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ABSTRACT

We propose a novel Riemannian framework for analyzing orientation distribution
functions (ODFs), or their probability density functions (PDFs), in HARDI data sets
for use in comparing, interpolating, averaging, and denoising PDFs. This is accom-
plished by separating shape and orientation features of PDFs, and then analyzing
them separately under their own Riemannian metrics. We formulate the action of
the rotation group on the space of PDFs, and define the shape space as the quotient
space of PDFs modulo the rotations. In other words, any two PDFs are compared
in: (1) shape by rotationally aligning one PDF to another, using the Fisher-Rao dis-
tance on the aligned PDFs, and (2) orientation by comparing their rotation matrices.
This idea improves upon the results from using the Fisher-Rao metric in analyzing
PDFs directly, a technique that is being used increasingly, and leads to interpolation
paths that are biologically feasible. This framework leads to definitions and efficient
computations for the Karcher mean that provide tools for improved interpolation and
denoising. We demonstrate these ideas, using an experimental setup involving several
PDFs.
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CHAPTER 1

INTRODUCTION

1.1 Background

Since the twentieth century, several non-invasive techniques (e.g. MRI, PET, CT,
etc.) have been introduced to improve our understanding of human anatomy and
physiology. Primarily used in clinical settings, these techniques have increased the
comprehension of functionalities within various parts of the body. Additionally, the
images generated by these techniques have been used to reveal diseases that are not
apparent externally. Collectively, these various techniques form the field of medical
imaging.

One of the most attractive techniques used in medical imaging is magnetic reso-
nance imaging (MRI), see Figure 1.1. It provides a good level of contrast between
soft tissues that few other medical imaging procedures can produce. This makes MRI
very useful when imaging soft tissues such as the brain. Being such a powerful imag-
ing tool, there are several applications for which MRI can be utilized which in turn
require specialized MRI techniques (e.g. diffusion MRI, functional MRI, etc.). One of
the most active areas of research relating to MRI lies in understanding the anatomy
and physiology of the brain.

To begin studying these characteristics of the brain, a specialized MRI technique is
used known as diffusion MRI. In the course of the last decade, several advancements
in this area have led to a better understanding of brain functionality and connec-
tivity. Based on the principle of Brownian motion [3], this non-invasive technique
measures molecular diffusion at the voxel level characterizing neuronal tissue struc-
tures in vivo as water molecules diffuse in directions parallel to the constraints of
neural configurations (i.e. anisotropy)[4].

Diffusion Tensor Imaging

An extension of diffusion MRI, particularly useful in fibrous areas of the brain,
is diffusion tensor MRI (DT-MRI) which measures and maps diffusion at the voxel
level using a second order tensor model [5, 6]. Specifically, the diffusion tensor (a 3x3
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Figure 1.1: MRI Slice

symmetric, positive-definite matrix) models the displacement probabilities of water
molecules moving certain distances and directions in an allotted time period. An ellip-
soid is used to visually represent the magnitudes and directions of diffusion obtained
from the eigenvalues and eigenvectors of the diffusion tensor. The rate of maximum
diffusion is determined by the largest eigenvalue, and its corresponding eigenvector
is determined to be the direction of maximum diffusion. A visual representation of a
voxel and the diffusion tensor ellipsoid are given in Figure 1.2. In Figure 1.2 (a), the
red dot denotes a voxel in the brain; in Figure 1.2 (b), an illustration of a diffusion
tensor ellipsoid representing diffusion within a voxel is given.

Figure 1.2: (a)Image of Brain [1]; (b) Diffusion Tensor Ellipsoid
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Collectively, these ellipsoids form a field of diffusion tensors used to perform trac-
tography. Tractography is a method that characterizes fiber paths in the brain by
following the direction of maximum diffusion represented by an ellipsoid at each voxel.
In Figure 1.3, an example of tractography is given producing a visualization of fiber
paths in a brain volume using diffusion tensor imaging.

Although DT-MRI has the ability to efficiently characterize brain diffusivity for
a single fiber population oriented in one direction, the diffusion tensor model fails
in the presence of intersecting fiber populations which are heterogeneously oriented.
Since the resolution of DT-MRI is in millimeters, the tensor cannot adequately model
diffusion displacement in the presence of multiple fiber orientations (e.g. crossing,
kissing, diverging) per voxel as the fibers are microscopic in scale.

With the limitation of mapping a single diffusion maximum, the model fails to en-
capsulate the full description of diffusion per voxel in the presence of heterogeneously
oriented fiber populations. Moreover, diffusivity in the presence of intersecting fiber
populations presents major limitations in areas of medical imaging such as tractog-
raphy when DT-MRI is used[7]. Some problems specifically related to tractography
are errant fiber directions and the misrepresentation of diffusion in each voxel due to
the criss-crossing of fibers.

Figure 1.3: Example of Tractography using Diffusion Tensor Imaging [2]

High Angular Resolution Diffusion Imaging

In recent years, the increased strengths of MRI scanners have led to high angu-
lar resolution diffusion imaging (HARDI), a method that improves upon the short-
comings of DT-MRI [8]. This modality incorporates the use of directional statistics by
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projecting sample diffusion measurements in numerous directions on a sphere result-
ing in a higher angular resolution per voxel (e.g. see Figure 1.4 (a)) [9]. Tessellations
(subdivisions) of an icosahedron are used to uniformly-space the gradient directions
which encode diffusion measurements on a sphere [10].

Thus, the basic unit of HARDI data at each anatomical location is an orientation
distribution function (ODF) that captures diffusivity as a function of the direction.
In principle, one obtains the diffusivity values for all directions although, in practice,
these values are collected only for a small subset of directions. Using smooth inter-
polations (e.g. using spherical harmonics [10, 11, 12, 13]), one can obtain an ODF
on the full sphere. From those limited observations, an ODF can be viewed as a
non-negative function on a sphere. The space of ODFs is, thus, the set of all such
functions on a sphere.

It should be noted that in the absence of biological tissue, water diffuses isotropi-
cally (i.e. equivalent diffusion in all directions) resulting in a spherical ODF. Contrary
to isotropic diffusion, water diffuses anisotropically in the presence of biological tis-
sue resulting in directions of high and low diffusion within each voxel. This effect
on the magnitude of diffusion leads to representing an ODF by a deformed sphere
(Figure 1.4(b)).

Figure 1.4: (a) Encoded diffusion gradients; (b) ODF

The discovery of HARDI led to the ability to properly represent fiber structure and
direction in all voxels using diffusion. Furthermore, imaging techniques such as trac-
tography and interpolation are no longer limited by the occurrence of heterogeneous
fiber orientations in a voxel.

There have been several proposed methods for constructing ODFs: q-ball imaging
[14], diffusion spectrum MRI [15, 16], spherical harmonic expansion [10, 11, 12, 13],
and more recently, a cartesian tensor basis [17, 18, 19] has been proposed for es-
timation of ODFs; however, the analyses (e.g. statistics, interpolation, denoising,
tractography) of ODFs have received limited attention.
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1.2 Motivation

Having introduced the two major methods for reconstructing voxel-sized diffusion
patterns, it is clear that diffusion tensor MRI (DT-MRI) data plays a major role in the
study of brain structures, their connectivities, and functionalities consisting of fields
of diffusion-tensor matrices in the imaged volume. The problems involving denoising,
interpolation, tractography, and related analyses for such data require a framework
for comparing, averaging, and manipulating these tensor structures. For example,
a simple idea for denoising the diffusion tensor at any voxel is to take a weighted
average of tensors at its neighboring voxels. Since the space of diffusion tensors, the
set of 3× 3 positive-definite symmetric matrices, is a nonlinear manifold, these tasks
are naturally performed in a Riemannian framework. Several Riemannian frameworks
have been developed for the analysis of diffusion tensors [20, 21, 22, 23, 24, 25, 26, 27],
and we would like to pursue a Riemannian framework for analyzing ODFs, similar
to past frameworks for analyzing diffusion tensors. However, since this space is quite
different from the set of diffusion tensors, the earlier methods do not naturally extend
to HARDI data and new ideas are needed. A major difference in HARDI data, from
the DTI data, is that the ODFs are functions, and this function space is an infinite-
dimensional space.

We start with the question: What Riemannian structures are suitable for ana-
lyzing HARDI data? Keep in mind that an important use of HARDI data (or ODF
fields) is in tractography, i.e. the task of discovering major fluid pathways in the
human brain using orientations of ODFs.Any ODF has three specific properties of in-
terest: (i) direction(s) of diffusivity or orientation(s), (ii) diffusivity pattern or shape,
(iii) global magnitude of diffusivity or scale. By analyzing the elements of an ODF
field, one directly works with these three features – orientation, shape, and scale – and
their relative contributions in the analysis are as dictated by the chosen metric. Many
researchers tend to focus on the shape and orientations of the ODFs by removing the
scale variability. They do so by treating the space of ODFs as a space of probability
density functions (PDFs) (by normalizing them). The space of all PDFs can become
a Hilbert manifold by choosing a Riemannian structure. So far, there have been two
main choices of Riemannian metrics for the space of PDFs: the Euclidean metric
and the Fisher-Rao metric (described more thoroughly in the next paragraph). It
should be noted that we will describe these metrics only in the space of probability
density functions; however, they can be applied to the space orientation distribution
functions in a similar way.

Since PDFs are functions on a sphere, a simple idea is to use the standard Eu-
clidean metric. The geodesic paths under this metric are straight lines, and the
geodesic distances are given by the Euclidean norms of the differences. Surprisingly,
despite its simplicity, very few past papers have actually used this metric for HARDI
data analysis. Another idea that has become increasingly popular in recent years, is
the use of the Fisher-Rao Riemannian metric. This metric was introduced by Rao
[28], for comparing populations using the Fisher information matrix, and was used
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extensively for comparing parametric families in the 70’s and 80’s [29, 30, 31]. More
recently, the nonparametric version of the Fisher-Rao metric has become prominent
for studying PDFs [32], and was first applied to HARDI data in a study about fiber
connectivity of the brain [33]. Subsequent use of the metric was adapted in [34, 35].

While using the Fisher-Rao Riemannian framework has led to further advance-
ments in analyzing HARDI data, the resulting physical interpretations of shape and
orientation, based on this framework, are limited in meaning for the analysis of het-
erogeneously oriented fiber tracts. Under this metric, geodesics yield paths which do
not provide biologically feasible diffusion patterns. These computations are especially
important when utilizing processing techniques (e.g. tractography), where the shape
and orientation of diffusion per voxel are both of equal importance. It must be noted
that very few papers have compared or justified the usage of the Fisher-Rao metric
over the L2 metric. In fact, for most of the framework suggested in the past, we expect
results from the L2 metric to be similar to those from the Fisher-Rao metric. The
potential advantage of using the Fisher-Rao metric is the following. It is well-known
that the Fisher-Rao metric allows the re-parameterizations of functions via isometries,
but none of the papers in HARDI data analysis have utilized re-parameterizations of
PDFs. So, that advantage of Fisher-Rao metric is voided!

In this paper, we highlight a major disadvantage of using either the L2 metric
or the Fisher-Rao metric directly. The main problem lies in the fact that in a di-
rect formulation, the shape and the orientation features are intermingled and, as a
result, the geodesic paths between PDFs go through PDFs that are not amenable
to biological interpretations. To improve upon the existing framework, we propose a
novel Riemannian framework for analyzing PDFs in HARDI data sets that is useful
in comparing, interpolating, and processing PDFs. In this framework, we suggest a
modification to the Fisher-Rao metric that removes orientation from PDFs and treats
the shape and orientation as two separate variables. Furthermore, the two variables
are later combined to form paths that incorporate both shape and orientation con-
currently. Thus, at each voxel, the proper shape and orientation of diffusion is given
when processing techniques such as interpolation and tractography are instituted.
Improving the physical interpretation of these techniques, under the modified metric,
will enhance the construction and interpretation of connectivity paths in the brain.

To clarify further, the problem and proposed solution are illustrated with an ex-
ample in Fig. 2.3. In the top row on the left, two PDFs are shown and we want to
interpolate between them. Though the PDFs are similar in shape, they differ in ori-
entation; this situation occurs when we have a single fiber tract passing through each
associated voxel in two different directions. The geodesic path between them (top
row, right), under the Fisher-Rao metric, looks unnatural. This path, when viewed
as a deformation of PDFs, basically removes one peak and creates another peak in a
new oriented location. As a result, the half-way point, which can be used as a statis-
tical average of the two PDFs, shows two half peaks. This average does not provide
a good physical interpretation involving fiber tracts and their orientations. A better
path would have been one in which the PDF rotates from one orientation to another,
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3-D PDFs Geodesic under Fisher-Rao metric

2-D PDFs Geodesic under Fisher-Rao metric

Combined Path

Figure 1.5: Interpolation Paths between two PDFs.

while preserving the shape features along the interpolated path. To demonstrate the
issue better, we also present an example of two PDFs on a unit circle (middle row,
left) and show a geodesic between them under the Fisher-Rao metric. As in the 3-D
case, this geodesic suffers from a similar limitation. We would like a path in the bot-
tom row, where the PDF seems to rotate from left to right, while its shape changes
simultaneously.

1.3 Contributions

By rescaling an ODF such that it integrates to one, a PDF results. This collection
of PDFs, form a statistical, differentiable manifold where each density denotes a point
on the manifold [28]. Using the inherent geometry of the manifold, analyses of PDFs
such as interpolation and statistics can be performed via the computation of combined
paths. In order to form these paths, a Riemannian structure must be developed
which is foundationally based on the choice of Riemannian metric; a proper choice
of representation for an PDF is of equal importance as it can affect the difficulty in
computing paths.

In the following chapters, the square-root representation is used to represent PDFs,
and the Fisher-Rao metric is used as the foundation for the novel Riemannian frame-
work, in which we propose a modification that removes orientations from PDFs and
treats them as separate variables. This framework provides a way for the comparison
of any two PDFs based on separate comparisons of their shapes and orientations.
These ideas are demonstrated by computing interpolation paths between PDFs and
Karcher means of PDFs, for both the original Fisher-Rao metric and the proposed
framework. In conclusion, we hope this framework will provide a solid basis for ad-
vancement in the processing and interpretation of HARDI data.

The rest of this paper is organized as follows: Chapter 2 presents a discussion on
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the analysis of PDFs on the unit circle under the original and modified Riemannian
framework. Chapter 3 presents a discussion on the analysis of PDFs on the unit sphere
under the original and modified Riemannian framework. Chapter 4 presents applica-
tions using tools from differential geometry discussed in earlier chapters. Chapter 5
contains concluding remarks and discusses future work ideas.
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CHAPTER 2

ANALYSIS OF ODFS ON THE UNIT
CIRCLE

We discuss the analysis of ODFs on S1 before proceeding to the discussion of ODFs on
S2. As a first step, we rescale each ODF to form a PDF and then we study the space
of all PDFs as a differentiable manifold. On this manifold, we impose a Riemannian
structure via the Fisher-Rao metric and discuss the computation of geodesic paths.
This process is greatly simplified by using the square root functions of the PDFs,
since the underlying space can be transformed to a unit sphere. For a unit sphere,
the tools of differential geometry are well-known and result in closed-form expressions.
Simulations demonstrating the use of these tools are presented to validate the theory
of this Riemannian framework. Furthermore, these analytical tools are re-defined for
the modification of the Fisher-Rao metric.

2.1 Riemannian Representation of PDFs on the

Unit Circle

An ODF, F, is a non-negative, real-valued function on S1, F : S1 → R>0. By
rescaling an ODF such that it integrates to one, we obtain a PDF:

g(s) =
F (s)

∫

S1 F (s)ds
, s ∈ S1.

Hence forward, ODFs can be mapped into PDFs and studied as such. The space of
PDFs on S1 is defined as:

P = {g : S1 → R>0 |

∫

S1

g(s)ds = 1}.

The space P is not a vector space, but it forms a differentiable manifold. There is
no inherent notion of distance on the manifold. To introduce a measure of distance,
we have to choose a Riemannian metric on P. We start by defining the tangent space

9



at point g ∈ P as:

Tg(P) = {v : S1 → R |

∫

S1

v(s)ds = 0}.

Thus, the tangent space consists of functions that integrate to zero. A Riemannian
metric is an inner product defined on the tangent spaces at all points on P :

φg : Tg(P) × Tg(P) → R.

A differentiable manifold equipped with a Riemannian metric, φg(v1, v2), is called
a Riemannian manifold. On a Riemannian manifold M, the metric establishes the
concept of length. Given a path ψ : [0, 1] → M , parameterized on a Riemannian

manifold, differentiable everywhere on [0,1],
dψ

dt
is considered to be an element of the

tangent space Tg(M). The length of this tangent vector is defined in the following
way:

√

φg(
dψ

dt
,
dψ

dt
).

Using the length of the tangent vector, the length of the path ψ is given by:

L[ψ] =

∫ 1

0

√

φg(
dψ

dt
,
dψ

dt
)dt.

In addition to finding the length, the distance between two points g1, g2 ∈ M is
defined to be the infimum of the lengths of all smooth paths on the manifold starting
at g1 and ending at g2:

d(g1, g2) = inf
ψ:[0,1]→M |ψ(0)=g1,ψ(1)=g2

L[ψ].

The path, ψ∗, which minimizes d(g1, g2), is defined to be the geodesic between g1 and
g2 on M, where ψ∗ is, locally, the shortest distance between two points.

In 1945, Rao introduced a Riemannian metric on P known as the Fisher-Rao
metric [28]. It should be noted the L2 metric on P is also available. However, in
this work, we use the Fisher-Rao metric given its many important properties that are
relevant for HARDI data analysis. For a given point g ∈ P and v1, v2 ∈ Tg(P), the
Fisher-Rao metric is given by:

〈v1, v2〉 =

∫

S1

v1(s)v2(s)
1

g(s)
ds.

Being the only metric that is invariant to reparameterizations of PDFs [36], it is the
most natural choice of Riemannian metric for P. However, using this representation
directly can be burdensome, since it is quite difficult to ensure that g remains non-
negative from point to point along the whole geodesic path [32]. Thus, a square-root
representation [37] is introduced where the Fisher-Rao metric reduces to the standard
L2 metric.
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In this scheme, a PDF g ∈ P is represented by its positive square-root h(s) =
+

√

g(s); such a function is also called a half-density. A half-density has the property
that its L2 norm is given by:

∫

S1

h(s)2ds =

∫

S1

g(s)ds = 1.

Therefore, the space of all such half-densities is given by:

H = {h : S1 → R>0 | h(s) = +
√

g(s), g ∈ P},

which is the positive orthant of the unit Hilbert sphere in L2.

Lemma 1 Under the square-root representation, the Fisher-Rao metric becomes the

L2 metric.

Proof: Under the square-root representation, a tangent vector w ∈ Th(H) is related
to the corresponding vector v ∈ Tg(P) by v(s) = 2

√

g(s)w(s). In the new space, the
Fisher-Rao metric becomes:

〈v1, v2〉P =

∫

S1

v1(s)v2(s)
1

g(s)
ds

=

∫

S1

2
√

g(s)w1(s)2
√

g(s)w2(s)
1

g(s)
ds

= 4

∫

S1

w1(s)w2(s)ds

= 4〈w1, w2〉L2

∝ 〈w1, w2〉L2

.

Another important property of the Fisher-Rao metric is the preservation of dis-
tance between reparameterized functions. In the current thesis, we will restrict to
only rigid rotations of PDFs. In future work, we plan to use reparameterizations to
register points across PDFs.

Lemma 2 Under the the Fisher-Rao metric, reparameterization is by isometries.

Proof: Under the square-root representation, let w1, w2 ∈ Th(H), for some h ∈ H, and
γ ∈ Γ be a reparameterization function. The reparameterization function takes h to
(h◦γ)

√

γ′ and wi to w̃i ≡ (wi◦γ)
√

γ′ . The inner product after the reparameterization
is given by:

11



〈w̃1, w̃2〉L2 =

∫

S1

w̃1(s)w̃2(s)ds

=

∫

S1

(w1 ◦ γ(s))

√

γ(s)
′

(w2 ◦ γ(s))

√

γ(s)
′

ds

=

∫

S1

w1(t)w2(t)dt where t = γ(s)

= 〈w1, w2〉L2

.

. Hence, under the square-root representation, the L2 metric is invariant to reparame-
terizations. See Figure 2.1 for a visual reinforcement of the square-root representation
and Fisher-Rao metric transformation.

Figure 2.1: Square-Root Mapping and Fisher-Rao Metric

In the Hilbert space of square-integrable functions (L2), the L2 metric is defined
not only on the tangent vectors, but also on the elements of L2. Thus, for any points
on H ⊂ L2, for which the differential geometry of the unit sphere H is well-known, we
have closed-form expressions of geodesics, exponential maps, and inverse exponential
maps.

12



2.2 Square-Root Representation Space of PDFs

on the Unit Circle

Differential Geometry

Using the Riemannian structure imposed on H, distances, geodesics, exponential
maps, and inverse exponential maps can be computed for functions on the unit circle.
The utilization of the proceeding tools simplifies subsequent statistical and imaging
analyses of HARDI data.

1. Geodesic Distance

Since there is now a defined notion of length, the distance between two functions
(points on a manifold) is defined as the length of the shortest arc connecting
them on the sphere. To obtain the distance, we compute the inner product of
two functions h1, h2 on H, resulting in the Bhattacharyya spherical distance
[37], which measures the dissimilarity between functions h1 and h2:

dH = dH(h1, h2) = cos−1(

∫

S1

h1(s)h2(s)ds).

This arc-length, dH, also defines the length of a path between two points on H
with the greatest possible distance being π/2.

2. Geodesic

Furthermore, it is now possible to find a locally, distance-minimizing path be-
tween any two points known as a geodesic. The geodesic path on H, parame-
terized by dH, can analytically be expressed as:

ψH(t) =
1

sin(dH)
[sin(dH − t)h1 + sin(t)h2] .

A visual reinforcement of this idea is shown in Figure 2.2.

Although this framework is convenient for the analysis of probability densities,
the results obtained for geodesics in this representation space are not always
meaningful in physical terms as demonstrated below.

Simulated data was used to generate geodesics on the unit circle S1. The von
Mises density, used to simulate such data, is given by:

g(θ; µ, a) =
ea cos(θ−µ)

∫

S1 ea cos(θ−µ)
.

The a represents the concentration parameter, which controls how strongly
concentrated the density is around the mean µ. Thus, large values of a imply
strong concentration or small variance (vice versa).
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Figure 2.2: Visualization of Geodesic Path in H

In Figure 2.3, we see there is an unnatural deformation between two PDFs along
the geodesic path. In one location, a PDF peak is removed while another peak is
created in a different location. This deformation is unnatural since orientation
is unaccounted for, resulting in a path lacking physical interpretation.

Remark: In this paper, we use half density functions (HDFs) to perform the
analysis, but eventually display the results using the corresponding PDFs.

g1 g2 Geodesic path in H

Figure 2.3: Geodesic path between two von Mises PDFs in H - Example 1.

A few more experimental results are given below in Figure 2.4 and Figure 2.5
to reiterate the limited physical interpretation under the original Fisher-Rao
metric. As seen in the preceding example, there is an unnatural deformation
between the two PDFs along the geodesic path. In one location, a PDF peak
is removed, while another peak is created in a different location.
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g1 g2 Geodesic path in H

Figure 2.4: Geodesic path between two von Mises PDFs in H - Example 2.

g1 g2 Geodesic path in H

Figure 2.5: Geodesic path between two von Mises PDFs in H - Example 3.

3. Exponential Map

The exponential map on a sphere, exp : Th(H) → H, is a mapping from the
tangent space of the manifold to the manifold itself, parameterized using a
direction wH ∈ Th(H). Given h ∈ H and wH ∈ Th(H), the analytical expression
for an exponential map is defined as:

exph(wH) = cos(t ‖ wH ‖)h + sin(t ‖ wH ‖)
wH

‖ wH ‖

As long as ‖ wH ‖∈ [0, π], the exponential map is a bijection.

4. Inverse Exponential Map

The inverse exponential map on a sphere is a mapping from the manifold to the
tangent space of the manifold. Given h1, h2 ∈ H, exp−1

h1
(h2) : H → Th1

(H) is a
direction, wH ∈ Th(H), given by:

wH = exp−1
h1

(h2) =
dH [h2 − cos(dH)h1]

sin(dH)
, dH = cos−1(〈h1, h2〉)

Interpolation

Interpolation is often used when constructing a continuous MRI image from a
discrete one (i.e. higher spatial resolution). This entails filling in missing data between
known discrete, sample points. Given two points g1, g2 ∈ P and thus h1, h2 ∈ H, how
can we interpolate between them? A natural solution is to use the geodesic path
between the two points. An example is demonstrated in Figure 2.3. In the left of this
figure, two PDFs are given. On the right, a geodesic path is constructed between the
two PDFs. The intermediate points along this path are used as interpolation points
to fill in missing data between the two known points.
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Statistical Analysis

A statistical analysis on a manifold often involves its tangent bundle, since the
tangent spaces are vector spaces that allow more conventional statistics to be per-
formed. This entails using the differential geometry tools previously described (i.e.
exponential and inverse exponential map) to enable mappings between the manifold
H and its tangent space at a point h, Th(H).

One descriptive statistic that is often used when analyzing a data set is the sample
mean. While sample mean is easily computed when dealing with vector spaces, this
becomes much more difficult to define on a manifold intrinsically.

On a manifold, the intrinsic mean is defined to be the point for which the distance
is minimized to all the other points on the manifold. The intrinsic mean on a manifold,
as given by Karcher [38], is defined to be the local minimizer of the cost function
ρ : M → R≥0 where:

ρ(µ) =

∫

S1

dH(µ, h)2f(µ)dµ.

The above general formula can be applied to a finite set of k discrete points on
H, where the minimizer equation becomes:

ρH(µ) =
1

k

k
∑

i=1

dH(µ, hi)
2.

Here dH is the geodesic distance on H. To find the value of µ that minimizes the
above equation, an iterative gradient-based search is used since we only seek a local
solution. The gradient of dH(µ, hi)

2, with respect to µ, is given by wHi
∈ Th(H) such

that expµ(wHi
) = hi. Thus, the gradient of the cost function is given by the sum:

1

k

k
∑

i=1

wHi
, wHi

= exp−1
µ (hi).

The mean is updated using step size ε, given by expµ(
ε

k

∑k

i=1 wHi
). This iterative

process, given in algorithmic form below, is repeated until the convergence criterion
is met, resulting in the average for a group of densities on H.

Algorithm: Karcher Mean on H

1. Choose an initial mean starting point µ0. Set j=0.

2. Calculate wHi
from µj to hi.

3. Compute the average direction vector: wH =
1

k

∑k

i=1 wHi
.

4. If ‖ wH ‖ is small, stop.
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Figure 2.6: Karcher mean of von Mises PDFs in H - Example 1.

Figure 2.7: Karcher mean of von Mises PDFs in H - Example 2.

5. If not, update µj by using the exponential map:

µj+1 = cos(t ‖ εwH ‖)µ + sin(t ‖ εwH ‖)
wH

‖ εwH ‖
.

6. Set j=j+1 and return to Step 1.

To compute the Karcher mean, simulated data was again generated using the von
Mises density. Figure 2.6 is an application of the preceding algorithm. In this figure,
four PDFs are given for which we wish to calculate the mean. Physically, one would
expect to see a mean that represents the average shape and orientation of the entire
sample; however, what results is an average showing four half peaks. This average
does not provide a good physical interpretation involving fiber tracts and their orien-
tations, and thus, no conclusive interpretation for the mean can be determined under
the current Fisher-Rao metric.

Below, a few more examples of the Karcher mean under the original Fisher-Rao
metric are given. In the two examples, Figure 2.7 and Figure 2.8, one can see no
interpretation about the mean shape or orientation can be made since the mean PDF
is composed of the multiple half-peaks, contributed from the sample PDFs in the top
row of each respective example. Based on these experimental results, no conclusive
interpretation for the mean can be determined under the current Fisher-Rao metric.

The role of geodesics and Karcher mean computations is important in PDF anal-
ysis, because they are used to interpolate between PDFs and to denoise PDFs, which,
in turn, are used in tractography. These examples indicate that the interpolations
and denoising of PDFs, using this framework, will be unsuitable for tractography.
Therefore, there is a need for an alternative idea.
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Figure 2.8: Karcher mean of von Mises PDFs in H - Example 3.

2.3 Shape Space of PDFs on the Unit Circle

The main idea in the proposed method is to separate the orientation from the
PDF and treat it as a separate variable. The remaining information in a PDF can
be considered a shape variable since it provides information about the shape of the
diffusivity function, but not its directionality. The removal of the orientation is ac-
complished using the algebraic quotient operation, and it is brought back as a separate
variable, using the product of manifolds, which is discussed in the next section.

First, we describe the framework for analyzing the shapes of PDFs. In order to
quantify dissimilarities in shapes of densities on S1, all reparameterization variability
must be removed. For densities on the unit circle, the variability of origin placement
must be removed. This entails removing all possible rotations of a density on the unit
circle. In doing so, a natural comparison is made between two rotationally aligned
densities on S1.

Changing the origin placement on S1 is the same as performing a rotation on the
unit circle. This rotation is a translation of points on S1, known as a translational
diffeomorphism, where the distance between points is preserved. This is an action of
S1 on H, providing the mapping: S1 ×H → H given by:

(τ, h) = h[(θ − τ)mod2π], θ, τ ∈ S1.

The reparameterized density, represented by (τ, h), has the same shape as the
original density h. In order to unify all possible representations of h, an equivalence
relation on H is defined. This is done by setting any two half-densities to be equivalent
if they are within a rotation of each other. Using the action of S1 on H, the equivalence
relation is specifically defined as follows: h1, h2 ∈ H are equivalent if and only if there
exists a τ ∈ S1, such that h2 = (τ, h1).

All possible reparameterizations of a density on S1, under an equivalence relation,
form an equivalence class of shapes, which are orbits under the action of S1. For a
density h ∈ H, the orbit is expressed in the following way:

[h] = ((τ, h) | τ ∈ S1).

Thus, for each h ∈ H, an equivalence class can be formed representing h. The set
of all equivalence classes is given by the shape space:

S = {[h] | h ∈ H} = H�S1.
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The latter implies that S is a quotient space of H, under the action of S1, essen-
tially removing reparameterization. The space, S, provides a natural way to quantify
dissimilarities between shapes of PDFs on S1, while completely ignoring their orien-
tations.

In Lemma 3, we state an important fact about the group action, S1.

Lemma 3 The action of S1 on the Riemannian manifold H is by isometries.

Differential Geometry of S

We use the Riemannian metric defined in the previous sections, in order to com-
pute distances, geodesics, exponential maps, and inverse exponential maps in S. How-
ever, we make some modifications to these differential geometry tools, which are given
in the proceeding section.

1. Geodesic Distance

In order to define the geodesic distance on S, we must first find the optimal
rotation. Then the distance is computed between the two shapes. Since S1 acts
on H by isometries (Lemma 3), then the Riemannian metric on H descends to
S. Thus, the distance between two half-densities on S can be defined as:

dS = dS([h1] , [h2]) = min
τ∈S1

dH(h1, (τ, h2)),

where [h2] is a closed, compact set. Hence the minimum exists. It may not be
unique. In case there are multiple minimums, we select one of them arbitrarily.
To compute the distance, we keep h1 fixed and find the optimal rotation τ ∗.
Then, define h̃2 = (τ ∗, h2) to be the rotation of h2 that minimizes the geodesic
distance between them. We use a convolution operation and Fast Fourier Trans-
form to solve this optimization problem efficiently. The details are as follows:

τ ∗ = min
τ∈S1

dH(h1(θ), h2(θ − τ))

= min
τ∈S1

cos−1

(
∫

S1

h1(θ)h2(θ − τ)dθ

)

= min
τ∈S1

cos−1

(
∫

S1

h1(θ)h2(τ − θ)dθ

)

, h2(τ − θ) = h2(−(θ − τ))

= max
τ∈S1

∫

S1

h1(θ)h2(τ − θ)dθ

.

This is a convolution between h1 and h2. Defining M(τ) ≡
∫

S1 h1(θ)h2(τ −θ)dθ,
the Fast Fourier Transform (F ) is used to compute the convolution M(τ) faster
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from the fact that F (h1h2(τ)) = F (h1)F (h2(τ)). The following algorithm
provides details to obtain τ ∗.

Algorithm: Rotational Alignment on S1

1. Compute G1 = F (h1) and G2 = F (h2(τ)).

2. Compute G = G1G2.

3. Let M=F−1(G).

4. τ ∗ = maxτ∈S1 M .

2. Geodesic

With distance defined on S, it is now possible to find a geodesic between two
rotationally aligned densities, h1 and h̃2, parameterized by θS :

ψS(t) = ˜[ψS(t)], where

˜[ψS(t)] =
1

sin(dS)

[

sin(dS − t)h1 + sin(t)h̃2

]

.

A visual reinforcement of this idea is shown in Figure 2.9.

Figure 2.9: Visualization of Geodesic Path in S
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In this space, we are able to gather pertinent information relating to the inter-
pretation of shape. This is seen in the following examples where simulated data
(i.e. von Mises density) was used to generate geodesics on the unit circle.

In Figure 2.10, the second density has been rotationally aligned to match the
first density, and there is a natural deformation in shape between the two func-
tions along the geodesic path. Some physical interpretation can be made about
the shape; however, the orientation is still unaccounted for in this space, which
plays an important role in the directionality of diffusion.

g1 g2 g̃2 Geodesic path in S

Figure 2.10: Geodesic path between two von Mises PDFs in S - Example 1.

A few more experimental results demonstrating the geodesic paths of shape are
given in Figure 2.11 and Figure 2.12. While there is still limited meaning since
the orientation has been removed, we are still able to gather some understanding
about the shape of diffusion as shown. Thus, as described in previous sections,
we are able to make comparisons and interpolations between shapes.

g1 g2 g̃2 Geodesic path in S

Figure 2.11: Geodesic path between two von Mises PDFs in S - Example 2.

g1 g2 g̃2 Geodesic path in S

Figure 2.12: Geodesic path between two von Mises PDFs in S - Example 3.
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3. Exponential Map

The exponential map on a sphere in the space S, exp : Th(S) → S, is a mapping
from the tangent space of the manifold to the manifold itself, parameterized
using a direction wS ∈ Th(S).

Given h ∈ H and wS ∈ Th(S), the analytical expression for an exponential map
is defined as:

exph(wS) = cos(t ‖ wS ‖)h + sin(t ‖ wS ‖)
wS

‖ wS ‖
.

As long as ‖ wH ‖∈ [0, π], the exponential map is a bijection.

4. Inverse Exponential Map

The inverse exponential map on a sphere is a mapping from the manifold to the
tangent space of the manifold. Given h1, h2 ∈ H, exp−1

h1
(h2) : S → Th1

(S) is a
direction, wS ∈ Th(S), given by:

wS = exp−1
h1

(h̃2) =
dS

[

h̃2 − cos(dS)h1

]

sin(dS)
, dS = cos−1(< h1, h̃2 >).

Interpolation

For interpolation in S, we are only interested in the deformation of shape changes.
Given two points g1, g2 ∈ P and, thus h1, h2 ∈ H, how can we interpolate between
them. A natural solution is to use the geodesic path between the two points? An
example is demonstrated in Figure 2.10. In the left of this figure, two PDFs are
given. On the right, a geodesic path is constructed between the two PDFs, where a
deformation in shape is visibly seen along the geodesic path. The intermediate points
along this path are used as interpolation points to fill in missing data between the
two known points.

Karcher Mean Shape

The general theory for obtaining the mean on a manifold has previously been dis-
cussed; however, there are some notational changes that must be formally introduced.

The general formula can be applied to a finite set of k discrete points on S, where
the minimizer equation becomes:

ρS(µ) =
1

k

k
∑

i=1

dS(µ, hi)
2.

Here dS is the geodesic distance on S. To find the value of µ that minimizes the
above equation, an iterative gradient-based search is used since we only seek a local
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Figure 2.13: Karcher mean of von Mises PDFs in S - Example 1.

solution. The gradient of dS(µ, hi)
2, with respect to µ, is given by wSi

∈ Th(S), such
that expµ(wSi

) = hi. Thus, the gradient of the cost function is given by the sum:

1

k

k
∑

i=1

wSi
, wSi

= exp−1
µ (hi).

The mean is updated using step size ε, given by expµ(
ε

k

∑k

i=1 wSi
). This iterative

process, given in algorithmic form below, is repeated until certain convergence crite-
rion are met resulting in the average shape for a group of densities on S.

Algorithm: Karcher Mean Shape

1. Choose an initial mean starting point µ0. Set j=0.

2. Calculate wSi
from µj to hi.

3. Compute the average direction vector: wS =
1

k

∑k

i=1 wSi
.

4. If ‖ wS ‖ is small, stop.

5. If not, update µj by using the exponential map:

µj+1 = cos(t ‖ εwS ‖)µ + sin(t ‖ εwS ‖)
wS

‖ εwS ‖

6. Set j=j+1 and return to Step 1.

An application of the preceding algorithm can be seen in the top row of Figure
2.13, where four PDFs are given for which we wish to calculate the mean. The re-
sult that is produced is a physical interpretation of the mean shape for a group of
PDFs. Physically, one would expect to see a mean that represents the average shape
and orientation of the entire sample. However, the result is an average showing four
half peaks. Thus, in this space, we begin to obtain a more meaningful interpretation
about the average shape.

A few other examples are given in Figure 2.14 and Figure 2.15 illustrating how
the mean in the shape space is found. While this information is discarded, this is an
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Figure 2.14: Karcher mean of von Mises PDFs in S - Example 2.

Figure 2.15: Karcher mean of von Mises PDFs in S - Example 3.

improvement over the original Fisher-Rao metric, where the mean was a combination
of half-peaks. In this space, a meaningful interpretation about the mean shape for
a group of densities can be made providing information about the scatter pattern of
diffusion within a voxel. Comparing the Karcher means obtained in H and S, we
see there is a much clearer interpretation for the shape in S. Thus, µs is a better
alternative for denoising shapes, as far as the shapes of PDFs are concerned.

2.4 Analysis of Orientations of PDFs on the Unit

Circle

Since the orientation information of fiber tracts is important in tractography, we
cannot simply discard this information. As another intermediate step, we introduce
a space, S1, which contains information about the orientation of a PDF.

Before discussing differential geometry on this space, we introduce some represen-
tation. An element on S1 is represented by the angle τ ∈ [0, 2π), where 0 is identified
with the point 2π. Thus, each point of S1 is represented uniquely since 2π is not
allowed in the space.

Differential Geometry on S1

To introduce a measure of distance on S1, we begin by defining the tangent space
at a point τ ∈ S1 given by:

Tτ (S
1) = {v ∈ R2 |< v, τ >= 0}.

Thus, the tangent space consists of functions orthogonal to a point τ ∈ S1, which
result in a Euclidean inner product of zero. On a tangent space in this manifold, a
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Euclidean metric is defined in the following way:

φτ : Tτ (S
1) × Tτ (S

1) → R.

Under this metric, S1 becomes a Riemannian manifold, enabling the use of differential
geometry on the manifold for which distances, geodesics, and other tools can be
defined.

1. Geodesic Distance

The geodesic distance is the length of the shorter arc between two points, τ1, τ2 ∈
S1, given by the following expression:

dS1 = dS1(τ1, τ2) = min {|τ1 − τ2|, |τ1 + 2π − τ2|, |τ1 − 2π − τ2|} .

2. Geodesic

With distance defined on S1, it is now possible to define a geodesic between two
densities, τ1, τ2 ∈ S1, parameterized by dS1 :

ψS1(t) =
1

sin(dS1)
[sin(dS1 − t)τ1 + sin(t)τ2] .

3. Exponential Map

The exponential map for any τ ∈ S1 and v ∈ Tτ (S
1) is given by:

expτ (v) = (τ + v)mod2π.

4. Inverse Exponential Map

Similarly, the inverse exponential map is given by:

exp−1
τ1

(τ2) =







τ1 − τ2 if dS1(τ1, τ2) = |τ1 − τ2|
τ2 + 2π − τ1 if dS1(τ1, τ2) = |τ2 + 2π − τ1|
τ2 − 2π − τ1 if dS1(τ1, τ2) = |τ2 − 2π − τ1|.

Karcher Mean Orientation

The general theory for obtaining the mean on a manifold has previously been dis-
cussed; however, there are some notational changes that must formally be introduced
to find the mean orientation in S1.

The general formula can be applied to a finite set of k discrete points on S1 where
the minimizer equation becomes:

ρS1(µ) =
1

k

k
∑

i=1

dS1(µ, τi)
2.

25



To find the value of µ that minimizes the above equation, an iterative gradient-
based search is used since we only seek a local solution. The gradient of dS1(µ, τi)

2,
with respect to µ, is given by wS1

i
∈ Th(S

1), such that expµ(wS1
i
) = τi. Thus, the

gradient of the cost function is given by the sum:

1

k

k
∑

i=1

wS1
i
, wS1

i
= exp−1

µ (τi).

The mean is updated using step size ε, given by expµ(
ε

k

∑k

i=1 wS1
i
). This iterative

process, given in algorithmic form below, is repeated until the convergence criterion
is met, resulting in the average orientation for a group of densities on S1.

Algorithm: Karcher Mean Orientation

1. Choose an initial mean starting point µ0. Set j=0.

2. Calculate wS1
i

from µj to τi.

3. Compute the average direction vector: wS1 =
1

k

∑k

i=1 wS1
i
.

4. If ‖ wS1 ‖ is small, stop.

5. If not, update µj by using the exponential map:

µj+1 = (µj + εwS1)mod2π.

6. Set j=j+1 and return to Step 1.

Using this intermediary step to include information about the orientation of a
PDF, we now have full information about the PDF (i.e. shape and orientation),
which can be used to provide an improved physical interpretation of diffusion. The
use of the combined information is described in the next section.

2.5 Joint Shape and Orientation Space of PDFs

on the Unit Circle

The main idea, in the proposed method, is that we separate shape and orientation
features in PDFs and treat them as separate variables. We impose Riemannian met-
rics on the shape and orientation spaces, construct geodesic paths in these spaces, and
then combine them appropriately to form a combined path between PDFs. It will be
shown that these resulting combined paths provide better biological interpretations,
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and appear more biologically feasible than those under direct use of Fisher-Rao met-
ric. The result of interpolating and denoising of PDFs, under the modified framework,
will also show improvements for tractography purposes.

We are interested in jointly studying the shapes and orientations of PDFs. So far,
we have specified the shape and orientation spaces individually. Now, we are going
to combine them and form a new space. Having studied the differential geometries of
the shape and orientation spaces of a PDF, we introduce a new space. This is done
by forming a product space between the shape space S and the orientation space S1

given by G = S × S1. An element in G has two components: shape [h] ∈ S and
orientation τ ∈ S1.

What is the geometry of G? It is given by the product of geometries of S and S1.
As stated earlier, we will use the Fisher-Rao metric on the quotient space S and the
standard Euclidean metric on S1. The resulting combined path is given by:

ψG(t) = (ψS1(t), ψS(t)).

In particular, we combine the shape and the rotation at each time t. We take
the shape function at the tth time along the shape path and rotate it with a shift at
the same time in the orientation path. The resulting combined path has an effect of
having both the shapes and the orientations being changed simultaneously as we go
from h1 to h2.

Differential Geometry on G

We use the metrics defined on S and S1 in order to compute distances and com-
bined paths in G. However, we make some modifications to these differential geometry
tools, which are given in the proceeding section. These modifications will allow one to
have a better physical interpretation of the shape and orientation of PDFs in HARDI
data.

1. Distance

Since G is a product space consisting of shape and orientation, the distance on
G is given by combining the distance in S with the distance in orientation S1

as follows:

dG = dG(h1, h2) =
√

dS([h1], [h2])2 + dS1(τ1, τ2)2.

2. Combined Path

With the distance defined on G, it is now possible to define a path between two
densities h1, h2, parameterized by dG:

ψG(t) = −tτ ∗ψS(t).
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A visual reinforcement of this idea is shown in Figure 3.13 (the next chapter).

Applying this combined path formula to densities on a circle, we obtain a path
which takes the shape and orientation into account simultaneously, as seen in
Figure 2.16. In this figure, we see a path where the PDF seems to rotate from
left to right, while changing its shape simultaneously. One can see the com-
bined path in the joint shape and orientation space provides a better physical
interpretation, and the halfway point looks more feasible. Also, the deformation
along the path from one PDF to the other is most natural in G. In this case, the
shape is maximally preserved, and the orientation transforms itself from one to
another by a simple rigid rotation.

g1 g2 Combined path in G

Figure 2.16: Combined path between two von Mises PDFs in G - Example 1.

In Figure 2.17 and Figure 2.18, interpolations between two PDFs are made sim-
ilar to what was done in Figure 2.16. As described earlier, in this joint space,
the simultaneous change in orientation and shape allows for interpolation to
occur in a more natural way when compared to the other spaces.

g1 g2 Combined path in G

Figure 2.17: Combined path between two von Mises PDFs in G - Example 2.

Interpolation

For interpolation in the space G, we are interested in the deformation of shape
and change in orientation. While the eventual goal is to introduce interpolation over
an entire grid of MRI data, we introduce linear interpolation on G as a starting
point. Linear interpolation on a manifold requires the construction of a combined
path between two points, h1 and h2, as described in the previous section (e.g. see
Figure 2.16).
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g1 g2 Combined path in G

Figure 2.18: Combined path between two von Mises PDFs in G - Example 3.

Figure 2.19: Karcher mean of von Mises PDFs in G - Example 1.

Karcher Mean Shape and Orientation

Once we have selected a Riemannian framework, we can proceed with the statisti-
cal analysis needed for HARDI data. An important problem in HARDI data analysis
is the denoising of PDFs using information from neighboring voxels. In the statistical
framework, this can be performed by replacing an PDF at a voxel by the average of
the PDFs at its neighboring locations. The averaging of PDFs is performed using the
notion of Karcher mean on nonlinear manifolds. In the space G, we now have a way
of completely describing the average shape and orientation of a PDF. This leads to a
better physical interpretation when denoising is applied to a HARDI data set.

We have already described how to find the average shape for a group of densities.
To find the average orientation for a group of densities, we use the same algorithm
given to find the average shape. We then combine the two averages together resulting
in the following:

µG = (µS1 , µS).

Figure 2.19 provides visual confirmation that the mean computed in the joint
quotient and orientation space provides the best representation. For the four PDFs,
in the given figure, we calculate the mean. It is clear to see the mean computed in
G provides a better representation of the four densities, in terms of their shapes and
orientations. In the space G, we now have a way to completely describe the mean
shape and orientation. Hence, the physical interpretation in G improves upon the
interpretation in H. Thus, in this space, the denoising of PDFs will be much more
suitable for tractography.

The experimental results generated for the mean further confirm that the mean
in the joint quotient and orientation space provides the optimal interpretation for a
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Figure 2.20: Karcher mean of von Mises PDFs in G - Example 2.

Figure 2.21: Karcher mean of von Mises PDFs in G - Example 3.

PDF. As evidenced in Figure 2.20 and Figure 2.21, the average shape and orientation
for a group of PDFs is computed without discarding either of the two informative
characteristics. In a physical sense, the resulting mean in this space is the natural
representation for the shape and orientation of the scatter pattern for a group of PDFs.
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CHAPTER 3

ANALYSIS OF ODFS ON THE UNIT
SPHERE

The analysis of ODFs on S2 is discussed in this chapter. As a first step, we rescale
each ODF to form a PDF and then we study the space of all PDFs as a differentiable
manifold. On this manifold, we impose a Riemannian structure via the Fisher-Rao
metric and discuss the computation of geodesic paths. This process is greatly simpli-
fied by using the square root functions of the PDFs, since the underlying space can
be transformed to a unit sphere. For a unit sphere, the tools of differential geometry
are well-known and result in closed-form expressions. Simulations demonstrating the
use of these tools are presented to validate the theory of this Riemannian frame-
work. Furthermore, these analytical tools are re-defined for the modification of the
Fisher-Rao metric.

3.1 Riemannian Representation of PDFs on the

Unit Sphere

An ODF, F, is a non-negative, real-valued function on S2, F : S2 → R>0. By
rescaling an ODF such that it integrates to one, we obtain a PDF:

g(s) =
F (s)

∫

S2 F (s)ds
.

Here, s ≡ (θ, φ) where θ ∈ [0, π] and, φ ∈ [0, 2π). Hence forward, ODFs can be
mapped into PDFs and studied as such. The space of PDFs on S2 is defined as:

P = {g : S2 → R>0 |

∫

S2

g(s)ds = 1}.

The space P is not a vector space, but it forms a differentiable manifold. There is
no inherent notion of distance on the manifold. To introduce a measure of distance,
we have to choose a Riemannian metric on P. We start by defining the tangent space
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at point g ∈ P as:

Tg(P) = {v : S2 → R |

∫

S2

v(s)ds = 0}.

Thus, the tangent space consists of functions that integrate to zero. A Riemannian
metric is an inner product defined on the tangent spaces at all points on P :

φg : Tg(P) × Tg(P) → R.

A differentiable manifold equipped with a Riemannian metric, φg(v1, v2) is called
a Riemannian manifold. On a Riemannian manifold M, the metric establishes the
concept of length. Given a path ψ : [0, 1] → M , parameterized on a Riemannian

manifold, differentiable everywhere on [0,1],
dψ

dt
is considered to be an element of the

tangent space Tg(M). The length of this tangent vector is defined in the following
way:

√

φg(
dψ

dt
,
dψ

dt
).

Using the length of the tangent vector, the length of the path ψ is given by:

L[ψ] =

∫ 1

0

√

φg(
dψ

dt
,
dψ

dt
)dt.

In addition to finding the length, the distance between two points g1, g2 ∈ M is
defined to be the infimum of the lengths of all smooth paths on the manifold starting
at g1 and ending at g2:

d(g1, g2) = inf
ψ:[0,1]→M |ψ(0)=g1,ψ(1)=g2

L[ψ].

The path, ψ∗, which minimizes d(g1, g2), is defined to be the geodesic between g1 and
g2 on M, where ψ∗ is, locally, the shortest distance between two points.

In 1945, Rao introduced a Riemannian metric on P known as the Fisher-Rao
metric [28]. It should be noted the L2 metric on P is also available. However, in
this work, we use the Fisher-Rao metric given its many important properties that are
relevant for HARDI data analysis. For a given point g ∈ P and v1, v2 ∈ Tg(P), the
Fisher-Rao metric is given by:

〈v1, v2〉 =

∫

S2

v1(s)v2(s)
1

g(s)
ds.

Being the only metric that is invariant to reparameterizations of PDFs [36], it is the
most natural choice of Riemannian metric for P. However, using this representation
directly can be burdensome, since it is quite difficult to ensure that g remains non-
negative from point to point along the whole geodesic path [32]. Thus, a square-root
representation [37] is introduced where the Fisher-Rao metric reduces to the standard
L2 metric.
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In this scheme, a PDF g ∈ P is represented by its positive square-root h(s) =
+

√

g(s); such a function is also called a half-density. A half-density has the property
that its L2 norm is given by:

∫

S2

h(s)2ds =

∫

S2

g(s)ds = 1.

Therefore, the space of all such half-densities is given by:

H = {h : S2 → R>0 | h(s) = +
√

g(s), g ∈ P},

which is the positive orthant of the unit Hilbert sphere in L2.

Lemma 4 Under the square-root representation, the Fisher-Rao metric becomes the

L2 metric.

Proof: Under the square-root representation, a tangent vector w ∈ Th(H) is related
to the corresponding vector v ∈ Tg(P) by v(s) = 2

√

g(s)w(s). In the new space, the
Fisher-Rao metric becomes:

〈v1, v2〉P =

∫

S2

v1(s)v2(s)
1

g(s)
ds

=

∫

S2

2
√

g(s)w1(s)2
√

g(s)w2(s)
1

g(s)
ds

= 4

∫

S2

w1(s)w2(s)ds

= 4〈w1, w2〉L2

∝ 〈w1, w2〉L2 .

Another important property of the Fisher-Rao metric is the preservation of dis-
tance between reparameterized functions. In the current thesis, we will restrict to
only rigid rotations of PDFs. In future work, we plan to use reparameterizations to
register points across PDFs.

Lemma 5 Under the the Fisher-Rao metric, reparameterization is by isometries.

Proof: Under the square-root representation, let w1, w2 ∈ Th(H) for some h ∈ H and
γ ∈ Γ be a reparameterization function. The reparameterization function takes h to
(h◦γ)

√

γ′ and wi to w̃i ≡ (wi◦γ)
√

γ′ . The inner product after the reparameterization
is given by:

〈w̃1, w̃2〉L2 =

∫

S2

w̃1(s)w̃2(s)ds

=

∫

S2

(w1 ◦ γ(s))

√

γ(s)
′

(w2 ◦ γ(s))

√

γ(s)
′

ds

=

∫

S2

w1(t)w2(t)dt where t = γ(s)

= 〈w1, w2〉L2 .

33



Hence, under the square-root representation, the L2 metric is invariant to repa-
rameterizations.

In the Hilbert space of square-integrable functions (L2), the L2 metric is defined
not only on the tangent vectors, but also on the elements of L2. Thus, for any points
on H ⊂ L2, for which the differential geometry of the unit sphere H is well-known, we
have closed-form expressions of geodesics, exponential maps, and inverse exponential
maps.

3.2 Square-Root Representation Space of PDFs

on the Unit Sphere

Differential Geometry

Using the Riemannian structure imposed on H, distances, geodesics, exponential
maps, and inverse exponential maps can be computed for functions on the unit sphere.
The utilization of the proceeding tools simplifies subsequent statistical and imaging
analyses of HARDI data.

1. Geodesic Distance

Since there is now a defined notion of length, the distance between two functions
(points on a manifold) is defined as the length of the shortest arc connecting
them on the sphere. To obtain the distance, we compute the inner product of
two functions h1, h2 on H, resulting in the Bhattacharyya spherical distance
[37], which measures the dissimilarity between functions h1 and h2:

dH = dH(h1, h2) = dH(< h1, h2 >) = cos−1(

∫

S2

h1(s)h2(s)ds).

This arc-length, dH, also defines the length of a path between two points on H
with the greatest possible distance being π/2.

2. Geodesic

Furthermore, it is now possible to find a locally, distance-minimizing path be-
tween any two points known as a geodesic. The geodesic path on H, parame-
terized by dH, can analytically be expressed as:

ψH(t) =
1

sin(dH)
[sin(dH − t)h1 + sin(t)h2] .

Although this framework is convenient for the analysis of probability densities,
the results obtained for geodesics in this representation space are not always
meaningful in physical terms, as demonstrated below.
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Simulated data was used to generate geodesics on the unit sphere S2. The Fisher
density, used to simulate such data, is given by:

g(x; µ, κ) =
eκµT x

∫

S2 eκµT x
.

The κ represents the concentration parameter which controls how strongly con-
centrated the density is around the mean µ. Thus, large values of κ imply strong
concentration or small variance (vice versa).

Illustrated in Figure 3.1 (left), a geodesic-based interpolation is computed be-
tween two PDFs. In this figure, we see there is an unnatural deformation
between the two PDFs along the geodesic path. In one location, a PDF peak
is removed, while another peak is created in a different location. This defor-
mation is unnatural since orientation is unaccounted for, resulting in a path
lacking physical interpretation.

g1 g2 Geodesic path in H

Figure 3.1: Geodesic path between two Fisher PDFs in H - Example 1.

A few more experimental results are given below in Figure 3.2 and Figure 3.3
to reiterate the limited physical interpretation under the original Fisher-Rao
metric. As seen in the preceding example, there is an unnatural deformation
between the two PDFs along the geodesic path. In one location, a PDF peak
is removed, while another peak is created in a different location.

g1 g2 Geodesic path in H

Figure 3.2: Geodesic path between two Fisher PDFs in H - Example 2.

3. Exponential Map

The exponential map on a sphere, exp : Th(H) → H, is a mapping from the
tangent space of the manifold to the manifold itself, parameterized using a
direction wH ∈ Th(H). Given h ∈ H and wH ∈ Th(H), the analytical expression
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g1 g2 Geodesic path in H

Figure 3.3: Geodesic path between two Fisher PDFs in H - Example 3.

for an exponential map is defined as:

exph(wH) = cos(t ‖ wH ‖)h + sin(t ‖ wH ‖)
wH

‖ wH ‖
.

As long as ‖ wH ‖∈ [0, π], the exponential map is a bijection.

4. Inverse Exponential Map

The inverse exponential map on a sphere is a mapping from the manifold to the
tangent space of the manifold. Given h1, h2 ∈ H, the exp−1

h1
(h2) : H → Th1

(H)
is a direction, wH ∈ Th(H), given by:

wH = exp−1
h1

(h2) =
dH [h2 − cos(dH)h1]

sin(dH)
, dH = cos−1(〈h1, h2〉).

Interpolation

Interpolation is often used when constructing a continuous MRI image from a
discrete one (i.e. higher spatial resolution). This entails filling in missing data between
known discrete, sample points. Given two points g1, g2 ∈ P and thus h1, h2 ∈ H, how
can we interpolate between them? A natural solution is to use the geodesic path
between the two points. An example is demonstrated in Figure 3.1. In the left of this
figure, two PDFs are given. On the right, a geodesic path is constructed between the
two PDFs. The intermediate points along this path are used as interpolation points
to fill in missing data between the two known points.

Statistical Analysis

A statistical analysis on a manifold often involves its tangent bundle, since the
tangent spaces are vector spaces that allow more conventional statistics to be per-
formed. As previously described, this entails using the differential geometry tools to
enable mappings between the manifold H and its tangent space at a point h, Th(H).

One descriptive statistic that is often used when analyzing a data set is the sample
mean. While this is easily computed when dealing with vector spaces, this becomes
much more difficult to define on a manifold intrinsically.

On a manifold, the intrinsic mean is defined to be the point for which the distance
is minimized to all the other points on the manifold. The intrinsic mean on a manifold,
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as given by Karcher [38], is defined to be the local minimizer of the cost function
ρ : M → R≥0 where:

ρ(µ) =

∫

S2

dH(µ, h)2f(µ)dµ.

The above general formula can be applied to a finite set of k discrete points on
H, where the minimizer equation becomes:

ρH(µ) =
1

k

k
∑

i=1

dH(µ, hi)
2.

Here dH is the geodesic distance on H. To find the value of µ that minimizes the
above equation, an iterative gradient-based search is used since we only seek a local
solution. The gradient of dH(µ, hi)

2, with respect to µ, is given by wHi
∈ Th(H) such

that expµ(wHi
) = hi. Thus, the gradient of the cost function is given by the sum:

1

k

k
∑

i=1

wHi
, wHi

= exp−1
µ (hi).

The mean is updated using step size ε, given by expµ(
ε

k

∑k

i=1 wHi
). This iterative

process, given in algorithmic form below, is repeated until the convergence criterion
is met, resulting in the average for a group of densities on H.

Algorithm: Karcher Mean on H

1. Choose an initial mean starting point µ0. Set j=0.

2. Calculate wHi
from µj to hi.

3. Compute the average direction vector: wH =
1

k

∑k

i=1 wHi
.

4. If ‖ wH ‖ is small, stop.

5. If not, update µj by using the exponential map:

µj+1 = cos(t ‖ εwH ‖)µ + sin(t ‖ εwH ‖)
wH

‖ εwH ‖
.

6. Set j=j+1 and return to Step 1.

To compute the Karcher mean, simulated data was again generated using the
Fisher density. Figure 3.4 is an application of the preceding algorithm. For the four
PDFs in the figure, we calculate the mean. Physically, one would expect to see a mean
that represents the average shape and orientation of the entire sample. However, the
result is an average showing four half peaks. This average does not provide a good
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Figure 3.4: Karcher mean of Fisher PDFs in H - Example 1.

Figure 3.5: Karcher mean of Fisher PDFs in H - Example 2.

physical interpretation involving fiber tracts and their orientations, and thus, no con-
clusive interpretation for the mean can be determined under the current Fisher-Rao
metric.

Below, a few more examples of the Karcher mean under the original Fisher-Rao
metric are given. In the two examples, Figure 3.5 and Figure 3.6, we see no interpre-
tation about the mean shape or orientation can be made since the final mean PDF
is composed of the multiple half-peaks contributed from the sample PDFs. Based on
these experimental results, no conclusive interpretation for the mean can be deter-
mined under the current Fisher-Rao metric.

The role of geodesics and Karcher mean computations is important in PDF anal-
ysis, because they are used to interpolate between PDFs and to denoise PDFs, which,
in turn, are used in tractography. These examples indicate that the interpolations
and denoising of PDFs, using this framework, will be unsuitable for tractography.
Therefore, there is a need for an alternative idea.

3.3 Shape Space of PDFs on the Unit Sphere

The main idea in the proposed method is to separate the orientation from the
PDF and treat it as a separate variable. The remaining information in a PDF can be

Figure 3.6: Karcher mean of Fisher PDFs in H - Example 3.
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considered a shape variable as it provides information about the shape of the diffusiv-
ity function, but not its directionality. The removal of the orientation is accomplished
using the algebraic quotient operation, and it is brought back as a separate variable,
using the product of manifolds, which is discussed in the next section.

First, we describe the framework for analyzing the shapes of PDFs. In order to
quantify dissimilarities in shapes of densities on S2, all rotational variability must be
removed. This entails removing all possible rotations of a density on the unit sphere.
In doing so, a comparison is made between two rotationally aligned densities on S2

which is a natural way to compare shape.

We begin by considering a PDF g on a unit sphere S2 as a surface in R3. In other
words, we analyze the full graph of g, rather than the function g itself. With a slight
abuse of notation, we will represent the surface of g by g also. From here onwards, all
references to a PDF actually imply the underlying surface associated with the graph
of that PDF. Similarly, for the half density h, we will consider the surface formed by
the graph of h and will denote it by the same name.

Since an element h ∈ H is a surface in R3, the rotation group SO(3) acts on it
by rigid rotation around the origin of S2: SO(3) × H → H. Thus, for h ∈ H, the
following expression is obtained:

(O, h) = Oh, O ∈ SO(3).

Lemma 6 The action of SO(3) on the Riemannian manifold H is by isometries.

The reparameterized density represented by (O, h) has the same shape as the
original density h. In order to unify all possible representations of h, an equivalence
relation on H is defined. This is done by setting any two half-densities to be equivalent
if they are within a rotation of each other. Using the action of SO(3) on H, the
equivalence relation is specifically defined as follows: h1, h2 ∈ H are equivalent if and
only if there exists an O ∈ SO(3), such that h2 = (O, h1).

All possible rotations of a density on S2, under an equivalence relation, form an
equivalence class of shapes which are orbits under the action of SO(3). For a density
h ∈ H, the orbit is expressed in the following way:

[h] = ((O, h) | O ∈ SO(3)).

Thus, for each h ∈ H, an equivalence class can be formed representing h. The set
of all equivalence classes is given by:

S = {[h] | h ∈ H} = H�SO(3).

The latter implies that S is a quotient space of H, under the action of SO(3),
removing rotation. The space, S, provides a natural way to quantify dissimilarities
between shapes of PDFs, while completely ignoring their orientations.
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Differential Geometry

We use the Riemannian metric defined in the previous sections, in order to com-
pute distances, geodesics, exponential maps, and inverse exponential maps in S. How-
ever, we make some modifications to these differential geometry tools which are given
in the proceeding section.

1. Geodesic Distance

In order to define the geodesic distance on S, we must first find the optimal
rotation. Then, the distance is computed between the two shapes. Since SO(3)
acts on H by isometries, then the Riemannian metric on H descends to S. Thus,
the distance between two half-densities on S can be defined as:

dS = d([h1] , [h2]) = min
O∈SO(3)

d(h1, (O, h2)),

where [h2] is a closed, compact set. Hence the minimum exists. It may not be
unique. In case there are multiple minimums, we select one of them arbitrarily.
To compute the distance, we keep h1 fixed and find the optimal rotation, h̃2 =
(O∗, h2), that minimizes the geodesic distance between them. A gradient-based
approach has been implemented for solving this optimization problem. In order
to obtain a proper solution, an appropriate initial rotation must be selected.
This is done by evaluating a cost function over 360 rotations that form the
elements of symmetry of a dodecahedron. These rotations, known as Dodeca
elements, are denoted by X ∈ SO(3). Thus, the initial rotation will be the
Dodeca element, Oi ∈ X, that minimizes the distance between h1, h2 ∈ H:

Oinitial = min
Oi∈ X

‖ h1 − (O, h2) ‖
2, i = 1, 2, .., 360.

Using this initial starting point, the following gradient-based algorithm is intro-
duced to find the optimal rotation, O∗, between h1 and h2.

Algorithm: Gradient-Based Optimal Rotational Alignment

1. Set j=1 and O∗ = Oinitial.

2. Compute E[O∗] =
∫

S2 [h1(s) − (O∗, h2(s))]
2ds.

3. Compute αi =
E[O∗eǫWi ] − E[O∗]

ǫ
, i = 1, 2, 3, where ǫ > 0 is a small step

size, and Wi form a basis in three-dimensional space.

4. Compute O∗ = O∗e−δ[α1W1+α2W2+α3W3] where δ > 0 is a small step size.

5. If ‖ α ‖ small, then stop.

6. Set j=j+1 and return to Step 2.
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2. Geodesic

With distance defined on S, it is now possible to find a geodesic between two
rotationally aligned densities, h1 and h̃2, parameterized by θS :

ψS(t) = ˜[ψS(t)], where

˜[ψS(t)] =
1

sin(dS)

[

sin(dS − t)h1 + sin(t)h̃2

]

.

In this space, we are able to gather pertinent information relating to the inter-
pretation of shape. This can be seen in Figure 3.7, where the second density has
been rotationally aligned to match the first density. The geodesic path reveals a
natural deformation in shape between the two aligned functions. Some physical
interpretation can be made about the shape. However, the orientation is still
unaccounted for in this space, which plays an important role in the directional-
ity of diffusion.

g1 g2 g̃2 Geodesic path in S

Figure 3.7: Geodesic path between two Fisher PDFs in S - Example 1.

A few more experimental results regarding the geodesic paths of shape are given
in Figure 3.8 and Figure 3.9. While there is still limited meaning since the orien-
tation has been removed, we are still able to gather some understanding about
the shape of diffusion as shown. Thus, we are able to make comparisons and
interpolations between shapes.

g1 g2 g̃2 Geodesic path in S

Figure 3.8: Geodesic path between two Fisher PDFs in S - Example 2.

3. Exponential Map

The exponential map on a sphere in the space S, exp : Th(S) → S, is a mapping
from the tangent space of the manifold to the manifold itself, parameterized
using a direction wS ∈ Th(S).
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g1 g2 g̃2 Geodesic path in S

Figure 3.9: Geodesic path between two Fisher PDFs in S - Example 3.

Given h ∈ H and wS ∈ Th(S), the analytical expression for an exponential map
is defined as:

exph(wS) = cos(t ‖ εwS ‖)h + sin(t ‖ εwS ‖)
wS

‖ εwS ‖
.

As long as ‖ wH ‖∈ [0, π], the exponential map is a bijection.

4. Inverse Exponential Map

The inverse exponential map on a sphere is a mapping from the manifold to the
tangent space of the manifold. Given h1, h2 ∈ H, exp−1

h1
(h2) : S → Th1

(S) is a
direction, wS ∈ Th(S), given by:

wS = exp−1
h1

(h̃2) =
dS

[

h̃2 − cos(dS)h1

]

sin(dS)
, dS = cos−1(< h1, h̃2 >).

Interpolation

For interpolation in S, we are only interested in the deformation of shape changes.
Given two points g1, g2 ∈ P and, thus h1, h2 ∈ H, how can we interpolate between
them? A natural solution is to use the geodesic path between the two points. An
example is demonstrated in Figure 3.7, where the second density has been rotationally
aligned to match the first density. The geodesic path reveals a natural deformation
in shape between the two aligned functions. Along this path, the intermediate points
are used as interpolation points to fill in missing data between the two known points.

Karcher Mean Shape

The general theory for obtaining the mean on a manifold has previously been dis-
cussed; however, there are some notational changes that must formally be introduced.

The general Karcher mean formula can be applied to a finite set of k discrete
points on S where the minimizer equation becomes:

ρS(µ) =
1

k

k
∑

i=1

dS(µ, hi)
2.

Here dS is the geodesic distance on S. To find the value of µ that minimizes the
above equation, an iterative gradient-based search is used since we only seek a local
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Figure 3.10: Karcher mean of Fisher PDFs in S - Example 1.

solution. The gradient of dS(µ, hi)
2, with respect to µ, is given by wSi

∈ Th(S), such
that expµ(wSi

) = hi. Thus, the gradient of the cost function is given by the sum:

1

k

k
∑

i=1

wSi
, wSi

= exp−1
µ (hi).

The mean is updated using step size ε, given by expµ(
ε

k

∑k

i=1 wSi
). This iterative

process, given in algorithmic form below, is repeated until certain convergence crite-
rion are met resulting in the average shape for a group of densities on S.

Algorithm: Karcher Mean Shape for Spherical Data

1. Choose an initial mean starting point µ0. Set j=0.

2. Calculate wSi
from µj to hi.

3. Compute the average direction vector: wS =
1

k

∑k

i=1 wSi
.

4. If ‖ wS ‖ is small, stop.

5. If not, update µj by using the exponential map:

µj+1 = cos(t ‖ εwS ‖)µ + sin(t ‖ εwS ‖)
wS

‖ εwS ‖
.

6. Set j=j+1 and return to Step 1.

An application of the preceding algorithm can be seen in the following example,
where four PDFs are given (on the left), for which we calculate the Karcher mean. To
compute the mean, simulated data was again generated using the Fisher density. The
mean for the sample PDFs is displayed in the far right of this figure. Notice how the
shape features of the four densities have been preserved compared to the distorted
mean result obtained in the representation space.

Below, a few more examples for finding the Karcher mean in the shape space
are given. In the two examples, Figure 3.11 and Figure 3.12, we can see that only
information about the shapes is preserved. While the information about orientation
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Figure 3.11: Karcher mean of Fisher PDFs in S - Example 2.

Figure 3.12: Karcher mean of Fisher PDFs in S - Example 3.

has been discarded, this is an improvement over the original Fisher-Rao metric where
the mean was a combination of half-peaks. In this space, a meaningful interpretation
about the mean shape for a group of densities can be made providing information
about the scatter pattern of diffusion within a voxel. Comparing the Karcher means
obtained in H and S, we see there is a much clearer interpretation for the shape in
S. Thus, µs is a better alternative for denoising shapes, as far as the shapes of PDFs
are concerned.

3.4 Analysis of Orientations of PDFs on the Unit

Sphere

Since the orientation information of fiber tracts is important in tractography, we
cannot simply discard this information. Thus, we introduce a space, SO(3), which
contains information about the orientation of a PDF where an element on this space
is represented by the O ∈ SO(3).

Differential Geometry on SO(3)

First, we introduce the space SO(3) is contained in. We begin the discussion by
letting M(3) be the set of all 3 x 3 matrices which is a differentiable manifold as it is
identified with the set R3x3. Furthermore, we define an open subset of M(3) as the
set of non-singular matrices GL(3) = {O ∈ M(3) | det(O) 6= 0}. Not only is GL(3) a
differentiable manifold, but it is also a group with the group operation being matrix
multiplication and the identity element being the 3 x 3 identity matrix I3. Possessing
the dual structure of being a differentiable manifold and group, GL(3) becomes a Lie
group.
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Being interested in the spherical rotations, we focus on a subset of GL(3), which
is the set of all rotations in R3 denoted by:

SO(3) = {O ∈ GL(3) | det(O) = +1, OT O = I3}.

Since SO(3) is contained in GL(3), it inherits the dual structure of GL(3) and becomes
a Lie group as well. Using this inherent structure, we can define a tangent space on
SO(3). First, the tangent space at the identity matrix I3 ∈ SO(3) is given as the set
of skew-symmetric matrices:

TI3(SO(3)) = {W ∈ GL(3) | W T = −W}.

Using the tangent space at the identity matrix, the tangent space for any point
O ∈ SO(3) is a rotation of a skew-symmetric matrix since OI3 = O. It is given by:

TO(SO(3)) = {OW ∈ GL(3) | W T = −W}.

In this tangent space, TO(SO(3)), we define a Riemannian metric on SO(3) such that:

〈W1,W2〉 = trace
(

W1W
T
2

)

,

where W ∈ TO(SO(3)). Equipped with this metric, SO(3) becomes a Riemannian
manifold enabling the use of differential geometry on the manifold for which geodesics,
distances, and other tools can be defined.

1. Geodesics

Geodesics on SO(3) can be defined with respect to the Riemannian metric using
the exponential function of matrices given as:

exp(O) = I +
O

1!
+

O2

2!
+

O3

3!
+ ....

A geodesic, ψ(t), which passes through O with velocity vector OW at t=0 can
be formed on SO(3) using the exponential function of matrices via the following
expression:

ψSO(3)(t) = Oexp(tW ).

2. Geodesic Distance

The distance between two points O1, O2 ∈ SO(3) in the following way. At
t=1, O2 = O1expW . From this expression, the shooting vector between the
two points is W = logm(OT

1 O2). By finding the length of the vector W in the
shooting space from O1 to O2, we then have the distance between two points
on SO(3) given by:

dSO(3)(O1, O2) =‖ W ‖Frobenius . (3.1)
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3. Exponential Map

To take points from the tangent space of SO(3) to the manifold itself, we use
the exponential function of matrices which is an exponential map for SO(3) at
any point O ∈ GL(3) given by:

expO(OW ) = Oexp(W )

4. Inverse Exponential Map

To obtain the shooting vector in the tangent space between two points O1, O2 ∈
SO(3), we use the logarithmic function of matrices which is the inverse expo-
nential map for SO(3) at any point O ∈ GL(3) given by:

W = exp−1
O1

(O2) = logm(OT
1 O2)

Karcher Mean Orientation

The general theory for obtaining the mean on a manifold has previously been dis-
cussed; however, there are some notational changes that must formally be introduced
to find the mean orientation in SO(3).

The general formula can be applied to a finite set of k discrete points on SO(3)
where the minimizer equation becomes:

ρSO(3)(µ) =
1

k

k
∑

i=1

dSO(3)(µ,Oi)
2.

To find the value of µ that minimizes the above equation, an iterative gradient-
based search is used since we only seek a local solution. The gradient of dSO(3)(µ, Oi)

2,
with respect to µ, is given by Wi ∈ TO(SO(3)), such that expµ(Wi) = Oi. Thus, the
gradient of the cost function is given by the sum:

1

k

k
∑

i=1

Wi,Wi = exp−1
µ (Oi).

The mean is updated using step size ε, given by expµ(
ε

k

∑k

i=1 Wi). This iterative

process, given in algorithmic form below, is repeated until the certain convergence
criterion is met resulting in the average orientation for a group of rotations on SO(3).

Algorithm: Karcher Mean Orientation for Spherical Data

1. Choose an initial mean starting point Oµ0
. Set j=0.

2. Calculate Wi from Oµj
to Oi.

3. Compute the average direction vector: W =
1

k

∑k

i=1 Wi.
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4. If ‖ W ‖ is small, stop.

5. If not, update Oµj
by using the exponential map:

Oµj+1
= cos(t ‖ εW ‖)Oµj

+ sin(t ‖ εW ‖)
W

‖ εW ‖

6. Set j=j+1 and return to Step 1.

Using this intermediary step to include information about the orientation of an
PDF, we now have full information about the PDF (i.e. shape and orientation) which
can be used to provide an improved physical interpretation of diffusion. The use of
the combined information is described in the next section.

3.5 Joint Shape and Orientation Space of PDFs

on the Unit Sphere

The main idea, in the proposed method, is that we separate shape and orientation
features in PDFs and treat them as separate variables. We impose Riemannian met-
rics on the shape and orientation spaces, construct geodesic paths in these spaces, and
then combine them appropriately to form a combined path between PDFs. It will be
shown that these resulting combined paths provide better biological interpretations,
and appear more biologically feasible than those under direct use of Fisher-Rao met-
ric. The result of interpolating and denoising of PDFs, under the modified framework,
will also show improvements for tractography purposes.

We are interested in jointly studying the shapes and orientations of PDFs. So far,
we have specified the shape and orientation spaces individually. Now, we are going
to combine them and form a new space. Having studied the differential geometries of
the shape and orientation spaces of a PDF, we introduce a new space. This is done by
forming a product space between the shape space S and the orientation space SO(3),
given by G = S × SO(3). An element in G has two components: shape [h] ∈ S and
orientation O ∈ SO(3).

What is the geometry of G? It is given by the product of geometries of S and
SO(3). As earlier, we will use the Fisher-Rao metric on the quotient space S and the
standard Euclidean metric on SO(3). The resulting combined path is given by:

ψG(t) = (ψSO(3)(t), ψS(t))

In particular, we combine the shape and the rotation at each time to t. We take
the shape function at the tth time along the shape path and rotate it with a shift at
the same time in the orientation path. The resulting combined path has the effect of
simultaneously changing the shape and orientation along the path between h1 to h2.
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Differential Geometry on G

We use the metrics defined on S and SO(3) in order to compute distances and
combined paths in G. However, we make some modifications to these differential
geometry tools which are given in the proceeding section. These modifications will
allow one to have a better physical interpretation of the shape and orientation of
PDFs in HARDI data.

1. Distance

Since G is a product space consisting of shape and orientation, the distance on
G is given by combining the distance in S with the distance in orientation SO(3)
as follows:

dG = dG(h1, h2) =
√

dS([h1], [h2])2 + dSO(3)(O1, O2)2.

2. Combined Path

With distance defined on G, it is now possible to define a path between two
densities h1, h2, parameterized by dG:

ψG(t) = O(t)ψS(t).

where O(t) = exp(t log(O∗T )). A visual reinforcement of this idea is shown in
Figure 3.13.

Applying this combined path formula to densities on a sphere, we obtain a path
which takes the shape and orientation into account simultaneously, as seen in
Figure 3.14. In this figure, we see a path where the PDF seems to rotate from
left to right, while changing its shape simultaneously. One can see the com-
bined path in the joint shape and orientation space provides a better physical
interpretation, and the halfway point looks more feasible. Also, the deformation
along the path from one PDF to the other is most natural in G. In this case, the
shape is maximally preserved, and the orientation transforms itself from one to
another by a simple rigid rotation.

A few more experimental results regarding the combined paths of shape and
orientation are given in Figure 3.15 and Figure 3.16. As described earlier, in
this joint space, the simultaneous change in orientation and shape allows for in-
terpolation to occur in a more natural way when compared to the other spaces.
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Figure 3.13: Visualization of Combined Path in G

g1 g2 Combined path in G

Figure 3.14: Combined path between two Fisher PDFs in G - Example 1.

g1 g2 Combined path in G

Figure 3.15: Combined path between two Fisher PDFs in G - Example 2.

g1 g2 Combined path in G

Figure 3.16: Combined path between two Fisher PDFs in G - Example 3.

Interpolation

For interpolation in G, we are interested in the deformation of shape and change
in orientation. While the eventual goal is to introduce interpolation over an entire
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Figure 3.17: Karcher mean of Fisher PDFs in G - Example 1.

grid of MRI data, we introduce linear interpolation on G as a starting point. Linear
interpolation on a manifold requires the construction of a combined path between
two points, h1 and h2, as described in the previous section (e.g. see Figure 3.14).

Karcher Mean Shape and Orientation

Once we have selected a Riemannian framework, we can proceed with the statisti-
cal analysis needed for HARDI data. An important problem in HARDI data analysis
is the denoising of PDFs using information from neighboring voxels. In the statistical
framework, this can be performed by replacing a PDF at a voxel by the average of
the PDFs at its neighboring locations. The averaging of PDFs is performed using the
notion of Karcher mean on nonlinear manifolds. In the space G, we now have a way
of completely describing the average shape and orientation of a PDF. This leads to a
better physical interpretation when denoising is applied to a HARDI data set.

We have already described how to find the average shape for a group of densities.
To find the average orientation for a group of densities, we use the same algorithm
given to find the average shape. We then combine the two averages together resulting
in the following:

µG = (µSO(3), µS)

Figure 3.17 provides visual confirmation that the mean computed in the joint quo-
tient and orientation space provides the best representation. Four PDFs are given
for which we desire to calculate the Karcher mean. To compute the mean, simulated
data was again generated using the Fisher density. To the far right, the mean for the
sample PDFs is displayed. From this example, it is clear that the mean computed in
G provides a better representation of the four densities, in terms of their shapes and
orientations.

Below, a few more examples for finding the Karcher mean in the joint shape and
orientation space are given. In the two examples, Figure 3.17 and Figure 3.19, one
can see that information about the shape and orientation is preserved for the sample
densities given. In this space, a meaningful interpretation about the shape and orien-
tation for a group of densities can be made, providing information about the scatter
pattern and orientation of diffusion within a voxel. In the space G, we now have
a way to completely describe the mean shape and orientation. Hence, the physical
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Figure 3.18: Karcher mean of Fisher PDFs in G - Example 2.

Figure 3.19: Karcher mean of Fisher PDFs in G - Example 3.

interpretation in G improves upon the interpretation in H. Thus, in this space, the
denoising of PDFs will be much more suitable for tractography.
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CHAPTER 4

APPLICATIONS

We discuss applications using tools from differential geometry presented in previous
sections. Often times in medical imaging, there is missing data between functions
within a HARDI data set. Researchers often want to fill in the missing data, thus
creating a need for interpolation. Hence, one application of interest in this chapter
will be interpolation. We perform interpolation in the representation and joint shape-
orientation space using an experimental set-up involving 2-D and 3-D PDFs, as well
as HARDI data. The other major application of interest will be tractography. In
this application, researchers attempt to reproduce the neural fiber tracts within the
brain. This application is demonstrated using an experimental set-up involving 2-D
and 3-D PDFs. The results obtained in the joint shape-orientation space improve
upon the results obtained in the representation space under the Fisher-Rao metric.

4.1 Interpolation and Streamline Tractography

for 2-D PDFs

Interpolation

In this section, we consider an important application of this Riemannian frame-
work: interpolation between given PDFs. Earlier, the idea of linear interpolation
between two points on a Riemannian manifold was introduced. This is typically done
when one wants to fill in missing data between two functions. A more practical goal
is to perform interpolation between more than two functions. In applications us-
ing tractography (discussed later), missing data must be filled between neighboring
functions, typically forming a square grid, e.g. the four neighboring functions at the
corners of the square grid.

Using the presented Riemannian framework for the joint-shape orientation space,
we demonstrate grid interpolation on a square grid. In all the results presented here,
we assume that we are given PDFs at the four corners of a square, and our goal is to
interpolate PDFs at points along a uniform grid in that square. In these experiments,
we use unimodal 2-D densities with clear orientations (i.e. high diffusivity in a certain
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direction).
Let the position variables along the two sides be x and y taking values in {0, 1/5, 2/5, 3/5, 4/5, 1}.

The HDF at a location (x, y) is defined to be the weighted Karcher mean of the four
corner HDFs according to:

ĥxy = min
h∈G

(

w(1)
xy d(h, h0,0)

2 + w(2)
xy d(h, h1,0)

2 + w(3)
xy d(h, h0,1)

2 + w(4)
xy d(h, h1,1)

2
)

,

where the weights are given by:
w

(1)
xy = (1 − x)(1 − y), w

(2)
xy = x(1 − y), w

(3)
xy = (1 − x)y, and w

(4)
xy = xy.

Grid Interpolation

Von-Mises density functions, generated on a circle, are used to generate 2-D uni-
modal densities. Applying theory from the discussion section above, several results
are generated in Figures 4.1-4.4. The red PDFs are given at the four corners of the
grid, and the blue PDFs are the interpolated densities obtained using the weight-
ing scheme described earlier. Interpolation results, using the Fisher-Rao metric on
P, are shown in the left columns of the figure. Under this metric, one can see the
interpolated density shapes are frequently bimodal and lack clear orientation. One
can imagine using such interpolations for tractography applications, where we expect
the results will not be of good quality. Despite having narrow unimodal densities
(denoting clear tract orientations) at the corner, the tract orientations at the inter-
mediate voxels are ambiguous. In contrast, the results from interpolations in G are
much more structured. Not only are the intermediate PDFs unimodal, but also their
orientation is consistent with the direction of the given (corner) PDFs. This is due to
the modified formulation that preserves the shape and orientation structures of the
given information as much as possible.

Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.1: Interpolation of 2-D PDFs on a square grid - Example 1
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Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.2: Interpolation of 2-D PDFs on a square grid - Example 2

Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.3: Interpolation of 2-D PDFs on a square grid - Example 3
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Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.4: Interpolation of 2-D PDFs on a square grid - Example 4

55



Streamline Tractography

We further emphasize the differences between the representation and joint-shape
orientation space via streamline tractography [39, 40]. This method is executed by
assuming diffusion begins at a seed point usually given at the boundary of a square
grid. From this seed point, a fiber tract is assumed to propagate in the direction
of maximum diffusion within the voxel. When the voxel boundary is reached, the
tract then travels in the direction dictated by the ensuing voxel. In our experi-
ments, we introduce seed points at the bottom (or side) of a square grid, and perform
streamline tractography in the manner described in the above paragraph. Several
results are generated in Figures 4.5-4.8 demonstrating how interpolation in the joint
shape-orientation space improves tractography when compared to interpolation in the
representation space, which uses the Fisher-Rao metric on P. In the representation
space, the streamline tractography results are of poor quality, due to the emergence of
bimodal densities resulting from unimodal densities. The lack of having a clear prop-
agating direction results in an arbitrary direction being selected, possibly leading to
erroneous tractography results. For tractography in the joint shape-orientation space,
the improvement we see is a gradual transition in directions. There are no sudden
abrupt shifts in direction, since orientation smoothly changes. Furthermore, because
the shape is preserved, the interpolated densities are unimodal providing clear orien-
tations (i.e. there is no arbitrary selection of which direction to take when streamline
tractography is performed).

Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.5: Streamline Tractography of 2-D PDFs on a square grid - Example 1
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Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.6: Streamline Tractography of 2-D PDFs on a square grid - Example 2

Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.7: Streamline Tractography of 2-D PDFs on a square grid - Example 3
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Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.8: Streamline Tractography of 2-D PDFs on a square grid - Example 4
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4.2 Interpolation and Streamline Tractography

for 3-D PDFs

Interpolation

Fisher density functions, generated on a sphere, are used to generate 3-D unimodal
densities. Applying the theory from the 2-D discussion on interpolation in the previ-
ous section, several results are generated in Figures 4.9-4.12 for 3-D PDFs. The green
PDFs are given at the four corners of the grid, and the gray PDFs are the interpolated
densities obtained using the weighting scheme described earlier. Interpolation results,
using the Fisher-Rao metric on P , are shown in the left columns of the figure. Under
this metric, one can see the interpolated density shapes are frequently bimodal and
lack clear orientation. One can imagine using such interpolations for tractography
applications, where we expect the results will not be of good quality. Despite having
narrow unimodal densities (denoting clear tract orientations) at the corner, the tract
orientations at the intermediate voxels are ambiguous. In contrast, the results from
interpolations in G are much more structured. Not only are the intermediate PDFs
unimodal, but also their orientation is consistent with the direction of the given (cor-
ner) PDFs. This is due to the modified formulation that preserves the shape and
orientation structures of the given information as much as possible. Finally, it should
be noted, for visualization purposes the densities have been displayed in a 2-D plane.

Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.9: Interpolation of 3-D PDFs on a square grid - Example 1
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Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.10: Interpolation of 3-D PDFs on a square grid - Example 2

Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.11: Interpolation of 3-D PDFs on a square grid - Example 3
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Fisher-Rao Interpolation Shape-Orientation Interpolation

Figure 4.12: Interpolation of 3-D PDFs on a square grid - Example 4
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Streamline Tractography

As described for the 2-D case, we emphasize the differences between the repre-
sentation and joint-shape orientation space via streamline tractography. Once again,
several results are generated in Figures 4.13-4.16 demonstrating how interpolation in
the joint shape-orientation space improves tractography when compared to interpo-
lation in the representation space.

Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.13: Streamline Tractography of 3-D PDFs on a square grid - Example 1
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Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.14: Streamline Tractography of 3-D PDFs on a square grid - Example 2

Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.15: Streamline Tractography of 3-D PDFs on a square grid - Example 3
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Fisher-Rao Interpolation Fisher-Rao Streamline Tractography

Shape-Orientation Interpolation Shape-Orientation Streamline Tractography

Figure 4.16: Streamline Tractography of 3-D PDFs on a square grid - Example 4
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4.3 Application: HARDI Data

Diffusion Weighted Magenetic Weighted Images (DW-MRI) are used to generate
ODFs in HARDI data sets. The DWI data was provided by UCLA Laboratory
of Neuro Imaging. In the data set, 30 images were acquired: 3 with no diffusion
sensitization (i.e. T2-weighted images) and 27 diffusion-weighted images in which the
gradient directions were evenly distributed on the hemisphere. The reconstruction
matrix was 128x128, yielding a 1.8x1.8 mm2 in-plane resolution in-plane resolution.
Total scan time was 3.05 minutes [33]. The ODFs were reconstructed from the data
using a Cartesian Tensor basis method developed in [17, 18, 19].

Interpolation

In this section, we demonstrate how our framework performs on a HARDI data set.
We begin by discussing Figures 4.17, 4.19, and 4.21. These figures display the regions
of interest (ROI). The picture on the left depicts an MRI slice with a highlighted ROI,
i.e. the red box region. The image on the right is the ODF field contained in the ROI
in the left. Also, the images in the right of these figures contain a highlighted region.
This highlighted region is used to denote an actual path.

Following the figures depicting ROIs, we introduce the examples of linear inter-
polation between two PDFS in the representation and joint shape-orientation space
given in Figures 4.18, 4.20, and 4.22. In the left of each figure, two PDFs are given
denoted by f1 and f2. On the right, three paths are given. The first path is the ac-
tual path between two points in the HARDI data set. This path is selected from the
preceding figure (on the right) which highlights in red the actual path in the Region
of Interest ODF field. The second path is the geodesic path in the representation
space H between the two HARDI data points. The third path is the combined path
in the joint shape-orientation space G between the two HARDI data points. The
intermediate points along the paths in H and G are used as interpolation points to
fill in missing data between the two known points. In each example, we can see the
shape and orientation is distorted when interpolating between points with differing
shapes and orientations.
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Region of Interest in MRI Slice Region of Interest ODF Field

Figure 4.17: Selected Regions of Interest for HARDI Data - Example 1

f1 f2 Actual Path

Geodesic Path in Representation Space, H

Combined Path in Joint Shape-Orientation Space, G

Figure 4.18: Interpolation Paths in HARDI Data Set - Example 1.

Region of Interest in MRI Slice Region of Interest ODF Field

Figure 4.19: Selected Regions of Interest for HARDI Data - Example 2
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f1 f2 Actual Path

Geodesic Path in Representation Space, H

Combined Path in Joint Shape-Orientation Space, G

Figure 4.20: Interpolation Paths in HARDI Data Set - Example 2.

Region of Interest in MRI Slice Region of Interest ODF Field

Figure 4.21: Selected Regions of Interest for HARDI Data - Example 3

f1 f2 Actual Path

Geodesic Path in Representation Space, H

Combined Path in Joint Shape-Orientation Space, G

Figure 4.22: Interpolation Paths in HARDI Data Set - Example 3.
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Region of Interest in MRI Slice Region of Interest ODF Field

Figure 4.23: Selected Regions of Interest for HARDI Data - Example 4

f1 f2 Actual Path

Geodesic Path in Representation Space, H

Combined Path in Joint Shape-Orientation Space, G

Figure 4.24: Interpolation Paths in HARDI Data Set - Example 4.

Region of Interest in MRI Slice Region of Interest ODF Field

Figure 4.25: Selected Regions of Interest for HARDI Data - Example 5
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f1 f2 Actual Path H G

Figure 4.26: Interpolation Paths in HARDI Data Set - Example 5.

Region of Interest in MRI Slice Region of Interest ODF Field

Figure 4.27: Selected Regions of Interest for HARDI Data - Example 6
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f1 f2 Actual Path

Geodesic Path in Representation Space, H

Combined Path in Joint Shape-Orientation Space, G

Figure 4.28: Interpolation Paths in HARDI Data Set - Example 6.
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Grid Interpolation

With the ability to generate HARDI data field, we apply our framework to a single
axial slice of the data provided. The goal of this experiment is to generate the actual
square grid of HARDI data, then compare it to the interpolated field of PDFs in the
representation and joint shape-orientation space respectively, given the four corner
PDFs (in blue-green). In Figure 4.29 on the left, the actual HARDI data field is given.
On the top right, the interpolated field in the representation space is displayed; on
the bottom right, the interpolated field in the joint shape-orientation space is shown.
Though we are no longer dealing with unimodal densities, it is clear to see that in G
the shape is preserved, and the orientation transitions in a very smooth, gradual way.
Contrary to G, the interpolation in H is very distorted in some parts when compared
to the actual data field given. For example, in the top row of the interpolated field
in the representation space, we see the shape becoming distorted, as two bumps are
being created in different locations in that part of the grid. The orientation is also
affected since the bumps may not be in the proper locations.

HARDI Data Field Fisher-Rao Interpolation

Shape-Orientation Interpolation

Figure 4.29: Interpolation of HARDI Data Field on a square grid
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CHAPTER 5

CONCLUSIONS AND FUTURE WORK

We have proposed a novel Riemannian framework for analyzing PDFs (re-scaled
ODFs) in HARDI data sets. Under this framework, we demonstrate the compar-
ing, interpolating and averaging of such PDFs. Furthermore, for simulated 2-D and
3-D PDFs, we introduced streamline tractography.

The collection of PDFs formed a differentiable manifold where each density de-
notes a point on the manifold. Using the inherent geometry of the manifold, the
analyses of PDFs, such as interpolation and statistics, were performed via the com-
putation of geodesic paths. A Riemannian structure was developed, foundationally
based on the Fisher-Rao metric, to form these geodesics. Furthermore, the square-
root representation of PDFs was introduced to reduce the difficulty in computing
geodesic paths.

Utilizing the Fisher-Rao metric as the foundation for the novel Riemannian frame-
work, we proposed a modification that removed orientations from PDFs. Thus, the
shape and orientation of PDFs were treated as two separate variables. Moreover,
this framework provides a way for analyzing the shape and orientation for a group of
PDFs. These ideas were demonstrated and compared using the original Fisher-Rao
metric and the proposed framework, a modification of the Fisher-Rao metric.

In this paragraph, we mention a few areas for future exploration. Having intro-
duced a novel framework for a relatively new application, e.g. HARDI, the opportu-
nity for further exploration persists. A very necessary extension for this framework
is the denoising of a HARDI data set. Such data sets are known to be very noisy, i.e.
have a low SNR (signal-to-noise ratio) [41, 34, 42, 43, 44]. A noisy data set presents
many problems when attempting to perform interpolation or tractography. Thus it
is step that one must study before attempting to use this framework for the appli-
cations given in the previous sentence. Another immediate extension for simulated
PDFs and HARDI data is to perform interpolation and streamline tractography in
a cube. Grid interpolation has already been introduced for the simulated data and
HARDI data in a plane; also, streamline tractography was introduced for simulated
2-D and 3-D PDFs in a plane. After studying streamline tractography in a plane
for HARDI data, the exploration of interpolation and tractgraphy in a cube is the
next step. Moreover, it is a more applicable step, as the ultimate goal is to study
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brain connectivity in three dimensions - not in a plane. With the ability to study
connectivity in 3-D, one can begin to explore (validate) how different brain parts
are connected using our framework. Given the novelty of this framework, there is
ample opportunity to further investigate various methods, e.g. Principal Component
Analysis, involving HARDI data.

73



BIBLIOGRAPHY

[1] Wikipedia. File:skull and brain normal human.svg. — wikipedia, the free ency-
clopedia, 23 Dec. 2006. [Online; accessed 4-October-2010].

[2] Wikipedia. File:dti-sagittal-fibers.jpg. — wikipedia, the free encyclopedia, 22
Sept. 2006. [Online; accessed 2-October-2010].

[3] A. Einstein. Investigations on the theory of the brownian movement. New York:
Dover Publications, 1956.

[4] D. LeBihan, E. Breton, D. Lallemand, P. Grenier, E. Cabanis, and M. Laval-
Jeantet. Mr imaging of intravoxel incoherent motions: Application to diffusion
and perfusion in neurologic disorders. Radiology, pages 401–407, 1986.

[5] P.J. Basser, J. Mattiello, and D. LeBihan. Mr diffusion tensor spectroscopy and
imaging. Biophysica, 66:259–267, 1994.

[6] P.J. Basser, J. Mattiello, and D. LeBihan. Estimation of the effective self-
diffusion tensor from the nmr spin echo. Journal of Magnetic Resonance in

Medicine, 103:247–254, 1994.

[7] J. Tournier, F. Calamante, M. King, D. Gadian, and A. Connelly. Limitations
and requirements of diffusion tensor fiber tracking: an assessment using simula-
tions. Journal of Magnetic Resonance in Medicine, 47:701–708, 2002.

[8] D. Tuch, T. Reese, M. Wiegell, N. Makris, J. Belliveau, and V. Wedeen. High
angular resolution diffusion imaging reveals intravoxel white matter fiber hetero-
geneity. Journal of Magnetic Resonance in Medicine, 48:577–582, 2002.

[9] N. Fisher, T. Lewis, and B. Embleton. Statistical analysis of spherical data.
Cambridge University Press, 1993.

[10] L. Frank. Characterization of anisotropy in high angular resolution diffusion-
weighted mri. Journal of Magnetic Resonance in Medicine, 47:1083–1099, 2002.

[11] D. Alexander, G. Barker, and S. Arridge. Detection and modeling of non-gaussian
apparent diffusion coefficient profiles in human brain data. Journal of Magnetic

Resonance in Medicine, 48:331–340, 2002.

74



[12] Y. Chen, W. Guo, Q. Zheng, X. Yan, F. Huang, H. Zhang, G. He, B. Vemuri,
and Y. Liu. Estimation, smoothing, and characterization of apparent diffusion
coefficient profiles from high angular resolution dwi. In Computer Vision and

Pattern Recognition, volume 1, pages 588–593.

[13] Maxime Descoteaux, Elaine Angelino, Shaun Fitzgibbons, and Rachid Deriche.
Regularized, fast, and robust analytical q-ball imaging. Journal of Magnetic

Resonance in Medicine, 58:497–510, 2007.

[14] D. Tuch. Qball imaging. Journal of Magnetic Resonance in Medicine, 52:1358–
1372, 2004.

[15] D. Tuch. Diffusion MRI of Complex Tissue Structure. PhD thesis, Harvard
University and Massachusetts Institute of Technology, 2002.

[16] V. Weeden, P. Hagmann, W. Tseng, T. Reese, and R. Weisskoff. Mapping
complex tissue architecture with diffusion spectrum magnetic resonance imaging.
Journal of Magnetic Resonance in Medicine, 54:1377–1386, 2005.

[17] A. Barmpoutis and et al. Regularized positive-definite fourth-order tensor field
estimation from dw-mri. NeuroImage., 45:153–162, 2009.

[18] Y. Weldesellassie, A. Barmpoutis, and M. Atkins. A riemannian framework for
orientation distribution function computing. In MICCAI, volume 6361, pages
582–589, 2009.

[19] A. Barmpoutis and B.C. Vemuri. A unified framework for estimating diffusion
tensors of any order with symmetric positive-definite constraints. In ISBI, 2010.

[20] I. Dryden, A. Koloydenko, and D. Zhou. Non-euclidean statistics for covariance
matrices with applications to diffusion tensor imaging. The Annals of Applied

Statistics, 3(3):1102–1123, 2009.

[21] M. Moakher. A differential geometric approach to the geometric mean of sym-
metric positive-definite matrices. SIAM Journal of Matrix Analysis Applications,
26(3):735–747, 2005.

[22] A. Schwartzman. Random ellipsoids and false discovery rates: statistics for

diffusion tensor imaging data. PhD thesis, Stanford, 2006.

[23] X. Pennec, P. Fillard, and N. Ayache. A riemannian framework for tensor com-
puting. International Journal of Computer Vision, 66(1):41–66, 2006.

[24] V. Arsigny, P. Fillard, X. Pennec, and N. Ayache. Log-euclidean metrics for
fast and simple calculus on diffusion tensors. Journal of Magnetic Resonance in

Medicine, 56:411–421, 2006.

75



[25] C. Lenglet, M. Rousson, and R. Deriche. Dti segmentation by statistical surface
evolution. IEEE Transactions on Medical Imaging, 25:685–700, 2006.

[26] P. Fletcher and S. Joshi. Riemannian geometry for the statistical analysis of
diffusion tensor data. Signal Processing, 87(2):250–262, 2007.

[27] G. Kindlmann, Raul San Jose Estepar, Marc Niethammer, Steven Haker, and
C. Westin. Geodesic-loxodromes for diffusion tensor interpolation and difference
measurement. In MICCAI.

[28] C.R. Rao. Information and the accuracy attainable in the estimation of statistical
parameters. Bull. Calcutta Match Soc., 37:81–91, 1945.

[29] B. Efron. Defining the curvature of a statistical problem (with applications to
second order efficiency). Ann. Statist., 3:1189–1242, 1975.

[30] R. E. Kass and P. W. Vos. Geometric Foundations of Asymptotic Inference.
John Wiley & Sons, Inc., 1997.

[31] S. Amari. Differential Geometric Methods in Statistics. Lecture Notes in Statis-
tics, Vol. 28. Springer, 1985.

[32] A. Srivastava, I. H. Jermyn, and S. H. Joshi. Riemannian analysis of probability
density functions with applications in vision. In IEEE Conference on Computer

Vision and Pattern Recognition, 2007.

[33] M.C. Chiang and et.al. Mapping genetic influences on brain fiber architecture
with high angular resolution diffusion imaging (hardi). In ISBI, 2008.

[34] A. Goh, C. Lenglet, P. Thompson, and R. Vidal. A nonparametric riemannian
framework for processing high angular resolution diffusion images (hardi). In
IEEE Conference on Computer Vision and Pattern Recognition, 2009.

[35] J. Cheng, A. Ghosh, T. Jiang, and R. Deriche. A riemannian framework for
orientation distribution function computing. In MICCAI, 2009.

[36] N.N. Cencov. Statistical decision rules and optimal inferences, volume 53 of

Translations of Mathematical Monographs. AMS, 1982.

[37] A. Bhattacharyya. On a measure of divergence between two statistical pop-
ulations defined by their probability distributions. Bull. Calcutta Match Soc.,
35:99–110, 1943.

[38] H. Karcher. Riemann center of mass and mollifier smoothing. Communications

on Pure and Applied Mathematics, 30:509–541, 1977.

76



[39] S. Mori, B. Crain, V. Chacko, and et al. Three-dimensional tracking of axonal
projections in the brain by magnetic resonance imaging. Ann Neurol, 45:265–269,
1999.

[40] T. Conturo, N. Lori, T. Cull, and et al. Tracking neuronal fiber pathways in the
living human brain. In Proc Natl Acad Sci U S A, volume 96, pages 10422–10427.
Springer-Verlag, 1999.

[41] T. McGraw, E. Ozarslan, B.C. Vemuri, Y. Chen, and T. Mareci. Denoising and
visualization of hardi data. 2005.

[42] Y. Kim, P. Thompson, A. Toga, L. Vese, and L. Zhan. Hardi denoising: Varia-
tional regularization of the spherical apparent diffusion coefficient sadc. In IPMI,
2009.

[43] Y. Kim, P. Thompson, and L. Vesez. Hardi data denoising using vectorial total
variation and logarithmic barrier. Inverse Problems and Imaging, 4:273–310,
2010.

[44] V. Patel, S. Yonggang, P. Thompson, and A. Toga. K-svd for hardi denois-
ing. In Biomedical Imaging: From Nano to Macro, 2011 IEEE International

Symposium, 2011.

77



BIOGRAPHICAL SKETCH

Sentibaleng Ncube was born in Lafayette, Louisiana in 1983. He then relocated to
the state of Florida, with his parents, where he graduated from Pensacola Christian
Academy in the Spring of 2001. He went on to receive his B.S. in Electrical Engi-
neering from the University of Florida in the Summer of 2005. In the Fall of 2006, he
obtained his M.S. in Mathematical Sciences from the University of West Florida. He
moved to Tallahassee, FL in the Spring of 2007 to pursue a Ph.D. in the Department
of Statistics at the Florida State University. He conducted his research in the field of
medical imaging, under the advisement of Professor Anuj Srivastava, and successfully
defended his dissertation August 3, 2011.

Currently, Sentibaleng lives in Tallahassee with his wife and soon to be born son,
Johanne. He recently accepted a job with Nextera Energy Resources, and will be
moving to Juno Beach, FL.

78


	The Florida State University
	DigiNole Commons
	11-8-2011

	A Novel Riemannian Metric For Analyzing Spherical Functions With Applications To Hardi Data
	Sentibaleng Ncube
	Recommended Citation



