23]. It is also easy to see
the dual notation of classes is compatible with the push forward of classes. Thus we have:

[X] − S(Ds, X)∨ = π∗([X̃] − s(E, X̃)∨)

= π∗

(

[X̃] − (
[E]

1 + E
)∨

)

= π∗

(

[X̃] −
−[E]

1 − E

)

= π∗

(

(1 +
E

1 − E
) ∩ [X̃]

)

= π∗

(

1

1 − E
∩ [X̃]

)

= π∗(c(OE) ∩ [X̃])

In this computation, the notations is chosen so that [E] ∈ An−1(X̃) and E as a divisor is
an abbreviation of c1(O(E)).

Corollary 2.2.2. Let D be a reduced effective divisor on a nonsingular complex surface X.
Then formula (1.42) is true if and only if the Tjurina number equals the Milnor number
for all singularities of D.

Proof. We compare the degree zero components of c(OP )∩ [X] and s(JD, X). The corollary
is based on the following results:

1. s(Ds, X) =
∑

µ(P )[P ] where the sum is taken over all singular points P of the divisor
D and µ(P ) is the milnor number of P .

2. c(ODs) =
∏

c(OP )l(P ) where the product is taken over all singular points P of the
divisor D. l(P ) is the length of the stalk of ODs at P (because we have isolated
singularities, each such stalk is an Artinian ring). These numbers are also called
Tjurina numbers in literatures. OP is the structure sheaf of the nonsingular subscheme
supported at P .
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3. c(OP ) ∩ [X] = [X] − [P ]

The proof of property (1) can be found in section 7.1 of [23] and example 10.14 from [48].
The ideas in the proof is that s(Ds′ , X) is closely related to the Milnor class, and is equal to
this class when s(Ds′ , X) is a 0-dimensional cycle class. Here Ds′ is the subscheme having
the same support as Ds but defined by a (in priori) smaller ideal generated by all partial
derivatives of a local equation of D (the ideal of Ds contains all partial derivatives of a local
equation of D and the local equation of D itself). On the other hand, s(Ds′ , X) = s(Ds, X)
because the ideal of Ds is integral over the smaller ideal of Ds′ ([4] Lemma 1.1 and 1.2).
As a result, s(Ds, X) computes the Milnor numbers of the singular points.

Property (2) is obtained by considering the sequences

0 → I
j/I

j+1 → I
i → I

i+1 → 0

where I is the ideal sheaf of the singular subscheme Ds supported at a singular point P ,
giving P the nonsingular scheme structure. In other words, I corresponds to the maximal
ideal of the local ring of ODs at P . Because all stalks of ODs are Artinian rings, some
big powers of I become 0, so we only have finite sequences to consider. Also notice the
sheaves I j/I j+1 are free OP -modules of rank l(I j/I j+1). Taking Chern classes for these
sequences, we get

c(I j)/c(I j+1) = c(I j/I
j+1) = c(OP )l(I j/I j+1)

Multiplying all such equations together, we get the desired result.
Another way to understand this result by K-thoery of coherent sheaves can be found in

example 15.1.5 and 15.3.6 of [23].
Property (3) is a rather trivial case of the Riemann-Roch without denominators. A

general discussion can be found in section 15.3 of [23].

As mentioned in the beginning of this chapter, Milnor number being equal to Tjurina
number characterizes local quasi homogeneity for isolated singularities [42]. The previous
corollary can be stated in the following manner:

Corollary 2.2.3. Let D be a reduced effective divisor on a nonsingular complex surface X.
Then formula (1.42) is true if and only if the divisor D is locally quasi homogeneous.

2.3 A further discussion of the Riemann-Roch type formula

In the previous section, we showed the original formula (1.42) is true if and only if a
formula concerning a Segre class is true, and it is moreover equivalent to a Riemann-Roch
type formula. Although it is a byproduct of the original study, the last formula can be
studied independent of the context of Chern classes of logarithmic vector fields. We ask the
question: For what type of the subscheme Y of a nonsingular scheme X is the formula:

[X] − s(Y, X)∨ = c(OY ) ∩ [X]

true?
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The formula can be easily tested true if Y = D is a divisor. In fact, both sides equal to
[X]

c(O(−D)) in this case. the Segre class s(Y,X) = [D]
c(O(D)) according to item (3) of 2.1.2 so the

dual s(Y,X)∨ = −[D]
c(O(−D)) . On the other hand c(OD) = [X]

c(O(−D)) by taking Chern classes on

the exact sequence 0 → O(−D) → OX → OD → 0.
Moreover, we have a somewhat deeper result:

Theorem 2.3.1. The above formula is true if Y is regularly embedded in X of codimension
2.

Proof. Notice in these cases, the subscheme Y has the normal bundle in X. Let N be the
normal bundle. We have an easy expression of the Segre class in terms of the normal bundle:

s(Y,X) = c(N)−1 ∩ [Y ]

Then

[X] − s(Y,X)∨ = [X] − c(N∨)−1 ∩ (−1)2[Y ] = [X] − c(N∨)−1 ∩ [Y ]

By an application of Riemann-Roch without denominators, we can also show

c(OY ) ∩ [X] = [X] − c(N∨)−1 ∩ [Y ].

More details can be found in example 15.3.5 and example 18.2.1 from [23].

Remark 2.3.2. By the same reference [23] example 15.3.5, we can also show that this theorem
is not true for regular embedding of codimension 3 or higher. For example in codimension
3, we have:

[X] − s(Y,X)∨ = [X] − c(N∨)−1 ∩ (−1)3[Y ] = [X] + c(N∨)−1 ∩ [Y ]

and
c(OY ) ∩ [X] = [X] + c(N∨)−1(2 − c1(N))(1 − c1(N))−1 ∩ [Y ]

so apparently these two expressions are not the same. If the embedding is of higher codi-
mension, the Riemann-Roch formula for computing c(OY ) ∩ [X] is even more complicated.

Corollary 2.3.3. Formula (1.42) is true if the Jacobian scheme of the divisor D is regu-
larly embedded in X of codimension 2. (The freeness of the divisor D is automatic by the
conditions in this case.)
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CHAPTER 3

CHERN CLASSES OF LOGARITHMIC

VECTOR FIELDS FOR LOCALLY

QUASI-HOMOGENEOUS FREE DIVISORS

By the results in chapter 2 and some other results we mentioned in Chapter 1, formula
(1.42) is verified explicitly in these cases:

• X is nonsingular, and D is a normal crossing divisor.

• X is a algebraic surface, and D is a free divisor whose Milnor number equals the
Tjurina number at each of its (isolated) singularities.

• X = Pn, and D is a locally free hyperplane arrangement.

Shortly after our results in chapter 2 appeared, Aluffi also verified formula (1.42) in
the case that D is a free hypersurface arrangement which is locally analytically isomorphic
to a hyperplane arrangement in the projective space [7]. It turns out that over the field
of complex numbers, all the divisors mentioned above are locally quasi-homogeneous free
divisors. Motivated by these results, Aluffi conjectured that formula (1.42) is true for any
locally quasi-homogeneous free divisor in complex nonsingular varieties [8].

In this chapter, we prove a numerical version of Aluffi’s conjecture. The full form of the
conjecture for X = Pn is obtained as a corollary.

Theorem 3.0.4. Let X ⊆ PN be a nonsingular projective variety defined over C, and let D
be a locally quasi-homogeneous free divisor in X. Then the two classes appearing in (1.42)
agree after push-forward to PN , that is:

∫

X
c1(O(1))i ∩ cSM (1U ) =

∫

X
c1(O(1))i ∩

(

c(DerX(− log D)) ∩ [X]
)

(3.1)

for all i ≥ 0.

Corollary 3.0.5. If X = Pn, formula (1.42) holds for all locally quasi-homogeneous free
divisors.
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It should be noted that in the context of hyperplane arrangement, the Chern polyno-
mial of the sheaf of logarithmic vector fields has been compared with other naturally defined
polynomials by several authors. Mustaţă and Schenck related the Poincaré polynomial of a
free arrangement to ct(Ω

1
X(log D)), the Chern polynomial of the sheaf of logarithmic differ-

entials [37]. Aluffi related the characteristic polynomial of an arrangement to the CSM class
of the arrangement complement, the class in K0(V ar) of this complement, and the Hodge-
Deligne polynomial of the complement [8]. The Poincaré polynomial and the characteristic
polynomial of an arrangement are closely related [40]. All these polynomials carry essen-
tially the same information for free hyperplane arrangements. By Corollary 3.0.5, the result
in this chapter recovers Aluffi’s result for hyperplane arrangements [8], and generalizes it to
arbitrary quasi-homogeneous free hypersurfaces arrangements in projective space. Taking
into account the relation between Poincaré polynomial and CSM class polynomial stated
above, the result from this chapter also gives a generalization of Mustaţă and Schenck’s
formula (Theorem 4.1 in [37]) independent of the original proof.

The remaining of this chapter will prove theorem 3.0.4 by the following procedure:

1. With the help of Riemann-Roch and the logarithmic comparison theorem of Castro-
Jiménez, Narváez-Macarro, and David Mond (LCT), we show the classes appearing
in (1.42) have the same degree.

2. We show a result of Bertini type: the freeness and the quasi-homogeneity of the pair
(X, D) are preserved by intersecting a general hyperplane H. So this allows us to use
LCT inductively on the new pair (X ∩ H,D ∩ H).

3. We study the relation between DerX∩H(− log D∩H) and c1(O(1)) ·c(DerX(− log D)),
using an exact sequence which relates the sheaf of the logarithmic vector fields and
the normal bundle. We also show cSM(1U ) behaves in a similar fashion.

4. We conclude our proof by an induction on the dimension of X.

We will stick to the complex analytic category for all our discussions in this chapter. Ac-
cording to the GAGA principle, all results in this chapter work in the category of projective
C-schemes as well.

3.1 The Logarithmic Comparison Theorem For Locally

Quasi-Homogeneous Divisors

Let D be a quasi-homogeneous free divisor in a complex algebraic projective variety X
of dimension n, and U be the hypersurface complement X r D. In this section we prove
cSM(1U ) and c(DerX(− log D))∩ [X], as cycle classes in the Chow ring of X, have the same
degree.

We briefly recall the definition of free divisors and some of their basic properties [43].
Over an open subset U (in the complex topology), let f be a defining equation of the
divisor D. In this open set, a logarithmic vector field along D is a derivation θ ∈ DerX(U)
satisfying θf ∈ (f), and a logarithmic p-form with poles along D is a meromorphic p-form
ω ∈ Ωp

X(⋆D)(U) satisfying f · ω ∈ Ωp
X(U) and f · dω ∈ Ωp

X(U). This local information
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globalizes into coherent OX -modules DerX(− log D) and Ωp
X(log D). There is a natural

dual pairing between DerX(− log D) and Ω1
X(log D), making them reflexive with respect to

each other. A divisor is free if DerX(− log D) (and so Ω1
X(log D)) is locally free. In this

case, its rank equals dim X = n.
According to the second of the defining properties of the logarithmic p-forms along D,

the exterior differential makes the sheaves of logarithmic form a complex Ω•
X(log D). It

is a subcomplex of Ω•
X(⋆D), the complex of the sheaves of meromorphic forms with poles

along D. When D is free, the sheaf of logarithmic p-forms is isomorphic to the pth exterior
product of the sheaf of logarithmic 1-forms: Ωp

X(log D) ∼= ΛpΩ1
X(log D).

Next we recall the definition of locally quasi-homogeneous divisors[16] (See also [18]).

Definition 3.1.1. A germ of divisor (D, p) ⊂ (X, p) is quasi-homogeneous if there are local
coordinates x1, . . . , xn ∈ OX,p with respect to which (D, p) has a weighted homogeneous
defining equation (with strictly positive weights). We also say D is quasi-homogenous at p.
A divisor D in an n-dimensional complex manifold X is locally quasi-homogeneous if the
germ (D, p) is quasi-homogeneous for each point p ∈ D. A germ of divisor (D, p) ⊂ (X, p) is
locally quasi-homogeneous if the divisor D is locally quasi-homogeneous in a neighborhood
of p.

Example 3.1.2 ([18]). Consider the surface D ⊂ C3 given by f(x, y, z) = x5z + x3y3 + y5z.
The germ of divisor (D, 0) is quasi-homogeneous with respect to the weight (1,1,1). However,
(D, 0) is not locally quasi-homogeneous, because (D, p) is not quasi-homogeneous for any
point p on the z-axis other than the origin. In fact, if (D, p) were quasi-homogeneous for
any such p, (D, p) would be locally isomorphic to (D′, 0) × C where (D′, 0) is a quasi-
homogeneous germ and C corresponds to the z-axis. On the other hand, one can show
D∩S is never quasi-homogeneous in S at p for any smooth surface S intersecting the z-axis
transversally at p.

One benefit of considering locally quasi-homogenous free divisors is, that this class of
divisors enjoys the following logarithmic comparison theorem (LCT):

Theorem 3.1.3 ([18], see also [16] for generalizations). Let D be a locally quasi-homogeneous
free divisor in the complex manifold X. Then the inclusion of complexes Ω•

X(log D) →
Ω•

X(⋆D) is a quasi-isomorphism.

Remark 3.1.4. Denote j : U → X the inclusion. The Grothendieck comparison theorem
states the De Rham morphism:

Ω•
X(⋆D) → Rj∗CU

is a quasi-isomorphism. Grothendieck’s result together with theorem 3.1.3 imply that, for
locally quasi-homogeneous free divisors, the logarithmic De Rham complex computes the
cohomology of U .

Remark 3.1.5. In [16], it is pointed out that the Jacobian ideal JD of linear type, with the
freeness of the divisor, is enough to imply LCT. This condition, which is purely algebraic,
is used for generalizing theorem 3.0.4 in the next chapter.

Now, we can prove:
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Proposition 3.1.6. For locally quasi-homogeneous free divisors in nonsingular projective
complex varieties, cSM (1U ) and c(DerX(− log D)) ∩ [X] have the same degree.

Proof. By the functoriality of Chern-Schwartz-MacPherson transformation, we have:

∫

X
cSM (1U ) = χc(U)

where
∫

X denotes degree of the dimension 0 component of the given class.
In the context of complex algebraic varieties, or compactifiable complex analytic man-

ifold, it is well known that the Euler characteristic with compact support equals the usual
Euler characteristic ([44] Proposition 2.0.2), and the latter is computed by the logarithmic
De Rham complex by remark 3.1.4:

χc(U) = χ(U)

=
∑

i

(−1)iH i (RΓ(X; Ω•
X(log D))

=
∑

p,q

(−1)p+qHp(X; Ωq
X(log D))

=
∑

q

(−1)q

∫

X
ch(Ωq

X(log D)) ∩ Td(X)

=

∫

X

∑

q

(−1)qch(ΛqΩ1
X(log D)) ∩ Td(X)

=

∫

X
cn(DerX(− log D)) · Td(DerX(− log D))−1 ∩ Td(X)

=

∫

X
cn(DerX(− log D)) ∩ [X]

=

∫

X
c(DerX(− log D)) ∩ [X]

The fourth of these equalities comes from Riemann-Roch; the fifth one comes from the fact
that Ωp

X(log D) ∼= ΛpΩ1
X(log D) for free divisors; the sixth uses a formula showed in [23]

Example 3.2.5; for the seventh, just notice that cn(DerX(− log D))∩ [X] is a 0-dimensional
cycle and the Todd class starts with 1 + . . . for any vector bundle.

3.2 Preservation of Freeness and Local Quasi-Homogeneity

Under Hyperplane Inersections

In this section we prove the freeness and the quasi-homogeneity of the pair (X, D) is
preserved by intersecting with a general hyperplane of the ambient projective space PN . For
this purpose, we first recall Saito’s logarithmic stratification (see [43] lemma 3.2), which we
will use in our definition of transversal intersections.
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Lemma 3.2.1. Let X be an n-dimensional complex manifold and D a divisor in it. There
exists uniquely a stratification {Dα, α ∈ I} of X with the following properties:

1. Stratum Dα, α ∈ I is a smooth connected immersed submanifold of X. X is a disjoint
union

∐

α∈I Dα of the strata.

2. let p ∈ X belong to a stratum Dα. Then the tangent space TDα,p of Dα at p coincides
with the subspace DerX(− log D)(p) ⊂ TX,p.

3. if Dα ∩ Dβ 6= ∅, then Dα ⊂ ∂Dβ.

In the lemma, each Dα is in fact a maximal integral submanifold of the involutive
distribution determined by DerX(− log D). With the help of these logarithmic stratum, we
can now define transversal intersection of D with nonsingular varieties.

Definition 3.2.2. Let X and Y be complex analytic submanifolds of some ambient space,
and D is a divisor in X. We say that the divisor D intersects Y transversally at p ∈ D ∩ Y
if TDα,p intersects TY,p transversally where Dα is the unique stratum containing p. We
say that the divisor D intersects Y transversally if at all points of D ∩ Y they intersect
transversally.

Remark 3.2.3. E. Faber has recently studied transversality for singular hypersurfaces in
[22]. It turns out that our definition of transversal intersection overlaps her definition of
“splayed divisors” when one “splayed component” is a nonsigular hypersurface.

The following propositions show that quasi-homogeneity and freeness are preserved by
transversal intersection.

Proposition 3.2.4. Let X ⊂ PN be an n-dimensional nonsingular complex projective va-
riety and D a locally quasi-homogeneous divisor in X. Let H be a hyperplane of PN inter-
secting both D and X transversally. Then D ∩ H is a locally quasi-homogeneous divisor in
the nonsingular X ∩ H.

Proof. At any point p ∈ H ∩ D, the transversal intersection of D and H indicates that we
can find a non-vanishing logarithmic vector field θ at a neighborhood of p such that H is
transversal to θp at p. By [18] Lemma 2.3 there exists a coordinate system locally at p
such that (D, p) ∼= (D′ × C, (0, 0)) and (D′, 0) is a quasi-homogeneous germ in Cn−1. In
this coordinate system, H ∩ X becomes a nonsingular hypersurface H ′ transversal to the
trivial factor. Projecting along the trivial factor gives a local isomorphism between the
pairs (Cn−1, D′) ∼= (H ′, (D′ × C) ∩ H ′).

Proposition 3.2.5. Let X ⊂ PN be an n-dimensional nonsingular complex projective vari-
ety, D a free divisor in X, and H a hyperplane of PN intersecting both D and X transver-
sally. Then D ∩ H is a free divisor in the nonsingular X ∩ H.

Proof. Following the notation introduced in the proof of the previous proposition, one can
see that D is free at p if and only if D′ is free at 0. For more details, cf. [18] Lemma 2.2.
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Remark 3.2.6. The projective space PN and the hyperplane H play no role in the local
analysis. The propositions will remain true if we replace PN by any nonsingular ambient
space, and replace H by any complex manifold transversal to D.

We need the next proposition in our dimension counting argument.

Proposition 3.2.7. Set Di = {p ∈ D | RankCDerX(− log D)(p) = i} for i = 0, . . . n − 1.
Then for a locally quasi-homogeneous divisor D, Di is an analytic set of dimension at most
i.

Proof. For locally quasi-homogeneous free divisors, the result is immediate. It is known
that locally quasi-homogeneous free divisors are Koszul free and Koszul free divisors are
holonomic (the logarithmic strata are locally finite) in the sense of Saito [17]. According to
[43] dimCDi ≤ i for holonomic divisors.

For locally quasi-homogeneous divisors without the freeness assumption, the author is
not able to find a direct reference. To check the conclusion of the proposition directly we can
choose a local isomorphism (D, p) ∼= (D′×Ci, (0, 0)) at p ∈ Di with D′ a quasi-homogeneous
divisor in an open subset of Cn−i. We see that this step reduces the question to the case
i = 0, which is immediate because of the existence of the local Euler vector field.

So far we have shown if the hyperplane H ⊂ PN cuts both X and the locally quasi-
homogenous free divisor D transversally, then we can produce a nonsingular X ∩ H with
locally quasi-homogeneous free diviosr D ∩ H. To obtain the Bertini type result, we only
need to count the dimension of the hyperplanes which fail to intersect D or X transversally.
The set of “bad” hyperplanes which fail to cut X transversally has dimension N − 1. This
is the result of the classical Bertini theorem. We now show:

Proposition 3.2.8. Let D be a locally quasi-homogeneous divisor (or more generally a
holonomic divisor). For any i, 0 ≤ i ≤ n− 1, the set of hyperplanes that fail to intersect D
transversally at points from Di has dimension at most N − 1.

Proof. Denote by PN the projective space of hyperplanes in PN . Consider the subspace
Wi of Di × PN consisting of pairs (p, H) such that H does not meet D transversally at p.
Also set πij the projection from Wi to the jth factor, j = 1, 2. For any p ∈ Di, the fiber
π−1

i1 (p) consists of hyperplanes of PN containing TDp. Here we identify a hyperplane with its
tangent space at any of its points. Because dim(TDp) = i, we get dim(π−1(p)) = N − i−1.
Combining with proposition 3.2.7, we get dim(Wi) ≤ (N − 1 − i) + i = N − 1. So
dim(πi2(W )) ≤ N − 1.

Corollary 3.2.9. The general hyperplanes in PN intersect X and D transversally at the
same time. So the local quasi-homogeneity and the freeness of divisors is preserved by
intersecting with general hyperplanes.

Proof. dim(∪πi2(Wi)) ≤ N − 1

As an application of the ideas discussed in this section, we prove a stronger version of
Teissier’s idealistic Bertini’s theorem in the context of locally quasi-homogeneous divisors.
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Recall the following version of idealistic Bertini theorem stated in [27] Lemma 30. Let
X = Pn and D is a hypersurface in X. For a sufficient general hyperplane H of X, the ideal
of Ds ∩ H is integral over the ideal of (D ∩ H)s. Here (·)s denotes the singular analytic
subspace (or subscheme) of the given analytic space (or scheme). For a hypersurface with
a local equation f , the ideal of the singular subspace is locally generated by all partial
derivatives of f as well as f itself. In Teissier’s original approach, however, the equation of
the hypersurface f did not appear in the definition of the singular analytic subspace. The
apparent difference occurs because Teissier treated the singular subspace as a subspace of
D whereas we treat the singular subspace as a subspace of X. For a general analytic space
(or scheme), the ideal of the singular subspace can be described in terms of the fitting ideals
of the sheaf of Kähler differentials. Note in particular the idealistic Bertini theorem implies
that Ds∩H and (D∩H)s have identical underlying topological spaces, although they might
not be identical as ringed spaces.

Corollary 3.2.10. Let X ⊂ PN be an n-dimensional nonsingular complex projective variety
and D a locally quasi-homogeneous divisor in X. Let H be a sufficient general hyperplane
of PN . Then Ds ∩ H = (D ∩ H)s as analytic subspaces (or subschemes) of D.

Proof. By the previous corollary we know that a sufficient general hyperplane intersect D
transversally. Thus locally we reduce to the case D = D′ × C and H is “perpendicular” to
the trivial factor. It is clear then Ds = (D′)s × C. So Ds ∩ H = (D′)s = (D ∩ H)s. The
statement about subschemes is obtained from GAGA principle.

3.3 The Behavior of CSM Classes and Chern Classes

Under Hyperplane Intersections

In this section, if not otherwise specified, X ⊂ PN is a smooth complex projective va-
riety, D is a free divisor in X, U is the complement of D in X, and H is a hyperplane
in PN intersecting X and D transversally. Also denote by X ′, D′ and U ′ the intersection
of H with X, D and U respectively. We derive a formula relating c(DerX(− log D))∩[X] and
c(DerX′(− log D′))∩[X ′]. Replacing c(DerX(− log D))∩[X] by cSM (1U ), c(DerX′(− log D′))∩
[X ′] by cSM (1U ′), the same formula is true.

For closed embeddings of nonsingular varieties, we know the normal bundle on the
subvariety is the quotient of the tangent bundles. It turns out in our current setting, the
quotient of the sheaves of logarithmic vector fields also defines the normal bundle.

Proposition 3.3.1. Denote N the normal bundle to X ′ in X, and i : X ′ → X the closed
embedding. We have an exact sequence of vector bundles

0 → DerX′(− log D′) → i∗(DerX(− log D)) → N → 0

Proof. First note all the arrows in the sequence are naturally defined. The morphism
DerX′(− log D′) → i∗(DerX(− log D)) is induced by TX ′ → i∗TX, and i∗(DerX(− log D)) →
N is the restriction of i∗TX → N to i∗(DerX(− log D)). This sequence of analytic coherent
sheaves is exact because locally analytically the sheaf in the middle is the direct sum of the
sheaves on the sides (cf. [18] Lemma 2.2). The same sequence is also exact in the category
of algebraic coherent sheaves as the GAGA principle applies.
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Taking Chern classes of this exact sequence and then pushing forward to X, we get:

i∗
(

c(DerX′(− log D′)) · c(N) ∩ [X ′]
)

= c(DerX(− log D)) ∩ i∗[X
′]

= c1(OX(1)) · c(DerX(− log D)) ∩ [X]

As we have advertised before, there is a similar formula for CSM classes. For its proof,
see proposition 2.6 in [2].

Proposition 3.3.2.

i∗ (c(N) ∩ cSM (1U ′)) = c1(OX(1)) ∩ (cSM (1U ))

Remark 3.3.3. Under the basic setting of this section, X ′ is a hyperplane section of X, so
the normal bundle N ∼= OX′(1).

3.4 The Proof of Theorem 3.0.4

With all the preparations in previous sections, we can now prove theorem 3.0.4 by an
induction of the dimension of X.

Proof of theorem 3.0.4. Let X be a nonsingular complex projective curve, D be a reduced
effective divisor in X. Since in this case D itself is nonsingular, therefore normal crossing,
thus the classes in equation (1.42) are rationally equivalent[5]. Alternatively, we can get the
same conclusion by a direct computation. If D =

∑

Pi, then cSM (U) = c(TX)∩[X]−
∑

[Pi].
To calculate the Chern class of the logarithmic vector fields, we use the following exact
sequences:

0 → DerX(− log D) → TX → OD(D) → 0

0 → OX → OX(D) → OD(D) → 0

Taking Chern classes of these exact sequences we get c(DerX(− log D)) ∩ [X] = (c(TX) ·
c(OX(D)−1) ∩ [X] = c(TX) ∩ [X] −

∑

[Pi].
Assume the theorem is proved for all k − 1 dimensional nonsingular complex projective

varieties, we now finish the inductive step. Let X be a k dimensional nonsingular complex
projective variety, D be a locally quasi-homogeneous free divisor in X, U be the complement
of D in X, and H is a hyperplane of the ambient projective space intersecting both X and D
transversally. Denote by X ′, D′ and U ′ respectively the intersections of the corresponding
spaces with H.

According to proposition 3.1.6, the degrees of the CSM class and the Chern class of the
logarithmic vector fields are always the same. To establish other numerical relations, we
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use the following equalities:

∫

c1(OX(1))i ∩ cSM (1U )

=

∫

c1(OX(1))i−1 ∩
(

c1(OX(1)) ∩ cSM (1U )
)

(i ≥ 1)

=

∫

c1(OX(1))i−1 ∩ i∗

(

c(OX′(1)) ∩ cSM (1U ′)
)

(proposition 3.3.2)

=

∫

c1(OX(1))i−1 ∩
(

c(OX(1) ∩ i∗cSM (1′U )
)

(projection formula)

=

∫

c1(OX(1))i−1 ∩ i∗cSM (1′U ) +

∫

c1(OX(1))i ∩ i∗cSM (1′U )

=

∫

c1(OX′(1))i−1 ∩ cSM (1′U ) +

∫

c1(OX′(1))i ∩ cSM (1′U ) (projection formula)

Applying the analogous formula for logarithmic vector fields instead of proposition 3.3.2
we have:

∫

c1(OX(1))i ∩
(

c(DerX(− log D) ∩ [X]
)

=

∫

c1(OX′(1))i−1 ∩
(

c(DerX′(− log D′) ∩ [X ′]
)

+
∫

c1(OX′(1))i ∩
(

c(DerX′(− log D′) ∩ [X ′]
)

(i ≥ 1)

Now the theorem follows from inductive hypothesis.

Proof of corollary 3.0.5. For X = Pn, the morphism from Ai(X) to Z

α 7→

∫

α ∩ c1(O(1))i

is an isomorphism.
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CHAPTER 4

CHERN CLASSES OF SHEAVES OF

LOGARITHMIC VECTOR FIELDS FOR FREE

DIVISORS WITH LINEAR JACOBIAN TYPE

Let X be a n-dimensional nonsingular variety defined over an algebraically closed field k
of characteristic 0, D a free divisors with Jacobian ideal of linear type (whose meaning we
will explain later). This chapter is the culmination of our studies in question 1.3.1. We will
prove:

Theorem 4.0.1. Under the above-stated conditions, formula (1.42) is true.

In view of the fact that locally quasi-homogeneous divisors are divisors with Jacobian
ideal of linear type [17], the result of this chapter is strong enough to cover all cases in
which formula (1.42) was previously known to be true. It in particular gives a complete
solution to Aluffi’s conjecture in [8]. On the other hand, the fact that our result works
for varieties defined over an arbitrary algebraically closed field of characteristic 0 suggests
that our approach is purely algebraic, without resorting to local analytic geometry and the
GAGA principle. The approach to question 1.3.1 in this chapter is totally independent of
the method we presented in chapter 3.

In section 3.1 we have seen the equality (1.42) is a manifestation of Logarithmic Com-
parison Theorem (LCT) for locally quasi-homogeneous free divisors at the level of Chern
classes. Quite recently, Narváez Macarro was able to show divisors with Jacobian ideal of
linear type also satisfy LCT [39]. Because our discussion in this chapter is totally free from
the use of LCT, it makes us wonder why LCT and equality (1.42) happen to hold under
the same conditions. This coincidence may suggest a deeper connection between LCT and
equality (1.42) at the level of the category of constructible sheaves, or even at the level of a
Fukaya category defined in [38]. We also note that there are several classes of divisors, such
as Kozul free divisors and Euler homogeneous divisors that are highly relevant to LCT [17],
and we ask if formula (1.42) is still true for those types of divisors. All these speculations
deserve a careful study in the future.

We will start our discussion from reviewing basic properties of Chern-Schwartz-Mac-
Pherson classes, especially how these classes arise from taking the shadows of Lagrangian
cycles. Then we will see that the Lagrangian cycle corresponding to a free divisor with
Jacobian ideal of linear types takes a very simple form, realized by basic operations in
intersection theory. The main result will follow by combining these observations.
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4.1 Chern-Schwartz-Macpherson Classes As Shadows of

Lagrangian Cycles

A more detailed account of the materials presented here can be found in [6] [30].
In chapter 1, we briefly reviewed the definition of the functor C of constructible functions

and the Chow functor A, Now we want to describe a functor L which interpolate the functors
C and A. The functor L assigns to a variety X the group L(X) of Lagrangian cycles over X.
For the purpose of this chapter, it is enough to only consider varieties that admit a closed
imbedding to a nonsingular ambient space. Let i : X → M be such an imbedding and T ∗M
be the cotangent bundle of M . Then L(X) is isomorphic to the free abelian subgroup of the
group of algebraic cycles in P(T ∗M |X), generated by the cycles of projectivized conormal
spaces [P(T ∗

W M)] of closed subvarieties W ⊂ X. For x a nonsingular point of W , the fiber
of T ∗

W M over x consists of linear forms on TxM which vanish at TxW . Thus the restriction
of T ∗

W M to the regular subscheme of W is the genuine conormal bundle, and T ∗
W M is the

closure of this vector bundle in T ∗M |X .
A proper morphism f : X → Y pushes forward the Lagrangian cycles over X to the ones

over Y . There is a nice description of this mechanism by viewing the Lagrangian cycles as
the projectivized conormal spaces. We leave this point to [30].

As we mentioned, there are two consecutive natural transformations:

C ❀ L ❀ A.

To understand these natural transformations, fix an algebraic variety X. For each closed
subvariety W , there exists a constructible function EuW which is called the local Euler
obstruction of W . It is known that these local Euler obstructions form a basis of abelian
group for C(X). The homomorphism C(X) → L(X) sends the local Euler obstruction of
W to the projectivized conormal space of W in M , with an appropriate sign twist.

EuW → (−1)dimW [P(T ∗
W M)]

The second natural transformation which produces rational equivalent classes in X
involves only standard operations in intersection theory. Let ζ be the universal quotient
bundle of rank m−1 on P(T ∗M |X) where m = dimM , and π be the projection P(T ∗M |X) →
X. Given a Lagrangian cycle α, the homomorphism L(X) → A∗(X) makes the following
assignment:

α 7→ π∗(c(ζ) ∩ α).

Aluffi calls this particular operation of producing a rational equivalent class in the Chow
group of the base scheme from a cycle α in the projective bundle taking the shadow of α
[6]. Its name is derived for the reason that “the shadow neglects some of the information
carried by the object that casts it”. In certain nice cases, the structure theorem of the
Chow group of the projective bundle allows us to reconstruct a cycle from its shadow.

The composition of the natural transformations C ❀ L and L ❀ A is not quite the
MacPherson transformation. However it differs from the MacPherson transformation only
by a dual. Let γ ∈ A∗(X) be a rational equivalent class, express γ as the summation of its
i-dimensional component γi:

γ =
∑

γi.
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Its dual γ̆ is defined to be:

γ̆ =
∑

(−1)iγi.

This dual is already defined in 2.1.2 item 4, but with a sign depending on the parity of
n.

For instance, Let X be a n-dimensional variety and E be a rank n vector bundle over
X. If γ is the total Chern class of the vector bundle E:

γ = c(E) ∩ [X],

then
γ̆ = (−1)nc(E∨) ∩ [X].

Therefore taking the dual is an involution of the Chow group. The MacPherson transfor-
mation c∗ is the composition of the two natural transformations described above, followed
by a dual of the Chow group. More specifically, given f ∈ C(X), to calculate its CSM class,
one needs to find subvarieties Wi of X and integers ni such that

f =
∑

i

ni · EuWi
.

After doing this, imbed X in a nonsingular ambient variety M and form the Lagragian cycle

∑

i

ni · (−1)dimWi [P(T ∗
Wi

M)]

in the projective bundle P(T ∗M |X). Finally, taking the dual of the shadow of this cycle
yields the CSM class of f in A∗(X). When the underlying variety is clear from the context,
we simply write cSM(f) for this class instead of c∗(X)(f).

Given an arbitrary constructible function f , the steps to find out its CSM class are
conceptual but less practical, because it is in general difficult to determine the subvarieties
Wi and the integers ni. Nonetheless, when X is a hypersurface of a nonsingular variety M
and f = ✶X the indicator function of X, we know how to compute the Lagrangian cycle of
f .

Theorem 4.1.1 ([6]). The Lagrangian cycle corresponding to ✶X is (−1)dimX [qBlY X]

In the theorem, Y denotes the singular subscheme of X and qBlY X denotes the quasi-
symmetric blow-up of X along Y . The notion of quasi-symmetric blow-up will be recalled
in the next paragraph. The singular subscheme Y can be viewed either as a subscheme of
X or a subscheme of M . If h is a local equation of X in M , then the ideal sheaf of Y is
locally generated by all partial derivatives of h from the former perspective, or by all partial
derivatives of h together with h from the latter perspective.

According to Aluffi [6], given a closed embedding W ⊂ V of schemes, there is a spectrum
of relevant ‘blow-up’ algebras, each one of which corresponds to a closed imbedding V into
an ambient (not necessarily nonsingular) scheme M . In the special case M = V , the blow-
up algebra corresponding to V ⊂ V is the Rees algebra of the Ideal sheaf of W . The
constructions are functorial in the sense that any morphism M → N of ambient schemes
of X gives rise to an epimorphism of the blow-up algebras (with a reversed arrow). The
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quasi-symmetric blow-up algebra of V along W is defined to be the inverse limit of this
system of blow-up algebras. Aluffi also defines the quasi-symmetric blow-up qBlW V to be
the projective scheme associated with the quasi-symmetric blow-up algebra.

The object qBlW V may seem intangible at the first sight, but it is not as difficult to grasp
as one may feel. In fact, the inverse system of blow-up algebras stabilizes at any nonsingular
M , and the quasi-symmetric blow-up can be captured by the notion of ‘principal transform’.

Definition 4.1.2 ([6]). Let W ⊂ V ⊂ M be closed imbeddings of schemes, with M possibly

singular. The principal transform of V in the blow-up BlW M
ρ
−→ M of M along W is the

residual to the exceptional divisor in ρ−1(V ).

The definition of residual subscheme can be found in Fulton’s book [23] chapter 9. Its
intuitive meaning in our context is the subscheme of BlW M obtained by subtracting one
copy of the exceptional divisor from the total transformation of V .

The principal transform and the quasi-symmetric blow-up are related in the following
way:

Theorem 4.1.3 ([6]). Let W ⊂ V ⊂ M be closed imbeddings of schemes, with M a non-
singular variety. The quasi-symmetric blow-up qBlW M of V along W equals the principal
transform of V in BlW M .

Therefore, the principal transform of V in the blow-up BlW M as an abstract scheme,
is independent of the ambient nonsingular variety M by which we realize the principal
transform.

Returning to the setup of Theorem 4.1.1, as a direct consequence of the previous dis-
cussion, we have:

Theorem 4.1.4 ([6]). The shadow of [qBlY X] is (−1)dimX c̆SM(✶X).

In the next section, we will see that under the setup of Theorem 4.1.1, the quasi-
symmetric blow-up of X along Y (which is also the principal transform of X in the blow-up
BlY M) arises from the symmetric algebra of an ideal sheaf. We will compute this quasi-
symmetric blow-up explicitly from a fundamental exact sequence in the theory of logarithmic
derivations, and study how it is imbedded in the projectivized cotangent bundle of M .

4.2 The Imbedding of The Quasi-Symmetric Blow-Up In

The Cotangent Bundle

In this section and the following, X is a nonsingular algebraic variety defined over an
algebraically closed field of characteristic 0, D is a reduced effective divisor (hypersurface)
in X, Ds is the singular subscheme of D, and i : D → X is the inclusion of D into X. For
readers who follow the discussion of the previous section, there is a caution in the change
of notation. The schemes X, D and Ds play the role of M , X and Y in theorem 4.1.1
respectively. The ideal sheaf of Ds in OD will be denoted by I , and the ideal sheaf of Ds

in OX will be denoted by Ĩ .
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As we have already seen in chapter 2, the sheaf of logarithmic derivations fits into an
exact sequence of sheaves of OX -modules:

0 → DerX(− log D) → DerX → i∗I (D) → 0 (4.1)

In addition, the sheaf I and Ĩ are related by the following exact sequence:

0 → OX(−D) → Ĩ → i∗I → 0. (4.2)

The morphism OX(−D) → Ĩ is the inclusion of the equation of D into the ideal of Ds.

Remark 4.2.1. The sheaf i∗I is an OX -module, but not an OX -ideal.

To understand exact sequence (4.1), we consider as before an open subset U over which
the divisor D has a local equation h. The morphism

DerX(−D)
∣

∣

U
→ i∗OD

∣

∣

U

is defined by
θ ⊗ g 7→ g · θh

where θ ∈ DerX(U) and g ∈ Γ(U,OX) which is treated as a section over U of the line bundle
OX(−D) through the trivialization OX

∣

∣

U
∼= OX(−D)

∣

∣

U
. These locally defined morphisms

glue together to give a morphism DerX(−D) → i∗OD whose image is generated by all
partial derivatives of the local equation of D. Through this description we also see that
θ ⊗ 1 maps to 0 if and only if θh = 0 in Γ(U,OD), which is equivalent to θh belonging to
the ideal generated by h in Γ(U,OX). The latter condition is also equivalent to θ being a
logarithmic derivation.

Remark 4.2.2. Restricting the morphism DerX(−D) → i∗OD to D and dualizing it, we get
a morphism OD → Ω1

X(D)
∣

∣

D
. In [6], this morphism is constructed by considering an exact

sequence which involves the bundle of principal parts of O(D). Later in this chapter the
morphism DerX → i∗I (D) will be used to construct an imbedding of the quasi-symmetric
blow-up qBlDsD in the cotangent bundle of X. This imbedding is the same as the one
appeared in [6].

Before continuing our discussion, we remind the reader the definition of Jacobian ideals
of linear type.

Definition 4.2.3. A divisor has Jacobian ideal of linear type if Ĩ is an ideal sheaf of linear
type, which is to say ReesOX

(Ĩ ) ∼= SymOX
(Ĩ ) [16].

We also need a classical result concerning the symmetric algebras of modules.

Theorem 4.2.4 ([20] Appendix A.2.3). Let A be a commutative ring and

0 → K → M → N → 0

an exact sequence of A-modules. Then the induced homomorphism

SymA(M) → SymA(N)

is surjective and the kernel of this homomorphism is generated by the image of K in degree
1 of the graded algebra SymA(M).
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We will apply a sheafified version of this theorem on exact sequence (4.1) and (4.2)
respectively.

Proposition 4.2.5. Let D be a divisor with Jacobian ideal of linear type, then we have

Proj
(

SymOX
(i∗I )

)

∼= qBlDsD.

Proof. Applying theorem 4.2.4 to exact sequence (4.2), and using the condition that D is
Jacobian of linear type, we get an epimorphism:

ReesOX
(Ĩ ) → SymOX

(i∗I )

whose kernel is generated by OX(−D) in degree 1 of ReesOX
(Ĩ ). Let us examine the kernel

locally. Over an affine open set U = Spec(A) of X, assuming h is the equation of D in U ,
the Rees algebra takes the form

ReesA(Ĩ) = A ⊕ Ĩt ⊕ Ĩ2t2 ⊕ · · ·

and the ideal defining SymA(I) is generated by ht. Consider a nonzero element g in Ĩ.

This element determines an open subset D+(gt) in Proj
(

ReesA(Ĩ)
)

, in which the ideal of

Proj
(

SymA(I)
)

is generated by

ht

gt
=

h

g
.

In the open subset D+(gt), the ideal of the total transformation of D is generated by h and
the ideal of the exceptional divisor is generated by g. Consequently the fraction h/g locally

defines the ideal of the principal transform of D in the blow-up Proj
(

ReesOX
(Ĩ )

)

, which

agrees with the quasi-symmetric blow-up of D along Ds according to theorem 4.1.3.

We want to introduce some auxiliary notation at this moment in order to smoothen the
following discussion. From now on:

• E will denote the cotangent bundle Spec
(

SymOX
(DerX)

)

of X,

• F will denote the logarithmic cotangent cone Spec
(

SymOX

(

DerX(− log D)
)

)

of X,

• C will denote the subcone Spec
(

SymOX

(

(i∗I (D)
)

)

of E,

• σ : E → F will be the morphism induced by DerX(− log D) → DerX ,

• The corresponding projectivized cones and bundles of E, F , and C will be denoted
by P (E), P (F ), and P (C). Notice that P (C) is the quasi-symmetric blow-up of D

along Ds because Proj
(

ReesOX
(i∗I )

)

∼= Proj
(

ReesOX

(

i∗I (D)
)

)

.

Next, we apply theorem 4.2.4 to exact sequence (4.1).

Proposition 4.2.6. The inverse image of the zero section of F under σ is C.
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Proof. This is immediate. The ideal of the zero section of F is generated by DerX(− log D)
in SymOX

(DerX(− log D)). Thus the ideal of the inverse image of the zero section of F in
E is generated by the image of DerX(− log D) in SymOX

(DerX). This ideal also defines
SymOX

(i∗I (D)) according to theorem 4.2.4.

In the rest of the chapter we will focus on free divisors with Jacobian ideal of linear
type. Under this condition F becomes a vector bundle of rank n = dimX. The morphism
σ becomes a linear map between vector bundles. The cone C can be thought of as the
fiberwise kernel of σ.

Example 4.2.7. Consider the case that X = A2 and D is the normal crossing divisor de-
fined by the ideal (xy). The vector bundles E and F are both trivial of rank 2. The
homomorphism on the affine coordinate rings is:

k[x, y][A, B] → k[x, y][A, B]

A 7→ xA

B 7→ yB.

Let v = v1e1 + v2e2 be a vector in E over the point (a, b) ∈ A2. Then its image in F by
σ is the vector av1e1 + bv2e2 over the same point (a, b). From this description we see that
C has a 2-dimensional fiber over the point (0, 0); 1-dimensional fibers generated by e2 over
points on the x-axis; 1-dimensional fibers generated by e1 over points on the y-axis; and
0-dimensional fibers elsewhere. The projectivized cone P (C) has one copy of P1 over the
point (0, 0), and two separate lines meeting P1 at two distinct points. It is the same as the
principal transform of D along its singular subscheme (0, 0), as the exceptional divisor of
the blow-up of D along the origin contains two copies of P1.

With these preparations, we can give a rather transparent description of the imbedding
of P (C) in P (E).

Proposition 4.2.8. Under the condition that D is a free divisor with linear type Jacobian
ideal, P (C) is a locally complete intersection in P (E). The normal bundle of P (C) in P (E)
is isomorphic to p∗F ⊗ O(1) where p is the projection P (C) → X.

Proof. Consider the following Cartesian square

C

��

// E

��

Γ(σ) // E ⊕ F

In the diagram Γ(σ) is the graph of σ : E → F . Set-theoretically and fiberwise it consists
of vectors of the form (v, σ(v)). The map E → E ⊕ F is the inclusion v 7→ (v, 0).

Projectivize the above diagram we get another Cartesian square

P (C)

φ
��

// P (E)

��

P (Γ(σ)) // P (E ⊕ F )
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The projectivized cotangent bundle P (E) is irreducible and its dimension is 2n−1. The
quasi-symmetric blow-up P (C) of D along Ds has pure dimension n−1, since we have seen
in the proof of proposition 4.2.5 the quasi-symmetric blow-up is a Cartier divisor in BlDsX
with a local equation h/g. Thus the codimension of P (C) in P (E) equals n. The ideal of
P (C) in P (E) is also locally generated by n elements, because the rank of DerX(− log D) is
n. From these we deduce that P (C) is a locally complete intersection scheme in P (E)—a
well known result for Cohen-Macaulay rings ([36] theorem 17.4).

Denote by q̃ the projection Γ(σ) → X and q the projection P (Γ(σ)) → X. The locally
complete intersection P (C) has a normal bundle of rank n in P (E), and this normal bundle
is a subbundle of φ∗N where N is the normal bundle to P (Γ(σ)) in P (E ⊕F ) ([23] chapter
6, page 93). We know that N also has rank n. As a result, the normal bundle to P (C) in
P (E) must agree with φ∗N .

The closed imbedding P (Γ(σ)) → P (E ⊕ F ) falls along the standard situation of one
projectivized vector bundle being imbedded into another. The normal bundle to Γ(σ) in
E ⊕ F is q̃∗F ([23] appendix B.7.3), and thus N ∼= q∗F ⊗ O(1). The last statement can
be seen by looking at the Euler sequences defining the tangent bundles of P (Γ(σ)) and
P (E ⊕ F ).

Finally we observe that

φ∗(q∗F ⊗ O(1)) = p∗F ⊗ O(1)

Remark 4.2.9. Similarly, the normal bundle to P (E) in P (E ⊕F ) is r∗F ⊗O(1), with r the
projection P (E) → X.

Corollary 4.2.10. In A∗(P (E)), we have [P (C)] = cn(r∗F ⊗ O(1)) ∩ [P (E)].

Proof. For any t in the algebraically closed base field, there is a map tσ : E → F defined
by v 7→ t · σ(v). Thus there is a family of cycles in P (E ⊕ F ) deforming P (Γ(σ)) (t =
1) to P (E) (t = 0). The reader should compare this deformation with MacPherson’s
graph construction, where one is interested in the cycle at infinity (t = 0). Moreover, the
intersection product of [P (Γ(tσ))] and [P (E)] is always [P (C)] for t 6= 0. Therefore:

[P (C)] = [P (Γ(tσ))] · [P (E)] (t 6= 0)

= lim
t→0

(

[P (Γ(tσ))] · [P (E)]
)

= [P (E)] · [P (E)]

= cn(r∗F ⊗ O(1)) ∩ [P (E)]

For the third equality we use the dynamic interpretation of the intersection product,
and for the last equality we use the self intersection formula ([23] theorem 6.2).

To summarize, in this section, we have realized the quasi-symmetric blow-up P (C) of D
along Ds concretely in the projectivized cotangent bundle P (E) of X (proposition 4.2.8 and
corollary 4.2.10). Corollary 4.2.10 will be used to calculate the shadow of P (C) in A∗(X),
which is an essential step in obtaining the main theorem of this chapter.
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4.3 The Proof of Theorem 4.0.1

Combining all elements we saw in the previous sections, the proof of Theorem 4.0.1 is
almost at hand.

Proof of theorem 4.0.1. We rewrite the formula we want to prove as:

cSM(✶X) − c(DerX(− log D)) ∩ [X] = cSM(✶D)

Taking the dual of this formula and recalling that for a nonsingular variety X, cSM(✶X) =
c(TX) ∩ [X], it is equivalent to verify that:

(−1)nc(T ∗X) ∩ [X] − (−1)nc(Ω1
X(log D)) ∩ [X] = c̆SM(✶D).

If we invoke our notations in the previous section, we can again rewrite the formula as:

c(E) ∩ [X] − c(F ) ∩ [X] = (−1)nc̆SM(✶D).

By theorem 4.1.4, proposition 4.2.5 and our discussion about the natural transformation
L ❀ A, we get:

(−1)n−1c̆SM(✶D) = r∗(c(ζ) ∩ [P (C)])

= c(E) ∩ r∗

(

(

c(OP (E)(−1))
)−1

∩ [P (C)]
)

.

Here r is the projection P (E) → X, and ζ is the universal quotient bundle of P (E). In
getting the second equality, we use the projection formula and the Whitney sum formula:

c(r∗E) = c(ζ) · c(OP (E)(−1)).

Thus we only have to verify:

c(E) ∩ [X] − c(F ) ∩ [X] = −c(E) ∩ r∗

(

(

c(OP (E)(−1))
)−1

∩ [P (C)]
)

.

Recall that the Segre class s(E) of the vector bundle E is the multiplicative inverse
of the total Chern class c(E) of E ([23] chapter 3). We multiply both sides of the above
formula by s(E) and reach another equivalent form of formula (1.42):

[X] − s(E) · c(F ) ∩ [X] = −r∗

(

(

c(OP (E)(−1))
)−1

∩ [P (C)]
)

.
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Let us verify this last formula. Denote by H a general hyperplane in P (E), or equiva-
lently c1(OP (E)(1)). We have:

−r∗

(

(

c(OP (E)(−1))
)−1

∩ [P (C)]
)

= −r∗
(

∑

i≥0

H i ∩ [P (C)]
)

= −r∗
(

∑

i≥0

H i · cn(r∗F ⊗ O(1)) ∩ [P (E)]
)

= −r∗
(

∑

i≥0

H i ·
n

∑

j=0

(cj(r
∗F ) · Hn−j) ∩ [P (E)]

)

= −
∑

i≥0

n
∑

j=0

cj(F ) · r∗(H
n+i−j ∩ [P (E)])

= −
∑

i≥0

n
∑

j=0

cj(F ) · si−j+1(E) ∩ [X]

= −
∑

i≥0

∑

j+k=i+1
j,k≥0

cj(F ) · sk(E) ∩ [X]

= −
(

c(F ) · s(E) − 1
)

∩ [X]

= [X] − c(F ) · s(E) ∩ [X]

The second among these equalities uses Corollary 4.2.10. The fourth one uses the
projection formula. The fifth one uses the definition of the Segre classes. The sixth one
employs the fact that sk(E) = 0 when k < 0 for any vector bundle E. For the seventh one,
recall that c0(F ) = s0(E) = 1.

Let us once again review the key ideas in the proof. We first take the dual of the proposed
formula (1.42) to make it more adaptable to the conclusion of theorem 4.1.4. Then the
original formula is turned into a formula about the shadow of the quasi-symmetric blow-up
P (C). The fact that the normal bundle to P (E) in P (E ⊕F ) (and thus the normal bundle
to P (C) in P (E)) is related to the pull back of the logarithmic cotangent bundle F is the
most important observation in this chapter. This observation finally allows one to express
the shadow of P (C) by the Chern class of E and the Segre class of F .
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CHAPTER 5

STABLE BIRATIONAL EQUIVALENCE AND

GEOMETRIC CHEVALLEY-WARNING

CONJECTURE

The research presented in this chapter was carried out in the autumn of 2010. It was
the first time that the author worked on an open question. At that time, the author had
absolute no knowledge about Chern classes of sheaves of logarithmic vector fields. However,
he found out after two years that K0(V ar) is the natural platform to study characteristic
classes of singular varieties. From this point of view, this chapter is relevant to the subject
of previous chapters. Except for this connection, this chapter is independent of all previous
chapters. The content of this chapter is going to be published on PAMS. Soon after our
results came out, Emel Bilgin also published some results which strongly overlaps our results
on arXiv.org [11].

Let Fq be the finite field of q elements with q a prime power. The Chevalley-Warning
theorem states that the number of solutions in Fq of a system of polynomial equations with
n variables is divisible by q, provided that the sum of the degrees of these polynomials is less
than n ([45] p.5). In [14], §3.3, F. Brown and O. Schnetz conjecture that a similar statement
holds in the Grothendieck ring of varieties over a C1 field k. They conjecture that the class
of an affine k-variety defined by equations satisfying the same degree condition should be
a multiple of the class L of the affine line A1

k. Even the ‘geometric’ case, i.e., when k is
an algebraically closed field, appears to be open. We propose the following variant of this
conjecture:

Conjecture 1 (Geometric Chevalley-Warning). Let f1, . . . , fl be homogeneous polynomials
in k[x0, . . . , xn] such that

∑l
i=1 deg(fi) < n + 1, where k is an algebraically closed field of

characteristic 0. Then [Z(f1, . . . , fl)] ≡ 1(mod L) in K0(V ark), where Z(f1, . . . , fl) denotes
the set of zeros of f1, . . . , fl in Pn.

Over a field k as in this statement, Conjecture 1 is equivalent to the conjecture of Brown
and Schnetz. Indeed, let X = Z(f1, . . . , fl) ⊆ Pn , then [X] · (L − 1) + 1 is the class of the
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zero-locus of f1, . . . , fl in An+1; the Brown-Schnetz conjecture would imply that this class
is ≡ 0 mod L, and this is equivalent to [X] ≡ 1 mod L.

In this chapter, we show that Conjecture 1 is true for hyperplane arrangements, for
quadratic hypersurfaces of any dimension, for cubic surfaces in P3, and for singular cubic
hypersurfaces in any dimension.

Along the way, we also establish a result which settles some special cases of the conjecture
in higher dimensions. The hypothesis that k is an algebraically closed field of characteristic
zero is used in our proofs, and it is underlying the contextual remarks that follow in this
introduction.

We note that the statement of Conjecture 1 (for any l) is equivalent to the case of
hypersurfaces (l = 1). Indeed, we have the equality [Z(f1, f2)] = [Z(f1)]+[Z(f2)]−[Z(f1f2)]
in K0(V ar), and the condition on degrees is satisfied by polynomials on one side of the
equation whenever it is satisfied by polynomials on the other side of the equation. It follows
that the conjecture is true for Z(f1, f2) as long as it is true for the hypersurfaces Z(f1),
Z(f2), and Z(f1f2). The same type of considerations applies to the zero set of any finite
numbers of polynomial equations.

When the variety in consideration is a hypersurface, the condition on degree asked by
the geometric Chevalley-Warning conjecture becomes deg(f) < n + 1. This condition is
reminiscent of results concerning the “weakened rationality” of varieties. Recall that a
variety is rationally chain connected if two general points on the variety can be joined by
a chain of rational curves. It is known that a smooth hypersurface of degree d in Pn is
rationally chain connected if and only if d < n+1 [31]. Moreover, if we fix the degree of the
hypersurface, and make the dimension of the ambient projective space large enough, then
it is proved that a general such hypersurface is unirational [26].

Introducing the notion of L-rationality, Conjecture 1 admits an equivalent reformulation.

Definition 5.0.1. [9] A variety is L-rational if its class in K0(V ar) is 1 modulo L.

Conjecture 2. Every hypersurface of degree < n + 1 in Pn is L-rational.

Conjecture 2 postulates that L-rationality behaves in a sense as rational chain connect-
edness does. For instance, we know that neither cubic nor quartic smooth threefolds in P4

are rational, [28], [19], while they would be both L-rational and rationally chain connected
according to Conjecture 2 and the previous discussion.

The notion of L-rationality is motivated by stable rationality. We recall that two non-
singular irreducible varieties X and Y are “stably birational” if X × Pk is birational to
Y × Pl for some k and l. We say that a nonsingular, complete irreducible variety is ‘stably
rational’ if it is stably birational to projective space. For nonsingular varieties, L-rationality
and stable rationality are equivalent. The argument is the following. Recall that the ideal
generated by L in K0(V ar) has a concrete meaning in stably birational geometry. Denote
by Z[SB] the monoid ring generated by stably birational classes of smooth complete irre-
ducible varieties. Then M. Larsen and V. Lunts prove in [33] that there exists a surjective
homomorphism ΨSB : K0(V ar) → Z[SB], mapping the class of a smooth complete variety
in K0(V ar) to its class in Z[SB], and the kernel of this homomorphism is precisely (L).
Thus, a smooth projective variety is stably birational to projective space precisely when its
class in K0(V ar) is 1 modulo L.
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The reader should note that e.g., every cone is L-rational; cf. Lemma 5.1.4. Also, ac-
cording to the result we recalled above, a smooth projective rational variety is L-rational.
However, singular rational varieties may well not be L-rational. For example, if the nor-
malization morphism of an irreducible rational curve is not set theoretically injective, then
the curve itself is not L-rational. Thus, ‘most’ singular rational curves are not L-rational.
Examples in higher dimension may be obtained by applying Lemma 5.2.3. While all vari-
eties considered in this chapter are ruled or rational, it is by no means obvious a priori that
they should be L-rational as prescribed by conjecture 1, and as we prove below.

We wrap up this discussion by noting that rationally chain connectedness admits a
description analogous to the description of stable rationality we just recalled. In [29],
B. Kahn and R. Sujatha construct a category of pure birational motives by localizing the
category of pure motives with respect to certain classes of birational morphisms. They
prove ([29], §3.1) that if X is a rationally chain connected smooth projective F -variety, then
h◦(X) = 1 in Mot◦rat(F, Q). Thus, h◦(X) plays for rational connectedness a role analogous
to the role played by the class of X in Z[SB] ∼= K0(V ar)/(L) for stable rationality.

5.1 A Few Simple Cases of The Conjecture

In this section we verify that the conjecture is true when the degrees of the homogeneous
polynomials defining the variety are low. Namely, we will show the following results:

Proposition 5.1.1. If X is the union of n or fewer hyperplanes in Pn, then X is L-rational.

Proposition 5.1.2. Any quadratic hypersurface in Pn (n > 1) is L-rational.

Proposition 5.1.1 can be proved in a way similar to the reduction of the varieties in
Conjecture 1 to hypersurfaces. In fact, the equation of X can be written as f1 . . . fl

where l is the numbers of hyperplanes and the fi’s are all linear equations. Then [X] =
Z[f1 . . . fl−1] + Z[fl] − Z[f1 . . . fl−1, fl]. The notation Z[. . .] indicates the set of common
zeros of the equations appearing in the bracket, separated by commas, as mentioned in
Conjecture 1. The last term is the class of the union of l − 1 hyperplanes in Pn−1. By
induction, all terms on the right side of the equation are equivalent to 1 modulo L, so is
[X].

To prove Proposition 5.1.2, we observe that any singular quadratic hypersurface is a
cone. According to the following lemma and its corollary, the singular case can be taken care
of generally, and we are left to consider the class of a nonsingular quadratic hypersurface.

Lemma 5.1.3. Let Z be the join of varieties X and Y , obtained by connecting with lines
points of X to points of Y . Assume these lines only meet at points of X or Y. If either X
or Y is L-rational, then Z is also L-rational.

Proof. Taking out X and Y from the variety Z, we get a bundle over X × Y whose fiber is
the complement of two points in P1. Thus the class of Z in K0(V ar) is [X] · [Y ] · (L− 1) +
[X] + [Y ] = [X] · [Y ] · L − ([X] − 1) · ([Y ] − 1) + 1.

Corollary 5.1.4. If the projective variety X ′ ⊂ Pm is a cone over another projective variety
X ⊂ Pn, n < m, then X ′ is L-rational.
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Remark 5.1.5. The union of n or fewer hyperplanes in Pn is a cone (over an arbitrary point
in the set of the intersection). Thus we get a new proof of Propostion 5.1.1.

A special case of the result by Larsen-Lunts mentioned at the beginning of this chapter
gives an effective treatment of the Chevalley-Warning problem for nonsingular quadratic
hypersurfaces, as

Lemma 5.1.6. Every rational smooth complete variety is L-rational.

Proof. A rational smooth complete variety has the same stable birational class as a point.
Thus the difference of its class in K0(V ar) and 1 is in the ideal generated by L. [33]

The previous lemmas settle the Chevalley-Warning problem for quadratic hypersurfaces:
indeed, projecting from a point shows that nonsingular quadratics are rational. Studying
this projection more carefully even allows us to obtain an explicit expression for the class
of a nonsingular quadric in the Grothendieck group.

Proof of Proposition 5.1.2 in the nonsingular case. Let Qn be a nonsingular quadratic hy-
persurface in Pn+1. It is a standard fact that over an algebraically closed field, by a change
of coordinates its equation can be written as X2

0 + X2
1 + . . . + X2

n+1 = 0 [46]. Let Yn be the

affine variety defined by
∑n+1

i=1 y2
i = 1 in An+1.

Projecting from the point P = (0, . . . , 0, 1), we can establish a birational map between
Yn and An. The formula is given by:

xi = −
yi

yn+1 − 1

Here, the xi’s are coordinates of the affine space An.
The inverse rational map from An to Qn is given by the formula:

yi =
2xi

∑n
i=1 x2

i + 1
yn+1 =

∑n
i=1 x2

i − 1
∑n

i=1 x2
i + 1

From this description, it is easy to see the closed set Z(
∑

x2
i + 1) is not in the image of

the projection. Then we have the following relation in K0(V ar):

[Yn] − [Z(

n
∑

i=1

y2
i )] = [An] − [Yn−1] (5.1)

In addition to this relation, we also have the trivial relation

[Qn] = [Qn−1] + [Yn] (5.2)

Because the variety Z(
∑n

i=1 y2
i ) is a cone, by the proof of 5.1.4, we get Z(

∑n
i=1 y2

i ) is equal
to 1 + (L − 1)[Qn−2] in K0(V ar). So we can replace our first equation by:

[Yn] − (1 + (L − 1)[Qn−2]) = [An] − [Yn−1] (5.3)

With the last two equations and the simple cases [Q1] = L + 1, [Y0] = 2, [Y1] = L − 1,
we can conclude by an induction on dimension that [Qn] ≡ 1 (mod L) when n > 0 and
[Yn] ≡ 0 (mod L) when n > 1.
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Remark 5.1.7. By solving the recurrence relation (5.2) and (5.3), one obtains the following
formula:

{

[Q2k+1] = L2k+1 + L2k + . . . + 1

[Q2k] = L2k + L2k−1 + . . . + 1 + Lk
(5.4)

and
{

[Y2k+1] = L2k+1 − Lk

[Y2k] = L2k + Lk
(5.5)

Theorem 5.1.8. Let Qn,k be the quadric hypersurface in Pn+1 defined by the equation
X2

0 + X2
1 + . . . + X2

k+1 = 0. Then we have:

[Qn,k] = [Qk] · Ln−k + Ln−k−1 + . . . + 1 (5.6)

Proof. Combine 5.1.7 and the observation that Qn,k+1 is a cone over Qn.k.

5.2 Cubic Hypersurfaces

The next easiest case to consider is the variety defined by a cubic equation in P3. We
have the following theorem:

Theorem 5.2.1. Any cubic surface in P3 is L-rational.

In fact, we can prove something more:

Theorem 5.2.2. Any singular cubic hypersurface in Pn (n > 3) is L-rational.

The following lemma helps to analyze singular cubic hypersurfaces.

Lemma 5.2.3. Let X ⊆ Pn have equation F = xnfk(x0, . . . , xn−1)+fk+1(x0, . . . , xn−1) = 0
where fk and fk+1 are homogeneous polynomials of degree k and k + 1 respectively. X is
L-rational if and only if the variety in Pn−1 defined by fk = 0 is L-rational.

Proof of Lemma 5.2.3. On the hypersurface Z(F ), the equation fk = 0 defines a cone over
the point (0 : . . . , 0 : 1). By Corollary 5.1.4, this subvariety of the hypersurface Z(F ) is
L-rational. On the other hand, we have the isomorphism between the affine open set fk 6= 0
in Pn−1 and Z(F ) − Z(fk) provided by (x0, . . . , xn−1) → (x0, . . . , xn−1,−

fk+1

fk
). We see the

L-rationality of X is equivalent to the condition that the class of the affine open set fk 6= 0
is in the ideal generated by L. This happens if and only if the hypersurface fk = 0 in Pn−1

is L-rational.

Proof of theorem 5.2.2. For a singular cubic hypersurface, we can assume one of its singular
point is (0 : . . . : 0 : 1) by a change of projective coordinates. We keep using the notation of
the previous lemma. The equation of the cubic surface is written as xnf2(x0, . . . , xn−1) +
f3(x0, . . . , xn−1) = 0 or f3(x0, . . . , xn−1) = 0, depending on the singular point is a double
point or a triple point. Then the L-rationality of the singular cubic hypersurface follows
immediately from lemma 5.2.3, proposition 5.1.2 or corollary 5.1.4.
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Proof of theorem 5.2.1. A nonsingular cubic surface arises from the blow-up of P2 at 6
general points. In particular, it is rational. The L-rationality follows from Lemma 5.1.6.
The singular case has been done by theorem 5.2.2.

Remark 5.2.4. One can also approach theorem 5.2.1 by the classification of cubic surfaces
given in [15]. That is, one can directly compute their class in K0(V ar) according to the
standard equations given in this reference. This however leads to a lengthy computation.

Remark 5.2.5. The criterion we derived in lemma 5.2.3 can be applied to give another proof
of proposition 5.1.2. Since as long as the rank of the quadratic form is greater or equal to
2, the equation can be written as F = x0x1 + x2

2 + . . ..

Corollary 5.2.6. If a singular quartic hypersurface in P4 has a triple point, then it is
L-rational.

Proof. Assuming the triple point is (0 : 0 : 0 : 0 : 1), then the equation of the quartic
hypersuface can be written as F = x4f3(x0, x1, x2, x3)+g4(x0, x1, x2, x3). The L-rationality
follows immediately from lemma 5.2.3 and theorem 5.2.1.

5.3 L-Rationality of Higher Dimensional Varieties

Theorem 5.3.1. If the equation of a hypersurface of degree n in Pm (m > n > 4) can be
written as F = xn . . . x4f3(x0, x1, x2, x3)+

∑n
i=5 xn . . . xigi−1(x0, . . . , xi−2)+gn(x0, . . . , xn−1),

then this hypersurface is L-rational.

Proof. When m > n, not all coordinates of Pm appear in F . In this case F defines a cone
in Pm and the L-rationality of this hypersurface follows from lemma 5.1.4. When m = n,
Rewrite the polynomial as

F = xn[xn−1 . . . x4f3(x0, x1, x2, x3) +

n−1
∑

i=5

xn−1 . . . xigi−1(x0, . . . , xi−2)

+ gn−1(x0, . . . , xn−2)] + gn(x0, . . . , xn−1).

Then the proof follows by induction, lemma 5.2.3 and corollary 5.2.6.

Theorem 5.3.2. If the equation of the hypersurface of degree at most n in Pn (n > 4) has
degree 1 in all variables except at most 4 variables, then this hypersurface is L-rational.

Proof. Suppose the 4 possibly non-linear variables are x0, x1, x2, and x3. The proof pro-
ceeds by an induction on n. When n = 4, the equation of the hypersurface is either
x4fk(x0, x1, x2, x3) + fk+1(x0, x1, x2, x3) = 0 (k 6 3) or fk(x0, x1, x2, x3) = 0 (k 6 4).
Since we have checked the L-rationality of cubic surfaces, quadratic hypersurfaces, the L-
rationality of such hypersurfaces are guaranteed by lemma 5.2.3 or corollary 5.1.4. When
n > 4, if the equation of the hypersurface is written only in terms of x0, x1, x2, x3, then it
is a cone. Otherwise, let xn be one of its linear variables. Then the equation of the hyper-
surface is xnfk(x0, . . . , xn−1) + fk+1(x0, . . . , xn−1) where fk is again linear in all variables
except at most 4 variables. So the L-rationality follows from lemma 5.2.3 and the induction
hypothesis.
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Remark 5.3.3. Theorem 4.2 generalizes Corollary 3.3 from [9], since the equations of the
“graph hypersurfaces” considered there are linear in all variables, they must be L-rational
by Theorem 4.2.

Example 5.3.4 (Affine Potts model hypersurface). The previous theorem also gives an easy
way to calculate the class modulo L of the affine Potts model hypersurfaces appearing in
[10] definition (2.2) equation (2.5). The equations for such affine hypersurfaces are

ZG(q, t) =
∑

G′⊆G′

qk(G)
∏

e∈E(G′)

te,

where G′ is a subgraph of G, k(G′) and E(G′) are the number of connected components
and the set of edges of the graph G′ respectively. Fix q in this equation and denote by
n the number of edges of the graph G, then this equation defines the affine Potts model
hypersurface in An. Its class in K0(V ar) is congruent to 1 modulo L if n is odd and
congruent to −1 modulo L when n is even.

The calculation goes as follows. These hypersurfaces are defined by inhomogoneous
polynomials of degree n in An, linear in all variables, where n is the number of the edges
of the graph in consideration. Homogenize the equation and write it as F = 0, then
clearly F is a homogeneous polynomial of degree n linear in all variables except the variable
x0 introduced in homogenizing. Now the class of the affine Potts model hypersurface is
[Z(F )] − [Z(x0, x1x2 . . . xn)]. Z(F ) is L-rational by the previous theorem, and now we are
left to calculate [Z(x0, x1x2 . . . xn)] which is the class of the union of n hyperplanes in Pn−1.

Let x1, . . . , xn be the projective coordinates of Pn−1. Consider the complement of
Z(x1x2 . . . xn), which can be explicitly expressed as points (x1 : · · · : xn) such that all
projective coordinates are nonzero. We see this affine open set is isomorphic to the (n− 1)-
fold cartesian product of (A1 − {pt}). So the class of the union of n hyperplanes in Pn−1

equals [Pn−1]− (L−1)n−1. Taking into account that [Pn−1] = 1+L+ · · ·+Ln−1, we see this
class is 1 + (−1)n modulo L. We conclude the class of the affine Potts model hypersurface
is L-rational when n is odd and congruent to −1 modulo L when n is even.
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[16] F. J. Calderón Moreno and L. Narváez Macarro. On the logarithmic comparison theo-
rem for integrable logarithmic connections. Proc. Lond. Math. Soc. (3), 98(3):585–606,
2009.

[17] Francisco Calderón-Moreno and Luis Narváez-Macarro. The module Dfs for locally
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