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∆L — The error in estimating the optimal retention for the X distribution imposed by
replacing the actual derivative of the percentile by the limit with the derivative of a normal
distribution in the equation for the optimal retention.
∆Lj — The error in estimating the optimal retention for the Xj distribution in a multiline
scenario imposed by replacing the actual derivative of the percentile by the limit with the
derivative of a normal distribution in the equation for the optimal retention.
∆M — The error in estimating the optimal retention for the Y distribution imposed by
replacing the actual derivative of the percentile by the limit with the derivative of a normal
distribution in the equation for the optimal retention.
ζ— Parameter used to represent a value near γ needed in the third order truncated Taylor
series expansion of h(γ).
θ— Parameter in negative binomial distribution reflecting gamma uncertainty distribution
for expected counts in Poisson distribution.
ι or ιk— Parameter modeling the correlated uncertainty as to the true average severity
(mean value) of both X and Y , or multiple Xj in a more two line of business situation, on
an unlimited basis.
λ— number of claims expected in a Poisson distribution for each exposure unit, associated
with the losses X.
λj — number of claims expected in a Poisson distribution for each exposure unit, associated
with the losses Xj in a multiline scenario.
µ◦ — Mean of the random variable entered in lieu of the ◦ symbol.
µ̃— µ parameter of lognormal distribution associated with a specific CV and lognormal
mean of unity.
ν — Indicated factor loading on the portion of the standard deviation that is uncorrelated
with the market, used in determining the market-indicated excess return for volatility un-
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correlated with the market as a whole.
φ— number of claims expected in a Poisson distribution for each exposure unit, associated
with the losses Y .
Φ(T )— The standard normal cumulative distribution function.
ψ— Parameter used to represent γ to denote the baseline scenario where γ = 1 when γ
is present with the value of unity in part of the formula and other values elsewhere in the
formula.
ρstock,market — correlation of a stock with that of the market as a whole.
σ◦ or σ2

◦
— Standard deviation or variance of the random variable entered in lieu of the ◦

symbol.
σmarket — standard deviation of the return of the market as a whole.
σstock — standard deviation of a stock’s return.
σ̃— σ parameter of lognormal distribution associated with a specific CV and lognormal
mean of unity.
τ — Parameter modeling the uncertainty as to the true average severity (mean value) of Y
on an unlimited basis that is uncorrelated with that of X.
a — A representative endpoint of an interval. Also the coefficient of variation of a claim
count uncertainty parameter and also the coefficient of variation of an average loss severity
scaling the values of the X’s.
A(L), A(a, L), etc. — Coefficient of variation of Tc(L) squared, plus unity,
(V ar[Tc(L)]/E

2[Tc(L)]) + 1. Used as key value in computing lognormal estimate to per-
centiles F−1

Tc(L)
(1 − p). Also, a coefficient used in combining coefficients to simplify the

analysis of the error in estimating the optimal retentions as a function of the error in esti-
mating the derivative.
b— A representative endpoint of an interval. Also the coefficient of variation of an average
loss severity scaling the values of the Y ’s. Also, the lower truncation point of a Pareto
distribution.
B— A coefficient used in combining coefficients to simplify the analysis of the error in
estimating the optimal retentions as a function of the error in estimating the derivative.
Also, a multiplier used to assign more utility to claims payments received on the grounds
that payments were promised by the insurance company and the claimant and others relied
on the promise.
c — The coefficient of variation of an average loss severity scaling the values of both the
X’s and the Y ’s.
c∗ —Correction factor needed for lognormal distribution derived from a source lognormal
(with CV of c) by taking exponent d. Correction is needed so that mean of the result is
unity.
C or C(L, p)— Capital investment in an an insurance company, or needed capital to limit
the probability of inability to pay all claims to p when each each individual claim is capped
at L by reinsurance or policy limits. Also, a coefficient used in combining coefficients to
simplify the analysis of the error in estimating the optimal retentions as a function of the
error in estimating the derivative.
Compound Poisson(nj, λj, sj)— Compound Poisson distribution with parameters nj

and λj and input distribution of sj for the jump sizes. ∼ Compound Poisson(nj , λj , sj)
would denote that a random variable is distributed accordingly.
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CV— Coefficient of variation. Standard deviation divided by the mean.
C — The estimated ratio of the error in the optimal retention to the error in estimating
the derivative of the funding percentile with respect to the limit with the derivative of its
normal approximation. Also, a matrix used in converting the L and M derivative errors
due to use of the normal approximation to the errors in the optimal retention estimates.
CL — The estimated ratio of the error in the optimal L-retention to the error in estimating
the L-derivative of the funding percentile with the derivative of its normal approximation.
CM —The estimated ratio of the error in the optimalM -retention to the error in estimating
the M -derivative of the funding percentile with the derivative of its normal approximation.
d— Parameter relating the relative impact of ι on Y to that on X. In multiline scenario
dj,k is power of impact of kth parameter uncertainty variable on values of Xj .

d̃(t)— Interpolated value for independent variable t.
D— A coefficient used in combining coefficients to simplify the analysis of the error in
estimating the optimal retentions as a function of the error in estimating the derivative.
[D] — A vector containing the partial derivatives with respect to various limits or caps of
the difference between the desired percentile of the aggregate distribution and the normal
approximation to it.
E1[◦] — Expected value of ◦ in the baseline scenario where the variables representing pa-
rameter variance are all unity, i.e., where there is no parameter variance.
f(x) or fX(x) — Mass of expected number of claims of exact size x.
FTc(L)(·) — Cumulative distribution function of the aggregate output of a compound Pois-
son or similar random variable, with individual claims/jump sizes capped at L, most com-
monly used in inverse form, the 100(1 − p)th percentile of the aggregate output of the
distribution, F−1

Tc(L)
(1− p).

FTc(L,M)(·) — Cumulative distribution function of the aggregate output of a two line of
business compound Poisson or similar random variable, with individual claims/jump sizes
from the X distribution capped at L and individual claims from the Y distribution capped
at M , most commonly used in inverse form, the 100(1 − p)th percentile of the aggregate
output of the distribution, F−1

Tc(L,M)(1− p).
FE —Fixed expense. Expenses that stay constant when premium increases.
g(t)— Value of fitted curve used in interpolation at independent variable t.
G(L, p) — Ratio of true percentile F−1

Tc(L)
(1 − p) to the normal approximation to it,

E[Tc(L)] + Φ−1(1− p)V ar1/2[Tc(L)]. Also used for lognormal approximation.
h(γ)or h(τ, ι)— Function used as placeholder for the value of the mean or variance, or
related moment of the severity distribution, associated with a specific value or set of values
of the parameter uncertainty placeholder γ.
i, etc. — Index running through the claims that actually are generated in a random sample
of claims, typically by a Poisson distribution as part of a compound Poisson distribution.
Also used to index all the companies selling insurance.
j —Index of the various X distributions, or lines of business, in a scenarios where there are
more than two (l) lines of business. Also Index running through the claims that actually
are generated in a random sample of claims.
k —Index of the various parameter risk distributions that affect more than one X distribu-
tion , or line of business, in a scenarios where there are more than two (l) lines of business.
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Also, The number of insurance companies in the industry as a whole.
l or lX—Reinsurer’s expense and profit loading built into its price as a ratio to expected loss
dollars transferred to the reinsurer for losses under the severity distribution of X. Briefly, a
placeholder for various loss caps between 0 and L in an integration of variance. Also, count
of the number of different X distributions, or lines of business, in a scenarios where there
are more than two lines of business
lY — Reinsurer’s expense and profit loading built into its price as a ratio to expected loss
dollars from the Y distribution transferred to the reinsurer.
l1, l2, etc.— Reinsurer’s expense and profit loading built into its price as a ratio to expected
loss dollars transferred to the reinsurer from the first, second, etc. lines of business when
more than two lines of business are involved.
L — A cap or limit imposed on individual samples (claims, or jump sizes) from the X
distribution.
L◦ — A cap or limit imposed on individual samples (claims) from the X◦ distribution when
more than two lines of business (separate jump size distributions) are involved.
L∗

n — A point beyond which the nth derivative of a probability mass function converges
monotonically.
Lognormal(µ, σ2)— Lognormal distribution with parameters µ and sigma2.
∼ Lognormal(µ, σ2) would denote that a random variable is distributed according to a
lognormal distribution with parameters µ and sigma2

m — number of units exposed to potential losses from the r sY (y) loss severity distribu-
tion.Briefly, the difference in the order of the two higher derivatives of a probability mass
function. Also, count of the various parameter risk distributions that affect more than one
X distribution , or line of business, in a scenarios where there are more than two (l) lines
of business.
M — A cap or limit imposed on individual samples (claims, or jump sizes) from the Y
distribution.
M◦(t) — Moment generating function of the distribution of ◦.
n — number of units exposed to potential losses from the s(x) or sX(x) loss severity dis-
tribution. Briefly, the order of the derivative of a probability mass function.
nj — number of units exposed to potential losses from the sj(x) loss severity distribution
in the event of more than two lines of business.
N — Random variable representing the number of claims that are generated in a random
sample of claims, typically by a Poisson distribution as part of a compound Poisson distri-
bution.
p — The specified probability of failure of an insurance company (inability to pay all the
claims it encounters), typically used to reflect a cap on the probability of failure of the com-
pany. Also, briefly, a parameter for gamma uncertainty distribution for expected counts in
Poisson distribution.
p̃— Parameter for gamma uncertainty distribution for expected counts in Poisson distribu-
tion.
P , P (L, p)— The aggregate dollar profit earned or required to be earned by an insurance
company on underwriting (specifically not passive investment of surplus), often the profit
needed to sustain capital needed to reduce the probability of inability to pay all claims to
p when each each individual claim is capped at L by reinsurance or policy limits.
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Pareto(α, b)—Pareto distribution with order α and lower truncation point b. ∼ Pareto(α, b)
would denote that a random variable is distributed according to a Pareto distribution with
order α and lower truncation point b.
Poisson(◦)— Poisson distribution with parameter ◦. ∼ Poisson(◦) would denote that a
random variable is distributed according to a Poisson distribution with parameter ◦.
q — The specified probability of survival of an insurance company (ability to pay all the
claims it encounters).
Q(L,∞) — Reinsurer’s aggregate profit load when assuming band between L and infinity.
r̃— Parameter for gamma uncertainty distribution for expected counts in Poisson distribu-
tion.
rF — Risk-free interest rate.
rM — Excess return rate (over the risk-free rate) of the market as a whole.
R or R(L, p) — Aggregate dollar return, including both underwriting profit P and in-
vestment returns, of an insurance company, often the aggregate return needed to limit the
probability of inability to pay all claims to p when each each individual claim is capped at
L by reinsurance or policy limits. R was also briefly used to denote the retention, or cap
on individual claims.
s(x) or sX(x) — loss severity (jump size, in the compound Poisson case) distribution
for the X’s. Specially, the probability mass function of the size of an individual claim, x
representing possible claim sizes.In parameter variance situations, s generally refers to the
distribution of the baseline scenario where all parameter variance values are unity.
sY (y) — loss severity (jump size, in the compound Poisson case) distribution for the Y ’s.
Specially, the probability mass function of the size of an individual claim, y representing
possible claim sizes.In parameter variance situations, s generally refers to the distribution
of the baseline scenario where all parameter variance values are unity.
si(x) — loss severity (jump size, in the compound Poisson case) distribution for the Xj ’s in
the multiline scenario. Specially, the probability mass function of the size of an individual
claim, x representing possible claim sizes.In parameter variance situations, s generally refers
to the distribution of the baseline scenario where all parameter variance values are unity.
sT (t) — loss severity distribution for the aggregate losses T . Specially, the probability
mass function of the total aggregate costs, t representing possible aggregate costs.
sr(x) — loss severity (jump size, in the compound Poisson case) distribution for the X’s
restricted to be L or less.
sc(x) — loss severity (jump size, in the compound Poisson case) distribution for the X’s
capped at L.
S(L, p) — S or Surplus (“buffer fund”) of an insurance company, often the surplus needed
to limit the probability of inability to pay all claims to p when each each individual claim
is capped at L by reinsurance or policy limits.
S.D. — Standard deviation.
t— Amounts of total losses.
t∗— Large example of t where weight function wi(t

∗) has a certain minimum size.
T — Random variable of total loss (sum of the unlimited loss on all claims combined)
generated by a company over a time period.
TX — Random variable of total loss (sum of the unlimited loss on all claims combined)
generated by a company over a time period from just the X distribution.

xvi



TY — Random variable of total loss (sum of the unlimited loss on all claims combined)
generated by a company over a time period from just the Y distribution.
Tc(L) — Random variable of loss capped at a limit L (sum of the loss, capped at L per
claim, on all claims combined) generated by a company over a time period.
Tc(L,M) — Random variable of loss when claims from the X distribution are capped at
capped at a limit L and claims from the Y distribution are capped at a separate limit of
M , generated by a company over a time period.
Tj — Random variable of total loss (sum of the unlimited loss on all claims combined)
generated by a company over a time period from just the Xj distribution in the case of
more than two lines of business.
Tr(L) — Random variable of restricted loss (sum of the loss on just the claims of size “L”
or less) generated by a company over a time period.
T̃— Potential aggregate loss value slightly larger than T .
U — Dollar amount of assets owned by an insurance company, or the capital invested in
those assets, which do not generate interest or dividend income and are not expected to
generate capital gains.
UC— Marginal utility gained by claimant per claim paid.
UP— Marginal utility lost by policyholder per dollar spent on premium.
V (L, n, γ, a, c,M,m, φ, b, d) — Variance of the two line of business aggregate losses with
parameter uncertainty (partially correlated) and the specified limits, expected counts, and
parameter covariance structure.
V arBase[◦] — Variance of ◦ in the baseline scenario where the variables representing pa-
rameter variance are all unity, i.e., where there is no parameter variance.
V arc(L) — Variance of Tc(L).
V arr(L) — Variance of Tr(L).
V ER —Variable expense ratio. Ratio of expenses (such as commissions and premium
taxes) that increase proportionately to premium when premium increases.
wi(t)— The percentage of the marginal aggregate industry losses of t that are borne by
company i.
x— Possible specific value from the first loss severity distribution, or a single loss severity
distribution in the monoline case.
x∗— Variable substitute for x/γ.
X — Randomly sampled individual claim or jump size from first or only line of business.
Xr(L) — Randomly sampled individual claim or jump size from first distribution restricted
to L. Eg.Xr(L) = X when X ≤ L, and Xr(L) = 0 otherwise.
Xc(L) — Randomly sampled individual claim or jump size from first distribution capped
at L. Eg.Xc(L) = X when X ≤ L, and Xc(L) = L otherwise.
Xj — Random sampled individual claim or jump size from the jth line of business in a
multiline scenario.
XA —Average tax rate on income produced by invested assets.
XU —Tax rate on income produced by insurance underwriting operations.
y— Possible specific value from the second loss severity distribution in the two line of busi-
ness case.
Y — Randomly sampled individual claim or jump size from second line of business.
Yr(M)—Randomly sampled individual claim or jump size from first distribution restricted
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to M . Eg.Yr(M) = Y when Y ≤ M , and Xr(L) = 0 otherwise.
Yc(M) — Randomly sampled individual claim or jump size from first distribution capped
at M . Eg.Yc(M) = Y when Y ≤ M , and Yc(M) = M otherwise.
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ABSTRACT

This dissertation presents an analysis of the capital needs, needed return on capital, and
optimal reinsurance retention for insurance companies. As an alternative to much of the
present practice, it focuses on closed form expressions and closed form approximations,
rather than focusing on how to estimate such values using Monte Carlo simulation. Most
of the analysis is also done using a distribution-free approach with respect to the loss
severity distribution, so minimal or no assumptions surrounding the specific distribution
are needed when analyzing the results. This is done for the no parameter uncertainty
monoline compound Poisson distribution as well as situations involving count and severity
parameter uncertainty, and scenarios involving multiple lines of business within a single
company.

It shows how the risk of extreme aggregate losses that is inherent in insurance operations
may be understood (and, implicitly, managed) by performing various calculations using the
loss severity distribution, and, where appropriate, key parameters driving the parameter
uncertainty distributions. Normal and lognormal approximations to the percentiles of the
aggregate loss distribution are performed using the moments of the capped severity distri-
bution and analytic formulas from the frequency distribution. Formulas are developed that
estimate the capital and surplus needs of a company using the VaR approach. From those,
tractable formulas for the benchmark profit need of a company are developed. An analysis
of the economically efficient optimal reinsurance retention/policy limit is performed as well,
with capped loss distribution/frequency distribution equations resulting from the relation-
ship that the marginal profit (with respect to the loss cap) should be equal to the marginal
expense and profit dollar loading with respect to the loss cap. Analytical expressions are
developed for the optimal reinsurance retention. Approximations to the optimal retention
based on the normal distribution are developed and their error is analyzed in great detail.
For sample data that is known to be difficult to approximate with a normal distribution,
the results indicate that in the vast majority of practical scenarios, the normal approxima-
tion to the optimal retention is acceptable. Similar analyses within the dissertation affirm
that even though the sample data used has extreme skewness, the normal approximation to
the upper percentiles of the aggregate distribution is often acceptable, and the lognormal
approximation is generally quite good.

Several consequent issues are resolved within the dissertation. As part of that analysis,
it resolves the long-standing issue as to whether or not lower retentions should be purchased
in the more risky lines within a multiline portfolio of insurance policies. Specifically, under
certain conditions the paper shows that the optimal retentions should be equal across the
different lines of business. It also discusses that while most companies may potentially
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receive some benefit from purchasing excess of loss reinsurance, every insurance company
has a certain loss limit, beyond which the cost of the insurance outweighs the benefits. The
dissertation contains a brief comparison of the VaR (survival probability) and expected
policyholder deficit (EPD) and TVaR approaches to surplus adequacy, which concludes
that the VaR approach is superior.

Also, the benchmark loading for profit and the amount needed to recompense investors
for diversifiable risk is discussed. An analysis of whether or not the loading for diversifiable
risk is needed is performed, suggesting that some small load for the randomness of insurance
clams is required to support the capital employed by an insurance company. The profit load
needed in the rates is shown to be independent of how an insurance company invests its
assets, and as such is mostly independent of the CAPM “beta” of the company as a whole.
It is shown to be related strictly to the risk-free rate and the asset structure of an insurance
company in the most common cases.

Another chapter discusses the advisability of insurance companies maintaining funds or
reinsurance to pay very, very, large aggregate losses. It concludes that there are some very
large losses for which the economic utility gained by the claimant when a claim is paid is
far less than the economic utility cost of paying the premiums necessary to fund the capital
needed (to assure such large claims will be paid). That is shown to be true even when: there
are sufficient funds in the world at large available to insure all possible (infinite) losses; and,
the value of claims payments expected by policyholders and claimants is given more weight
than the premiums paid to support the claims payments.

As a prelude to a portion of the analysis, a theorem was presented indicating that the

higher derivatives of a probability mass function meeting certain criteria fulfill
∣∣∣ s(n−m)

Lms(n)(L)

∣∣∣ ≤
m∏
l=1

1
n−l+1 as L approaches infinity. Since the vast majority of the loss distributions used by

actuaries will fulfill the criteria, this allows determination of the relative order of converge
at infinity of various higher derivatives of the mass function.
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CHAPTER 1

INTRODUCTION

Many aspects of actuarial literature give fairly precise direction with respect to the classical
problem of actuarial science — estimating the losses expected under insurance contracts.
However, there is no clear direction from the literature on some of the most basic ques-
tions underlying financial operations of insurance companies, such as: “How much ‘sur-
plus’ (buffer fund) is needed to reasonably ensure that an insurance company can fulfill its
promises to customers?”; “How much profit does an insurance company need to generate
in order to compensate investors adequately?”; and, “What types of losses should be ‘re-
tained” by an insurance company and what types should be passed along to a ‘reinsurer’?”
These are key questions that impact the ratemaking process, the “reinsurance”1 purchas-
ing process, and the enterprise risk management and financial management processes of
insurance companies.

Software programs are available that allow users to create highly parameterized mathe-
matical models of an insurance company’s operations (one specific example may be found in
Feldblum [57], another in Lowe and Stanard [77]). Those models typically require the user
to select a highly specific distribution or a highly specific combination of distributions for
the baseline losses, the parameter uncertainty of each coefficient used to fit each instance
of a family of distributions, the baseline values of each coefficient, etc. Then, the mod-
eling process generally requires generating a large number of Monte Carlo simulations of
the possible losses the insurance company might suffer. Those simulations are intended to
provide perspective on the riskiness of the insurance company. One could use such a model
to estimate how likely the insurance company is to suffer more claims than it has funds to
pay. Similarly, one could use such a model to estimate how much capital and surplus the
company needs. Possibly one might even, by trial and error, estimate the optimal loss size
at which the company should stop retaining responsibility and begin transferring the losses
to a reinsurer. Those programs share a few key limitations. First, since the backbone of the
process is a large set of Monte Carlo simulations, it is generally impossible for a user of the
resulting analysis to flow through the calculations and personally validate the accuracy of
the results. Since many users of the resulting reports are chief financial officers and other
high level executives of insurance companies, they are accustomed to receiving reports that
show all the underlying calculations. The fact that so much of the simulation process lies

1Reinsurance is so named because a risk that is already the subject of insurance passed to another
reinsurer.
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in the background, and hence is not auditable, can lead to a lack of trust in the results of
such simulations.

Further, many working actuaries still rely on the “RAND()” function from Excel, which
is known (see Coddington [31]) to have autocorrelation problems. It is possible that models
contain errors of this sort, and other errors in the choice of probability distributions that are
esoteric in the minds of company managers. However, while those errors may be esoteric
in the minds of the key users of the model output, they can affect the output greatly.
So, management concerns that the modeled results are not easily audited may be well-
founded. Further, insurance claims costs are not driven by basic equations such as Maxwell’s
equations for electrodynamics or Newton’s laws of motion. In fact, there is no reason for
insurance claim costs to arise from any specific formula. Consequently, the actual claims
“severity distributions” which companies face are not specific instances of any family of
probability distributions. So, there are good reasons to seek approaches to the capital need
and reinsurance retention problems that involve closed form formulas. In order to avoid
the bias that the use of specific distributions can bring, it is desirable to develop equations
for the capital need, reinsurance retention, and related items that are as distribution-free
as possible.

As background on the degree of attention devoted to other aspects of insurer operations
involving actuaries, one may consider the wealth of papers in actuarial journals describing
the credibility process. That process of supplementing actual claims data with auxiliary
data in insurance ratemaking has been well studied. Particular attention has been given to
the weight assigned to the actual claims data. There are many papers on that subject in the
actuarial literature (including several by this author— [9], [10], and [8], along with others by
Philbrick [97], Mahler in [81] and [80], Gerber and Jones [61], Mayerson, Jones and Bowers
[85], Hewitt [68], Clarke [27], Van Slyke [114], Bühlmann [17], D’Hooge and Goovaerts [41],
Robbin [102], and Meyers [89].)2. Further, the actuarial profession has recognized that the
choice of the auxiliary statistic is often more important than the credibility it is assigned3.

Many other aspects of the insurance rate-setting process have been similarly well studied.
For example, the competitive and economic environment in which rates are set has been
analyzed in fairly great detail by this author in [12], and [13], and by Brockett, Fung,
MacMinn, Lai and Witt [16]. Since many types of insurance in the United States feature
long time lags between when the incidents that give rise to claims occur and when the
claims are paid, it is necessary to understand how to estimate the costs of claims that have
occurred, but will not be paid until some future date. This has been discussed in great depth
by Salzmann in [105], and many others, including Bornhuetter and Ferguson [15], Berquist
and Sherman [5], Skurnick [107], McClenahan [86], Graciela [63], Fisher and Lester [58],
Mack [79], Pinto and Gogol [98], Lowe, Ying, and Lebens [78], Hayne [66], and Butsic [19].
Futher, a survey of methods for developing the “tail factor” used to extrapolate beyond the
last observed payout time has been written by this author in [14]. As with many actuarial
issues, a wide range of literature exists on those topics.

Despite the progress that has been made in those areas, there is still considerable debate
in the actuarial community regarding the financial issues addressed in this dissertation. For

2A good general explanation of the history and genesis of this aspect of the ratemaking process was
provided by Philbrick [97].

3Guidance for choosing that statistic has been provided in a paper by this author [11].
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example, due to the random nature of insurance claims (both regarding how many claims
are received and the cost of each), insurance company losses and expenses in a particular
time period sometimes exceed the premiums collected to pay them. Consequently, an in-
surance company must have a buffer fund. Otherwise it will not be able to reliably honor
its obligation to claimants. There are different views as to how large an insurance com-
pany’s buffer fund (which is loosely4 equal to the so-called “surplus” funds of an insurer)
should be required by solvency regulators and agencies that rate insurer’s creditworthiness.
United States solvency regulation includes a number of so-called I.R.I.S.5 tests, including
one requiring surplus to be at least one third of the premium “written”6 after deducting
for reinsurance premiums purchased. US regulatory accounting also requires that various
adverse actions be taken against an insurer if the ratio of its surplus to its “risk-based
capital” (as discussed in Feldblum [55]) falls below certain levels. The risk-based capital
formula crudely represents one standard deviation of its annual fluctuations in operating
results. The Standard and Poor’s procedure presented by Federman [50] also notably refer-
ences considerable use of individual judgment in addition to firm parameters. Some views
of the European approach are contained in Feldblum [54], de Castries [38] and Drzik [44].
So, while most of those approaches intuitively seem to be somehow related to the standard
deviation of results, they are not explicitly presented in that fashion. However, since they
are similar to a standard deviation approach, they loosely approximate certain minimum
thresholds of the probability of ruin within a given year. There have even been analyses
that focus not on the capital itself, but rather on possible contingent capital to be received
in the event of dire scenarios (see Lin, Chang, and Powers [75]).

There is debate within the actuarial profession as to how to measure the riskiness of
insurance enterprises. An important paper by Butsic [20] discusses the use of expected
policyholder deficit, or “EPD” (the percentage of the total losses across all scenarios for the
total loss costs that are in excess of the the total funds the insurance company has available
for claims payments). As an alternate risk measure, the value associated with funding losses
up to a specific confidence level is thought of as the “value at risk”, or VaR. One must note
that the VaR in broad usage in other industries relates to how much money may be lost.
In the insurance context, it relates to how much money is needed to fund a given percentile
of the distribution of possible “aggregate” (cost of all claims combined) losses experienced
by an insurance company in a given year. However, the two meanings are mathematically
identical. Another measure in common use today is the tail-value-at-risk or “TVaR”. That
refers to the average costs for all loss scenarios that exceed the given VaR funding level.
Of note, Powers [99] espouses that the expected discounted cost of future insolvencies, or
EDCI, should be used. Given that brief description of the alternatives, one of the objectives
of this dissertation is to present a coherent theory for evaluating the amount of the buffer
fund needed to secure the insurer’s promise to pay claims.

4Technically, under US statutory accounting loss reserves (for future payouts on claims that have hap-
pened but are unresolved) are undiscounted, credits for expenses paid early in the course of a policy that are
not expect to reoccur as the policy runs its course (so-called prepaid acquisition costs) are not reflected, and
assets described as long-term holdings are not valued at their market value. So, although surplus is loosely
intended to represent free funds, it is technically an inexact measure of free funds (and often slightly lower
than available free funds.)

5Insurance Regulatory Information System
6Effectively, “sold”.

3



Of course, insurance markets have varying degrees of competition. In many cases compe-
tition affects profits considerably. However, financial personnel that employed by insurance
companies often compare the profits of their organizations to a benchmark profit. Stock-
holders certainly compare companies’ profit performance to benchmarks. Further, insurance
regulators must often opine on the “underwriting profit” (profit markup in pricing) built
into a company’s rates. So, it is important to understand what profit target should be
used and what underwriting profit should be built into a company’s rates. However, there
is no broad consensus among actuaries as to what underwriting profit benchmark to use
for property/casualty insurance companies. Further, there is no consensus on what under-
writing profit provides, with related profit sources, the return needed to sustain the capital
provided by shareholders. As an example of the differences of opinion, a paper by Robbin
[101] that is used in the course of study for casualty actuaries lists seven different approaches
that actuaries may use to determine profit loads. The approaches vary significantly. One
involves using a preselected (but not derived from financial theory) flat percentage profit
load on all premiums sold, less a portion of the investment income relating to the funds
held to pay losses7. Another method prescribes a given (but also not fully theoretically
supported) profit from all income sources. One approach equalizes the discounted profit
to the discounted cost of a multi-year equity commitment. In another approach, the net
present value of premiums less the net present value of losses and expenses is required to
be equal to the net present value cost of equity. A variant of that replaces broad market
interest rates with risk-adjusted interest rates. Lastly, another approach involves requir-
ing that the profit generated by an insurance company exceed a “hurdle rate” applied to
invested capital. Of note, while each of those methodologies may have some use in some
context, they do not provide a single comprehensive view of the needed profit. Such a view
should logically begin with first principles such as “what profit percentage, of what type, is
required, and why?” businesses

The poor understanding of profit needs is, in a sense, a logical consequence of the basic
financial structure of most financial intermediaries. In financial intermediaries most of the
underlying capital needed to begin the business, in contrast to being invested in plants
and equipment, is invested in direct income-producing assets such as stocks and bonds.
Further, due to the gap between when the premiums are received and when claims are
paid, additional investment income is received from “policyholder-supplied” (as defined by
Bailey [1]) funds as well. Lastly, the underwriting profit is earned. Because of the multiple
sources of profit, operating profit includes more than underwriting profit. Underwriting
profit is the difference between premiums received and losses paid out. Operating profit
also includes the investment income on policyholder supplied funds. In many contexts, it
also includes the passive returns on the capital invested in the company. The presence of
multiple types of profit has served to complicate and obscure the understanding of the proper
profit benchmark, as illustrated by the variety of methods listed by Robbin [101]. Also of
note, there is a long-running debate as to whether the profit load should be fundamentally
based on the riskiness of the insurance sold by the company (as discussed by Meyers [90])
or the cost of capital of the company as exemplified in an article by Cummins and Phillips
[37]. In this dissertation, a comprehensive view of the indicated profit needed to attract

7Two different methods, of the seven, represent different ways to compute investment income.
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capital, and the marginal capital need associated with increasing loss sizes will be presented.
Resolution of those issues within this dissertation will also be key to the analysis of some
of the other issues (reinsurance retention, for example) discussed earlier.

One result of the differing views has been the study of “risk measures”, or various ways
of assessing the relative risks of various insurance enterprises. Risk measures are often used
to allocate capital to lines of business when a company sells two or more product lines
with different risk profiles. They are then indirectly used to allocate the overall insurance
risk-based profit load of the company between its various lines of business. For example, the
variance of a set of lines of business, V ar[

∑
iAi], is the sum of the variance and covariance

sums of all the constituent Ai (specifically V ar[
∑

iAi] =
∑

iBi where each Bi = V ar[Ai]+∑
j 6=iCovar[Ai, Aj ]). So the Bi’s could be used as risk measures8. The seminal paper by

Myers and Read [92] is key in this area. In that paper, the authors showed that the sum of
the marginal contributions to the expected policyholder deficit of the insurance company
made by the various lines of business equaled the expected policyholder deficit of the entire
company. Hence, Myers and Read suggested that the marginal contributions to the expected
policyholder deficit of the various lines be used to allocate capital. Also, Tasche, writing in
[111] developed a more general approach, where a broader class of operational thresholds
than expected policyholder deficits are concerned. He documented the “Euler Allocation
Principle” that provides a means of allocating capital based on the partial derivatives of the
solvency constraint a company chooses to meet. Bauer and Zanjani [3] and Zanjani [115]
also viewed the marginal contribution to failure/cost of failure scenario as a basis for capital
allocation, but included the differing marginal utilities of claimants in the calculation. In
that paper, [3], an approach with similarities to the Euler allocation approach espoused by
Tasche was used.

Also of note, an insurance company’s role in the economy is clearly to insure the risks of
its policyholders. Insuring more policyholders and accepting more risk is very desirable to a
company from a sales standpoint. However, when insurance companies add more customers
they increase the total standard deviation, variance, etc. of their aggregate losses. The
combination of increased risk and a fixed base of assets to cover any shortfall in premiums
increases the risk of failure9. Aside from the increased probability of failure, the earnings of
the company will become more volatile. Should the insurance company perform an internal
analysis of the risk adjusted return on capital, the perceived economic benefit of adding
additional customers may be minimal. Insurers must manage the trade-off between writing
additional business and managing the risk of the enterprise. Otherwise, they may not be
able to fulfill their promise to pay their customers’ claims. A higher certainty of paying
claims should be worth something to consumers. However, there typically is very little
useful information on the ability of an insurance company to pay its claims. The only
publicly available solvency information for consumers is the set of credit scores established
by rating agencies. For that reason, most insurance regulatory agencies have divisions that

8Unfortunately, as quadratic-type representations of risk, they often generate very proportionately high
risk loads for small lines with high process variance. However, this method does have utility. When the
solvency constraint to be met is variance-based, this methodology offers a simple way to allocate capital
among the various lines of business.

9Of note, none of this discussion of the general risk and growth issues facing insurers should be thought
of new or innovative. These are well-established industry principles and a fairly trivial result of probability.
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evaluate the viability of insurance companies. However, beyond the various approaches
mentioned above, there is no explicit requirement that insurers must fulfill regarding their
ability to pay claims. As a part of this dissertation, some general advice will be provided on
that subject. That in itself would not preclude an insurer from choosing to provide higher
reliability to its customers by meeting a higher standard of solvency.

Another item discussed earlier involves the optimal caps on individual losses (so-called
“specific excess retentions”). These caps are effected by insurers passing along more severe
risks to specialized reinsurers through the mechanism of reinsurance. This subject has
received less formal mathematical attention within the broad community of North American
casualty actuaries than its importance to insurance company operations would suggest. In
effect, the insurer has a choice to make between “retaining” losses through some given
size (the retention), or reinsuring those upper levels of loss with a reinsurer. Retaining
successively larger and larger individual losses involves successively higher and higher risk for
the insurance company. However, in addition to charging for the expected losses above the
retention, a reinsurer will add on an expense and profit load. Hence, insurance companies
must choose between keeping some expected loss costs with a very high variance or paying a
premium beyond the expected loss costs to eliminate the variance10. A key paper by Centeno
[25] analyzes the trade-off between purchasing “quota share” (transfer of a flat percentage
share of all claims costs after deducting excess of loss reinsurance) and “excess of loss”
(transfer of all claim costs above some retention “R” per individual claim) reinsurance.
Excess reinsurance (transfer of the claim costs

∑
{claims“c”}(Lc−R)+, where Lc is the cost

of the cth claim) reinsurance has been partially explored. For example, Bernard and Tian
[4] approached the reinsurance purchasing problem in a manner similar to that used in
Centeno [25]. They asked “If an insurance company has a specified budget to spend on
reinsurance, what is the best way to spend it?” Also, Cai and Tan analyzed the problem by
selecting which different risks should be ceded in various available layers (see [22]). Most
importantly, at present excess of loss retentions are still quite often chosen using rules of
thumb such as “the size of the second largest claim we get each year”. An analysis of where
the optimal retention should be set will be a key part of this dissertation.

The focus of this dissertation is to identify, investigate, and explain a comprehensive
view of risk, reward, and risk mitigation based on the characteristics of the risks assumed at
different loss sizes. Those concepts will be applied to specific scenarios: the no parameter
uncertainty monoline compound Poisson distribution; claim count parameter uncertainty;
lognormal severity parameter uncertainty; the multiline compound Poisson case; the com-
pound Poisson scenario with parameter uncertainty, and especially the multiline compound
Poisson parameter uncertainty scenario where portions of the parameter uncertainty are
correlated across the lines of business. The analysis within this dissertation provides key
results that can be used to

• Assess the survival probability of an insurance company given exposure to a class of

10Of note, this is similar to what households (at least those that are understandably risk averse) do when
they replace a fairly volatile set of expected losses in the form of potential house fires, automobile accidents,
etc. with the purchase of insurance policies with fairly significant (15-35% of the premium) expense loads.
Financial economists have long discussed the rational basis for this. A discussion of the general principle of
maximizing utility by paying a surcharge beyond expected costs can be found in [73].
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possible claims;

• Assess the amount of surplus needed to maintain a given survival probability;

• Assess the benchmark profit needed to sustain operations of the company;

• Estimate the company’s optimal reinsurance attachment point;

• Model the percentiles of the aggregate loss distribution for enterprise risk management;
and

• Provide closed form solutions that can be implemented in spreadsheets for presenta-
tions to management.

To avoid the bias inherent in any choice of statistical assumptions, the following protocols
will be followed within the dissertation:

• The use of specific families of distributions will be avoided whenever possible, unless
first principles suggest a given distribution is preferable.

• Further, when a distribution family is chosen, the broadest possible approach (fewest
assumptions) will be used11.

To fulfill the goals established earlier, the focus here will be on the marginal risk (vari-
ance) of an insurance company’s potential total aggregate losses12 with respect to the max-
imum loss amount13 retained by the company. Secondly, it will be necessary to compute
the capital14 and surplus required to assure reasonable confidence that all the company’s
claims will be paid. The dissertation also contains analyses of the marginal capital and
surplus needed as the maximum loss amount increases. Of course, once the capital and sur-
plus requirement is established, then discussions of the appropriate return on capital and
surplus, an appropriate profit benchmark, and the optimal reinsurance retention to reduce
the total cost of the insurance, will follow.

Within the body of this dissertation, the analysis of the capped aggregate loss distri-
bution (the cost of all the claims in a year when each individual claim is capped at some
pre-selected value), its variance, and its derivative with respect to the capping point will be
explored. Next, the benchmark required profit, including recognition of the indicated cap-
ital commitment, cost of capital, and the riskiness of insurance operations associated with
various loss caps will be analyzed. That analysis includes a review of what the proper load
should be on the non-broad market, diversifiable, insurance risk. Next, economic principles
are applied to the question of how the appropriate amount of capital should be calculated,
and the relevant criteria for this decision. That is followed by an analysis of where the loss
cap or retention might be set (using excess of loss reinsurance). Rather than approaching

11Unless a specific example is included for illustration.
12This is also referred to as the “collective risk”.
13As noted earlier, this is often called the retention or “attachment point”
14Of note, “capital” refers to capital “deployed” (invested in a company with a direct commitment of

funds) as financial backing for an insurance enterprise. Insurance company statutory financial statements
sent to regulators, and often other accounting statements, include an accounting entry for capital that is
often far different from the meaning in the context of this dissertation. Specifically, the capital shown on an
insurance company’s statutory balance sheet supplied to financial regulators may only be the initial capital
contributed at the start of the company’s operations, and excludes all the profits retained by the company
over the years and deployed to provide the financial backing the company required as it grew.
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the loss cap problem from the internal perspective of the insurance company, the goal will
be to set the loss cap so that the total cost to the policyholder is minimized. Another section
shows that, even though claims costs of any size may be possible, it is generally most ben-
eficial to society when a company places a limit on the severity of the claims it is prepared
to pay. Approximations will be developed for the key percentiles and the derivatives of the
percentiles across the various loss caps.

The reliability of the approximations will be tested with a particularly extreme sample
distribution. Each major section includes comparisons of key approximations such as those
for percentiles of the aggregate loss distribution to their true values (as estimated by Monte
Carlo simulation). This dissertation also reflects several enhancements to the compound
Poisson model. One such enhancement allows the expected number of claims to be affected
by “frequency parameter uncertainty”. Another enhancement adds an assumptions15 that
the average size of the claims in a given year is affected by “severity parameter uncertainty”
(about the level of inflation, etc.). Yet another covers cases where an insurance enterprise
sells more than one type (“line” in insurance parlance) of insurance. The last, and most
challenging, enhancement combines a company selling more than one line of business and
severity parameter uncertainty that is partially correlated between the various lines of busi-
ness. Those enhancements eliminate many of gaps between the compound Poisson model
and the practical demands of implementing the concepts in this dissertation.

15Though, paradoxically, broadening the number of real world scenarios that it models well.
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CHAPTER 2

A SIMPLE MODEL: COMPOUND POISSON

CLAIMS WITH NO PAYMENT LAG

2.1 Notation, the Compound Poisson Process, and the Loss

Severity Distribution

The first step in understanding the expected losses, pricing needs, variance, required
capital, or almost any other non-investment aspect of the financial operations of an insur-
ance company involves understanding the potential aggregate loss costs to be borne by the
company and their distribution. To do so, actuaries often make assumptions as to how
those loss costs are distributed, and then successively broaden the assumptions so that they
have a realistic and appropriate approximation that yields appropriate, useful guidance to
the management of the company and other interested parties. This dissertation follows that
model.

To understand the initial model one must understand the nature of insurance claims data
that is the basis for developing and titrating actuarial models. Insurance company loss data
often has three deficiencies that must be dealt with in analyzing loss or claims costs. These
primarily arise from the fact that usually the claims costs are ultimately estimated using
the actual (sampled, effectively) loss or claims data of the company itself. Firstly, for many
lines of business, it may be several years until all the claims are settled, so the most current
data is incomplete (it is generally accepted among actuaries that the larger claims tend
disproportionately to settle late, so the claims size mix is biased as well). Secondly, since
distributions of claims by size are often highly skewed upward, there is often an inadequate
sample of the larger claims, often inadequate enough to materially distort the sample as
a prediction of the expected loss. Lastly, claims costs are constantly changing both as
a result of inflation and as a result of changing societal attitudes, law changes, judicial
interpretations, etc. All of those present significant challenges that result in widespread use
of mathematical models by actuaries when they analyze loss data in rate setting, evaluating
reinsurance and advising management on reinsurance terms, and evaluating the riskiness of
various operations of the company (including the holistic “enterprise risk management”).

In the interest of beginning the review of marginal risk, the simplest, most relevant model
will be used . . . the compound Poisson claims distribution with no lag in claims payout. In
this case, consider a company that writes (sells insurance to) “n” individuals (we would
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consider each to represent an exposure to loss for the one year term for one policy, and call
each an “exposure”). Assume that each exposure has an equal probability of generating
claims, and that each claims occurrence is completely independent of that of all the other
claims. So, if λ represents the mean claim frequency per exposure, nλ represents the mean
claim exposure for the population as a whole. Also, the claim count (frequency) for a single
exposure, under those assumptions, is Poisson distributed with parameter λ and the group
claim count is Poisson distributed with parameter nλ. Similarly, if one assumes that each
of the individual claim costs “X” is distributed independently of, but identically to all the
other claims, following a probability mass function s(x), (0 < x < ∞), then the total costs
generated by the group of exposures (the so-called “collective risk”), by construction, will
be distributed according to a compound Poisson distribution with frequency parameter nλ
and jump size distribution s(x). That represents the first major assumption in this model.
The second assumption is that the mean λ and the severity distribution s(x) are fully known
and specified. The last assumption is that the claims are paid on or near occurrence, so
multi-year commitments of capital (to be discussed later, in the resulting dissertation) are
not needed.

For purposes of this dissertation, a number of values based on the formal compound
Poisson mass distribution must be computed or estimated. However, the mass function and
cumulative distribution of a compound Poisson distribution are typically difficult to show
in closed form or not amenable to easy simplification. It will be helpful to define notation
to aid in the analysis, which will be used through the dissertation. If N (a random variable,
generated by a Poisson(nλ) distribution) represents the number of claims the company
experiences in a year, and if each individual claim, Xi, i = 1, 2, . . . , N , is generated from the
common severity mass function s(x), then one may define the random variable representing
the aggregate (total combined) cost of all the claims occurring in the year as

T =
N∑

i=1

Xi, (2.1)

and T will, by construction, be distributed according to a compound Poisson distribution
with a Poisson parameter of nλ and a jump size mass function of s(x). It is the well known
that the expected value of the aggregate cost in a year(or other period) is

E[T ] = nλE[X] (2.2)

(which is a clear conclusion, given that the number of claims, and the size of each claim are
mutually independent), and that the variance of the aggregate costs is

V ar[T ] = nλE[X2]. (2.3)

The formula for the variance is a little less obvious, but is a fairly direct consequence of
the collective risk model. The collective risk formula, in standard form, says that (in this
context, where the number of claims and the size of each are mutually independent)

σ2
T = µNσ2

X + µ2
Xσ2

N . (2.4)
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The µ’s and σ2’s may be expressed in alternate notation, and simplified using the formula
V ar[X] = E[X2]− E2[X] and characteristics of the Poisson distribution, to get

V ar[T ] = E[nλ]V ar[X] + E2[X]E[(nλ)2] = nλV ar[X] + nλE2[X]

= nλ(V ar[X] + E2[X]) = nλE[X2]. (2.5)

So, beginning with those basic properties for the compound Poisson, one may also define
values in the contexts where various caps and limits are imposed on individual claims in or-
der to reduce the volatility of the company’s aggregate losses from year to year. Specifically,
one could define “Xr(L)”, or X restricted to be less than a limit L, by

Xr(L) = {X, for X ∈ [0, L]; 0 otherwise}. (2.6)

Further, if we set sr(x) = s(x) for x ∈ [0, L], and add a point mass at zero corresponding
to the probability under s(x) of a loss exceeding L (i.e.,

(
1 − Fs(L)

)
δ(0), where δ(0) is a

Dirac delta function), and set sr(x) to be zero elsewhere, then sr(x) is also a possible jump
size distribution. So, one may define

Tr(L) =
N∑

i=1

(Xi)r(L) (2.7)

and Tr(L) will then be distributed according to a compound Poisson distribution with a
Poisson parameter of nλ and a jump size mass function of sr(x). So, one may conclude
from equations (2.2) and (2.3) that

E[Tr(L)] = nλE[Xr(L)] (2.8)

and
V ar[Tr(L)] = nλE[(Xr(L))

2]. (2.9)

Similarly, if the individual claims are capped at L, then one may define

Xc(L) = {X, for X ∈ [0, L]; L, for X > L; 0 otherwise}. (2.10)

Then Xc(L) has a severity distribution defined as sc(x) = s(x) for x ∈ [0, L), with a
point mass at L corresponding to the probability under s(x) of a loss exceeding L (i.e.

(
1−

Fs(L)
)
δ(L)), and sc(x) defined as zero elsewhere. So, one may write

Tc(L) =
N∑

i=1

(Xi)c(L), (2.11)

and Tc(L) will also be distributed according to a compound Poisson distribution with a
Poisson parameter of nλ and a jump size mass function of sc(x). Further, as before, one
may conclude that

E[Tc(L)] = nλE[Xc(L)], (2.12)

and
V ar[Tc(L)] = nλE[(Xc(L))

2]. (2.13)
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The various distributions in restricted and capped form will be used extensively through-
out the remainder of this dissertation. Often, the derivatives of their mean and variance
with respect to the cap L will be needed. So, it is helpful to compute

∂

∂L
E[Xr(L)] =

∂

∂L





L∫

0

xs(x)dx+ 0
(
1− F (L)

)


 = Ls(L), (2.14)

∂

∂L
E[Tr(L)] = nλ

∂

∂L
E[Xr(L)] = nλLs(L), (2.15)

∂

∂L
E[(Xr(L))

2] =
∂

∂L





L∫

0

x2s(x)dx+ 0
(
1− F (L)

)


 = L2s(L), (2.16)

and
∂

∂L
V ar[Tr(L)] = nλ

∂

∂L
E[X2

r (L)] = nλL2s(L). (2.17)

(By notation, X2
r (L) will mean X, first restricted to be less than L, then squared. In the

course of this dissertation, it will always be clear in context when some alternate meaning
is intended. The restriction is always to apply first.)

For the values capped at L, the computations are only slightly more complex as

∂

∂L
E[Xc(L)] =

∂

∂L





L∫

0

xs(x)dx+ L
(
1− F (L)

)




= Ls(L) + 1− F (L)− Ls(L) = 1− F (L), (2.18)

∂

∂L
E[Tc(L)] = nλ

∂

∂L
E[Xc(L)] = nλ

(
1− F (L)

)
, (2.19)

∂

∂L
E[(Xc(L))

2] =
∂

∂L





L∫

0

x2s(x)dx+ L2
(
1− F (L)

)




= L2s(L) + 2L
(
1− F (L)

)
− L2s(L) = 2L

(
1− F (L)

)
, (2.20)

and
∂

∂L
V ar[Tc(L)] = nλ

∂

∂L
E[X2

c (L)] = 2nλL
(
1− F (L)

)
(2.21)

(By notation, the capping operator “c” is always to apply before the square, expectation,
etc. is computed.) Those values may be thought of as the “marginal cost” ( ∂

∂LE[Tc(L)]) and

“marginal risk” ( ∂
∂LV ar[Tc(L)]) of the aggregate distribution with respect to the “limit” or

“cap” “L”.

Another bit of notation should be defined. One may think of the mass function

f(x) = nλs(x), (2.22)
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which defines the mass function of the expected number of claims of each size. Obviously,
∞∫
0

f(x)dx = nλ, and an alternate form of equation (2.21) is

d

dL
V ar[Tc(L)] = 2L

∞∫

L

f(x)dx. (2.23)

This set of notation and formulas provides the starting point for the analysis of per-
centiles of the aggregate distribution, their responsiveness to the limit L, and the weakening
of the compound Poisson assumptions in the sections and chapters that follow.

2.2 The Capital/Surplus Commitment and the Marginal
Capital/Surplus

The previous section presented some notation, and a basic mathematical starting point
for an analysis of risk by the limit or cap employed by an insurance company and the
consequent profit and surplus needs that will be shown to flow from those formulas. For this
to be useful in terms of analyzing profit (and, as it will be shown, reinsurance attachment
points), at some point the analysis must be explicitly shifted in scope from strictly the
variance, which describes the properties of the aggregate cost distribution, to the consequent
required capital or surplus derived from the variance1. Of course, since in general the higher
the variance the higher the range of possible adverse events, capital and surplus are logically
highly related to the variance. So the variance, as discussed in the previous section, is a good
starting point. But, as will be shown, the variance itself will only provide an approximation
to the needed capital and surplus of an insurance company.

2.2.1 VaR, EPD, or TVaR? Choosing the Proper Risk Constraint to
Define Capital and Surplus Needs

The next question to be answered, however, is how exactly the adequacy of the surplus
(and implicitly, the needed capital and surplus) should be determined. The three most
common approaches in use today generally involve “value at risk” (VaR), which deals with
the value of capital needed to guarantee survival of the company within a certain probability
threshold; “expected policyholder deficit” (EPD), which deals with the average amount of
possible losses that would go unpaid in the event of a failure, multiplied by the probability
of a failure; and “tail value at risk” (TVaR) which describes the average aggregate loss
beyond the VaR standard from all aggregate loss scenarios that exceed the VaR standard
(or equals the EPD, in context).

As discussed earlier, one school of thought is that the purpose of surplus is to protect
against failure to pay claims, but (in most cases) the range of possible adverse outcomes
is infinite. So, since it is neither possible nor reasonable to require a company to hold

1Although insurance accounting refers primarily to the funds securing an insurance company’s claims-
paying ability in the event of higher-than-expected aggregate claims costs as “surplus”, from here out these
funds will be referred to as the “surplus” or “free funds” portion of “capital” to denote that they represent
the capital investment or continuation of a capital investment in the company.
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infinite surplus, an appropriate amount of capital must be determined. Under the “VaR”
approach, capital/surplus to withstand all claims up to some pre-determined percentile of
the distribution of possible aggregate claims costs is required. Implicitly, a specified “one
year probability of ruin” is employed. This could also be described as having a “(1 − p%)
confidence level in the claims-paying ability” of the company over the next year, where p%
represents the probability of the company having inadequate assets to pay all its claims
within the next year. In that sense, since the capital/surplus is based on a benefit to
insureds and claimants, this “confidence level for survival” approach is consumer-focused,
which is desirable from a general business perspective.

Another commonly-used criterion for evaluating capital/surplus is the “EPD”, or “ex-
pected policyholder deficit” as defined by Butsic [20]. This statistic represents the expected
value of the losses that will not be covered with a given amount of capital/surplus. So,
it represents the one year probability of ruin discussed above, multiplied by the expected
amount of the unfunded losses in the event of a failure (such failures are usually called “in-
solvencies” in the insurance sphere). This method differs from the “VaR” statistic in that it
does not just measure the probability of an insolvency, but it also measures how severe the
insolvency might be. Further, under the US guaranty fund system (as discussed in Han, Lai
and Witt [65]), in many circumstances the failures of one insurer are recompensed by the
other insurers, so this logically relates to the costs that are transferred from one insurer to
another. Therefore, the EPD approach to solvency is more focused on the costs transfered
to other insurers than on the reliability of claim payments to claimants.

The last common method is the “TVaR”, or “tail value at risk”. This statistic does not
have a clear operational analogue in terms of insurance operational criteria as the VaR and
EPD do, but rather it represents the average total size of an excess loss. It is most often
cited because it has a “sub-additivity” characteristic (as noted in [40]) that is convenient
for mathematical computations, and which results in what is described as a “coherent” risk
measure.

Although there is no universally held view within actuarial circles, the mathematical
advantages of the TVaR approach have won it many converts, and it is very widely used
in some actuarial circles and by many students of risk theory. Nevertheless, there are very
compelling reasons to use VaR in the common context of property/casualty (especially long-
tail casualty insurance, where the costs of the larger claims tend to not be known until long
after the policy expires) insurance company solvency. Three concerns clearly favor the VaR
approach. First, as mentioned above, since it assesses the reliability of the insurance service
(whether or not all the claims will be paid), the VaR approach is more customer-centered.
Next, one must note that the largest losses and the upper tail of any property/casualty loss
distribution usually features rare, but outsized events. Because of their rarity, such events
usually are very poorly represented in the data used in loss-based cost studies. So, the values
related to extreme events are often heavily influenced by assumptions and as such prone
to estimation error. Of note, the VaR approach only requires understanding the events
that occur within a specified survival probability. To compute EPD or TVaR, values of all
possible events, no matter how rare, must be used in the computation, and they are focused
on extreme events. So, any errors in estimating the upper tail of the loss distribution will
have an outsized impact on the estimated values of the EPD and TVaR statistics. On the
other hand, the VaR values, in general, are less influenced by assumptions/estimation error

14



and hence are more reliable. Lastly, since meeting a TVaR threshold does not appear to
provide any explicit promise of solvency to customers or competitors, it does not provide a
meaningful metric or performance criteria to the players in the system. So, those concerns
support the VaR approach, specifically funding to secure a predetermined probability of
survival. The VaR approach will then be used throughout this study.

So, in combination with the view that any insolvency is a bad thing to consumers2, in
this author’s opinion the confidence level is more customer-driven than alternatives such
as TVaR3 . Also, as will be shown later, the confidence level approach leads to a much
preferable analysis of the proper level of funding to require of insurers. Therefore, in the
remainder of this dissertation the focus will be on the VaR “confidence level of survival”
approach.

2.2.2 Issues in Choosing the Funding Percentile and the Importance of
Maintaining the Right Capital

As mentioned in the introduction, while insurance regulators may require that a com-
pany’s aggregate risk fall below some threshold, insurers are free to establish higher thresh-
olds, and in doing so provide additional consumer confidence in their ability to pay whatever
claims their policyholders generate. But that generates an operating trade-off. As stated in
the introduction, an insurance company’s role in the economy is clearly to insure the risks
of its policyholders. So, insuring more policyholders and covering more risk is very desirable
from a sales standpoint. To the extent that the size of loss distribution and expected claim
count are known rather than estimated, the compound Poisson model applies. Therefore,
the law of large numbers and general properties of loss distributions dictate that while the
standard deviation and variance increase with additional claim counts, the ratio of the stan-
dard deviation to the mean will decrease. But, as noted, the absolute value of the standard
deviation increases with increasing expected claim counts. Further, if the loss distribu-
tion is not known, and is subject to so-called “parameter risk”, the relative parameter risk
is generally reducible via increased pooling. So a strategy of insuring more policyholders
brings additional risks. And, barring extensive use of reinsurance or raising significantly
more capital, the only way to ensure that the risk of insolvency/claims non-payment is low
requires limiting the number of policyholders the company serves. Insurers must manage, in
the end, a fourfold trade-off between writing additional business, the amount of reinsurance
purchased, the capital held by the insurer, and the risk to the enterprise.

That leads to a concern with the amount of capital needed to meet the desired solvency
threshold. The ratio of the capital held by an insurance company to the capital needed to
support its policies, should it be high, can lead an insurer to under-price policies, as noted

2For example, when a claim is paid by a guaranty fund rather than the originating insurer, the claim
may often to begin the claim process all over again, depending on what records were transfered from the
failing insurance company to the guaranty fund. Further, there are often caps on claim amounts that after
often lower than the amounts the insurance company would have paid. Further, as the guaranty fund may
have marshall assets to pay claims before paying them, there may be long delays in claim payments from
guaraty funds.

3TVaR is equivalent to Butsic’s [20] expected policyholder deficit. The expected policyholder deficit is
the expected value of all unpaid claims cost after the company’s assets are exhausted (the expectation is
taken across all loss outcomes, including the vast majority of outcomes where all the claims can be paid and
there is no deficit).
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by this author in [12] and [13] and also in Cummins and Danzon [36]. Essentially, excessive
or inadequate capital can drive a company, or a large portion of an industry, to either great
success (by those who have capital) when capital is scarce, or unprofitability when capital
is excessive. So it is relevant to understand the proper capital for an insurance company to
reliably serve its policyholders. In the context of this dissertation, the focus will primarily
be on those factors rather than on the allocation of capital4 to the various components of
an insurer’s operations.

It should be understood, though, that approval of insurance regulators is often needed
to dividend out excess capital. Further, raising capital can take time and be expensive. So,
it may be prudent for an insurance company to target say “up to 100 + x% of the capital
needed to fund 100− p% of all possible loss scenarios”.

2.2.3 Normal Approximation to the Percentiles and Their Capital and
Profit Implications

The basic concept underlying the analysis of the various percentiles and related quan-
tities is that they will vary with the loss limit used by the company. For illustration, one
may begin by assuming the most simplistic case for the distribution of the aggregate losses
T (as defined in Section 2.1). But first, a model to simplify the calculations will be intro-
duced. Noting that a typical insurance company will often have a considerable volume of
medium-to-large claims, one would expect the Central Limit Theorem to significantly force
the aggregate loss distribution close to a normal distribution. So, this will begin with a
model that assumes the distribution of T is close enough to a normal distribution to be
treated as a normal distribution5. This would characterize the situation where the claims
severity distribution is not too heavily skewed and there is a large body of data. It would
likely also be a better approximation where the probability of ruin is relatively large. In
this case, the confidence interval for the probability of ruin and the variance directly specify
the required capital/surplus, since the shape of a normal distribution is exactly that of the
standard normal (corrected for mean and variance). So, if 1 − p is the desired confidence
level, one must have funds sufficient to cover losses in the amount of

F−1
Tc(L)

(1.0− p) ≈ E[Tc(L)] + Φ−1(1− p)× V ar1/2[Tc(L)], (2.24)

using the normal approximation.

In a simplified fashion, insurance premiums cover expected losses, fully predictable6

expenses, and contain a profit load designed to provide an appropriate return on the cap-
ital deployed. So, the two sources of funds available to fund the adverse outcome with
probability “p”, specifically to fund unexpected additional losses of F−1

Tc(L)
(1.0− p),are the

expected profit and the surplus portion of the capital committed to the line. So, using
“P” to represent the expected aggregate profit (which is, at this point, independent of the

4Of note, per Myers and Read [92] the EPD has some considerable value in allocating capital.
5More complex, but possibly more accurate approaches may be found in Panjer and Sharif [95], Pen-

tikäinen [96], and Heckman and Meyers [67].
6Although it is undoubtedly not absolutely true in fact that insurance overhead and sales expenses are

fully predictable, they are nonetheless usually regarded as being predictable enough relative to losses to be
viewed as non-random in insurance ratemaking (price setting).
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capital/surplus) and S(L, p) to denote the needed “free capital” or “surplus” funds for loss
cap L and probability of ruin p, we get the approximation

E[Tc(L)] + Φ−1(1− p)× V ar1/2[Tc(L)] ≈ E[Tc(L)] + P + S(L, p), (2.25)

or

P + S(L, p) ≈ Φ−1(1− p)× V ar1/2[Tc(L)]. (2.26)

That means that (tentatively holding the profit P constant — the general case will be
discussed later)

d

dL
S(L, p) ≈ Φ−1(1− p)× 1

2
V ar−1/2[Tc(L)]×

d

dL
V ar[Tc(L)]. (2.27)

Using the result d
dLV ar[Tc(L)] = 2L

∫∞
L f(x)dx from (2.21), one may determine that

d

dL
S(L, p) ≈ Φ−1(1− p)× 1

2

√
L∫
0

f(x)x2dx+ L2
∞∫
L

f(x)dx

× 2L

∫ ∞

L
f(x)dx

≈ Φ−1(1− p)

√√√√√√

∫∞
L f(x)dx

1 +

L
∫

0

x2f(x)dx

L2
∫∞
L f(x)dx

≈ Φ−1(1− p)

√√√√√√

nλ
∫∞
L s(x)dx

1 +

L
∫

0

x2s(x)dx

L2
∫∞
L s(x)dx

. (2.28)

2.2.4 Quality of the Normal Approximation to the Percentiles

As long as the normal distribution mirrors the distribution of the possible aggregate
losses, a target ruin probability p, and a target profit load, the marginal cost of capi-
tal/surplus with respect to the loss cap L is determined. But of course, the typical loss
distribution is not normal. Should the book of business be small in relative terms and the
class of business prone to out-sized large losses, the compound variables T and Tc(L) likely
are highly skewed. To review the quality of the normal approximation to the aggregate
loss distribution, it is helpful to define a function G(L, p) representing the ratio of the true
100(1 − p)th percentile of the aggregate loss distribution (with individual claims capped
at L) Tc(L) to the 100(1 − p)th percentile of the normal distribution used to approximate
Tc(L). Specifically, G is determined from the variance and mean of Tc(L), the cumulative
distribution functions of Tc(L), and the standard normal cumulative distribution function
Φ as

G(L, p) =
F−1
Tc(L)

(1− p)

E[Tc(L)] + Φ−1(1− p)V ar1/2[Tc(L)]
. (2.29)
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It is helpful to evaluate just how well the normal approximation estimates the percentiles
that underlie the surplus (and, as will be shown later, profit) needs of the company. The
first step in doing so is to evaluate how substantive the “G” factor is in a practical context.

In light of that concern, some random sample data was reviewed. In constructing the
sample, some standard, but inexact, actuarial assumptions were made, and then imple-
mented in an exactly specified context. First, note that since insurance size of loss distri-
butions (in this context s(x)) often clump at points such as $10,000, $25,000, $50,000, it is
entirely likely that actual loss distributions, whether G(L, p) is high or not, have very large
values of ∂G(L, p)/∂L. But, recognizing that actual data is often an inadequate estimate
of the true distribution of losses by size, and considering the need to replace the highly
complex structure of the actual data with something simpler and more tractable, actuaries
often work with fitted curves rather than actual data. Since most conclusions actuaries
reach through analysis of loss distributions involve broad approximations about what is an
optimal reinsurance structure, pricing structure, capital structure, etc., rather than precise
estimates, that is practical. So, in lieu of analyzing every possible size of loss distribution,
which clearly could produce almost any value of ∂G(L, p)/∂L, it is appropriate to analyze
one that has well-known mathematical properties, is in common use by actuaries, but still
represents a case that has considerable (if not extreme) skewness and kurtosis (with con-
sequent likelihood that G(L, p) is far different than unity). Since the Pareto is recognized
by actuaries as representing a distribution with a fairly large percentage of large claims, a
Pareto distribution with parameter α = 2.2 (Fs(x) = 1− (xm/x)alpha) was chosen. Further,
the parameter α = 2.2 creates a situation where the distribution s(x) has a finite mean
and variance (though barely, α = 2.0 generates a distribution with infinite variance), but
infinite skewness and kurtosis. So logically, if G has minimal impact on the capital/surplus
and marginal capital/surplus for that Pareto distribution, it should have minimal practical
impact in most situations encountered by actuaries.

The total claims costs capped at various possible claim limits and expected claim counts
(nλ) were simulated7 using first a Poisson(nλ) simulation of the number of claims occurring,
then a simulation of each of the claims using the Pareto distribution8 with parameters
α = 2.2 and xm = 5000. The results are summarized in Table 2.1.

7Simulation was done using the NtRand Excel plug-in (version 2), and 5 sample sets of 5000 subsamples.
Each set was generated by two randomly chosen seeds. One seed was used to generate the random numbers
for the number of claims in each of the 5000 subsamples. The other set was used by NtRand to generate
480 consequent random numbers. The ith consequent random number was itself used as a seed to NtRand
to generate the random numbers used to generate the 5000 individual ith claims in each of the subsamples.
The same two initial seeds were used for all the various expected claim count, limit, and confidence level
computations within a given sample set. Derivatives within a sample set were computed using differences
between G values at limits 10% above and 10% below (of course computed within the same sample set)
each target limit L. The limited mean, variance, and inverse cumulative probability distribution values for
1 − p = .95, .98, etc., were ultimately estimated as the mean of the values from the five sample sets. The
derivatives of G, giving consideration to the goal of evaluating an adverse scenario with respect to the size
of the derivative, were set at the highest (≥ values from all other sample sets) of the five values.

8xm is referred to as a lower truncation and scale parameter. Since the Pareto distribution features zero
probability of claims below xm, the value of 5000 was chosen as a reasonable splitting point between the
high volume small claims that contribute only a small portion of loss, and the “meaningful” claims. So,
considering that the smaller claims do not contribute greatly to volatility, this particular Pareto distribution
provides a good example of what is most relevant (in terms of total costs and skewness) in insurance claims
distributions.
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Table 2.1: Values of G per Normal Distribution Approximation for Various Mean
Claim Amounts and Limits Using Compound Poisson Model

Values of G(L, p) with 1− p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $25, 000 1.739 1.007 1.015 1.019 1.053
60 $50, 000 0.379 1.010 1.020 1.026 1.069
60 $100, 000 0.082 1.015 1.028 1.037 1.082
60 $250, 000 0.011 1.021 1.047 1.071 1.132
60 $1, 000, 000 0.001 1.003 1.041 1.091 1.221

150 $25, 000 4.349 1.004 1.009 1.010 1.031
150 $50, 000 0.946 1.005 1.010 1.013 1.036
150 $100, 000 0.206 1.007 1.014 1.017 1.045
150 $250, 000 0.027 1.013 1.024 1.033 1.066
150 $1, 000, 000 0.001 1.007 1.033 1.062 1.149
400 $25, 000 11.596 1.002 1.004 1.004 1.017
400 $50, 000 2.524 1.002 1.004 1.006 1.020
400 $100, 000 0.549 1.003 1.005 1.007 1.023
400 $250, 000 0.073 1.006 1.009 1.015 1.036
400 $1, 000, 000 0.003 1.006 1.024 1.040 1.088

It is worth making a few brief qualitative comments on the relationships present in the
chart. One would expect that, given the Central Limit Theorem9, as the number of expected
claim counts increases, the quality of the approximation increases so that the G’s are closer
to unity. Further, since raising the limit from $25,000 to $50,000 and so forth increases
the skewness of the severity distribution, they would be expected to increase the skew of
the aggregate loss distribution for T as well. Hence, the quality deteriorates slightly at the
higher caps. Lastly, it can be seen that the worst performance is at the higher percentiles.
Considering that it is relatively likely that s(x) has a different asymptotic character than
the e−x2

character of the normal distribution, this is also to be expected.

As one can see, for most scenarios10 G is actually a very minor adjustment to the normal
distribution estimate of the needed capital/surplus. The exceptions generally occur when
the failure probability is very low (survival probability is relatively high) and at the larger
claim size values (for example, the 1.221 G factor for the 60 expected claims $1 million

9Technically, the Central Limit Theorem only refers to situations where there are a fixed number of
samples from a distribution, and in this case there are a random number of samples from the loss severity
distribution. However, each aggregate loss distribution may be equivalently generated by nλ independent
compound Poisson distributions with a Poisson parameter of unity.

10In reviewing these conclusions, it is important to understand that specific cells in the table, especially
those combining higher limits and a low claim amount, could still be subject to considerable sampling error.
For example, especially for some specific combinations of high limits and low expected claim counts, less
than 3 claims above $1,000,000 are expected in the whole body of claims generated in a sample set of 5000
total loss simulations. So, some inaccuracy is expected. However, the general principle that G is irrelevant
in most practical situations still holds.
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cap combination at the 99.5% confidence level includes a cap of $1 million when the total
expected aggregate loss is only $549,567.) So at the levels where one might wish to employ
the cap G is much less material.

Actuaries would typically use these computations to estimate the needed capital/surplus,
and due to uncertainties of parameter specifications and so forth, any estimate of the needed
capital/surplus is bound to be imprecise anyway. Also, as will be shown later, this may also
be used as a starting point for determining any optimal limit, but the typical problem of de-
termining a limit (or reinsurance attachment) involves determining whether one of $250,000
or $500,000 (for example) should be used, rather whether one of $250,011 or of $250,012
should be used. Similarly, implications for profit will be considered later, but, based on the
data above (from an extreme distribution), G will generally not have a meaningful impact
there.

At the detailed level, for a low expected number of meaningful claims, such as 60, G is
meaningful only at a combination of what would be a very high limit retained of $250,000
or $1,000,000, and then only for fairly high confidence levels of 99% and 99.5%. At a more
common expected number of meaningful claims of 400 (and logically, by the compression
towards a normal distribution induced by the Central Limit Theorem, for expected claim
counts greater than 400), G is only really relevant for the $1,000,000 limit and the 99.5%
confidence level (which is unlikely to be encountered in practice). Of note, this is based
on one sample distribution, so the conclusions should be viewed in terms such as “for low
numbers of expected claims”, rather than “for 60 expected claims”.

Of note, however, that analysis rests on the assumption that small values of G de-
note small differences between the perceived confidence level of the funding level estimated
using the normal approximation and the actual confidence level that estimate represents.
To evaluate the degree to which one may rely on the normal approximation to the 95th,
98th,. . . percentiles of the aggregate distribution, the error in the funding percentile intro-
duced by the normal approximation at those confidence levels was introduced by taking
(G − 1 + 2σ(est.G))FTc(L)(1 − p) and dividing it by the derivative11 of FTc(L)(1 − p) with
respect to p. The results are shown in Table 2.2.

Noting that in the observed scenarios G is always greater than unity, so the confidence
level is slightly less than the formula suggests, one may first review the values for 1−p = 95%.
The normal approximations to F−1(.95) in the example still have a true confidence level
of over 94%, so they may be relied on. The quality of the approximations to F−1(.98) are
not quite as good, but generally have true confidence levels of around 97%, and higher for
larger counts and lower limits, so those may generally be relied on. For the 99% confidence
levels, it appears that the approximation is only reliable for situations with lower limits or
higher claim counts. At the 99.5% level, it appears that either a combination of lower limits
and higher claim counts, or much higher claims counts than were contained in the sample
are needed. But, in most situations where the limit bears a reasonable relationship to the
number of counts and the tolerance is within the normal 99% or less confidence level, the

11The derivative of F was determined using finite differences applied to F (.95), F (.98), F (.99), andF (.995).
The values in the middle used the average of the finite differences in both directions, the outside values used
on the finite difference with the one adjacent point. Also of note, the standard deviation of G, which was
ultimately not extremely significant, was obtained as 1/5 of the observed standard deviation between five
estimates of each value of G.
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Table 2.2: Estimated Error in Confidence Level 1 − p for Various Expected
Claim Count, Limit, and Confidence Level Combinations Using Compound Pois-
son Model

Approximate p-Error per Normal Approximation

nλ L 95% 98% 99% 99.5%

60 $25, 000 0.40% 0.62% 0.43% 0.42%
60 $50, 000 0.52% 0.77% 0.50% 0.43%
60 $100, 000 0.68% 0.98% 0.66% 0.49%
60 $250, 000 0.76% 1.30% 0.94% 0.61%
60 $1, 000, 000 0.09% 0.92% 0.76% 0.52%

150 $25, 000 0.32% 0.56% 0.35% 0.38%
150 $50, 000 0.37% 0.60% 0.42% 0.41%
150 $100, 000 0.44% 0.77% 0.49% 0.43%
150 $250, 000 0.75% 1.11% 0.76% 0.53%
150 $1, 000, 000 0.30% 1.07% 0.78% 0.49%
400 $25, 000 0.22% 0.44% 0.21% 0.33%
400 $50, 000 0.24% 0.39% 0.30% 0.37%
400 $100, 000 0.35% 0.43% 0.31% 0.36%
400 $250, 000 0.60% 0.68% 0.51% 0.44%
400 $1, 000, 000 0.43% 1.19% 0.84% 0.50%

normal approximation appears to be very good.

2.2.5 The Lognormal Approximation to the Percentiles

While the normal approximation to the upper percentiles of the aggregate loss distri-
bution tested is of reasonable quality, One is sure to notice that it generally undershoots
the mark (since the G’s are generally above unity). The reason is clear — the normal dis-
tribution is symmetric and is lacking skewness and kurtosis, whereas the aggregate claim
distribution is affected by outsized claims from a highly skewed12 claim size distribution,
and is somewhat affected by the limited skewness in the Poisson distribution generating the
claim count. So, understanding that the following approach may be counterproductive with
less severe claim size distributions, it makes sense to develop an alternate approximation
using a skewed distribution that is almost as common as the normal distribution — the
lognormal.

The approach suggested here requires simply using the already determined mean and
variance of the distribution together with the method of moments curve-fitting algorithm.
Using the stand ins µ̆ and σ̆2 for the parameters of the lognormal distribution being fitted,
and µTC(L) and σ2

TC(L) for the mean and variance of the compound distribution, we have

12On an uncapped basis, recall that the skewness and kurtosis of the claim size distribution is infinite.
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σ̆2 = ln
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TC(L)

µ2
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+ 1

)
, (2.30)

and

µ̆ = ln(µTC(L))−
1
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1
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µ2
TC(L)
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)
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(
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TC(L)

σ2
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TC(L)

)
.

(2.31)

Then, when seeking a percentile, say the 100(1 − p)th percentile, of the approximating
distribution, one would do so as

F−1
Tc(L)

(1− p) ≈ eµ̆+Φ−1(1−p)σ̆. (2.32)

Rather than substituting in the expressions for µ̆ and σ̆ directly, it is first helpful to
use the expression for the mean13 of the composite distribution being analyzed, µTc(L) =

eµ̆+σ̆2/2. That means

F−1
Tc(L)

(1− p) ≈ µTc(L)e
Φ−1(1−p)σ̆−σ̆2/2. (2.33)

Then the expression for σ̆2 from equation (2.30) may be used to yield

F−1
Tc(L)

(1− p) ≈
µTc(L)√
σ2
TC (L)

µ2
TC (L)

+ 1

exp


Φ−1(1− p)

√√√√ln

(
σ2
TC(L)

µ2
TC(L)

+ 1

)
. (2.34)

However, that is still an extremely complicated expression. The first step is to define

A(L) =
σ2
TC(L)

µ2
TC(L)

+ 1. (2.35)

Then, using equations (2.12) and (2.13), one may get

A(L) =
nλE[X2

c (L)]

n2λ2E2[Xc(L)]
+ 1 =

E[X2
c (L)]

nλE2[Xc(L)]
+ 1. (2.36)

So, one may write

F−1
Tc(L)

(1− p) ≈
µTc(L)√
A(L)

eΦ
−1(1−p)

√

ln
(
A(L)

)
, (2.37)

or, in this case, since µTc(L) = nλE[Xc(L)],

F−1
Tc(L)

(1− p) ≈ nλE[Xc(L)]√
A(L)

eΦ
−1(1−p)

√

ln
(
A(L)

)
, (2.38)

13This arises from the formula for the mean of a lognormal distribution in terms of its internal µ and σ

parameters.
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which is then a moderately long, but tractable, estimate for the percentiles of the distribu-
tions capped at various values of L.

Of course, the next step is to compute the values of G for the target claim size distri-
bution and the various expected claim counts and capping limits used earlier. The formula
for G is

G(L, p) =
F−1
Tc(L)

(1− p)

nλE[Xc(L)]√
A(L)

eΦ
−1(1−p)

√

ln
(
A(L)

) . (2.39)

The G values computed using the formulas for the mean and variance, and the sampling-
estimated values of F−1

Tc(L)
(1− p) are shown in Table 2.3.

Table 2.3: Values of G per Lognormal Distribution Approximation for Various
Mean Claim Amounts and Limits Using Compound Poisson Model

Values of G(L, p) with 1− p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $25, 000 1.739 0.994 0.989 0.984 0.981
60 $50, 000 0.379 0.996 0.991 0.986 0.988
60 $100, 000 0.082 0.999 0.995 0.992 0.993
60 $250, 000 0.011 1.002 1.010 1.019 1.031
60 $1, 000, 000 0.001 0.982 1.000 1.032 1.100

150 $25, 000 4.349 0.998 0.997 0.994 0.992
150 $50, 000 0.946 0.998 0.997 0.996 0.993
150 $100, 000 0.206 0.999 1.000 0.997 0.998
150 $250, 000 0.027 1.004 1.007 1.010 1.013
150 $1, 000, 000 0.001 0.997 1.014 1.035 1.086
400 $25, 000 11.596 0.999 1.000 0.997 0.997
400 $50, 000 2.524 0.999 0.999 0.999 0.998
400 $100, 000 0.549 1.000 0.999 0.999 0.999
400 $250, 000 0.073 1.002 1.002 1.005 1.009
400 $1, 000, 000 0.003 1.002 1.016 1.029 1.057

Two things are immediately obvious from the table of G’s. First, in this instance,
the approximation error is much less than that of the normal approximation. In fact, the
lognormal-based approximation is good enough that, except for the highest limits and the
lower expected claim counts, it is immediately obvious from the table that the lognormal
prediction results in no appreciable error in the survival probability.

One should be careful simply using the lognormal as a blanket replacement for the nor-
mal approximation. The data used in the sampling of the F−1

Tc(L)
(1 − p) values was from

a very skewed distribution. Less extreme loss size distributions may result in sufficiently
less skewness to make the lognormal approximation significantly overshoot the actual per-
centiles F−1

Tc(L)
(1 − p). In some circumstances, though, it may be helpful to view both and
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view the characteristics of the loss size distribution in order to determine an estimate for
the upper percentiles. Of note, though, it must be stated that the normal and lognormal
approximations take something very complex (computing the upper percentiles of an ag-
gregate distribution — and doing so at a wide variety of loss caps) and convert it to a
fairly simple process involving expected claim counts and moments of the capped claim size
distribution. Further, since it uses a value-at-risk approach, this model only requires data
up to the amount of the cap. Hence it is not heavily dependent on assumptions about the
upper end of the claim size distribution. This analysis creates a powerful tool for enterprise
risk management.
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CHAPTER 3

FINANCIAL CONSIDERATIONS: STRUCTURE

CONSIDERATIONS, PROFIT, AND

REINSURANCE PROGRAM DESIGN

3.1 Financial Structure of an Insurance Company

Before continuing the analysis of the compound Poisson model for potential aggregate
claims costs, some background analyses of the financial structure within which insurance
companies operate are in order. Specifically, some analyses of the surplus required to
support operations, the profit needed to sustain surplus in the long run, and the optimal
choice of a reinsurance retention are in order.

The first step in that process is to understand the general financial structure of an
insurance company. Part of the lack of consensus on the proper profit loading for insurance
companies stems from their structure as financial intermediaries. As such, they utilize
money from all their customers to pay some of their customers (claimants); require capital
from investors to secure against payments coming in higher than expected; earn investment
income on both the funds supplied by their policyholder customers and on the capital
supplied by the investors; and earn profits on both the passive investment of capital and
their “insurance underwriting operations” of taking in premiums and paying out claims1.
An illustrative model of the underlying cash flows and operations may be found in Sturgis
[108]. So, to truly understand how the financial operations of insurance companies affect
investors and insurance customers, one must understand the capital and asset structure of
insurance companies.

It is helpful to discuss the two aspects of an insurance company separately. In the spirit
of being customer-centered, the insurance underwriting operations will be discussed first.
They are best understood in terms of the flow of a dollar of premium through the insurance
process. Not surprisingly, the flow begins with a customer purchasing an insurance policy.
With that purchase, a commission often must be paid, and certain other expenses (such as
the costs of reviewing each of the potential insurance customers to see whether they meet
the company’s eligibility standards, entering the policies of the selected customers onto
the company’s statistical records, premium tax to the state in which the policy is effective

1Of note, insurance companies must also pay for operating expenses and (usually) commissions to sales-
people, plus a few classes of miscellaneous expenses.
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etc.) often must be paid. Therefore, if the company receives $100 from the customer, they
typically only have $65-$95 left over after the up-front expenses. The costs associated with
that $65-$95 are the ongoing administrative expenses associated with the policy (including
possibly some general overhead of the company, and certainly some administrative expenses
associated with administering claims), and of course the costs of the “losses”, or claims that
must be paid. Many of those expenses occur throughout the life of the policy, and a large
portion of the losses, especially on so-called “long-tail lines” (types of insurance contracts
where there is a long lag between receipt of the premium and payment of the claims) will be
paid long after the contract has run its course. So, there is an opportunity to grow the $65-
$95 left after up-front expenses into somewhere between a modestly and a significantly larger
sum through investments. However, the insurance company has a responsibility2 to make
certain that it has the funds to fulfill its promise to pay the claims of its insured customers.
Hence, most insurance companies (at least those that are reasonably sophisticated in the
investment and asset-liability matching disciplines) will back the liabilities (the future costs
of claims and expenses required after the up-front costs) with investment grade bonds that
mature at roughly the same time as the liabilities come due. So the insurance underwriting
operations take in premiums, invest funds in bonds until payments come due, and generate
profits off the difference between the premium3 and the discounted costs of all the expenses
and losses associated with the policies the company sells.

As a result of this process the customers receive value. The insurance company replaces
an unknown risk of loss that has a relatively high standard deviation (that potentially
could bankrupt the insured customer) with a certain predefined cost4. Since the law of
large numbers dictates that the standard deviation of a group of pooled risks will be a
successively lower and lower percentage of the mean as more risks are added to the pool,
the relative volatility of the whole pool of policies sold by the insurance company is less
than the typical relative volatility of each risk on a standalone basis5.

An insurance company is a classic financial intermediary. It receives monies from poli-
cyholders, processes them, and returns them to the same class of policyholders. Its profit
is derived from the spread between total funds received (including, implicitly, investment
income) and the total funds paid out. Further, the lag between receipt of premiums and
payment of claims allows the company to earn an investment “float”, which is at least
partially returned to the policyholders through a reduced profit loading. So, an insurance

2Even if the insurance company chose to invest in investments (such as, in this, even investment grade
stocks) that offered higher returns, but at a higher risk that funds could decline to less than the cost of claims,
in the United States there are solvency regulators in all or nearly all jurisdictions. In most circumstances,
those regulators would not allow the insurance company to take such risks.

3Technically, since most insurance companies offer installment premium payment plans, it may be mathe-
matically superior to consider that premiums are not always received at the inception of the policy. However,
the lag between policy inception and premium collection is usually nowhere near as long as that between
policy inception and the associated liability-type expenses, so this is functionally disregarded.

4Of note,that cost also has a higher expected value than the risk of loss, due to the insurance company’s
expenses.

5This random risk of claims that occur refers solely to so-called “process risk. As will be discussed
later, the typical insurance setting features is “parameter risk”, or the risk of mis-estimating the mean and
variance. Parameter risk is typically less significant that the process risk is for individual insureds, but is not
prone to reduction through pooling. Consequently, the parameter risk of an insurance company is typically
very significant, often more so than the process risk.
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company invests money for the indirect benefit of its customers, like typical financial in-
termediaries. Further, the value an insurance company provides is an intangible increase
in economic security, like the intangible “enhanced return on invested funds” or “simplified
processing of payments” provided by investment houses and banks. Aspects of the cash
flows of insurance companies are discussed in Feldblum [52] and to some extent in Balcarek
[2].

But, of course, that process assumes that all the elements of the underwriting operations
occur at exactly their expected values. Laws of probability dictate that they almost always
will do otherwise. Further, probability dictates that when losses in the aggregate are highly
variable, the company’s actual final profit results will usually differ materially from their
expected values. Further, even companies with relatively predictable losses will occasionally
experience extreme profit fluctuations if the tail of the aggregate loss distribution is large
enough. For that reason, in order to assure their customers and the public6 that the claims
will (up to a certain probability) be paid, the insurance company must set up a buffer fund,
called their “surplus”7. Should results turn out exactly as expected, the profit will accrue to
the surplus, from which it is sent as dividends to the investors or reinvested in the business.
Should results turn out worse than expected, the surplus provides funds to backstop the
premiums so that (unless results are very adverse) the promise that the company will pay
all valid claims is still fulfilled. Views of the optimal amount of surplus may be found in
Cummins and Nini [35] and Cummins and Sommer [34].

In that regard, the surplus represents the key capital stock of an insurance company.
An auto manufacturer, for example, requires capital to invest in manufacturing facilities,
tooling, and engineering. On the other hand, an insurance company requires only a pool
of available funds (plus a comparatively smaller amount for office furnishings, equipment,
and a computer system), which are themselves re-invested. As such, most of the capital of
an insurance company is understandably more liquid (easier to sell) in the event demand
falls off. An example of the view of required return for industrial companies may be found
in Fama and French [49].

However, state insurance regulators have considerable influence on how much surplus
is held and what classes of investments are held. For most solvent mid-range to large
insurers, as long as the insurer’s bond portfolio (supplemented with the premiums that
are in the process of being collected) is adequate to fund its expected liabilities, rating
agencies and most state regulators often allow the remaining funds of the company to
be invested in investment grade stock. Consequently, the vast majority of the capital of
an insurance company actually earns a passive investment return, even if the insurance
company sells no policies. This must be contrasted with that of, say, an auto manufacturer

6The public at large has a stake in the ability of the insurance company to pay its claims as well as
the insured customer. Businesses, automobile owners, and many professionals often must have insurance in
order to obtain a license. Individuals relying on insurance customers, such as medical patients, other drivers,
and employees of businesses, need to be certain that the insurance company can pay its claims should they
become claimants.

7To be absolutely precise, a property/casualty insurance company operating in the United States generally
must not only set up a “surplus” account, they must also set up a “loss reserve” liability for their unpaid
claims that does not reflect the time value of money. Thus, the amount of the discount inherent in the loss
reserves provides a buffer— as long as the loss reserves are adequate to pay the undiscounted costs of all the
unpaid claims.
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or some other industrial company, whose capital assets depreciate in value rather than
grow, and additionally generate passive costs (real estate taxes, maintenance, etc.) rather
than passive returns. One view of the required return for an insurance company may be
found in Masterson [83]. Other useful sources on the accounting and financial structure of
insurance companies include Troxel and Bouchie [112], Tarbell [110], Cabral and Feldblum
[21], Nealon and Yit [93], and Bloomer [7].

So, although the accounting records of an insurance company show no distinction in how
the assets are allocated, it is nonetheless very practical to think of an insurance company
as holding two classes of operations operating out of two separate accounts. Matsuyama’s
article [84] on the asset mix of a typical life insurer illustrates how insurers set up separate
accounts in this fashion. The insurance underwriting asset account group involves the
direct fulfillment of the insurance promise. Money is taken in, invested in investment-grade
bonds, operating expenses and insurance claims are paid (barring adverse results) out of
this account. When profits are generated, though, they are forwarded to the surplus or
“capital” account. The capital account has two objectives. Its first objective is to backstop
the underwriting account should losses be adverse. Its second objective is to generate
passive investment returns. Given that the maturies of bonds match, it would be possible
to even assign bond assets to lines of business. For a view of assigning capital funds to line
of business, one may review Gründl and Schmeiser [64].

It is also important to reflect the reality that insurance companies sometimes elect to take
measured risks in the underwriting/bond account. For example, an insurer might choose to
take advantage of an upward sloping yield curve and invest so that its underwriting/bond
portfolio comes due two years or so after its insurance liabilities. Such a strategy might
produce additional profits or it might produce additional losses. Logically, since such a
strategy is divorced from the basic insurance underwriting operations, the profit or loss
from such activities should logically fall directly to the surplus account rather than be
thought of as part of insurance underwriting operations. As will be shown later, given that
the return and risk of the alternate strategy are consistent with market norms, a return
appropriate for the risk will accrue to the investors, directly from the investment strategy
employed. As such, the profit load indicated for underwriting operations should be neutral
or unaffected relative to the investment strategies employed with the capital/surplus funds.
This will become more apparent in a forthcoming chapter.

Of note, at first blush it might appear that, since most of the capital of a typical
insurance company is invested in stocks, it is already returning an adequate yield to its
capital providers. Therefore, one might posit that no further profit is required. Consider,
though, that some of the assets (at least representing computer systems, furniture and
equipment, and possibly real estate) do not generate investment income, and do depreciate.
Further, the earnings from the company’s invested capital assets (dividends and capital
gains only, should the capital be invested in stock) are taxed as part of the taxation of the
insurance company’s profits before they could be remitted to the owner/investors. This is
referred to as an “additional layer of taxation” relative to the profits simply being taxed
once on receipt by the ultimate investor. Lastly, there is a debate within the actuarial
profession as to whether the appropriate long term investment return to the investors of the
insurance company should be adjusted to reflect the volatility of the insurance underwriting
operations. That is because such volatility, at least by first principles, is totally unrelated
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to the stock market volatility which the Capital Asset Pricing Model or “CAPM” views
as the basis for excess returns above the risk-free interest rate(see Sharpe [106], Markowitz
[82],Fama and French [48], Fama and MacBeth [47],Ross [104], Roll [103], Chen, Roll and
Ross [26], Reilly and Brown [100], Cochrane in [28], [29] and [30] , Campbell in [23] and
[24], Duffie [45], Dybig and Ross [46], Jaggannathan and McGrattan [70], Littner [76], and
Mehra and Prescott[88]).

3.2 The Required Return — A Model Incorporating Pure
Volatility

Now that the general financial structure of an insurance company has been explained, it
is important to understand conceptually what profit load is required to sustain operations.
That ultimately is driven by the mathematically indicated required overall return. However,
there is an ongoing discussion within the actuarial profession regarding the relationship
between the profit that would reasonably be expected by investors and the diversifiable
volatility of the returns from an insurance company’s insurance underwriting operations.
Some appropriate resolution of that matter, or appropriately determined position is required
in order to understand the indicated overall return.

Specifically, there are a number of actuaries and financial professionals that believe that
an insurer’s required returns should simply follow the CAPM approachl (or some related
multi-factor model, as exemplified in Cummins and Phillips’ article [37]). There is another
group that believes that a reward for pure risk volatility is required. Following the logic
of the pure CAPM, since an insurer’s claims are (theoretically) completely fortuitous and
unrelated to the stock market (or other common factors, for the most part), no loading for
the risk of insurance underwriting operations is needed. Aspects of this approach were also
addressed by Feldblum [53].

Following the risk loading concept requires a different approach. This faction (see an
article by Meyers [90] mentioned earlier) looks at the indicated profit load from a customer
value perception. They argue that the service provided by insurance companies is the
transfer of risk, so that insurance companies deserve compensation for the residual risk
(after the benefits of pooling they provide) associated with service they provide. Therefore,
they argue, insurers deserve compensation for the risk they assume. With regard to this
second view, one must in the end consider that the purpose of profit is to attract investment
capital. So, logically, while the opportunity to earn profits is more related to the risk the
insurance company’s insured customers perceive they are transferring to the company, the
profit needed to sustain their business is primarily related more to the demands of investors.
One must consider, though, that there are economic forces beyond CAPM, specifically that
insurance company managers should seek to create more returns than CAPM indicates.
That view suggests that efficient treatment of risk should create an opportunity to add
extra value, or “alpha”, for shareholders beyond the returns needed to attract capital.
That forms the alternate view, and some decision between the two must be made in order
to create a final formula for the benchmark profit needed by an insurance company8

8It is important to note that specifying a benchmark return that is adequate is not a sufficient condition
for a company to survive. It must, by dint of customer service and other business activities, earn the specified
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That does not, however, completely divorce the needed profit from risk. Prominent
mention should be made of the fact that, as discussed earlier, the needed capital to run
an insurance company with a 100(1− p)% probability of survival is strongly related to the
standard deviation of its residual risk . Therefore, the more residual risk, the more capital
needed. Since the profits are partially earned from the insurance underwriting operations,
the more residual risk, the more capital needed in relation to sold “premium” (sales, but
said in insurance terminology), which means that the premium must generate higher profits
to support the corresponding capital).

There is also a view that in spite of the absence of pure diversifiable variance from
most stock pricing models, it still matters to some or many investors. Proponents would
argue that investors carefully select the individual stocks within their portfolios, and in the
process consider the volatility on a stock-by-stock basis. In this view, there should be a
certain market premium for diversifiable volatility (the volatility that is uncorrelated with
the market as a whole, and hence amenable to reduction through diversification of stock
holdings across a variety of different companies) as well as intrinsic volatility (the volatility
of the market as a whole, which is, in light of the market representing all investment options,
does not allow for further diversification).

Therefore, it makes sense to attempt to evaluate the degree to which the market might
be rewarding diversifiable volatility. In the interests of obtaining the reward for the added
volatility, a review of the well-known characteristics in broadly popular models (as described
in [106], [48] and [26]) of stock pricing was done. The only characteristic factor that relates
to diversifiable volatility, even indirectly, is the “Small minus Big” factor in the Fama-
French model. While the premium for investing in small-cap stocks could also be due to
items such as the lack of information imposed by the limited resources of analysts covering
small-cap stocks, one could also make a point that small-cap stocks should be intrinsically
more volatile. So, in that view, the small-cap premium is partially or wholly due to that
increased volatility.

To evaluate which view is most correct, a data analysis comparing returns of stocks with
low and high diversifiable variance was performed. First, due to the fact that many insurance
companies do not fully analyze their loss reserves, and hence their full underwriting results,
until the year-end accounting, it was determined that annual data should be analyzed for
this study. Next, the “Small minus Big” (“SMB”) factors on Dr. Ken French’s web page,
as well as the market excess return and risk free return were converted into yearly returns.
Three time periods were analyzed, 1963-2010 year ends (all available data at the time of
the analysis), the years9 1963-2005, and 1981-2005, to reflect more current data. For each
set of points the portion of the returns that was explained statistically by the market excess
returns for the same time period was removed, creating a set of returns that are orthogonal
to the market excess return across each time period. The mean returns for the portion of

return. In the end, the primary factor in a company’s long run success will of course be how well it operates
in its chosen market.

9This was designed to omit 2008, since there was a precipitous decline in stock prices, less so for small
than large stocks, in 2008. But, it is generally acknowledged that a large factor behind this decline was a lack
of transparency in financial statements and a lack of communication from corporations to their shareholders
about how the companies were run. So, there is strong reason to believe that the downturn of 2008 was
not really the sort of downturn that investors accepted when they purchased the stocks. Therefore, some
calculations excluding 2008, rather ending at the previous multiple of five(2005) were done.
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SMB that were truly uncorrelated to the market return are shown below.

Table 3.1: Historical Average SMB Returns—Portion Uncorrelated with the Market

Year Ends Used Mean Uncorrelated to Market SMB Returns

1963− 2010 1.75%
1963− 2005 1.45%
1980− 2005 0.29%

Consider that the most recent data point of the two that exclude the unusual 2008
market activity shows a very small premium for the truly uncorrelated portion of SMB. So,
there is arguably a question of whether or not investor sentiment has changed to eliminate
SMB. But, it is also true that the values are slightly inconsistent. Overall, this suggests that
the pure uncorrelated (to the market return) portion of SMB is likely somewhere between
twenty-five and one hundred seventy-five basis points.

That presents the information for the average return. But how that excess return
is expressed as a function of the variance must still be analyzed. The first step involves
establishing the mathematical form of the relationship. For reference in doing so, it is helpful
to describe the CAPM approach in somewhat non-standard terms. The estimate of the
excess return in the CAPM approach is generally expressed as the market excess return times
the “β” factor, where β = ρstock,marketσstock/σmarket. But note that it is also true that β is
also equal to the square root of the shared variance component of the stocks returns divided

by the market standard deviation β =
√

ρ2σ2
stock/σmarket. So the excess return expected for

a stock may be written as (Stock’s Excess Return) = ((excess return of market)/σmarket)×
(Square root of shared variance component).

In other words, a stock’s required return may be computed by multiplying a normalized
(per unit of market standard deviation) market return on standard deviation, times the
square root of the portion of the stock’s variance (of returns) that is shared with the
market. As summary, the portion that involves the square root of a shared variance, as the
square root of a variance, should be thought of as a shared standard deviation. So, logically
the expected excess return for a given stock is determined by applying a market loading of
amount (excess return of market)/σmarket on the standard deviation component the stock
shares with the market. Therefore, when evaluating any loading for the uncorrelated (with
the market) volatility of a stock, the most consistent approach is to assume that each
stock’s profit loading would be computed by multiplying some constant loading factor for
uncorrelated returns by the standard deviation of the uncorrelated portion of the stock’s
excess returns.

To estimate that loading factor, estimates of both the SMB excess return and the stan-
dard deviation of each are needed. But, to compute the standard deviation difference
underlying the SMB excess returns, it is not relevant to consider the variance of the SMB
data (since that has had the benefit of pooling). So, the 1995-2005 and 1995-2010 annual
returns of twenty randomly selected10 small company stocks and twenty randomly selected

10Selection protocols were as follows. The first forty stocks returned alphabetically to a query for NASDAQ
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large company stocks were computed. Then the portion of each stock’s excess (over the
risk-free return per Fama-French) return over the ten year period 1995-2005 and the fifteen
year period 1995-2010 that was orthogonal to the market excess return in each period was
computed. The variance of each stock’s uncorrelated returns was computed. The excess
returns were summarized by group, along with the difference in the diversifiable excess
returns, for each period. The results are shown below.

Table 3.2: Conversion of Uncorrelated SMB Returns to Load on Standard Devia-
tion of Diversifiable Risk

Implied
Data Used “Small” S.D. “Large” S.D. Difference Likely Return S.D. Load

1995− 2005 68% 28% 40% 0.29% 0.7%
1995− 2010 63% 29% 36% 1.75% 4.9%

In conclusion, the data analyzed suggests11 that a load in a range of around 1-5% would
be priced on the standard deviation of diversifiable risk. This is also contrasted with the
CAPM approachl, where the load on the shared standard deviation (between a stock’s
returns and those of the broad market) is in the range of 25-45%. So, in the rest of this
dissertation a load on diversifiable risk will be assumed to be required to satisfy investors.
In the interest of distinguishing the diversifiable risk loading ratio from probability (“P”
and “p”), a cumulative distribution (“F”), etc. a neutral name of “ν” will be used for this
loading ratio on the standard deviation of diversifiable returns.

This also has implications for the true excess return underlying the CAPM approach.
Since the standard deviation is never negative, the return of the universe of investments
available must already include some portion of the loading on diversifiable standard devia-
tion. Therefore, technically the overall market return should be decomposed into a portion
related to the sum of all individual stock’s diversifiable standard deviation loads, plus a
remainder which would represent the true market return on non-diversifiable risk. How-
ever, in the context of this dissertation, a brief review of the forthcoming algebra of the

stocks with under $one billion in capitalization for which data back to 1995 was available were selected for
the small company stocks. The first forty stocks returned alphabetically to a query for NYSE stocks with
over $twenty billion in capitalization for which data back to 1995 was available were selected for the large
company stocks. Of those, the first twenty meeting the longevity criteria were chosen. Considering the heavy
incidence of stocks with a shorter history, this data has impacts of unknown magnitude from survivorship
bias.

11Of interest, the actual differences in the mean returns of the small stocks selected and the large stocks
selected was about 9% over 1995-2005 and about 7% over 1995-2010, which must be considered in light of
a much higher volatility between the returns of various stocks (an 18% standard deviation, for example,
for the fifteen year small stock average returns between companies—4% standard deviation of the mean
across all companies in the sample). This indicates a higher loading on standard deviation. But, unless
there is corresponding evidence that some portion of what the SMB represents acts to reduce the excess
returns generated by SMB, it should represent a cap on the total excess return difference used in computing
the loading ratio. Note also that the small stock data is more volatile than the large stock data, which
would suggest that the small stock perceived additional returns would be significantly more enhanced by
survivorship bias.
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overall return12 provided to stockholders of an insurance company will affirm that such a
decomposition would not affect the results.

3.3 The Indicated Profit Loading in the Rates

In computing the needed benchmark13 profit ratio on sales (the profits to be earned on
underwriting operations, as discussed in Section 3.1) for an insurance company, one must
compute the total profit needed so that the combination of the profit earned on sales (after
tax) from insurance underwriting operations plus the profits earned from passive investment
of capital (also after tax) sum to the needed total return. Also, the total target would have
to reward the company’s investors for all forms of return that are intrinsic to the stock
market. The three relevant returns to investors on their capital investment in the insurance
company would include the risk-free return, the loading for market risk, and the loading for
diversifiable risk discussed earlier.

To begin to discuss the required return, one must first relate the capital required to the
premium sold (technically, in this scenario, required capital is actually generated by the
losses insured). Recall that the needed surplus for an aggregate loss in the variable amount
Tc(L) was defined in conjunction with the profit by equation (2.26) as

P (L, p) + S(L, p) = F−1
Tc(L)

(1− p)− E[Tc(L)]. (3.1)

Since the required profit will relate to the surplus commitment, a small system of equations
is involved to separate the profit and surplus. Also, to truly understand the profit load and
marginal profit required in operating an insurance company, it is necessary to understand
some of the details of insurance company operations and costs a little better.

First, earlier in this dissertation, in the interest of brevity, it was implicitly assumed
that all of the insurance company’s capital was invested in liquid assets such as stocks and
bonds. That is true to the extent that most of an insurance company’s capital is invested in
liquid assets. It also reflects the key knowledge needed to understand the concepts presented
earlier. But it is not entirely true. A portion of an insurance company’s capital assets will
be tied up in the costs of computer systems and hardware, furniture and equipment, and
real estate. That portion of the assets is referred to as “non-admitted” (not counted towards
solvency) assets, so (since N is already in use), their aggregate amount will be referred to
as U (for “un”-admitted). Hence, the total capital invested will be counted as C = S + U .

Next, as mentioned previously, taxation is a key issue (see Feldblum [51] for a more
extensive discussion of property/casualty insurance company taxation, as well as Feldblum
[56] and van der Meer and Smink [113] for a more detailed study of investment strategies of
insurers). But it is also true that the surplus funds are taxed generally (excluding dividends)

12As will be shown in Section 3.3 equation (3.13), any indicated return beyond the risk-free rate is simply
earned (or expected to be earned) by the portfolio and passed through after dilution for taxes and non-interest
earning assets. So whatever return is expected by the market, however it is decomposed, will be passed
through. Should a beta between insurance losses and the stock market be determined, the decomposition of
market returns into premiums for diversifiable and intrinsic risk may be needed.

13As noted earlier, profits are not per se given . . . a company must earn them.

33



at the capital gains rate14, whereas underwriting profits are taxed at the full rate. Hence,
one must define XA as the tax rate applicable to the passive returns on assets backing the
surplus, and XU as the tax rate on underwriting profits.

It is also necessary to introduce symbols for the various key interest rates. Following
standard notation, rF denotes the risk-free interest rate and rM represents the excess return
of the market as a whole. As indicated before, factors such as SMB and the ν factor for
standard deviation would act to reduce the pure market return. However, later in this
section, the analysis will show that the CAPM return is not needed to compute the required
profit load in most circumstances. Of course ν continues to represent the factor loading on
standard deviation uncorrelated to the market.

The CAPM posits that the required return on a portfolio of investments that is needed to
satisfy investors is equal to the risk-free rate rF , plus a factor “beta”, or β, times the return
of the market as a whole less the risk-free rate (the “excess return”, rM , of the market). The
β of the portfolio is computed by first computing the covariance of the portfolio’s excess
returns with those of the market as a whole. In equation form,

β = Cov[rA, rM ]/V ar[rM ], (3.2)

where rA represents the excess returns of the portfolio of assets invested. The indicated
required excess return on portfolio A is then given by

E[rA] = βE[rM ], (3.3)

and the total return required for portfolio A (per CAPM) would be E[rF ] + βE[rM ]. The
excess return equation (3.3) may also be restated in terms of the standard deviation shared
between A and the market by defining a loading lM , where lM = E[rM ]/V ar1/2[rM ]. Specif-
ically, one may write

E[rA] = βlMV ar1/2[rM ] = lM
Cov[rA, rM ]

V ar[rM ]
V ar1/2[rM ] = lM

Cov[rA, rM ]

V ar1/2[rM ]

= lMV ar1/2[rA]ρ[rA, rM ] = lM
√
V ar[rA]ρ2[rA, rM ]

= lM × (standard deviation of variance component shared by rA and rM ),

(3.4)

where ρ is the standard notation for the correlation. Therefore, the excess return on a stock
may also be characterized as a market loading factor times the standard deviation of the
variance component that is shared with the market.

14In practice, the return on the bond investments supporting the underwriting returns are taxed, too.
However, in this model, at this point in the dissertation, release of profit at the time a policy is sold is
assumed. Further, the underwriting returns are assuming to be computed on a discounted basis. Hence,
the “unwinding” or progress from discounted values to the final nominal values of the losses (which reduces
profits in a year), given a similar interest rate on the bonds as is used in discounting losses, will offset
the investment income on the bonds backing the liabilities (which would otherwise increase profits). It is
possible in practice to marginally improve the profits of an insurance company by investing in tax-free (or
tax-advantaged) municipal bonds that earn investment income equal to the company’s profit from insurance
underwriting operations, but that is beyond the scope of this dissertation.
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For the market loading, βS will denote the beta of the invested surplus, βC will denote
the beta on invested capital, and βU could represent the beta of the insurance underwriting
results. In this case, however, as fully random events are unrelated to the stock market we
implicitly infer that βU = 0. A somewhat alternate approach may be found in Bingham [6].

Lastly, it will be necessary to introduce a few symbols used in property/casualty ratemak-
ing. Generally, loss or claims costs are denoted by “L”, but L is already in use (as is C), so
T will be used in the tradition of its use earlier in this dissertation within the context of the
probability distribution of the total losses. Expenses must be considered as well. Insurance
cost structures have a relatively novel feature in that most insurance salespeople are paid
entirely by a fixed percentage of premium called commission, which is sometimes a very
significant portion of the premium. Of less prominence, most premium taxes, unlike most
sales taxes, are actually included within the premium rather than tacked on at the point
of sale. These constitute what are called “variable expenses”, which float up and down
directly and proportionately to any change in insurance pricing. Although many actuaries
treat all expenses as fluctuating with premium, there are others that treat flat costs that
do not vary with premium, such as maintaining a computer system, as so-called fixed ex-
penses15. Following actuarial convention, one would set V E as the variable expense in the
aggregate, V ER as the ratio of variable expense to premium, FE as the aggregate fixed
expense costs expected16, and FER is generally undefined since fixed expenses do not float
with premium. A more detailed explanation of the ratemaking equations may be found in
McClenahan [87]. Then the following equation applies, either for pricing in the aggregate
with FE representing aggregate costs, or for individual policies where FE is fixed expenses
per policy, in computing the needed premium:

Premium Charge =
E[T ] + FE

1− V ER
. (3.5)

The typical actuarial practice at the time of this writing is different from this. In most
actuarial ratemaking analyses today, profit is subsumed into variable expenses. But, one
may see that, with respect to this analysis, profit relates solely to the volatility of the loss,
and (as will be seen), the capital commitment, which itself relates to the volatility of the
loss. However, assuming a fixed portfolio of losses, the profit load should logically be treated
as a fixed expense. That yields the corrected equation

Premium Charge =
E[T ] + P + FE

1− V ER
. (3.6)

To complete the notation, one should first note that the loss content above is for total
losses. Next, recognizing that a focus of this dissertation is on management options that
involve using features that limit losses, one should consider reinsurance, or the transfer of
losses from the insurer to a reinsurer. Explicitly, if the insurer transfers all risk above, say,
L, without limit, it transfers E[T ]−E[Tc(L)] to the reinsurer in loss content. The reinsurer

15There is no intention here to present a view or belief that any particular expense should be treated
as fixed or variable. Such an approach might require different short-term and long-term views and could
introduce much complexity. The intention here is simply to acknowledge that at least some expenses are
variable and that some may be treated as fixed in some circumstances.

16Technically, these would typically be the fixed expenses per policy, as would the variable expenses.
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charges the E[T ] − E[Tc(L)] in return, plus a loading denoted by Q(L,∞) (attempting to
use a variable name not used elsewhere). That results in a pricing equation of

Premium Charge with Policy Limit of L =
E[Tc(L)] + P (L, p) + FE

1− V ER
, (3.7)

or

Premium Charge =
E[Tc(L)] + E[T ]− E[Tc(L)] + P (L, p) +Q(L,∞) + FE

1− V ER

=
E[T ] + P (L, p) +Q(L,∞) + FE

1− V ER
, (3.8)

where the P (L, p) term reflects the potentially different profit load that is required when
the insurer’s potential losses are individually capped at L, and the required surplus reflects
a specific funding percentile determined by “p”.

Then, the first step is to compute the total indicated dollar profit, given exactly the
surplus S(L, p) needed for a cap of L on a group of policies with certainty 1 − p. We can
see that the pre-tax profit earned by the company will simply be the return on invested
surplus plus the underwriting profit17 across all policies. So, if the total return at some cap
L and funding level p is defined as R(L, p), and the portfolio backing the surplus is invested
in the broad market18, specifically, a broad market mirroring the market as a whole, then
the pre-tax return would be R(L, p) = (rF + rM )S + P (L, p). But, taxes are involved, so

R(L, p) = (rF + βSrM )(1−XA)S(L, p) + (1−XU )P (L, p). (3.9)

Consequently, the rate of return on all capital generated by all operations is

R(L, p)/C = (rF + βSrM )(1−XA)
S(L, p)

C
+ (1−XU )

P (L, p)

C
. (3.10)

Now, by that equation, and since the non-admitted assets U are not invested in securities
(hence βU = 0), we can infer that (since underwriting results are assumed to be purely
random and hence uncorrelated to the market as a whole in the examples in this dissertation)

βC = (1−XA)βS
S(L, p)

C
+

(1−XU )P (L, p)

C
βU

= (1−XA)βS
S(L, p)

C
. (3.11)

That means that the CAPM approach supplemented with the adjustment for the diversi-
fiable standard deviation would require

17In the interests of full disclosure the term “underwriting profit” is technically used in the prop-
erty/casualty actuarial and insurance accounting context to refer to the underwriting result of a given
year on an undiscounted basis. The term is used in the discounted context here because it refers to the
profit from “insurance underwriting operations” which which presumably involve handling policies, paying
claims, and some fairly straightforward investment policies. Note that in this context, some basic invest-
ing is subsumed into operations, but more advanced investing, such as the effect of duration mismatch, is
presumed to be included in the investment returns.

18It will later become evident that this assumption is superfluous.
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R(L, p)

C
= rF + (βSrM )(1−XA)

S(L, p)

C
+ (1−XU )

νV ar1/2[Tc(L)]

C
. (3.12)

Alternately, the equation for the total return is

R(L, p) = rFC + (βSrM )(1−XA)S(L, p) + (1−XU )νV ar1/2[Tc(L)]. (3.13)

So, combining equations (3.9) and (3.13), one may conclude (simplifying S(L, p) as S and
P (L, p) as P for clarity)

(rF + βSrM )(1−XA)S + (1−XU )P

= rFC + (βSrM )(1−XA)S + (1−XU )νV ar1/2[Tc(L)], (3.14)

which leads to

P = rF
C − (1−XA)S

1−XU
+ νV ar1/2[Tc(L)]. (3.15)

Therefore, the absolute required dollar profit is equal to the investment drag associated
with taxation of the risk-free rate and the investment of a portion of capital into non-income
bearing investments, plus a separate portion related solely to the standard deviation of
aggregate losses. As promised earlier, the exact βS and investment classes for the surplus
are not relevant and the income tax rate for underwriting is only relevant insofar as it relates
to recovering the investment drag on capital.

Last, to finish the calculation of the capital and profit, we require that S(L, p)+P (L, p) =
F−1
Tc(L)

(1− p)− E[Tc(L)]. So, one may write that as

F−1
Tc(L)

(1− p)− E[Tc(L)] = S(L, p) + P (L, p)

= rF
C − (1−XA)S

1−XU
+ S + νV ar1/2[Tc(L)]

= rF
S + U − (1−XA)S

1−XU
+ S + νV ar1/2[Tc(L)]. (3.16)

A little algebra will show that solving for S and P yields

S(L, p) =

(
F−1
Tc(L)

(1− p)− E[Tc(L)]− ν × V ar1/2[Tc(L)]
)
(1−XU )− rFU

1 + rFXA −XU
, (3.17)

and

P (L, p) =

(
F−1
Tc(L)

(1− p)− E[Tc(L)]
)
rFXA + ν(1−XU )× V ar1/2[Tc(L)] + rFU

1 + rFXA −XU
. (3.18)

That is a closed-form expression for the indicated profit.
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3.4 Approximating the Indicated Profit and Surplus

The expression in the previous section has an important bearing for the marginal profit.
But it is not very tractable to evaluate. One could begin by using the normal approximation
to the percentile to get

P (L, p) ≈ [Φ−1(1− p)rFXA + ν(1−XU )]× V ar1/2[Tc(L)] + rFU

1 + rFXA −XU
, (3.19)

and the lognormal approximation to get

P (L, p) =

(
µTc(L)√
A(L)

eΦ
−1(1−p)

√

ln
(
A(L)

)
− µTc(L)

)
rFXA + ν(1−XU )× V ar1/2[Tc(L)] + rFU

1 + rFXA −XU
,

(3.20)
where

A(L) =
σ2
Tc(L)

µ2
Tc(L)

+ 1. (3.21)

As discussed earlier in this dissertation, in the specific case of the compound Poisson
scenario, one would know that

µTc(L) = nλE[Xc(L)], (3.22)

V ar[Tc(L)] = σ2
Tc(L)

= nλE[X2
c (L)], (3.23)

and consequently

A(L) =
nλE[X2

c (L)]

n2λ2E2[Xc(L)]
+ 1 =

E[X2
c (L)]

nλE2[Xc(L)]
+ 1. (3.24)

When one considers the general low errors induced in practical circumstances by the
normal and lognormal approximations to the percentiles of F−1

Tc(L)
, one may see that equa-

tions (3.19) and (3.20), together with equations (3.22), (3.23), and (3.24), create quality
estimates of the long-range profit needed to support the surplus and volatility of an insur-
ance company. In a similar vein, one may note that the needed surplus of the company (per
equation (3.17))is

(Φ−1(1− p)− ν)× V ar1/2[Tc(L)](1−XU )− rFU

1 + rFXA −XU
,

(3.25)

per the normal approximation; and
[(

µTc(L)√
A(L)

eΦ
−1(1−p)

√

ln
(
A(L)

)
− µTc(L)

)
− ν × V ar1/2[Tc(L)]

]
(1−XU )− rFU

1 + rFXA −XU
,

(3.26)

per the lognormal approximation.
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3.5 The L-Derivative of Profit and an Application to the
Specific Case of the Compound Poisson

As will be seen in the later analysis, it is just as important to understand the marginal
profit associated with increasing the loss cap as it is to understand the indicated profit
load in isolation. So, the goal will be to differentiate P (L, p) by L. But, differentiating
the F−1

Tc(L)
(1 − p) component of P (L, p) by L is complex. Thus, it is desirable to evaluate

whether one may approximate the derivative of F−1
Tc(L)

(1 − p) with some proxy. A view at

the normal approximation equation (3.19), and a comparison to the lognormal approxima-
tion equation in (3.20) would suggest that the normal approximation has the advantage of
relative simplicity (although of course this may come at a price paid in accuracy). Obvi-
ously, standard exercises in real analysis show that even when series of functions converge
to a target function pointwise, their derivatives may not converge to the derivative of the
target function. In fact, they may not even be differentiable at all. But, importantly, the
characteristic function proof of the Central Limit Theorem shows that (under suitable as-
sumptions) the Fourier transforms of larger and larger sample sizes converge to the Fourier

transform of the normal distribution. Further, the Fourier transform “ŝ′T ” of the derivative
of a function s′T is simply the complex number “i” multiplied by the placeholder variable in
transform space (often “ω”) times the Fourier transform of the original function ŝT . So, the
Fourier transform proof of the Central Limit Theorem could also be extended to show that
the derivatives of the Z-scores associated with a sum of multiple selections from a common
distribution will approach the derivatives of the percentiles of the standard normal distribu-
tion. Therefore, the following analysis uses the derivative of Φ−1(1− p)V ar1/2[Tc(L)] (the
normal approximation to the percentile minus the mean).

Then, one may begin with the approximation (3.19). Then, the approximation to P (L, p)
is a linear function of V ar1/2[Tc(L)]. So, one may readily see that for any normal approxi-
mation,

∂P (L, p)

∂L
=

1

2

Φ−1(1− p)rFXA + ν(1−XU )]

(1 + rFXA −XU )× V ar1/2[Tc(L)
× ∂

∂L
V ar[Tc(L)]. (3.27)

That may also be restated to reflect the compound Poisson assumptions using (2.21) as

∂P (L, p)

∂L
≈ Φ−1(1− p)rFXA + ν(1−XU )

(1 + rFXA −XU )× V ar1/2[Tc(L)]
nλL

(
1− F (L)

)
. (3.28)

That in turn simplifies to

∂P (L, p)

∂L
≈ Φ−1(1− p)rFXA + ν(1−XU )]

(1 + rFXA −XU )×
√

E[X2
c (L)

×
√
nλL

(
1− F (L)

)
.

(3.29)

One may also use the alternate formulation
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∂P (L, p)

∂L
≈ Φ−1(1− p)rFXA + ν(1−XU )

1 + rFXA −XU
×

√√√√√√√

nλ
(
1− FX(L)

)

1 +

L
∫

x=0

x2s(x)dx

L2
(
1−FX(L)

)

.

(3.30)

However, in terms of the impact on the company’s policyholders, it must be noted that
the marginal effect on policyholders’ total premiums paid, with respect to L, noting the
linear multiplier in equation (3.7) of 1/(1− V ER), is

Marginal profit load ≈ [Φ−1(1− p)rFXA + ν(1−XU )]×
√
nλL

(
1− FX(L)

)

(1 + rFXA −XU )×
√
E[X2

c (L)]× (1− V ER)
, (3.31)

or in the general case

Marginal profit load ≈ 1

2

[Φ−1(1− p)rFXA + ν(1−XU )]
∂
∂LV ar[Tc(L)]

(1 + rFXA −XU )× V ar1/2[Tc(L)]× (1− V ER)
. (3.32)

Summing up the results of this section, it provides the means to identify the required
profit associated with various levels of loss limit and certainty, and the marginal cost of
increasing the loss limit. However, the quality of the estimates must still be evaluated.

3.6 Estimating the Optimal Retention and the Error in the
Estimate

The last item remaining, the optimal cap on individual losses (the so-called “specific
excess retention”) effected when insurers pass along more severe risks to specialized “rein-
surers” through the mechanism of “reinsurance”19 has received less formal mathematical
attention within the broad community of North American casualty actuaries than its im-
portance to insurance company operations would suggest. In effect, the insurer has a choice
to make between “retaining” losses beyond a given size (the “retention”), which involves
a relatively high share of risk, or “reinsuring” those upper levels of loss with a reinsurer,
which involves paying for not just the expected costs of claims above the retention, but also
the reinsurer’s expenses and profit. Further, within broad limits an insurer is free to select
its individual retention. So, there is a choice between keeping some expected loss costs with
a very high variance or paying a premium beyond the expected loss costs to eliminate the
variance20. The optimal retention “R”21 for specific excess reinsurance (mathematically,

19Reinsurance is so named because a risk that is already the subject of insurance passed to another
“reinsurer”.

20Of note, this is similar to what households (at least those that are understandably risk averse) do when
they replace a fairly volatile set of expected losses in the form of potential house fires, automobile accidents,
etc. with the purchase of insurance policies with fairly significant (15-35% of the premium) expense loads.
Financial economists have long discussed the rational basis for this. A discussion of the general principle of
maximizing utility by paying a surcharge beyond expected costs can be found in [73].

21“R” is used here while “L” is used elsewhere to avoid the confusing notation (Lc − L)+.
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transfer of the claim costs
∑

{claims“c”}(Lc − R)+, where Lc is the cost of the cth claim)
forms the subject matter of concern.

As discussed in the introduction, there has been some discussion in the literature of
the optimal retention or attachment point at which it is best to begin ceding loss costs
to a reinsurer. Some authors (Centeno [25], Cai and Tan [22], and Bernard and Tian [4],
for example) have compared the benefits of purchasing different types of reinsurance in
different layers. In practice, however, for most casualty lines, insurers simply select a single
retention and purchase reinsurance that limits the most they pay on a single claim, without
picking some layers to insure and others to retain22. Therefore, guidance on selecting an
optimal retention would be helpful to many insurers. Further, in some contrast to previous
work, this dissertation will approach the problem from the standpoint of making the final
insurance premium paid by the customer, reflecting both the profit needed to provide a
return on capital and the reinsurer’s expenses, as low as possible. Of course that will still
be within the context of meeting the solvency criteria of an acceptably low probability of
failure. Also, since the most common approach used currently is to set the reinsurance
retention at, say, a certain percentage of the insurance company’s surplus (see Gilmore
[62]), it would be ideal to form a simplified basis for determining the retention to be used.

Using equation (3.32) and equation (3.8), the first step is to compute the optimal rein-
surance attachment point, and the optimal layers to reinsure, when an insurance company
purchases “specific excess of loss” reinsurance. This common form of reinsurance covers
only the losses excess of some specified retention “L”, possibly up to some limit of reinsur-
ance, and is the most common cost-effective form of reinsurance.In addition to the articles
mentioned in Chapter 1, it is worth noting articles dealing with reinsurance purchasing such
as Kaluszka [71], Gajek [59], and Gajek and Zagrodny [60]. As noted in the introduction,
the goal is to set the reinsurance retention so that the total cost to the policyholders of the
insurance company, including the expected retained losses, reinsurance premium, expenses,
and required profit, is minimized. The process begins with equation (3.8), which states

Premium Charge =
E[T ] + P (L, p) +Q(L,∞) + FE

1− V ER
. (3.33)

One may differentiate that by the retained limit L to get

∂(Premium Charge)

∂L
=

∂P (L,p)
∂L + ∂Q(L,∞)

∂L

1− V ER
. (3.34)

Clearly, as long as ∂(Premium Charge)/∂L < 0, the marginal (with respect to L) costs
are lower, and hence the total cost will be incrementally lower, as the retention is increased.
Hence, it does not make sense to reinsure the layers (potential loss values covered by the
reinsurance) for which ∂(Premium Charge)/∂L < 0 . However, should the derivative pass
through zero and turn negative, so that ∂(Premium Charge)/∂L > 0, reinsuring the loss is
preferable to retaining it.

22An exception to this is that unlimited reinsurance is rarely available, so there is usually a claim size cap
on the reinsurance protection, after which costs begin to revert to the insurance company. In well-designed
insurance programs, these caps are usually far beyond the retention and generally are beyond the largest
claim an insurer experiences in a given year.
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Consider that while ∂P (L, p)/∂L is possibly complex, ∂Q(L,∞)/∂L could simply be
the expected losses excess of L, or E[T ]− E[Tc(L)],multiplied by a flat expense and profit
loading23 times the loss content in the layer E[T ] − E[Tc(L)]. In conclusion, one may
determine that:

1. For a “layer” (L1, L2] a reinsurer offers to reinsure containing L for which ∂P (L, p)/∂L <
−∂Q(L,∞)/∂L, the layer24 should be retained. Therefore, as long as the marginal
profit on the layer is less than the reinsurer’s per unit loading for expenses and profit,
the layer should be retained.

2. For L for which ∂P (L, p)/∂L > −∂Q(L,∞)/∂L, the layer should be reinsured. Thus,
as long as the marginal profit on the layer is more than the reinsurer’s per unit loading
for expenses and profit, the layer should be reinsured.

3. Lastly, given reasonable continuity, at the switching point between retaining loss and
reinsuring loss (otherwise known as the “retention” or “attachment point”) ∂P (L, p)/∂L =
−∂Q(L,∞)/∂L.

That set of results creates a unique vantage point for setting the retention. Contrary
to the approach in the prior article listed earlier, this approach does not involve analyzing
each possible layer or band (losses excess of some limit L, up to to limit M , as reinsurance
is generally sold) of reinsurance. This offers two practical benefits. First, by focusing on
a single point rather than on layers, the single point has potential to be within the values
where the loss distribution is understood. So, it has potential to not involve replacing claims
data with extensive assumptions about the general level of claims near the point, or above
it. Hence, the single point approach tends to rely less on assumptions. Second, since the
values and layers above the optimal retention need not be analyzed at all, it avoids the
opportunistic approach to purchasing reinsurance. Specifically, it avoids the trap of picking
and choosing whether to purchase each individual layer based on heavy use of assumptions
(which often underestimate the costs in higher layers); not purchasing reinsurance in the
higher layers; and then lacking reinsurance (and suffering heavy costs or heavy risk) when
the costs in the upper layers far exceed the assumptions.

As a result, one would conclude that the optimal retention occurs where

∂P (L, p)

∂L
= −∂Q(L,∞)

∂L
, (3.35)

with the optimal choice of retention logically at the closest retention offered by the rein-
surer. Since reinsurers usually offer only broadly even retentions such as $100,000, $250,000,
$500,000, $1,000,000, etc., the optimal choice of retention would be one of the offered re-
tentions that are closest to the optimal retention. Absent a particularly second derivative,
generally the offered retention that is closet to the optimal retention would be the best
choice of retention in the context of this dissertation.

23This observation is based on the pricing structures most often seen for reinsurers and the industry
practice of applying flat loadings to broad layers such as ”The dollars of loss excess of $500,000 per claim
up to a limit of $1,000,000 per claim excess of $500,000 ($1,500,000 in what is termed “ground-up” basis).

24Of course the partial derivative exists on a point by point basis, not across a layer for L. But one may
think of whether an inequality holds throughout a layer, or throughout most of a layer.
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Alternately, if the marginal expense and profit load is l(L)E[Tc(L)]
∂L (a reasonable as-

sumption, reflecting the common approach of loading a percentage of the expected loss
in the layer for expenses and profit). Given that l(L) is constant in a layer (as dis-
cussed earlier, this is a common pricing approach for reinsurers), it is then also true that
Q(L,M) = l× (E[Tc(M)]−E[Tc(L)]) in the layer from L to M . It then follows from (3.35)
that

∂P (L, p)

∂L
= −l(L)

∂(E[T ]− E[Tc(L)])

∂L
= l(L)

∂E[Tc(L)]

∂L
. (3.36)

Continuing the assumption that the value of l(L) is identical, or essentially identical, across
an entire layer, one might say that the optimal retention point is where

∂P (L, p)

∂L
= l

∂E[Tc(L)]

∂L
, (3.37)

with that formula being a guide to the nearest possible retention. It then follows that, using
formula (3.18), the optimal retention would occur at the value of L where

∂

∂L

(
F−1
Tc(L)

(1− p)− E[Tc(L)]
)
rFXA + ν(1−XU )× V ar1/2[Tc(L)] + rFU

1 + rFXA −XU

= l
∂E[Tc(L)]

∂L
. (3.38)

That equation merits review. It consists of an extensive set of scalars and three functions,
F−1
Tc(L)

(1 − p), E[Tc(L)], and V ar1/2[Tc(L)]. Estimating or even precisely calculating the
values and derivatives of the last two involves moderate difficulty. Computing the derivative
of F−1

Tc(L)
(1− p) is, however, mathematically forbidding. So, recognizing that the quality of

this approximation must as yet be determined, the next step is to convert the equation to
an approximating equation

∂

∂L

(Φ−1(1− p)rFXA + ν(1−XU ))× V ar1/2[Tc(L)] + rFU

1 + rFXA −XU
= l

∂E[Tc(L)]

∂L
,

(3.39)

which represents a general approximating formula for use in a wide variety of situations.
Further, one may also develop a general estimating formula for the error by noting that

equation (3.38) may be expressed as

∂

∂L
A(F−1

Tc(L)
(1− p)− E[Tc(L)]) +BV ar1/2[Tc(L)] + C = D

∂E[Tc(L)]

∂L
, (3.40)

where the convenience constants are

A =
rFXA

1 + rFXA −XU
, B =

ν(1−XU )

1 + rFXA −XU
, C =

rFU

1 + rFXA −XU
, and D = l. (3.41)
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Further, the alternate normal approximating equation has a slightly different root at L+∆L,
and

∂

∂L
(AΦ−1(1− p)V ar1/2[Tc(L+∆L)] +BV ar1/2[Tc(L+∆L)] + C) = D

∂E[Tc(L+∆L)]

∂L
.

(3.42)
Then one need only subtract equation (3.40) from equation (3.42), and divide by ∆L.
Subtracting left hand sides gives

∂

∂L

(
A
Φ−1(1− p)V ar1/2[Tc(L+∆L)]− F−1

Tc(L)
(1− p) + E[Tc(L)]

∆L

+B
V ar1/2[Tc(L+∆L)]− V ar1/2[Tc(L)]

∆L
+

C − C

∆L

)

≈ A
∂Φ−1(1−p)V ar1/2[Tc(L+∆L)]

∂L − F−1
Tc(L)

(1−p)−E[Tc(L)]

∂L

∆L
+B

∂2

∂L2
V ar1/2[Tc(L)]. (3.43)

By partially expanding V ar1/2[Tc(L + ∆L)] in a Taylor series with first order terms, that

simplifies to (pending proof of the O
(
(∆L)2

L

)
nature of the error term)

A

∆L

(
Φ−1(1− p)

∂

∂L
V ar1/2 [Tc(L)] + ∆LΦ−1(1− p)

∂2

∂L2
V ar1/2 [Tc(L)] +O

(
(∆L)2

L

)

− ∂

∂L

(
F−1
Tc(L)

(1− p)− E [Tc(L)]
))

+B
∂2

∂L2
V ar1/2 [Tc(L)]

=
A

∆L

(
Φ−1(1− p)

∂

∂L
V ar1/2 [Tc(L)]−

∂

∂L

(
F−1
Tc(L)

(1− p)− E [Tc(L)]
))

+AΦ−1(1− p)
∂2

∂L2
V ar1/2 [Tc(L)] +O

(
(∆L)2

L

)
+B

∂2

∂L2
V ar1/2 [Tc(L)]

≈ A

∆L

(
Φ−1(1− p)

∂

∂L
V ar1/2 [Tc(L)]−

∂

∂L

(
F−1
Tc(L)

(1− p)− E [Tc(L)]
))

+
(
AΦ−1(1− p) +B

) ∂2

∂L2
V ar1/2 [Tc(L)] . (3.44)

Before going further, it is necessary to show the O
(
∆L2

L

)
nature of the first order error
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term. One may show that the term is (for some L∗ near L and constant K)

K
∆L2

2

∂3

∂L3
V ar[Tc(L

∗)]

≈ K
∆L2

2L
L

∂3

∂L3
V ar[Tc(L)]

= K
∆L2

2L
L
√
nλ

{
− 2s(L) + Ls′(L)

E1/2[(Xc(L))2]
− 2

L
(
1− FX(L)

)(
1− FX(L)− Ls(L)

)

E3/2[(Xc(L))2]

+3
L3
(
1− FX(L)

)3

E5/2[(Xc(L))2]

}

= K
∆L2

2L

√
nλ

{
− 2Ls(L) + L2s′(L)

E1/2[(Xc(L))2]
− 2

L2
(
1− FX(L)

)(
1− FX(L)− Ls(L)

)

E3/2[(Xc(L))2]

+3
L4
(
1− FX(L)

)3

E5/2[(Xc(L))2]

}
.

(3.45)

Due to the fact that the variance exists all the terms in the numerators converge to zero

as L → ∞. So the term is O
(
∆L2

L

)
. Of course, it is implicit that the second derivative

is smooth enough that the value of the third derivative of the variance at L is close its
value at L∗. Further some review will show that a suitable requirement to ensure that
the third derivative converge to zero faster or at the same rate as the second derivative

is a requirement that limL→∞
|Ls′(L)|
|s(L)| < ∞. Such a quality will also ensure limited error

resulting from the use of ∂2E[Tc(L)]
∂L2 below25. Note that all Pareto distributions have that

property, although some less skewed distributions such as the normal and lognormal do not.
Continuing the main thrust of the analysis, one may subtract right hand sides of (3.40)

and 3.42) to get

D ∂E[Tc(L+∆L)]
∂L −D ∂E[Tc(L)]

∂L

∆L
≈ D

∂2E[Tc(L)]

∂L2
. (3.46)

Then, combining the left and right hand sides gives

A
∂Φ−1(1−p)V ar1/2[Tc(L+∆L)]

∂L − ∂(F−1
Tc(L)

(1−p)−E[Tc(L)])

∂L

∆L
+ (AΦ−1(1− p) +B)

∂2

∂L2
V ar1/2[Tc(L)]

≈ D
∂2E[Tc(L)]

∂L2
,

or

∆L ≈ A
∂Φ−1(1−p)V ar1/2[Tc(L+∆L)]

∂L − ∂(F−1
Tc(L)

(1−p)−E[Tc(L)])

∂L

D ∂2E[Tc(L)]
∂L2 − (AΦ−1(1− p) +B) ∂2

∂L2V ar1/2[Tc(L)]
. (3.47)

25Note that in the case of the severity parameter variance, if the value of a is of sufficient size, the quality

limL→∞
|Ls′′′(L)|
|s′′(L)|

< ∞ is also appropriate. As with limL→∞
|Ls′(L)|
|s(L)|

< ∞, all Pareto distributions have this
property.
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Once the actual values for A, B, and D are reflected, the result is

∆L ≈ C
(
∂Φ−1(1− p)V ar1/2[Tc(L)]

∂L
−

∂
(
F−1
Tc(L)

(1− p)− E[Tc(L)]
)

∂L

)
, (3.48)

where

C =
rFXA

l(1 + rFXA −XU )
∂2E[Tc(L)]

∂L2 − [rFXAΦ−1(1− p) + ν(1−XU )]
∂2

∂L2V ar1/2[Tc(L)]
.

(3.49)

Note that this expression, which is independent of the confidence level (1− p), forms an
approximation of the relative error in the retention estimate to the error in estimating the
derivative. So, by calculating the value of C for a given model, limit and expected claims
count, one may estimate the accuracy of the estimate of the optimal retention.

3.7 The Limits to Reinsurance

Some additional insight into the structure of an optimal reinsurance portfolio may be
helpful. Recall that equations (3.28) and (3.29) imply

∂P (L, p)

∂L
≈ [Φ−1(1− p)rFXA + ν(1−XU )]

(1 + rFXA −XU )× V ar1/2[Tc(L)]
× nλL

∞∫

L

s(x)dx. (3.50)

That particular expression may be used to evaluate the “retention” or “attachment point”
above which (at least locally) it is more cost effective to reinsure losses than to retain them
for the company’s account. Further, if the reinsurance is locally a loading on expected
losses, then

∂Q(L,∞)

∂L
≈ l

∂

∂L


E[T ]−

L∫

0

xf(x)dx− L

∞∫

L

f(x)dx]


 , (3.51)

where “l” is the reinsurer’s expense and profit loading on expected losses. Equivalently, one
could say

∂Q(L,∞)

∂L
≈ −l[Lf(L) +

∞∫

L

f(x)dx− Lf(L)] = −l

∞∫

L

f(x)dx. (3.52)

So, at least in local ranges, the marginal value is the loading factor times the expected
number of losses excess of L. Further, this basic linearity of expected values means that
this characterization of the derivative of Q may also be stated in a more arbitrary fashion
as
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∂Q(L,∞)

∂L
≈ −l

∂

∂L
ET∗

[ N∑

i=1

(Xi − L)+
]
, (3.53)

where ET∗ denotes the expectation across all scenarios of individual losses making up the
aggregate loss outcomes.

Using this information it is possible to make some global comments with respect to
which losses should be reinsured and which should not. It seems intuitively clear that at
low values of L, purchasing reinsurance is typically not the preferable option. For example,
at very low values of L, especially those below unity, the number of expected claims excess
of L is far greater than the expected costs of the entire loss costs E[Tc(L)]. It is generally
recognized that, at lower levels the relative variance across ranges of L has a lower ratio
of the standard deviation to the mean, than at higher ranges. For example, at L = 1, the
mean is the expected number of claims nλ. But, since almost all the claims in any group
of insured claims will be of at least $1 in size, the standard deviation will approximately
equal the standard deviation of the Poisson distribution, or

√
nλ. Therefore, at small sizes

the ratio of the standard deviation to the mean will be very low at 1√
nλ

. This means that

at low loss sizes the surplus (and hence the profit required to support the risk) will be
very low, favoring retaining the risk rather than ceding it. Further, in many cases, it will
not be optimal to reinsure the lower layers. Considering the fact that reinsurance is used
extensively by insurers, business realities show that, at least for intermediate values of nλ,
there are values of L at which reinsurance is more cost-effective than retaining risk for
many insurance companies. Hence, for many insurers, there will be some point for which it
is optimal to begin purchase reinsurance and for which it is preferable to retain the risk for
lower values.

However, there is also a point L∗ at which it will be optimal to stop purchasing rein-
surance. This point involves understanding not just the pure standard deviation approach,
but also the values corrected by G as noted in (2.29). Note that the 100(1− p)th percentile
is larger26 than nλ at the cap L = 1. For relatively small retentions, where the expected
cost of individual claims is nonetheless at least unity, continuity would indicate that the
100(1 − p)thpercentile is still larger than the retention (for small p). For reasonably large
values of nλ, though, and what may be described as modest retentions, that would imply
that the 100(1 − p)th percentile, for p reasonably small, would be larger than the mean,
and hence larger than the loss limit L. However, the 100(1 − p)th percentile of the distri-
bution is capped at the 100(1 − p)th percentile of the unlimited distribution T . But, may
L increase to infinity. So at some point L∗ (perhaps the highest of a number of points) L
will equal the 100(1 − p)th percentile of the uncapped distribution. At that point, further
reinsurance is clearly not needed to meet the goal of limiting the size of the 100(1−p)th per-
centile, since all losses beyond that point occur with a lower probability than the confidence
level itself. Consequently, at some point at or possibly below the crossing point (actually,
L∗ = F−1

T (1 − p)) the effectiveness of reinsurance will diminish to the point where it is no
longer optimal.

26In this instance, no specific assumptions about the type of claim distribution is required. nλ is simply
the expected number of claims.
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The cap L∗ produces another implication for the G(L, p) defined in (2.29). As defined,
it represents the ratio of the 100(1 − p)th percentile of the actual distribution of TcL to
that estimated using a normal distribution with mean and variance equal to that of TcL.
Further, it was shown that the 100(1− p)th percentile of TcL stops increasing at some L∗.
But the variance of TcL, and its mean, will continue to grow, perhaps modestly, as L grows
beyond L∗. That implies that, given reasonable continuity, G(L, p) will initially grow. But
G(L, p) will then reverse course and shrink at some higher point. So, G′ will be usually be
positive for at least some of the smaller points L, but will be negative for very large L.

In closing, a point of practical advice is offered about this analysis of this section. The
analysis above is contingent on having a deep understanding of the distribution of potential
aggregate claim costs and the distribution of expected claim costs among various layers.
Often, the number of large claims present in an insurance company’s claims data is not
large enough to reliably determine the upper reaches of the claim size distribution. So, in
seeking to determine the cost/benefits trade-off, it is generally desirable to undertake an
extensive dialog with the reinsurer, understanding that its staff may be primarily interested
in justifying a higher price, in order to make the best decision possible. As a result of such a
dialog and by independently evaluating any data or other support provided by the reinsurer,
the insurance company’s actuary has an opportunity to enhance his or her understanding
of the true distribution of claim costs and consequently to make an optimal decision.
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CHAPTER 4

APPLICATION OF THE FINANCIAL

STRUCTURE RESULTS TO THE COMPOUND

POISSON MODEL

Now that the basic financial goals to be met by an insurance company have been specified,
we return to the compound Poisson model and apply them in practice.

4.1 The Normal Approximation to the Optimal
Reinsurance Retention

Of note, one may derive a specific formula for the optimal retention when a compound
Poisson distribution is specified and the normal approximation to the derivative is used.
First, note that, per (3.52),

∂Q(L,∞)

∂L
≈ −l

∞∫

L

f(x)dx = −nλl
(
1− FX(L)

)
. (4.1)

Also, by (3.50),

∂P (L, p)

∂L
=

Φ−1(1− p)rFXA + ν(1−XU )

(1 + rFXA −XU ) V ar1/2[Tc(L)]
nλL

(
1− FX(L)

)
. (4.2)

Since at the optimal retention L = R, where ∂P (L,p)
∂L (L = R) = −∂Q(L,∞)

∂L (L = R), we can
combine the two to get the following estimating formula for the optimal retention:

nλl
(
1− FX(R)

)
≈ Φ−1(1− p)rFXA + ν(1−XU )

(1 + rFXA −XU )V ar1/2[Tc(R)]
nλR

(
1− FX(R)

)
. (4.3)

That in turn simplifies to

V ar1/2[Tc(R)]

R
≈ Φ−1(1− p)rFXA + ν(1−XU )

l(1 + rFXA −XU )
. (4.4)

49



Using the formula for the variance of the capped compound Poisson distribution in (2.13),
that in turn reduces to

E[X2
c (R)]

R2
≈ [Φ−1(1− p)rFXA + ν(1−XU )]

2

nλl2(1 + rFXA −XU )2
. (4.5)

Although that formula is an approximation, not an equality, it may be used as an equal-
ity in order to approximate the optimal retention. Of note, calculating the roots of that
approximation would likely require a mathematical formula for the loss severity, and even
then it might have to be computed numerically. Nevertheless, any actual density function
is likely to be very discontinuous as values lump around key values such as $10,000 and so
forth. Further, as noted in Section 2.2.4 near equation (2.29), it is common for actuaries
to replace historical loss data with fitted curves in performing these analyses. So, it is
reasonable to use formulas whose solutions require algebraic or numerical analysis.

Recall that the actual, authentic, values of the needed surplus and profit are given by

S(L, p) =

{
F−1
Tc(L)

(1− p)− E[Tc(L)] + νV ar1/2[Tc(L)]
}
(1−XU )− rFU

1 + rFXA −XU
(4.6)

and

P (L, p) =

{
F−1
Tc(L)

(1− p)− E[Tc(L)]
}
rFXA + ν(1−XU )V ar1/2[Tc(L)] + rFU

1 + rFXA −XU
. (4.7)

So, using equation (2.17) for the L-derivative of the variance, the true optimal retention
occurs when

−∂Q(L,∞)

∂L
=

∂P (L, p)

∂L

=

∂
∂L{F

−1
Tc(L)

(1− p)− E[Tc(L)}rFXA

(1 + rFXA −XU )

+
ν(1−XU )

(1 + rFXA −XU )× V ar1/2[Tc(L)]
× nλL

∞∫

L

s(x)dx. (4.8)

That would infer that the formula (4.5), derived from the normal approximation to the
100(1 − p)th percentile, would be a good approximation (as it is based on (4.2) and (4.3))
only as long the derivative of the normal approximation to the percentile is also a good
approximation to the derivative of the percentile. Specifically, it is key that

∂
{
E[Tc(L)] + Φ−1(1− p)V ar1/2[Tc(L)]

}

∂L
≈

∂F−1
Tc(L)

(1− p)

∂L
, (4.9)

or, equivalently,

∂Φ−1(1− p)V ar1/2[Tc(L)]

∂L
≈

∂
{
F−1
Tc(L)

(1− p)− E[Tc(L)]
}

∂L
, (4.10)
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and that the C value (which relates approximation error relative to F−1
Tc(L)

(1−p)−E[Tc(L)]

to error in the retention approximation), per equation (3.49), is relatively modest in size.

4.2 The Quality of the Derivative and Retention Estimates

In the previous section, the derivative of the normal approximation to the inverse cu-
mulative distribution was used to generate an approximation of the optimal retention. In
this section, an analysis of the quality of that approximation is included.

As a first step in evaluating whether or not that approximation was valid, the relation
between ∂

∂LΦ
−1(1 − p)V ar1/2[Tc(L)] and

∂
∂L{F

−1
Tc(L)

(1 − p) − E[Tc(L)]} will be analyzed

using the expected counts, loss limits and previous Pareto/Poisson distribution sample .
The results are shown in Table 4.1.

Table 4.1: Comparison of Derivative of Normal Approximation to Derivative of
F−1
TC(L)(1−p)−µTc(L) under Compound Poisson Assumptions and Pareto(2.2, 5000)

Loss Severity Distribution

Comparison of Stan. Dev. Derivative to D[F−1 − µTc(L)]

for Compound Poisson Scenario

1− p = .95 1− p = .98 1− p = .99

nλ L Φ−1Dσ D[F−1 − µ] Φ−1Dσ D[F−1 − µ] Φ−1Dσ D[F−1 − µ]

60 $25, 000 0.9534 1.0703 1.1905 1.4131 1.3485 1.5871
60 $50, 000 0.3712 0.3879 0.4635 0.6253 0.5250 0.6163
60 $100, 000 0.1491 0.2230 0.1862 0.3200 0.2109 0.3280
60 $250, 000 0.0460 0.0575 0.0574 0.1306 0.0650 0.2278
60 $1, 000, 000 0.0080 −0.0005 0.0100 −0.0005 0.0114 −0.0005

150 $25, 000 1.5075 1.6253 1.8823 1.9504 2.1321 2.5307
150 $50, 000 0.5869 0.6542 0.7328 0.7961 0.8301 1.0356
150 $100, 000 0.2358 0.3510 0.2944 0.5332 0.3334 0.3588
150 $250, 000 0.0727 0.1395 0.0907 0.1890 0.1028 0.2510
150 $1, 000, 000 0.0127 −0.0013 0.0159 −0.0013 0.0180 −0.0013
400 $25, 000 2.4618 2.7325 3.0738 3.3841 3.4817 4.2927
400 $50, 000 0.9584 1.0295 1.1967 1.5538 1.3555 1.8212
400 $100, 000 0.3850 0.4511 0.4807 0.5573 0.5445 0.6814
400 $250, 000 0.1187 0.1232 0.1482 0.3297 0.1679 0.3393
400 $1, 000, 000 0.0208 −0.0025 0.0259 0.0399 0.0294 0.0563

As one can see, the actual values sometimes are fairly different in an absolute sense.
However, the differences between the values of the derivatives of F−1

Tc(L)
(1−p)−E[Tc(L)] at

different prospective retentions are far greater than the differences between the derivatives
of F−1

Tc(L)
(1 − p) − E[Tc(L)] and Φ−1(1 − p)

√
V ar[Tc(L)] at a single combination of p and

L. Therefore, the value of Φ−1(1 − p)
√

V ar[Tc(L)] at the $250,000 retention would not
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mistakenly be thought to underlie a $100,000 or $1,000,000 retention (except for very high
retentions in comparison to claim counts). Of note, it may also be helpful to display the
percentage differences between the two derivative formulas (as a percentage of the most
relevant derivative, that of F−1

Tc(L)
(1− p)− µTc(L)). The results are shown in Table 4.2.

Table 4.2: Percentage Approximation Error in Normal Derivative Using Com-
pound Poisson Model

Ratio of Approximation Error to

Value of D[F−1
Tc(L)

(1− p)− µTc(L)]

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $ 25,000 1.739 -10.916 % -15.756 % -15.037 % -34.815 %
60 $ 50,000 0.379 -4.302 % -25.885 % -14.821 % -44.124 %
60 $ 100,000 0.082 -33.141 % -41.822 % -35.698 % -29.993 %
60 $ 250,000 0.011 -20.037 % -56.040 % -71.456 % -82.348 %
60 $ 1,000,000 0.001 -1647.251 % -2031.884 % -2288.307 % -2522.985 %

150 $ 25,000 4.349 -7.245 % -3.494 % -15.749 % -1.371 %
150 $ 50,000 0.946 -10.285 % -7.948 % -19.847 % -19.145 %
150 $ 100,000 0.206 -32.830 % -44.796 % -7.075 % -15.828 %
150 $ 250,000 0.027 -47.918 % -51.994 % -59.045 % -73.864 %
150 $ 1,000,000 0.001 -1078.568 % -1321.830 % -1484.007 % 62.155 %
400 $ 25,000 11.596 -9.906 % -9.170 % -18.891 % -6.115 %
400 $ 50,000 2.524 -6.909 % -22.984 % -25.573 % 4.942 %
400 $ 100,000 0.549 -14.646 % -13.742 % -20.090 % -24.791 %
400 $ 250,000 0.073 -3.650 % -55.050 % -50.535 % -56.694 %
400 $ 1,000,000 0.003 -943.604 % -35.058 % -47.799 % -89.481 %

One may see that the approximation errors appear at first blush to be significant. How-
ever one must consider two items. First, even if the percentage difference between the actual
derivative and the approximation is small, the slope of the curve determining the optimal
retention may be low, so that an acceptable estimate, recognizing that retentions offered
by reinsurers are usually limited to very even amounts such as $25,000, $50,000, $100,000,
$250,000, etc. may differ from the true value by as much as 25%. Second, consider, for
example, the $1,000,000 retention when 60 claims are expected. Per the third column,
roughly 0.1% of these claims is expected to happen in a sample of 60 claims. So, there is
approximately a 0.1% chance of one happening in a given year. So, at the 99.5% confidence
level, zero of these claims are expected. So, the derivative of F−1

Tc(L)
(.995) at L = $1, 000, 000

is zero, leaving only a modest derivative of µTc(L) term (nλ
(
1 − FX($1, 000, 000)

)
). Since

the derivative of µTc(L) at that point is still positive, but is subtracted from F−1
Tc(L)

(.995) to
determine the total needed surplus, the derivative of the needed surplus and profit by the
limit “L” is actually negative at L = $1, 000, 000. Necessarily, the derivative of the standard
deviation approach, Φ−1(1−p)σTc(L) by L is positive, so it is impossible to equalize the two.
However, one must consider that this only occurs for losses that are too unlikely to occur
to be contained within F−1

Tc(L)
(.995), so they are really beyond the confidence level that the

profit and surplus is intended to provide.
To seek whether or not differences between the two derivatives are substantial enough
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to cause an insurance company reinsurance manager to make an incorrect decision about
the optimal retention point, it suffices to evaluate C as described in equation (3.49). Using
the sample1 data and finite differences of ±10%, the necessary second derivatives were
computed. They were combined with the following very reasonable2 assumptions for the
various constants:

rF = risk free rate = 3%,

XA = tax rate on asset investments = 15%,

XU = tax rate on discounted underwriting profit = 35%,

l = reinsurer’s expense and profit markup = 15%, and

ν = profit loading on diversifiable standard deviation = 1%.

(4.11)

That combination yields Tables 4.3 and 4.4.

Table 4.3: Estimated C Ratios of Percentage Error in Retention Estimate to Error
in Derivative Estimate — under Compound Poisson Scenario

Values of C’s
nλ L nλ

(
1− FX(L)

)
1− p = .95 1− p = .98 1− p = .99 1− p = .995

60 $ 25,000 1.739 -127 -127 -127 -127
60 $ 50,000 0.379 -1,227 -1,230 -1,233 -1,235
60 $ 100,000 0.082 -10,514 -10,580 -10,624 -10,665
60 $ 250,000 0.011 -216,416 -219,405 -221,444 -223,343
60 $ 1,000,000 0.001 -15,885,777 -17,773,771 -19,303,217 -20,953,363
150 $ 25,000 4.349 -50 -50 -51 -51
150 $ 50,000 0.946 -475 -476 -477 -477
150 $ 100,000 0.206 -4,184 -4,199 -4,209 -4,218
150 $ 250,000 0.027 -84,020 -84,727 -85,205 -85,647
150 $ 1,000,000 0.001 -5,953,577 -6,325,632 -6,600,628 -6,874,126
400 $ 25,000 11.596 -19 -19 -19 -19
400 $ 50,000 2.524 -178 -178 -178 -178
400 $ 100,000 0.549 -1,589 -1,592 -1,594 -1,596
400 $ 250,000 0.073 -29,162 -29,322 -29,429 -29,528
400 $ 1,000,000 0.003 -2,133,131 -2,193,710 -2,236,046 -2,276,249

In summary, the approximations are very good except at the larger loss caps and smaller
expected claim counts/high confidence level scenarios. Reviewing the third column in the

1Due to the nature of the Pareto and compound Poisson distributions, it is actually reasonably tractable
to compute the derivatives analytically. However, for later cases, the problem has potential to become more
complex, so the uniform approach of computing the values numerically from the sample data was used. Also
of note, in order to minimize the sampling error in computing derivatives, the values used to compute the
derivatives were consistently either the same sample of the same combination of samples. While the values
may have more relative than exact precision, exact precision is not needed for these calculations.

2Specifically, they are reasonable considering the financial environment in 2012
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Table 4.4: Estimated Percentage Error in Retention Estimate Due to Use of Nor-
mal Approximation — under Compound Poisson Scenario

Estimated Percentage Error in Retention

nλ L nλ
(
1− FX(L)

)
1− p = .95 1− p = .98 1− p = .99 1− p = .995

60 $ 25,000 1.739 0.06 % 0.11 % 0.12 % 0.41 %
60 $ 50,000 0.379 0.04 % 0.40 % 0.23 % 1.13 %
60 $ 100,000 0.082 0.78 % 1.42 % 1.24 % 1.07 %
60 $ 250,000 0.011 1.00 % 6.42 % 14.42 % 30.00 %
60 $ 1,000,000 0.001 -13.60 % -18.77 % -22.96 % -27.48 %
150 $ 25,000 4.349 0.02 % 0.01 % 0.08 % 0.01 %
150 $ 50,000 0.946 0.06 % 0.06 % 0.20 % 0.21 %
150 $ 100,000 0.206 0.48 % 1.00 % 0.11 % 0.29 %
150 $ 250,000 0.027 2.25 % 3.33 % 5.05 % 11.02 %
150 $ 1,000,000 0.001 -8.35 % -10.87 % -12.73 % -5.25 %
400 $ 25,000 11.596 0.02 % 0.02 % 0.06 % 0.02 %
400 $ 50,000 2.524 0.03 % 0.13 % 0.17 % -0.03 %
400 $ 100,000 0.549 0.10 % 0.12 % 0.22 % 0.32 %
400 $ 250,000 0.073 0.05 % 2.13 % 2.02 % 2.87 %
400 $ 1,000,000 0.003 -4.96 % 3.07 % 6.01 % 62.97 %

chart, these deal with situations that are beyond the point where reinsurance impacts the
capital and profit needed to secure a given confidence level. Recall that the theory of upper
limit to needed reinsurance, L∗, as articulated in Section 3.7, predicts that behavior and
suggests that such limits are beyond the optimal limit for reinsurance. So, in summary,
for determining the retention itself3, the normal approximation to the optimal reinsurance
retention appears to work very well in practical situations.

3If the upper limit of reinsurance is desired, it may be more practical to use some alternate method. One
may note that, although it will produce a higher-than optimal value, the 100(1− p)th percentile of the loss
severity distribution is clearly a point at which reinsurance would not reduce the capital needed to fund to
a 100(1− p)% confidence level.
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CHAPTER 5

SOLVENCY AND THE FUNDING

PERCENTILE

The results in the previous chapter use a healthy amount of mathematics, and in practice
would likely require a great deal of an insurance company’s internal information. The
average insurance customer has little to no knowledge as to whether or not the company
he/she is purchasing from has the financial strength to pay the claims that come due under
its policies. For that reason, most countries employ insurance solvency regulators at the
state, provincial, or federal level. In some jurisdictions (most of the U.S. states, for example),
there is also a guaranty fund that levies the solvent insurers so it can pay the unfunded claims
of insurers that become “insolvent” (end up with more claims costs than they have the funds
to pay). At present there is a somewhat mathematically ad-hoc solvency regulation system
in the United States consisting of some rules that resemble a standard deviation approach1,
a number of tests2 that are based on financial ratios (such as premium to surplus3), whether
reserves set up for claims have been adequate in the past, and extensive reviews of financial
results by financial regulators.

Other than the limited recognition given in the risk-based capital approach, there is no
formal recognition4 in the U.S. at present of the percentile of certainty each insurer is funded
to. But, there has been interest in the subject on the part of actuaries. A key driver of
that interest has been the emerging international solvency accords for financial institutions.
There has been increasing interest in using some “risk measure” or “risk standard” that
insurers must meet to provide assurance that they have the financial resources to pay their
claims. Also, insurers exposed to substantial hurricane losses in the U.S., especially Florida,
often evaluate their ability to survive in terms of meeting a “one in a hundred year event”
or some other phrase that is effectively identical to a probability of survival.

1This is referred to as “risk-based capital”
2These are called the I.R.I.S., or Insurance Regulatory Information System.
3In a sense some of these were likely intended to capture something similar to a standard deviation

approach, this time using what is considered to be “parameter risk”.
4At one time, possibly still, some captive jurisdictions were the exception to the rule. They required

total funds from premium and surplus to be in the range of a 65%-75% percentile of the aggregate loss
distribution for certain classes of captive insurers, with that as the primary aspect of solvency regulation.
Their perspective recognized that the captives were owned by the same large corporations they insured.
Since the corporation effectively owed the money to itself, they presumably felt that only a loose restriction
was needed.
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Of course, it must be noted that the calculations implementing any risk measure, to the
extent that they are based on analysis of historical data, exclude so called “black swans”
(as discussed by Taleb in [109]). Further, they conceivably may not incorporate the risk
associated with “regime switching” as discussed by Kim and Nelson in [72]. However, there
are examples of astute risk observers identifying the prospect of black swan events before
they occur (for example, see Zuckerman’s book [116] on John Paulson’s prediction of the
CDO meltdown on 2008 and Lewis’ book [74] on Steve Eisman’s prediction of the same
event). Perhaps black swans are better handled by deep understanding of potential risks to
a firm, and a hard-nosed objective view the likelihood of each one. Regime switching from
one specified environment to another has potential to produce discontinuous aggregate cost
distributions, which are beyond the reach of this dissertation. However, there are cases
where the analysis of this dissertation can accommodate regime switching. The analyses
in Sections 7.2.2 and 8.3 deal with uncertainty in the mean loss severity. The prospect of
possible regime switching can be thought of as a contingent parameter distribution, so it
may be thought of as parameter uncertainty. That would work especially well with the
models in this this dissertation when the possible new parameters follow some probability
distribution and there is some estimable probability of the likelihood of a regime change.

So, it is worthwhile to think about analyzing the certainty levels for insurance company
funding. Then the question arises: “What is the proper certainty level?”5 Generally,
possible insurance costs are either unbounded (such as workers compensation, where severe
injuries to a virtually unlimited number of workers, even every worker in the U.S. are
possible, although extremely unlikely) or functionally unbounded (it is possible for every
single home in the U.S. to have a total loss on the same day, even though it is extremely
unlikely). Either scenario would require surplus that is a massive multiple of the premiums
collected. Most financial professionals recognize that some practical limit should be placed
on the capital needed to fund an insurance company, but there is no general agreement
as to where the limit should be set. The analysis below presents some of the key issues
and a theory to underlie such a calculation. Because insurance companies generally use
reinsurance rather than surplus to fund large losses, it will focus on providing funding of
extreme aggregate loss levels through reinsurance. However, like primary insurers, reinsurers
require capital, so they must be recompensed for the use of capital through profit. Of course,

5In this context, the certainty level is presumed to be set by regulators and, following regulatory custom,
to be identical for all insurers. As discussed later, certain lines of insurance (debt cancellation contracts, for
example, where a bank is repaid for forgiving loans in certain circumstances) feature a scenario where the
marginal utility per dollar of premium may be about equal to the marginal utility of the claim payments.
In such a circumstance, neither the amount of the premium or the claim payment is much more important
than another cash flow item to the bank. So, the bank’s utility may suggest a high tolerance for insurer
default and a lower indicated certainty level for the insurer’s survival. Also, while regulators generally are
compelled to set a certain fixed standard for all insurers, individual companies may, and often do, elect to
exceed regulatory standards and provide added security to their customers. If one considers that the higher
degree of solvency infers a group of policyholders with a higher marginal utility for claims payments or lower
marginal utility of the money spent on premiums, one may see that the general results of this section still
hold and predict the higher solvency level. Of note, the first step in an alternate analysis reflecting the
different utility levels would be to eliminate all the insurers (and their customers) that are at the regulator’s
tolerance level, since that problem is explicitly solved here. Although the analysis might be somewhat more
complex, the analysis here illustrates the general principle that the premium cost required to funding every
conceivable loss scenario is ultimately uneconomical for the policyholder.
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reinsurers have expenses beyond their profit needs in the form of broker commission and
overhead expense.

To begin the analysis, consider the theory of marginal utility with respect to expected
costs. This theory states that as additional dollars are received and spent by a consumer,
after first buying the most important goods, such as food and shelter, the consumer will
successively have to choose among goods of less and less value (per dollar spent) to him
or her. Eventually, the consumer will reach the “margin” where the satisfaction per dollar
is less, but equal, for all the goods purchased last (at the “margin”). The payment of an
insurance premium (including profit and expenses along with loss), while it may or may not
be at the absolute margin, is of a lower utility per dollar spent than housing and food. Thus,
the insurance premium should be thought of as having the utility per dollar spent equal to
that of the consumer’s margin. The payment of an insurance claim, however, may represent
a homeowners claim that is key to having housing, or the payment of a liability claim that
allows the insured to keep his house rather than sell it to pay a judgment. In the arena of
“third-party” claims, where the claimant is not the insured, a workers compensation claim
payment may pay for life-sustaining medical treatment. One may then define the marginal
utility per dollar expended purchasing insurance as UP and the marginal utility per dollar
of claim paid as UC . One would expect that, in the vast majority of cases, UP < UC .
Otherwise the purchase of insurance, with its associated transaction costs, would not be
prudent for the consumer. Generally, one would even expect UP to be significantly less than
UC .

Those formulas would suggest that the cost of the premium, including the profit load
needed to provide capital, could rise to where the marginal utility cost of funding a higher
percentile F−1

T (1 − p) of the distribution of losses eventually exceeds the marginal utility
benefit of the additional losses paid at that percentile. However, that approach misses
one important aspect of the insurer-claimant relationship. The claimants, whether they
are insureds or third-party claimants, have a legal property right to the payment of their
claims. Although reasonable people may differ on the numerical value of that property right,
it should be recognized in evaluating the needed capital/percentile to be funded. Therefore,
without of necessity calculating the value, the claimant’s utility should be multiplied by
some factor that is greater than unity. To avoid repeating variable names used elsewhere,
it will be called “B”. Additionally, since no precedence in the estate of an insolvent insurer
is awarded to more needy claimants, it is fair to say that all the claims payments have
the same utility. Also, discussion of some of the issues surrounding the impacts of limited
capital may be found in Doherty and Schlesinger [42] and Cummins and Lewis [33]. It
must be mention though that the data underlying the Cummins and Lewis paper, which
was intended to focus on the impact of the World Trade Center attack, was also impacted
by a hard insurance market that evolved concurrently to the aftermath of the World Trade
Center attack.

The next step is to analyze the general shape of the marginal utility curves with respect
to the funding percentile. To compute the marginal utility (corrected by B) of extending
the percentile at (1 − p), one must first compute the total expected losses capped at the
100(1 − p)th percentile. Those would represent the expected losses up to $F−1(1 − p) in
claims. Those follow the formula for expected dollar amount of losses to be paid, and hence
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generating utility

(
average loss benefits paid capped at 100(1− p)th percentile

)
= E

[
min

(
T, F−1

T (1− p)
)]
.

(5.1)
(simply the total of cost of each claim times its likelihood across all claims), where T is
the random variable representing the total losses of the insurance company in one year. To
simplify the remaining analysis, especially the expressions for derivatives by 1− p, one may
use the standard notation q = 1− p. That will revise equation (5.1) to

(
average loss benefits paid capped at 100qth percentile

)
= E

[
min

(
T, F−1

T (q)
)]
. (5.2)

That expression may in turn be considerably simplified via the well-known equality

E[(min(T, L)] =
L∫
0

P (T > t)dt =
L∫
0

1−F (t)dt, which holds for nonegative random variables.

Using it, one may write

(
average loss benefits paid capped at 100qth percentile

)
=

F−1
T (q)∫

0

P (T > t)dt. (5.3)

Differentiating the integral, one may proceeds as follows. First, the chain rule for integrals
may be employed. Next, the fact that F

(
F−1
T (q)

)
= q (assuming F is continuous) may be

used. Then the formula for the derivative of an inverse function may be used. Lastly the
function “sT (t)” may be defined as the aggregate severity mass function of the various total
losses (T ) that could arise during a year6. The results of those steps produce

∂

∂q
qE[T |T ≤ F−1

T (q)] =
∂

∂q

F−1
T (q)∫

0

P (T > t)dt

=
1− q

sT
(
F−1
T (q)

) . (5.4)

So, the marginal benefits paid (regardless of their utility)by increasing the confidence level
are

BUC
1− q

sT
(
F−1
T (q)

) . (5.5)

Next, it is relevant to consider the costs associated with funding to the limit F−1
T (q), and

the marginal cost with respect to that funding percentile. At the most basic level, funding
total losses of F−1

T (q) requires that some party or combination of a finite number of parties
have funds in the amount of F−1

T (q). For the insurer, full surplus of at least the amount of
F−1
T (q) must be held if it is to retain the loss up to that limit. A reinsurer can, to a certain

extent, spread the profit needed to support that amount of capital by reinsuring a number of

6In this case, it is considered that the claims that are part of the losses beyond the funded limit will not
be paid at all.
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different insurance companies. There are, however only finitely many insurance companies,
say, “k”, of them, that the reinsurer may conceivably sell to. A reinsurer may allocate
the cost of capital in many different ways, but given that each reinsurer has potentially
unlimited losses, the required return on the entire capital needed by the reinsurer must be
collected in the aggregate from its customers. Thus one could say that at a minimum7

(
Profit load for insuring company “i” to the 100qth percentile

)

≥ XArF
1−XU

× F−1
T (q)

∫ F−1
T (q)

0
wi(t)dt, (5.6)

where XArF is the tax rate on assets times the risk free interest rate, as noted in (3.50).
Further, wi(t) is the portion of the reinsurer’s losses of size t that arise from the “ith”
insurance company that it reinsures. Therefore,

k∑

i=1

wi(t) = 1 (∀t > 0). (5.7)

Since the needed return on capital must be provided out of loadings paid to the reinsurer
by the insurance companies, the insurance companies must in turn collect the full profit
and expenses of the reinsurer from their insureds. That is in addition to the insurance
companies’ expected loss and their expenses. That second equation would trivially imply
that

lim
T→∞

1

T

T∫

0

k∑

i=1

wi(t)dt = 1. (5.8)

Then, consider each function 1
T

T∫
0

wi(t)dt. It is bounded below by zero and bounded

above by unity. It must either converge or oscillate infinitely. While a set of functions
wi(T ) that oscillate infinitely could be constructed, in practice, different insurance compa-
nies generally have different overall levels of risk at the upper tail, even when risk has a
definition that is vague enough mathematically to encompass any commonly used definition.

Therefore, one may assume that each limit limT→∞
1
T

T∫
0

wi(t)dt exists. The next step is to

move the sum outside the integral to get

1 =
k∑

i=1

lim
T→∞

1

T

T∫

0

wi(t)dt. (5.9)

Since there are k items, whose sum is one, there must be at least one company “j” such
that

lim
T→∞

1

T

T∫

0

wj(t)dt ≥
1

k
. (5.10)

7Of note, this analysis assumes that losses in the upper end of the probability distribution are so rare
that only one of them could possibly occur. It is of course true that a reinsurer could possibly have more
than one reinsured customer that generates losses in the upper end of the probability range. So, this is really
a lower bound for the cost of funding to the upper end of the aggregate loss distribution.
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In practice, to be specific, there would always be one company that by virtue of its larger
size, its choice of riskier insureds, etc., will tend to require a higher proportion of the total
capital of the reinsurer (however, capital is allocated by the reinsurer, using whatever risk
measure it chooses) than the other companies. Therefore, it would also tend to generate
most of the capital needed for funding losses at higher percentiles as q → 1 and F−1

T (q) → ∞.
Note also that for any T and any small ǫ > 0, if we set

Wj(T, Ť ) =

Ť∫
T

wj(t)dt

Ť − T
(5.11)

Then, Wj(T, Ť ) is asymptotically equal to the left side of equation (5.10). Therefore, it must
be greater than or equal to its right hand side. Hence, (∀T ) limŤ→∞wj(T, Ť ) ≥ 1/k. So
arguably over any “long enough” interval beyond any value T , the average of wj(t) is larger
than 1/k. In fact, one could also say that the dominating risk position of the company, as
discussed earlier, would infer that wj(t) is within some ε ball around a value greater than
1/k near infinity. So, one may conclude that for the specific company j, for any positive T ,
there is some t∗ > T such that

wj(t∗) ≥ 1/k). (5.12)

In other words, there is some t∗ in every neighborhood of infinity within the positive real
numbers where wj is 1/k or larger.

Then, let us consider the marginal cost of funding to percentile q for company j. First,
we consider the total costs of the reinsurer’s expenses and profit that are required to run
operations and provide an appropriate return on the capital needed (to fund possible ag-
gregate losses of up to T for company j). In doing so, we note that that capital8 of T is a
lower bound on the funding needed by the reinsurer to cover the reinsured’s total losses up
to T . therefore9,

(Profit load for funding company j up to value of T ) ≥ XArF
(1−XU )(1− V ERj)

T∫

0

wj(t)dt,

(5.13)

where V ERj is the variable expense ratio of company j. Then, the derivative of the lower
bound of the profit required to fund company j up to the qth percentile is

∂

∂q

XArF
(1−XU )(1− V ERj)

F−1
T (q)∫

0

wj(t)dt =
XArF

(1−XU )(1− V ERj)

wj

(
F−1
T (q)

)

sT
(
F−1
T (q)

) . (5.14)

8Technically only capital of T − (premium paid-expenses incurred) is needed to cover T in losses, but,
since the premium, excluding profit, is a modest ratio times the total mean expected losses, which are finite,
it is reasonable to exclude it from the analysis. Similarly, the actual expected losses should technically
be included in the calculation, but at the higher confidence levels, since sT (t) is integrable to infinity, the
marginal losses covered are minor in comparison to the profit load.

9Note that the 1 − XArF in the denominator is due to the fact that the profit load itself will cover a
portion of the limit of T .
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The next essential statement to make is that for some unusual (and non-standard)
allocations of needed profit, wj(t) could be zero for a limited number of arbitrarily high
values. But, per (5.12), it must take values greater than or equal to 1/k at arbitrarily high
values of t. So we consider the ratio of the marginal costs of funding company j’s losses of
arbitrarily high confidence levels in equation (5.14) to the marginal utility benefits provided
at that confidence level per equation (5.5).

=
XArFUPwj

(
F−1
T (q)

)
/sT
(
F−1
T (q)

)

(1−XU )(1− V ERj)BUC(1− q)/sT
(
F−1
T (q)

)

=
XArFUP

(1−XU )(1− V ERj)BUC
× wj

(
F−1
T (q)

)

1− q
. (5.15)

Now, since wj(t) converges to a strictly positive value at infinity, we know that, for any
arbitrarily small ε > 0, there is some neighborhood of positive infinity, say, (u,∞) such that

wj(t) > ε
(
∀t ∈ (0,∞)

)
. (5.16)

Since

lim
t→∞

wj(t)

1− FT (t)
= ∞, (5.17)

substituting t = F−1
T (q), one may see that

lim
q→1

wj

(
F−1
T (q)

)

1− q
= ∞. (5.18)

Therefore, as q → 1, the ratio of the marginal cost of funding F−1
T (q) to marginal benefits

received by funding it will infinity.
Combining that result with (5.12), one may infer that the ratio of marginal costs of

funding to F−1
T (q) marginal benefits received at F−1

T (q) takes on arbitrarily high values for
q approaching unity (theoretical full funding of all possible loss scenarios). Hence, there
are some values of q for which it is preferable from a utility standpoint to not fund the
company j loss to the qth percentile. So, there is (up to minor changes in wj , which per
(5.11) average out over time10) a limit to the funding percentile q that society would desire
an insurance company to achieve.

Then, if company j is not funded to infinite levels of losses, then some other company
“h” would have to fulfill (5.10), which would infer that it must not be fully funded, etc.
By induction, one may infer that there is a confidence level less than unity at which any
of the k companies would generate more utility costs than utility benefits. And some T ∗

would represent the largest value of T corresponding to that confidence level among all the
k insurance companies.

Since more than one company can incur losses of T ∗, funding of T ∗, setting T ∗ aside to
meet industry losses of up to T ∗ per company, would most likely be inadequate to fund all
of the k insurance companies’ losses. Clearly, the required funding is likely to be greater.
However, if the required funding is some D(T ∗) where (∀T )[D(T ) ≥ T ], then clearly D(T ∗)

10Also, note that the general assumption that the values of the w′
js are stable near infinity.
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must also satisfy a version of (5.18). So, for all possible functions D(T ), society’s best
interest lies in not funding some of the upper percentiles of the aggregate loss distribution.

Of note, for a single company, the highest percentile for which funding is supported by
the analysis of this chapter would be that for which, following (3.34),

BUCF
−1
T (q) =

∂(Premium Charge)

∂L

=
∂

∂q

Pc(Lq) +Q(Lq,∞) +
∞∫
0

tsT (t)dt+ FE

1− V ER

=
∂

∂q

Pc(Lq) +Q(Lq,∞)

1− V ER
. (5.19)

Without precise information on the various values that Q(L,∞) might take, this is not
solvable in closed form. But, it does illustrate the calculations for those who wish to perform
the analysis. This approach suggests a few general conclusions:

1. In most circumstances, since BUC > UP , for very small confidence levels (such as that
associated with a probability of survivable of 10%, 35%, 50%, or 65%), it is typically
preferable to maintain funding through the amount needed to fund the confidence
level.

2. In every instance in which an insurer’s potential losses are unlimited, there is a strong
reason to fund only to some confidence level, even though BUC may be significantly
larger than UP . This is consistent with the fact that virtually no insurers are required
to fund all possible loss scenarios. Most importantly, it would still be true if somehow
an infinite amount of capital became available (without a corresponding complete
distortion of the economic system).

3. The confidence level is related to the expected utility (on an opportunity cost basis)
of the money paid as insurance premiums, the utility of the claims payments received
to the claimants, the value placed on companies paying their proper bills, and char-
acteristics of the claims and reinsurance cost distributions, plus some miscellaneous
multiplicative factors.

4. To the extent that there are classes of insurers (dental insurers and extended warranty
insurers, perhaps) where the individual claims are very small, predictable, and present
in a large volume, the capital required to fund a certain confidence level is fairly small
in relation to the expected losses. Hence, all else being equal, it may be preferable for
such insurers to fund to a very high confidence level.

5. For types of insurance where the claimant is a large corporation that is accustomed
to writing off a certain percentage of its collectibles, the corporation’s values of B and
UC may be less than that of the broad population. To that extent, the corporation
may be accepting of a lower degree of certainty (q) that its claims will be paid by its
insurer. Of course that would depend on whether or not the total recoverable from
the insurance is small and whether or not the prospect of “contagion”11 is present).

11Contagion, in this context, means the prospect of many of the insurers in this class failing simultaneously,
such as might happen with bond insurers in a financial crisis.
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More specifically, one would note that in this circumstance the utility factor of the
claimant UC is fairly neutral. The survival of the firm is not threatened in the way
that a homeowner might be threatened by losing his or her home. One might argue
that, in light of the companies stance on collections, the attitude towards collection
risk, as exemplified by B, is fairly low in comparison to other insurance claimants.
So, whether due to reductions in B or not, the quantity BUC is relatively low. That
suggests that, all things being equal, a lower confidence level would often be dictated
for large corporate insureds.
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CHAPTER 6

THE GENERAL COLLECTIVE RISK MODEL

As noted in the study of the variance of the compound Poisson, the general formula

V ar

[
N∑

i=1

Xi|N random, Xi’s i.i.d., independent of N

]
= µNσ2

X + µ2
Xσ2

N (6.1)

was used. This formula is common in actuarial textbooks (for example, it is included in
Dean and Mahler [39]). Since there is so much focus on the variance of distributions across
different loss caps L, a general discussion of the collective risk model is in order. Considering
issues to be raised later in this dissertation, scenarios where the frequency “µN” and average
severity “µX”, or possibly other characteristics of the distribution, are unknown, but subject
to some parameter risk distribution, should be included in the analysis. Although likely none
of the material is truly new, it is presented here for reference elsewhere in the dissertation.

By virtue of the theorem (not original to the paper, but presented in Dean and Mahler
[39]) that V ar[Y ] = EX [V arY [Y |X]] + V arX [EY [Y |X]] One may condition the total loss
“T” on the number of claims “N” to get (using independence of the distributions on multiple
occasions)

V ar[T ] = EN [V arT [T |X]] + V arN [ET [T |N ]] = EN [Nσ2
X ] + V arN [NµX ]]

= µNσ2
X + µ2

Xσ2
N . (6.2)

Of note, that formulation required no specific form for the distribution of possible claim
counts “N” and no specific distribution for the severity “X” variables, only that all the
distributions be independent and that the “Xi” be identically distributed.

The next step is to concern ourselves with the scenario where the samples are not
independent. Specifically, the situation where some part of the distribution’s parameters
features a so-called “parameter variance” that affects all the values simultaneously. An
example of this might be a situation where the loss severity follows a Pareto distribution, but
the Pareto distribution is multiplied by some mean parameter that simultaneously affects the
distribution underlying all the Xi’s, and the possible multiplier parameters are generated
by, say, a lognormal distribution with a mean of unity and some specified coefficient of
variation.

To begin, note that all that is required above of the distribution of N is that it be
independent of the distributions of the Xi’s. So, even if the distribution of N is affected by
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some form of parameter variance, as long as that is not linked to any parameter variance
of the Xi’s (which is the standard actuarial approach in most1 actuarial analyses). So, the
formula in (6.2) holds even when the count distribution is subject to parameter variance.

The next step involves reviewing, perhaps revising, the formula for the case where some
aspect of the severity distribution involves a random parameter simultaneously affecting the
severity distributions of all the Xi’s. For congruence with the severity variable X, we will
call the severity parameter (which varies according to some distribution) “χ”. Then, given
a specific value of χ0, we have

V ar[T |χ = χ0] = µNV ar[X|χ = χ0] + E[X|χ = χ0]
2σ2

N . (6.3)

Similarly
E[T |χ = χ0] = E[X|χ = χ0]µN , (6.4)

and
E[T 2|χ = χ0] = µNV ar[X|χ = χ0] + E[X|χ = χ0]

2(σ2
N + µ2

N ). (6.5)

Further,, conditioning on χ0, one may develop the expected values

E[T ] = µNE
[
E[X|χ]

]
, (6.6)

and
E[T 2] = µNE

[
V ar[X|χ]

]
+ (σ2

N + µ2
N )E

[
E[X|χ]2

]
. (6.7)

Combining the two, noting that V ar[T ] = E[T 2]− E2[T ], one may get

V ar[T ] = µNE
[
V ar[X|χ]

]
+ (σ2

N + µ2
N )E

[
E[X|χ]2

]
− µ2

NE2
[
E[X|χ]

]
. (6.8)

That is equivalent to

V ar[T ] = µNE
[
V ar[X|χ]

]
+ σ2

NE
[
E[X|χ]2

]
+ µ2

NV ar
[
E[X|χ]

]
. (6.9)

The latter equation represents a common type of expression for the variance of com-
pound distributions involving both process variance (randomness in what happens given a
specific parameter) and parameter variance. The first two terms, a simple conditioning of
the formula in (6.2) represent the expected value of the process variance. The last term
represents the variance of the hypothetical means (variance of possible mean values of T ,
weighted according to the distribution of χ.) The identity that the total variance is equal to
the sum of the expected value of the process variance and the variance of the hypothetical
means is common in actuarial work and even forms the basis for the well-known Bühlmann
credibility, as noted in Dean and Mahler [39]. In any event, that formula will serve as a
basis for analysis when parameter risk of the severity distribution is involved.

1The exceptions to that rule that are most often seen by actuaries tend to involve contagion “black swan”
events, which are not susceptible to the general mode of analysis employed in this dissertation
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CHAPTER 7

PARAMETER VARIANCE-BASED

INTERDEPENDENCE AND THE SINGLE LINE

OF BUSINESS

As discussed previously in Section 2.1, the compound Poisson model was dependent on the
expected frequency of the claims nλ and the severity distribution s(x) being completely
known. Unfortunately, in many practical applications, that is simply not the case. In this
chapter revised formulas are developed that accommodate the “parameter uncertainty” or
“parameter variance” common in analyses of insurance claims data. This issue is not new.
It was discussed in Meyers and Schenker [91], and earlier by Dropkin [43].

7.1 Variance in the Frequency Parameter

It has been observed (Dropkin’s paper [43] is one example) that, in practice, the variance
of claim counts does not always match the mean claim counts (as would be the case with the
Poisson distribution). In particular, claim count variance is often larger than the expected
claim counts. As will be shown in this section, that is consistent with the Poisson claim
count distribution, but only if the expected mean claim counts in each year are subject
to what is termed “parameter uncertainty”. That parameter uncertainty means that the
expected number of claim counts is subject to uncertainty itself. Since the expected number
of claim counts is the key parameter that determines the specific instance of the Poisson
distribution, it determines the entire distribution of possible numbers of claim counts in the
compound Poisson scenario. So, uncertainty as to the expected claim count parameter nλ
creates uncertainty about the entire distribution of claim counts. Actuaries often estimate
the expected number of claim counts using historical claim counts for a line of business.
They include projections of the “exposure change”, or change in the susceptibility of the
line of business to claims in those calculations, and may have to account for claims that
are not yet reported. Therefore, it is not surprising that modest count parameter variance
exists. To address that, modeling the uncertainty in the parameter nλ (since nλ generates
the entire Poisson distribution) will therefore appropriately model the uncertainty about
the entire distribution of possible claim counts.

The first step in evaluating expected frequency variance (another term for variance of
the possible true expected number of claims around nλ) is to review the most common ap-
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proach to the parameter variance of a Poisson frequency parameter, specifically, that where
the “prior” distribution, or distribution of the possible expected frequencies, is a Gamma
distribution. In doing so, an attempt will be made to use standard notation wherever
possible. While that will require additional algebra, and the use of some quasi-extraneous
variables that represent the standard parameterizations of key distributions, it is hoped
that the use of common notation will facilitate the reader’s understanding of the material.
Specifically, if the possible values of λ are specified by a Gamma

(
r, p/(1− p)

)
distribution,

then the values of nλ are also specified by a Gamma(r, np/(1− p) distribution. It is well-
known that the Gamma distribution is a conjugate prior (parameter variance) distribution
for the Poisson. Specifically, when the composite distribution is formed by first choosing
a mean generating a Poisson distribution from a Gamma distribution, then generating a
sample claim count from the chosen Poisson distribution, it is well-known that the result
is a negative binomial distribution (with parameters r and p). So, the negative binomial
approach to a one-year frequency distribution has been in use in insurance circles since at
least the Dropkin [43] article in 1959. Because of the clear relationship of the negative
binomial distribution to the Poisson distribution (i.e., one would logically expect to see a
Poisson distribution, as noted in (2.1) if there were no parameter variance, and the Poisson
is the zero parameter uncertainty member of the negative binomial family.) and the long-
standing use of the negative binomial in practical situations, it is the distribution of choice
for the count distribution with parameter variance.

As noted, the analysis will be carried out using standard notation wherever possible,
which does complicate the algebra. However, the end result will be expressions for the
mean and variance (and related quantities) of the resulting “compound negative binomial
distribution” (the distribution of aggregate loss, not just claim counts, but with negative
binomial generated counts and individual losses from the severity distribution s(x)). For
ease of evaluation, those formulas will solely involve n, λ, the moments of the X’s, and a
“coefficient of variation” term reflecting the relative parameter uncertainty with respect to
nλ.

7.1.1 The Rationale for and Characteristics of the Negative Binomial

As a first step, a fairly extensive review of some key equations relating to the negative bi-
nomial (as generated by the Gamma-Poisson conjugation) is in order. But as a preliminary,
a problematic overlap must be eliminated. The Gamma and negative binomial distribu-
tions are defined by parameters r and p. Unfortunately, r means “return on investment”
elsewhere in this dissertation and p means “probability of failure”. So, to eliminate that
overlap, but attempt to use the standard notation for the negative binomial and gamma
distributions, the characters r̃ and p̃ will be used for the Gamma/negative binomial pa-
rameters. Similarly, in this section there is an overall, across all scenarios, mean expected
claim count value of nλ. However, there are many possible selected expected claim1 counts
ñλ by the Gamma distribution (reflecting parameter uncertainty). Concurrently, there are

also many possible values of the actual claims generated in a year given a selected ñλ.
Much of the discussion in this section covers knowledge in common use already. But it

is presented for background and to articulate the underlying assumptions in the section. To

1In this case, ñλ represents a randomly distributed value that has mean nλ.
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then begin the discussion, it is well-known that when the negative binomial is generated2

by a Gamma(r̃, p̃) distribution, the first two central moments of the negative binomial
distribution are:

µNB(r̃,p̃) =
p̃r̃

1− p̃
and σ2

NB(r̃,p̃) =
p̃r̃

(1− p̃)2
. (7.1)

Then, by carefully selecting values of p̃ and r̃ any positive mean and variance may be
generated, at least as long as σ2

NB(r̃,p̃) > µNB(r̃,p̃). That is in keeping with the concept that

the negative binomial has more variance than the Poisson (where the mean and variance
are equal). Of note, the second parameter, r̃, is the shape parameter. So, if we wish the
mean to be n times larger than it would be for an (r̃, p̃) negative binomial distribution, one
must have p̃-parameter p̃(n), where p̃(n)/

(
1− p̃(n)

)
= np̃/(1− p̃). One may verify that

p̃(n) =
np̃

1 + (n− 1)p̃
(7.2)

fulfills that criteria. Substituting that in the earlier equations (7.1), the first two central
moments of the negative binomial distribution may be expressed as

µ
NB
(
r̃,p̃(n)

) = np̃r̃

1− p̃
and σ2

NB
(
r̃,p̃(n)

) = n(1 + (n− 1)p̃)p̃r̃

(1− p̃)2
. (7.3)

Consequently, one may solve for the p̃ and r̃ in the n = 1 case and for n > 1, to get

p̃ = 1−
µNB(r̃,p̃)

σ2
NB(r̃,p̃)

, p̃(n) = 1−
µNB(r̃(n),p̃(n))

σ2
NB(r̃(n),p̃(n))

, (7.4)

and

r̃ =
µNB(r̃,p̃)(1− p̃)

p̃
, r̃(n) = r̃. (7.5)

At this point, the equation above shows that r̃ is merely a shape parameter, and that the
distribution may be scaled by simply altering the values of p̃.

For the next step, note that the Poisson mean parameter nλ should be the expected
number of claims and that the variance of nλ is the variance of the Gamma distribution
itself. In equation form, one may say

nλ = E[ñλ] =
p̃(n)r̃

1− p̃(n)
=

nr̃p̃

1− p̃
(7.6)

and

V ar[ñλ] = V ar
[
ñλ|Gamma

(
r̃, p̃(n)/

(
1− p̃(n)

))]
=

n2r̃p̃2

(1− p̃)2
,

(7.7)

where each ñλ is a possible expected claim count (generated from the Gamma
(
r̃, p̃(n)/

(
1−

p̃(n)
))

distribution) for the Poisson distribution.

2Specifically, the negative binomial is generated by first sampling the value of ñλ̃ from the Gamma(r̃, p̃)

distribution, then sampling from a Poisson(ñλ) to get the final number of counts/selection from the negative
binomial distribution.
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In this circumstance, where the mean of a distribution is specified and a family of
distributions is scalable, a coefficient of variation (abbreviated “CV”), or σ/µ, is often
specified in lieu of the variance. Since that coefficient of variation is often the key statistic
to measure the nλ parameter’s range, it is worth mentioning that, per equations (7.6) and
(7.7)

CV [ñλ] =
1√
r̃

(7.8)

in this case. Since the coefficient of variation of the parameter distribution is independent
of n, the Gamma prior distribution is scalable with respect to the mean E[ñλ]. In other
words, if one anticipates that the mean parameter λ has a standard deviation of 10% of
the mean, then the general shape of the prior distribution for the mean parameter when
n = 1 will be exactly the same, other than being scaled by a factor of 100 (with a standard
deviation of 10% times 100), as the general shape when n = 1.

For most of the remainder of this section, considering that in practical use the ex-
pected mean µNB = µNB(r̃,p̃) = nλ and combined process and parameter variance σ2

NB =

σ2
NB(r̃,p̃) =

nλ
1−p̃ are the input parameters, they will be the points of reference.

To simplify the later analysis, one may define a value “θ” to represent the variance
beyond that anticipated in the Poisson distribution3, as

θ =
p̃

1− p̃
, (7.9)

and define

θ(n) =
np̃

1− p̃
, (7.10)

so
σ2
NB =

µNB

1− p̃(n)
= nλ

(
1 + θ(n)

)
, (7.11)

which shows that θ(n) is a parameter representing the additional variance beyond that
present in the Poisson(nλ) distribution.

7.1.2 The Aggregate Loss Distribution Associated with the Negative
Binomial

Our next step is to convert this into information on the aggregate loss T . As noted in
Chapter 6, in the single year context the mean and variance of the negative binomial may
simply be inserted into the collective risk formula to obtain an estimate of the variance of
the aggregate distribution of T or Tc(L). Those calculations yield

V ar[TC(L)] = σ2
Tc(L)

= µNBσ
2
Xc(L)

+ µ2
Xc(L)

σ2
NB. (7.12)

Applying a little algebra, and using the specified value of nλ = E[ñλ] for the mean of
the possible expected claim counts, one may derive

V ar[TC(L)] = σ2
Tc(L)

= nλσ2
Xc(L)

+ µ2
Xc(L)

nλ
(
1 + θ(n)

)

= nλ{E[X2
c (L)] + θ(n)E2[Xc(L)]}. (7.13)

3“θ” is used because it the second parameter of the Gamma in an alternate, but common, parameterization
of the Gamma distribution, and as such is already in common use.
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Note that θ(n) is not constant with respect to n. Rather, per equation (7.10), it is a multiple
of n.

As a next step, the cumbersome expression 1/
√
r̃ for the coefficient of variation of the

Gamma distribution, may be replaced by “a”. The value a is a more straightforward
representation of the range of the true value of ñλ around our estimate nλ. Per equation
(7.8), that means a is defined by

a = CV [ñλ] =
1√
r̃
. (7.14)

The next step is to combine equations (7.10), (7.6) and (7.1),and the fact that a = CV [ñλ].
That results in the following.

θ(n) =
p̃(n)

1− p̃(n)
=

σ2

Gamma
(
r̃,p̃(n)/

(
1−p̃(n)

))

µ
Gamma

(
r̃,p̃(n)/

(
1−p̃(n)

)) = nλa2. (7.15)

So, one may also say that (updating (7.13))

V ar[Tc(L)] = nλ{E[X2
c (L)] + (nλa2)E2[Xc(L)]}, (7.16)

which represents what is likely the most useful form for the variance4 of Tc(L). As with the
pure Poisson case, the goal is to use the variance and variance derivative values to estimate
the 100(1 − p)th percentiles of Tc(L) for various values of 1 − p and the various possible
reinsurance retentions. Following the standard formula, the normal approximation to the
100(1− p)th percentile will be

F−1
Tc(L)

(1− p) ≈ nλE[Xc(L)] + Φ−1(1− p)
√
nλ{E[X2

c (L)] + (nλa2)E2[Xc(L)]}. (7.17)

7.1.3 The Quality of the Normal Approximation to F
−1
Tc(L)

For the above analysis to be meaningful, the normal approximation must generate an
acceptable approximation to the upper percentiles of Tc(L), the F−1

Tc(L)
(1 − p)’s. Those

approximations may in turn be used to assess the amount of capital needed to assure a
100(1− p)% probability of the insured being capable of paying all its claims. Further, they
may be used for a consequent assessment of the needed profit per Section 3.3.

As before, the next steps are to estimate the error of this approximation by simulating
a combination of various5 specimen values of the number of claim counts in a year N with
the same extreme severity distribution6 as was used for the compound Poisson simulation
in Chapter 2, together with an additional coefficient of variation7 parameter a = 15%. The
related values of

G(L, p) =
F−1
Tc(L)

(1− p)

nλE[Xc(L)] + Φ−1(1− p)
√

nλ{E[X2
c (L)] + (nλa2)E2[Xc(L)]}

(7.18)

4The analysis up to here is likely not original, but is presented, as noted earlier, for background
5The random numbers used to simulate the claim counts are the same as those used in simulating a

compound Poisson distribution in Chapter 2. The simulated values of individual claims are identical
6The Pareto distribution with a power parameter of 2.2 and lower truncation point of $5,000.
7As with the other factors, in practical actuarial circumstances a coefficient of variation for the counts of

an entire block of business would be fairly extreme.
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are shown in Table 7.1.

Table 7.1: Values of G for the Normal Approximation to F−1
Tc(L)

at Various Mean

Claim Amounts and Limits under the Count Parameter Variance (CV = 15%)
Assumption

Values of G(L, p) with NB Counts Where 1− p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $25, 000 1.739 1.018 1.027 1.040 1.091
60 $50, 000 0.379 1.018 1.031 1.045 1.096
60 $100, 000 0.082 1.022 1.035 1.052 1.108
60 $250, 000 0.011 1.024 1.050 1.069 1.139
60 $1, 000, 000 0.001 1.014 1.049 1.095 1.211

150 $25, 000 4.349 1.016 1.026 1.033 1.074
150 $50, 000 0.946 1.015 1.029 1.033 1.079
150 $100, 000 0.206 1.016 1.028 1.037 1.082
150 $250, 000 0.027 1.017 1.031 1.044 1.086
150 $1, 000, 000 0.001 1.018 1.038 1.063 1.124
150 $1, 000, 000 11.596 1.018 1.038 1.063 1.124
400 $25, 000 2.524 1.013 1.023 1.030 1.067
400 $50, 000 0.549 1.012 1.023 1.033 1.069
400 $100, 000 0.073 1.013 1.023 1.032 1.072
400 $250, 000 0.003 1.013 1.026 1.034 1.077

This analysis can also be enhanced (as the G analysis for the compound Poisson was en-
hanced), by noting that the values of G that are above unity indicate that the approximation
undershoots. Then, one may estimate the difference between the perceived percentile of the
distribution per the normal approximation and the actual percentile by using finite differ-
ences within the table. The resulting estimates of the errors in the normal approximations’
survival probability, 1− p, are shown in Table 7.2.

Note that in this case the values for 1−p = 95% are acceptable, but the values for most
of the higher confidence levels are borderline at best, and sometimes clearly unacceptable.
In summary, the normal approximations to the upper percentiles of this particular negative
binomial are very good at the 95% confidence level, but for higher percentiles it may make
sense to use a slightly tighter significance level than the one you are targeting. While
this does introduce a small amount of subjectivity, and reduced precision, the relative
ease of working with the normal approximation and the later benefits of using a mean-
variance analysis for multiple lines of business could make this a desirable choice in the
right circumstances.
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Table 7.2: Estimated Error in Confidence Level 1− p for Various Expected Claim
Count, Limit, and Confidence Level Combinations, under Count Parameter Un-
certainty with CV of 15%

Approximate p-Error per Normal Approximation w/NB

nλ L 95% 98% 99% 99.5%

60 $25, 000 0.74% 0.85% 0.60% 0.49%
60 $50, 000 0.66% 0.92% 0.66% 0.51%
60 $100, 000 0.81% 1.00% 0.71% 0.53%
60 $250, 000 0.74% 1.26% 0.85% 0.56%
60 $1, 000, 000 0.40% 1.03% 0.80% 0.55%

150 $25, 000 0.73% 0.94% 0.62% 0.49%
150 $25, 000 0.73% 0.94% 0.62% 0.49%
150 $50, 000 0.63% 1.03% 0.62% 0.46%
150 $100, 000 0.70% 0.97% 0.64% 0.49%
150 $250, 000 0.71% 1.00% 0.74% 0.56%
150 $1, 000, 000 0.69% 1.07% 0.81% 0.57%
400 $25, 000 0.62% 0.87% 0.60% 0.49%
400 $50, 000 0.59% 0.83% 0.63% 0.51%
400 $100, 000 0.60% 0.85% 0.60% 0.48%
400 $250, 000 0.59% 0.95% 0.63% 0.48%

7.1.4 The Lognormal Approximation to the Percentiles

As with the compound Poisson distribution, and likely even more with the count param-
eter case8, it makes sense to consider approximating the various percentiles F−1

TC(L)(1 − p)
with a lognormal distribution rather than a normal distribution. As before, the starting
point is equation (2.35), which states that one should begin by determining A(L) = CV 2+1
(where CV represents the coefficient of variation). In this case, however, the concern is with
the coefficient of variation of the compound negative binomial distribution of the aggregate
losses, not that of the prior distribution of the means. Therefore, it is understood that the
relevant coefficient of variation is not the value “a”. So, we begin with (7.16) and the basic
identity9 µTc(L) = nλE[Xc(L)]. That means

A(a, L) =
nλ{E[X2

c (L)] + nλa2E2[Xc(L)]}
n2λ2E2[Xc(L)]

+ 1 =
E[X2

c (L)]

nλE2[Xc(L)]
+ a2 + 1. (7.19)

8“More so”, considering the potential for additional skewness in the negative binomial relative to the
Poisson distribution.

9This mean identity is well-known to be true for all aggregate distributions where the claim sizes are
independent of the counts and the appropriate moments exist.
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As before, per equation (2.37), the lognormal approximation to the upper percentile of the
aggregate loss distribution is given by

F−1
Tc(L)

(1− p) ≈ nλE[Xc(L)]√
A(a, L)

eΦ
−1(1−p)

√

ln
(
A(a,L)

)
. (7.20)

Then, as was done for the compound Poisson distribution, a table of the G(L, p)’s (the
ratios of the true values of the percentiles to those of the approximations) was created
and is shown in Table 7.3. As with the compound Poisson distribution, the lognormal
approximation generally overshoots the true percentile, except when very large loss limits,
low expected counts, and high confidence levels are found together. Further, the lognormal
approximation generally does not overshoot so much that the additional capital of, say,
3% of the funding level, creates a significant drag on the return of an insurance company
that chooses to use it. Also of note, it does undershoot materially (though not as badly
as the normal approximation does) at the $1,000,000, 60 claim, and 99.5% confidence level
combination. Of course, though, the expected number of claims exceeding the $1,000,000
limit is too small to make it worth securing through reinsurance (per the analyses in Section
3.7 and Chapter 5).

Table 7.3: Values of G per Lognormal Approximation for Various Mean Claim
Amounts and Limits Using Distribution with Count Parameter CV of 15%

Values of G(L, p) Where 1− p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $25, 000 1.739 0.995 0.981 0.976 0.972
60 $50, 000 0.379 0.993 0.982 0.977 0.971
60 $100, 000 0.082 0.996 0.983 0.979 0.976
60 $250, 000 0.011 0.996 0.994 0.991 0.997
60 $1, 000, 000 0.001 0.985 0.989 1.009 1.051

150 $25, 000 4.349 0.998 0.991 0.985 0.980
150 $50, 000 0.946 0.997 0.993 0.983 0.982
150 $100, 000 0.206 0.997 0.991 0.985 0.982
150 $250, 000 0.027 0.997 0.992 0.990 0.983
150 $1, 000, 000 0.001 0.998 0.997 1.005 1.013
400 $25, 000 11.596 0.997 0.993 0.989 0.984
400 $50, 000 2.524 0.997 0.992 0.991 0.985
400 $100, 000 0.549 0.997 0.992 0.989 0.987
400 $250, 000 0.073 0.997 0.995 0.990 0.990
400 $1, 000, 000 0.003 0.997 0.996 1.000 0.999
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7.1.5 The Quality of the Normal Approximation to the L-Derivative of
F

−1
Tc(L)

Next, an approximation to the optimal retention shall be developed. The discussion
of the optimal reinsurance retention in Section 3.6, and especially equations (3.34) and
(3.52) will still apply in these circumstances. They explicitly depend on the derivative of
F−1
Tc(L)

(1 − p) with respect to L. Thus, it is worthwhile to evaluate whether the derivative

of the normal approximation is a good approximation for the derivative of F−1
Tc(L)

(1−p). So

we have (with some variable conversions),

∂Pc(L, p)

∂L
= −∂Q(L, p)

∂L
≈ nλl

(
1− FX(L)

)
. (7.21)

Also, of course, the profit equation in (3.18) may be modified to reflect F−1
Tc(L)

(1− p) as

P (L, p) =
rFXA{F−1

Tc(L)
(1− p)− µTc(L)}+ ν(1−XU )V ar1/2[Tc(L)] + rFU

1 + rFXA −XU
. (7.22)

To seek the impact of the error induced by the approximation of F−1
Tc(L)

by E[Tc(L)] +

Φ−1(1− p)V ar1/2[Tc(L)], one may blithely approximate the optimal retention by using the
normal approximation to the benchmark profit of

P (L, p) ≈
[
rFXAΦ

−1(1− p) + ν(1−XU )]V ar1/2[Tc(L)
]
+ rFU

1 + rFXA −XU
. (7.23)

Then, in order to estimate the retention, one must differentiate V ar[Tc(L)] ≈ nλE[X2(L)]+
n2λ2a2E2[Xc(L)]. The first portion is identical to the variance of the compound Poisson.
Therefore, using (2.23),

∂

∂L
V ar[Tc(L)] = 2nλL

(
1− FX(L)

)
+

∂

∂L
(n2λ2a2)E2[Xc(L)]. (7.24)

Also, one may note that (using (2.20))

∂

∂L
E2[Xc(L)] = 2

(
1− FX(L)

)
E[Xc(L)]. (7.25)

Substituting that in (7.16), one may see that

∂

∂L
V ar[Tc(L)] = 2nλ

(
1− FX(L)

)
(L+ nλa2E[Xc(L)]). (7.26)

That in turn gives, using the formula for −∂Q(L,∞)
∂L , an indirect estimating formula for the

optimal retention “L”, of

nλl
(
1− FX(L)

)
≈

rFXAΦ−1(1−p)+ν(1−XU )

2V ar1/2[Tc(L)]
2nλ

(
1− FX(L)

)
(L+ nλa2E[Xc(L)])

1 + rFXA −XU
, (7.27)
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which is equivalent to

L+ nλa2E[Xc(L)]

V ar1/2[Tc(L)]
≈ l(1 + rFXA −XU )

rFXAΦ−1(1− p) + ν(1−XU )
, (7.28)

and

(
L+ nλa2E[Xc(L)]

)2

nλ{E[X2
c (L)] + (nλa2)E2[Xc(L)]}

≈ l2(1 + rFXA −XU )
2

(
rFXAΦ−1(1− p) + ν(1−XU )

)2 . (7.29)

That equation for the estimated optimal retention does not appear to be amenable to
further simplification. It is suitable for a secant method analysis when the distribution
of the X’s is approximately known10. Of note, since the capped distribution of the X’s
is much easier to estimate reliably than the percentiles of the aggregate distribution, it
is a significant improvement over formulas involving FTc(L). Further, since they do not
require knowledge of the expected distribution of claims above the retention, E[Xc(L)] and
E[X2

c (L)] are unlikely to involve large claims that are rarer and often not fully represented
in an insurance company’s historical claim-by-claim cost data. So, E[Xc(L)] and E[X2

c (L)]
are reasonably tractable to estimate. As noted earlier, solving for the optimal retention
will likely require some form of numerical analysis. As was discussed in Section 3.7, that is
reasonable in light of current actuarial practice. To illustrate the point to a non-actuarial
user, one could even prepare a column of various values of both sides of equation (7.29),
and show the user where the values meet.

The next question revolves around the quality of that approximation to the true optimal
retention. The first step in that process is to evaluate how well the normal approximation
approach estimates the actual values of ∂

∂LF
−1
Tc(L)

(1− p). More specifically, it is relevant to

look at how well Φ−1(1 − p) ∂
∂L

√
V ar[Tc(L)] approximates ∂

∂L

(
F−1
Tc(L)

(1 − p) − E[Tc(L)]
)
.

Values of the two quantities are included in Table 7.4.

As one may see, the values are not close. However, the central question lies in whether
or not the discrepancies would be large enough to induce a carrier to select a fundamentally
wrong retention. As before, most insurance companies’ optimal retention selection can be
though of as correct as long as the indicated retention is within ±25% of the true value. So,
one would actually seek to estimate the potential error in the retention estimate reflected
in equation (7.29). To that end, equation (3.49) for the multiplier C, may be used, with the
constants as noted in (4.11), and the second derivatives computed numerically11(using the
same ±10% grid spacing from the preceding chapter). The resulting C-values are shown in
Table 7.5 . The resulting estimates of the approximation error are in Table 7.6.

The values generally fall within the ±25% tolerance, except for situations where the
loss cap is so large that the probability of a loss exceeding the cap is less than the p failure

10In practice, the severity distribution is known up to the point where the historical data becomes too
sparse. So, as long as the optimal retention is within the range where the estimate of the loss size distribution
is fairly accurate, the equations are useful. On the other hand, the values beyond that range are likely too
high to reasonably analyze due to their rarity.

11The values could also be computed analytically in this case. However, considering that high precision is
not required and availability of ready-made data for numerical computations, numerical approximation was
used. Also, note that an separate analysis similar to that of equation (3.45 for the error term must be done.
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Table 7.4: Comparison of Derivative of Normal Approximation to Derivative of
F−1
Tc(L)

(1− p) for Distributions with Count Parameter CV of 15%

Comparison of Stan. Dev. Derivative to D[F−1 − µTc(L)]

for Count Variance Scenario

1− p = .95 1− p = .98 1− p = .99

nλ L Φ−1Dσ D[F−1 − µ] Φ−1Dσ D[F−1 − µ] Φ−1Dσ D[F−1 − µ]

60 $25, 000 0.9726 0.9215 1.2144 1.3341 1.3756 1.2463
60 $50, 000 0.3329 0.3239 0.4157 0.5250 0.4709 0.5864
60 $100, 000 0.1246 0.2249 0.1556 0.2526 0.1762 0.2483
60 $250, 000 0.0370 0.0566 0.0462 0.1309 0.0523 0.1074
60 $1, 000, 000 0.0064 −0.0005 0.0080 −0.0005 0.0091 −0.0005

150 $25, 000 1.7040 1.6516 2.1276 2.6438 2.4100 2.4749
150 $50, 000 0.5187 0.4721 0.6476 0.8160 0.7336 0.7168
150 $100, 000 0.1774 0.2935 0.2216 0.3105 0.2510 0.2687
150 $250, 000 0.0492 0.1029 0.0615 0.0220 0.0696 0.2206
150 $1, 000, 000 0.0083 −0.0013 0.0103 0.0015 0.0117 0.0063
400 $25, 000 3.5457 3.1298 4.4271 5.7581 5.0148 4.5360
400 $50, 000 0.9372 0.9551 1.1701 1.6829 1.3254 1.9085
400 $100, 000 0.2771 0.3495 0.3460 0.5019 0.3919 0.3352
400 $250, 000 0.0662 0.0653 0.0827 0.1809 0.0937 0.2966
400 $1, 000, 000 0.0100 0.0171 0.0125 0.0206 0.0142 0.0667

probability. Hence, no such loss should be expected within the F−1
Tc(L)

(1 − p) percentile.
As such the larger loss caps are not required to be properly funded in order to achieve at
(1 − p) survival probability. Thus, based on this “designed to fail” example, the normal
approximation creates a quality approximation to the optimal retention.

7.1.6 Summary of the Count Parameter Variance Results

Per this analysis above, the normal approximations to the distribution of the aggregate
loss at various caps or loss limits, even under count parameter uncertainty, represent a set
of tractable and fairly reliable approximations to the true distributions of aggregate losses.
Given the wide tolerance allowed in estimating the optimal reinsurance retentions, the
normal approximation provides suitable approximations to the derivatives (by the choice of
loss cap) of the percentiles . So, the normal approximations and the true percentile values
of the aggregate distribution may often be used interchangeably to estimate surplus needs,
indications of needed profit, and the optimal reinsurance retention. Note, however, that the
lognormal approximations are somewhat preferable for estimating the surplus and profit
needs.

As a summary of the results in this section, some key results may be noted. First, one
must note that the mean of the capped aggregate distribution is (by independence of the
counts and amounts) nλE[Xc(L)]. Its variance was given in equation (7.5). The normal
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Table 7.5: Estimated Ratio of Percentage Error in Retention Estimate to Error in
Derivative Estimate — under Count Parameter Variance with CV of 15%

Values of C’s
nλ L nλ

(
1− FX(L)

)
1− p = .95 1− p = .98 1− p = .99 1− p = .995

60 $ 25,000 1.739 -127 -127 -127 -127
60 $ 50,000 0.379 -1,231 -1,235 -1,237 -1,240
60 $ 100,000 0.082 -10,268 -10,324 -10,361 -10,396
60 $ 250,000 0.011 -213,517 -215,886 -217,494 -218,987
60 $ 1,000,000 0.001 -12,494,307 -13,568,491 -14,393,472 -15,241,592
150 $ 25,000 4.349 -51 -51 -51 -51
150 $ 50,000 0.946 -477 -478 -479 -479
150 $ 100,000 0.206 -4,146 -4,159 -4,167 -4,174
150 $ 250,000 0.027 -80,998 -81,496 -81,832 -82,141
150 $ 1,000,000 0.001 -5,163,527 -5,342,211 -5,468,368 -5,589,164
400 $ 25,000 11.596 -19 -19 -19 -19
400 $ 50,000 2.524 -178 -178 -179 -179
400 $ 100,000 0.549 -1,595 -1,598 -1,600 -1,601
400 $ 250,000 0.073 -28,693 -28,794 -28,862 -28,924
400 $ 1,000,000 0.003 -1,933,901 -1,958,918 -1,975,959 -1,991,816

and lognormal estimates to the 100(1 − p)th percentile of the aggregate distribution are
given by equations (7.17) and (7.20). Those estimates for the percentiles and the values of
the mean may be substituted into the equations for the indicated profit and surplus from
equations (3.17) and (3.18),with a preference for the lognormal approximation when the
pure indicated surplus or profit (as opposed to either of their derivatives) is desired. That
was documented by a review of some sample data with a 15% count parameter coefficient
of variation and the very skewed, hard-to-fit Pareto(2.2, 5000) severity distribution. As
noted, the normal approximations were within the range of the actual F−1

Tc(L)
(1− p) values,

but often matched best to the next lowest confidence level. The lognormal approximations
were often slightly conservative (higher than the true values of F−1

Tc(L)
(1 − p)), but not so

conservative as to create a significant drag on the earnings of a company using them.

The derivative of the percentile can be loosely approximated, per (7.26) using the normal
distribution, its variance derivative and the consequent standard deviation derivative12

∂

∂L

√
V ar[Tc(L)] =

√
nλ
(
1− FX(L)

)
(L+ nλa2E[Xc(L)])√

E[X2
c (L)] + (nλa2)E2[Xc(L)]

. (7.30)

That in turn was used to generate a formula for the optimal retention, in equation (7.29).
Then running the same sample data as were used above indicated that this model generated
optimal retention estimates that were typically within ± 25% of the true optimal retention.

12The mean derivative terms cancel.
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Table 7.6: Estimated Percentage Error in Retention Estimate Due to Use of Nor-
mal Approximation — under Count Parameter Variance with CV of 15%

Estimated Percentage Error in Retention

nλ L nλ
(
1− FX(L)

)
1− p = .95 1− p = .98 1− p = .99 1− p = .995

60 $ 25,000 1.739 -0.03 % 0.06 % -0.07 % 0.30 %
60 $ 50,000 0.379 -0.02 % 0.27 % 0.29 % 0.53 %
60 $ 100,000 0.082 1.03 % 1.00 % 0.75 % 1.00 %
60 $ 250,000 0.011 1.67 % 7.32 % 4.79 % 20.06 %
60 $ 1,000,000 0.001 -8.69 % -11.61 % -13.85 % -16.15 %
150 $ 25,000 4.349 -0.01 % 0.10 % 0.01 % 0.07 %
150 $ 50,000 0.946 -0.04 % 0.16 % -0.02 % 1.01 %
150 $ 100,000 0.206 0.48 % 0.37 % 0.07 % -0.02 %
150 $ 250,000 0.027 1.74 % -1.29 % 4.94 % 4.75 %
150 $ 1,000,000 0.001 -4.95 % -4.71 % -2.98 % 15.71 %
400 $ 25,000 11.596 -0.03 % 0.10 % -0.04 % 0.12 %
400 $ 50,000 2.524 0.01 % 0.18 % 0.21 % -0.11 %
400 $ 100,000 0.549 0.12 % 0.25 % -0.09 % 0.78 %
400 $ 250,000 0.073 -0.01 % 1.13 % 2.34 % -0.40 %
400 $ 1,000,000 0.003 1.37 % 1.57 % 10.37 % 5.31 %

7.2 Variance in the Severity Parameter

Just as with the expected claim count, or frequency, parameter underlying claims costs,
the distribution of the size of individual claims is also typically subject to parameter un-
certainty. Consider that: inflation between the date of the historical claims used to project
future losses and the time of the claims being projected must be estimated; that in “medium-
tailed” and “long-tailed” insurance segments, the actual costs of the historical claims must
also be estimated; and, that changes in the legal environment can distort loss severity distri-
butions by creating more large or small claims. Hence, it should not be at all surprising that
the loss severity distribution may be subject to very significant parameter variance. Of the
issues outlined, the first two (inflation and loss development uncertainty) can be interpreted
as a simple variance in the average cost, or a constant multiplier across the entire size of loss
distribution. Legal changes have more of a free-form impact on the severity distribution.
Since the purpose of this dissertation is to focus on general, tractable, conclusions, it will
focus strictly on the uncertainty in the average claim cost.

7.2.1 Why Use the Lognormal Distribution for Severity Parameter
Variance?

A key component of analyses using parameter variance is the probability mass distribu-
tion of possible values the parameter may take. As noted in Section 7.1, this is referred to
as a “prior” distribution. It has also been labeled a “structure function” by Bühlmann [18].
Most importantly, when dealing with parameter uncertainty, determining the general shape
of the prior distribution/structure function that models the parameter variance is key. One
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might believe that the “shape”, or family of the prior is not relevant. However, one may
consider an observed point of 1.0 generated by a normal distribution with unknown mean
M and unity variance. If the prior distribution for M is a flat diffuse prior distribution
on all of ℜ, the expected value of M is 1.0. On the other hand, if the prior distribution
for M is an N(5, 1) normal distribution, then the expected value of M is 3.0. So, careful
consideration13 of the proper prior (or parameter variance) distribution is advised.

The lognormal distribution deserves special consideration due to the multiplicative ver-
sion of the Central Limit Theorem. The normal distribution may be thought of, in the
context of the Central Limit Theorem, as the result of a true mean, plus a large number of
varying additive perturbations (observed values minus the mean) from a single distribution.
As more perturbations are added, the Central Limit Theorem indicates that the distribution
of the sum will approach that of a normal distribution. The lognormal distribution may be
though of as a mode affected by a large number of multiplicative perturbation factors (see
Boor [10]). As more multiplicative perturbations are added, their geometric average will
approach unity. More importantly, their product will approach a lognormal distribution.

Further consideration can be derived from first principles. To the extent that the pa-
rameter variance arises from multiplicative volatility in inflation (also discussed in Boor
[10]), the lognormal is a good model for parameter variance. To the extent that volatility
arises from volatility in the stepwise “link ratios” used by actuaries in the loss development
process (as modeled by Hayne [66]) the lognormal is also a good choice. Also, its multi-
plicative nature means that the combined result of those two sources of parameter variance
will also result in a lognormal distribution. So, the lognormal distribution is the parameter
variance distribution of choice for variance in the mean severity parameter (variance in the
mean loss size E[X]), and it will be used throughout the remainder of this section.

7.2.2 Mathematical Properties of the Composite Severity Parameter
Variance/Compound Poisson Aggregate Distribution

In some respects the treatment of the parameter variance can take two paths. One
involves the analysis of the properties of each conditional (on the specific value of the
selected E[X]) aggregate distribution and converting the conclusions to properties of what
may be termed the “composite”14 aggregate distribution (which involves first selecting a
severity variance parameter and then sampling a set of claims contingent on the selected
average severity). Therefore the conditional (on the selection of a mean) process has a
comparatively tractable compound Poisson distribution. However, the initial selection of
the severity creates interdependence among individual claims within each composite sample.
The alternate path involves directly analyzing the values and properties of the composite
aggregate distribution. Both approaches will be used in the course of this section.

It makes sense to begin with the first approach. The mean of the conditional distribution
is known per equation (2.2), More specifically, once a γ is chosen from a distribution with

13As will be shown later, much of the analysis of the section still applies when the shape of the prior
distribution is not lognormal, although the section relies heavily on the assumption that prior distribution
has a mean of unity.

14No commonly used name for the output of the combined prior distribution sample and consequent
aggregate loss sample appears to be present in the actuarial literature, so the term “composite distribution”
will be used to facilitate communication of the subject distribution and its mathematical properties.
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mean 1.0 and coefficient of variation15 “a”, one may define X̃ to be the sample reflecting γ.
Then by definition X̃ = γX and sγ(x) = s(x/γ)/γ. So, one may state that (defining E1[◦]
as the expectation in the “baseline” scenario where γ = 1)

E[T |γ] = nλE[X̃] = nλγE1[X] = nλγ

∞∫

0

xs(x)dx. (7.31)

Of course the integral is simply the standard integral for the uncapped mean, so

E[T |γ] = nλγE1[X]. (7.32)

One may readily see that in this uncapped case E[T ] is simply γ times the mean of the base
distribution E1[T ].

However, when the claim sizes X are capped, the problem is significantly more difficult.
In that case,with a simple variable substitution x∗ = x/γ, one may see that

E[Tc(L)|γ] = nλ

L∫

0

xsγ(x)dx = nλ

L∫

0

xs(x/γ)/γdx

= nλ

L/γ∫

0

x∗γs(x∗)dx∗ = nλγE1[Xc(L/γ)]. (7.33)

Of note, the use of Xc(α), etc. in this context will almost always be relative to the
base scenario where γ = 1, where the symbol E1[◦] continues to be used. Next, one may
determine that

E[Tc(L)] = nλE [γE1[Xc(L/γ)]] , (7.34)

where the expectation on the left hand side is over all combined parameter and claim
scenarios, and the outer expectation on the right is over all nonnegative values of γ.

While the above expression is hardly simplified, one may convert the overall expectation
to an integral across all possible values of γ with respect to the lognormal density. We
therefore seek a lognormal distribution with a mean of unity and a coefficient of variation16

of a. A little algebra will show that the lognormal parameters µ̃ and σ̃2 that create a
lognormal distribution matching the criteria E[γ] = 1 and V ar[γ] = a2 are

µ̃ = − ln(a2 + 1)/2 (7.35)

and

σ̃2 = ln(a2 + 1). (7.36)

15“a” is chosen to follow the notation of Section 7.1.2
16The parameterization of the prior distribution through the coefficient of variation is a common actuarial

approach. Aside from being scalable with respect to the mean and mode, the coefficient of variation facilitates
computation of the distribution of a product of random variables, as will be shown in section 8.3.
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Therefore, subject to the lognormal assumption, equation (7.34) may be written in
integral form as

E[Tc(L)] = nλ
1√

2π ln(a2 + 1)

∞∫

γ=0

e
− ln2(γ

√
a2+1)

2 ln(a2+1) E1[Xc(L/γ)]dγ. (7.37)

That should make it very evident that the algebraic complexity of the severity parameter
variance is much more significant than that associated with the other scenarios seen thus far.
This situation indicates that, in order to make any practical analysis tractable, handling
severity parameter variance will require corresponding adjustments in the tools used to
estimate the percentiles of the capped aggregate loss distributions.

To begin a similar analysis of the variance characteristics it is helpful to quote a theorem
that relates directly to scenarios such as this. It relates to composite distributions that
involve first choosing a mean for all subsequent samples and then sampling relative to that
chosen mean. In that case (as is noted in Mahler and Dean [39]), the total variance of the
ultimate sample result is equal to “the variance of the hypothetical means” (the variance
among the means that could be chosen, reflecting the likelihood of each one being chosen)
plus the “expected value of the process variance”. In such a case, process variance is defined
as the variance of sample results once a mean (or other parameter) is chosen. Then, the
expectation of the process variance is taken across all possible values of the mean. Note
that in the this case, each γ is not the actual sample mean, rather it is given by equation
(7.33). So, we could express the basic identity for the overall variance of total outcomes,
with losses capped at L, as

V ar[Tc(L)] = V ar [E[Tc(L)|γ]] + E [V ar[Tc(L)|γ]] . (7.38)

The variance of the hypothetical means may then be expressed, using equation (7.33), as

V ar [E[Tc(L)|γ]] = n2λ2V ar [γE1[Xc(L/γ)]] (7.39)

Since each selection of γ generates a compound Poisson distribution, per equation (2.13),
one may compute the process variance give a specific value of γ as

V ar[Tc(L)|γ] = nλE[X2
c (L)|γ] = nλE1[(γ

2Xc(L/γ))
2]

= nλγ2E1[X
2
c (L/γ)]. (7.40)

So the expected value of the process variance is

E [V ar[Tc(L)|γ]] = nλE
[
γ2E1[X

2
c (L/γ)]

]
. (7.41)

It is reasonably clear that any analysis of the process variance using an integral weighted
with the lognormal distribution will be at least as complex as that in equation (7.37). Hence,
the result is not expressed in that format. Nevertheless, combining equations (7.39) and
(7.41) one may obtain a closed form expression for the total variance of the total losses
arising from both the initial choice of the parameter γ, and then the consequent individual
claims that arise given the parameter γ. That expression is

V ar[Tc(L)] = n2λ2V ar [γE1[Xc(L/γ)]] + nλE
[
γ2E1[X

2
c (L/γ)]

]
. (7.42)
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with the filtration underlying each expectation clear in context. Of course, when no loss limit
is imposed, computing the variance of the composite distribution is fairly straightforward
(given the assumption of a unitary mean and a coefficient of variation of a for γ)

V ar[T ] = n2λ2E1[X]2V ar[γ] + nλE1[X
2]E[γ2]

= n2λ2a2E1[X]2 + nλ(1 + a2)E1[X
2]. (7.43)

Those quantities are fairly easy to compute. But, a review of equation (7.42) for the
capped mean will illustrate that the introduction of a loss limit increases the complexity
of the formula significantly. Of special note, since the formula for the capped distribution
involves products of two disparate, likely non-conjugate distributions, the computations are
likely to present a problem for many practitioners.

7.2.3 Approximations to the Mean and Variance

Noting the complexity of the formula when the expectations are computed, as exempli-
fied by equation (7.37) for the capped mean, it would seem that direct computation of the
mean and variance of a capped composite distribution will present difficulties for many ac-
tuarial practitioners. So, it makes sense to examine the possibility of using approximations
to the mean and variance. Those in turn may be used to approximate the percentiles of the
capped distribution and the derivatives of those percentiles across the various caps.

Before developing specific formulas, however, bringing context and perspective to the
problem may help. It would appear that when the relative standard deviation (coefficient
of variation) is small, the impact of varying caps in E1[Xc(L/γ)], etc. would be very small,
too. Thus, the impacts on the capped mean and standard deviation would be less. Further,
when the loss limit is very high, considerations of convergence dictate that the values of the
probability density function be comparatively small. So, it appears that those facts could
be used to generate a crude approximation.

One logical approach to take in estimating the mean is to begin with the assumption
that the loss limit is very high. If L is set such that E[(X−(1−2a)L)+] < ǫ, then clearly for
about 95% of the values of γ, |E1[Xc(L/γ)]−E1[Xc(L)]| < ǫ. So, assuming no pronounced
irregularities within the remaining 5% of the distribution, the quantity γE1[Xc(L)] (with
mean E1[Xc(L)] will be a good estimate for γE1[Xc(L/γ]. That quantity, however, has a
mean that is difficult to compute. Similar results hold for γ2E1[X

2
c (L/γ)].

However, it is desirable to have approximations for intermediate values of L (for example,
a value L = $25, 000 is in use throughout this analysis), so it will be helpful to fine-tune
the approximations. One way to approach this is to define, for exemplary purposes, that
h(γ) = γE1[Xc(L/γ)]. Then, throughout its range, given continuity of its third derivative, h
may be expanded in a partial Taylor series (using the same basic methodology as in Cramer
[32], Hurt [69] and Oehlert [94]) as

h(γ) = h(µγ)+

[
dh

dγ
(µγ)

]
(γ−µγ)+

[
d2h

dγ2
(µγ)

]
(γ − µγ)

2

2
+

[
d3h

dγ3
(
ζ(γ)

)] (γ − µγ)
3

6
, (7.44)

where ζ lies between µγ and γ. Then, the goal is to begin estimating the overall or grand
mean of the aggregate loss with claim sizes limited to L (nλE [γE1[Xc(L/γ)]|γ]). Given
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absolute convergence of the integrals17, one may state

E[h(γ)] = h(µγ)+

[
dh

dγ
(µγ)

]
E[γ−µγ ]+

[
d2h

dγ2
(µγ)

]
E[(γ − µγ)

2]

2
+E

[(
d3h

dγ3
(
ζ(γ)

)) (γ − µγ)
3

6

]
.

(7.45)
Further in our specific context, we have µγ = 1, E[γ − µγ ] = 0, V ar[γ] = a2, and E[(γ −
µγ)

3] = a4(a2 + 3) ≈ 3a4. So, assuming appropriate convergence of the integrals, one may
see that

E[h(γ)] = h(µγ) +
a2

2

[
d2h

dγ2
(µγ)

]
+ E

[(
d3h

dγ3
(
ζ(γ)

)) (γ − µγ)
3

6

]
. (7.46)

Further, if d3h
dγ3

(
ζ(γ)

)
has a bounded absolute value, one may say that

E[h(γ)] = h(µγ) +
a2

2

[
d2h

dγ2
(µγ)

]
+O(a3), (7.47)

where only O(a3) accuracy is achieved, rather than the a4 order noted earlier. That is due to
potential imbalances in the differences h′′′(ζ)−h′′′(µγ) between when γ−µγ is positive, and
when it is negative. So, one may use that equation, ignoring the O(a3) term (at a = 15%,
a3 = 0.34%) in the context where h(γ) = γE1[Xc(L/γ] to estimate the expected value of
that h(γ) across all γ. First note that

d

dγ
γE1[Xc(L/γ)] = E1[Xc(L/γ)] + γ

d

dγ




L/γ∫

0

xs(x)dx+ (L/γ)

∞∫

L/γ

s(x)dx




= E1[Xc(L/γ)]−
L

γ

∞∫

L/γ

s(x)dx. (7.48)

Differentiating that term again to obtain the second derivative shows

d2

dγ2
γE1[Xc(L/γ)] = − L

γ2

∞∫

L/γ

s(x)dx− d

dγ



L

γ

∞∫

L/γ

s(x)dx




= −L2s(L/γ)

γ3
. (7.49)

The purpose was to evaluate the second derivative at γ = 1. Consequently, plugging in
γ = µγ = 1 provides the value

[
d2

dγ2
γE1[Xc(L/γ)]

]
(γ = 1) = −L2s(L). (7.50)

17Absolute convergence should be clear in the portion that follows given the existence of first through

third central moments and boundedness of d3h
dγ3 .
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Then, using equation (7.47), the overall mean value of γE1[Xc(L/γ)] across all γ ∈ ℜ+ may
be estimated by

E
[
E1[γXc(L/γ)]

]
≈ E1[Xc(L)]−

a2L2s(L)

2
. (7.51)

Substituting equation (7.51) into equation (7.34) trivially provides an estimate for the mean
value of Tc(L), as

E[Tc(L)] ≈ nλ

{
E1[Xc(L)]−

a2L2s(L)

2

}
. (7.52)

The next step is to compute the expected value of the process variance
(nλE

[
γ2E1[X

2
c (L/γ)]

]
per equation (2.13)). As required in equation (7.41), one must de-

termine the Taylor series coefficients (requiring the γ-derivatives) of γ2E1[X
2
c (L/γ)] up to

order 2. Specifically, one should begin with the expression

h(γ) = γ2E1[X
2
c (L/γ)], (7.53)

which provides the expansion

E
[
γ2E1[X

2
c (L/γ)]

]
= E[h(γ)]

= E[h(1) + (γ − 1)h′(1) +
(γ − 1)2

2
h′′(1) +HOTS]

= h(1) + E[γ − 1]h′(1) +
E[(γ − 1)2]

2
h′′ +HOTS

≈ h(1) + E[(γ − 1)2]h′′(1) = h(1) +
a2

2
h′′(1). (7.54)

where HOTS denotes higher order terms, generally (γ−1)3 multiplied by the third derivative
of h at a nearby value, and divided by 6, as was the case in equation (7.44). To evaluate
that expression, one may begin by computing h(1) = E1[X

2
c (L)]. The next step involves

computing the first derivative:

d

dγ
γ2E1[X

2
c (L/γ]

= 2γE1[X
2
c (L/γ)] + γ2

d

dγ
E1[X

2
c (L/γ)]

= 2γE1[X
2
c (L/γ)]−

2L2

γ

∞∫

L/γ

s(x)dx.

(7.55)
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Then the second derivative follows as

d2

dγ2
γ2E1[X

2
c (L/γ)]

=
d

dγ


2γE1[X

2
c (L/γ)]−

2L2

γ

∞∫

L/γ

s(x)dx




= 2E1[X
2
c (L/γ)]−

2L2

γ2

∞∫

L/γ

s(x)dx− 2L3

γ3
s(L/γ).

(7.56)

Specifically, the goal is to determine the first and second derivatives of h(γ) at γ = 1 = µγ .
These are [

d

dγ
γ2E1[X

2
c (L/γ)]

]
(1) = 2E1[X

2
c (L)]− 2L2

(
1− FX(L)

)
(7.57)

and

[
d2

dγ2
γ2E1[X

2
c (L/γ)]

]
(1) = 2E1[X

2
c (L)]− 2L2

(
1− FX(L)

)
− 2L3s(L). (7.58)

To complete the process, as noted earlier,

γ2E1[X
2
c (L/γ)](1) = E1[X

2
c (L)]. (7.59)

Those may be combined with equation (7.54) to produce an estimate for the value of
E
[
γ2E1[X

2
c (L/γ)]

]
as

E
[
γ2E1[X

2
c (L/γ)]

]

≈ E1[X
2
c (L)] +

a2

2

[
2E1[X

2
c (L)]− 2L2

(
1− FX(L)

)
− 2L3s(L)

]

= (1 + a2)E1[X
2
r (L)] + L2

(
1− FX(L)

)
− a2L3s(L). (7.60)

Then the expected value of the process variance of the capped losses is

E [V ar1[γTc(L/γ)]]

≈ nλ
{
(1 + a2)E1[X

2
r (L)] + L2

(
1− FX(L)

)
− a2L3s(L)

}
. (7.61)

Then, in order to compute the total variance, the variance of the hypothetical means,
n2λ2V ar [γE1[Xc(L/γ)]], must be computed as well. That requires computing a different
variance term V ar [γE1[Xc(L/γ)]]. Again, the goal will not so much involve computing it
precisely, but rather approximating it with a Taylor series. Again, “h(γ)” is used to stand
in for the function. In this case, h is

h(γ) = γE1[Xc(L/γ)]. (7.62)
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Then, one may expand h in a Taylor series to get

V ar[h] = V ar[h(µγ) + (γ − µγ)h
′(µγ) +

(γ − µγ)
2

2
h′′
(
ζ(γ)

)
], (7.63)

where, as before, ζ is between µγ and γ. Further, noting that since h(µγ) is constant, it
has zero variance and is independent of the other terms, and since E[γ − µγ ] = 0, one may
write

V ar[h] = V ar[(γ − µγ)h
′(µγ)] + V ar

[
(γ − µγ)

2

2
h′′
(
ζ(γ)

)]

+2Cov

[
(γ − µγ)h

′(µγ),
(γ − µγ)

2

2
h′′
(
ζ(γ)

)]

= (h′)2(µγ)V ar[γ − µγ ] + V ar

[
(γ − µγ)

2

2
h′′
(
ζ(γ)

)]

+h′(µγ)E

[
(γ − µγ)

3h′′
(
ζ(γ)

)]
. (7.64)

As before, proper continuity and boundedness of h′′ reduce this to

V ar[h] = (h′)2(µγ)V ar[γ − µγ ] +O(a3). (7.65)

Further, h′(µγ) was computed in equation (7.48) as

d

dγ
γE1[Xc(L/γ)] = E1[Xc(L/γ)]−

L

γ

∞∫

L/γ

s(x)dx. (7.66)

Substituting the value µγ = 1 gives

[
d

dγ
γE1[Xc(L/γ)]

]
(1) =

L∫

0

xs(x)dx = E1[Xr(L)]. (7.67)

or, in other words, the derivative at γ = µγ = 1 is equal to the base case expected value of
X restricted18 to (0, L). Substituting that into equation (7.65) produces

V ar [γE1[Xc(L/γ)]] = V ar[h(γ)]

≈ a2E2
1 [Xr(L)]. (7.68)

To finish the estimation of the variance of the hypothetical means, equation (7.68) in turn
implies that

V ar[hypothetical means] ≈ n2λ2a2E2
1 [Xr(L)]. (7.69)

18Per equation (2.6), this is the value when all claims above L are treated as having value zero, and all
claims up to L treated at their true values.
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Substituting (7.61) and (7.69) into equation (7.38), one may see that

V ar[Tc(L)]

= V ar [E1[Tc(L)|γ]] + E [V ar1[γTc(L/γ)]]

≈ nλE1[X
2
c (L)] + a2

{
nλE1[X

2
r (L)] + n2λ2E2[Xr(L)]− nλL3s(L)

}
. (7.70)

That gives the variance of the potential composite outcomes. Of course, the mean of Tc(L)
across all γ and outcomes was also computed in equation (7.52) as

E[Tc(L)] ≈ nλ

(
E1[Xc(L)]−

a2L2s(L)

2

)
. (7.71)

The above reasonably tractable formulas may be used to estimate the mean and variance of
the composite aggregate distribution. A method of using those to develop quality estimates
of various percentiles of the aggregate distribution, etc. must still be done.

7.2.4 Normal and Lognormal Approximations to the Percentiles of the
Aggregate Distribution

The previous section provides the basis for some fairly acceptable approximations to
the mean and standard deviation of the composite capped aggregate loss distributions.
The approach used in previous sections was to use the normal distribution to develop
approximations to various top end percentiles of the aggregate distributions for several
different loss caps. However, the estimation accuracy of the approximations at the top
end percentiles depended largely on the type of count and capped severity distribution.
Implicitly, even with a negative binomial distribution, characteristics similar to those that
underlie the central limit law were presented within those aggregate loss distributions.

Parameter variance creates a different situation, though. In this case, a lognormal
random variable is a multiplicative factor in the resultant composite aggregate loss random
variable. It is multiplied by components that are very similar to a normal random variable
(the results of the process variance part of the composite distribution) in the aggregate. So,
the resulting random variable should be very similar to the product of a lognormal random
variable and normally distributed random variable. By extension, a similar relationship
would hold when the prior distribution is from some alternate probability curve family.
Since the typical prior distribution can be expected to have more skewness and kurtosis
than a normal distribution with a similar mean and variance, it stands to reason19 that
the normal approximations to the composite aggregate loss distribution may produce very
poor approximations to the top end percentiles. So then, of course, another methodology
must be used. But first, one may note that the lognormal approximation has already been
used, with very good results, in previous sections of this dissertation. One may begin by
determining the key value A as originally used in equation (2.36). So, modifying equation
(2.36) by recognizing its dependence on a in the severity parameter variance case, it becomes

A(a, L) =
σ2
Tc(L)

µ2
Tc(L)

+ 1. (7.72)

19Logically, since each sample from the composite distribution features a single internal sample (specifically
not multiple samples) from the prior distribution, none of the impacts of the Central Limit Theorem act to
make that aspect of the composite distribution take features similar to a normal distribution.
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Then, per equations (7.70) and (7.71), one may get

A(a, L) ≈ nλE1[X
2
c (L)] + a2

{
nλE1[X

2
r (L)] + n2λ2E2

1 [Xr(L)]− nλL3s(L)
}

n2λ2
(
E1[Xc(L)]− a2L2s(L)

2

)2 + 1. (7.73)

One may write, using equation (2.37) as a blueprint, that

F−1
Tc(L)

(1− p) ≈
nλ
{
E1[Xc(L)]− a2L2s(L)

2

}

√
A(a, L)

eΦ
−1(1−p)

√
ln(A(a,L)), (7.74)

which is then a somewhat long, but tractable, estimate for the percentiles of the distributions
capped at various values of L.

Examples later in this dissertation will suggest that the lognormal approximation to the
upper percentiles of the composite loss distribution listed above works well. However, the
lognormal approximation does not help approximate the L-derivative of F−1

Xc(L)
(1−p) needed

to estimate the optimal retention. However, it is easy to see that in previous sections the
approximations to F−1

Tc(L)
(1− p) have required a relatively high degree of accuracy, but the

approximations to its L-derivative for retention setting have accepted significant inaccuracy
(due to the relative size of the C values and the wide tolerances allowed). Assuming that this
severity parameter variance case will also be forgiving of derivative approximation errors,
one may proceed to develop estimates of the L-derivative of F−1

Xc(L)
(1 − p) using normal

approximations. Substituting equations (7.52) and (7.70) into the normal approximation,
the required capital could be analyzed using

F−1
Tc(L)

(1− p) ≈ E[Tc(L)] + Φ−1(1− p)
√
V ar[Tc(L)]

= nλ

{
E1[Xc(L)]−

a2L2s(L)

2

}

+Φ−1(1− p)×
(
nλE1[X

2
c (L)]

+a2
{
nλE1[X

2
r (L)] + n2λ2E2

1 [Xr(L)]− nλL3s(L)
})

.

(7.75)

The goal, of course, is to differentiate that quantity by L. However, in recognition of the
complexity of the formula, it makes sense to differentiate each term separately. The term
representing the mean seems to be the most logical place to begin. Then, the analysis of
the L-derivative of the mean flows as follows:

∂

∂L
µTc(L) =

∂

∂L
E[Tc(L)]

≈ nλ
∂

∂L

{
E1[Xc(L)]−

a2

2
L2s(L)

}

= nλ

{(
1− F (L)

)
− a2

2Ls(L) + L2s′(L)
2

}
. (7.76)
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Next, the analysis of the standard deviation must be done. The calculations are

∂

∂L

√
σ2
Tc(L)

=
1
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× ∂

∂L
σ2
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=
1

2σTc(L)
× ∂
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[
nλE1[X

2
c (L)] + a2

{
nλE1[X

2
r (L)]− n2λ2E2

1 [Xr(L)]− nλL3s(L)
} ]

=
1

2σTc(L)
×
(
2nλL

(
1− FX(L)

)
+ a2nλL2

{
2
[nλ
L

E1[Xr(L)]− 1
]
s(L)− Ls′(L)

})
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(7.77)

Combining that with equation (7.76), and differentiating the estimating formula F−1
Tc(L)

(1−
p) ≈ µTc(L) +Φ−1(1− p)σTc(L), the resulting estimate of the derivative of the needed funds
for solvency by the limit/reinsurance attachment point is

∂

∂L
F−1
Tc(L)

(1− p) ≈ nλ

{(
1− F (L)

)
− a2

2Ls(L) + L2s′(L)
2

}

+
Φ−1(1− p)

2σTc(L)
×
(
2nλL

(
1− FX(L)

)

+a2nλL2

{
2
[nλ
L

E1[Xr(L)]− 1
]
s(L)− Ls′(L)

})
.

(7.78)

Note that at this point the quality of this approximation is undetermined. One merely
knows that an approximation to the derivatives of the percentiles F−1

Tc(L)
(1 − p) with re-

spect to L has been made by using derivatives of the percentiles µTc(L) +Φ−1(1− p)σTc(L)

of a set of random variables that have approximately the same mean and variance as the
Tc(L)’s. Consider that the Fourier transform of sTc(L) would be 1+ iµTc(L)t− (sigma2Tc(L)

+

µ2
Tc(L)

)t2/2 + higher order terms. The Fourier transform of the normal approximation

to sTc(L) is exp
(
iµTc(L)t − (sigma2Tc(L)

t2/2
)
, which equals 1 + iµTc(L)t − (sigma2Tc(L)

+

µ2
Tc(L)

)t2/2 + different higher order terms. Further, the coefficients within each series are
functions of L. That suggests that, given appropriate convergence, one might differentiate
each coefficient by L.

Thus, as long as the differences in the higher order terms do not have a large impact,
the derivative of the normal distribution might work well as a proxy for the derivatives of
the aggregate loss distribution20. That analysis results in estimates for the percentiles of
the distribution and the derivative of the percentiles by the attachment point or cap. Those

20In the specific case of the lognormal distribution, one may note that given a “suitably small” coefficient
of variation and fixed mean of unity, the lognormal does not differ that greatly from the normal. For example,
given a coefficient of variation of 15%, the ratio of the lognormally indicated combined surplus and profit
needs (F−1

−E[T ] ) to the equivalent values using a normal distribution are 107% (95th percentile) and 111%
(98th percentile) at a 15% coefficient of variation and 104% (95th percentile) and 106% (98th percentile) at
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estimates will later be shown to be acceptable in the lognormal parameter variance context.
We will not dwell on more detailed analysis, other than to evaluate an example later in this
section. To place the estimations in context, the consequent actual estimating formulas for
the percentiles and the derivatives by the attachment point that arise from the calculations
in this section are derived in the next two sections.

7.2.5 Numerical Examples Testing the Quality of The Approximations

Using the results of Section 7.2.4, specific approximation formulas can be constructed
for the capital required to achieve various survival probabilities and the associated bench-
mark profits needed to sustain those capital commitments. Further, the quality of the
approximations, and hence those formulas, may be tested.

The first step is to begin with the general formula for the capital under severity param-
eter variance, per (3.17), adjusted for the actual total funding required of F−1

Tc(L)
(1 − p),

or

S(L, p)

=

[
F−1
Tc(L)

(1− p)− νV ar1/2[Tc(L)]
]
(1−XU )− rFU

1 + rFXA −XU

≈

[
µTc(L)√
A(a,L)

exp
{
Φ−1(1− p)

√
ln
(
A(a, L)

)}
− νV ar1/2[Tc(L)]

]
(1−XU )− rFU

1 + rFXA −XU
,

(7.79)

considering the approximation given in (7.74). Of course, A(a, L) is as described in (7.73).
Similarly, the needed overall profit under severity parameter variance may be described,per
equation (3.18), by

P (L, p)

=
F−1
Tc(L)

(1− p)rFXA + ν(1−XU )V ar1/2[Tc(L)] + rFU

1 + rFXA −XU

≈
µTc(L)√
A(a,L)

exp
{
Φ−1(1− p)

√
ln
(
A(a, L)

)}
rFXA + ν(1−XU )V ar1/2[Tc(L)] + rFU

1 + rFXA −XU
.

(7.80)

Now that those formulas are established, it is appropriate to test the quality of the
estimates of the percentiles F−1

Tc(L)
(1 − p) for various values of L and p. As before, the

analysis begins with a base distribution ofX (the “Base” case) equal to the Pareto(2.2, 5000)
distribution and a Poisson(nλ) count distribution. The first step in each of 5000 simulations

an 8% coefficient of variation. That also illustrates a weakness with this approach. While it would be very
unusual for the parameter uncertainty component to have a highly skewed distribution such as a Pareto
distribution, in such a circumstance the normal approximation may not work well.
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of the aggregate loss was to select the severity parameter multiplier for all the individual
claims in each aggregate loss sample from a Lognormal

(
− ln(a2 + 1), ln(a2 + 1)

)
distribution

(where21 a = 20%). Hence, each aggregate sample had a single, unique value of the severity
parameter. As before, 5000 samples22 of the overall severity parameter for the simulation,
then the number of claims, then the individual claims in each sample (capped at the limit
L) were done. Table 7.7 below shows the results and the quality of the approximation by
showing the G(L, p) ratios of the “actual” (per Monte Carlo simulation) F−1

Tc(L)
(1− p)’s to

the corresponding lognormal approximations.

Table 7.7: Values of G for Various Mean Claim Amounts and Limits under the
Compound Poisson Model with Severity Parameter Variance CV = 20%, When a
Lognormal Approximation to F−1(1− p) is Used

Values of G(L, p) with Sev. Parm. Variance
Sev. Parm CV = .2 and 1− p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $25, 000 1.739 0.995 0.989 0.987 0.977
60 $50, 000 0.379 0.999 0.992 0.985 0.984
60 $100, 000 0.082 1.002 0.997 0.987 0.983
60 $250, 000 0.011 1.002 1.000 1.001 0.999
60 $1, 000, 000 0.001 0.993 1.002 1.017 1.032
150 $25, 000 4.349 0.998 0.997 0.990 0.980
150 $50, 000 0.946 1.001 0.999 0.995 0.987
150 $100, 000 0.206 1.002 1.001 0.999 0.994
150 $250, 000 0.027 1.005 1.001 0.997 0.999
150 $1, 000, 000 0.001 1.005 1.005 1.012 1.012
400 $25, 000 11.596 0.997 0.995 0.988 0.978
400 $50, 000 2.524 1.000 1.000 0.994 0.987
400 $100, 000 0.549 1.001 1.002 0.997 0.993
400 $250, 000 0.073 1.003 1.002 0.999 0.996
400 $1, 000, 000 0.003 1.005 1.005 1.003 0.998

It is clear from Table 7.7 that the approximated percentiles of the distribution arising
from the lognormal approximation are extremely close to the actual true percentiles. Except
for the $1,000,000 limit with 60 expected claim counts, and at the 99.5th percentile, the dif-
ferences are approximately within 1% of the sample value. A review of the actual estimated
percentile values per sampling will confirm that the approximation errors are much smaller

21The value a = 20% is based on the author’s personal experience analyzing insurance data. While it is
not an absolute worst case in terms of the possible cases that might be seen in making rates, it represents
a fairly high coefficient of variation. Note that the variances associated with CV’s that are higher, since
they are immune to reduction through pooling, would likely make the needed profit so large as to make
insurance undesirable (unless this is one of many lines of business in a multi-line company and the inter-line
correlation of the severity parameters is small).

22The samples used the Mersenne twister (2011 version) as implemented in the NtRand Excel plug-in
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than the differences in the percentiles at various confidence levels. That indicates that the
lognormal approximations do not require any adjustments to form quality approximations
to the upper percentiles of the aggregate loss distribution.

Table 7.8: Percentiles under the Compound Poisson Model with Severity Parame-
ter Variance CV = 20% with the Percentage Increases in the Percentiles between
Confidence Values

Percentile Values and Increases in F−1 Between Values of (1− p)
Under Severity Parameter Variance
Sev. Parm CV = .2 and 1− p =

nλ L 95% %Chg 98% %Chg 99% %Chg 99.5%

60 $ 25,000 7.27E+05 9.26 % 7.94E+05 6.33 % 8.45E+05 4.91 % 8.86E+05
60 $ 50,000 7.75E+05 9.84 % 8.52E+05 6.21 % 9.05E+05 6.16 % 9.60E+05
60 $ 100,000 8.02E+05 10.42 % 8.86E+05 6.18 % 9.40E+05 6.14 % 9.98E+05
60 $ 250,000 8.19E+05 11.30 % 9.11E+05 7.58 % 9.80E+05 6.60 % 1.05E+06
60 $ 1,000,000 8.26E+05 12.87 % 9.32E+05 9.42 % 1.02E+06 8.74 % 1.11E+06
150 $ 25,000 1.75E+06 8.56 % 1.90E+06 5.04 % 1.99E+06 4.13 % 2.08E+06
150 $ 50,000 1.86E+06 8.99 % 2.03E+06 5.63 % 2.14E+06 4.68 % 2.24E+06
150 $ 100,000 1.91E+06 9.40 % 2.09E+06 5.97 % 2.21E+06 5.14 % 2.33E+06
150 $ 250,000 1.95E+06 9.30 % 2.13E+06 5.96 % 2.26E+06 6.07 % 2.39E+06
150 $ 1,000,000 1.97E+06 10.03 % 2.17E+06 7.22 % 2.32E+06 6.03 % 2.46E+06
400 $ 25,000 4.57E+06 7.91 % 4.93E+06 4.59 % 5.16E+06 3.83 % 5.36E+06
400 $ 50,000 4.85E+06 8.60 % 5.26E+06 5.01 % 5.53E+06 4.38 % 5.77E+06
400 $ 100,000 4.97E+06 8.84 % 5.41E+06 5.31 % 5.70E+06 4.81 % 5.97E+06
400 $ 250,000 5.05E+06 8.80 % 5.50E+06 5.47 % 5.80E+06 5.01 % 6.09E+06
400 $ 1,000,000 5.10E+06 8.96 % 5.56E+06 5.77 % 5.88E+06 4.93 % 6.17E+06

A quick comparison of the two charts shows that the differences between the sampled
“actual” values of the various percentiles and the lognormal approximations are minor in
comparison to the difference between the percentiles at different confidence levels. So,
lognormal approximations using formula (7.74) are reliable estimators of the various upper
percentiles, and the inherent errors do not create any material misunderstanding as to
whether the typical claimed confidence levels are the actual confidence levels of the values
obtained by approximation23. By extension, formulas (7.79) for the needed surplus and
(7.80) for the benchmark profit are validated as well.

It is important to keep in mind, however, that in this particular analysis the challenges
of the problem actually work to improve the fit. Because the coefficient of variation is so
high, the parameter variance, which has a lognormal character, swamps the process variance
(as defined near equation (7.38)). So whether or not the lognormal estimate works with
smaller coefficients of variation must be evaluated. It makes sense to begin with the lowest
value of the coefficient of variation at which the coefficient of variation would be a concern.
Considering the insurance industry historical profit target (embedded in many insurance
laws, such as Florida Administrative Code 69o—170.003) of 5%, and reducing that amount
slightly would produce a coefficient of variation of 3%. Any lower parameter variance is

23at least for this contrived-to-be-challenging example.
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likely to be swamped by process variance in most practical circumstances. The results,
using the 3% coefficient of variation for the severity parameter variance and the standard
Pareto(2.2, 5000)/Poisson(nλ) generator of the resultant aggregate distributions, are shown
in Table 7.9.

Table 7.9: Values of G for Various Mean Claim Amounts and Limits under the
Compound Poisson Model with Severity Parameter Variance CV = 3% When a
Lognormal Approximation to F−1(1− p) is Used

Values of G(L, p) with Compound Poisson
Sev. Parm CV = 3% and 1− p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $ 25,000 1.739 0.995 0.987 0.985 0.979
60 $ 50,000 0.379 0.994 0.991 0.983 0.987
60 $ 100,000 0.082 0.998 0.996 0.993 0.992
60 $ 250,000 0.011 1.001 1.010 1.021 1.031
60 $ 1,000,000 0.001 0.981 0.997 1.041 1.093
150 $ 25,000 4.349 0.999 0.997 0.996 0.993
150 $ 50,000 0.946 0.999 0.997 0.996 0.998
150 $ 100,000 0.206 1.000 1.000 0.998 1.001
150 $ 250,000 0.027 1.004 1.007 1.011 1.012
150 $ 1,000,000 0.001 0.997 1.013 1.038 1.079
400 $ 25,000 11.596 0.999 1.001 0.998 1.000
400 $ 50,000 2.524 0.999 1.000 0.999 1.000
400 $ 100,000 0.549 1.000 1.000 1.001 0.999
400 $ 250,000 0.073 1.001 1.005 1.006 1.006
400 $ 1,000,000 0.003 1.002 1.016 1.029 1.053

It is also clear that the approximated percentiles of the distribution arising from the
lognormal approximation are extremely close to the actual true percentiles even at a 3%
parameter variance level. Except for the $1,000,000 limit, especially at the 99.5th percentile,
the approximations are roughly near or within 3% of the sample value. Similarly to the 20%
coefficient of variation case, a review of the actual estimated percentile values per sampling
will confirm that the approximation errors are usually closer to the target confidence level24

than the other confidence levels. Further, this approximation at the 3% CV performs
better than that of the normal approximation to the compound Poisson distribution without
parameter variance (in Table 2.1), so it is arguably very useful.

In summary, the lognormal approximation approach appears to be useful and appropri-
ate for approximating the percentiles of the aggregate loss distribution, the needed surplus,
and the long-term required profit. Per the illustration above, by dint of being of the same
family of distributions as the parameter variance, the lognormal approximations provide
very high25 quality approximations to the percentiles of the composite aggregate distribu-

24Note that this is true even though the approximation errors are larger than those seen at the 20%
coefficient of variation

25Very high quality relative to most of the approximations within this dissertation.
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Table 7.10: Percentiles under the Compound Poisson Model with Severity Param-
eter Variance CV = 3% with the Percentage Increases in the Percentiles Between
Confidence Values

Percentile Values and Increases of Compound Poisson
Sev. Parm CV = 3% and 1− p =

nλ L 95% %Chg 98% %Chg 99% %Chg 99.5%

60 $ 25,000 6.45E+05 5.34 % 6.79E+05 3.96 % 7.06E+05 3.12 % 7.28E+05
60 $ 50,000 6.81E+05 6.36 % 7.24E+05 3.60 % 7.50E+05 4.47 % 7.84E+05
60 $ 100,000 7.05E+05 6.99 % 7.54E+05 4.34 % 7.87E+05 4.17 % 8.20E+05
60 $ 250,000 7.26E+05 8.59 % 7.88E+05 6.16 % 8.37E+05 5.61 % 8.84E+05
60 $ 1,000,000 7.28E+05 10.00 % 8.01E+05 10.07 % 8.81E+05 10.29 % 9.72E+05

150 $ 25,000 1.50E+06 3.73 % 1.55E+06 2.64 % 1.59E+06 2.07 % 1.63E+06
150 $ 50,000 1.57E+06 4.17 % 1.64E+06 2.75 % 1.68E+06 2.72 % 1.73E+06
150 $ 100,000 1.62E+06 4.65 % 1.69E+06 2.79 % 1.74E+06 3.09 % 1.79E+06
150 $ 250,000 1.65E+06 5.26 % 1.74E+06 3.61 % 1.80E+06 3.09 % 1.86E+06
150 $ 1,000,000 1.67E+06 6.90 % 1.79E+06 6.06 % 1.89E+06 7.25 % 2.03E+06
400 $ 25,000 3.79E+06 2.75 % 3.89E+06 1.46 % 3.95E+06 1.74 % 4.02E+06
400 $ 50,000 3.97E+06 2.94 % 4.08E+06 1.67 % 4.15E+06 1.83 % 4.23E+06
400 $ 100,000 4.06E+06 2.98 % 4.18E+06 2.05 % 4.27E+06 1.63 % 4.34E+06
400 $ 250,000 4.13E+06 3.46 % 4.27E+06 2.26 % 4.37E+06 1.86 % 4.45E+06
400 $ 1,000,000 4.18E+06 4.71 % 4.38E+06 3.53 % 4.53E+06 4.47 % 4.73E+06

tion. The question arises, though, as to whether or not the extra effect required to use a
lognormal rather than a normal approximation is justified. To that end, the values of the
G-function for the normal approximation were computed. The first set of calculations were
for the 20% coefficient of variation, and are shown in Table 7.11.

Clearly, for this case, a comparison to Table 7.7 shows that the normal approximations
are of much lower quality (G values are much further away from unity) than those based
on the lognormal family. By virtue of the fact that the severity parameter variance is from
the lognormal class of distributions, when the parameter variance26 is much larger than
the expected process variance, it is inevitable that the lognormal distribution will create
superior approximations. So, for this situation, the lognormal approximation is superior to
the normal approximation.

Next, it is worthwhile to review the case where the parameter variance is less predom-
inate. A similar chart of the G-values for the normal approximations to the compound
Poisson/Pareto composite distribution with a 3% lognormal severity parameter variance is
shown in Table 7.12.

Comparison to Table 7.9 suggests that, in this specified instance, the lognormal ap-
proximations are still preferable to the normal approximations. However, it is important
to remember that the specific Pareto(2.2, 5000) base case severity distribution used is very
highly (infinitely) skewed. And, combining the slight skewness of the Poisson count genera-
tor with the heavy skewness of the chosen Pareto distribution is prone to produce skewness
even at intermediate expected claim count values such as 400. Since the lognormal dis-

26As derived from the mean and coefficient of variation.
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Table 7.11: Values of G for Various Mean Claim Amounts and Limits under the
Compound Poisson Model with Severity Parameter Variance CV = 20% when a
Normal Approximation to F−1(1− p) is Used

Values of G(L, p) with Compound Poisson
Sev. Parm CV = .2 and 1− p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $25, 000 1.739 1.023 1.046 1.066 1.118
60 $50, 000 0.379 1.030 1.055 1.072 1.138
60 $100, 000 0.082 1.035 1.063 1.079 1.146
60 $250, 000 0.011 1.036 1.071 1.100 1.173
60 $1, 000, 000 0.001 1.029 1.077 1.124 1.222
150 $25, 000 4.349 1.021 1.043 1.054 1.097
150 $50, 000 0.946 1.026 1.050 1.065 1.115
150 $100, 000 0.206 1.028 1.054 1.072 1.127
150 $250, 000 0.027 1.032 1.056 1.073 1.139
150 $1, 000, 000 0.001 1.033 1.063 1.092 1.158
400 $25, 000 11.596 1.017 1.036 1.044 1.084
400 $50, 000 2.524 1.022 1.045 1.056 1.103
400 $100, 000 0.549 1.024 1.048 1.062 1.113
400 $250, 000 0.073 1.027 1.051 1.065 1.119
400 $1, 000, 000 0.003 1.030 1.054 1.071 1.124

tribution has skewness, and the normal has none, it has built in advantages in projecting
upper tail percentiles of skewed distributions. For less skewed distributions, though, it has
the potential to overestimate the skewness. So, for tamer severity distributions, the relative
results may be different. However, one should also consider the indicated quality of the
lognormal approximation in the non-parameter variance case (as discussed in Chapter 2).

Also of note, for both approximations, the extreme values of G are associated with
smaller numbers of claim counts, higher per claim limits, and higher confidence levels. For
larger expected claim counts, and smaller limits, confidence levels and severity variances,
the normal approximation might work quite well. As one may see from Table 7.11, though,
when the the severity parameter variance is much larger than the process variance27, the
normal approximation has limitations.

7.2.6 Approximation to the Optimal Retention and the Quality of the
Approximation

Next, let us discuss the formula for the optimal retention. As noted in (7.21), the
optimal retention occurs where

∂Pc(L, p)

∂L
= −∂Q(L, p)

∂L
. (7.81)

27And there is only one loss severity distribution/line of business involved)
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Table 7.12: Values of G for Various Mean Claim Amounts and Limits under the
Compound Poisson Model with Severity Parameter Variance CV = 3% when a
Normal Approximation to F−1(1− p) is Used

Values of G(L,p) with Compound Poisson
Sev. Parm CV = 3% and 1-p =

nλ L E[#excess claims] 95% 98% 99% 99.5%

60 $25, 000 1.739 1.008 1.013 1.021 1.053
60 $50, 000 0.379 1.009 1.021 1.024 1.070
60 $100, 000 0.082 1.015 1.030 1.039 1.082
60 $250, 000 0.011 1.020 1.048 1.074 1.134
60 $1, 000, 000 0.001 1.002 1.039 1.102 1.215

150 $25, 000 4.349 1.006 1.009 1.013 1.034
150 $50, 000 0.946 1.006 1.011 1.016 1.043
150 $100, 000 0.206 1.008 1.016 1.019 1.051
150 $250, 000 0.027 1.013 1.025 1.035 1.067
150 $1, 000, 000 0.001 1.008 1.033 1.067 1.144
400 $25, 000 11.596 1.002 1.006 1.006 1.023
400 $50, 000 2.524 1.002 1.007 1.007 1.026
400 $100, 000 0.549 1.004 1.007 1.011 1.027
400 $250, 000 0.073 1.006 1.013 1.017 1.036
400 $1, 000, 000 0.003 1.007 1.025 1.041 1.088

Further, assuming that the pricing as a percentage of expected loss is flat (as is customarily
done within each reinsurance layer) and using equation (7.51)

∂Q(L, p)

∂L
≈ nλl

∂

∂L
(E[γXc(∞)]− E[γXc(L/γ)])

= −nλl
∂

∂L
E[γXc(L/γ)]

≈ −nλl

(
1− FX(L)− a2Ls(L)− a2

2
L2s′(L)

)
. (7.82)

Also, the profit equation will have the same general form as equation (7.22).Then we follow
the prior practice (recognizing how robust the approximation to the true optimal retention
R has been when the normal approximation to the derivative was used in the past) of
substituting the normal percentile for F−1

Tc(L)
(1− p), yielding

P (L, p) ≈ rFXAΦ
−1(1− p) + (1−XU )ν

1 + rFXA −XU
× V ar1/2[Tc(L)] +

rFU

1 + rFXA −XU
.

(7.83)
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Then it is possible to use the approximation to the variance from equation (7.70) to restate
that as

P (L, p) ≈ rFXAΦ
−1(1− p) + (1−XU )ν

1 + rFXA −XU
× V 1/2 +

rFU

1 + rFXA −XU
, (7.84)

where

V ≈ nλE1[X
2
c (L)] + a2

{
nλE1[X

2
r (L)] + n2λ2E2[Xr(L)]− nλL3s(L)

}
. (7.85)

The next step is to compute the derivative. We have28

∂

∂L
P (L, p)

≈ rFXAΦ
−1(1− p) + (1−XU )ν

1 + rFXA −XU

∂
∂LV

2
√
V

=
rFXAΦ

−1(1− p) + (1−XU )ν

2(1 + rFXA −XU )
× 1√

V

×nλ
{
2L
(
1− FX(L)

)
+ a2(n2λ22E1[Xr(L)]Ls(L)− nλ

(
2L2s(L)− L3s′(L)

)}
.

(7.86)

So, to seek P ′(R) = −Q′(R), note that (7.81) becomes

rFXAΦ
−1(1− p) + (1−XU )ν

1 + rFXA −XU

∂
∂LV

2
√
V

≈ −nλl

(
1− FX(L)− a2Ls(L)− a2L2s′(L)

2

)
,

(7.87)

where, per equation (7.77),

∂
∂LV

2
√
V

=
1

2
√
V

×
(
2nλL

(
1− FX(L)

)
+ a2nλL2

{
2
[nλ
L

L∫

0

xs(x)dx− 1
]
s(L)− Ls′(L)

})
.

(7.88)

Equation (7.87) is not susceptible to significant simplification (a common nλ, but little
else. may be factored out). Hence it may require a solution using the secant method. But,
importantly, it appears that as long as the losses up to the optimal retention are fairly well
understood, it is susceptible to computation and analysis. The fact that equation (7.87)
for the optimum retention does not depend on understanding the sizes of the largest (and
hence most difficult to evaluate) losses makes it an excellent practical tool for estimating
the optimal retention.

The most relevant question to ask, of course, is how well the normal approximations
to the derivative perform, both purely as estimates of the derivative, and as estimates of
the optimal retention. The first step is to compare the approximations to the derivative

28As noted earlier, this approximation is contingent on review of the examples and the issues noted in the
footnote prior to Table 7.9.
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they approximate, which is done in Table 7.13. As one may see, the approximations, except
possibly those at the highest limits, are in the general neighborhood of the target values
(although they are generally not truly close). The question to be asked though, is how
much that would affect the estimate of the retention. As noted earlier, the ratio of the error
in the derivative estimate to the error in the retention is estimated by the formula from
equation (3.49)

Table 7.13: Comparison of the Derivative of the Normal Approximation (Including
the Derivative of the Mean ) to the Derivative of F−1

Tc(L)
(1 − p) for Compound

Poisson Distribution after Lognormal Parameter Variance with CV = 20%

Comparison of Stan. Dev. Derivative to DL[F
−1
Tc(L)

]

for Lognormal Parameter Variance with CV = 20%

1− p = .95 1− p = .98 1− p = .99

nλ L Φ−1Dσ D[F−1 − µ] Φ−1Dσ D[F−1 − µ] Φ−1Dσ D[F−1 − µ]

60 $25, 000 1.605 1.821 2.004 2.725 2.270 2.653
60 $50, 000 0.457 0.542 0.571 0.717 0.647 0.688
60 $100, 000 0.146 0.197 0.183 0.296 0.207 0.306
60 $250, 000 0.038 0.072 0.047 0.112 0.054 0.225
60 $1, 000, 000 0.006 −0.001 0.008 −0.001 0.009 −0.001

150 $25, 000 3.519 4.572 4.394 5.884 4.978 7.671
150 $50, 000 0.890 1.124 1.111 1.420 1.258 1.910
150 $100, 000 0.248 0.188 0.310 0.371 0.351 0.536
150 $250, 000 0.055 0.064 0.069 0.097 0.078 0.087
150 $1, 000, 000 0.008 −0.001 0.010 0.015 0.011 0.033
400 $25, 000 8.778 12.070 10.960 16.568 12.415 17.607
400 $25, 000 8.778 12.070 10.960 16.568 12.415 17.607
400 $50, 000 2.043 2.765 2.551 3.845 2.890 4.060
400 $100, 000 0.504 0.758 0.629 0.453 0.712 0.879
400 $250, 000 0.091 0.143 0.114 0.187 0.129 0.181
400 $1, 000, 000 0.010 0.016 0.012 0.034 0.014 0.054

(Error in retention estimate)

≈
rFXA(Error in

∂
∂LFTc(L)(1− p)-approximation)

l(1 + rFXA −XU )
∂2E[Tc(L)]

∂L2 − [rFXAΦ−1(1− p) + ν(1−XU )]
∂2

∂L2V ar1/2[Tc(L)]
.

(7.89)

Then, Table 7.14 contains estimates of

C =
Error in retention estimate

Error in derivative estimate
, (7.90)
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that were computed using numerical estimates of the second derivatives per the Monte
Carlo sample. It is followed by Table 7.15, which shows estimated errors in the retention
estimates as a percentage of the retentions themselves.

Table 7.14: Estimated C Ratios of Percentage Error in Retention Estimate to Error
in Derivative Estimate — under Lognormal Severity Parameter Variance with CV
= 20%

Values of C’s
nλ L nλ

(
1− FX(L)

)
1− p = .95 1− p = .98 1− p = .99 1− p = .995

60 $ 25,000 1.739 -472 -472 -472 -472
60 $ 50,000 0.379 -4,432 -4,433 -4,434 -4,434
60 $ 100,000 0.082 -9,898 -9,966 -10,013 -10,055
60 $ 250,000 0.011 -180,435 -182,894 -184,571 -186,134
60 $ 1,000,000 0.001 -17,366,086 -18,090,071 -18,607,227 -19,107,135
150 $ 25,000 4.349 -190 -190 -190 -190
150 $ 100,000 0.946 -4,032 -4,053 -4,067 -4,081
150 $ 100,000 0.206 -4,031 -4,052 -4,067 -4,080
150 $ 250,000 0.027 -77,207 -77,841 -78,270 -78,666
150 $ 1,000,000 0.001 -6,778,900 -6,953,209 -7,074,482 -7,189,239
400 $ 25,000 11.596 -18 -19 -19 -19
400 $ 50,000 2.524 -172 -172 -173 -173
400 $ 100,000 0.549 -1,552 -1,559 -1,563 -1,567
400 $ 250,000 0.073 -28,327 -28,488 -28,596 -28,696
400 $ 1,000,000 0.003 -1,958,988 -1,980,426 -1,994,981 -2,008,490

In reviewing Table 7.15, it is apparent that none of the normal approximations to
the derivative would create material differences in the retention estimate (which again,
would likely be a choice between $25,000, $50,000, $100,000, $250,000, $500,000, $1,000,000,
$2,000,000, $5,000,000, etc.). One may readily see that, even for this clearly non-normal
aggregate distribution, the normal approximation to the retention will work well in practice.

It has previously been shown that the normal approximation to the retention worked well
for the pure compound Poisson (no parameter uncertainty) case. Further, continuity would
suggest that, absent unusual behavior of the curve of relative retention approximation errors
as a function of the coefficient of variation, the relative approximation error in the retention
for the 3% coefficient of variation case would be in between that of the pure compound
Poisson case and the 20% coefficient of variation case. Further, the relative approximation
errors of the retentions were acceptable for both those cases. Therefore, a corresponding
relative error analysis for the retention approximations in the 3% coefficient of variation
case was not performed.

7.2.7 Summary of the Analysis of the Severity Parameter Variance
Case

The preceding analysis provided Taylor series-based approximations to the mean ag-
gregate losses expected under the capped distribution; see (7.52). The average severity of
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Table 7.15: Estimated Percentage Error in Retention Estimate Due to Use of
Normal Approximation — under Lognormal Severity Parameter Variance with
CV = 20%

Estimated Percentage Error in Retention

nλ L nλ
(
1− FX(L)

)
1− p = .95 1− p = .98 1− p = .99 1− p = .995

60 $ 25,000 1.739 0.41 % 1.36 % 0.72 % 2.05 %
60 $ 50,000 0.379 0.76 % 1.30 % 0.37 % 6.52 %
60 $ 100,000 0.082 0.50 % 1.13 % 1.00 % 0.34 %
60 $ 250,000 0.011 2.44 % 4.75 % 12.64 % 13.70 %
60 $ 1,000,000 0.001 -11.56 % -14.79 % -17.10 % -19.33 %
150 $ 25,000 4.349 0.80 % 1.13 % 2.05 % 3.04 %
150 $ 100,000 0.946 0.95 % 1.25 % 2.65 % 1.29 %
150 $ 100,000 0.206 -0.24 % 0.25 % 0.75 % 0.50 %
150 $ 250,000 0.027 0.27 % 0.89 % 0.30 % 3.11 %
150 $ 1,000,000 0.001 -5.83 % 3.86 % 15.60 % 20.57 %
400 $ 25,000 11.596 0.24 % 0.42 % 0.39 % 0.74 %
400 $ 50,000 2.524 1.13 % 1.93 % 1.79 % 3.42 %
400 $ 100,000 0.549 1.12 % 2.02 % 1.83 % 4.14 %
400 $ 250,000 0.073 2.89 % -2.00 % 1.90 % 3.79 %
400 $ 1,000,000 0.003 10.11 % 14.45 % 10.40 % 15.48 %

the capped losses was shown to be approximated by (7.51). See equation (7.61) for an
approximation to the expected value of the process variance of the aggregate distribution
of the capped losses. The variance of the hypothetical means of the capped losses may be
approximated by the expression in (7.69). The two combine to produce an approximation
to the total variance of the aggregate total of (individually) capped losses in equation (7.70).
The analysis of the mean and variance was used to generate a high-performing estimate of
the upper percentiles of the aggregate loss distribution using a lognormal approximation
in (7.74). That approximation was shown to be a quality approximation for the sample
distribution, even when a more modest parameter uncertainty was involved.

Lastly, an estimate of the partial derivatives of the percentiles with respect to the loss
cap that uses the simpler normal approximation to the derivative was specified in equation
(7.78). That in turn was used to generate formula (7.87) for the optimal retention, which was
shown to work well in practice when confronted with a challenging loss severity distribution.

The basic accomplishment of this section could also be stated in fairly simple terms.
Given an estimate of the loss distribution, which has some uncertainty about the average
cost level or severity, and contains significant uncertainty about the upper end of the distri-
bution of claims sizes29, one may make very reliable and practical estimates of the optimal
retention and the resulting VaR (value-at-risk) values at various confidence levels using the
equations above.

29This is common because the largest claims are both very large in size, and infrequent. Hence the
expected large claims simultaneously exert a large influence on the unlimited average severity, EPD, and
TVaR. However, they are usually not fully represented in the claims data used for pricing. Hence the expected
large claims greatly the unlimited average severity, EPD, and TVaR, but they are the least understood of
all the expected claims.
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Also, of very key relevance, a review of the calculations supporting the mean and vari-
ance estimates will show that the process did not involve the assumption that the severity
distribution was lognormal, other than in showing that the higher moments of the severity
distribution that were used in the Taylor series expansion were minor. Therefore, these
conclusions are distribution-free to the extent that those higher moments can be presumed
to be immaterial in the specific context and for the specific parameter severity variance
distribution for which the formulas are used. Of course, the accuracy of the lognormal
approximation to the percentiles of the aggregate loss distribution was driven somewhat by
the fact that that severity parameter distribution was a lognormal distribution. There may
be special circumstances where, say, a Pareto distribution represents the parameter severity
more realistically than the lognormal, and the parameter variance is much larger than the
process variance. In such a circumstance it may be preferable to estimate the percentiles
using a member of the Pareto family. Further, considering the skewness inherent in most
Pareto distributions, in such a circumstance it may be preferable to not use use the normal
approximation to the retention.
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CHAPTER 8

LOSS PORTFOLIOS OF MULTI-LINE

INSURANCE COMPANIES

8.1 Severity Distributions for Multi-Line Insurance
Company Claims Costs

All the previous examples involved a company with a single loss severity distribution
function, s(x). Many insurance companies sell more than one insurance product, and dif-
ferent insurance products typically have different severity distributions. For example, an
insurance company selling both auto liability (so called private passenger auto liability)
and auto physical damage (again, private passenger auto physical damage) to individuals
is selling coverage for two very different types of claims. For one coverage (liability), the
claims are potentially litigated third party claims, that might range as high as a policy limit
of (typically) $100,000 to $500,000. The other coverage (physical damage) pays strictly for
damage to the insured’s own car, and hence the limit for each claim is typically the value
of the insured’s car, (usually between $5,000 and $40,000 as of the date this was written).
Liability claims at the policy limit are relatively rare. It is not unusual to have an auto
physical damage claim costing those policy limits when a car is treated as totally destroyed.

It would not be unreasonable for such a company to also offer workers’ compensation
(paying lost wages and medical costs for workers injured at a specific employer). That line
features a large volume of claims of around $1,000 in size, but also features claims as large
as $10,000,000 in cost. So, logically, many companies require analysis of the combination
of several different loss distributions.Therefore, this dissertation continues with the analysis
of the multi-line, multiple severity distribution case.

8.2 Two Independent Lines with Compound Poisson

Distributions

The first case to consider is the simplest scenario: two completely independent lines of
business, each of which has a fully known and specified compound Poisson distribution. So,
one may think of the aggregate losses T as consisting of the sum of a set of Xis and Yjs,
with:
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• the number of Xis generated by a Poisson(nλ) distribution,

• the number of Yjs generated by a Poisson(mφ) distribution,

• the value of each individual Xi generated by an independent sample from sX(x), and

• the value of each individual Yj generated by an independent sample from sY (y).

Alternately, one could define TX to be the aggregate compound Poisson distribution
with parameter nλ and jump size distribution sX(x), and define TY similarly using mφ and
sY (y). Of course, in practice, the distributions are generally capped by reinsurance. While
the same cap may be employed in both lines, it is just as possible that the cap may be some
L in the first line of business, and some other cap, M , in the other. Then, trivially by their
status as independent compound Poisson distributions:

T = TX + TY , (8.1)

and
Tc(L,M) = TXc(L) + TYc(M). (8.2)

Clearly, TXc(L) and TYc(M) will also be independent of one another.
Another aspect of this combination of independent compound Poisson distributions

should be noted. Note that the total combined count of both lines is the sum of two
independent Poisson distributions. It is well known that the sum of two independent Poisson
distributions is itself a Poisson distribution, with a mean equal to the sum of the means of the
two component distributions. Thus, the sum of the counts of the two distributions follows
a Poisson distribution, too, with mean nλ +mφ. Further, since the occurrences and sizes
of all the claims from either distribution are independent of all the other claims from both
distributions, each claim “Z” could be from either distribution. Logically, each individual
claim, Z, would be from the X’s with probability nλ/(nλ + mφ), and from the Y ’s with
probability mφ/(nλ+mφ) . So, one could define Zc(L,M) to first involve picking between
the sX(x) distribution with probability nλ/(nλ + mφ) and the sY (y) distribution with
probability mφ/(nλ+mφ), and then generating Zc(L,M) = Xc(L) or Zc(L,M) = Yc(M),
respectively. Under that scenario, the aggregate distribution TZc(L,M) is also a compound
Poisson distribution. Since clearly Tc(L,M) as defined in (8.2) is equal in probability to
TZc(L,M), one may state that it is itself a compound Poisson distribution. So, the results of
Chapters 2 and 4 apply.

That analysis may be expressed with more mathematical finesse using moment generat-
ing functions. It is well known that the moment generating function of a compound Poisson
distribution (to use the distribution of TX as a representative example) with event mean
nλ and jump size distribution corresponding to X is

MTXc(L)
(t) = enλ(MXc(L)(t)−1). (8.3)

Similarly,
MTYc(M)

(t) = emφ(MYc(M)(t)−1). (8.4)

Then, the moment generating function or “m.g.f.” of the sum of the two distributions is
their product

MTc(L,M)(t) = MTXc(L)
(t)×MTYc(L)

(t) = enλ(MXc(L)(t)−1) × emφ(MYc(M)(t)−1), (8.5)
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which simplifies to

MTc(L,M)(t) = e
(nλ+mφ)

(nλMXc(L)(t)+mφMYc(M)(t)

nλ+mφ
−1
)
. (8.6)

Further, it is well known that the moment generating function of a distribution composed
of first choosing between distribution X (with probability p) and distribution Y (with
probability 1−p), then choosing the final value according to the selected distribution is the
probability-weighted average of the m.g.f.s of X and Y , we have

MZc(L,M)(t) =
nλMXc(L)(t) +mφMYc(M)(t)

nλ+mφ
. (8.7)

Therefore

MTc(L,M)(t) = e(nλ+mφ)(MZc(L,M)(t)−1). (8.8)

So, the multi-line compound Poisson distribution is equivalent to a single compound Poisson
distribution. Armed with that background, it makes sense to begin a deeper analysis of this
scenario.

8.2.1 The Mean and Variance of the Joint Distribution, and the Normal
and Lognormal Approximations

As the sum of two independent compound Poisson distributions, it is easy to compute
the mean and variance of this joint compound Poisson distribution. That is true even
when the loss cap L of the distribution of the X’s does not equal the loss cap M of the
distribution of the Y ’s. For example, using the notation TZ for the sum of TX and TY , and
using equation (2.21),

µTZc(L,M)
= E[Tc(L,M)] = nλE[Xc(L)] +mφE[Yc(M)]. (8.9)

Further, since TX and TY are independent,

σ2
TZc(L,M)

= V ar[Tc(L,M)] = nλE[X2
c (L)] +mφE[Y 2

c (M)]. (8.10)

One may also define this in terms of the variable Zc(L,M) as

µTZc(L,M)
= (nλ+mφ)

{
nλ

nλ+mφ
E[Xc(L)]+

mφ

nλ+mφ
E[Yc(M)]

}
= (nλ+mφ)E[Zc(L,M)].

(8.11)
Also, the variance could be computed using the composite distribution Z and the compound
Poisson variance formula as

σ2
TZc(L,M)

= (nλ+mφ)E[Z2
c (L,M)]. (8.12)

Further, the A(L,M) function for the lognormal approximation is, per equation (2.35),

A(L,M) = CV 2 + 1 =
nλE[X2

c (L)] +mφE[Y 2
c (M)]

(nλE[Xc(L)] +mφE[Yc(M)])2
+ 1, (8.13)
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which does not appear to be subject to simplification, other than as

A(L,M) = CV 2 + 1 =
E[Z2

c (L,M)]

(nλ+mφ)E2[Zc(L,M)]
+ 1. (8.14)

However, that form is likely to have less practical utility.
Of course, the normal approximation to the percentiles of the multiline compound Pois-

son distribution will use the formula

F−1
Tc(L,M)(1− p) ≈ nλE[Xc(L)] +mφE[Yc(M)] + Φ−1(1− p)

√
nλE[X2

c (L)] +mφE[Y 2
c (M)].

(8.15)
The lognormal approximation will involve A(L,M) as defined above and the version of
equation (2.38) adjusted to match the mean of the multi-line distribution, or

F−1
Tc(L,M)(1− p) ≈ nλE[Xc(L)] +mφE[Yc(M)]√

A(L)
exp

{
Φ−1(1− p)

√
ln
(
A(L)

)}
, (8.16)

With that expression, the needed formulas for the estimation of F−1
Tc(L,M)(1 − p) (and the

later computations) are complete.

8.2.2 Testing the Normal and Lognormal Approximations

As before, an analysis of the quality of the approximations to key multiline quantities
is to be done. Doing so requires use of appropriate sample data. In determining what data
to use, a few characteristics were desired:

1. At least one of the severity/jump size distributions should be one that represents an
extreme case, such as the Pareto(2.2, 5000).

2. Recognizing that unusual situations might arise when one distribution has much more
expected claims in the upper tail of the distribution than the other (as is common
in multiline insurance portfolios), the two distributions should have a very different
characteristic shapes (Pareto shape parameters “α”).

3. Since different splits of the business volume between the heavy tailed distribution and
the other are possible, many different combinations of expected claim counts between
the two lines should be evaluated.

4. Similarly, since each line may have a different policy limit or retention, several com-
binations of policy limits should be evaluated.

5. Lastly, the number of combinations should be small enough for the results to fit in a
single chart.

To meet these diverse needs, the scenario set used consisted of a Pareto(2.2, 5000) distri-
bution for the X’s and a Pareto(4, 4500) distribution for the Y ’s, with every possible (nine
in total) combination of either 60, 150 or 400 expected claims for each distribution. Within
each of those combinations,each of nine combinations of limits of either $25,000, $100,000 or
$1 million for each of the two distributions were evaluated (typically with different amounts
between the distributions). In total, eighty-one combinations were included. As before,
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5000 samples using the Mersenne twister were run for each combination. Next, the results
of the two distribution samples were then combined. Then, the mean, variance, and upper
percentiles were estimated from the simulations. Since the mean and variance could be
determined analytically from (8.9) and (8.10), the means and variances resulting from the
sample were compared to their analytical counterparts, with pleasing results. For reference,
a table of the various mean values is shown in Table 8.1.

Table 8.1: Mean Values of Capped Compound Poisson Distribution with X Dis-
tributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

Multiline Mean Values at Different Y -Limits (M)
nλ L mφ $25,000 $100,000 $1,000,000
60 $ 25,000 60 $ 873,472 $ 873,972 $ 873,979
60 $ 25,000 150 $ 1,412,698 $ 1,414,026 $ 1,414,047
60 $ 25,000 400 $ 2,910,679 $ 2,914,289 $ 2,914,338
60 $ 100,000 60 $ 902,643 $ 903,144 $ 903,150
60 $ 100,000 150 $ 1,441,869 $ 1,443,197 $ 1,443,218
60 $ 100,000 400 $ 2,939,850 $ 2,943,461 $ 2,943,509
60 $ 1,000,000 60 $ 909,145 $ 909,645 $ 909,652
60 $ 1,000,000 150 $ 1,448,371 $ 1,449,699 $ 1,449,720
60 $ 1,000,000 400 $ 2,946,352 $ 2,949,963 $ 2,950,011
150 $ 25,000 60 $ 1,645,061 $ 1,645,562 $ 1,645,568
150 $ 25,000 150 $ 2,184,287 $ 2,185,615 $ 2,185,636
150 $ 25,000 400 $ 3,682,268 $ 3,685,879 $ 3,685,927
150 $ 100,000 60 $ 1,718,342 $ 1,718,843 $ 1,718,850
150 $ 100,000 150 $ 2,257,568 $ 2,258,897 $ 2,258,918
150 $ 100,000 400 $ 3,755,550 $ 3,759,160 $ 3,759,209
150 $ 1,000,000 60 $ 1,734,917 $ 1,735,417 $ 1,735,424
150 $ 1,000,000 150 $ 2,274,143 $ 2,275,471 $ 2,275,492
150 $ 1,000,000 400 $ 3,772,124 $ 3,775,734 $ 3,775,783
400 $ 25,000 60 $ 3,785,604 $ 3,786,105 $ 3,786,111
400 $ 25,000 150 $ 4,324,830 $ 4,326,159 $ 4,326,179
400 $ 25,000 400 $ 5,822,811 $ 5,826,422 $ 5,826,470
400 $ 100,000 60 $ 3,981,363 $ 3,981,863 $ 3,981,870
400 $ 100,000 150 $ 4,520,589 $ 4,521,917 $ 4,521,938
400 $ 100,000 400 $ 6,018,570 $ 6,022,181 $ 6,022,229
400 $ 1,000,000 60 $ 4,025,878 $ 4,026,379 $ 4,026,386
400 $ 1,000,000 150 $ 4,565,104 $ 4,566,433 $ 4,566,453
400 $ 1,000,000 400 $ 6,063,085 $ 6,066,696 $ 6,066,744

As one may see, the means change very little across the Y limits (M) and change just
slightly more across the X limits. This is not surprising, since a Pareto(2.2, ◦) distribution
has a fatter upper tail than any Pareto(4, ◦) distribution.

The variance values are shown as well in Table 8.2. As one may see, the relative impacts
of increasing the limit of X, as compared to that of Y , are even more pronounced with
respect to the variance. Since variance is inherently a quadratic rather than linear function,
this is as predicted by theory. Now that the example is specified and some of its key qualities
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are identified, the next steps may be taken.

Table 8.2: Values of Variance of Compound Poisson with X Distributed
Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

Multiline Variance Values at Different Y -Limits (M)
nλ L mφ $25,000 $100,000 $1,000,000
60 $ 25,000 60 8.1149E+09 8.7397E+05 8.7398E+05
60 $ 25,000 150 1.1723E+10 1.4140E+06 1.4140E+06
60 $ 25,000 400 2.1748E+10 2.9143E+06 2.9143E+06
60 $ 100,000 60 1.0754E+10 9.0314E+05 9.0315E+05
60 $ 100,000 150 1.4370E+10 1.4432E+06 1.4432E+06
60 $ 100,000 400 2.4373E+10 2.9435E+06 2.9435E+06
60 $ 1,000,000 60 1.4058E+10 9.0965E+05 9.0965E+05
60 $ 1,000,000 150 1.7661E+10 1.4497E+06 1.4497E+06
60 $ 1,000,000 400 2.7661E+10 2.9500E+06 2.9500E+06
150 $ 25,000 60 1.6716E+10 1.6456E+06 1.6456E+06
150 $ 25,000 150 2.0363E+10 2.1856E+06 2.1856E+06
150 $ 25,000 400 3.0443E+10 3.6859E+06 3.6859E+06
150 $ 100,000 60 2.3267E+10 1.7188E+06 1.7188E+06
150 $ 100,000 150 2.6965E+10 2.2589E+06 2.2589E+06
150 $ 100,000 400 3.7069E+10 3.7592E+06 3.7592E+06
150 $ 1,000,000 60 3.1650E+10 1.7354E+06 1.7354E+06
150 $ 1,000,000 150 3.5378E+10 2.2755E+06 2.2755E+06
150 $ 1,000,000 400 4.5529E+10 3.7757E+06 3.7758E+06
400 $ 25,000 60 4.0617E+10 3.7861E+06 3.7861E+06
400 $ 25,000 150 4.4330E+10 4.3262E+06 4.3262E+06
400 $ 25,000 400 5.4538E+10 5.8264E+06 5.8265E+06
400 $ 100,000 60 5.8014E+10 3.9819E+06 3.9819E+06
400 $ 100,000 150 6.1829E+10 4.5219E+06 4.5219E+06
400 $ 100,000 400 7.2185E+10 6.0222E+06 6.0222E+06
400 $ 1,000,000 60 8.1010E+10 4.0264E+06 4.0264E+06
400 $ 1,000,000 150 8.4915E+10 4.5664E+06 4.5665E+06
400 $ 1,000,000 400 9.5371E+10 6.0667E+06 6.0667E+06

For the first step, simply to document the values, it is helpful to display the estimated
values of F−1

Tc(L,M)(1−p) that underlie the subsequent calculations. They are shown in Table

8.3. As one may see, these values are also heavily dominated by the X-limit (L), which is
still consistent with theory. In fact, it appears that few or no Y claims breached the $1
million limit.
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Table 8.3: Key Percentiles of Compound Poisson with X Distributed
Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

Percentiles F−1
Tc(L,M)(1− p) for 1− p =

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 $ 1,024,815 $ 1,067,304 $ 1,095,109 $ 1,123,491
60 $ 25,000 60 $ 100,000 $ 1,025,803 $ 1,067,809 $ 1,096,691 $ 1,125,486
60 $ 25,000 60 $ 1,000,000 $ 1,025,803 $ 1,067,829 $ 1,096,691 $ 1,125,486
60 $ 25,000 150 $ 25,000 $ 1,593,830 $ 1,640,943 $ 1,676,153 $ 1,705,038
60 $ 25,000 150 $ 100,000 $ 1,596,235 $ 1,643,791 $ 1,678,311 $ 1,706,838
60 $ 25,000 150 $ 1,000,000 $ 1,596,235 $ 1,643,945 $ 1,678,467 $ 1,707,354
60 $ 25,000 400 $ 25,000 $ 3,158,443 $ 3,218,487 $ 3,258,900 $ 3,298,545
60 $ 25,000 400 $ 100,000 $ 3,163,415 $ 3,225,174 $ 3,265,903 $ 3,306,745
60 $ 25,000 400 $ 1,000,000 $ 3,163,580 $ 3,225,588 $ 3,266,088 $ 3,307,843
60 $ 100,000 60 $ 25,000 $ 1,081,116 $ 1,131,967 $ 1,168,874 $ 1,203,338
60 $ 100,000 60 $ 100,000 $ 1,081,498 $ 1,132,789 $ 1,170,433 $ 1,203,730
60 $ 100,000 60 $ 1,000,000 $ 1,081,526 $ 1,132,789 $ 1,170,433 $ 1,203,730
60 $ 100,000 150 $ 25,000 $ 1,643,068 $ 1,701,269 $ 1,743,216 $ 1,778,668
60 $ 100,000 150 $ 100,000 $ 1,644,866 $ 1,704,085 $ 1,747,705 $ 1,780,073
60 $ 100,000 150 $ 1,000,000 $ 1,644,920 $ 1,704,236 $ 1,747,705 $ 1,780,301
60 $ 100,000 400 $ 25,000 $ 3,201,645 $ 3,270,891 $ 3,312,721 $ 3,361,799
60 $ 100,000 400 $ 100,000 $ 3,206,023 $ 3,278,564 $ 3,320,781 $ 3,366,271
60 $ 100,000 400 $ 1,000,000 $ 3,206,120 $ 3,278,609 $ 3,321,103 $ 3,366,641
60 $ 1,000,000 60 $ 25,000 $ 1,102,736 $ 1,177,856 $ 1,246,430 $ 1,335,445
60 $ 1,000,000 60 $ 100,000 $ 1,103,714 $ 1,178,265 $ 1,246,661 $ 1,339,055
60 $ 1,000,000 60 $ 1,000,000 $ 1,103,714 $ 1,178,265 $ 1,246,661 $ 1,339,055
60 $ 1,000,000 150 $ 25,000 $ 1,664,272 $ 1,745,318 $ 1,808,389 $ 1,890,012
60 $ 1,000,000 150 $ 100,000 $ 1,667,770 $ 1,747,911 $ 1,809,354 $ 1,892,333
60 $ 1,000,000 150 $ 1,000,000 $ 1,668,056 $ 1,747,911 $ 1,809,432 $ 1,892,333
60 $ 1,000,000 400 $ 25,000 $ 3,221,100 $ 3,300,481 $ 3,374,303 $ 3,461,858
60 $ 1,000,000 400 $ 100,000 $ 3,226,741 $ 3,307,426 $ 3,377,317 $ 3,467,349
60 $ 1,000,000 400 $ 1,000,000 $ 3,226,878 $ 3,307,426 $ 3,378,111 $ 3,467,349

150 $ 25,000 60 $ 25,000 $ 1,862,787 $ 1,919,465 $ 1,957,615 $ 1,992,437
150 $ 25,000 60 $ 100,000 $ 1,863,470 $ 1,920,339 $ 1,958,939 $ 1,993,562
150 $ 25,000 60 $ 1,000,000 $ 1,863,470 $ 1,920,339 $ 1,958,939 $ 1,993,562
150 $ 25,000 150 $ 25,000 $ 2,421,901 $ 2,484,157 $ 2,529,240 $ 2,565,206
150 $ 25,000 150 $ 100,000 $ 2,424,011 $ 2,485,831 $ 2,531,892 $ 2,567,736
150 $ 25,000 150 $ 1,000,000 $ 2,424,073 $ 2,485,831 $ 2,532,011 $ 2,567,736
150 $ 25,000 400 $ 25,000 $ 3,972,196 $ 4,043,484 $ 4,095,201 $ 4,145,604
150 $ 25,000 400 $ 100,000 $ 3,977,491 $ 4,048,308 $ 4,102,809 $ 4,151,340
150 $ 25,000 400 $ 1,000,000 $ 3,977,538 $ 4,048,611 $ 4,102,809 $ 4,152,792
150 $ 100,000 60 $ 25,000 $ 1,978,221 $ 2,051,278 $ 2,099,993 $ 2,143,790
150 $ 100,000 60 $ 100,000 $ 1,978,928 $ 2,052,127 $ 2,101,248 $ 2,144,581
150 $ 100,000 60 $ 1,000,000 $ 1,978,928 $ 2,052,127 $ 2,101,248 $ 2,144,581
150 $ 100,000 150 $ 25,000 $ 2,534,498 $ 2,611,882 $ 2,662,989 $ 2,705,490
150 $ 100,000 150 $ 100,000 $ 2,536,341 $ 2,613,480 $ 2,665,083 $ 2,707,672
150 $ 100,000 150 $ 1,000,000 $ 2,536,341 $ 2,613,480 $ 2,665,083 $ 2,707,672
150 $ 100,000 400 $ 25,000 $ 4,076,179 $ 4,162,179 $ 4,218,014 $ 4,275,023
150 $ 100,000 400 $ 100,000 $ 4,081,882 $ 4,169,566 $ 4,227,817 $ 4,280,833
150 $ 100,000 400 $ 1,000,000 $ 4,081,952 $ 4,169,572 $ 4,227,817 $ 4,282,470
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. . . Table 8.3 Continued from Previous Page . . .
Percentiles F−1

Tc(L,M)(1− p) for 1− p =

nλ L mφ M 95% 98% 99% 99.5%

150 $ 1,000,000 60 $ 25,000 $ 2,032,616 $ 2,149,358 $ 2,239,256 $ 2,395,359
150 $ 1,000,000 60 $ 100,000 $ 2,034,882 $ 2,149,440 $ 2,240,078 $ 2,395,359
150 $ 1,000,000 60 $ 1,000,000 $ 2,034,882 $ 2,149,440 $ 2,240,078 $ 2,395,359
150 $ 1,000,000 150 $ 25,000 $ 2,587,797 $ 2,706,646 $ 2,801,011 $ 2,935,927
150 $ 1,000,000 150 $ 100,000 $ 2,589,889 $ 2,707,012 $ 2,803,777 $ 2,936,350
150 $ 1,000,000 150 $ 1,000,000 $ 2,589,889 $ 2,707,012 $ 2,803,777 $ 2,936,350
150 $ 1,000,000 400 $ 25,000 $ 4,126,234 $ 4,245,777 $ 4,352,587 $ 4,468,634
150 $ 1,000,000 400 $ 100,000 $ 4,131,671 $ 4,252,087 $ 4,356,002 $ 4,472,638
150 $ 1,000,000 400 $ 1,000,000 $ 4,131,878 $ 4,252,087 $ 4,356,002 $ 4,472,638
400 $ 25,000 60 $ 25,000 $ 4,120,569 $ 4,209,932 $ 4,269,253 $ 4,320,059
400 $ 25,000 60 $ 100,000 $ 4,121,443 $ 4,211,075 $ 4,270,219 $ 4,321,211
400 $ 25,000 60 $ 1,000,000 $ 4,121,443 $ 4,211,075 $ 4,270,219 $ 4,321,211
400 $ 25,000 150 $ 25,000 $ 4,675,003 $ 4,767,413 $ 4,824,874 $ 4,881,892
400 $ 25,000 150 $ 100,000 $ 4,676,812 $ 4,770,519 $ 4,826,033 $ 4,883,104
400 $ 25,000 150 $ 1,000,000 $ 4,676,812 $ 4,770,519 $ 4,826,793 $ 4,883,104
400 $ 25,000 400 $ 25,000 $ 6,206,451 $ 6,310,867 $ 6,378,351 $ 6,440,032
400 $ 25,000 400 $ 100,000 $ 6,211,333 $ 6,317,662 $ 6,384,417 $ 6,448,277
400 $ 25,000 400 $ 1,000,000 $ 6,211,333 $ 6,318,771 $ 6,384,635 $ 6,448,277
400 $ 100,000 60 $ 25,000 $ 4,388,387 $ 4,493,851 $ 4,574,118 $ 4,639,583
400 $ 100,000 60 $ 100,000 $ 4,388,931 $ 4,493,934 $ 4,574,118 $ 4,641,003
400 $ 100,000 60 $ 1,000,000 $ 4,388,931 $ 4,493,934 $ 4,574,118 $ 4,641,003
400 $ 100,000 150 $ 25,000 $ 4,937,820 $ 5,047,188 $ 5,128,441 $ 5,199,080
400 $ 100,000 150 $ 100,000 $ 4,939,348 $ 5,048,731 $ 5,129,435 $ 5,202,151
400 $ 100,000 150 $ 1,000,000 $ 4,939,348 $ 5,048,844 $ 5,129,435 $ 5,202,151
400 $ 100,000 400 $ 25,000 $ 6,466,677 $ 6,585,137 $ 6,674,149 $ 6,744,712
400 $ 100,000 400 $ 100,000 $ 6,471,883 $ 6,591,338 $ 6,681,606 $ 6,749,498
400 $ 100,000 400 $ 1,000,000 $ 6,471,883 $ 6,591,429 $ 6,681,873 $ 6,749,498
400 $ 1,000,000 60 $ 25,000 $ 4,508,397 $ 4,700,723 $ 4,844,699 $ 5,039,250
400 $ 1,000,000 60 $ 100,000 $ 4,509,702 $ 4,702,719 $ 4,847,171 $ 5,039,250
400 $ 1,000,000 60 $ 1,000,000 $ 4,509,702 $ 4,702,719 $ 4,847,171 $ 5,039,250
400 $ 1,000,000 150 $ 25,000 $ 5,054,777 $ 5,254,458 $ 5,393,461 $ 5,583,214
400 $ 1,000,000 150 $ 100,000 $ 5,058,030 $ 5,257,770 $ 5,394,295 $ 5,585,222
400 $ 1,000,000 150 $ 1,000,000 $ 5,058,069 $ 5,257,770 $ 5,394,295 $ 5,585,222
400 $ 1,000,000 400 $ 25,000 $ 6,583,159 $ 6,776,992 $ 6,919,969 $ 7,088,131
400 $ 1,000,000 400 $ 100,000 $ 6,588,176 $ 6,784,576 $ 6,928,881 $ 7,091,832
400 $ 1,000,000 400 $ 1,000,000 $ 6,588,335 $ 6,784,576 $ 6,928,881 $ 7,091,832

8.2.3 Quality of the Normal Approximation to the Upper Percentiles of
the Distribution

Now that the key values of the distribution are established, it makes sense to evaluate
the G-values for the normal approximation (the ratios of the true F−1

Tc(L,M)(1 − p) to the

approximations µ + Φ−1(1 − p)σ). The ratios of the simulated values of F−1
Tc(L,M)(1 − p)

computed in the previous section to the analytical normal approximations are shown in
Table 8.4. They correspond roughly to the G values of the single severity (“monoline”)
compound Poisson distribution, except that the less skewed Pareto(4, 4500) dampens the
G values somewhat.
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Table 8.4: Values of G for Normal Approximation to Multiline Compound Poisson
with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

Values of G(L, p) with Multiline Compound Poisson at Confidence Level of

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 1.0042 1.0096 1.0125 1.0177
60 $ 25,000 60 $ 100,000 1.0043 1.0092 1.0131 1.0186
60 $ 25,000 60 $ 1,000,000 1.0043 1.0092 1.0130 1.0186
60 $ 25,000 150 $ 25,000 1.0026 1.0044 1.0079 1.0089
60 $ 25,000 150 $ 100,000 1.0029 1.0048 1.0078 1.0086
60 $ 25,000 150 $ 1,000,000 1.0028 1.0049 1.0078 1.0088
60 $ 25,000 400 $ 25,000 1.0021 1.0021 1.0022 1.0030
60 $ 25,000 400 $ 100,000 1.0021 1.0025 1.0026 1.0038
60 $ 25,000 400 $ 1,000,000 1.0022 1.0026 1.0026 1.0041
60 $ 100,000 60 $ 25,000 1.0082 1.0156 1.0229 1.0299
60 $ 100,000 60 $ 100,000 1.0078 1.0155 1.0234 1.0293
60 $ 100,000 60 $ 1,000,000 1.0078 1.0155 1.0234 1.0293
60 $ 100,000 150 $ 25,000 1.0030 1.0085 1.0138 1.0169
60 $ 100,000 150 $ 100,000 1.0030 1.0090 1.0152 1.0163
60 $ 100,000 150 $ 1,000,000 1.0030 1.0090 1.0151 1.0164
60 $ 100,000 400 $ 25,000 1.0019 1.0036 1.0034 1.0064
60 $ 100,000 400 $ 100,000 1.0018 1.0044 1.0042 1.0061
60 $ 100,000 400 $ 1,000,000 1.0018 1.0044 1.0043 1.0062
60 $ 1,000,000 60 $ 25,000 1.0011 1.0248 1.0552 1.1033
60 $ 1,000,000 60 $ 100,000 1.0013 1.0244 1.0546 1.1054
60 $ 1,000,000 60 $ 1,000,000 1.0013 1.0244 1.0546 1.1054
60 $ 1,000,000 150 $ 25,000 0.9999 1.0158 1.0310 1.0577
60 $ 1,000,000 150 $ 100,000 1.0009 1.0161 1.0303 1.0577
60 $ 1,000,000 150 $ 1,000,000 1.0010 1.0161 1.0303 1.0577
60 $ 1,000,000 400 $ 25,000 1.0011 1.0047 1.0133 1.0269
60 $ 1,000,000 400 $ 100,000 1.0014 1.0053 1.0126 1.0269
60 $ 1,000,000 400 $ 1,000,000 1.0014 1.0053 1.0128 1.0268
150 $ 25,000 60 $ 25,000 1.0042 1.0063 1.0079 1.0092
150 $ 25,000 60 $ 100,000 1.0042 1.0064 1.0081 1.0093
150 $ 25,000 60 $ 1,000,000 1.0042 1.0064 1.0081 1.0093
150 $ 25,000 150 $ 25,000 1.0024 1.0042 1.0067 1.0068
150 $ 25,000 150 $ 100,000 1.0026 1.0040 1.0069 1.0070
150 $ 25,000 150 $ 1,000,000 1.0026 1.0040 1.0069 1.0070
150 $ 25,000 400 $ 25,000 1.0016 1.0017 1.0028 1.0045
150 $ 25,000 400 $ 100,000 1.0018 1.0017 1.0034 1.0046
150 $ 25,000 400 $ 1,000,000 1.0018 1.0017 1.0033 1.0049
150 $ 100,000 60 $ 25,000 1.0057 1.0109 1.0143 1.0168
150 $ 100,000 60 $ 100,000 1.0057 1.0110 1.0145 1.0168
150 $ 100,000 60 $ 1,000,000 1.0057 1.0110 1.0145 1.0168
150 $ 100,000 150 $ 25,000 1.0038 1.0078 1.0102 1.0107
150 $ 100,000 150 $ 100,000 1.0038 1.0077 1.0102 1.0108
150 $ 100,000 150 $ 1,000,000 1.0038 1.0077 1.0102 1.0107
150 $ 100,000 400 $ 25,000 1.0018 1.0036 1.0044 1.0066
150 $ 100,000 400 $ 100,000 1.0021 1.0042 1.0056 1.0067
150 $ 100,000 400 $ 1,000,000 1.0021 1.0042 1.0056 1.0071
150 $ 1,000,000 60 $ 25,000 1.0056 1.0270 1.0461 1.0966
150 $ 1,000,000 60 $ 100,000 1.0064 1.0267 1.0461 1.0962
150 $ 1,000,000 60 $ 1,000,000 1.0064 1.0266 1.0461 1.0962
150 $ 1,000,000 150 $ 25,000 1.0042 1.0204 1.0363 1.0679
150 $ 1,000,000 150 $ 100,000 1.0044 1.0198 1.0366 1.0673
150 $ 1,000,000 150 $ 1,000,000 1.0043 1.0198 1.0365 1.0673
150 $ 1,000,000 400 $ 25,000 1.0024 1.0104 1.0219 1.0363
150 $ 1,000,000 400 $ 100,000 1.0027 1.0108 1.0215 1.0361
150 $ 1,000,000 400 $ 1,000,000 1.0027 1.0107 1.0215 1.0361
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Values of G(L, p) with Multiline Compound Poisson at Confidence Level of

nλ L mφ M 95% 98% 99% 99.5%

400 $ 25,000 60 $ 25,000 1.0018 1.0036 1.0047 1.0049
400 $ 25,000 60 $ 100,000 1.0019 1.0037 1.0047 1.0050
400 $ 25,000 60 $ 1,000,000 1.0018 1.0037 1.0047 1.0049
400 $ 25,000 150 $ 25,000 1.0018 1.0032 1.0033 1.0043
400 $ 25,000 150 $ 100,000 1.0018 1.0035 1.0032 1.0042
400 $ 25,000 150 $ 1,000,000 1.0018 1.0035 1.0033 1.0042
400 $ 25,000 400 $ 25,000 1.0007 1.0023 1.0030 1.0036
400 $ 25,000 400 $ 100,000 1.0008 1.0026 1.0032 1.0041
400 $ 25,000 400 $ 1,000,000 1.0008 1.0028 1.0032 1.0041
400 $ 100,000 60 $ 25,000 1.0031 1.0047 1.0080 1.0091
400 $ 100,000 60 $ 100,000 1.0031 1.0046 1.0078 1.0092
400 $ 100,000 60 $ 1,000,000 1.0031 1.0046 1.0078 1.0092
400 $ 100,000 150 $ 25,000 1.0024 1.0040 1.0067 1.0084
400 $ 100,000 150 $ 100,000 1.0024 1.0040 1.0065 1.0086
400 $ 100,000 150 $ 1,000,000 1.0024 1.0040 1.0065 1.0086
400 $ 100,000 400 $ 25,000 1.0017 1.0031 1.0056 1.0061
400 $ 100,000 400 $ 100,000 1.0019 1.0034 1.0060 1.0061
400 $ 100,000 400 $ 1,000,000 1.0018 1.0034 1.0060 1.0061
400 $ 1,000,000 60 $ 25,000 1.0059 1.0228 1.0370 1.0628
400 $ 1,000,000 60 $ 100,000 1.0061 1.0231 1.0374 1.0627
400 $ 1,000,000 60 $ 1,000,000 1.0061 1.0231 1.0374 1.0627
400 $ 1,000,000 150 $ 25,000 1.0046 1.0207 1.0321 1.0540
400 $ 1,000,000 150 $ 100,000 1.0050 1.0210 1.0319 1.0541
400 $ 1,000,000 150 $ 1,000,000 1.0050 1.0210 1.0319 1.0541
400 $ 1,000,000 400 $ 25,000 1.0040 1.0144 1.0232 1.0365
400 $ 1,000,000 400 $ 100,000 1.0041 1.0149 1.0238 1.0364
400 $ 1,000,000 400 $ 1,000,000 1.0041 1.0149 1.0238 1.0363

8.2.4 Quality of the Lognormal Approximation to the Upper Percentiles
of the Distribution

The upper percentiles of the aggregate distribution Tc(L,M) may be estimated using
a lognormal approximation using formulas (8.13) and (8.16), as was done in the various
monoline scenarios. The results are shown in Table 8.5. Reviewing this chart in comparison
to the monoline compound Poisson scenario and the normal approximation to the multiline
distribution, a few items stand out:

1. Generally, the worst lognormal approximation errors in the multiline setting are
slightly less severe than in the monoline setting.

2. As in the monoline setting, as long as the volume of claims is fairly low, the loss limits
(especially L, the X loss limit) are low, or the confidence level is not extremely high,
the approximations are very good.

3. Also as in the monoline setting, the lognormal approximation has less error than the
normal approximation.

4. Unlike the monoline setting, the typical multiline value of G is above unity, suggesting
that the lower variance of the Y portion of the combined loss T results in a higher
skewness to variance relationship in the multiline case (in conjunction with differing
tail thickness between X and Y ).

5. Note that the approximation error is the largest at the very high loss limits. Further,
at the other loss limits the approximation error is acceptable. so, the only limits where
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the approximation error might be a problem are limits that are high in comparison
to the expected aggregate loss (often, even greater than the expected aggregate loss).
Since limits that high should be beyond the 99.5th percentile of the individual loss
severity distribution, they should not be relevant in practical contexts.

In summary, the example shows that in most practical circumstances the lognormal
approximation will function quite well.

Table 8.5: Values of G for Lognormal Approximation to Multiline Compound
Poisson with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

Values of G(L, p) with Multiline Compound Poisson at Confidence Level of

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 1.0023 1.0011 0.9989 0.9990
60 $ 25,000 60 $ 100,000 1.0024 1.0007 0.9994 0.9998
60 $ 25,000 60 $ 1,000,000 1.0024 1.0006 0.9994 0.9997
60 $ 25,000 150 $ 25,000 1.0013 0.9993 0.9998 0.9979
60 $ 25,000 150 $ 100,000 1.0016 0.9997 0.9997 0.9975
60 $ 25,000 150 $ 1,000,000 1.0016 0.9998 0.9997 0.9977
60 $ 25,000 400 $ 25,000 1.0014 0.9996 0.9984 0.9979
60 $ 25,000 400 $ 100,000 1.0015 1.0001 0.9988 0.9986
60 $ 25,000 400 $ 1,000,000 1.0015 1.0002 0.9988 0.9989
60 $ 100,000 60 $ 25,000 1.0060 1.0054 1.0064 1.0070
60 $ 100,000 60 $ 100,000 1.0056 1.0053 1.0069 1.0065
60 $ 100,000 60 $ 1,000,000 1.0056 1.0052 1.0068 1.0064
60 $ 100,000 150 $ 25,000 1.0016 1.0026 1.0045 1.0040
60 $ 100,000 150 $ 100,000 1.0015 1.0030 1.0057 1.0034
60 $ 100,000 150 $ 1,000,000 1.0015 1.0031 1.0057 1.0035
60 $ 100,000 400 $ 25,000 1.0012 1.0010 0.9993 1.0008
60 $ 100,000 400 $ 100,000 1.0011 1.0017 1.0001 1.0004
60 $ 100,000 400 $ 1,000,000 1.0011 1.0017 1.0001 1.0005
60 $ 1,000,000 60 $ 25,000 0.9987 1.0123 1.0344 1.0734
60 $ 1,000,000 60 $ 100,000 0.9989 1.0119 1.0338 1.0755
60 $ 1,000,000 60 $ 1,000,000 0.9989 1.0119 1.0338 1.0754
60 $ 1,000,000 150 $ 25,000 0.9983 1.0088 1.0198 1.0420
60 $ 1,000,000 150 $ 100,000 0.9992 1.0091 1.0190 1.0419
60 $ 1,000,000 150 $ 1,000,000 0.9994 1.0091 1.0190 1.0419
60 $ 1,000,000 400 $ 25,000 1.0003 1.0018 1.0087 1.0205
60 $ 1,000,000 400 $ 100,000 1.0006 1.0023 1.0080 1.0204
60 $ 1,000,000 400 $ 1,000,000 1.0006 1.0023 1.0082 1.0204

150 $ 25,000 60 $ 25,000 1.0029 1.0010 0.9994 0.9976
150 $ 25,000 60 $ 100,000 1.0029 1.0010 0.9997 0.9977
150 $ 25,000 60 $ 1,000,000 1.0029 1.0010 0.9997 0.9977
150 $ 25,000 150 $ 25,000 1.0014 1.0003 1.0007 0.9986
150 $ 25,000 150 $ 100,000 1.0016 1.0002 1.0009 0.9987
150 $ 25,000 150 $ 1,000,000 1.0016 1.0002 1.0009 0.9987
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Values of G(L, p) with Multiline Compound Poisson at Confidence Level of

nλ L mφ M 95% 98% 99% 99.5%

150 $ 25,000 400 $ 25,000 1.0010 0.9996 0.9994 0.9999
150 $ 25,000 400 $ 100,000 1.0012 0.9995 1.0000 1.0000
150 $ 25,000 400 $ 1,000,000 1.0012 0.9996 1.0000 1.0003
150 $ 100,000 60 $ 25,000 1.0041 1.0043 1.0037 1.0024
150 $ 100,000 60 $ 100,000 1.0041 1.0043 1.0039 1.0023
150 $ 100,000 60 $ 1,000,000 1.0041 1.0043 1.0039 1.0023
150 $ 100,000 150 $ 25,000 1.0026 1.0031 1.0028 1.0006
150 $ 100,000 150 $ 100,000 1.0026 1.0030 1.0029 1.0007
150 $ 100,000 150 $ 1,000,000 1.0026 1.0030 1.0028 1.0006
150 $ 100,000 400 $ 25,000 1.0011 1.0011 1.0006 1.0013
150 $ 100,000 400 $ 100,000 1.0014 1.0018 1.0017 1.0015
150 $ 100,000 400 $ 1,000,000 1.0014 1.0017 1.0017 1.0018
150 $ 1,000,000 60 $ 25,000 1.0037 1.0185 1.0324 1.0769
150 $ 1,000,000 60 $ 100,000 1.0045 1.0182 1.0324 1.0765
150 $ 1,000,000 60 $ 1,000,000 1.0045 1.0182 1.0324 1.0765
150 $ 1,000,000 150 $ 25,000 1.0028 1.0146 1.0269 1.0548
150 $ 1,000,000 150 $ 100,000 1.0029 1.0140 1.0272 1.0542
150 $ 1,000,000 150 $ 1,000,000 1.0029 1.0140 1.0272 1.0542
150 $ 1,000,000 400 $ 25,000 1.0016 1.0075 1.0172 1.0299
150 $ 1,000,000 400 $ 100,000 1.0019 1.0078 1.0169 1.0297
150 $ 1,000,000 400 $ 1,000,000 1.0019 1.0078 1.0168 1.0296
400 $ 25,000 60 $ 25,000 1.0011 1.0010 1.0006 0.9992
400 $ 25,000 60 $ 100,000 1.0011 1.0011 1.0006 0.9993
400 $ 25,000 60 $ 1,000,000 1.0011 1.0011 1.0006 0.9993
400 $ 25,000 150 $ 25,000 1.0011 1.0010 0.9998 0.9996
400 $ 25,000 150 $ 100,000 1.0012 1.0013 0.9997 0.9994
400 $ 25,000 150 $ 1,000,000 1.0012 1.0013 0.9998 0.9994
400 $ 25,000 400 $ 25,000 1.0003 1.0007 1.0006 1.0003
400 $ 25,000 400 $ 100,000 1.0004 1.0011 1.0008 1.0008
400 $ 25,000 400 $ 1,000,000 1.0004 1.0012 1.0008 1.0008
400 $ 100,000 60 $ 25,000 1.0022 1.0014 1.0027 1.0019
400 $ 100,000 60 $ 100,000 1.0022 1.0013 1.0025 1.0020
400 $ 100,000 60 $ 1,000,000 1.0022 1.0012 1.0025 1.0020
400 $ 100,000 150 $ 25,000 1.0016 1.0012 1.0023 1.0023
400 $ 100,000 150 $ 100,000 1.0016 1.0012 1.0021 1.0026
400 $ 100,000 150 $ 1,000,000 1.0016 1.0012 1.0021 1.0026
400 $ 100,000 400 $ 25,000 1.0012 1.0012 1.0026 1.0021
400 $ 100,000 400 $ 100,000 1.0013 1.0015 1.0030 1.0021
400 $ 100,000 400 $ 1,000,000 1.0013 1.0015 1.0030 1.0020
400 $ 1,000,000 60 $ 25,000 1.0048 1.0184 1.0300 1.0530
400 $ 1,000,000 60 $ 100,000 1.0050 1.0187 1.0304 1.0529
400 $ 1,000,000 60 $ 1,000,000 1.0049 1.0187 1.0304 1.0529
400 $ 1,000,000 150 $ 25,000 1.0037 1.0170 1.0263 1.0460
400 $ 1,000,000 150 $ 100,000 1.0040 1.0173 1.0261 1.0460
400 $ 1,000,000 150 $ 1,000,000 1.0040 1.0173 1.0261 1.0460
400 $ 1,000,000 400 $ 25,000 1.0033 1.0120 1.0194 1.0313
400 $ 1,000,000 400 $ 100,000 1.0034 1.0125 1.0201 1.0311
400 $ 1,000,000 400 $ 1,000,000 1.0034 1.0125 1.0200 1.0311

8.2.5 The Debate over Where to Set Attachment Points of Multi-Line
Companies

There is considerable disagreement as to how reinsurance attachment points/retentions
should be set in multi-line insurance companies. Gilmore, writing in the Strain collection
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[62] gives several somewhat contradictory ideas. First, he posits that the overriding goal
should be to give management comfort that, should more losses turn out to be higher than
expected, various financial hurdles will still be met. He then suggests that, in order to control
the risk of the various lines of business sold by a company, the retentions for the different
lines should be equal percentages of the premiums sold (and hence percentages of TX =
expected losses in line X) in each line. He later suggests that retentions should be set with
an eye to the riskiness of each line of business, and the line of business manager’s acceptance
of risk within each line. He adds “beware of approaches that are overly actuarial”. Later
in the chapter, however, he often notes that the retention is often set as as percentage
of surplus, which would produce the same retention across all the lines of business. This
illustrates the opposing views within the insurance industry as to whether retentions should
be set lower in more risky lines, or whether the same retention should be used across all
lines. In the next section, this will be analyzed to produce an “actuarial” approach that
delivers the goods in terms of producing the lowest overall cost structure for the insurance
policies a insurer sells.

8.2.6 The Relationship Between the Attachment Points of Different
Lines

Given the debate as to how the attachment points of the two lines should be set, it
makes sense to use the theories of this dissertation to determine the optimal attachment
points. In this case the monoline equation (3.38) is used as a starting point. However, since
we have a two variable problem, we must simultaneously titrate both L, the attachment
point of the specific reinsurance on X, and M , the specific reinsurance attachment point for
Y . Further, the risk-free rate, tax rates1, and ν value are identical between the two lines,
and the joint profit of the two lines must also cover the risk-free return on non-admitted
assets. On the other hand, the reinsurers’ profit loadings lX and lY may differ between the
two lines. So, there are two key equations for the absolute optimal reinsurance retentions:
one in X,

∂

∂L

rFXA

(
F−1
Tc(L,M)(1− p)− E[Tc(L,M)]

)
+ ν(1−XU )× V ar1/2[Tc(L,M)]

1 + rFXA −XU

= lX
∂E[Tc(L,M)]

∂L
; (8.17)

and one in Y ,

∂

∂M

rFXA

(
F−1
Tc(L,M)(1− p)− E[Tc(L,M)]

)
+ ν(1−XU )× V ar1/2[Tc(L,M)]

1 + rFXA −XU

= lY
∂E[Tc(L,M)]

∂M
, (8.18)

where the constant rFU term from (3.38) is removed from both numerators. Note that the
equations are general and do not involve assumptions about independence, lack of parameter
uncertainty, etc.

1Of note, the tax rates could be modestly complicated if capital reinvestment restrictions vary by the
capital commitment period. That is not an approach suggested by this dissertation, but is worth noting.
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As in the other cases, the basic approach begins with the normal approximation F−1
Tc(L,M)(1−

p) ≈ E[Tc(L,M)] + Φ−1(1 − p)V ar1/2[Tc(L,M)]. Then, the derivative of the normal ap-
proximation is used to estimate the optimal retention. The last step is to validate that the
result produces an acceptable approximation to the retention. As background, consider the
two approximating equations:

∂

∂L

{rFXAΦ
−1(1− p) + ν(1−XU )}V ar1/2[Tc(L,M)]

1 + rFXA −XU
≈ lX

∂E[Tc(L,M)]

∂L
; (8.19)

and,

∂

∂M

{rFXAΦ
−1(1− p) + ν(1−XU )}V ar1/2[Tc(L,M)]

1 + rFXA −XU
≈ lY

∂E[Tc(L,M)]

∂M
. (8.20)

The equation in X, (8.19), will be dealt with by way of example. The equations are clearly
symmetric (except for use of lY instead of lX) in the two variables. Recall from (8.9) and
(8.10) that the joint mean is the sum of the individual means of the standalone (technically,
marginal) independent X and Y distributions, and similarly, that the variance is the sum
of the individual variances of the standalone X and Y distributions. Then, one may see
that

∂

∂L
E[Tc(L,M)] =

∂

∂L
nλE[Xc(L) = nλ

(
1− FX(L)

)
; (8.21)

and

∂

∂L
V ar[Tc(L,M)] =

∂

∂L
nλE[X2

c (L)] = 2nλL
(
1− FX(L)

)
. (8.22)

The latter in turn implies that

∂

∂L
V ar1/2[Tc(L,M)] =

∂

∂L

√
nλE[X2

c (L)] +mφE[Y 2
c (M)]

=
nλL

(
1− FX(L)

)
√
nλE[X2

c (L)] +mφE[Y 2
c (M)]

. (8.23)

Then, those three calculations may be substituted into equation (8.19) to produce

{
rFXAΦ

−1(1− p) + ν(1−XU )
)
nλL

(
1− FX(L)

}

V ar1/2[Tc(L,M)](1 + rFXA −XU )
= lXnλ

(
1− FX(L)

)
. (8.24)

That may be simplified and rewritten as

L

lX
=

V ar1/2[Tc(L,M)](1 + rFXA −XU )

rFXAΦ−1(1− p) + ν(1−XU )
. (8.25)

A similar analysis may be done on the (Y,M) side, producing

M

lY
=

V ar1/2[Tc(L,M)](1 + rFXA −XU )

rFXAΦ−1(1− p) + ν(1−XU )
. (8.26)

115



Now, by an analysis similar to that in Section 3.6 the optimal point occurs where both
equations hold for a specific pair (L,M). So, the right hand sides of both (8.25) and (8.26)
must be identical. Hence, at the optimal pair of retentions

L

lX
=

M

lY
. (8.27)

This gives a precise relationship between the retentions of the two components, specifically:

• The relative value of each retention is inversely proportional to the reinsurer’s expense
and profit load. Given a specific retention in one line, the relationship between the
other retention and the load in the other line is simple and uncomplicated.

• If there is no reason to believe that the expense and profit loading in the reinsurance
programs for X and Y are different, the retentions in the two lines should be identical.

This is a powerful result. Not only does it suggest a resolution of a long-standing
issue, but the solution comes down clearly on the side of one of the existing views (use
of identical retentions). Further, it describes the exact circumstances where modifications
may be needed. Lastly, the circumstances for using different retentions arise from expense
and profit differences, which were not even discussed in Gilmore [62].

8.2.7 Approximating the Optimal Attachment Points Using the Normal
Approximation

Now that the relationship between the two optimal caps is determined, the two-dimensional
problem of finding the two optimal retentions is replaced with a one dimensional problem
of finding the optimal retention for the X variable. To do so, one should set M = lY L/lX ,
then equation (8.19) converts to

∂

∂L

{
rFXAΦ

−1(1− p) + ν(1−XU )
}
V ar1/2[Tc(L, lY L/lX)]

1 + rFXA −XU

=
∂

∂L
{lXE[TXc(L)] + lY E[TYc(lY L/lX)]}. (8.28)

To evaluate this, note that, using the same support as in the previous equation (8.22),

∂

∂L
V ar[Tc(L, lY L/lX)] =

∂

∂L
{nλE[X2

c (L)] +mφE[Y 2
c (lY L/lX)]}

= 2nλL
(
1− FX(L)

)
+ 2mφ

l2Y
l2X

L{1− FY (lY L/lX)}. (8.29)

Therefore,

∂V ar1/2[Tc(L, lY L/lX)]

∂L
=

nλL
(
1− FX(L)

)
+mφ

l2Y
l2X
L
(
1− FY (lY L/lX)

)
√
nλE[X2

c (L)] +mφE[Y 2
c (lY L/lX)]

. (8.30)
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Then, evaluating the derivative of the reinsurance load is also key, and follows per the
equation restated from (8.21) as

∂

∂L

(
lXE[TXc(L)] + lY E[TYc(L,lY L/lX)]

)
= lX

[
nλ
(
1− FX(L)

)
+ φ

l2Y
l2X

(
1− FY (lY L/lX)

)]
.

(8.31)

Those results may then be substituted into equation (8.28), to get

rFXAΦ
−1(1− p) + ν(1−XU )

1 + rFXA −XU
×

nλL
(
1− FX(L)

)
+mφ

l2Y
l2X
L
(
1− FY (lY L/lX)

)
√
nλE[X2

c (L)] +mφE[Y 2
c (lY L/lX)]

= lX

[
nλ
(
1− FX(L)

)
+ φ

l2Y
l2X

(1− FY

(
lY L/lX)

)]
. (8.32)

As before, common terms, including most of the right hand side, may be canceled, leaving

L√
nλE[X2

c (L)] +mφE[Y 2
c (lY L/lX)]

= lX
1 + rFXA −XU

rFXAΦ−1(1− p) + ν(1−XU )
. (8.33)

Alternately, this may be restated (taking the square, as in previous sections) as

nλE[X2
c (L)] +mφE[Y 2

c (lY L/lX)]

L2
=

(
rFXAΦ

−1(1− p) + ν(1−XU )
)2

l2X(1 + rFXA −XU )2
, (8.34)

which clearly parallels equation (4.5). In summary, that equation, together with equation
(8.27), creates a complete formula for the estimate of the optimal retention.

8.2.8 The Case of More than Two Lines of Business

In practice, many insurance companies sell more than two lines of business. Hence,
results that involve an arbitrary number of lines of business will be very useful. However,
a review of the calculations of the previous two sections will show that the same general
principles apply to combinations of more than two compound Poisson distributions. Specif-
ically, one may assume that the loss severity function for line j is Xj , the expected claim
counts for each line j are njλj , and that there are “i” separate lines of business. Therefore,
if one defines

TZc(L1,...,Li) =

i∑

j=1

T(Xj)c(Lj), (8.35)

then

E[TZc(L1,...,Li)] =

i∑

j=1

njλjE[(Xj)c(Lj)], (8.36)

and

V ar[TZc(L1,...,Li)] =

i∑

j=1

njλjE
[(
(Xj)c(Lj)

)2]
. (8.37)
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Further, if the reinsurance loading factor on each line “j” is “lj”, and its optimal retention
is “Lj”, then equation (8.27) for the relationship between the optimal retentions in the
various lines becomes

L1

l1
=

L2

l2
= · · · = Li

li
. (8.38)

Further, equation (8.34) for the optimal retention in the first line (with symmetry covering
the other lines) becomes

n1λ1E[X2
1c(L1)] + · · ·+ niλiE[X2

i c(liLi/l1)]

L2
1

=

(
rFXAΦ

−1(1− p) + ν(1−XU )
)2

l21(1 + rFXA −XU )2
,

(8.39)

with the meaning of the notation apparent in context. These results provide formulas for
the key quantities needed to analyze insurance companies with an arbitrary number of
lines of business. As such, they may be used to provide such companies with meaningful
operational advice.

8.2.9 Relating the Error in the Normal Approximation to the Error in
the Optimal Attachment Points

The next question to ask involves whether or not the normal approximation to the partial
derivatives of the various percentiles, on which Sections 8.2.6, 8.2.7, and 8.2.8 depend, has
suitable quality. As before, the resolution to that question involves comparing the partial
derivatives of the various percentiles to the partial derivatives of the normal approximations.
Further, that should be done at a variety of expected count and loss limit scenarios. To
that end, it worth noting that, for each of the optimal limits L and M (only the equations
for ∂L are shown), we have a situation analogous to that of equation (3.40),

∂

∂L
A(F−1

Tc(L,M)(1−p)−E[Tc(L,M)])+BV ar1/2[Tc(L,M)]+C = D
∂E[Tc(L,M)]

∂L
, (8.40)

where the convenience constants are (as in equation (3.41))

A =
rFXA

1 + rFXA −XU
, B =

ν(1−XU )

1 + rFXA −XU
, C =

rFU

1 + rFXA −XU
, and DX = lX . (8.41)

Then the alternate normal approximating equation has a slightly different root at what is
now an ordered pair of (L+∆L,M +∆M). Specifically,

∂

∂L
(AΦ−1(1− p)V ar1/2[Tc(L+∆L,M +∆M)] +BV ar1/2[Tc(L+∆L,M +∆M)] + C)

= DX
∂E[Tc(L+∆L,M +∆M)]

∂L
= DX

∂E[(TX)c(L+∆L)]

∂L
, (8.42)

and

∂

∂M
(AΦ−1(1− p)V ar1/2[Tc(L+∆L,M +∆M)] +BV ar1/2[Tc(L+∆L,M +∆M)] + C)

= DY
∂E[Tc(L+∆L,M +∆M)]

∂M
= DY

∂E[(TY )c(M +∆M)]

∂M
. (8.43)
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Then we need only subtract the first equation (8.40) from the second ((8.42) above), and
divide by ∆L. Subtracting left hand sides gives (using an analysis similar to that underlying
equation (3.45), with similar limitations)

∂

∂L

(
A
Φ−1(1− p)V ar1/2[Tc(L+∆L,M +∆M)]− F−1

Tc(L,M)(1− p) + E[Tc(L,M)]

∆L

+B
V ar1/2[Tc(L+∆L,M +∆M)]− V ar1/2[Tc(L,M)]

∆L
+

C − C

∆L

)

= A

∂
∂L

(
Φ−1(1− p)V ar1/2[Tc(L,M)]− F−1

Tc(L)
(1− p) + E[Tc(L,M)]

)

∆L

+AΦ−1(1− p)
∂2

∂L2
V ar1/2[Tc(L,M)] +A

∆M

∆L
Φ−1(1− p)

∂2

∂L∂M
V ar1/2[Tc(L,M)]

+B

(
∂2

∂L2
V ar1/2[Tc(L,M)] +

∆M

∆L

∂2

∂L∂M
V ar1/2[Tc(L,M)]

)

+O
(
∆L

L

)
+O

(
(∆M)2

M∆L

)
. (8.44)

Subtracting right hand sides of equations (8.40) and (8.42) gives

DX
∂E[(TX)c(L+∆L)]

∂L −DX
∂E[(TX)c(L)]

∂L

∆L
= DX

∂2E[(TX)c(L)]

∂L2
+O

(
∆L

L

)
.

Then, combining the left and right hand sides provides the approximation

∂

∂L

(
A
Φ−1(1− p)V ar1/2[Tc(L+∆L,M +∆M)]− F−1

Tc(L,M)(1− p) + E[Tc(L,M)]

∆L

+
(
AΦ−1(1− p) +B

)( ∂2

∂L2
V ar1/2[Tc(L,M)] +

∂2

∂L∂M

∆M

∆L
V ar1/2[Tc(L,M)]

)

≈ DX
∂2E[(TX)c(L)]

∂L2
, (8.45)

or

∆L ≈
A

(
∂
∂L

Φ−1(1−p)V ar1/2[Tc(L,M)]− ∂
∂L

(
F−1
Tc(L,M)

(1−p)−E[Tc(L,M)]
))

DX
∂2E[TXc(L)]

∂L2 −
(
AΦ−1(1−p)+B

)(
∂2

∂L2 V ar1/2[Tc(L,M)]+ ∂2

∂L∂M
∆M
∆L

V ar1/2[Tc(L,M)]

) .

(8.46)
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Plugging in the values of A,B, C, and D, it follows that

∆L ≈ rFXA

(
∂

∂L
Φ−1(1− p)V ar1/2[Tc(L,M)]− ∂

∂L

(
F−1
Tc(L,M)(1− p)− E[Tc(L,M)]

))

÷
[
lX(1 + rFXA −XU )

∂2E[TXc(L)]

∂L2

−
(
rFXAΦ

−1(1− p) + ν(1−XU )
)

×
(

∂2

∂L2
V ar1/2[Tc(L,M)] +

∂2

∂L∂M

∆M

∆L
V ar1/2[Tc(L,M)]

)]
. (8.47)

By symmetry, one may see that

∆M ≈ rFXA

(
∂

∂M
Φ−1(1− p)V ar1/2[Tc(L,M)]− ∂

∂M

(
F−1
Tc(L,M)(1− p)− E[Tc(L,M)]

))

÷
[
lY (1 + rFXA −XU )

∂2E[TY c(M)]

∂M2

−
(
rFXAΦ

−1(1− p) + ν(1−XU )
)

×
(

∂2

∂M2
V ar1/2[Tc(L,M)] +

∂2

∂L∂M

∆L

∆M
V ar1/2[Tc(L,M)]

)]
. (8.48)

That in turn converts to a matrix equation

C ×
[

∆L
∆M

]
≈ ∇L,M

(
Φ−1(1− p)V ar1/2[Tc(L,M)] + E[Tc(L,M)]− F−1

Tc(L,M)(1− p)

)

=

[
D1

D2

]
, (8.49)

where ∇L,M represents the gradient with respect to L and M of the term in brackets, and

C1,1 =
lX(1 + rFXA −XU )

rFXA

∂2

∂L2
E[Tc(L,M)]

−
(
Φ−1(1− p) +

ν(1−XU )

rFXA

)
∂2

∂L2
V ar1/2[Tc(L,M)], (8.50)

C1,2 = −
(
Φ−1(1− p) +

ν(1−XU )

rFXA

)
∂2

∂L∂M
V ar1/2[Tc(L,M)], (8.51)

C2,1 = C1,2, and (8.52)

C2,2 =
lY (1 + rFXA −XU )

rFXA

∂2

∂M2
E[Tc(L,M)]

−
(
Φ−1(1− p) +

ν(1−XU )

rFXA

)
∂2

∂M2
V ar1/2[Tc(L,M)]. (8.53)

Further, the D values represent the errors in the normal approximation to the two first
order derivatives as approximations of the derivatives of F−1

Tc(L,M)(1−p) at the true optimal
retention, or

D1 =
∂

∂L

(
Φ−1(1− p)V ar1/2[Tc(L,M)] + E[Tc(L,M)]− F−1

Tc(L,M)(1− p)

)
, (8.54)
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and

D2 =
∂

∂M

(
Φ−1(1− p)V ar1/2[Tc(L,M)] + E[Tc(L,M)]− F−1

Tc(L,M)(1− p)

)
. (8.55)

In this case the partial derivatives are easy to compute2 as

∂2

∂L2
E[Tc(L,M)] = −nλsX(L), (8.56)

∂2

∂M2
E[Tc(L,M)] = −mφsY (M), (8.57)

∂2

∂L2
V ar1/2[Tc(L,M)] =

nλ
(
1− FX(L)− LsX(L)

)

V ar1/2[Tc(L,M)]
− n2λ2L2

(
1− FX(L)

)2

V ar3/2[Tc(L,M)]
,

(8.58)

∂2

∂M2
V ar1/2[Tc(L,M)] =

mφ
(
1− FY (L)−MsY (M)

)

V ar1/2[Tc(L,M)]
− m2φ2M2

(
1− FY (M)

)2

V ar3/2[Tc(L,M)]
,

(8.59)

and

∂2

∂M2
V ar1/2[Tc(L,M)] = −nλmφL

(
1− FX(L)

)
M
(
1− FY (M)

)

V ar3/2[Tc(L,M)]
. (8.60)

As a last step, the standard solution of a 2× 2 matrix gives closed form approximations to
the errors in the retention estimates of:

∆L ≈ D1C2,2 −D2C1,2
C1,1C2,2 − C1,2C2,1

, (8.61)

and

∆M ≈ D2C1,1 −D1C2,1
C1,1C2,2 − C1,2C2,1

. (8.62)

Those equations, in conjunction with the formulas for the Ci,j ’s, may be used to convert
the error induced by using the normal approximation to the derivative into the error in
estimating the optimal attachment points.

2When a multiline distribution other than a compound Poisson is involved, the equations may be more
complex.
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8.2.10 The Error in the Optimal Attachment Point Estimates

Since the formula for estimating the error in the optimal retention estimates is now
established, the next step is to test its utility with a numerical example. Once again, the
example distribution used will include X’s with a Pareto(2.2, 5000) distribution and Y ’s
with a Pareto(4, 4500) distribution. The first step is to show the error in the normal ap-
proximations to the partial derivatives for the various confidence levels3. The approximation
errors (per Monte Carlo estimates of the derivatives of the percentiles) are shown in Table
8.6. Of course, the relationships between the errors in the estimates of the optimal L and
M values and the true L and M values are the key. But it is worth noting that larger errors
are associated with larger confidence levels and higher loss caps.

Table 8.6: Errors in Normal Approximation to L-Derivative for Multiline
Compound Poisson with X Distributed Pareto(2.2, 5000) and Y Distributed
Pareto(4, 4500)

Values of DL[Φ
−1(1− p)σc(L,M) + µc(L,M) − F−1

c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 (0.1163) (0.0808) (0.3345) (0.6926)
60 $ 25,000 60 $ 100,000 (0.1006) (0.0748) (0.2942) (0.5582)
60 $ 25,000 60 $ 1,000,000 (0.1006) (0.0865) (0.2943) (0.5583)
60 $ 25,000 150 $ 25,000 (0.0555) 0.1014 (0.2180) (0.4811)
60 $ 25,000 150 $ 100,000 (0.0576) (0.2230) 0.0470 (0.1383)
60 $ 25,000 150 $ 1,000,000 (0.0577) (0.2240) 0.0485 (0.0541)
60 $ 25,000 400 $ 25,000 (0.1645) (0.2076) (0.2849) 0.1975
60 $ 25,000 400 $ 100,000 (0.2422) (0.0667) (0.5317) (0.0985)
60 $ 25,000 400 $ 1,000,000 (0.1536) (0.0523) (0.3699) (0.3216)
60 $ 100,000 60 $ 25,000 (0.0623) (0.1210) (0.1639) (0.0482)
60 $ 100,000 60 $ 100,000 (0.0567) (0.1372) (0.0769) (0.0932)
60 $ 100,000 60 $ 1,000,000 (0.0614) (0.1372) (0.0769) (0.0932)
60 $ 100,000 150 $ 25,000 (0.0050) (0.0417) (0.1067) 0.0095
60 $ 100,000 150 $ 100,000 (0.0247) (0.1001) (0.1873) 0.0075
60 $ 100,000 150 $ 1,000,000 (0.0156) (0.1055) (0.1873) (0.0017)
60 $ 100,000 400 $ 25,000 (0.0551) (0.0183) (0.2513) (0.1049)
60 $ 100,000 400 $ 100,000 (0.0326) 0.0713 (0.0821) (0.1002)
60 $ 100,000 400 $ 1,000,000 (0.0371) 0.0742 (0.1439) (0.1690)
60 $ 1,000,000 60 $ 25,000 0.0077 0.0095 0.0107 0.0118
60 $ 1,000,000 60 $ 100,000 0.0077 0.0095 0.0107 0.0118
60 $ 1,000,000 60 $ 1,000,000 0.0077 0.0095 0.0107 0.0118
60 $ 1,000,000 150 $ 25,000 0.0070 0.0086 0.0096 0.0106
60 $ 1,000,000 150 $ 100,000 0.0069 0.0085 0.0096 0.0106
60 $ 1,000,000 150 $ 1,000,000 0.0069 0.0085 0.0096 0.0106
60 $ 1,000,000 400 $ 25,000 0.0057 0.0069 0.0078 0.0086
60 $ 1,000,000 400 $ 100,000 0.0056 0.0069 0.0078 0.0085
60 $ 1,000,000 400 $ 1,000,000 0.0056 0.0069 0.0078 0.0085

3In this case, the derivatives of the mean and standard deviation were computed analytically, and the
various partial derivatives of the percentiles were approximated using the Monte Carlo sample discussed
earlier in this section.
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. . . Table 8.6 Continued from Previous Page . . .
Values of DL[Φ

−1(1− p)σc(L,M) + µc(L,M) − F−1
c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

150 $ 25,000 60 $ 25,000 (0.4618) (0.2708) (0.5528) (0.4450)
150 $ 25,000 60 $ 100,000 (0.3847) (0.2959) (0.3337) (0.6071)
150 $ 25,000 60 $ 1,000,000 (0.3744) (0.2960) (0.3338) (0.6072)
150 $ 25,000 150 $ 25,000 (0.0146) (0.2523) (0.5855) 0.4428
150 $ 25,000 150 $ 100,000 (0.1604) (0.1944) (0.5681) 0.3765
150 $ 25,000 150 $ 1,000,000 (0.1360) (0.2308) (0.4694) 0.3762
150 $ 25,000 400 $ 25,000 (0.2727) (0.0151) (0.1567) (0.3095)
150 $ 25,000 400 $ 100,000 (0.3320) (0.2709) (0.6963) (0.7591)
150 $ 25,000 400 $ 1,000,000 (0.3417) (0.2788) (0.6966) (0.7525)
150 $ 100,000 60 $ 25,000 (0.1987) (0.1269) (0.2286) (0.2856)
150 $ 100,000 60 $ 100,000 (0.2128) (0.1822) (0.2513) (0.2385)
150 $ 100,000 60 $ 1,000,000 (0.2128) (0.1822) (0.2513) (0.2386)
150 $ 100,000 150 $ 25,000 (0.0647) (0.1921) (0.0143) (0.1914)
150 $ 100,000 150 $ 100,000 (0.0768) (0.2130) (0.0574) (0.2660)
150 $ 100,000 150 $ 1,000,000 (0.0768) (0.2429) (0.0574) (0.2824)
150 $ 100,000 400 $ 25,000 (0.0295) (0.1115) (0.2016) (0.0824)
150 $ 100,000 400 $ 100,000 0.0075 (0.0918) (0.2801) (0.1622)
150 $ 100,000 400 $ 1,000,000 (0.0022) (0.0919) (0.2802) (0.1182)
150 $ 1,000,000 60 $ 25,000 0.0133 0.0163 0.0183 0.0126
150 $ 1,000,000 60 $ 100,000 0.0133 0.0163 0.0183 0.0126
150 $ 1,000,000 60 $ 1,000,000 0.0133 0.0163 0.0183 0.0126
150 $ 1,000,000 150 $ 25,000 0.0127 0.0155 0.0174 0.0046
150 $ 1,000,000 150 $ 100,000 0.0126 0.0155 0.0173 0.0045
150 $ 1,000,000 150 $ 1,000,000 0.0126 0.0155 0.0173 0.0045
150 $ 1,000,000 400 $ 25,000 0.0113 0.0138 0.0150 (0.0176)
150 $ 1,000,000 400 $ 100,000 0.0113 0.0138 0.0101 (0.0136)
150 $ 1,000,000 400 $ 1,000,000 0.0113 0.0138 0.0101 (0.0136)
400 $ 25,000 60 $ 25,000 (0.3694) (0.9781) (0.2795) (0.1700)
400 $ 25,000 60 $ 100,000 (0.3576) (0.8894) (0.4493) 0.1149
400 $ 25,000 60 $ 1,000,000 (0.3577) (0.8895) (0.4494) 0.1147
400 $ 25,000 150 $ 25,000 (0.1905) (0.6567) (0.9424) (0.3285)
400 $ 25,000 150 $ 100,000 (0.0830) (0.4965) (1.0345) (0.2515)
400 $ 25,000 150 $ 1,000,000 (0.0832) (0.4967) (1.1006) (0.2518)
400 $ 25,000 400 $ 25,000 0.2536 (0.3562) (1.1304) (0.1248)
400 $ 25,000 400 $ 100,000 (0.0748) (0.5766) (0.7528) 0.4903
400 $ 25,000 400 $ 1,000,000 (0.0750) (0.5608) (0.7397) 0.4900
400 $ 100,000 60 $ 25,000 (0.0751) (0.0181) (0.0943) (0.2311)
400 $ 100,000 60 $ 100,000 (0.0603) (0.1205) (0.0616) (0.3623)
400 $ 100,000 60 $ 1,000,000 (0.0603) (0.1206) (0.0616) (0.3623)
400 $ 100,000 150 $ 25,000 (0.0766) (0.1829) (0.1516) (0.4218)
400 $ 100,000 150 $ 100,000 (0.0859) (0.1786) (0.1501) (0.3685)
400 $ 100,000 150 $ 1,000,000 (0.0860) (0.1777) (0.1501) (0.3685)
400 $ 100,000 400 $ 25,000 (0.1354) 0.0111 (0.1401) (0.5596)
400 $ 100,000 400 $ 100,000 (0.1260) (0.0614) (0.1710) (0.6006)
400 $ 100,000 400 $ 1,000,000 (0.1260) (0.0583) (0.1609) (0.6007)
400 $ 1,000,000 60 $ 25,000 0.0221 (0.0013) (0.0455) (0.2456)
400 $ 1,000,000 60 $ 100,000 0.0225 (0.0072) (0.0440) (0.2473)
400 $ 1,000,000 60 $ 1,000,000 0.0225 (0.0072) (0.0440) (0.2473)
400 $ 1,000,000 150 $ 25,000 0.0195 (0.0076) (0.0462) (0.2774)
400 $ 1,000,000 150 $ 100,000 0.0192 (0.0041) (0.0425) (0.2748)
400 $ 1,000,000 150 $ 1,000,000 0.0192 (0.0041) (0.0425) (0.2748)
400 $ 1,000,000 400 $ 25,000 0.0128 (0.0026) (0.0835) (0.2917)
400 $ 1,000,000 400 $ 100,000 0.0173 (0.0067) (0.0725) (0.2913)
400 $ 1,000,000 400 $ 1,000,000 0.0173 (0.0067) (0.0725) (0.2913)

Similarly, for the error inherent in the normal approximation to the M -derivative of
the percentiles, we get the approximation errors in Table 8.7. Note that due to the rarity
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of losses of $1 million or more in the Pareto(4, 4500) distribution, both derivatives are
essentially zero at M = $1 million.

Table 8.7: Errors in Normal Approximation to M -Derivative for Multiline
Compound Poisson with X Distributed Pareto(2.2, 5000) and Y Distributed
Pareto(4, 4500)

Values of DM [Φ−1(1− p)σc(L,M) + µc(L,M) − F−1
c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 0.0109 0.0608 (0.1790) 0.0834
60 $ 25,000 60 $ 100,000 (0.0032) 0.0008 0.0009 0.0009
60 $ 25,000 60 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 25,000 150 $ 25,000 (0.1241) 0.1066 (0.1490) 0.0219
60 $ 25,000 150 $ 100,000 (0.0045) 0.0018 (0.0024) (0.1007)
60 $ 25,000 150 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 25,000 400 $ 25,000 (0.0757) 0.0928 0.0215 (0.0335)
60 $ 25,000 400 $ 100,000 (0.0364) 0.0039 (0.0911) (0.2751)
60 $ 25,000 400 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 100,000 60 $ 25,000 0.0718 0.0639 0.0730 0.1002
60 $ 100,000 60 $ 100,000 0.0006 0.0007 0.0008 0.0009
60 $ 100,000 60 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 100,000 150 $ 25,000 0.1734 0.1430 0.1194 0.2015
60 $ 100,000 150 $ 100,000 0.0014 (0.0059) 0.0018 0.0019
60 $ 100,000 150 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 100,000 400 $ 25,000 0.4169 0.4235 0.3836 0.4543
60 $ 100,000 400 $ 100,000 0.0010 0.0038 (0.0258) 0.0043
60 $ 100,000 400 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 1,000,000 60 $ 25,000 0.0827 0.0897 0.0906 0.0886
60 $ 1,000,000 60 $ 100,000 0.0006 0.0007 0.0007 0.0008
60 $ 1,000,000 60 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 1,000,000 150 $ 25,000 0.1993 0.2085 0.2189 0.2288
60 $ 1,000,000 150 $ 100,000 0.0006 0.0016 0.0017 0.0018
60 $ 1,000,000 150 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
60 $ 1,000,000 400 $ 25,000 0.5078 0.5383 0.5595 0.5647
60 $ 1,000,000 400 $ 100,000 0.0029 0.0037 0.0039 0.0042
60 $ 1,000,000 400 $ 1,000,000 0.0000 0.0000 0.0000 0.0000

150 $ 25,000 60 $ 25,000 0.0203 0.0794 (0.0749) (0.0658)
150 $ 25,000 60 $ 100,000 0.0006 0.0006 0.0007 0.0007
150 $ 25,000 60 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 25,000 150 $ 25,000 (0.0351) 0.0124 (0.1211) (0.0872)
150 $ 25,000 150 $ 100,000 0.0013 (0.0338) (0.0600) 0.0017
150 $ 25,000 150 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 25,000 400 $ 25,000 (0.0080) (0.1444) (0.1063) (0.0648)
150 $ 25,000 400 $ 100,000 (0.0155) (0.0251) 0.0038 0.0040
150 $ 25,000 400 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 100,000 60 $ 25,000 0.0757 0.0748 0.0738 0.0552
150 $ 100,000 60 $ 100,000 0.0005 0.0006 0.0006 0.0007
150 $ 100,000 60 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 100,000 150 $ 25,000 0.1516 0.1716 0.1531 0.1658
150 $ 100,000 150 $ 100,000 0.0012 (0.0011) (0.0105) (0.0094)
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. . . Table 8.7 Continued from Previous Page . . .
Values of DM [Φ−1(1− p)σc(L,M) + µc(L,M) − F−1

c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

150 $ 100,000 150 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 100,000 400 $ 25,000 0.3710 0.3798 0.4051 0.3544
150 $ 100,000 400 $ 100,000 (0.0128) 0.0031 0.0034 (0.0019)
150 $ 100,000 400 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 1,000,000 60 $ 25,000 0.0763 0.0791 0.0836 0.0845
150 $ 1,000,000 60 $ 100,000 0.0005 0.0005 0.0006 0.0006
150 $ 1,000,000 60 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 1,000,000 150 $ 25,000 0.1889 0.1984 0.1986 0.2083
150 $ 1,000,000 150 $ 100,000 0.0012 0.0013 0.0014 0.0015
150 $ 1,000,000 150 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
150 $ 1,000,000 400 $ 25,000 0.4938 0.5117 0.5215 0.5343
150 $ 1,000,000 400 $ 100,000 0.0029 0.0030 0.0034 0.0036
150 $ 1,000,000 400 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
400 $ 1,000,000 60 $ 25,000 0.0700 0.0682 0.0682 0.0772
400 $ 1,000,000 60 $ 100,000 0.0004 0.0004 0.0004 0.0005
400 $ 1,000,000 60 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
400 $ 1,000,000 150 $ 25,000 0.1708 0.1781 0.1871 0.1862
400 $ 1,000,000 150 $ 100,000 0.0008 0.0010 0.0011 0.0012
400 $ 1,000,000 150 $ 1,000,000 0.0000 0.0000 0.0000 0.0000
400 $ 1,000,000 400 $ 25,000 0.4659 0.4782 0.4821 0.4962
400 $ 1,000,000 400 $ 100,000 0.0025 0.0027 0.0029 0.0030
400 $ 1,000,000 400 $ 1,000,000 0.0000 0.0000 0.0000 0.0000

Next, the matrix values for converting derivative approximation error to retention ap-
proximation error, the“Ci,j”s’, per equations (8.50) through (8.53), are shown in Tables
8.8-8.10. Of note, their values are sometimes quite extreme. However, as stated earlier, the
error in the retention estimate is the key value.

Table 8.8: Error Conversion Matrix Factors C1,1 for Multiline Compound Poisson
with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

C1,1 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 -3.34E-03 -3.33E-03 -3.33E-03 -3.32E-03
60 $ 25,000 60 $ 100,000 -3.34E-03 -3.33E-03 -3.33E-03 -3.32E-03
60 $ 25,000 60 $ 1,000,000 -3.34E-03 -3.33E-03 -3.33E-03 -3.32E-03
60 $ 25,000 150 $ 25,000 -3.36E-03 -3.35E-03 -3.34E-03 -3.34E-03
60 $ 25,000 150 $ 100,000 -3.36E-03 -3.35E-03 -3.34E-03 -3.34E-03
60 $ 25,000 150 $ 1,000,000 -3.36E-03 -3.35E-03 -3.34E-03 -3.34E-03
60 $ 25,000 400 $ 25,000 -3.38E-03 -3.37E-03 -3.37E-03 -3.36E-03
60 $ 25,000 400 $ 100,000 -3.38E-03 -3.37E-03 -3.37E-03 -3.36E-03
60 $ 25,000 400 $ 1,000,000 -3.38E-03 -3.37E-03 -3.37E-03 -3.36E-03
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C1,1 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

60 $ 100,000 60 $ 25,000 -3.88E-05 -3.83E-05 -3.80E-05 -3.77E-05
60 $ 100,000 60 $ 100,000 -3.88E-05 -3.83E-05 -3.80E-05 -3.77E-05
60 $ 100,000 60 $ 1,000,000 -3.88E-05 -3.83E-05 -3.80E-05 -3.77E-05
60 $ 100,000 150 $ 25,000 -3.93E-05 -3.89E-05 -3.86E-05 -3.83E-05
60 $ 100,000 150 $ 100,000 -3.93E-05 -3.89E-05 -3.86E-05 -3.83E-05
60 $ 100,000 150 $ 1,000,000 -3.93E-05 -3.89E-05 -3.86E-05 -3.83E-05
60 $ 100,000 400 $ 25,000 -4.03E-05 -3.99E-05 -3.97E-05 -3.95E-05
60 $ 100,000 400 $ 100,000 -4.03E-05 -3.99E-05 -3.97E-05 -3.95E-05
60 $ 100,000 400 $ 1,000,000 -4.03E-05 -3.99E-05 -3.97E-05 -3.95E-05
60 $ 1,000,000 60 $ 25,000 -2.38E-09 3.74E-09 7.82E-09 1.16E-08
60 $ 1,000,000 60 $ 100,000 -2.41E-09 3.71E-09 7.79E-09 1.15E-08
60 $ 1,000,000 60 $ 1,000,000 -2.41E-09 3.71E-09 7.79E-09 1.15E-08
60 $ 1,000,000 150 $ 25,000 -8.08E-09 -2.72E-09 8.60E-10 4.13E-09
60 $ 1,000,000 150 $ 100,000 -8.22E-09 -2.87E-09 6.90E-10 3.95E-09
60 $ 1,000,000 150 $ 1,000,000 -8.23E-09 -2.88E-09 6.82E-10 3.94E-09
60 $ 1,000,000 400 $ 25,000 -1.62E-08 -1.19E-08 -9.08E-09 -6.47E-09
60 $ 1,000,000 400 $ 100,000 -1.63E-08 -1.21E-08 -9.22E-09 -6.61E-09
60 $ 1,000,000 400 $ 1,000,000 -1.63E-08 -1.21E-08 -9.23E-09 -6.62E-09

150 $ 25,000 60 $ 25,000 -8.43E-03 -8.41E-03 -8.39E-03 -8.38E-03
150 $ 25,000 60 $ 100,000 -8.43E-03 -8.41E-03 -8.39E-03 -8.38E-03
150 $ 25,000 60 $ 1,000,000 -8.43E-03 -8.41E-03 -8.39E-03 -8.38E-03
150 $ 25,000 150 $ 25,000 -8.44E-03 -8.42E-03 -8.41E-03 -8.40E-03
150 $ 25,000 150 $ 100,000 -8.44E-03 -8.43E-03 -8.41E-03 -8.40E-03
150 $ 25,000 150 $ 1,000,000 -8.44E-03 -8.43E-03 -8.41E-03 -8.40E-03
150 $ 25,000 400 $ 25,000 -8.47E-03 -8.45E-03 -8.45E-03 -8.44E-03
150 $ 25,000 400 $ 100,000 -8.47E-03 -8.45E-03 -8.45E-03 -8.44E-03
150 $ 25,000 400 $ 1,000,000 -8.47E-03 -8.45E-03 -8.45E-03 -8.44E-03
150 $ 100,000 60 $ 25,000 -9.92E-05 -9.85E-05 -9.79E-05 -9.75E-05
150 $ 100,000 60 $ 100,000 -9.92E-05 -9.85E-05 -9.80E-05 -9.75E-05
150 $ 100,000 60 $ 1,000,000 -9.92E-05 -9.85E-05 -9.80E-05 -9.75E-05
150 $ 100,000 150 $ 25,000 -9.97E-05 -9.89E-05 -9.85E-05 -9.80E-05
150 $ 100,000 150 $ 100,000 -9.97E-05 -9.89E-05 -9.85E-05 -9.80E-05
150 $ 100,000 150 $ 1,000,000 -9.97E-05 -9.89E-05 -9.85E-05 -9.80E-05
150 $ 100,000 400 $ 25,000 -1.01E-04 -1.00E-04 -9.97E-05 -9.93E-05
150 $ 100,000 400 $ 100,000 -1.01E-04 -1.00E-04 -9.97E-05 -9.93E-05
150 $ 100,000 400 $ 1,000,000 -1.01E-04 -1.00E-04 -9.97E-05 -9.93E-05
150 $ 1,000,000 60 $ 25,000 -3.29E-08 -2.35E-08 -1.72E-08 -1.14E-08
150 $ 1,000,000 60 $ 100,000 -3.29E-08 -2.35E-08 -1.72E-08 -1.15E-08
150 $ 1,000,000 60 $ 1,000,000 -3.29E-08 -2.35E-08 -1.72E-08 -1.15E-08
150 $ 1,000,000 150 $ 25,000 -3.74E-08 -2.86E-08 -2.27E-08 -1.73E-08
150 $ 1,000,000 150 $ 100,000 -3.75E-08 -2.87E-08 -2.29E-08 -1.75E-08
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C1,1 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

150 $ 1,000,000 150 $ 1,000,000 -3.75E-08 -2.88E-08 -2.29E-08 -1.75E-08
150 $ 1,000,000 400 $ 25,000 -4.56E-08 -3.78E-08 -3.27E-08 -2.80E-08
150 $ 1,000,000 400 $ 100,000 -4.55E-08 -3.77E-08 -3.26E-08 -2.78E-08
150 $ 1,000,000 400 $ 1,000,000 -4.55E-08 -3.77E-08 -3.26E-08 -2.78E-08
400 $ 25,000 60 $ 25,000 -2.24E-02 -2.24E-02 -2.23E-02 -2.23E-02
400 $ 25,000 60 $ 100,000 -2.24E-02 -2.24E-02 -2.23E-02 -2.23E-02
400 $ 25,000 60 $ 1,000,000 -2.24E-02 -2.24E-02 -2.23E-02 -2.23E-02
400 $ 25,000 150 $ 25,000 -2.24E-02 -2.24E-02 -2.24E-02 -2.23E-02
400 $ 25,000 150 $ 100,000 -2.24E-02 -2.24E-02 -2.24E-02 -2.23E-02
400 $ 25,000 150 $ 1,000,000 -2.24E-02 -2.24E-02 -2.24E-02 -2.23E-02
400 $ 25,000 400 $ 25,000 -2.24E-02 -2.24E-02 -2.24E-02 -2.24E-02
400 $ 25,000 400 $ 100,000 -2.24E-02 -2.24E-02 -2.24E-02 -2.24E-02
400 $ 25,000 400 $ 1,000,000 -2.24E-02 -2.24E-02 -2.24E-02 -2.24E-02
400 $ 100,000 60 $ 25,000 -2.64E-04 -2.63E-04 -2.62E-04 -2.62E-04
400 $ 100,000 60 $ 100,000 -2.64E-04 -2.63E-04 -2.62E-04 -2.62E-04
400 $ 100,000 60 $ 1,000,000 -2.64E-04 -2.63E-04 -2.62E-04 -2.62E-04
400 $ 100,000 150 $ 25,000 -2.65E-04 -2.64E-04 -2.63E-04 -2.62E-04
400 $ 100,000 150 $ 100,000 -2.65E-04 -2.64E-04 -2.63E-04 -2.62E-04
400 $ 100,000 150 $ 1,000,000 -2.65E-04 -2.64E-04 -2.63E-04 -2.62E-04
400 $ 100,000 400 $ 25,000 -2.66E-04 -2.65E-04 -2.64E-04 -2.63E-04
400 $ 100,000 400 $ 100,000 -2.66E-04 -2.65E-04 -2.64E-04 -2.63E-04
400 $ 100,000 400 $ 1,000,000 -2.66E-04 -2.65E-04 -2.64E-04 -2.63E-04
400 $ 1,000,000 60 $ 25,000 -1.48E-07 -1.36E-07 -1.28E-07 -1.20E-07
400 $ 1,000,000 60 $ 100,000 -1.48E-07 -1.36E-07 -1.28E-07 -1.20E-07
400 $ 1,000,000 60 $ 1,000,000 -1.48E-07 -1.36E-07 -1.28E-07 -1.20E-07
400 $ 1,000,000 150 $ 25,000 -1.51E-07 -1.39E-07 -1.31E-07 -1.24E-07
400 $ 1,000,000 150 $ 100,000 -1.51E-07 -1.39E-07 -1.31E-07 -1.24E-07
400 $ 1,000,000 150 $ 1,000,000 -1.51E-07 -1.39E-07 -1.31E-07 -1.24E-07
400 $ 1,000,000 400 $ 25,000 -1.58E-07 -1.46E-07 -1.39E-07 -1.32E-07
400 $ 1,000,000 400 $ 100,000 -1.57E-07 -1.46E-07 -1.39E-07 -1.32E-07
400 $ 1,000,000 400 $ 1,000,000 -1.57E-07 -1.46E-07 -1.39E-07 -1.32E-07
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Table 8.9: Error Conversion Matrix Factors C1,2 = C2,1 for Multiline Compound
Poisson with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

C1,2 = C2,1 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 2.89E-07 3.28E-07 3.53E-07 3.77E-07
60 $ 25,000 60 $ 100,000 4.49E-09 5.08E-09 5.48E-09 5.84E-09
60 $ 25,000 60 $ 1,000,000 4.49E-12 5.08E-12 5.48E-12 5.84E-12
60 $ 25,000 150 $ 25,000 4.17E-07 4.72E-07 5.09E-07 5.42E-07
60 $ 25,000 150 $ 100,000 6.42E-09 7.27E-09 7.84E-09 8.35E-09
60 $ 25,000 150 $ 1,000,000 6.41E-12 7.26E-12 7.83E-12 8.35E-12
60 $ 25,000 400 $ 25,000 4.40E-07 4.98E-07 5.37E-07 5.72E-07
60 $ 25,000 400 $ 100,000 6.74E-09 7.63E-09 8.22E-09 8.77E-09
60 $ 25,000 400 $ 1,000,000 6.73E-12 7.62E-12 8.21E-12 8.76E-12
60 $ 100,000 60 $ 25,000 3.59E-08 4.07E-08 4.39E-08 4.68E-08
60 $ 100,000 60 $ 100,000 5.59E-10 6.33E-10 6.82E-10 7.27E-10
60 $ 100,000 60 $ 1,000,000 5.59E-13 6.32E-13 6.82E-13 7.27E-13
60 $ 100,000 150 $ 25,000 5.82E-08 6.59E-08 7.10E-08 7.57E-08
60 $ 100,000 150 $ 100,000 8.99E-10 1.02E-09 1.10E-09 1.17E-09
60 $ 100,000 150 $ 1,000,000 8.98E-13 1.02E-12 1.10E-12 1.17E-12
60 $ 100,000 400 $ 25,000 7.02E-08 7.95E-08 8.57E-08 9.14E-08
60 $ 100,000 400 $ 100,000 1.08E-09 1.22E-09 1.32E-09 1.40E-09
60 $ 100,000 400 $ 1,000,000 1.08E-12 1.22E-12 1.31E-12 1.40E-12
60 $ 1,000,000 60 $ 25,000 1.52E-09 1.72E-09 1.85E-09 1.97E-09
60 $ 1,000,000 60 $ 100,000 2.36E-11 2.67E-11 2.88E-11 3.07E-11
60 $ 1,000,000 60 $ 1,000,000 2.36E-14 2.67E-14 2.88E-14 3.07E-14
60 $ 1,000,000 150 $ 25,000 2.69E-09 3.05E-09 3.29E-09 3.51E-09
60 $ 1,000,000 150 $ 100,000 4.17E-11 4.72E-11 5.09E-11 5.43E-11
60 $ 1,000,000 150 $ 1,000,000 4.17E-14 4.72E-14 5.09E-14 5.42E-14
60 $ 1,000,000 400 $ 25,000 3.66E-09 4.15E-09 4.47E-09 4.77E-09
60 $ 1,000,000 400 $ 100,000 5.64E-11 6.38E-11 6.88E-11 7.33E-11
60 $ 1,000,000 400 $ 1,000,000 5.63E-14 6.38E-14 6.87E-14 7.33E-14

150 $ 25,000 60 $ 25,000 2.45E-07 2.77E-07 2.99E-07 3.18E-07
150 $ 25,000 60 $ 100,000 3.81E-09 4.31E-09 4.65E-09 4.96E-09
150 $ 25,000 60 $ 1,000,000 3.81E-12 4.31E-12 4.65E-12 4.96E-12
150 $ 25,000 150 $ 25,000 4.55E-07 5.15E-07 5.55E-07 5.92E-07
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. . . Table 8.9 Continued from Previous Page . . .

C1,2 = C2,1 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

150 $ 25,000 150 $ 100,000 7.05E-09 7.98E-09 8.60E-09 9.17E-09
150 $ 25,000 150 $ 1,000,000 7.05E-12 7.98E-12 8.60E-12 9.17E-12
150 $ 25,000 400 $ 25,000 6.64E-07 7.52E-07 8.10E-07 8.64E-07
150 $ 25,000 400 $ 100,000 1.02E-08 1.16E-08 1.25E-08 1.33E-08
150 $ 25,000 400 $ 1,000,000 1.02E-11 1.16E-11 1.25E-11 1.33E-11
150 $ 100,000 60 $ 25,000 2.82E-08 3.20E-08 3.45E-08 3.67E-08
150 $ 100,000 60 $ 100,000 4.40E-10 4.98E-10 5.37E-10 5.73E-10
150 $ 100,000 60 $ 1,000,000 4.40E-13 4.98E-13 5.37E-13 5.72E-13
150 $ 100,000 150 $ 25,000 5.66E-08 6.41E-08 6.91E-08 7.36E-08
150 $ 100,000 150 $ 100,000 8.78E-10 9.94E-10 1.07E-09 1.14E-09
150 $ 100,000 150 $ 1,000,000 8.78E-13 9.94E-13 1.07E-12 1.14E-12
150 $ 100,000 400 $ 25,000 9.36E-08 1.06E-07 1.14E-07 1.22E-07
150 $ 100,000 400 $ 100,000 1.44E-09 1.63E-09 1.76E-09 1.88E-09
150 $ 100,000 400 $ 1,000,000 1.44E-12 1.63E-12 1.76E-12 1.88E-12
150 $ 1,000,000 60 $ 25,000 1.12E-09 1.27E-09 1.37E-09 1.46E-09
150 $ 1,000,000 60 $ 100,000 1.75E-11 1.98E-11 2.14E-11 2.28E-11
150 $ 1,000,000 60 $ 1,000,000 1.75E-14 1.98E-14 2.14E-14 2.28E-14
150 $ 1,000,000 150 $ 25,000 2.38E-09 2.69E-09 2.90E-09 3.09E-09
150 $ 1,000,000 150 $ 100,000 3.69E-11 4.18E-11 4.51E-11 4.80E-11
150 $ 1,000,000 150 $ 1,000,000 3.69E-14 4.18E-14 4.51E-14 4.80E-14
150 $ 1,000,000 400 $ 25,000 4.34E-09 4.91E-09 5.30E-09 5.65E-09
150 $ 1,000,000 400 $ 100,000 6.70E-11 7.58E-11 8.18E-11 8.72E-11
150 $ 1,000,000 400 $ 1,000,000 6.70E-14 7.58E-14 8.17E-14 8.71E-14
400 $ 25,000 60 $ 25,000 1.72E-07 1.95E-07 2.10E-07 2.24E-07
400 $ 25,000 60 $ 100,000 2.69E-09 3.04E-09 3.28E-09 3.50E-09
400 $ 25,000 60 $ 1,000,000 2.69E-12 3.04E-12 3.28E-12 3.50E-12
400 $ 25,000 150 $ 25,000 3.78E-07 4.28E-07 4.61E-07 4.92E-07
400 $ 25,000 150 $ 100,000 5.88E-09 6.66E-09 7.18E-09 7.65E-09
400 $ 25,000 150 $ 1,000,000 5.88E-12 6.65E-12 7.17E-12 7.65E-12
400 $ 25,000 400 $ 25,000 7.38E-07 8.36E-07 9.01E-07 9.61E-07
400 $ 25,000 400 $ 100,000 1.14E-08 1.30E-08 1.40E-08 1.49E-08
400 $ 25,000 400 $ 1,000,000 1.14E-11 1.29E-11 1.40E-11 1.49E-11
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. . . Table 8.9 Continued from Previous Page . . .

C1,2 = C2,1 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

400 $ 100,000 60 $ 25,000 1.91E-08 2.17E-08 2.33E-08 2.49E-08
400 $ 100,000 60 $ 100,000 2.98E-10 3.38E-10 3.64E-10 3.88E-10
400 $ 100,000 60 $ 1,000,000 2.98E-13 3.38E-13 3.64E-13 3.88E-13
400 $ 100,000 150 $ 25,000 4.35E-08 4.92E-08 5.30E-08 5.65E-08
400 $ 100,000 150 $ 100,000 6.77E-10 7.66E-10 8.26E-10 8.81E-10
400 $ 100,000 150 $ 1,000,000 6.77E-13 7.66E-13 8.26E-13 8.81E-13
400 $ 100,000 400 $ 25,000 9.18E-08 1.04E-07 1.12E-07 1.20E-07
400 $ 100,000 400 $ 100,000 1.43E-09 1.61E-09 1.74E-09 1.85E-09
400 $ 100,000 400 $ 1,000,000 1.43E-12 1.61E-12 1.74E-12 1.85E-12
400 $ 1,000,000 60 $ 25,000 7.31E-10 8.28E-10 8.92E-10 9.52E-10
400 $ 1,000,000 60 $ 100,000 1.14E-11 1.29E-11 1.39E-11 1.49E-11
400 $ 1,000,000 60 $ 1,000,000 1.14E-14 1.29E-14 1.39E-14 1.49E-14
400 $ 1,000,000 150 $ 25,000 1.70E-09 1.93E-09 2.08E-09 2.22E-09
400 $ 1,000,000 150 $ 100,000 2.65E-11 3.01E-11 3.24E-11 3.45E-11
400 $ 1,000,000 150 $ 1,000,000 2.65E-14 3.00E-14 3.24E-14 3.45E-14
400 $ 1,000,000 400 $ 25,000 3.82E-09 4.32E-09 4.66E-09 4.97E-09
400 $ 1,000,000 400 $ 100,000 5.92E-11 6.70E-11 7.22E-11 7.70E-11
400 $ 1,000,000 400 $ 1,000,000 5.92E-14 6.70E-14 7.22E-14 7.70E-14

Note that at the value of M = $1 million, since the losses exceeding $1 million are so
rare, the values of the C2,2’s are within roundoff error of zero.

Table 8.10: Error Conversion Matrix Factors C2,2 for Multiline Compound Poisson
with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

C2,2 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 -2.07E-04 -2.06E-04 -2.06E-04 -2.05E-04
60 $ 25,000 60 $ 100,000 -1.93E-06 -1.90E-06 -1.88E-06 -1.86E-06
60 $ 25,000 60 $ 1,000,000 zero zero zero zero
60 $ 25,000 150 $ 25,000 -5.52E-04 -5.50E-04 -5.48E-04 -5.47E-04
60 $ 25,000 150 $ 100,000 -1.10E-05 -1.08E-05 -1.07E-05 -1.06E-05
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C2,2 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 150 $ 1,000,000 zero zero zero zero
60 $ 25,000 400 $ 25,000 -1.49E-03 -1.49E-03 -1.48E-03 -1.48E-03
60 $ 25,000 400 $ 100,000 -2.70E-05 -2.66E-05 -2.64E-05 -2.62E-05
60 $ 25,000 400 $ 1,000,000 zero zero zero zero
60 $ 100,000 60 $ 25,000 -1.30E-05 -1.29E-05 -1.28E-05 -1.28E-05
60 $ 100,000 60 $ 100,000 -1.26E-07 -1.25E-07 -1.25E-07 -1.24E-07
60 $ 100,000 60 $ 1,000,000 zero zero zero zero
60 $ 100,000 150 $ 25,000 -3.44E-05 -3.43E-05 -3.42E-05 -3.42E-05
60 $ 100,000 150 $ 100,000 -7.08E-07 -7.00E-07 -6.95E-07 -6.90E-07
60 $ 100,000 150 $ 1,000,000 zero zero zero zero
60 $ 100,000 400 $ 25,000 -9.32E-05 -9.29E-05 -9.27E-05 -9.26E-05
60 $ 100,000 400 $ 100,000 -1.71E-06 -1.69E-06 -1.68E-06 -1.67E-06
60 $ 100,000 400 $ 1,000,000 zero zero zero zero
60 $ 1,000,000 60 $ 25,000 -1.30E-07 -1.29E-07 -1.29E-07 -1.28E-07
60 $ 1,000,000 60 $ 100,000 -1.29E-09 -1.28E-09 -1.27E-09 -1.27E-09
60 $ 1,000,000 60 $ 1,000,000 zero zero zero zero
60 $ 1,000,000 150 $ 25,000 -3.44E-07 -3.43E-07 -3.42E-07 -3.41E-07
60 $ 1,000,000 150 $ 100,000 -7.18E-09 -7.12E-09 -7.08E-09 -7.04E-09
60 $ 1,000,000 150 $ 1,000,000 zero zero zero zero
60 $ 1,000,000 400 $ 25,000 -9.32E-07 -9.29E-07 -9.27E-07 -9.26E-07
60 $ 1,000,000 400 $ 100,000 -1.72E-08 -1.71E-08 -1.70E-08 -1.69E-08
60 $ 1,000,000 400 $ 1,000,000 zero zero zero zero

150 $ 25,000 60 $ 25,000 -2.10E-04 -2.09E-04 -2.09E-04 -2.08E-04
150 $ 25,000 60 $ 100,000 -1.87E-06 -1.84E-06 -1.81E-06 -1.79E-06
150 $ 25,000 60 $ 1,000,000 zero zero zero zero
150 $ 25,000 150 $ 25,000 -5.55E-04 -5.54E-04 -5.53E-04 -5.52E-04
150 $ 25,000 150 $ 100,000 -1.12E-05 -1.10E-05 -1.09E-05 -1.09E-05
150 $ 25,000 150 $ 1,000,000 zero zero zero zero
150 $ 25,000 400 $ 25,000 -1.49E-03 -1.49E-03 -1.49E-03 -1.49E-03
150 $ 25,000 400 $ 100,000 -2.72E-05 -2.69E-05 -2.67E-05 -2.66E-05
150 $ 25,000 400 $ 1,000,000 zero zero zero zero
150 $ 100,000 60 $ 25,000 -1.31E-05 -1.30E-05 -1.30E-05 -1.30E-05
150 $ 100,000 60 $ 100,000 -1.25E-07 -1.23E-07 -1.22E-07 -1.22E-07
150 $ 100,000 60 $ 1,000,000 zero zero zero zero
150 $ 100,000 150 $ 25,000 -3.47E-05 -3.46E-05 -3.45E-05 -3.44E-05
150 $ 100,000 150 $ 100,000 -7.19E-07 -7.13E-07 -7.08E-07 -7.05E-07
150 $ 100,000 150 $ 1,000,000 zero zero zero zero
150 $ 100,000 400 $ 25,000 -9.34E-05 -9.32E-05 -9.30E-05 -9.29E-05
150 $ 100,000 400 $ 100,000 -1.72E-06 -1.70E-06 -1.69E-06 -1.69E-06
150 $ 100,000 400 $ 1,000,000 zero zero zero zero
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C2,2 Factors (1− p) Value

nλ L mφ M 95% 98% 99% 99.5%

150 $ 1,000,000 60 $ 25,000 -1.31E-07 -1.30E-07 -1.30E-07 -1.30E-07
150 $ 1,000,000 60 $ 100,000 -1.28E-09 -1.27E-09 -1.26E-09 -1.26E-09
150 $ 1,000,000 60 $ 1,000,000 zero zero zero zero
150 $ 1,000,000 150 $ 25,000 -3.46E-07 -3.45E-07 -3.44E-07 -3.44E-07
150 $ 1,000,000 150 $ 100,000 -7.34E-09 -7.30E-09 -7.27E-09 -7.24E-09
150 $ 1,000,000 150 $ 1,000,000 zero zero zero zero
150 $ 1,000,000 400 $ 25,000 -9.32E-07 -9.30E-07 -9.28E-07 -9.26E-07
150 $ 1,000,000 400 $ 100,000 -1.74E-08 -1.73E-08 -1.72E-08 -1.71E-08
150 $ 1,000,000 400 $ 1,000,000 zero zero zero zero
400 $ 25,000 60 $ 25,000 -2.12E-04 -2.11E-04 -2.11E-04 -2.11E-04
400 $ 25,000 60 $ 100,000 -1.95E-06 -1.92E-06 -1.90E-06 -1.88E-06
400 $ 25,000 60 $ 1,000,000 zero zero zero zero
400 $ 25,000 150 $ 25,000 -5.58E-04 -5.57E-04 -5.57E-04 -5.56E-04
400 $ 25,000 150 $ 100,000 -1.16E-05 -1.16E-05 -1.15E-05 -1.15E-05
400 $ 25,000 150 $ 1,000,000 zero zero zero zero
400 $ 25,000 400 $ 25,000 -1.50E-03 -1.50E-03 -1.50E-03 -1.50E-03
400 $ 25,000 400 $ 100,000 -2.78E-05 -2.76E-05 -2.74E-05 -2.73E-05
400 $ 25,000 400 $ 1,000,000 zero zero zero zero
400 $ 100,000 60 $ 25,000 -1.32E-05 -1.32E-05 -1.32E-05 -1.31E-05
400 $ 100,000 60 $ 100,000 -1.29E-07 -1.28E-07 -1.27E-07 -1.27E-07
400 $ 100,000 60 $ 1,000,000 zero zero zero zero
400 $ 100,000 150 $ 25,000 -3.49E-05 -3.48E-05 -3.47E-05 -3.47E-05
400 $ 100,000 150 $ 100,000 -7.51E-07 -7.49E-07 -7.48E-07 -7.46E-07
400 $ 100,000 150 $ 1,000,000 zero zero zero zero
400 $ 100,000 400 $ 25,000 -9.38E-05 -9.36E-05 -9.35E-05 -9.34E-05
400 $ 100,000 400 $ 100,000 -1.78E-06 -1.77E-06 -1.77E-06 -1.77E-06
400 $ 100,000 400 $ 1,000,000 zero zero zero zero
400 $ 1,000,000 60 $ 25,000 -1.32E-07 -1.31E-07 -1.31E-07 -1.31E-07
400 $ 1,000,000 60 $ 100,000 -1.33E-09 -1.32E-09 -1.32E-09 -1.32E-09
400 $ 1,000,000 60 $ 1,000,000 zero zero zero zero
400 $ 1,000,000 150 $ 25,000 -3.48E-07 -3.47E-07 -3.46E-07 -3.46E-07
400 $ 1,000,000 150 $ 100,000 -7.18E-09 -7.12E-09 -7.08E-09 -7.04E-09
400 $ 1,000,000 150 $ 1,000,000 zero zero zero zero
400 $ 1,000,000 400 $ 25,000 -9.35E-07 -9.33E-07 -9.31E-07 -9.30E-07
400 $ 1,000,000 400 $ 100,000 -1.76E-08 -1.75E-08 -1.75E-08 -1.74E-08
400 $ 1,000,000 400 $ 1,000,000 zero zero zero zero

Then, the solutions of the matrix equations provide estimates of the error in the retention
estimates. First, estimates of the errors in the optimal values of L are provided in Table
8.11. One may see that when C2,2 ≈ 0 the C1,2 values are also low (in this example). Hence,
when C2,2 ≈ 0, the system is ill-conditioned. In such situations, the approximation D1/C1,1
was used instead of (8.61).
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As promised, these relative errors in the retentions are the key. The errors in the optimal
X retentions, given the true values listed in the table, are shown in Table 8.9. Of note,
the values are in the ±25% range, except for the $ 1 million potential retention. There,
for lower claim counts, a slightly conservative retention (negative value of ∆L) is suggested
by the normal approximation. For combinations of the higher claim counts and the higher
confidence level (in conjunction with the $1 million retention) the normal approximation
appears to produce significantly too high of a retention. However, for most cases, the
approximation works acceptably well. This relates to the fact that the probability of at
least one claim in a sample of 400 from the Pareto(2.2, 5000) distribution exceeding $1
million is 0.35%, which means it is beyond the 99.5% percentile.

Table 8.11: Estimated Percentage Errors in X-Retention Estimate Due to Use of
Normal Approximation to the Derivative for Multiline Compound Poisson with X
Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

Estimated Error in Optimal X-Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 0.14 % 0.10 % 0.40 % 0.83 %
60 $ 25,000 60 $ 100,000 0.12 % 0.09 % 0.35 % 0.67 %
60 $ 25,000 60 $ 1,000,000 0.12 % 0.10 % 0.35 % 0.67 %
60 $ 25,000 150 $ 25,000 0.07 % (0.12) % 0.26 % 0.58 %
60 $ 25,000 150 $ 100,000 0.07 % 0.27 % (0.06) % 0.17 %
60 $ 25,000 150 $ 1,000,000 0.07 % 0.27 % (0.06) % 0.06 %
60 $ 25,000 400 $ 25,000 0.19 % 0.25 % 0.34 % (0.24) %
60 $ 25,000 400 $ 100,000 0.29 % 0.08 % 0.63 % 0.12 %
60 $ 25,000 400 $ 1,000,000 0.18 % 0.06 % 0.44 % 0.38 %
60 $ 100,000 60 $ 25,000 1.60 % 3.15 % 4.31 % 1.27 %
60 $ 100,000 60 $ 100,000 1.46 % 3.58 % 2.02 % 2.47 %
60 $ 100,000 60 $ 1,000,000 1.58 % 3.58 % 2.02 % 2.47 %
60 $ 100,000 150 $ 25,000 0.12 % 1.07 % 2.76 % (0.26) %
60 $ 100,000 150 $ 100,000 0.63 % 2.58 % 4.86 % (0.19) %
60 $ 100,000 150 $ 1,000,000 0.40 % 2.71 % 4.86 % 0.04 %
60 $ 100,000 400 $ 25,000 1.36 % 0.45 % 6.32 % 2.64 %
60 $ 100,000 400 $ 100,000 0.81 % (1.79) % 2.07 % 2.54 %
60 $ 100,000 400 $ 1,000,000 0.92 % (1.86) % 3.62 % 4.28 %
60 $ 1,000,000 60 $ 25,000 (368.04) % 284.90 % 153.22 % 113.74 %
60 $ 1,000,000 60 $ 100,000 (321.54) % 256.65 % 137.65 % 102.57 %
60 $ 1,000,000 60 $ 1,000,000 (320.67) % 256.51 % 137.50 % 102.43 %
60 $ 1,000,000 150 $ 25,000 (105.60) % (386.96) % 1,314.31 % 310.42 %
60 $ 1,000,000 150 $ 100,000 (84.38) % (297.08) % 1,390.97 % 267.61 %
60 $ 1,000,000 150 $ 1,000,000 (84.26) % (295.90) % 1,405.74 % 267.82 %
60 $ 1,000,000 400 $ 25,000 (47.24) % (78.38) % (115.79) % (178.24) %
60 $ 1,000,000 400 $ 100,000 (34.54) % (57.35) % (84.29) % (129.30) %
60 $ 1,000,000 400 $ 1,000,000 (34.46) % (57.17) % (84.00) % (128.77) %

150 $ 25,000 60 $ 25,000 0.22 % 0.13 % 0.26 % 0.21 %
150 $ 25,000 60 $ 100,000 0.18 % 0.14 % 0.16 % 0.29 %
150 $ 25,000 60 $ 1,000,000 0.18 % 0.14 % 0.16 % 0.29 %
150 $ 25,000 150 $ 25,000 0.01 % 0.12 % 0.28 % (0.21) %
150 $ 25,000 150 $ 100,000 0.08 % 0.09 % 0.27 % (0.18) %
150 $ 25,000 150 $ 1,000,000 0.06 % 0.11 % 0.22 % (0.18) %
150 $ 25,000 400 $ 25,000 0.13 % 0.01 % 0.07 % 0.15 %
150 $ 25,000 400 $ 100,000 0.16 % 0.13 % 0.33 % 0.36 %
150 $ 25,000 400 $ 1,000,000 0.16 % 0.13 % 0.33 % 0.36 %
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. . . Table 8.11 Continued from Previous Page . . .
Estimated Error in Optimal X-Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

150 $ 100,000 60 $ 25,000 2.00 % 1.29 % 2.33 % 2.93 %
150 $ 100,000 60 $ 100,000 2.14 % 1.85 % 2.57 % 2.45 %
150 $ 100,000 60 $ 1,000,000 2.14 % 1.85 % 2.57 % 2.45 %
150 $ 100,000 150 $ 25,000 0.65 % 1.94 % 0.14 % 1.95 %
150 $ 100,000 150 $ 100,000 0.77 % 2.15 % 0.58 % 2.71 %
150 $ 100,000 150 $ 1,000,000 0.77 % 2.46 % 0.58 % 2.88 %
150 $ 100,000 400 $ 25,000 0.29 % 1.11 % 2.02 % 0.83 %
150 $ 100,000 400 $ 100,000 (0.07) % 0.92 % 2.81 % 1.63 %
150 $ 100,000 400 $ 1,000,000 0.02 % 0.92 % 2.81 % 1.19 %
150 $ 1,000,000 60 $ 25,000 (42.53) % (72.84) % (111.71) % (118.40) %
150 $ 1,000,000 60 $ 100,000 (40.48) % (69.41) % (106.26) % (109.53) %
150 $ 1,000,000 60 $ 1,000,000 (40.46) % (69.36) % (106.18) % (109.39) %
150 $ 1,000,000 150 $ 25,000 (37.34) % (59.63) % (83.92) % (37.21) %
150 $ 1,000,000 150 $ 100,000 (33.70) % (53.83) % (75.83) % (25.97) %
150 $ 1,000,000 150 $ 1,000,000 (33.68) % (53.78) % (75.76) % (25.89) %
150 $ 1,000,000 400 $ 25,000 (29.90) % (43.69) % (55.20) % 51.38 %
150 $ 1,000,000 400 $ 100,000 (24.84) % (36.52) % (31.01) % 48.70 %
150 $ 1,000,000 400 $ 1,000,000 (24.80) % (36.46) % (30.93) % 48.75 %
400 $ 25,000 60 $ 25,000 0.07 % 0.17 % 0.05 % 0.03 %
400 $ 25,000 60 $ 100,000 0.06 % 0.16 % 0.08 % (0.02) %
400 $ 25,000 60 $ 1,000,000 0.06 % 0.16 % 0.08 % (0.02) %
400 $ 25,000 150 $ 25,000 0.03 % 0.12 % 0.17 % 0.06 %
400 $ 25,000 150 $ 100,000 0.01 % 0.09 % 0.19 % 0.05 %
400 $ 25,000 150 $ 1,000,000 0.01 % 0.09 % 0.20 % 0.05 %
400 $ 25,000 400 $ 25,000 (0.05) % 0.06 % 0.20 % 0.02 %
400 $ 25,000 400 $ 100,000 0.01 % 0.10 % 0.13 % (0.09) %
400 $ 25,000 400 $ 1,000,000 0.01 % 0.10 % 0.13 % (0.09) %
400 $ 100,000 60 $ 25,000 0.28 % 0.07 % 0.36 % 0.88 %
400 $ 100,000 60 $ 100,000 0.23 % 0.46 % 0.23 % 1.39 %
400 $ 100,000 60 $ 1,000,000 0.23 % 0.46 % 0.23 % 1.39 %
400 $ 100,000 150 $ 25,000 0.29 % 0.69 % 0.58 % 1.61 %
400 $ 100,000 150 $ 100,000 0.32 % 0.68 % 0.57 % 1.41 %
400 $ 100,000 150 $ 1,000,000 0.32 % 0.67 % 0.57 % 1.41 %
400 $ 100,000 400 $ 25,000 0.51 % (0.04) % 0.53 % 2.12 %
400 $ 100,000 400 $ 100,000 0.47 % 0.23 % 0.65 % 2.28 %
400 $ 100,000 400 $ 1,000,000 0.47 % 0.22 % 0.61 % 2.28 %
400 $ 1,000,000 60 $ 25,000 (15.13) % 0.67 % 35.30 % 204.40 %
400 $ 1,000,000 60 $ 100,000 (15.17) % 5.29 % 34.47 % 206.20 %
400 $ 1,000,000 60 $ 1,000,000 (15.16) % 5.29 % 34.47 % 206.20 %
400 $ 1,000,000 150 $ 25,000 (13.46) % 4.75 % 34.39 % 223.59 %
400 $ 1,000,000 150 $ 100,000 (12.72) % 2.97 % 32.46 % 222.33 %
400 $ 1,000,000 150 $ 1,000,000 (12.71) % 2.97 % 32.47 % 222.32 %
400 $ 1,000,000 400 $ 25,000 (9.35) % 0.24 % 58.43 % 219.23 %
400 $ 1,000,000 400 $ 100,000 (11.02) % 4.60 % 52.34 % 221.25 %
400 $ 1,000,000 400 $ 1,000,000 (11.02) % 4.61 % 52.34 % 221.24 %

The percentage errors in the optimal values of M are shown in Table 8.12. In the case,
when C2,2 ≈ 0, the error conversion is too ill-conditioned to provide a reliable approximation
to the optimal retention M . So, in this case, the word “over” is displayed. Of note, in such
circumstances, losses are obviously so rare that the optimal retention for the Y distribution
is clearly ancillary to the X retention.

134



It is somewhat unusual, but it appears that the normal approximation to the M deriva-
tive of FTc(L,M)(1− p) generates a poor approximation when L rather than M is large (in
this case, at $1 million). However, it must also be considered that, for these particular dis-
tributions (although, by extension, at the upper levels of any set of distributions where one
dominates the other near the tail), the expected loss of the lower-tailed distribution at most
limits is much lower than that of the fatter-tailed distribution. Therefore, the impact of us-
ing two separate retentions for each line of business would not generate significant economic
efficiencies over the formulas of Section 8.2.6. Hence, in line with the optimal value of M
being ancillary to the optimal value of L, it would also appear that when one distribution
dominates the other so heavily near the tail, the error induced by a poor approximation to
the optimal retention of the subordinate distribution would be immaterial.

Table 8.12: Estimated Percentage Errors in Y -Retention Estimate Due to Use of
Normal Approximation to the Derivative for Multiline Compound Poisson with X
Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)

Estimated Error in Optimal Y -Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 -0.21 % -1.18 % 3.48 % -1.63 %
60 $ 25,000 60 $ 100,000 1.65 % -0.42 % -0.47 % -0.51 %
60 $ 25,000 60 $ 1,000,000 over over over over
60 $ 25,000 150 $ 25,000 0.90 % -0.78 % 1.09 % -0.16 %
60 $ 25,000 150 $ 100,000 0.41 % -0.16 % 0.22 % 9.50 %
60 $ 25,000 150 $ 1,000,000 over over over over
60 $ 25,000 400 $ 25,000 0.20 % -0.25 % -0.06 % 0.09 %
60 $ 25,000 400 $ 100,000 1.35 % -0.15 % 3.45 % 10.48 %
60 $ 25,000 400 $ 1,000,000 over over over over
60 $ 100,000 60 $ 25,000 -22.16 % -19.77 % -22.66 % -31.28 %
60 $ 100,000 60 $ 100,000 -5.02 % -5.83 % -6.39 % -6.90 %
60 $ 100,000 60 $ 1,000,000 over over over over
60 $ 100,000 150 $ 25,000 -20.14 % -16.66 % -13.93 % -23.59 %
60 $ 100,000 150 $ 100,000 -1.98 % 8.45 % -2.59 % -2.80 %
60 $ 100,000 150 $ 1,000,000 over over over over
60 $ 100,000 400 $ 25,000 -17.90 % -18.23 % -16.52 % -19.62 %
60 $ 100,000 400 $ 100,000 -0.59 % -2.24 % 15.37 % -2.59 %
60 $ 100,000 400 $ 1,000,000 over over over over
60 $ 1,000,000 60 $ 25,000 -2,718.18 % -2,626.04 % -2,723.48 % -2,688.19 %
60 $ 1,000,000 60 $ 100,000 -515.48 % -472.17 % -541.54 % -591.11 %
60 $ 1,000,000 60 $ 1,000,000 over over over over
60 $ 1,000,000 150 $ 25,000 -2,347.63 % -2,568.73 % -2,052.82 % -2,552.28 %
60 $ 1,000,000 150 $ 100,000 -86.20 % -239.16 % -138.54 % -235.61 %
60 $ 1,000,000 150 $ 1,000,000 over over over over
60 $ 1,000,000 400 $ 25,000 -2,187.81 % -2,331.89 % -2,435.85 % -2,476.92 %
60 $ 1,000,000 400 $ 100,000 -170.06 % -216.19 % -234.43 % -252.33 %
60 $ 1,000,000 400 $ 1,000,000 over over over over

150 $ 25,000 60 $ 25,000 -0.39 % -1.52 % 1.44 % 1.26 %
150 $ 25,000 60 $ 100,000 -0.30 % -0.35 % -0.38 % -0.41 %
150 $ 25,000 60 $ 1,000,000 over over over over
150 $ 25,000 150 $ 25,000 0.25 % -0.09 % 0.88 % 0.63 %
150 $ 25,000 150 $ 100,000 -0.12 % 3.06 % 5.48 % -0.16 %
150 $ 25,000 150 $ 1,000,000 over over over over
150 $ 25,000 400 $ 25,000 0.02 % 0.39 % 0.29 % 0.17 %
150 $ 25,000 400 $ 100,000 0.57 % 0.93 % -0.14 % -0.15 %
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. . . Table 8.12 Continued from Previous Page . . .
Estimated Error in Optimal Y -Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

150 $ 25,000 400 $ 1,000,000 over over over over
150 $ 100,000 60 $ 25,000 -23.10 % -22.92 % -22.66 % -16.97 %
150 $ 100,000 60 $ 100,000 -4.09 % -4.67 % -5.06 % -5.43 %
150 $ 100,000 60 $ 1,000,000 over over over over
150 $ 100,000 150 $ 25,000 -17.49 % -19.85 % -17.76 % -19.25 %
150 $ 100,000 150 $ 100,000 -1.71 % 1.58 % 14.82 % 13.31 %
150 $ 100,000 150 $ 1,000,000 over over over over
150 $ 100,000 400 $ 25,000 -15.89 % -16.30 % -17.41 % -15.26 %
150 $ 100,000 400 $ 100,000 7.46 % -1.83 % -2.01 % 1.11 %
150 $ 100,000 400 $ 1,000,000 over over over over
150 $ 1,000,000 60 $ 25,000 -2,346.55 % -2,453.63 % -2,616.31 % -2,656.44 %
150 $ 1,000,000 60 $ 100,000 -375.45 % -428.02 % -467.07 % -498.43 %
150 $ 1,000,000 60 $ 1,000,000 over over over over
150 $ 1,000,000 150 $ 25,000 -2,193.53 % -2,318.98 % -2,335.64 % -2,437.62 %
150 $ 1,000,000 150 $ 100,000 -158.58 % -179.18 % -193.73 % -202.69 %
150 $ 1,000,000 150 $ 1,000,000 over over over over
150 $ 1,000,000 400 $ 25,000 -2,124.37 % -2,210.62 % -2,260.41 % -2,294.11 %
150 $ 1,000,000 400 $ 100,000 -167.65 % -172.53 % -200.49 % -208.56 %
150 $ 1,000,000 400 $ 1,000,000 over over over over
400 $ 25,000 60 $ 25,000 -0.93 % 0.87 % 1.24 % 2.36 %
400 $ 25,000 60 $ 100,000 -0.23 % -0.26 % -0.28 % -0.30 %
400 $ 25,000 60 $ 1,000,000 over over over over
400 $ 25,000 150 $ 25,000 -0.08 % 0.31 % -0.75 % -0.70 %
400 $ 25,000 150 $ 100,000 1.82 % -0.10 % -0.11 % -0.12 %
400 $ 25,000 150 $ 1,000,000 over over over over
400 $ 25,000 400 $ 25,000 -0.16 % 0.82 % 0.89 % -0.53 %
400 $ 25,000 400 $ 100,000 0.09 % -0.11 % 1.28 % -0.13 %
400 $ 25,000 400 $ 1,000,000 over over over over
400 $ 100,000 60 $ 25,000 -13.38 % -17.44 % -15.39 % -10.34 %
400 $ 100,000 60 $ 100,000 -3.22 % -3.57 % -3.80 % -4.02 %
400 $ 100,000 60 $ 1,000,000 over over over over
400 $ 100,000 150 $ 25,000 -16.38 % -14.84 % -20.87 % -19.68 %
400 $ 100,000 150 $ 100,000 -1.36 % 6.09 % -1.59 % -1.68 %
400 $ 100,000 150 $ 1,000,000 over over over over
400 $ 100,000 400 $ 25,000 -14.20 % -16.32 % -13.09 % -12.07 %
400 $ 100,000 400 $ 100,000 1.69 % 11.61 % -1.73 % -1.81 %
400 $ 100,000 400 $ 1,000,000 over over over over
400 $ 1,000,000 60 $ 25,000 -2,128.68 % -2,078.65 % -2,072.56 % -2,302.15 %
400 $ 1,000,000 60 $ 100,000 -294.15 % -319.82 % -335.12 % -332.42 %
400 $ 1,000,000 60 $ 1,000,000 over over over over
400 $ 1,000,000 150 $ 25,000 -1,968.88 % -2,054.27 % -2,154.08 % -2,097.19 %
400 $ 1,000,000 150 $ 100,000 -107.58 % -147.09 % -154.74 % -153.66 %
400 $ 1,000,000 150 $ 1,000,000 over over over over
400 $ 1,000,000 400 $ 25,000 -1,995.36 % -2,051.04 % -2,059.39 % -2,087.88 %
400 $ 1,000,000 400 $ 100,000 -142.90 % -155.46 % -162.29 % -162.79 %
400 $ 1,000,000 400 $ 1,000,000 over over over over

8.2.11 Summary of the Pure Compound Poisson Multiline Scenario

Overall, it must be noted that some other approximating formulas developed in this
section did not produce the same level of accuracy as that of their counterparts in the
monoline case. However, they do generate acceptable approximations in most practical
scenarios actuaries might face. Some of the key formulas may be referenced. First, the for-
mulas for the mean and variance of the joint distribution were developed as equations (8.9)
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and (8.10). Also, where the severity distribution Z(L,M) involves first picking between X
and Y , with relative frequencies nλ and mφ, equations (8.11) and (8.12) provided formulas
for the mean and variance in terms of the distribution of Z. Equations (8.9) and (8.10)
were used to develop a normal approximation to the various percentiles in (8.15) and the
lognormal approximation to the percentiles in (8.16).

Those results were used to develop estimates of the optimal retentions in the two lines.
Equation (8.27) showed that, given the normal approximation to the derivative, the optimal
reinsurance retentions in the two lines, divided by the reinsurer’s loading percentages in the
two lines, were equal. Per equation (8.38), that is true even when more than two lines
of business are involved. Further, the optimal X retention was shown to be a solution
of (8.34) (the Y retention equation is similar). For the case where more than two lines
of business are involved, the equation for the retention (8.39) has an indirect form and
must be solved numerically. However, one should recognize that the derivatives of normal
approximation to the percentiles, not the actual derivatives of the percentiles, were used
to estimate the optimal retentions. Therefore, there are errors in computing the optimal
retentions. Formulas that estimate the ratio of the error in the optimal retention estimates
to the error in approximating the partial derivative were provided in (8.49) through (8.61).
The extension of those formulas to companies with more than two lines of business should
be obvious as well.
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8.3 Two Correlated Lines with Compound Poisson
Distributions and Parameter Variance

The other case of special relevance involves two or more lines of business with correlated
severity parameter variance. In this case, each line has a compound Poisson distribution
with the average jump size contingent on a set of random severity parameters. So, one may
think of the aggregate losses T as consisting of the sum of a set of γιXi’s and τιdYj ’s. The
individual X and Y values are of course generated bythe baseline severity distributions sX
and sY . The values γ, τ , and ι apply globally to each set of claims, and are generated by
independent lognormal distributions4. Specifically, γ and τ apply separately to X and Y ,
respectively. The independent ι represents the shared parameter uncertainty component.
Note that ι impacts the term in Y differently than the term in X, as ιd will be the correlated
parameter variance component of Y due to ι. Further, as before, the lognormal distributions
will all be assumed to have a mean of unity, and their coefficients of variation are a (for
γ), b (for τ) and c (for ι). In order to achieve the mean of unity, the random variable

(c2 + 1)
d−d2

2 ιd must be used rather than ιd to represent the shared parameter uncertainty
component of Y . Further, algebra will show that

CV 2[(c2 + 1)
d−d2

2 ιd] =
V ar[(c2 + 1)

d−d2

2 ιd]

E2[(c2 + 1)
d−d2

2 ιd]
= (1 + c2)d

2 − 1. (8.63)

Further, note that typically c < 10% in practice, so typically, c2 < 1% and the first point
of the Taylor series expansion of the coefficient of variation is a quality approximation. In
equation form, that means that

CV [(c2 + 1)
d−d2

2 ιd] ≈ c2d2 (8.64)

The situation otherwise is similar to the scenario of Section 7.2.

8.3.1 The Mean and Expected Process Variance: Two Easy Answers

Of note, the mean of the sum of two separate distributions, even two correlated ones,
is the sum of the means. Further, the squared coefficient of variation of the product of
two lognormal distributions is the sum of the two squared coefficients of variation, plus the
product of the two squared coefficients of variation. Then, if we define the expectation “E1”
and severity mass functions “sX” and “sY ” to all be evaluated with respect to the baseline
scenario where γ = τ = ι = 1 (as in Chapter 7), equation (7.52) may be used to produce

E[Tc(L,M)] ≈ nλ

{
E1[Xc(L)|]−

1

2
(a2 + c2 + a2c2)L2sX(L)

}

+mφ

{
E1[Yc(M)]− 1

2
(b2 + c2d2 + b2c2d2)M2sY (M)

}
, (8.65)

where, as before, E1 denotes an expectation conditioned on all the severity parameters
being equal to one. Note that since a, b, c < 10% the terms involving a product of squared

4With d fixed.
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coefficients of variation are minor parts of what is essentially a correction term. So one may
say

E[Tc(L,M)] ≈ nλ

{
E1[Xc(L)]−

1

2
(a2 + c2)L2sX(L)

}

+mφ

{
E1[Yc(M)]− 1

2
(b2 + c2d2)M2sY (M)

}
. (8.66)

Similarly, the expected value of the process variance is easy to compute using the fact
that, once γ, τ , and ι are specified, the sums of the parameter-adjusted compound Poisson
distributions within lines X and Y are independent. As in equation (7.61), the result is

E [V ar[Tc(L,M)]]

= E
[
V ar[TXc(L)] + V ar[TYc(M)]

]

= E
[
V ar[TXc(L)]

]
+ E

[
V ar[TYc(M)]

]

≈ nλ
{
E[X2

c (L)] + (a2 + c2 + a2c2)
(
E[X2

c (L)]− L2
(
1− FX(L)

)
− L3sX(L)

) }

+mφ
{
E[Y 2

c (M)]

+(b2 + c2d2 + b2c2d2)
(
E[Y 2

c (M)]−M2
(
1− FY (M)

)
−M3sY (M)

) }
.

≈ nλ
{
E[X2

c (L)] + (a2 + c2)
(
E[X2

r (L)]− L3sX(L)
) }

+mφ
{
E[Y 2

c (M)] + (b2 + c2d2)
(
E[Y 2

r (M)]−M3sY (M)
) }

, (8.67)

where the inner variance terms are all relative to a specific set of values for γ, ι, and
τ , as needed in context; and the outer expectation is across all parameter values and all
consequent aggregate loss scenarios. Then, since the expected value of the process variance
has been estimated, all that is needed to estimate the variance of the composite distribution
is (per the discussion below equation (6.9)) is the variance of the hypothetical means.

8.3.2 The Variance of the Hypothetical Means and the Total Variance

Following the results of the previous section, the goal within this section is to compute
the variance of the hypothetical means, so that the variance of the composite distribution
may be computed. Specifically, noting that the hypothetical mean given γ, τ , and ι is

nλγιE1[Xc(L/(γι)] +mφτc∗ιdE1[Yc(M/(τc∗ιd)] (c∗ abbreviating the constant (c2 + 1)
d−d2

2

), the goal is to compute the variance of those means across possible values of γ, τ , and ι.
But, the calculations may be simplified. Note that per equation (7.69) we have formulas
for the variances of the two major terms. Specifically

V ar [nλγιE1[Xc(L/(γι)]] ≈ n2λ2(a2 + c2 + a2c2)E2[Xr(L)]

≈ n2λ2(a2 + c2)E2[Xr(L)] (8.68)

and

V ar
[
mφτc∗ιdE1[Yc(M/(τc∗ιd)]

]
≈ m2φ2(b2 + c2d2 + b2c2d2)E2[Yr(M)]

≈ m2φ2(b2 + c2d2)E2[Yr(M)] (8.69)
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Then, using the covariance expansion of the variance of the sum,

V ar
[
nλγιE1[Xc(L/(γι)] +mφτc∗ιdE1[Yc(M/(τc∗ιd)]

]

≈ n2λ2(a2 + c2)E2[Xr(L)] +m2φ2(b2 + c2d2)E2[Yr(M)]

+ 2nλmφCov
[
γιE1[Xc(L/(γι)], τc

∗ιdE1[Yc(M/(τc∗ιd)]
]
. (8.70)

Therefore, ability to evaluate the covariance term infers ability to evaluate the entire vari-
ance of the hypothetical means.

To begin the evaluation process, one may view each factor in the covariance as a function
“h”, just as was done in equation (7.62) in Section 7.2.3. That would define two functions

hX(γ, ι) = γιE1[Xc(L/(γι)] (8.71)

and

hY (τ, ι) = τc∗ιdE1[Yc(M/(τc∗ιd)]. (8.72)

Those functions in turn may be expanded in Taylor series about γ = τ = ι = 1, as

hX(γ, ι) = hX(1, 1) + (γ − 1)
∂

∂γ
hX(1, 1) + (ι− 1)

∂

∂ι
hX(1, 1)

+(γ − 1)2
∂2

2∂γ2
hX(1, 1) + (ι− 1)2

∂2

2∂ι2
hX(1, 1)

+(γ − 1)(ι− 1)
∂2

∂γ∂ι
hX(1, 1) +HOTS, (8.73)

where the summand “HOTS” refers to terms that combine powers of (γ − 1) and (ι − 1)
to a total power of at least three. Further,

hY (γ, ι) = hY (1, 1) + (τ − 1)
∂

∂τ
hY (1, 1) + (ι− 1)

∂

∂ι
hY (1, 1)

+(τ − 1)2
∂2

2∂τ2
hY (1, 1) + (ι− 1)2

∂2

2∂ι2
hY (1, 1)

+(τ − 1)(ι− 1)
∂2

∂τ∂ι
hY (1, 1) +HOTS, (8.74)

where the “HOTS” now refers to terms that combine powers of (τ−1) and (ι−1) to a total
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power of at least three. Using those expansions, one may seek to estimate the covariance as

Cov[hX , hY ] = E
[
(hX(γ, ι)− µhX

)× (hY (τ, ι)− µhY
)
]

= E

[(
hX(1, 1) + (γ − 1)

∂

∂γ
hX(1, 1) + (ι− 1)

∂

∂ι
hX(1, 1)

+(γ − 1)2
∂2

2∂γ2
hX(1, 1) + (ι− 1)2

∂2

2∂ι2
hX(1, 1)

+(γ − 1)(ι− 1)
∂2

∂γ∂ι
hX(1, 1) +HOTS − E[hX ]

)

×
(
hY (1, 1) + (τ − 1)

∂

∂τ
hY (1, 1) + (ι− 1)

∂

∂ι
hY (1, 1)

+(τ − 1)2
∂2

2∂τ2
hY (1, 1) + (ι− 1)2

2∂2

∂ι2
hY (1, 1)

+(τ − 1)(ι− 1)
∂2

∂τ∂ι
hY (1, 1) +HOTS − E[hY ]

)]
. (8.75)

Further, the differences h(1, 1)− E[h] may be computed using (8.65) to derive

Cov[hX , hY )] ≈ E

[(
(a2 + c2)L2sX(L)

2
+ (γ − 1)

∂

∂γ
hX(1, 1)

+(ι− 1)
∂

∂ι
hX(1, 1) + (γ − 1)2

∂2

2∂γ2
hX(1, 1)

+(ι− 1)2
∂2

2∂ι2
hX(1, 1) + (γ − 1)(ι− 1)

∂2

∂γ∂ι
hX(1, 1)

+HOTS

)

×
(
(b2 + c2d2)M2sY (M)

2
+ (τ − 1)

∂

∂τ
hY (1, 1)

+(ι− 1)
∂

∂ι
hY (1, 1) + (τ − 1)2

∂2

2∂τ2
hY (1, 1)

+(ι− 1)2
∂2

2∂ι2
hY (1, 1) + (τ − 1)(ι− 1)

∂2

∂τ∂ι
hY (1, 1)

+HOTS

)]
. (8.76)

Next, note that since γ, τ , and ι are mutually independent random variables, and all
have a mean value of unity, any cross term having a single power of (γ − 1), (τ − 1), or
(ι − 1) will have an expected value of zero. Further, as long as second order powers (that
eventually resolve to a2, b2, or c2,possibly c2d2, without other factors of a, b, or c) remain,
they will clearly dominate the third and fourth order terms in a, b, or c. In the case where c
is so much smaller than a or b that, say a4 would be material in relation to c2, the a4 terms
would still be immaterial in computing the overall variance of the hypothetical means (as
it would be dominated by the a2 terms). Combining those impacts produces the following
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approximation to the covariance

Cov[hX(γ, ι), hY (τ, ι)] ≈ E

[
(ι− 1)2

∂

∂ι
hX(1, 1)

∂

∂ι
hY (1, 1) +HOTS

]

≈ c2
∂

∂ι
hX(1, 1)

∂

∂ι
hY (1, 1). (8.77)

Then all that is needed to approximate the covariance term are the partial derivatives of
hX and hY with respect to ι. The first step is to use equation(2.18) and the product rule
and chain rule to get

∂

∂ι
hX =

∂

∂ι
γιE1[Xc(L/(γι)]

= γE1[Xc(L/(γι)]−
L

ι

(
1− FX

(
L/(γι)

))
. (8.78)

So
∂

∂ι
hX(1, 1) = E1[Xc(L)]− L

(
1− FX(L)

)
= E1[Xr(L)]. (8.79)

Similarly, recognizing that ι has the power d in hY ,

∂

∂ι
hY =

∂

∂ι
τc∗ιdE1[Yc(M/(τc∗ιd)]

= τc∗dιd−1E1[Yc(M/(τc∗ι)]− −dM

ι

(
1− FY

(
M/(τc∗ιd)

))
. (8.80)

Noting that the second term approaches zero as M → ∞, and c∗ = 1 + O((c)2), one could
say that −dM

ι

(
1− FY

(
M/(τc∗ιd)

))
≈ c∗ −dM

ι

(
1− FY

(
M/(τc∗ιd)

))
, so

∂

∂ι
hY ≈ c∗

(
τdιd−1E1[Yc(M/(τc∗ι)]− −dM

ι

(
1− FY

(
M/(τc∗ιd)

)))
. (8.81)

At τ = ι = 1 that takes the value

∂

∂ι
hY (1, 1) ≈ dc∗E1[Yr(M/c∗)]. (8.82)

Therefore, the covariance is approximately

Cov[hX(γ, ι), hY (τ, ι)] ≈ c2dc∗E1[Xr(L)]E1[Yr(M/c∗)], (8.83)

where, as noted earlier, any occurrence of “E1” notes an expectation with respect to the
baseline scenario where γ = τ = ι = 1. Plugging that result into (8.70)), the variance of
the hypothetical means is

V ar
[
nλγιE1[Xc(L/(γι)] +mφτιdE1[Yc(M/(τιd)]

]

≈ n2λ2(a2 + c2)E2
1 [Xr(L)] +m2φ2(b2 + c2d2)E2

1 [Yr(M)]

+2nλmφc2dc∗E1[Xr(L)]E1[Yr(M/c∗)]. (8.84)
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Combining that equation with the equation for the expected value of the process variance
from equation (8.67) yields the approximation to the variance

V ar[Tc(L,M)] ≈ nλ
{
E1[X

2
c (L)] + (a2 + c2)

(
E1[X

2
r (L)]− L3sX(L)

) }

+mφ
{
E1[Y

2
c (M)] + (b2 + c2d2)

(
E1[Y

2
r (M)]−M3sY (M)

) }

+n2λ2(a2 + c2)E2
1 [Xr(L)] +m2φ2(b2 + c2d2)E2

1 [Yr(M)]

+2nλmφc2dc∗E1[Xr(L)]E1[Yr(M/c∗)]. (8.85)

Lastly, for the common case where c∗ will be very close to unity, since we know the marginal
effect of a deviation from unity on c∗E1[Yr(M/c∗)] to be (c∗ − 1)

(
1− FY (M)

)
, the approx-

imation may be simplified to

V ar[Tc(L,M)] ≈ nλ
{
E1[X

2
c (L)] + (a2 + c2)

(
E1[X

2
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) }
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{
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2
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(
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2
r (M)]−M3sY (M)

) }
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1 [Yr(M)]

+2nλmφc2dE1[Xr(L)]E1[Yr(M)]

= V (L, n, λ, a, c,M,m, φ, b, d), (8.86)

which also defines the notation “V ”. In context, it may also be expressed as “V (L,M)”.
With the mean and variance computed, the value of A, expressed as A(L,M, a, b, c, d),

may be computed as

A(L,M, a, b, c, d) = CV 2 + 1

≈ 1 +
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{
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. (8.87)

Unfortunately, that does not appear to be susceptible to simplification.

8.3.3 Example for Testing Percentile Approximations under Severity
Parameter Variance

As with the other sections, an analysis of the quality of the approximations to key
multiline quantities using sample data follows.In establishing the sample data, the basic
distribution underlying the multiline compound Poisson example5 was used. However, in

5Specifically, X distributed Pareto(2.2, 5000), Y distributed Pareto(4, 4500), and various combinations
of expected counts of 60, 150, and 400 for each distribution combined with attachment points of $25,000,
$100,000, and $1,000,000 were assumed.
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this example, the quantities a, b, c, and d must also be chosen. The values

a = 5%, b = 3%, c = 8%, and d = 1.2 (8.88)

were selected. Of course, a wide variety of possible general relationships, too many to
test, could be possible in real world actuarial situations. But, this specific example should
provide a good perspective on the utility of this approach.

The first step is to compare the actual mean and variance values of the aggregate
distribution6 to those predicted by the theoretical estimates in equations (8.66) and (8.86).
Such a comparison is shown in Table 8.13. As one may see, the means estimated using (8.66)
are essentially indistinguishable7 from the means estimated in the sample. Although the
estimates of the variance are not as close, they are still highly acceptable8 for the purposes
in the context of this analysis.

Table 8.13: Estimated Error Inherent in Approximations to Mean and Variance
for Multiline Compound Poisson with X Distributed Pareto(2.2, 5000) and Y Dis-
tributed Pareto(4, 4500) with Selected Correlated Severity Parameter Variance

Estimated Error in Estimating Formulas for Mean and Variance per Sample Data

nλ L mφ M Est. µT Sample µT Error% Est. σ2
T Sample σ2

T Error%

60 $ 25,000 60 $ 25,000 $ 872,779 $ 872,815 (0.00) % 1.391E+10 1.385E+10 0.46 %
60 $ 25,000 60 $ 100,000 $ 873,327 $ 873,327 0.00 % 1.398E+10 1.392E+10 0.40 %
60 $ 25,000 60 $ 1,000,000 $ 873,335 $ 873,335 0.00 % 1.398E+10 1.393E+10 0.40 %
60 $ 25,000 150 $ 25,000 $ 1,411,943 $ 1,411,943 0.00 % 2.821E+10 2.807E+10 0.50 %
60 $ 25,000 150 $ 100,000 $ 1,413,314 $ 1,413,314 0.00 % 2.844E+10 2.833E+10 0.37 %
60 $ 25,000 150 $ 1,000,000 $ 1,413,335 $ 1,413,335 0.00 % 2.845E+10 2.834E+10 0.38 %
60 $ 25,000 400 $ 25,000 $ 2,909,624 $ 2,909,624 0.00 % 9.853E+10 9.804E+10 0.50 %
60 $ 25,000 400 $ 100,000 $ 2,913,277 $ 2,913,277 0.00 % 9.955E+10 9.918E+10 0.37 %
60 $ 25,000 400 $ 1,000,000 $ 2,913,335 $ 2,913,335 0.00 % 9.958E+10 9.920E+10 0.38 %
60 $ 100,000 60 $ 25,000 $ 902,497 $ 902,497 0.00 % 1.751E+10 1.746E+10 0.25 %
60 $ 100,000 60 $ 100,000 $ 903,045 $ 903,045 0.00 % 1.758E+10 1.754E+10 0.21 %
60 $ 100,000 60 $ 1,000,000 $ 903,053 $ 903,053 0.00 % 1.758E+10 1.754E+10 0.21 %
60 $ 100,000 150 $ 25,000 $ 1,441,661 $ 1,441,661 0.00 % 3.234E+10 3.225E+10 0.29 %
60 $ 100,000 150 $ 100,000 $ 1,443,032 $ 1,443,032 0.00 % 3.257E+10 3.252E+10 0.18 %
60 $ 100,000 150 $ 1,000,000 $ 1,443,053 $ 1,443,053 0.00 % 3.258E+10 3.252E+10 0.18 %
60 $ 100,000 400 $ 25,000 $ 2,939,342 $ 2,939,342 0.00 % 1.041E+11 1.037E+11 0.39 %
60 $ 100,000 400 $ 100,000 $ 2,942,995 $ 2,942,995 0.00 % 1.052E+11 1.049E+11 0.28 %
60 $ 100,000 400 $ 1,000,000 $ 2,943,053 $ 2,943,053 0.00 % 1.052E+11 1.049E+11 0.29 %
60 $ 1,000,000 60 $ 25,000 $ 909,005 $ 909,005 0.00 % 2.080E+10 2.109E+10 (1.37) %
60 $ 1,000,000 60 $ 100,000 $ 909,553 $ 909,553 0.00 % 2.087E+10 2.117E+10 (1.40) %
60 $ 1,000,000 60 $ 1,000,000 $ 909,562 $ 909,562 0.00 % 2.087E+10 2.117E+10 (1.40) %
60 $ 1,000,000 150 $ 25,000 $ 1,448,170 $ 1,448,170 0.00 % 3.575E+10 3.601E+10 (0.74) %

6As computed using the Monte Carlo sample.
7Of note the correction factors −nλ

(a2+c2+a2c2)L2sX (L)
2

and −mφ
(b2+c2d2+b2c2d2)M2sY (M)

2
are very small

for the situations in this example, so, the mean values without those correction terms would still be acceptable
estimates of the means. It appears that the primary utility of the corrected estimate for the capped mean
in equation (8.65) may be with respect to items such as the effect of volatility on lower limits losses, such
as might be used in pricing insurance policies. For the variance, however, the correction terms do appear to
be very material in the example given.

8The key quantity used in this dissertation is typically the standard deviation, and the standard deviation
error percentages are clearly well below 1% in every instance.
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. . . Table 8.13 Continued from Previous Page . . .
Estimated Error in Estimating Formulas for Mean and Variance per Sample Data

nλ L mφ M Est. µT Sample µT Error% Est. σ2
T Sample σ2

T Error%

60 $ 1,000,000 150 $ 100,000 $ 1,449,540 $ 1,449,540 0.00 % 3.598E+10 3.628E+10 (0.83) %
60 $ 1,000,000 150 $ 1,000,000 $ 1,449,562 $ 1,449,562 0.00 % 3.599E+10 3.629E+10 (0.83) %
60 $ 1,000,000 400 $ 25,000 $ 2,945,850 $ 2,945,850 0.00 % 1.079E+11 1.079E+11 (0.05) %
60 $ 1,000,000 400 $ 100,000 $ 2,949,504 $ 2,949,504 0.00 % 1.089E+11 1.091E+11 (0.16) %
60 $ 1,000,000 400 $ 1,000,000 $ 2,949,562 $ 2,949,562 0.00 % 1.089E+11 1.091E+11 (0.15) %
150 $ 25,000 60 $ 25,000 $ 1,642,781 $ 1,642,781 0.00 % 3.659E+10 3.623E+10 1.01 %
150 $ 25,000 60 $ 100,000 $ 1,643,330 $ 1,643,330 0.00 % 3.668E+10 3.633E+10 0.97 %
150 $ 25,000 60 $ 1,000,000 $ 1,643,338 $ 1,643,338 0.00 % 3.669E+10 3.634E+10 0.97 %
150 $ 25,000 150 $ 25,000 $ 2,181,946 $ 2,181,946 0.00 % 5.671E+10 5.618E+10 0.95 %
150 $ 25,000 150 $ 100,000 $ 2,183,316 $ 2,183,316 0.00 % 5.699E+10 5.650E+10 0.87 %
150 $ 25,000 150 $ 1,000,000 $ 2,183,338 $ 2,183,338 0.00 % 5.700E+10 5.651E+10 0.87 %
150 $ 25,000 400 $ 25,000 $ 3,679,627 $ 3,679,627 0.00 % 1.432E+11 1.419E+11 0.87 %
150 $ 25,000 400 $ 100,000 $ 3,683,280 $ 3,683,280 0.00 % 1.444E+11 1.433E+11 0.77 %
150 $ 25,000 400 $ 1,000,000 $ 3,683,338 $ 3,683,338 0.00 % 1.444E+11 1.433E+11 0.78 %
150 $ 100,000 60 $ 25,000 $ 1,717,077 $ 1,717,077 0.00 % 4.775E+10 4.734E+10 0.86 %
150 $ 100,000 60 $ 100,000 $ 1,717,625 $ 1,717,625 0.00 % 4.785E+10 4.745E+10 0.83 %
150 $ 100,000 60 $ 1,000,000 $ 1,717,633 $ 1,717,633 0.00 % 4.785E+10 4.746E+10 0.83 %
150 $ 100,000 150 $ 25,000 $ 2,256,241 $ 2,256,241 0.00 % 6.920E+10 6.869E+10 0.75 %
150 $ 100,000 150 $ 100,000 $ 2,257,612 $ 2,257,612 0.00 % 6.950E+10 6.903E+10 0.68 %
150 $ 100,000 150 $ 1,000,000 $ 2,257,633 $ 2,257,633 0.00 % 6.951E+10 6.904E+10 0.68 %
150 $ 100,000 400 $ 25,000 $ 3,753,922 $ 3,753,922 0.00 % 1.594E+11 1.582E+11 0.75 %
150 $ 100,000 400 $ 100,000 $ 3,757,575 $ 3,757,575 0.00 % 1.606E+11 1.595E+11 0.66 %
150 $ 100,000 400 $ 1,000,000 $ 3,757,633 $ 3,757,633 0.00 % 1.606E+11 1.596E+11 0.66 %
150 $ 1,000,000 60 $ 25,000 $ 1,733,347 $ 1,733,347 0.00 % 5.649E+10 5.693E+10 (0.76) %
150 $ 1,000,000 60 $ 100,000 $ 1,733,896 $ 1,733,896 0.00 % 5.659E+10 5.704E+10 (0.79) %
150 $ 1,000,000 60 $ 1,000,000 $ 1,733,904 $ 1,733,904 0.00 % 5.659E+10 5.704E+10 (0.79) %
150 $ 1,000,000 150 $ 25,000 $ 2,272,512 $ 2,272,512 0.00 % 7.823E+10 7.863E+10 (0.51) %
150 $ 1,000,000 150 $ 100,000 $ 2,273,882 $ 2,273,882 0.00 % 7.853E+10 7.898E+10 (0.57) %
150 $ 1,000,000 150 $ 1,000,000 $ 2,273,904 $ 2,273,904 0.00 % 7.854E+10 7.899E+10 (0.57) %
150 $ 1,000,000 400 $ 25,000 $ 3,770,193 $ 3,770,193 0.00 % 1.692E+11 1.691E+11 0.06 %
150 $ 1,000,000 400 $ 100,000 $ 3,773,846 $ 3,773,846 0.00 % 1.704E+11 1.705E+11 (0.06) %
150 $ 1,000,000 400 $ 1,000,000 $ 3,773,904 $ 3,773,904 0.00 % 1.705E+11 1.706E+11 (0.05) %
400 $ 25,000 60 $ 25,000 $ 3,781,678 $ 3,781,678 0.00 % 1.461E+11 1.438E+11 1.60 %
400 $ 25,000 60 $ 100,000 $ 3,782,227 $ 3,782,227 0.00 % 1.462E+11 1.439E+11 1.59 %
400 $ 25,000 60 $ 1,000,000 $ 3,782,235 $ 3,782,235 0.00 % 1.462E+11 1.440E+11 1.58 %
400 $ 25,000 150 $ 25,000 $ 4,320,843 $ 4,320,843 0.00 % 1.823E+11 1.797E+11 1.49 %
400 $ 25,000 150 $ 100,000 $ 4,322,213 $ 4,322,213 0.00 % 1.828E+11 1.802E+11 1.46 %
400 $ 25,000 150 $ 1,000,000 $ 4,322,235 $ 4,322,235 0.00 % 1.828E+11 1.802E+11 1.46 %
400 $ 25,000 400 $ 25,000 $ 5,818,524 $ 5,818,524 0.00 % 3.137E+11 3.095E+11 1.35 %
400 $ 25,000 400 $ 100,000 $ 5,822,177 $ 5,822,177 0.00 % 3.153E+11 3.113E+11 1.30 %
400 $ 25,000 400 $ 1,000,000 $ 5,822,235 $ 5,822,235 0.00 % 3.153E+11 3.113E+11 1.30 %
400 $ 100,000 60 $ 25,000 $ 3,979,799 $ 3,979,799 0.00 % 1.919E+11 1.897E+11 1.18 %
400 $ 100,000 60 $ 100,000 $ 3,980,347 $ 3,980,347 0.00 % 1.921E+11 1.898E+11 1.17 %
400 $ 100,000 60 $ 1,000,000 $ 3,980,356 $ 3,980,356 0.00 % 1.921E+11 1.899E+11 1.16 %
400 $ 100,000 150 $ 25,000 $ 4,518,964 $ 4,518,964 0.00 % 2.317E+11 2.293E+11 1.06 %
400 $ 100,000 150 $ 100,000 $ 4,520,334 $ 4,520,334 0.00 % 2.322E+11 2.298E+11 1.03 %
400 $ 100,000 150 $ 1,000,000 $ 4,520,356 $ 4,520,356 0.00 % 2.322E+11 2.298E+11 1.03 %
400 $ 100,000 400 $ 25,000 $ 6,016,644 $ 6,016,644 0.00 % 3.729E+11 3.693E+11 0.98 %
400 $ 100,000 400 $ 100,000 $ 6,020,298 $ 6,020,298 0.00 % 3.746E+11 3.712E+11 0.92 %
400 $ 100,000 400 $ 1,000,000 $ 6,020,356 $ 6,020,356 0.00 % 3.747E+11 3.712E+11 0.93 %
400 $ 1,000,000 60 $ 25,000 $ 4,023,188 $ 4,023,188 0.00 % 2.190E+11 2.198E+11 (0.39) %
400 $ 1,000,000 60 $ 100,000 $ 4,023,736 $ 4,023,736 0.00 % 2.192E+11 2.201E+11 (0.41) %
400 $ 1,000,000 60 $ 1,000,000 $ 4,023,745 $ 4,023,745 0.00 % 2.192E+11 2.201E+11 (0.41) %
400 $ 1,000,000 150 $ 25,000 $ 4,562,353 $ 4,562,353 0.00 % 2.596E+11 2.604E+11 (0.31) %
400 $ 1,000,000 150 $ 100,000 $ 4,563,723 $ 4,563,723 0.00 % 2.601E+11 2.610E+11 (0.35) %
400 $ 1,000,000 150 $ 1,000,000 $ 4,563,745 $ 4,563,745 0.00 % 2.601E+11 2.610E+11 (0.35) %
400 $ 1,000,000 400 $ 25,000 $ 6,060,033 $ 6,060,033 0.00 % 4.030E+11 4.029E+11 0.02 %
400 $ 1,000,000 400 $ 100,000 $ 6,063,687 $ 6,063,687 0.00 % 4.047E+11 4.049E+11 (0.06) %
400 $ 1,000,000 400 $ 1,000,000 $ 6,063,745 $ 6,063,745 0.00 % 4.047E+11 4.050E+11 (0.06) %
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8.3.4 Normal Approximations to the Percentiles of the Distribution

As in the other scenarios, the utility of the normal approximation to the 95th, 98th, 99th,
and 99.5th percentiles of the aggregate loss distribution was analyzed in the context of the
estimates of the mean and variance estimating equations (8.65) and (8.86). As one may
see, the estimating equations combine to produce the fairly long, but tractable formula

F−1
Tc(L,M)(1− p) ≈ nλ

{
E1[Xc(L)]−

(a2 + c2)L2sX(L)

2

}

+mφ

{
E1[Yc(M)]− (b2 + c2d2)M2sY (M)

2

}

+Φ−1(1− p)
√
V (L, n, λ, a, c,M,m, φ, b, d), (8.89)

where, per (8.86),

V (L, n, λ, a, c,M,m, φ, b, d)

≈ nλ
{
E1[X

2
c (L)] + (a2 + c2)

(
E1[X

2
r (L)]− L3sX(L)

) }

+mφ
{
E1[Y

2
c (M)] + (b2 + c2d2)

(
E1[Y

2
r (M)]−M3sY (M)

) }

+ n2λ2(a2 + c2)E2
1 [Xr(L)] +m2φ2(b2 + c2d2)E2

1 [Yr(M)]

+ 2nλmφc2dE1[Xr(L)]E1[Yr(M)]. (8.90)

The values of the actual percentiles, as estimated using the Monte Carlo sample, are pre-
sented in Table 8.14. Just as with the non-parameter variance case, these values are heavily
dominated by the X-limit (L), which is again consistent with theory given the much fatter
tail of the X severity distribution. In fact, it appears that few or no Y claims breached
the $1 million limit, even with the small “boost” in the expected excess losses that the
parameter variance adds.

Table 8.14: Monte Carlo-Estimated Key Percentiles of Compound Poisson Dis-
tribution with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)
with Selected Correlated Severity Parameter Variance

Percentiles F−1
Tc(L,M)(1− p) for 1− p =

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 $ 1,076,655 $ 1,133,756 $ 1,170,937 $ 1,204,195
60 $ 25,000 60 $ 100,000 $ 1,077,604 $ 1,135,939 $ 1,172,805 $ 1,204,885
60 $ 25,000 60 $ 1,000,000 $ 1,077,604 $ 1,136,035 $ 1,172,805 $ 1,204,929
60 $ 25,000 150 $ 25,000 $ 1,703,665 $ 1,780,688 $ 1,837,728 $ 1,888,373
60 $ 25,000 150 $ 100,000 $ 1,707,064 $ 1,783,615 $ 1,841,133 $ 1,895,510
60 $ 25,000 150 $ 1,000,000 $ 1,707,064 $ 1,783,974 $ 1,841,133 $ 1,895,510
60 $ 25,000 400 $ 25,000 $ 3,452,388 $ 3,603,074 $ 3,696,874 $ 3,790,608
60 $ 25,000 400 $ 100,000 $ 3,462,484 $ 3,612,919 $ 3,708,747 $ 3,799,614
60 $ 25,000 400 $ 1,000,000 $ 3,462,484 $ 3,612,919 $ 3,708,747 $ 3,799,614
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. . . Table 8.14 Continued from Previous Page . . .
Percentiles F−1

Tc(L,M)(1− p) for 1− p =

nλ L mφ M 95% 98% 99% 99.5%

60 $ 100,000 60 $ 25,000 $ 1,133,412 $ 1,200,480 $ 1,242,777 $ 1,291,906
60 $ 100,000 60 $ 100,000 $ 1,134,926 $ 1,201,875 $ 1,244,490 $ 1,293,050
60 $ 100,000 60 $ 1,000,000 $ 1,135,046 $ 1,201,875 $ 1,245,044 $ 1,293,653
60 $ 100,000 150 $ 25,000 $ 1,754,472 $ 1,838,282 $ 1,898,767 $ 1,963,577
60 $ 100,000 150 $ 100,000 $ 1,757,525 $ 1,841,780 $ 1,901,735 $ 1,967,030
60 $ 100,000 150 $ 1,000,000 $ 1,757,673 $ 1,841,780 $ 1,901,735 $ 1,967,322
60 $ 100,000 400 $ 25,000 $ 3,498,549 $ 3,652,163 $ 3,750,113 $ 3,857,554
60 $ 100,000 400 $ 100,000 $ 3,507,872 $ 3,662,681 $ 3,760,705 $ 3,867,716
60 $ 100,000 400 $ 1,000,000 $ 3,507,872 $ 3,662,681 $ 3,760,705 $ 3,868,019
60 $ 1,000,000 60 $ 25,000 $ 1,155,346 $ 1,240,742 $ 1,320,945 $ 1,420,390
60 $ 1,000,000 60 $ 100,000 $ 1,155,931 $ 1,241,573 $ 1,324,086 $ 1,420,911
60 $ 1,000,000 60 $ 1,000,000 $ 1,155,931 $ 1,241,887 $ 1,324,246 $ 1,420,911
60 $ 1,000,000 150 $ 25,000 $ 1,774,753 $ 1,878,865 $ 1,962,200 $ 2,055,051
60 $ 1,000,000 150 $ 100,000 $ 1,777,913 $ 1,881,191 $ 1,966,171 $ 2,058,100
60 $ 1,000,000 150 $ 1,000,000 $ 1,778,102 $ 1,881,196 $ 1,966,981 $ 2,058,100
60 $ 1,000,000 400 $ 25,000 $ 3,516,028 $ 3,684,666 $ 3,788,194 $ 3,903,431
60 $ 1,000,000 400 $ 100,000 $ 3,524,514 $ 3,695,127 $ 3,796,308 $ 3,916,521
60 $ 1,000,000 400 $ 1,000,000 $ 3,524,514 $ 3,695,246 $ 3,796,308 $ 3,917,049

150 $ 25,000 60 $ 25,000 $ 1,972,304 $ 2,058,256 $ 2,121,174 $ 2,176,180
150 $ 25,000 60 $ 100,000 $ 1,973,000 $ 2,061,334 $ 2,122,848 $ 2,177,962
150 $ 25,000 60 $ 1,000,000 $ 1,973,000 $ 2,061,334 $ 2,122,915 $ 2,178,668
150 $ 25,000 150 $ 25,000 $ 2,591,513 $ 2,702,852 $ 2,776,039 $ 2,837,802
150 $ 25,000 150 $ 100,000 $ 2,594,784 $ 2,708,193 $ 2,779,172 $ 2,843,163
150 $ 25,000 150 $ 1,000,000 $ 2,594,784 $ 2,708,413 $ 2,779,172 $ 2,843,543
150 $ 25,000 400 $ 25,000 $ 4,332,187 $ 4,513,855 $ 4,621,869 $ 4,724,424
150 $ 25,000 400 $ 100,000 $ 4,341,121 $ 4,522,129 $ 4,630,716 $ 4,730,410
150 $ 25,000 400 $ 1,000,000 $ 4,341,121 $ 4,522,147 $ 4,630,733 $ 4,731,071
150 $ 100,000 60 $ 25,000 $ 2,096,169 $ 2,203,510 $ 2,274,585 $ 2,337,051
150 $ 100,000 60 $ 100,000 $ 2,097,149 $ 2,204,643 $ 2,277,282 $ 2,339,238
150 $ 100,000 60 $ 1,000,000 $ 2,097,149 $ 2,204,746 $ 2,277,282 $ 2,339,238
150 $ 100,000 150 $ 25,000 $ 2,713,469 $ 2,835,863 $ 2,921,953 $ 3,002,401
150 $ 100,000 150 $ 100,000 $ 2,715,413 $ 2,839,297 $ 2,925,897 $ 3,008,489
150 $ 100,000 150 $ 1,000,000 $ 2,715,843 $ 2,839,297 $ 2,927,102 $ 3,008,489
150 $ 100,000 400 $ 25,000 $ 4,447,338 $ 4,638,441 $ 4,751,175 $ 4,876,370
150 $ 100,000 400 $ 100,000 $ 4,453,870 $ 4,645,617 $ 4,761,650 $ 4,887,479
150 $ 100,000 400 $ 1,000,000 $ 4,453,870 $ 4,645,617 $ 4,762,041 $ 4,887,479
150 $ 1,000,000 60 $ 25,000 $ 2,147,851 $ 2,291,638 $ 2,399,852 $ 2,507,343
150 $ 1,000,000 60 $ 100,000 $ 2,148,504 $ 2,292,148 $ 2,401,368 $ 2,509,375
150 $ 1,000,000 60 $ 1,000,000 $ 2,148,657 $ 2,292,148 $ 2,401,368 $ 2,509,375
150 $ 1,000,000 150 $ 25,000 $ 2,760,954 $ 2,921,726 $ 3,024,991 $ 3,144,121
150 $ 1,000,000 150 $ 100,000 $ 2,763,430 $ 2,924,661 $ 3,029,410 $ 3,147,888
150 $ 1,000,000 150 $ 1,000,000 $ 2,763,430 $ 2,925,042 $ 3,029,918 $ 3,147,888
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Tc(L,M)(1− p) for 1− p =

nλ L mφ M 95% 98% 99% 99.5%

150 $ 1,000,000 400 $ 25,000 $ 4,490,792 $ 4,691,757 $ 4,839,364 $ 4,981,591
150 $ 1,000,000 400 $ 100,000 $ 4,499,215 $ 4,702,415 $ 4,844,527 $ 4,993,408
150 $ 1,000,000 400 $ 1,000,000 $ 4,499,215 $ 4,702,445 $ 4,846,511 $ 4,993,408
400 $ 25,000 60 $ 25,000 $ 4,433,737 $ 4,610,339 $ 4,726,632 $ 4,817,691
400 $ 25,000 60 $ 100,000 $ 4,434,280 $ 4,613,885 $ 4,727,732 $ 4,817,696
400 $ 25,000 60 $ 1,000,000 $ 4,434,327 $ 4,614,345 $ 4,727,732 $ 4,817,696
400 $ 25,000 150 $ 25,000 $ 5,046,363 $ 5,246,455 $ 5,373,429 $ 5,479,882
400 $ 25,000 150 $ 100,000 $ 5,049,422 $ 5,250,573 $ 5,375,821 $ 5,482,092
400 $ 25,000 150 $ 1,000,000 $ 5,049,422 $ 5,250,573 $ 5,375,900 $ 5,482,092
400 $ 25,000 400 $ 25,000 $ 6,775,680 $ 7,030,857 $ 7,202,816 $ 7,336,868
400 $ 25,000 400 $ 100,000 $ 6,782,634 $ 7,038,120 $ 7,208,567 $ 7,346,946
400 $ 25,000 400 $ 1,000,000 $ 6,782,665 $ 7,038,314 $ 7,208,813 $ 7,346,946
400 $ 100,000 60 $ 25,000 $ 4,733,388 $ 4,954,383 $ 5,092,742 $ 5,203,421
400 $ 100,000 60 $ 100,000 $ 4,734,333 $ 4,955,799 $ 5,093,816 $ 5,204,344
400 $ 100,000 60 $ 1,000,000 $ 4,734,333 $ 4,955,799 $ 5,093,816 $ 5,204,344
400 $ 100,000 150 $ 25,000 $ 5,348,267 $ 5,586,384 $ 5,744,295 $ 5,861,672
400 $ 100,000 150 $ 100,000 $ 5,350,886 $ 5,588,200 $ 5,745,185 $ 5,862,065
400 $ 100,000 150 $ 1,000,000 $ 5,350,886 $ 5,588,420 $ 5,745,185 $ 5,862,065
400 $ 100,000 400 $ 25,000 $ 7,069,910 $ 7,361,924 $ 7,552,506 $ 7,703,837
400 $ 100,000 400 $ 100,000 $ 7,077,334 $ 7,369,404 $ 7,561,100 $ 7,716,558
400 $ 100,000 400 $ 1,000,000 $ 7,077,334 $ 7,369,404 $ 7,561,100 $ 7,716,558
400 $ 1,000,000 60 $ 25,000 $ 4,846,937 $ 5,106,067 $ 5,274,441 $ 5,425,633
400 $ 1,000,000 60 $ 100,000 $ 4,847,978 $ 5,106,067 $ 5,274,441 $ 5,429,700
400 $ 1,000,000 60 $ 1,000,000 $ 4,847,978 $ 5,106,689 $ 5,274,441 $ 5,429,700
400 $ 1,000,000 150 $ 25,000 $ 5,461,687 $ 5,728,092 $ 5,909,271 $ 6,076,137
400 $ 1,000,000 150 $ 100,000 $ 5,464,034 $ 5,730,663 $ 5,912,822 $ 6,079,639
400 $ 1,000,000 150 $ 1,000,000 $ 5,464,034 $ 5,730,663 $ 5,912,822 $ 6,079,639
400 $ 1,000,000 400 $ 25,000 $ 7,165,929 $ 7,479,140 $ 7,715,588 $ 7,893,396
400 $ 1,000,000 400 $ 100,000 $ 7,172,102 $ 7,485,571 $ 7,720,923 $ 7,908,991
400 $ 1,000,000 400 $ 1,000,000 $ 7,172,102 $ 7,485,571 $ 7,720,923 $ 7,908,991

8.3.5 Quality of the Normal Approximations to the Percentiles

Just as in the other cases, now that the actual values (per Monte Carlo approximation)
of the percentiles of the joint aggregate distribution have been presented, the next step is
to evaluate the G-values. Specifically, the ratios GTc(L,M)(1− p) of the true F−1

Tc(L,M)(1− p)

values to the approximations µTc(L,M) + Φ−1(1 − p)σTc(L,M) need to be evaluated. Those
are presented in Table 8.15.
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Table 8.15: Values of G for Normal Approximation to Multiline Compound Pois-
son with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500) with
Selected Correlated Severity Parameter Variance

Values of G(L, p) for Multiline Compound Poisson
with Correlated Severity Parameter Variance at Specified Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 1.0093 1.0168 1.0207 1.0235
60 $ 25,000 60 $ 100,000 1.0092 1.0177 1.0213 1.0229
60 $ 25,000 60 $ 1,000,000 1.0092 1.0178 1.0212 1.0229
60 $ 25,000 150 $ 25,000 1.0092 1.0135 1.0194 1.0237
60 $ 25,000 150 $ 100,000 1.0097 1.0136 1.0197 1.0259
60 $ 25,000 150 $ 1,000,000 1.0096 1.0138 1.0196 1.0258
60 $ 25,000 400 $ 25,000 1.0077 1.0137 1.0157 1.0195
60 $ 25,000 400 $ 100,000 1.0088 1.0145 1.0168 1.0198
60 $ 25,000 400 $ 1,000,000 1.0088 1.0145 1.0168 1.0197
60 $ 100,000 60 $ 25,000 1.0119 1.0224 1.0268 1.0391
60 $ 100,000 60 $ 100,000 1.0123 1.0226 1.0273 1.0390
60 $ 100,000 60 $ 1,000,000 1.0124 1.0226 1.0277 1.0394
60 $ 100,000 150 $ 25,000 1.0098 1.0151 1.0208 1.0308
60 $ 100,000 150 $ 100,000 1.0101 1.0155 1.0209 1.0310
60 $ 100,000 150 $ 1,000,000 1.0102 1.0154 1.0208 1.0311
60 $ 100,000 400 $ 25,000 1.0082 1.0139 1.0163 1.0231
60 $ 100,000 400 $ 100,000 1.0090 1.0149 1.0171 1.0236
60 $ 100,000 400 $ 1,000,000 1.0090 1.0148 1.0171 1.0237
60 $ 1,000,000 60 $ 25,000 1.0080 1.0295 1.0614 1.1093
60 $ 1,000,000 60 $ 100,000 1.0076 1.0293 1.0630 1.1087
60 $ 1,000,000 60 $ 1,000,000 1.0076 1.0295 1.0631 1.1086
60 $ 1,000,000 150 $ 25,000 1.0089 1.0231 1.0393 1.0619
60 $ 1,000,000 150 $ 100,000 1.0093 1.0229 1.0398 1.0619
60 $ 1,000,000 150 $ 1,000,000 1.0094 1.0228 1.0402 1.0618
60 $ 1,000,000 400 $ 25,000 1.0086 1.0178 1.0211 1.0294
60 $ 1,000,000 400 $ 100,000 1.0092 1.0187 1.0213 1.0308
60 $ 1,000,000 400 $ 1,000,000 1.0092 1.0187 1.0212 1.0309

150 $ 25,000 60 $ 25,000 1.0076 1.0111 1.0160 1.0190
150 $ 25,000 60 $ 100,000 1.0075 1.0121 1.0163 1.0193
150 $ 25,000 60 $ 1,000,000 1.0075 1.0121 1.0163 1.0196
150 $ 25,000 150 $ 25,000 1.0069 1.0119 1.0147 1.0152
150 $ 25,000 150 $ 100,000 1.0073 1.0129 1.0148 1.0160
150 $ 25,000 150 $ 1,000,000 1.0073 1.0130 1.0148 1.0162
150 $ 25,000 400 $ 25,000” 1.0070 1.0128 1.0136 1.0151
150 $ 25,000 400 $ 100,000 1.0076 1.0131 1.0139 1.0147
150 $ 25,000 400 $ 1,000,000 1.0076 1.0131 1.0139 1.0148
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Values of G(L, p) for Multiline Compound Poisson
with Correlated Severity Parameter Variance at Specified Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

150 $ 100,000 60 $ 25,000 1.0095 1.0174 1.0221 1.0250
150 $ 100,000 60 $ 100,000 1.0095 1.0174 1.0228 1.0255
150 $ 100,000 60 $ 1,000,000 1.0095 1.0175 1.0228 1.0255
150 $ 100,000 150 $ 25,000 1.0091 1.0141 1.0187 1.0234
150 $ 100,000 150 $ 100,000 1.0090 1.0144 1.0192 1.0245
150 $ 100,000 150 $ 1,000,000 1.0091 1.0144 1.0196 1.0244
150 $ 100,000 400 $ 25,000 1.0083 1.0141 1.0146 1.0197
150 $ 100,000 400 $ 100,000 1.0084 1.0142 1.0153 1.0204
150 $ 100,000 400 $ 1,000,000 1.0084 1.0142 1.0154 1.0204
150 $ 1,000,000 60 $ 25,000 1.0111 1.0316 1.0497 1.0690
150 $ 1,000,000 60 $ 100,000 1.0110 1.0314 1.0499 1.0693
150 $ 1,000,000 60 $ 1,000,000 1.0110 1.0314 1.0499 1.0693
150 $ 1,000,000 150 $ 25,000 1.0104 1.0263 1.0348 1.0505
150 $ 1,000,000 150 $ 100,000 1.0105 1.0264 1.0354 1.0508
150 $ 1,000,000 150 $ 1,000,000 1.0104 1.0265 1.0356 1.0508
150 $ 1,000,000 400 $ 25,000 1.0099 1.0166 1.0237 1.0314
150 $ 1,000,000 400 $ 100,000 1.0104 1.0175 1.0233 1.0323
150 $ 1,000,000 400 $ 1,000,000 1.0104 1.0174 1.0237 1.0322
400 $ 25,000 60 $ 25,000 1.0053 1.0096 1.0120 1.0108
400 $ 25,000 60 $ 100,000 1.0052 1.0101 1.0120 1.0106
400 $ 25,000 60 $ 1,000,000 1.0052 1.0102 1.0120 1.0106
400 $ 25,000 150 $ 25,000 1.0046 1.0094 1.0111 1.0109
400 $ 25,000 150 $ 100,000 1.0048 1.0097 1.0111 1.0108
400 $ 25,000 150 $ 1,000,000 1.0048 1.0097 1.0111 1.0108
400 $ 25,000 400 $ 25,000 1.0053 1.0089 1.0114 1.0104
400 $ 25,000 400 $ 100,000 1.0055 1.0090 1.0112 1.0108
400 $ 25,000 400 $ 1,000,000 1.0055 1.0009 1.0113 1.0108
400 $ 100,000 60 $ 25,000 1.0070 1.0154 1.0188 1.0187
400 $ 100,000 60 $ 100,000 1.0007 1.0155 1.0188 1.0186
400 $ 100,000 60 $ 1,000,000 1.0070 1.0154 1.0188 1.0186
400 $ 100,000 150 $ 25,000 1.0071 1.0143 1.0187 1.0178
400 $ 100,000 150 $ 100,000 1.0071 1.0142 1.0184 1.0174
400 $ 100,000 150 $ 1,000,000 1.0071 1.0142 1.0184 1.0174
400 $ 100,000 400 $ 25,000 1.0069 1.0125 1.0155 1.0150
400 $ 100,000 400 $ 100,000 1.0072 1.0127 1.0157 1.0158
400 $ 100,000 400 $ 1,000,000 1.0071 1.0126 1.0157 1.0157
400 $ 1,000,000 60 $ 25,000 1.0113 1.0244 1.0318 1.0377
400 $ 1,000,000 60 $ 100,000 1.0113 1.0242 1.0316 1.0383
400 $ 1,000,000 60 $ 1,000,000 1.0113 1.0244 1.0316 1.0383
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Values of G(L, p) for Multiline Compound Poisson
with Correlated Severity Parameter Variance at Specified Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

400 $ 1,000,000 150 $ 25,000 1.0113 1.0213 1.0281 1.0343
400 $ 1,000,000 150 $ 100,000 1.0114 1.0213 1.0283 1.0344
400 $ 1,000,000 150 $ 1,000,000 1.0114 1.0213 1.0283 1.0344
400 $ 1,000,000 400 $ 25,000 1.0087 1.0157 1.0237 1.0258
400 $ 1,000,000 400 $ 100,000 1.0087 1.0157 1.0235 1.0268
400 $ 1,000,000 400 $ 1,000,000 1.0087 1.0156 1.0235 1.0268

As one may see, actuaries would not likely describe the approximation as bad. Never-
theless, the normal approximation does tend to especially miss the mark slightly at higher
values of L and lower expected claims, especially lower expected counts of the X claims.
While this test was not performed for the single line parameter case, it has also been per-
formed for the non-parameter variance multiline scenario in Table 8.4. Interestingly, the
values of G are somewhat comparable between the two multiline scenarios.

8.3.6 Quality of the Lognormal Approximations to the Percentiles

As in all the other scenarios, the upper percentiles of the aggregate distribution Tc(L,M)
may be estimated using a lognormal approximation using formulas (2.38), (8.66) and (8.87).
For reference in this context, the specific formulas for this scenario are stated below as

F−1
Tc(L)

(1− p) ≈ E[Tc(L,M)]√
A(L,M, a, b, c, d)

exp

{
Φ−1(1− p)

√
ln
(
A(L,M, a, b, c, d)

)}
, (8.91)

where an estimate for E[Tc(L,M)] was provided in (8.65) and an equation forA(L,M, a, b, c, d)
was given in (8.87). The G-values of the resulting approximations are shown in Table 8.16.
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Table 8.16: Values of G for Lognormal Approximation to Multiline Compound
Poisson with X Distributed Pareto(2.2, 5000) and Y Distributed Pareto(4, 4500)
with Selected Correlated Severity Parameter Variance

Values of G(L, p) for Multiline Compound Poisson
with Correlated Severity Parameter Variance at Specified Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 0.9977 0.9944 0.9900 0.9846
60 $ 25,000 60 $ 100,000 0.9976 0.9952 0.9905 0.9839
60 $ 25,000 60 $ 1,000,000 0.9976 0.9953 0.9904 0.9839
60 $ 25,000 150 $ 25,000 0.9999 0.9956 0.9948 0.9925
60 $ 25,000 150 $ 100,000 1.0003 0.9956 0.9949 0.9944
60 $ 25,000 150 $ 1,000,000 1.0003 0.9957 0.9949 0.9943
60 $ 25,000 400 $ 25,000 0.9999 0.9986 0.9950 0.9932
60 $ 25,000 400 $ 100,000 1.0009 0.9993 0.9960 0.9933
60 $ 25,000 400 $ 1,000,000 1.0009 0.9992 0.9960 0.9933
60 $ 100,000 60 $ 25,000 0.9986 0.9965 0.9914 0.9937
60 $ 100,000 60 $ 100,000 0.9990 0.9966 0.9917 0.9935
60 $ 100,000 60 $ 1,000,000 0.9991 0.9966 0.9921 0.9939
60 $ 100,000 150 $ 25,000 0.9997 0.9956 0.9941 0.9966
60 $ 100,000 150 $ 100,000 1.0000 0.9959 0.9940 0.9966
60 $ 100,000 150 $ 1,000,000 1.0000 0.9958 0.9939 0.9967
60 $ 100,000 400 $ 25,000 1.0001 0.9983 0.9950 0.9959
60 $ 100,000 400 $ 100,000 1.0009 0.9992 0.9956 0.9963
60 $ 100,000 400 $ 1,000,000 1.0009 0.9991 0.9956 0.9963
60 $ 1,000,000 60 $ 25,000 0.9929 0.9997 1.0196 1.0541
60 $ 1,000,000 60 $ 100,000 0.9926 0.9995 1.0210 1.0534
60 $ 1,000,000 60 $ 1,000,000 0.9925 0.9997 1.0211 1.0533
60 $ 1,000,000 150 $ 25,000 0.9980 1.0018 1.0098 1.0239
60 $ 1,000,000 150 $ 100,000 0.9984 1.0015 1.0102 1.0237
60 $ 1,000,000 150 $ 1,000,000 0.9984 1.0015 1.0106 1.0236
60 $ 1,000,000 400 $ 25,000 1.0003 1.0017 0.9991 1.0013
60 $ 1,000,000 400 $ 100,000 1.0009 1.0025 0.9991 1.0025
60 $ 1,000,000 400 $ 1,000,000 1.0008 1.0025 0.9991 1.0026

150 $ 25,000 60 $ 25,000 0.9987 0.9939 0.9924 0.9890
150 $ 25,000 60 $ 100,000 0.9985 0.9948 0.9926 0.9893
150 $ 25,000 60 $ 1,000,000 0.9985 0.9948 0.9926 0.9896
150 $ 25,000 150 $ 25,000 0.9990 0.9965 0.9936 0.9885
150 $ 25,000 150 $ 100,000 0.9993 0.9975 0.9937 0.9893
150 $ 25,000 150 $ 1,000,000 0.9993 0.9975 0.9936 0.9894
150 $ 25,000 400 $ 25,000 0.9998 0.9990 0.9947 0.9910
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Values of G(L, p) for Multiline Compound Poisson
with Correlated Severity Parameter Variance at Specified Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

150 $ 25,000 400 $ 100,000 1.0004 0.9992 0.9949 0.9905
150 $ 25,000 400 $ 1,000,000 1.0004 0.9991 0.9948 0.9906
150 $ 100,000 60 $ 25,000 0.9990 0.9971 0.9944 0.9899
150 $ 100,000 60 $ 100,000 0.9990 0.9972 0.9950 0.9903
150 $ 100,000 60 $ 1,000,000 0.9990 0.9972 0.9950 0.9902
150 $ 100,000 150 $ 25,000 1.0001 0.9968 0.9950 0.9932
150 $ 100,000 150 $ 100,000 1.0000 0.9970 0.9953 0.9942
150 $ 100,000 150 $ 1,000,000 1.0001 0.9970 0.9957 0.9941
150 $ 100,000 400 $ 25,000 1.0007 0.9994 0.9945 0.9941
150 $ 100,000 400 $ 100,000 1.0007 0.9994 0.9951 0.9946
150 $ 100,000 400 $ 1,000,000 1.0007 0.9994 0.9951 0.9946
150 $ 1,000,000 60 $ 25,000 0.9992 1.0083 1.0173 1.0273
150 $ 1,000,000 60 $ 100,000 0.9991 1.0080 1.0175 1.0276
150 $ 1,000,000 60 $ 1,000,000 0.9992 1.0080 1.0175 1.0276
150 $ 1,000,000 150 $ 25,000 1.0005 1.0070 1.0083 1.0165
150 $ 1,000,000 150 $ 100,000 1.0006 1.0071 1.0088 1.0167
150 $ 1,000,000 150 $ 1,000,000 1.0006 1.0072 1.0090 1.0166
150 $ 1,000,000 400 $ 25,000 1.0019 1.0012 1.0025 1.0043
150 $ 1,000,000 400 $ 100,000 1.0024 1.0019 1.0020 1.0050
150 $ 1,000,000 400 $ 1,000,000 1.0023 1.0019 1.0023 1.0050
400 $ 25,000 60 $ 25,000 0.9983 0.9962 0.9936 0.9876
400 $ 25,000 60 $ 100,000 0.9983 0.9967 0.9936 0.9874
400 $ 25,000 60 $ 1,000,000 0.9983 0.9968 0.9936 0.9874
400 $ 25,000 150 $ 25,000 0.9979 0.9965 0.9935 0.9886
400 $ 25,000 150 $ 100,000 0.9981 0.9968 0.9935 0.9885
400 $ 25,000 150 $ 1,000,000 0.9981 0.9968 0.9935 0.9885
400 $ 25,000 400 $ 25,000 0.9989 0.9966 0.9946 0.9892
400 $ 25,000 400 $ 100,000 0.9991 0.9967 0.9944 0.9894
400 $ 25,000 400 $ 1,000,000 0.9990 0.9967 0.9944 0.9894
400 $ 100,000 60 $ 25,000 0.9989 0.9997 0.9973 0.9915
400 $ 100,000 60 $ 100,000 0.9989 0.9998 0.9973 0.9914
400 $ 100,000 60 $ 1,000,000 0.9989 0.9998 0.9973 0.9914
400 $ 100,000 150 $ 25,000 0.9994 0.9995 0.9985 0.9922
400 $ 100,000 150 $ 100,000 0.9995 0.9994 0.9981 0.9918
400 $ 100,000 150 $ 1,000,000 0.9995 0.9994 0.9981 0.9918
400 $ 100,000 400 $ 25,000 0.9999 0.9990 0.9970 0.9916
400 $ 100,000 400 $ 100,000 1.0001 0.9991 0.9971 0.9922
400 $ 100,000 400 $ 1,000,000 1.0001 0.9991 0.9971 0.9922
400 $ 1,000,000 60 $ 25,000 1.0023 1.0070 1.0079 1.0072

153



. . . Table 8.16 Continued from Previous Page . . .

Values of G(L, p) for Multiline Compound Poisson
with Correlated Severity Parameter Variance at Specified Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

400 $ 1,000,000 60 $ 100,000 1.0023 1.0068 1.0077 1.0077
400 $ 1,000,000 60 $ 1,000,000 1.0023 1.0069 1.0077 1.0077
400 $ 1,000,000 150 $ 25,000 1.0030 1.0051 1.0059 1.0060
400 $ 1,000,000 150 $ 100,000 1.0030 1.0051 1.0061 1.0061
400 $ 1,000,000 150 $ 1,000,000 1.0030 1.0051 1.0060 1.0061
400 $ 1,000,000 400 $ 25,000 1.0012 1.0013 1.0040 1.0007
400 $ 1,000,000 400 $ 100,000 1.0013 1.0013 1.0037 1.0017
400 $ 1,000,000 400 $ 1,000,000 1.0012 1.0012 1.0037 1.0016

As one may see, the approximations are excellent (by operational actuarial standards
in the context of this dissertation), except for low expected claim count/high L-value/high
confidence level combinations, where the approximations are nevertheless still very good.
Therefore, this approximation is, as expected, highly recommended for the multi-line sce-
nario with lognormal parameter variance.

8.3.7 The Relationship Between Separate Line Attachment Points

The general issues surrounding varying reinsurance attachment points across lines of
coverage were discussed earlier in Subsections 8.2.5 and 8.2.6, so a simple recap will suffice
here. There are long-standing disagreements as to whether it is operationally optimal to set
the retentions of any two separate lines of business to be equal, or optimal to choose some
lower retention in the more “risky” line. To provide a proper analysis, one begins with the
principle from Section 3.6 of this dissertation that, at the maximum, the marginal (with
respect to the candidate retentions L and M) benefit of reinsuring the limit at L and M
equals the marginal cost of the reinsurance in each line. Since equations (8.17) and (8.18)
did not depend on the specific parameter and distributional assumptions of the previous
section, they may be re-used here as

∂
∂L

(

F−1
Tc(L,M)

(1−p)−E[Tc(L,M)]
)

rFXA+ν(1−XU )×V ar1/2[Tc(L,M)]+rFU

1+rFXA−XU
= lX

∂E[Tc(L,M)]
∂L , (8.92)

and

∂
∂M

(

F−1
Tc(L,M)

(1−p)−E[Tc(L,M)]
)

rFXA+ν(1−XU )×V ar1/2[Tc(L,M)]+rFU

1+rFXA−XU
= lY

∂E[Tc(L,M)]
∂M . (8.93)

As in the other cases, the basic approach again involves using the normal approximation
to the capped aggregate loss F−1

Tc(L,M)(1− p) ≈ E[Tc(L,M)] + Φ−1(1− p)V ar1/2[Tc(L,M)],
differentiating that approximation, and then validating that the result produces an accept-
able approximation to the retention. As always, the first step is to note the two approx-
imating equations for the partial derivatives that arise from the normal approximation to
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the aggregate loss distribution (displayed previously as equations (8.19) and (8.20)):

∂

∂L

[rFXAΦ
−1(1− p) + ν(1−XU )]V ar1/2[Tc(L,M)] + rFU

1 + rFXA −XU
= lX

∂E[Tc(L,M)]

∂L

(8.94)

and

∂

∂M

[rFXAΦ
−1(1− p) + ν(1−XU )]V ar1/2[Tc(L,M)] + rFU

1 + rFXA −XU
= lY

∂E[Tc(L,M)]

∂M
.

(8.95)

Further, two quick calculations can be made to provide explicit formulas for the right hand
sides.

∂

∂L
E[Tc(L,M)] ≈ nλ

∂

∂L

{
E1[Xc(L)]−

(a2 + c2)L2sX(L)

2

}

+mφ
∂

∂L

{
E1[Yc(M)]− (b2 + c2d2)M2sY (M)

2

}

= nλ

{
1− FX(L)− (a2 + c2)[2LsX(L) + L2s′X(L)]

2

}
, (8.96)

and similarly

∂

∂M
E[Tc(L,M) ≈ nλ

∂

∂M

{
E1[Xc(L)]−

(a2 + c2)L2sX(L)

2

}

+mφ
∂

∂M

{
E1[Yc(M)]− (b2 + c2d2)M2sY (M)

2

}

= mφ

{
1− FY (M)− (b2 + c2d2)[2MsY (M) +M2s′Y (M)]

2

}
.(8.97)

As expected, the variance derivative terms are more complex. Beginning with equation
(8.86) for the variance itself, assuming that the approximation to the variance is suitable
for approximating the derivative of the variance, the calculations begin with

∂

∂L
V ar[Tc(L,M)]

≈ ∂

∂L
nλ
{
E1[X

2
c (L)] + (a2 + c2)

(
E1[X

2
r (L)]− L3sX(L)

) }

+
∂

∂L
mφ
{
E1[Y

2
c (M)] + (b2 + c2d2)

(
E1[Y

2
r (M)]−M3sY (M)

) }

+
∂

∂L
n2λ2(a2 + c2)E2

1 [Xr(L)] +m2φ2(b2 + c2d2)E2
1 [Yr(M)]

+
∂

∂L
2nλmφc2dE1[Xr(L)]E1[Yr(M)], (8.98)
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and end with

∂

∂L
V ar[Tc(L,M)]

= nλ
{
2L
(
1− FX(L)

)
− (a2 + c2)

(
2L2sX(L) + L3s′X(L)

) }

+ n2λ2(a2 + c2)2E1[Xr(L)]LsX(L)

+ 2nλmφc2dE1[Yr(M)]LsX(L). (8.99)

Similarly,

∂

∂M
V ar[Tc(L,M)]

≈ mφ
{
2M
(
1− FY (M)

)
− (b2 + c2d2)

(
2M2sY (M) +M3s′Y (M)

) }

+m2φ2(b2 + c2d2)2E1[Yr(M)]MsY (M)

+ 2nλmφc2dE1[Xr(L)]MsY (M). (8.100)

From those approximations, one may ascertain that

1. For very small values of a, b, and c, the equations approach those of the pure (no
severity parameter uncertainty) multiline compound Poisson case.

2. For very small values of a, b, and c, the conclusion that the optimal retentions di-
vided by the loss loadings be the same for all lines of business is approximately true
(per considerations of continuity of the approximating functions and their roots with
respect to a, b, and c).

3. For very small values of a2, b2, and c2, the results of equation (8.39),

nλE[X2c(L)] +mφE[Y 2c(lY L/lX)]

L2
X

=

(
rFXA + ν(1−XU )

)2

l2X(1 + rFXA −XU )2
, (8.101)

provide an estimate to the optimal L-retention, and the optimal M -retention follows
as lY L/lX by the previous bullet.

To continue the calculations, the normal approximating formula for the optimal retention
involves simultaneously solving two equations in L and M : one involving partial derivatives
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in L, and the other involving partial derivatives in M . The L-derivative equation is:

lX(1 + rFXA −XU )

rFXA + ν(1−XU
)

=
1

2

{
nλ
[
2L
(
1− FX(L)

)
− (a2 + c2)

(
2L2sX(L) + L3s′X(L)

) ]

+ n2λ2(a2 + c2)2E1[Xr(L)]LsX(L) + 2nλmφc2dE1[Yr(M)]LsX(L)

}

÷
{
nλ

((
1− FX(L)

)
− (a2 + c2)[2LsX(L) + L2s′X(L)]

2

)

×
(
nλ
{
E1[X

2
c (L)] + (a2 + c2)

(
E1[X

2
r (L)]− L3sX(L)

) }

+mφ
{
E1[Y

2
c (M)] + (b2 + c2d2)

(
E1[Y

2
r (M)]−M3sY (M)

) }

+ n2λ2(a2 + c2)E2
1 [Xr(L)] +m2φ2(b2 + c2d2)E2

1 [Yr(M)]

+ 2nλmφc2dE1[Xr(L)]E1[Yr(M)]

)1/2}
. (8.102)

That may be stated in simpler terms as

lX(1 + rFXA −XU )

rFXA + ν(1−XU )

=
1

2

{
nλ
[
2L
(
1− FX(L)

)
− (a2 + c2)

(
2L2sX(L) + L3s′X(L)

) ]

+ n2λ2(a2 + c2)2E1[Xr(L)]LsX(L) + 2nλmφc2dE1[Yr(M)]LsX(L)

}

÷
{
V 1/2 × nλ

((
1− FX(L)

)
− (a2 + c2)[2LsX(L) + L2s′X(L)]

2

)}
, (8.103)

where V = V (L, n, λ, a, c,M,m, φ, b, d). Similarly, the equation arising from theM -derivative
is

lY (1 + rFXA −XU )

rFXA + ν(1−XU )

=
1

2

{
mφ
[
2M
(
1− FY (M)

)
− (b2 + c2d2)

(
2M2sY (M) +M3s′Y (M)

) ]

+m2φ2(b2 + c2d2)2E1[Yr(M)]MsY (M) + 2nλmφc2dE1[Xr(L)]MsY (M)

}

÷
{
V 1/2 ×mφ

((
1− FY (M)

)
− (b2 + c2d2)[2MsY (M) +M2s′Y (M)]

2

)}
.

(8.104)

Those equations are relatively complex. However, as with many of the “monoline”
scenarios, they may be readily solved using numerical methods.
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8.3.8 The Case of More Than Two Lines of Business

As was done for the pure multiline compound Poisson distribution, some analysis and
statement of results for the case involving more than two lines of business should be done.
The first step is to define the scenario. Of course, in this case, instead of dealing with
X, Y , n, λ, m, and φ, we have a set of Xj , nj , and λj for j = 1, . . . , i of i lines of
business. Each line “j” has its own severity distribution sj(xj) and cumulative frequency
distribution Fj . Just as the two line case involved an uncorrelated portion of the parameter
variance for each line (the γ and τ , with CV’s of a and b), each line j should have its own
independent variance component γj , j = 1, . . . , i with CV aj . Just as there was a single
shared variance component “ι” in the two line scenario, one may posit “m”9 shared variance
components, ιk, k = 1, . . . ,m, each with CV ck, k = 1, . . . ,m, where the incidence of the

kth shared variance component on the jth variable Xj is in the form of c∗j,dj,kι
dj,k
k . Further,

the retention or limit on the size of individual claims in line j could be expressed as Lj , and
the reinsurer’s loading on the jth line as lj .

Using that notation, one may define

T |γ1, . . . , γi, ι1, . . . , ιm =

i∑

j=1

{
γj ×

m∏

k=1

c∗j,dj,kι
dj,k
k × Compound Poisson(nj , λj , sj)

}
,

(8.105)

where “Compound Poisson(nj , λj , sj)” represents the output of a compound Poisson ran-
dom variable with expected counts of njλj and jump size/severity frequency mass distribu-
tion sj .

That notation however, reflects a somewhat liberal usage of notation. It could also be
expressed as

T |γ1, . . . , γi, ι1, . . . , ιm =

i∑

j=1

{
γj ×

m∏

k=1

c∗j,dj,kι
dj,k
k (Tj |γj , c∗j,dj,1ι

dj,1
1 , . . . , c∗j,dj,mι

dj,m
m = 1)

}
,

(8.106)

where each (Tj |γj , c∗j,dj,1ι
dj,1
1 , . . . , c∗j,dj,mι

dj,m
m = 1) ∼ Compound Poisson(nj , λj , sj).

Using that notation, one may see that equation (8.66) has an analogue in the higher
dimensional case of

E[Tc(L1, . . . , Li)] ≈
i∑

j=1

njλj

{
E1[(Xj)c(Lj)|]−

1

2

(
a2j +

m∑

k=1

c2kd
2
j,k

)
L2
jsj(Lj)

}
.

(8.107)

9“m” was used here as the number of shared variance components, even though is was use elsewhere as
part of the expected claim counts arising from the Y severity distribution. It is reused due to the number
of variables within this section that take integer values.
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Next, the expected value of the process variance analogue to equation (8.67) is

E
[
V ar[Tc(L1, . . . , Li)]]

≈
i∑

j=1

{
njλj

(
E1[X

2
j c(Lj)] + (a2j +

m∑

k=1

c2kd
2
j,k)
[
E1[(X

2
j )r(Lj)]− L3

jsj(Lj)
]
)}

.

(8.108)

After that, one must address the diagonal amounts on the covariance matrix of the
hypothetical means of the Tj ’s.By determining the entire covariance structure of the various
Tj composite distributions, one may determine the variance of their sum, T . Following
equation (8.68) one may see that (using the formula for the mean given severity parameter
uncertainty, and the notation for the expectation when losses are limited)

V ar


njλjγj

{
m∏

k=1

c∗j,dj,kι
dj,k
k

}
E1


(Xj)c


 Lj

γj
∏m

k=1 c
∗
j,dj,k

ι
dj,k
k








≈ n2
jλ

2
j (a

2
j +

m∑

k=1

c2kd
2
j,k)E

2
1 [Xr(Lj)]. (8.109)

Then, following equation (8.83), and including the count terms, one may see that the
covariance terms are

Cov[Tj1 , Tj2 ] ≈ nj1nj2λj1λj2

(
m∑

k=1

dj1,kdj2,kc
2
k

)
E1[(Xj1)r(Lj1)]E1[(Xj2)r(Lj2)]. (8.110)

So, the entire variance of the hypothetical means is

V ar




i∑

j=1



njλjγj

(
m∏

k=1

c∗j,dj,kι
dj,k
k

)
E1[(Xj)c(

Lj

γj
∏m

k=1 c
∗
j,dj,k

ι
dj,k
k

)]








≈
i∑

j=1

{
n2
jλ

2
j (a

2
j +

m∑

k=1

c2kd
2
j,k)E

2
1 [(Xj)r(Lj)]

}

+2

i∑

j1=2

j1−1∑

j2=1

{
nj1nj2λj1λj2

(
m∑

k=1

dj1,kdj2,kc
2
k

)
E1[(Xj1)r(Lj1)]E1[Xj2r(Lj2)]

}
.

(8.111)

Further, the entire expression for the total variance (expected value of the process variance
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from (8.108) plus the variance of the hypothetical means in (8.111)) is

V ar[Tc(L1, . . . , Li)|γ1, . . . , γi, ι1, . . . , ιm ∈ ℜ+]

≈
i∑

j=1

{
njλj

(
E1[(Xj)

2c(Lj)] +

(
a2j +

m∑

k=1

c2kd
2
j,k

)
[
E1[(Xj)

2r(Lj)]− L3
jsj(Lj)

]
)}

+
i∑

j=1

{
n2
jλ

2
j

(
a2j +

m∑

k=1

c2kd
2
j,k

)
E2

1 [(Xj)r(Lj)]

}

+2
i∑

j1=2

j1−1∑

j2=1

{
nj1nj2λj1λj2

(
m∑

k=1

dj1,kdj2,kc
2
k

)
E1[(Xj1)r(Lj1)]E1[(Xj2)r(Lj2)]

}
.

(8.112)

From those quantities the normal approximation to the 100(1 − p)th percentile, µ +
Φ−1(1− p)

√
V , may be computed. The A value used in the lognormal approximation may

also be computed as CV 2+1 = (σ2/µ2)+1. So, that allows one to use equations (8.107) and
(8.112) to obtain normal and lognormal estimates of various percentiles of the composite
distribution of any T based on more than two lines of business.

The last question revolves around the equations for the optimal retention. As always,
there should be one for each partial derivative, or one for each retention Lj to be chosen.
One may see that equations (8.103) and (8.104) may be replaced by the system of equations

lj(1 + rFXA −XU )

rFXA + ν(1−XU )

=
1

2

{
njλj

[
2Lj

(
1− Fj(Lj)

)
−
(
a2j +

m∑

k−1

c2kd
2
j,k

)
(
2L2

jsj(Lj) + L3
js

′
j(Lj)

) ]

+2n2
jλ

2
j

[(
a2j +

o∑

k−1

c2kd
2
j,k

)
E1[(Xj)r(Lj)]Ljsj(Lj)

+2njλjLjsj(Lj)
∑

j∗ 6=j

(
nj∗λj∗

(
m∑

k=1

dj,kdj∗,kc
2
k

)
E1[(Xj∗)r(Lj∗)]

)]}

÷
{
V 1/2 × njλj

(
(
1− Fj(Lj)

)
− 1

2

(
a2j +

m∑

k−1

c2kd
2
j,k

)
[2Ljsj(Lj) + L2

js
′
j(Lj)]

)}

(for j = 1, 2, ...i.). (8.113)

Hence, although the equations are fairly long, it is possible to extend the results obtained
earlier for the case of two lines of business to the scenario of any fixed number of lines of
business with any fixed number of correlated parameter variance distributions.

8.3.9 Relating the Error in the Normal Approximation to the Error in
the Optimal Attachment Points

As in section 8.2 (covering the multiline scenario without parameter risk), the goal here
is to establish a set of matrix equations that convert the errors in estimating the derivatives
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to estimates of the errors in the retentions. Then, a numerical example will be presented
which shows that the normal approximation underlying those equations works well under
adverse conditions.

Matrix Equations for the Errors in Approximating the Retentions. A quick
glance at the proof underlying the matrix equations in equations (8.49) through (8.55)
will show that the proof did not depend on the assumption of a joint compound Poisson
distribution. Obviously, equations (8.61) and (8.62) for the solution of the matrix equation
will apply in this case as well.

However, the partial derivatives in the case are different than those in equations (8.56)
through (8.60). The second partial of the mean with respect to L (continuing to represent
the mean with an approximation good up to O(a3) +O(c3)) may be approximated as

∂2E[TXc(L)]

∂L2
≈ nλ

∂2

∂L2

{
E[Xc(L)|]−

1

2
(a2 + c2 + a2c2)L2sX(L)

}

= nλ
∂

∂L

{(
1− FX(L)

)
− 1

2
(a2 + c2 + a2c2)

(
2LsX(L) + L2s′X(L)

)}

≈ nλ

{
−sX(L)− (a2 + c2)

(
sX(L) + 2Ls′X(L) +

1

2
L2s′′X(L)

)}
. (8.114)

Similarly,

∂2E[TYc(M)]

∂M2
≈ mφ

{
−sY (M)− (b2 + d2c2)

(
sY (M) + 2Ms′Y (M) +

1

2
M2s′′Y (M)

)}
.

(8.115)

Next, to evaluate the second order partial derivatives of the standard deviation, one
may note that

∂2

∂L2
V ar1/2[Tc(L,M)] =

∂2

∂L2V ar[Tc(L,M)]

2V ar1/2[Tc(L,M)]
−
(

∂
∂LV ar[Tc(L,M)]

)2

4V ar3/2[Tc(L,M)]
. (8.116)

Then, the first partial derivative term is estimated in equation (8.99). The second derivative
may also be estimated (again, beginning with the Taylor series up to powers of 2 in a and
c, and assuming appropriate smoothness of the higher order terms in the expansion) by
differentiating (8.99), to obtain

∂2V ar[Tc(L,M)]

∂L2
≈ nλ

{
2L
(
1− FX(L)− LsX(L)

)

−(a2 + c2)
(
4LsX(L)− L2s′X(L)− L3s′′X(L)

)}

+2n2λ2
{
L2(s′X(L))2 + E1[Xr(L)]

(
sX(L) + Ls′X(L)

)}

+2nλmφc2dE1[Yr(M)]
{
sX(L) + Ls′X(L)

}
. (8.117)

Similarly ,to evaluate the partial derivative with respect to M of the standard deviation,
one may begin with

∂2

∂M2
V ar1/2[Tc(L,M)] =

∂2

∂M2V ar[Tc(L,M)]

2V ar1/2[Tc(L,M)]
−
(

∂
∂M V ar[Tc(L,M)]

)2

4V ar3/2[Tc(L,M)]
, (8.118)
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then use (8.100) and the fact that the second derivative in M is

∂2V ar[Tc(L,M)]

∂M2
≈ mφ

{
2M
(
1− FY (M)−MsY (M)

)

−(b2 + c2d2)
(
4MsY (M)−M2s′Y (M)−M3s′′Y (M)

)}

+2m2φ2
{
M2(s′Y (M))2 + E1[Yr(M)]

(
sY (M) +Ms′Y (M)

)}

+2nλmφc2dE1[Yr(M)]
{
sY (M) +Ms′Y (M)

}
. (8.119)

Lastly, the mixed partial derivative of the standard deviation is

∂2

∂L∂M
V ar1/2[Tc(L,M)] =

∂2

∂L∂M V ar[Tc(L,M)]

2V ar1/2[Tc(L,M)]
−

∂V
∂L

∂V
∂M

4V ar3/2[Tc(L,M)]
, (8.120)

and the equations for the first derivatives in (8.99) and (8.100) may be combined with the
mixed partial derivative

∂2V ar[Tc(L,M)]

∂L∂M
≈ 2nλmφc2dLsX(L)MsY (M) (8.121)

to compute the mixed partial derivative of the standard deviation.

The Error Conversion Matrix for More than Two Lines of Business. It
should readily apparent that, given the assumptions of Section 8.3.8, one may construct a
matrix of C’s relating the vector D of errors in approximating the derivative to the estimated
errors in computing the optimal retentions. The values of the elements of D are obvious,
and the values of the Cj1,j2 ’s are given by

Cj1,j1 =
lj1(1 + rFXA −XU )

rFXA

∂2

∂L2
j1

E[Tc(L1, . . . , Li)]

−
(
Φ−1(1− p) +

ν(1−XU )

rFXA

)
∂2

∂L2
j1

V ar1/2[Tc(L1, . . . , Li)], (8.122)

along the diagonal, and

Cj1j,2 = −
(
Φ−1(1− p) +

ν(1−XU )

rFXA

)
∂2

∂Lj1∂Lj2

V ar1/2[Tc(L1, . . . , Li)] (8.123)

for the off-diagonal elements.

Mixed Partial Derivatives in the Formula May Be Important. Reviewing the
example from the non-parameter uncertainty case in Section 8.2.9, it is apparent that the

mixed partial derivatives ∂2

∂L∂M V ar1/2[Tc(L,M)] were dwarfed by ∂2E[Tc(L,M)]
∂L2 . That could

well be a common occurrence. The question is whether or not it should be a common
occurrence when parameter uncertainty is also involved. So, it is relevant to analyze the
relative magnitudes of the mixed partial and second derivative terms in L and M . Although
this analysis will be done for the simplified case of the X and L component of the two line
scenario, but it will clearly apply to the case of more than two line of business case as well.
Therefore, as a first step, it is helpful to recall the formula for the second partial derivative
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of the mean of the capped losses from the X distribution, E[TXc(L)] by L, by reviewing
equation (8.115)

∂2

∂L2
E[TXc(L)] ≈ nλ

{
−sX(L)− (a2 + c2)

(
sX(L) + 2Ls′(L) +

1

2
L2s′′(L)

)}
.

(8.124)

As a next step, it is helpful to present a small theorem, whose assumptions are clearly
consistent with the theoretical probability distributions used by casualty actuaries.

Theorem 8.1

For n ∈ Z+ and a probability mass function s : [0,∞) → ℜ+∪{0}, if s is smooth enough so
that s and Ls(L) converge strictly monotonically to zero at infinity beyond some point L∗

0,
and that the higher derivatives of s up through s(n), and the functions Ls(m)(L) (up through
m = n) converge strictly monotonically to zero beyond some L∗

n, then

lim
L→∞

∣∣∣∣∣
s(n−1)(L)

Ls(n)(L)

∣∣∣∣∣ ≤
1

n
, (8.125)

where s(n)(L), n ∈ Z+ is the nth derivative of s, and s(0)(L) = s(L).

To prove this (by induction), one may begin with the basic assumption

lim
L→∞

Ls(L) = 0. (8.126)

Then, since the limits exist and (clearly absolutely) converge, the derivatives exist and
converge. Because the fact that s converges to zero from above means s′ is negative beyond
L∗
0, we have

lim
L→∞

d

dL
Ls(L) = lim

L→∞
s(L) + Ls′(L) = 0. (8.127)

Further, since Ls(L) is a positive, monotone decreasing function beyond some point L∗
0, its

derivative beyond L∗
0 must be negative, so

(∀L > L∗
0)(
(
|s(L)| − |Ls′(L)|

)
< 0) ⇒ (∀L > L∗

0)

( |s(L)|
|Ls′(L)| ≤ 1

)
, (8.128)

which implies that

lim
L→∞

|s(L)|
|Ls′(L)| ≤ 1. (8.129)

Thus, the first step of the induction is completed.
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Next, for the induction step, consider the use of L’Hopital’s rule below:

1

n− 1
≥

∣∣∣∣∣ limL→∞
s(n−2)(L)

Ls(n−1)(L)

∣∣∣∣∣

=

∣∣∣∣∣ limL→∞
s(n−1)(L)

Ls(n)(L) + s(n−1)(L)

∣∣∣∣∣

= lim
L→∞

1∣∣∣ Ls
(n)(L)

s(n−1)(L)
+ 1
∣∣∣
. (8.130)

Then, note that since if s(n−1) converges to zero at infinity from above, by the strict mono-
tonicity of s(n−1) near infinity, it must be strictly positive and strictly decreasing near
infinity. That in turn implies that s(n) must be strictly negative near infinity, and strictly
positive when s(n−1) is negative. So,

(∀L > L∗
n−1, L

∗
n)

Ls(n)(L)

s(n−1)(L)
< 0, (8.131)

which in turn means that

(∀L > L∗
n−1, L

∗
n)

1∣∣∣ Ls
(n)(L)

s(n−1)(L)
+ 1
∣∣∣
=

1∣∣∣1−
∣∣∣ Ls

(n)(L)

s(n−1)(L)

∣∣∣
∣∣∣
. (8.132)

That in turn may be substituted into equation (8.130) to get

1

n− 1
≥ 1∣∣∣∣

∣∣∣∣ limL→∞
Ls(n)(L)

s(n−1)(L)

∣∣∣∣− 1

∣∣∣∣
. (8.133)

Consideration of that equation yields the proof of the induction step. Equation (8.133)

shows that either

∣∣∣∣ limL→∞
| Ls

(n)(L)

s(n−1)(L)

∣∣∣∣ − 1 ≥ n − 1 or

∣∣∣∣ limL→∞
| Ls

(n)(L)

s(n−1)(L)

∣∣∣∣ − 1 ≤ −(n − 1). The

second inequality cannot possibly be met (unless n = 2 and the limit is zero, in which case
the first inequality also holds). The proof of the induction step, and therefore the theorem,
follows from that inequality.

Theorem 8.1 also has a fairly straightforward corollary, proven by repeated iterations of
Theorem 8.1

Corollary 8.1 For n,m < n ∈ Z+ and a probability mass function s : [0,∞) → ℜ+ ∪ {0}
smooth enough so that s, Ls(L), and that the higher derivatives of s up through s(n), and
the functions Ls(m)(L) (up through m = n) are each strictly monotonically convergent to
zero beyond some L∗

n,

lim
L→∞

∣∣∣∣∣
s(n−m)(L)

Lms(n)(L)

∣∣∣∣∣ ≤
m∏

l=1

1

n− l + 1
, (8.134)

where s(n)(L), n ∈ Z+ is the nth derivative of s, and s(0)(L) = s(L).
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Therefore, using the corollary we may regard equation (8.124) as being dominated by
the L2s′′(L) term, indicating

∂2E[Tc(L,M)]

∂L2
= O

(
L2s′′(L)

)
. (8.135)

Next, it is helpful to compute the mixed partial derivative of the standard deviation using
the expressions for the derivatives of the variance, or

∂2
√
V

∂L∂M
=

∂

∂M

∂
∂LV

2
√
V

=
∂2V

∂L∂M

2
√
V

−
∂V
∂L

∂V
∂M

4
√
V

3 . (8.136)

It is helpful to then review the values of each of the terms in that expansion. Recall
that, per equation (8.99), ∂

∂LV ar[Tc(L,M)] = O
(
LsX(L)

)
. Similarly, ∂

∂M V ar[Tc(L,M)] =
O
(
MsY (M)

)
. So, then one may provisionally represent the ratio of the second partial

derivative of the mean to the mixed partial term as

4

∂2E[Tc(L,M)]
∂L2 V ar3/2[Tc(L,M)]

∂V ar[Tc(L,M)]
∂L

∂V ar[Tc(L,M)]
∂M

= O
(
L2s′′(L)V ar3/2[Tc(L,M)]

LsX(L)MsY (M)

)

= O
(
Ls′′(L)V ar3/2[Tc(L,M)]

sX(L)MsY (M)

)
. (8.137)

A review of the fraction, complex though it is, would suggest that it does not generally

approach infinity (in other words, ∂2E[Tc(L)]
∂L2 need not be dominant) for large L. For example,

one may begin with the distributions sX and sY used heretofore in this section, set L =
M = $100, 000, nλ = mφ = 60, and use the assumptions underlying Table 8.13 to get

Ls′′(L)V ar3/2[Tc(L,M)]

sX(L)MsY (M)
= 1.9E + 10 (8.138)

This suggests that terms involving mixed partial derivatives cannot be regarded as incon-
sequential.

8.3.10 The Error in the Optimal Attachment Point Estimates

As before, an example of how well the estimation process, and especially the normal
approximation, works is provided in the following analysis. As in the other scenarios,
the example in question begins with a Pareto(2.2, 5000) distribution for the severities of
the X’s and a Pareto(4, 4500) distribution for the severities of the Y ’s. In this section,
parameter variance values of a = 5%, b = 3%, c = 8%, and d = 1.2 are added. The
composite distribution in particular involves a first selection from all the parameter variance
distributions and then a joint compound Poisson output T for each specific selection from
the three parameter distributions. Of course, the key expense, etc. parameters used in this
section are the same sample values that were used in the other sections of this dissertation.
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Specifically, as in equation (4.11),

rF = risk free rate = 3%,

XA = tax rate on asset investments = 15%,

XU = tax rate on discounted underwriting profit = 35%,

lX = reinsurer’s expense and profit markup on losses with distribution sX(x) = 15%,

lY = reinsurer’s expense and profit markup on losses with distribution sY (y) = 20%,

and

ν = profit loading on diversifiable standard deviation = 1%. (8.139)

The next step is to show the actual differences between the values of the partial deriva-
tives of Φ−1(1 − p)V ar1/2[Tc(L,M)] and those of F−1

Tc(L,M)(1 − p) − E[Tc(L,M)]. The
differences between the raw L-derivatives are presented in Table 8.17 and the differences in
the raw M -derivatives are presented in Table 8.18. Note that because of the paucity of very
large claims in the distribution of Y , both M -derivatives are essentially zero for large claim
caps. When that occurs, the word “zero” is displayed to clearly denote that the numerical
approximation to the value is zero.

Table 8.17: Errors in the Normal Approximation to the L-Derivative for the Mul-
tiline Compound Poisson with X Distributed Pareto(2.2, 5000), Y Distributed
Pareto(4, 4500) and Selected Correlated Severity Parameter Variance

Values of DL[Φ
−1(1− p)σc(L,M) + µc(L,M) − F−1

c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 (0.0476) (0.3080) (0.1024) (0.1060)
60 $ 25,000 60 $ 100,000 0.0034 (0.4570) (0.1706) 0.0606
60 $ 25,000 60 $ 1,000,000 0.0034 (0.4474) (0.1707) 0.0691
60 $ 25,000 150 $ 25,000 (0.0733) (0.2230) (0.3919) (0.3658)
60 $ 25,000 150 $ 100,000 0.0607 0.0807 (0.5875) (0.4872)
60 $ 25,000 150 $ 1,000,000 0.0607 0.0910 (0.5876) (0.4872)
60 $ 25,000 400 $ 25,000 (0.2794) 0.7151 0.3599 (1.5571)
60 $ 25,000 400 $ 100,000 0.0175 0.0466 0.0576 (0.8634)
60 $ 25,000 400 $ 1,000,000 0.0385 (0.0041) 0.0575 (0.8087)
60 $ 100,000 60 $ 25,000 (0.0644) (0.0918) (0.0933) (0.1893)
60 $ 100,000 60 $ 100,000 (0.0744) (0.1212) (0.1107) (0.2409)
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. . . Table 8.17 Continued from Previous Page . . .
Values of DL[Φ

−1(1− p)σc(L,M) + µc(L,M) − F−1
c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

60 $ 100,000 60 $ 1,000,000 (0.0695) (0.1212) (0.0978) (0.2361)
60 $ 100,000 150 $ 25,000 (0.0495) (0.1902) (0.0947) (0.0672)
60 $ 100,000 150 $ 100,000 (0.0473) (0.0819) (0.0228) (0.0745)
60 $ 100,000 150 $ 1,000,000 (0.0486) (0.0819) (0.0229) (0.0711)
60 $ 100,000 400 $ 25,000 0.0288 (0.0688) (0.0652) 0.0790
60 $ 100,000 400 $ 100,000 0.0190 (0.0869) (0.0189) (0.0596)
60 $ 100,000 400 $ 1,000,000 0.0190 (0.0869) (0.0190) (0.0597)
60 $ 1,000,000 60 $ 25,000 0.0090 0.0111 0.0125 0.0137
60 $ 1,000,000 60 $ 100,000 0.0090 0.0111 0.0125 0.0137
60 $ 1,000,000 60 $ 1,000,000 0.0090 0.0111 0.0125 0.0137
60 $ 1,000,000 150 $ 25,000 0.0072 0.0088 0.0098 0.0108
60 $ 1,000,000 150 $ 100,000 0.0071 0.0087 0.0098 0.0108
60 $ 1,000,000 150 $ 1,000,000 0.0071 0.0087 0.0098 0.0108
60 $ 1,000,000 400 $ 25,000 0.0047 0.0015 (0.0073) (0.0112)
60 $ 1,000,000 400 $ 100,000 0.0047 0.0016 0.0034 (0.0250)
60 $ 1,000,000 400 $ 1,000,000 0.0047 0.0015 0.0034 (0.0250)
150 $ 25,000 60 $ 25,000 (0.2912) (0.1096) (0.5962) (0.9440)
150 $ 25,000 60 $ 100,000 (0.2732) (0.3193) (0.6056) (0.9462)
150 $ 25,000 60 $ 1,000,000 (0.2732) (0.3193) (0.5059) (0.9922)
150 $ 25,000 150 $ 25,000 (0.0482) (0.5480) (0.2810) (0.4931)
150 $ 25,000 150 $ 100,000 (0.0776) (0.4388) (0.3346) (0.4643)
150 $ 25,000 150 $ 1,000,000 (0.0776) (0.4393) (0.3346) (0.3541)
150 $ 25,000 400 $ 25,000 (0.7325) (0.4883) (0.0843) (1.7691)
150 $ 25,000 400 $ 100,000 (0.5120) (0.5614) 0.6996 (1.7729)
150 $ 25,000 400 $ 1,000,000 (0.5121) (0.5572) 0.8859 (2.1720)
150 $ 100,000 60 $ 25,000 (0.0856) (0.2302) (0.1343) (0.2025)
150 $ 100,000 60 $ 100,000 (0.0950) (0.1891) (0.0842) (0.0528)
150 $ 100,000 60 $ 1,000,000 (0.0950) (0.1745) (0.0842) (0.0528)
150 $ 100,000 150 $ 25,000 (0.1523) (0.1121) (0.1043) 0.0681
150 $ 100,000 150 $ 100,000 (0.1150) (0.0431) (0.1126) (0.1379)
150 $ 100,000 150 $ 1,000,000 (0.1064) (0.0432) (0.1107) (0.1380)
150 $ 100,000 400 $ 25,000 (0.0059) 0.0064 (0.0267) 0.2048
150 $ 100,000 400 $ 100,000 0.0398 0.0851 (0.2109) 0.0785
150 $ 100,000 400 $ 1,000,000 0.0398 0.0850 (0.1795) 0.0785
150 $ 1,000,000 60 $ 25,000 0.0117 0.0123 (0.0007) (0.0037)
150 $ 1,000,000 60 $ 100,000 0.0117 0.0140 (0.0114) (0.0126)
150 $ 1,000,000 60 $ 1,000,000 0.0117 0.0140 (0.0114) (0.0126)
150 $ 1,000,000 150 $ 25,000 0.0081 0.0076 0.0027 (0.0191)
150 $ 1,000,000 150 $ 100,000 0.0090 0.0093 0.0067 (0.0137)
150 $ 1,000,000 150 $ 1,000,000 0.0090 0.0088 0.0045 (0.0137)
150 $ 1,000,000 400 $ 25,000 0.0025 0.0045 (0.0104) (0.0464)
150 $ 1,000,000 400 $ 100,000 0.0057 (0.0030) (0.0292) (0.0539)
150 $ 1,000,000 400 $ 1,000,000 0.0057 (0.0030) (0.0292) (0.0539)
400 $ 25,000 60 $ 25,000 (0.1017) 0.2380 (1.3774) (1.7029)
400 $ 25,000 60 $ 100,000 (0.2453) 0.4843 (1.4666) (1.5839)
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. . . Table 8.17 Continued from Previous Page . . .
Values of DL[Φ

−1(1− p)σc(L,M) + µc(L,M) − F−1
c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

400 $ 25,000 60 $ 1,000,000 (0.3109) 0.4632 (1.4667) (1.5839)
400 $ 25,000 150 $ 25,000 0.0304 (1.1474) (1.9727) (1.8776)
400 $ 25,000 150 $ 100,000 0.0160 (1.1531) (2.2624) (1.8644)
400 $ 25,000 150 $ 1,000,000 0.0160 (1.1459) (2.2813) (1.8645)
400 $ 25,000 400 $ 25,000 (0.5224) (0.1179) (0.3171) (2.3518)
400 $ 25,000 400 $ 100,000 (0.0826) 0.8130 (0.7959) (1.8989)
400 $ 25,000 400 $ 1,000,000 (0.0828) 0.7790 (0.8777) (1.8991)
400 $ 100,000 60 $ 25,000 (0.0587) (0.2335) (0.2476) 0.0567
400 $ 100,000 60 $ 100,000 (0.0742) (0.2111) (0.2631) 0.0408
400 $ 100,000 60 $ 1,000,000 (0.0742) (0.2111) (0.2631) 0.0408
400 $ 100,000 150 $ 25,000 (0.2279) 0.1572 (0.2652) (0.3013)
400 $ 100,000 150 $ 100,000 (0.1306) 0.2546 (0.2730) (0.2014)
400 $ 100,000 150 $ 1,000,000 (0.1307) 0.2369 (0.2730) (0.2014)
400 $ 100,000 400 $ 25,000 (0.0224) (0.0861) (0.1000) (0.3979)
400 $ 100,000 400 $ 100,000 0.0229 0.0107 (0.1191) (0.3040)
400 $ 100,000 400 $ 1,000,000 0.0229 0.0155 (0.1191) (0.3040)
400 $ 1,000,000 60 $ 25,000 0.0124 (0.0192) (0.0161) (0.0401)
400 $ 1,000,000 60 $ 100,000 0.0128 (0.0132) (0.0130) (0.0249)
400 $ 1,000,000 60 $ 1,000,000 0.0128 (0.0131) (0.0130) (0.0249)
400 $ 1,000,000 150 $ 25,000 (0.0013) (0.0027) (0.0452) (0.1166)
400 $ 1,000,000 150 $ 100,000 0.0099 (0.0011) (0.0515) (0.1327)
400 $ 1,000,000 150 $ 1,000,000 0.0099 (0.0011) (0.0515) (0.1327)
400 $ 1,000,000 400 $ 25,000 0.0017 0.0030 (0.0165) 0.0055
400 $ 1,000,000 400 $ 100,000 (0.0003) (0.0138) (0.0336) (0.0091)
400 $ 1,000,000 400 $ 1,000,000 0.0010 (0.0138) (0.0336) (0.0091)

Table 8.18: Errors in the Normal Approximation to the M -Derivative for the
Multiline Compound Poisson with X Distributed Pareto(2.2, 5000), Y Distributed
Pareto(4, 4500) and Selected Correlated Severity Parameter Variance

Values of DM [Φ−1(1− p)σc(L,M) + µc(L,M) − F−1
c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 (0.0121) (0.1843) 0.0694 0.0693
60 $ 25,000 60 $ 100,000 0.0009 (0.0514) 0.0009 0.0009
60 $ 25,000 60 $ 1,000,000 zero zero zero zero
60 $ 25,000 150 $ 25,000 (0.3168) (0.0453) 0.1751 0.1751
60 $ 25,000 150 $ 100,000 0.0033 0.0033 0.0033 0.0033
60 $ 25,000 150 $ 1,000,000 zero zero zero zero
60 $ 25,000 400 $ 25,000 (0.6385) (0.3174) 0.4705 0.4705
60 $ 25,000 400 $ 100,000 0.0078 0.0078 0.0078 0.0078
60 $ 25,000 400 $ 1,000,000 zero zero zero zero
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Values of DM [Φ−1(1− p)σc(L,M) + µc(L,M) − F−1

c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

60 $ 100,000 60 $ 25,000 (0.0224) (0.0455) 0.0173 0.0173
60 $ 100,000 60 $ 100,000 (0.0058) 0.0002 0.0002 0.0002
60 $ 100,000 60 $ 1,000,000 zero zero zero zero
60 $ 100,000 150 $ 25,000 (0.0514) (0.0333) 0.0438 0.0438
60 $ 100,000 150 $ 100,000 (0.0069) 0.0008 0.0008 0.0008
60 $ 100,000 150 $ 1,000,000 zero zero zero zero
60 $ 100,000 400 $ 25,000 (0.0984) (0.2331) 0.1176 0.1176
60 $ 100,000 400 $ 100,000 0.0019 0.0019 0.0019 0.0019
60 $ 100,000 400 $ 1,000,000 zero zero zero zero
60 $ 1,000,000 60 $ 25,000 (0.0007) 0.0017 0.0017 0.0017
60 $ 1,000,000 60 $ 100,000 0.0000 0.0000 0.0000 0.0000
60 $ 1,000,000 60 $ 1,000,000 zero zero zero zero
60 $ 1,000,000 150 $ 25,000 (0.0069) (0.0049) 0.0044 0.0044
60 $ 1,000,000 150 $ 100,000 (0.0003) (0.0039) 0.0001 0.0001
60 $ 1,000,000 150 $ 1,000,000 zero zero zero zero
60 $ 1,000,000 400 $ 25,000 (0.0094) (0.0049) 0.0118 0.0118
60 $ 1,000,000 400 $ 100,000 0.0002 0.0001 0.0002 0.0002
60 $ 1,000,000 400 $ 1,000,000 zero zero zero zero

150 $ 25,000 60 $ 25,000 0.0206 0.0110 0.0694 0.0693
150 $ 25,000 60 $ 100,000 0.0009 0.0009 0.0009 0.0009
150 $ 25,000 60 $ 1,000,000 zero zero zero zero
150 $ 25,000 150 $ 25,000 (0.0629) (0.0672) 0.1751 0.1751
150 $ 25,000 150 $ 100,000 0.0033 0.0033 0.0033 0.0033
150 $ 25,000 150 $ 1,000,000 zero zero zero zero
150 $ 25,000 400 $ 25,000 (0.5007) (0.8150) 0.4705 0.4705
150 $ 25,000 400 $ 100,000 0.0078 (0.2859) 0.0078 0.0078
150 $ 25,000 400 $ 1,000,000 zero zero zero zero
150 $ 100,000 60 $ 25,000 (0.0169) (0.0237) 0.0173 0.0173
150 $ 100,000 60 $ 100,000 0.0002 0.0002 0.0002 0.0002
150 $ 100,000 60 $ 1,000,000 zero zero zero zero
150 $ 100,000 150 $ 25,000 (0.0216) (0.0661) 0.0438 0.0438
150 $ 100,000 150 $ 100,000 (0.0205) (0.0069) 0.0008 0.0008
150 $ 100,000 150 $ 1,000,000 zero zero zero zero
150 $ 100,000 400 $ 25,000 (0.0642) (0.0902) 0.1176 0.1176
150 $ 100,000 400 $ 100,000 0.0019 0.0019 0.0019 0.0019
150 $ 100,000 400 $ 1,000,000 zero zero zero zero
150 $ 1,000,000 60 $ 25,000 (0.0004) 0.0002 0.0017 0.0017
150 $ 1,000,000 60 $ 100,000 0.0000 0.0000 0.0000 0.0000
150 $ 1,000,000 60 $ 1,000,000 zero zero zero zero
150 $ 1,000,000 150 $ 25,000 (0.0059) (0.0036) 0.0044 0.0044
150 $ 1,000,000 150 $ 100,000 0.0001 0.0001 0.0001 0.0001
150 $ 1,000,000 150 $ 1,000,000 zero zero zero zero
150 $ 1,000,000 400 $ 25,000 (0.0144) (0.0116) 0.0118 0.0118
150 $ 1,000,000 400 $ 100,000 0.0002 (0.0029) 0.0002 0.0002
150 $ 1,000,000 400 $ 1,000,000 zero zero zero zero
400 $ 25,000 60 $ 25,000 (0.0754) (0.1215) 0.0694 0.0693
400 $ 25,000 60 $ 100,000 (0.0085) 0.0009 0.0009 0.0009
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Values of DM [Φ−1(1− p)σc(L,M) + µc(L,M) − F−1

c(L,M (1− p)]

nλ L mφ M 95% 98% 99% 99.5%

400 $ 25,000 60 $ 1,000,000 zero zero zero zero
400 $ 25,000 150 $ 25,000 (0.0884) 0.0681 0.1751 0.1751
400 $ 25,000 150 $ 100,000 0.0033 0.0033 0.0033 0.0033
400 $ 25,000 150 $ 1,000,000 zero zero zero zero
400 $ 25,000 400 $ 25,000 (0.4927) (0.1310) 0.4705 0.4705
400 $ 25,000 400 $ 100,000 (0.0004) (0.1623) 0.0078 0.0078
400 $ 25,000 400 $ 1,000,000 zero zero zero zero
400 $ 100,000 60 $ 25,000 0.0083 0.0173 0.0173 0.0173
400 $ 100,000 60 $ 100,000 0.0002 0.0002 0.0002 0.0002
400 $ 100,000 60 $ 1,000,000 zero zero zero zero
400 $ 100,000 150 $ 25,000 (0.0653) (0.0024) 0.0438 0.0438
400 $ 100,000 150 $ 100,000 0.0008 0.0008 0.0008 0.0008
400 $ 100,000 150 $ 1,000,000 zero zero zero zero
400 $ 100,000 400 $ 25,000 (0.1250) (0.2490) 0.1176 0.1176
400 $ 100,000 400 $ 100,000 0.0019 0.0019 0.0019 0.0019
400 $ 100,000 400 $ 1,000,000 zero zero zero zero
400 $ 1,000,000 60 $ 25,000 (0.0011) 0.0017 0.0017 0.0017
400 $ 1,000,000 60 $ 100,000 0.0000 0.0000 0.0000 0.0000
400 $ 1,000,000 60 $ 1,000,000 zero zero zero zero
400 $ 1,000,000 150 $ 25,000 (0.0036) (0.0089) 0.0044 0.0044
400 $ 1,000,000 150 $ 100,000 0.0001 0.0001 0.0001 0.0001
400 $ 1,000,000 150 $ 1,000,000 zero zero zero zero
400 $ 1,000,000 400 $ 25,000 (0.0054) (0.0074) 0.0118 0.0118
400 $ 1,000,000 400 $ 100,000 0.0002 0.0002 0.0002 0.0002
400 $ 1,000,000 400 $ 1,000,000 0.0053 0.0043 (0.0000) (0.0000)

Next, it is relevant to show the various second-order derivatives of the mean and standard
deviation, as computed directly from the Monte Carlo simulations10. They are shown in
Table 8.19. Of course, the mixed partial derivative of the mean is clearly zero. The values
shown are simply roundoff error. Also, one may see that the L derivative of the mean is
substantially larger than the M -derivative, although this is much less pronounced for the
standard deviation.

10Of note, it must be recognized that in practice, if one is to compute Monte Carlo simulations, then the
simulations may be used to (at least approximately) determine the optimal retentions. In practice, these
would likely be computed or estimated analytically.
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Table 8.19: Second-Order Partial Derivatives with Respect to L and M of the
Mean and Standard Deviation, as Estimated Using Differences of Monte Carlo
Values, for Target Distribution with Correlated Severity Parameter Variance

Values for Mean of Tc(L,M) Values for S.D. of Tc(L,M)

nλ L mφ M ∂2µ/∂L2 ∂2µ/∂M2 ∂2µ/(∂L∂M) ∂2σ/∂L2 ∂2σ/∂M2 ∂2σ/(∂L∂M)

60 $ 25,000 60 $ 25,000 -1.57E-04 -1.08E-05 4.66E-18 -4.09E-05 -4.19E-06 -8.53E-08
60 $ 25,000 60 $ 100,000 -1.57E-04 -8.14E-08 -1.16E-18 -4.08E-05 -6.38E-08 -1.75E-09
60 $ 25,000 60 $ 1,000,000 -1.57E-04 0.00E+00 0.00E+00 -4.08E-05 0.00E+00 0.00E+00
60 $ 25,000 150 $ 25,000 -1.57E-04 -2.70E-05 1.86E-17 -3.66E-05 -1.09E-05 -9.69E-08
60 $ 25,000 150 $ 100,000 -1.57E-04 -3.90E-07 2.33E-18 -3.65E-05 -1.68E-07 -2.66E-09
60 $ 25,000 150 $ 1,000,000 -1.57E-04 0.00E+00 0.00E+00 -3.65E-05 0.00E+00 0.00E+00
60 $ 25,000 400 $ 25,000 -1.57E-04 -7.28E-05 1.12E-16 -3.20E-05 -3.04E-05 -8.51E-08
60 $ 25,000 400 $ 100,000 -1.57E-04 -1.15E-06 -9.31E-18 -3.20E-05 -9.18E-07 -1.08E-09
60 $ 25,000 400 $ 1,000,000 -1.57E-04 0.00E+00 0.00E+00 -3.20E-05 0.00E+00 0.00E+00
60 $ 100,000 60 $ 25,000 -1.97E-06 -6.73E-07 0.00E+00 -1.15E-06 -2.55E-07 -5.20E-09
60 $ 100,000 60 $ 100,000 -1.97E-06 -5.09E-09 8.73E-19 -1.15E-06 -2.77E-09 -2.49E-10
60 $ 100,000 60 $ 1,000,000 -1.97E-06 0.00E+00 0.00E+00 -1.15E-06 0.00E+00 0.00E+00
60 $ 100,000 150 $ 25,000 -1.97E-06 -1.69E-06 2.33E-18 -9.34E-07 -6.70E-07 -1.38E-08
60 $ 100,000 150 $ 100,000 -1.97E-06 -2.44E-08 -1.16E-18 -9.32E-07 -7.67E-09 -5.56E-10
60 $ 100,000 150 $ 1,000,000 -1.97E-06 0.00E+00 0.00E+00 -9.32E-07 0.00E+00 0.00E+00
60 $ 100,000 400 $ 25,000 -1.97E-06 -4.55E-06 1.86E-17 -6.45E-07 -1.87E-06 -1.36E-08
60 $ 100,000 400 $ 100,000 -1.97E-06 -7.17E-08 1.16E-18 -6.42E-07 -5.57E-08 -2.93E-10
60 $ 100,000 400 $ 1,000,000 -1.97E-06 0.00E+00 0.00E+00 -6.42E-07 0.00E+00 0.00E+00
60 $ 1,000,000 60 $ 25,000 -1.27E-09 -6.73E-09 -1.16E-19 -5.33E-09 -2.35E-09 -8.87E-10
60 $ 1,000,000 60 $ 100,000 -1.27E-09 -5.09E-11 2.91E-20 -5.33E-09 -2.30E-11 -7.16E-12
60 $ 1,000,000 60 $ 1,000,000 -1.27E-09 0.00E+00 0.00E+00 -5.33E-09 0.00E+00 0.00E+00
60 $ 1,000,000 150 $ 25,000 -1.27E-09 -1.69E-08 0.00E+00 -4.31E-09 -6.53E-09 -1.46E-09
60 $ 1,000,000 150 $ 100,000 -1.27E-09 -2.44E-10 -5.82E-20 -4.30E-09 -6.44E-11 -1.29E-11
60 $ 1,000,000 150 $ 1,000,000 -1.27E-09 0.00E+00 0.00E+00 -4.29E-09 0.00E+00 0.00E+00
60 $ 1,000,000 400 $ 25,000 -1.27E-09 -4.55E-08 4.66E-19 -2.92E-09 -1.85E-08 -1.34E-09
60 $ 1,000,000 400 $ 100,000 -1.27E-09 -7.17E-10 1.16E-19 -2.92E-09 -5.31E-10 -1.14E-11
60 $ 1,000,000 400 $ 1,000,000 -1.27E-09 0.00E+00 0.00E+00 -2.92E-09 0.00E+00 0.00E+00
150 $ 25,000 60 $ 25,000 -3.94E-04 -1.08E-05 9.31E-18 -9.06E-05 -3.62E-06 -5.39E-08
150 $ 25,000 60 $ 100,000 -3.94E-04 -8.14E-08 0.00E+00 -9.06E-05 -7.21E-08 -1.13E-10
150 $ 25,000 60 $ 1,000,000 -3.94E-04 0.00E+00 0.00E+00 -9.06E-05 0.00E+00 0.00E+00
150 $ 25,000 150 $ 25,000 -3.94E-04 -2.70E-05 3.73E-17 -8.68E-05 -9.96E-06 -1.23E-07
150 $ 25,000 150 $ 100,000 -3.94E-04 -3.90E-07 4.66E-18 -8.67E-05 -1.30E-07 -7.69E-10
150 $ 25,000 150 $ 1,000,000 -3.94E-04 0.00E+00 0.00E+00 -8.67E-05 0.00E+00 0.00E+00
150 $ 25,000 400 $ 25,000 -3.94E-04 -7.28E-05 -9.31E-17 -7.94E-05 -2.90E-05 -1.50E-07
150 $ 25,000 400 $ 100,000 -3.94E-04 -1.15E-06 0.00E+00 -7.94E-05 -8.79E-07 -1.38E-09
150 $ 25,000 400 $ 1,000,000 -3.94E-04 0.00E+00 0.00E+00 -7.94E-05 0.00E+00 0.00E+00
150 $ 100,000 60 $ 25,000 -4.84E-06 -6.73E-07 2.33E-18 -2.04E-06 -2.19E-07 -5.07E-09
150 $ 100,000 60 $ 100,000 -4.84E-06 -5.09E-09 0.00E+00 -2.04E-06 -3.82E-09 -3.31E-10
150 $ 100,000 60 $ 1,000,000 -4.84E-06 0.00E+00 0.00E+00 -2.04E-06 0.00E+00 0.00E+00
150 $ 100,000 150 $ 25,000 -4.84E-06 -1.69E-06 9.31E-18 -1.84E-06 -6.04E-07 -1.11E-08
150 $ 100,000 150 $ 100,000 -4.84E-06 -2.44E-08 1.16E-18 -1.84E-06 -5.73E-09 -6.30E-10
150 $ 100,000 150 $ 1,000,000 -4.84E-06 0.00E+00 0.00E+00 -1.84E-06 0.00E+00 0.00E+00
150 $ 100,000 400 $ 25,000 -4.84E-06 -4.55E-06 4.66E-18 -1.48E-06 -1.78E-06 -8.68E-09
150 $ 100,000 400 $ 100,000 -4.84E-06 -7.17E-08 0.00E+00 -1.47E-06 -5.16E-08 -3.13E-10
150 $ 100,000 400 $ 1,000,000 -4.84E-06 0.00E+00 0.00E+00 -1.48E-06 0.00E+00 0.00E+00
150 $ 1,000,000 60 $ 25,000 -3.46E-09 -6.73E-09 6.98E-19 -1.13E-08 -2.03E-09 -6.85E-10
150 $ 1,000,000 60 $ 100,000 -3.46E-09 -5.09E-11 0.00E+00 -1.13E-08 -3.14E-11 -5.76E-12
150 $ 1,000,000 60 $ 1,000,000 -3.46E-09 0.00E+00 0.00E+00 -1.13E-08 0.00E+00 0.00E+00
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. . . Table 8.19 Continued from Previous Page . . .
Values for Mean of Tc(L,M) Values for S.D. of Tc(L,M)

nλ L mφ M ∂2µ/∂L2 ∂2µ/∂M2 ∂2µ/(∂L∂M) ∂2σ/∂L2 ∂2σ/∂M2 ∂2σ/(∂L∂M)

150 $ 1,000,000 150 $ 25,000 -3.46E-09 -1.69E-08 4.66E-19 -9.71E-09 -5.74E-09 -1.45E-09
150 $ 1,000,000 150 $ 100,000 -3.46E-09 -2.44E-10 0.00E+00 -9.69E-09 -3.95E-11 -1.24E-11
150 $ 1,000,000 150 $ 1,000,000 -3.46E-09 0.00E+00 0.00E+00 -9.69E-09 0.00E+00 0.00E+00
150 $ 1,000,000 400 $ 25,000 -3.46E-09 -4.55E-08 4.66E-19 -6.74E-09 -1.73E-08 -1.76E-09
150 $ 1,000,000 400 $ 100,000 -3.46E-09 -7.17E-10 0.00E+00 -6.72E-09 -5.45E-10 4.66E-11
150 $ 1,000,000 400 $ 1,000,000 -3.46E-09 0.00E+00 0.00E+00 -6.72E-09 0.00E+00 0.00E+00
400 $ 25,000 60 $ 25,000 -1.04E-03 -1.08E-05 0.00E+00 -2.28E-04 -3.30E-06 -3.35E-08
400 $ 25,000 60 $ 100,000 -1.04E-03 -8.14E-08 -9.31E-18 -2.28E-04 -6.17E-08 1.28E-12
400 $ 25,000 60 $ 1,000,000 -1.04E-03 0.00E+00 0.00E+00 -2.28E-04 0.00E+00 0.00E+00
400 $ 25,000 150 $ 25,000 -1.04E-03 -2.70E-05 -7.45E-17 -2.26E-04 -9.19E-06 -9.52E-08
400 $ 25,000 150 $ 100,000 -1.04E-03 -3.90E-07 -9.31E-18 -2.26E-04 -1.03E-07 -1.42E-09
400 $ 25,000 150 $ 1,000,000 -1.04E-03 0.00E+00 0.00E+00 -2.26E-04 0.00E+00 0.00E+00
400 $ 25,000 400 $ 25,000 -1.04E-03 -7.28E-05 -3.73E-16 -2.17E-04 -2.68E-05 -1.81E-07
400 $ 25,000 400 $ 100,000 -1.04E-03 -1.15E-06 -9.31E-18 -2.17E-04 -7.70E-07 -3.47E-09
400 $ 25,000 400 $ 1,000,000 -1.04E-03 0.00E+00 0.00E+00 -2.17E-04 0.00E+00 0.00E+00
400 $ 100,000 60 $ 25,000 -1.27E-05 -6.73E-07 0.00E+00 -3.85E-06 -2.06E-07 3.34E-09
400 $ 100,000 60 $ 100,000 -1.27E-05 -5.09E-09 0.00E+00 -3.85E-06 -3.43E-09 -2.65E-10
400 $ 100,000 60 $ 1,000,000 -1.27E-05 0.00E+00 0.00E+00 -3.85E-06 0.00E+00 0.00E+00
400 $ 100,000 150 $ 25,000 -1.27E-05 -1.69E-06 1.86E-17 -3.74E-06 -5.69E-07 7.58E-10
400 $ 100,000 150 $ 100,000 -1.27E-05 -2.44E-08 -2.33E-18 -3.74E-06 -4.08E-09 -4.95E-10
400 $ 100,000 150 $ 1,000,000 -1.27E-05 0.00E+00 0.00E+00 -3.74E-06 0.00E+00 0.00E+00
400 $ 100,000 400 $ 25,000 -1.27E-05 -4.55E-06 -1.86E-17 -3.45E-06 -1.64E-06 3.30E-09
400 $ 100,000 400 $ 100,000 -1.27E-05 -7.17E-08 0.00E+00 -3.45E-06 -4.23E-08 -2.88E-10
400 $ 100,000 400 $ 1,000,000 -1.27E-05 0.00E+00 0.00E+00 -3.45E-06 0.00E+00 0.00E+00
400 $ 1,000,000 60 $ 25,000 -7.27E-09 -6.73E-09 0.00E+00 -9.34E-09 -1.99E-09 -3.51E-10
400 $ 1,000,000 60 $ 100,000 -7.27E-09 -5.09E-11 1.16E-19 -9.34E-09 -2.72E-11 -4.34E-12
400 $ 1,000,000 60 $ 1,000,000 -7.27E-09 0.00E+00 0.00E+00 -9.34E-09 0.00E+00 0.00E+00
400 $ 1,000,000 150 $ 25,000 -7.27E-09 -1.69E-08 -9.31E-19 -8.77E-09 -5.48E-09 -9.56E-10
400 $ 1,000,000 150 $ 100,000 -7.27E-09 -2.44E-10 -2.33E-19 -8.77E-09 -5.65E-11 4.75E-11
400 $ 1,000,000 150 $ 1,000,000 -7.27E-09 0.00E+00 0.00E+00 -8.77E-09 0.00E+00 0.00E+00
400 $ 1,000,000 400 $ 25,000 -7.27E-09 -4.55E-08 9.31E-19 -7.27E-09 -1.59E-08 -1.64E-09
400 $ 1,000,000 400 $ 100,000 -7.27E-09 -7.17E-10 -2.33E-19 -7.28E-09 -4.53E-10 6.76E-11
400 $ 1,000,000 400 $ 1,000,000 -7.27E-09 -2.34E-10 0.00E+00 -7.28E-09 -6.56E-10 0.00E+00

Using that data, the constants specified in the set of equations (8.139), and the formulas
listed above for the C’s and D’s, one may estimate the percentage errors in the optimal L
retentions as show in Table 8.20 and the error in estimating the optimal M -retentions in
Table 8.21

Table 8.20: Estimated Errors in X-Retention Estimate Due to Use of the Normal
Approximation to the Derivative, for Target Distribution with Correlated Severity
Parameter Variance

Estimated Error in Optimal X-Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 0.06 % 0.38 % 0.13 % 0.13 %
60 $ 25,000 60 $ 100,000 (0.00) % 0.56 % 0.21 % (0.07) %
60 $ 25,000 60 $ 1,000,000 (0.00) % 0.54 % 0.21 % (0.08) %
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. . . Table 8.20 Continued from Previous Page . . .
Estimated Error in Optimal X-Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 150 $ 25,000 0.09 % 0.27 % 0.48 % 0.45 %
60 $ 25,000 150 $ 100,000 (0.07) % (0.10) % 0.71 % 0.59 %
60 $ 25,000 150 $ 1,000,000 (0.07) % (0.11) % 0.71 % 0.59 %
60 $ 25,000 400 $ 25,000 0.34 % (0.86) % (0.43) % 1.89 %
60 $ 25,000 400 $ 100,000 (0.02) % (0.06) % (0.07) % 1.05 %
60 $ 25,000 400 $ 1,000,000 (0.05) % 0.00 % (0.07) % 0.98 %
60 $ 100,000 60 $ 25,000 1.63 % 2.35 % 2.41 % 4.93 %
60 $ 100,000 60 $ 100,000 1.89 % 3.11 % 2.86 % 6.27 %
60 $ 100,000 60 $ 1,000,000 1.76 % 3.11 % 2.53 % 6.15 %
60 $ 100,000 150 $ 25,000 1.24 % 4.78 % 2.40 % 1.71 %
60 $ 100,000 150 $ 100,000 1.18 % 2.06 % 0.58 % 1.90 %
60 $ 100,000 150 $ 1,000,000 1.21 % 2.06 % 0.58 % 1.81 %
60 $ 100,000 400 $ 25,000 (0.70) % 1.69 % 1.61 % (1.95) %
60 $ 100,000 400 $ 100,000 (0.46) % 2.13 % 0.47 % 1.47 %
60 $ 100,000 400 $ 1,000,000 (0.46) % 2.13 % 0.47 % 1.48 %
60 $ 1,000,000 60 $ 25,000 (80.37) % (122.66) % (165.47) % (220.76) %
60 $ 1,000,000 60 $ 100,000 (80.06) % (122.12) % (163.56) % (218.28) %
60 $ 1,000,000 60 $ 1,000,000 (80.04) % (122.08) % (163.49) % (218.18) %
60 $ 1,000,000 150 $ 25,000 (49.38) % (69.54) % (85.77) % (104.98) %
60 $ 1,000,000 150 $ 100,000 (49.33) % (68.80) % (84.81) % (103.12) %
60 $ 1,000,000 150 $ 1,000,000 (49.33) % (68.77) % (85.02) % (103.08) %
60 $ 1,000,000 400 $ 25,000 (24.85) % (8.17) % 43.62 % 70.72 %
60 $ 1,000,000 400 $ 100,000 (24.88) % (8.86) % (20.61) % 156.74 %
60 $ 1,000,000 400 $ 1,000,000 (24.88) % (8.85) % (20.60) % 156.73 %

150 $ 25,000 60 $ 25,000 0.14 % 0.05 % 0.29 % 0.46 %
150 $ 25,000 60 $ 100,000 0.13 % 0.15 % 0.29 % 0.46 %
150 $ 25,000 60 $ 1,000,000 0.13 % 0.15 % 0.25 % 0.48 %
150 $ 25,000 150 $ 25,000 0.02 % 0.26 % 0.14 % 0.24 %
150 $ 25,000 150 $ 100,000 0.04 % 0.21 % 0.16 % 0.23 %
150 $ 25,000 150 $ 1,000,000 0.04 % 0.21 % 0.16 % 0.17 %
150 $ 25,000 400 $ 25,000 0.35 % 0.24 % 0.04 % 0.86 %
150 $ 25,000 400 $ 100,000 0.25 % 0.27 % (0.34) % 0.86 %
150 $ 25,000 400 $ 1,000,000 0.25 % 0.27 % (0.43) % 1.05 %
150 $ 100,000 60 $ 25,000 0.86 % 2.34 % 1.37 % 2.08 %
150 $ 100,000 60 $ 100,000 0.96 % 1.92 % 0.86 % 0.54 %
150 $ 100,000 60 $ 1,000,000 0.96 % 1.77 % 0.86 % 0.54 %
150 $ 100,000 150 $ 25,000 1.53 % 1.13 % 1.06 % (0.69) %
150 $ 100,000 150 $ 100,000 1.15 % 0.44 % 1.14 % 1.41 %
150 $ 100,000 150 $ 1,000,000 1.07 % 0.44 % 1.12 % 1.41 %
150 $ 100,000 400 $ 25,000 0.06 % (0.06) % 0.27 % (2.06) %
150 $ 100,000 400 $ 100,000 (0.39) % (0.85) % 2.11 % (0.79) %
150 $ 100,000 400 $ 1,000,000 (0.39) % (0.85) % 1.80 % (0.79) %
150 $ 1,000,000 60 $ 25,000 (28.83) % (34.09) % 2.03 % 12.13 %
150 $ 1,000,000 60 $ 100,000 (28.78) % (38.91) % 34.63 % 41.89 %
150 $ 1,000,000 60 $ 1,000,000 (28.78) % (38.90) % 34.63 % 41.89 %
150 $ 1,000,000 150 $ 25,000 (17.72) % (18.23) % (6.74) % 52.73 %
150 $ 1,000,000 150 $ 100,000 (19.81) % (22.48) % (17.23) % 37.64 %
150 $ 1,000,000 150 $ 1,000,000 (19.80) % (21.30) % (11.67) % 37.64 %
150 $ 1,000,000 400 $ 25,000 (4.50) % (8.69) % 20.98 % 96.42 %
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Estimated Error in Optimal X-Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

150 $ 1,000,000 400 $ 100,000 (10.49) % 5.66 % 58.36 % 111.44 %
150 $ 1,000,000 400 $ 1,000,000 (10.49) % 5.70 % 58.41 % 111.43 %
400 $ 25,000 60 $ 25,000 0.02 % (0.04) % 0.25 % 0.31 %
400 $ 25,000 60 $ 100,000 0.04 % (0.09) % 0.27 % 0.29 %
400 $ 25,000 60 $ 1,000,000 0.06 % (0.08) % 0.27 % 0.29 %
400 $ 25,000 150 $ 25,000 (0.01) % 0.21 % 0.36 % 0.34 %
400 $ 25,000 150 $ 100,000 (0.00) % 0.21 % 0.41 % 0.34 %
400 $ 25,000 150 $ 1,000,000 (0.00) % 0.21 % 0.42 % 0.34 %
400 $ 25,000 400 $ 25,000 0.09 % 0.02 % 0.06 % 0.43 %
400 $ 25,000 400 $ 100,000 0.01 % (0.15) % 0.14 % 0.35 %
400 $ 25,000 400 $ 1,000,000 0.01 % (0.14) % 0.16 % 0.35 %
400 $ 100,000 60 $ 25,000 0.22 % 0.89 % 0.94 % (0.22) %
400 $ 100,000 60 $ 100,000 0.28 % 0.80 % 1.00 % (0.16) %
400 $ 100,000 60 $ 1,000,000 0.28 % 0.80 % 1.00 % (0.16) %
400 $ 100,000 150 $ 25,000 0.86 % (0.60) % 1.01 % 1.15 %
400 $ 100,000 150 $ 100,000 0.49 % (0.97) % 1.04 % 0.77 %
400 $ 100,000 150 $ 1,000,000 0.49 % (0.90) % 1.04 % 0.77 %
400 $ 100,000 400 $ 25,000 0.08 % 0.33 % 0.38 % 1.51 %
400 $ 100,000 400 $ 100,000 (0.09) % (0.04) % 0.45 % 1.16 %
400 $ 100,000 400 $ 1,000,000 (0.09) % (0.06) % 0.45 % 1.16 %
400 $ 1,000,000 60 $ 25,000 (9.56) % 15.26 % 13.02 % 33.09 %
400 $ 1,000,000 60 $ 100,000 (9.84) % 10.51 % 10.56 % 20.56 %
400 $ 1,000,000 60 $ 1,000,000 (9.84) % 10.43 % 10.57 % 20.56 %
400 $ 1,000,000 150 $ 25,000 0.99 % 2.07 % 36.04 % 94.60 %
400 $ 1,000,000 150 $ 100,000 (7.50) % 0.88 % 41.00 % 107.56 %
400 $ 1,000,000 150 $ 1,000,000 (7.51) % 0.88 % 41.00 % 107.55 %
400 $ 1,000,000 400 $ 25,000 (1.20) % (2.22) % 12.62 % (4.19) %
400 $ 1,000,000 400 $ 100,000 0.23 % 10.38 % 25.64 % 7.04 %
400 $ 1,000,000 400 $ 1,000,000 (0.72) % 10.38 % 25.64 % 7.04 %

A review of the table will show that the errors in the X retention are generally ac-
ceptable, except at the $ 1 million retention (which, as noted earlier in this dissertation, is
unlikely to arise in practice). Similar results hold for the Y retention, except that in this
specific example the $ 1 million retention is so rare that the derivative of the 100(1 − p)th

percentile of the aggregate loss distribution by M at M = $1, 000, 000 is zero11. Of note,
in such situations, the word “over” is displayed in Table 8.21. In summary, in the practi-
cal circumstances where these distributions would arise, the normal approximation to the
derivative produces a good approximation to the optimal retention.

11In this case the probability of a $1 million loss from the Y distribution is so rare as the be, in the context
of p = 5%, 2%, 1%, or 0.5%, less than p. So, all losses of size $1,000,000 or more are too rare to be included
in F−1

Tc(L,M)(1− p). Therefore, the derivative ∂
∂M

F−1
Tc(L,M)(1− p)with respect to M at M = $1, 000, 000 must

be zero.

174



Table 8.21: Estimated Errors in Y -Retention Estimate Due to Use of the Normal
Approximation to the Derivative, for Target Distribution with Correlated Severity
Parameter Variance

Estimated Error in Optimal Y -Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

60 $ 25,000 60 $ 25,000 0.16 % 2.47 % (0.93) % (0.94) %
60 $ 25,000 60 $ 100,000 (1.66) % 95.91 % (1.69) % (1.71) %
60 $ 25,000 60 $ 1,000,000 over over over over
60 $ 25,000 150 $ 25,000 1.68 % 0.24 % (0.94) % (0.94) %
60 $ 25,000 150 $ 100,000 (1.21) % (1.22) % (1.23) % (1.23) %
60 $ 25,000 150 $ 1,000,000 over over over over
60 $ 25,000 400 $ 25,000 1.26 % 0.63 % (0.94) % (0.94) %
60 $ 25,000 400 $ 100,000 (1.02) % (1.03) % (1.04) % (1.05) %
60 $ 25,000 400 $ 1,000,000 over over over over
60 $ 100,000 60 $ 25,000 1.20 % 2.43 % (0.93) % (0.93) %
60 $ 100,000 60 $ 100,000 41.43 % (1.61) % (1.62) % (1.60) %
60 $ 100,000 60 $ 1,000,000 over over over over
60 $ 100,000 150 $ 25,000 1.09 % 0.72 % (0.94) % (0.94) %
60 $ 100,000 150 $ 100,000 10.10 % (1.20) % (1.20) % (1.20) %
60 $ 100,000 150 $ 1,000,000 over over over over
60 $ 100,000 400 $ 25,000 0.78 % 1.85 % (0.94) % (0.94) %
60 $ 100,000 400 $ 100,000 (1.02) % (1.03) % (1.04) % (1.04) %
60 $ 100,000 400 $ 1,000,000 over over over over
60 $ 1,000,000 60 $ 25,000 (0.79) % (2.95) % (3.89) % (5.15) %
60 $ 1,000,000 60 $ 100,000 (2.86) % (3.80) % (4.79) % (6.15) %
60 $ 1,000,000 60 $ 1,000,000 over over over over
60 $ 1,000,000 150 $ 25,000 1.00 % 0.29 % (1.96) % (2.26) %
60 $ 1,000,000 150 $ 100,000 4.23 % 56.83 % (1.80) % (1.98) %
60 $ 1,000,000 150 $ 1,000,000 over over over over
60 $ 1,000,000 400 $ 25,000 0.66 % 0.36 % (0.76) % (0.64) %
60 $ 1,000,000 400 $ 100,000 (1.06) % (0.52) % (1.08) % (0.66) %
60 $ 1,000,000 400 $ 1,000,000 over over over over

150 $ 25,000 60 $ 25,000 (0.27) % (0.15) % (0.93) % (0.93) %
150 $ 25,000 60 $ 100,000 (1.68) % (1.70) % (1.72) % (1.74) %
150 $ 25,000 60 $ 1,000,000 over over over over
150 $ 25,000 150 $ 25,000 0.33 % 0.36 % (0.93) % (0.94) %
150 $ 25,000 150 $ 100,000 (1.20) % (1.21) % (1.21) % (1.21) %
150 $ 25,000 150 $ 1,000,000 over over over over
150 $ 25,000 400 $ 25,000 0.99 % 1.62 % (0.94) % (0.94) %
150 $ 25,000 400 $ 100,000 (1.02) % 37.73 % (1.04) % (1.04) %
150 $ 25,000 400 $ 1,000,000 over over over over
150 $ 100,000 60 $ 25,000 0.90 % 1.26 % (0.92) % (0.92) %
150 $ 100,000 60 $ 100,000 (1.65) % (1.66) % (1.68) % (1.69) %
150 $ 100,000 60 $ 1,000,000 over over over over
150 $ 100,000 150 $ 25,000 0.46 % 1.40 % (0.93) % (0.94) %
150 $ 100,000 150 $ 100,000 29.70 % 9.98 % (1.19) % (1.19) %
150 $ 100,000 150 $ 1,000,000 over over over over
150 $ 100,000 400 $ 25,000 0.51 % 0.71 % (0.94) % (0.94) %
150 $ 100,000 400 $ 100,000 (1.01) % (1.02) % (1.03) % (1.04) %
150 $ 100,000 400 $ 1,000,000 over over over over
150 $ 1,000,000 60 $ 25,000 (0.13) % (0.54) % (0.89) % (0.75) %
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. . . Table 8.21 Continued from Previous Page . . .
Estimated Error in Optimal Y -Retention for Various Confidence Levels

nλ L mφ M 95% 98% 99% 99.5%

150 $ 1,000,000 60 $ 100,000 (2.00) % (2.22) % (1.10) % (0.95) %
150 $ 1,000,000 60 $ 1,000,000 over over over over
150 $ 1,000,000 150 $ 25,000 1.08 % 0.57 % (1.01) % (0.28) %
150 $ 1,000,000 150 $ 100,000 (1.29) % (1.32) % (1.30) % (0.91) %
150 $ 1,000,000 150 $ 1,000,000 over over over over
150 $ 1,000,000 400 $ 25,000 1.11 % 0.88 % (0.82) % (0.39) %
150 $ 1,000,000 400 $ 100,000 (0.94) % 15.03 % (1.58) % (2.16) %
150 $ 1,000,000 400 $ 1,000,000 over over over over
400 $ 25,000 60 $ 25,000 0.99 % 1.61 % (0.92) % (0.92) %
400 $ 25,000 60 $ 100,000 15.57 % (1.68) % (1.69) % (1.70) %
400 $ 25,000 60 $ 1,000,000 over over over over
400 $ 25,000 150 $ 25,000 0.47 % (0.36) % (0.93) % (0.93) %
400 $ 25,000 150 $ 100,000 (1.19) % (1.19) % (1.20) % (1.20) %
400 $ 25,000 150 $ 1,000,000 over over over over
400 $ 25,000 400 $ 25,000 0.97 % 0.26 % (0.93) % (0.94) %
400 $ 25,000 400 $ 100,000 0.05 % 21.15 % (1.02) % (1.03) %
400 $ 25,000 400 $ 1,000,000 over over over over
400 $ 100,000 60 $ 25,000 (0.44) % (0.92) % (0.92) % (0.92) %
400 $ 100,000 60 $ 100,000 (1.64) % (1.65) % (1.66) % (1.68) %
400 $ 100,000 60 $ 1,000,000 over over over over
400 $ 100,000 150 $ 25,000 1.38 % 0.05 % (0.93) % (0.93) %
400 $ 100,000 150 $ 100,000 (1.18) % (1.18) % (1.18) % (1.18) %
400 $ 100,000 150 $ 1,000,000 over over over over
400 $ 100,000 400 $ 25,000 0.98 % 1.97 % (0.93) % (0.94) %
400 $ 100,000 400 $ 100,000 (1.00) % (1.00) % (1.01) % (1.02) %
400 $ 100,000 400 $ 1,000,000 over over over over
400 $ 1,000,000 60 $ 25,000 0.50 % (0.81) % (0.83) % (0.67) %
400 $ 1,000,000 60 $ 100,000 (1.71) % (1.51) % (1.51) % (1.38) %
400 $ 1,000,000 60 $ 1,000,000 over over over over
400 $ 1,000,000 150 $ 25,000 0.75 % 1.89 % (0.65) % (0.16) %
400 $ 1,000,000 150 $ 100,000 (1.03) % (1.21) % (2.26) % (4.19) %
400 $ 1,000,000 150 $ 1,000,000 over over over over
400 $ 1,000,000 400 $ 25,000 0.42 % 0.57 % (0.87) % (0.96) %
400 $ 1,000,000 400 $ 100,000 (1.00) % (1.14) % (1.36) % (1.12) %
400 $ 1,000,000 400 $ 1,000,000 (112.01) % (95.71) % 0.27 % 0.28 %

8.3.11 Summary of the Compound Poisson Multiline Scenario with
Correlated Parameter Variance

A short summary of the key formulas developed in this section follows. First, approx-
imations to the mean and variance of the joint distribution with parameter severity were
shown in (8.66) and (8.86). Those were used to develop a normal approximation (8.89)
to the various percentiles of the composite compound Poisson with correlated parameter
variance. A lognormal approximation to the percentiles, using the “A” factor in (8.87), was
given in equation (8.91). Next, an analysis of the optimal retention was performed. Due
to the covariance of a portion of the parameter variance, the normal distribution formula
for the optimal retention involves simultaneously solving both (8.103) and (8.104). The
analysis also showed that in certain circumstances a simple linear relationship between the
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retentions of the compound Poisson will approximately hold in the parameter severity case.
As in the case of the compound Poisson distribution, converting the approximation

error in estimating the derivatives to the error in the retention estimate requires a matrix
equation. Generally, the base equations are the same ones listed in (8.49) through (8.55),
though the specific partial derivative terms are different. An analysis of the ratio of the
off-diagonal elements to the diagonal elements suggests that the off-diagonal elements are
substantive when parameter variance is involved. As part of the analysis, a theorem was
provided, indicating a cap on the limits of s(n−1)(L) relative to Ls(n)(L) near infinity. On a
separate topic, the two line scenario was generalized to a multiline scenario in section 8.3.8.

As with the monoline scenario, it is relevant to review the calculations to determine
which of the results require that the parameter uncertainty distribution be from the lognor-
mal family. A review of the calculations leading to the estimates of the mean and variance
shows that they hold whether parameter uncertainty distribution is lognormal or not. How-
ever, those calculations did depend on the higher moments being sufficiently small to be
immaterial. Therefore, the mean and variance estimates are distribution-free to the extent
that those higher moments can be presumed to be immaterial.
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CHAPTER 9

SUMMARY

An insurance company faces a set of operational questions that relate to the size of the
largest claim it retains. The company’s management needs to know the amount of surplus
funds that they need to cover the prospect that losses and expenses may exceed premiums.
They need to know how much profit they must achieve to provide their investors a fair
return. Further, they need to determine the reinsurance retention that is optimal for the
company. In Chapters 2 and 3 of this dissertation, a discussion was begun of the values and
operational aspects that underlie those questions. Insurance companies’ capital needs were
found to be linked to the difference between the amount needed to secure payment of all the
claims within a specified confidence level, and the expected loss content that is built into
their rates. Consequently, since the analysis relates solely to the losses “retained” by the
company, this dissertation suggests that no profit markup is needed on the losses passed to a
“reinsurer”. Further, this dissertation examined the long-running controversy as to whether
insurance companies should be recompensed for the basic volatility of insurance losses in
addition to being recompensed for their exposure to the systemic risk of the stock market
as a whole. The data analyzed in this study suggest that some premium for non-systemic
risk could be demanded by stockholders of insurance companies. However, the data also
suggest that the markup should be a small portion of that non-systemic risk1. The analysis
indicates that, in the absence of correlation between the losses borne by the company and
the stock market, the profit loaded into insurance rates should be the precise amount which,
less the tax on underwriting profits, equals the tax on the risk free rate on surplus, plus the
risk-free rate times the amount of capital deployed in non-investment income bearing assets,
plus the small non-systemic risk loading on the standard deviation of the possible retained
losses. Since first principles would indicate that there is typically no correlation between the
volatility of insurance losses and the volatility of the market, the analysis makes a strong
statement about the indicated profit need for an insurance company.

Chapters 2, 3, 4, 7, and 8 have analyzed the resulting capital and profit needed to
sustain operations, and optimal retentions across a comprehensive set of scenarios for the
distribution of aggregate loss costs2. As part of the analysis, scenario-specific closed-form
equations for the normal and lognormal approximations to the upper percentiles of the

1As measured by the square root of the portion of the variance of the aggregate losses that is independent
of systemic market risk.

2As regards the situation where claims are paid within the term of the policy giving rise to the claim.
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aggregate distribution were developed. A specific distribution or set of distributions with
high skew and kurtosis was chosen to test each scenario. Even though those distributions,
by virtue of their skew, presented a challenge for the normal approximation, the quality of
the approximations to the various values were nevertheless acceptable3. Those examples
do indicate, though, that generally the lognormal approximation is closer to the true per-
centile value of F in the range of caps or retentions that are likely to be used in practice.
Importantly, the formulas provided are, to a very large extent, distribution free and subject
to only a bare minimum of assumptions.

The analysis in this dissertation develops a general formula for the optimal retention
(the point where individual large losses should be transferred to reinsurers) that uses basic
cost, tax, and interest rate information, a special loading for non-systematic risk, and
characteristics of the loss cost distribution. Specific formulas for the optimal retention were
developed for each of the scenarios presented in the dissertation. Those formulas were
based on approximating the derivative of the 100(1 − p)th percentile with respect to the
potential retentions with the derivative of the 100(1− p)th percentile of the approximating
normal distribution. Considering the possible error in those approximations, it is also
important to recognize that their accuracy, and the impact of the approximation errors,
should be monitored by users of the formulas in this dissertation. To that end, formulas
relating the error in approximating the derivative to the consequent error in the estimate
of the retention were developed. When evaluated against the example distributions, the
errors in the retention were found to be acceptable4. The formulas developed throughout
this dissertation were also, to a large extent, distribution free and subject to only a bare
minimum of assumptions. As part of the analysis underlying those formulas, a theorem and
corollary were presented. The corollary shows that as long as all of the higher derivatives of
a cumulative distribution function converge monotonically to zero (after some point, which
may vary by the order of the derivative), then the absolute value of the ratio of higher

derivative terms s(n−m)(L)/(Lms(n)(L) is bounded by
m∏
l=1

1
n−l+1 at infinity.

This dissertation also includes several results that are more qualitative in nature than
purely quantitative. As noted earlier, an analysis was presented suggesting that that in-
vestors do demand a small premium for variance uncorrelated with the market. That
contrasts significantly with the core theory of the Capital Asset Pricing Model as discussed
by Sharpe [106] and others. It also suggests that some small load for the pure randomness
of insurance claims is required to support the capital employed by an insurance company.
Carrying that analysis further, the analysis showed that the profit load needed in the rates
is independent of how an insurance company invests its assets. As such, the needed profit
load is mostly independent of the Capital Asset Pricing Model “beta” that relates the return
required by investors for the correlation between the volatility in the company’s investment
portfolio and the volatility of the stock market as a whole. As noted earlier, in the common
case where the losses borne by an insurance company are independent of the return of the
stock market, the profits generated by the insurance company need only recover the tax on
the risk-free rate applied to invested surplus and the risk-free return on uninvested surplus.

3At least, acceptable in most relevant circumstances.
4In light of insurance companies’ common buying practice (and reinsurers’ common selling practice) of

purchasing reinsurance only at rounded figures such as $25,000, $100,000, $250,000, $500,000, and $1,000,000.
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This dissertation also discusses the existence of a limit beyond which it is not optimal for
a company to purchase reinsurance. In effect, this relates to the extent to which the purchase
of reinsurance reduces the amount of surplus needed to achieve the target confidence level of
all claims being paid. Most companies may potentially receive some benefit from purchasing
an excess of loss reinsurance contract. However, the analysis in this dissertation shows that
there is always a limit beyond which the cost of the reinsurance does not contribute to the
company’s ability to achieve the confidence level of survival it promises. Chapter 5 discusses
whether or not insurance companies should maintain funds or reinsurance to pay very, very
large losses. In effect, it discusses whether or not insurance companies should fund to a very,
very high confidence level. It concludes that even if there were sufficient funds in the world
to insure all possible losses, there are some very large losses for which the economic utility
gained by the claimant when his/her claim is paid is far less than the economic utility cost of
the associated premiums. This is true even when the value of providing payments expected
by claimants is given more weight than the needs of policyholders paying premiums. In
effect, the profit load required to sustain the capital needed to assure that the large claims
can be paid becomes much larger than the associated benefits to claimants.

This dissertation resolves the question of whether the retentions in the various lines sold
in a multiline company should be equal in all lines of business, or lower in lines of business
involving more risk. It shows that when no parameter variance is present, the retentions
should be equal (up to a constant reflecting the reinsurer’s expense and profit loading). The
analysis also contains a brief comparison of the utility of the VaR (value-at-risk) and TVaR
(tail-value-at-risk) measures of the overall risk of an insurance company. It concludes that
the VaR approach is more customer-centered.

There is potential for further investigation of these ideas. They could conceivably be
extended to situations where the claims payout (and hence the capital commitment) takes
several years; where there is some correlation between loss costs and stock market yields;
and where guidance in assessing some of the key risk factors is desired by a company
selling several different lines of insurance. Except for those issues, this dissertation presents
a comprehensive analysis of funding percentiles, profit needs, retention selection, and the
impact of various loss limits. It is hoped that professionals engaged in insurance ratemaking,
reinsurance purchasing, and enterprise risk management will deploy them effectively, and
to the public’s benefit.
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[18] H. Bühlmann. Mathematical Methods in Risk Theory. Springer-Verlag., New York,
New York, 1970.

[19] R. Butsic. Effect of inflation on losses and premiums for property-liability insurers;
the. Casualty Actuarial Society Discussion Paper Program, 1:58–102, 1981.

[20] R. Butsic. Solvency measurement for property-liability risk-based capital applications.
Casualty Actuarial Society Discussion Paper Program, 1:311–354, 1992.

[21] M. Cabral and S. Feldblum. Insurance expense exhibit and the allocation of invest-
ment income. Proceedings of the Casualty Actuarial Society, 84:391–449, 1997.

[22] J. Cai, C. Weng, K. Tang, and Y. Zhang. Optimal reinsurance under VaR and
CTE risk measures. University of Waterloo Working Paper. www.math.zju.edu.cn/
webpagenew/UploadFiles/AttachFiles/20094521554805.pdf.

[23] J. Campbell. Understanding risk and return. Journal of Political Economy, 104, 1996.

[24] J. Campbell. Asset pricing at the millennium. Journal of Finance, 55, 2000.

[25] L. Centeno and O. Simones. Combining quota-share and excess of loss treaties on the
reinsurance of n independent risks. ASTIN Bulletin, 21:42–55, 1991.

[26] N. Chen, R. Roll and S. Ross. Economic forces and the stock market. Journal of
Business, 59:383–404, 1986.

[27] D. Clarke. Credibility for a tower of excess layers. Casualty Actuarial Society Forum,
Winter Edition.

[28] J. Cochrane. New facts in finance. The Center for Research in Security Prices Working
Paper # 490, University of Chicago,Graduate School of Business, 1999.

[29] J. Cochrane. Portfolio advice for a multifactor world. The Center for Research in
Security Prices Working Paper # 491, University of Chicago, Graduate School of
Business, 1999.

[30] J. Cochrane. Asset Pricing. Princeton University Press, Princeton, New Jersey, 2001.

[31] P. Coddington. Analysis of random number generators using Monte Carlo simulation.
Syracuse University Working Paper, 1994.

[32] H. Cramer. Mathematical Methods of Statistics. Princeton University Press, Prince-
ton,NJ, 1946.

[33] J. Cummins and C. Lewis. Catastrophic events, parameter uncertainty and the break-
down of implicit long-term contracting: The case of terrorism insurance. Journal of
Risk and Uncertainty, 26:153–178, 2003.

182



[34] J. Cummins and D. Sommer. Capital and risk in property-liability insurance markets.
Journal of Banking & Finance, 20:1069–1092, 1996.

[35] J. Cummins and G. Nini. Optimal capital utilization by financial firms: Evidence
from the property-liability insurance industry. Journal of Financial Services Research,
21:15–53, 2002.

[36] J. Cummins and P. Danzon. Price, financial quality, and capital flows in insurance
markets. Journal of Financial Intermediation, 6:3–38, 1997.

[37] J. Cummins and R. Phillips. Estimating the cost of equity capital for property-liability
insurers. Journal of Risk and Insurance, 72, 2005.

[38] H. de Castries. Capital adequacy and risk management in insurance. Geneva Pa-
pers on Risk & Insurance Issues and Practice The Geneva Association - Geneva,
Switzerland, 30:72–87, 2005.

[39] C. Dean and H. Mahler. Credibility. In Foundations of Casualty Actuarial Science,
pages 485–660. Casualty Actuarial Society, Arlington, Virginia, fourth edition, 2001.

[40] J. DeCouto and I. Robbin. Coherent capital for treaty ROE calculations. Casualty
Actuarial Society Forum, Spring Edition, pages 255–296, 2005.

[41] L. D’Hooge and M. Goovaerts. Bayesian inference in credibility theory. Astin Bulletin,
pages 164–174, 1975.

[42] N. Doherty and H. Schlesinger. Rational insurance purchasing: consideration of con-
tract nonperformance. The Quarterly Journal of Economics, 105:243–253, 1990.

[43] L. Dropkin. Some considerations on automobile rating systems utilizing individual
driving records. Proceedings of the Casualty Actuarial Society, 46:165–176, 1959.

[44] J. Drzik. At the crossroads of change: Risk and capital management in the insur-
ance industry. Geneva Papers on Risk & Insurance Issues and Practice The Geneva
Association - Geneva, Switzerland, 30:72–87, 2005.

[45] D. Duffie. The theory of value in security markets. In W. Hildlenbrand and H.
Sonnenschein, editor, Handbook of Mathematical Economics, chapter 31. Elsevier,
New York, New York, 1991.

[46] P. Dybvig and R. Ross. Yes, the APT is testable. Journal of Finance, 40, 1985.

[47] E. Fama and J. MacBeth. Risk, return and equilibrium: Empirical tests. Journal of
Political Economy, 71, 1973.

[48] E. Fama and K. French. Common risk factors in the returns on stocks and bonds.
Journal of Financial Economics, 1:3–56, 1993.

[49] E. Fama and K. French. Corporate cost of capital and the return on corporate in-
vestment; the. Journal of Finance, 54:1939–1967, 1999.

[50] P. Federman. Capitalization of property/casualty insurance companies. Casualty
Actuarial Society Discussion Paper Program, 1:231–268, 1992.

[51] S. Feldblum. Federal income taxes and investment strategy. Casualty Actuar-
ial Society Exam 7(US) Study Notes. www.casact.org/library/studynotes/7U_

Feldblum_Tax2007.pdf.

183



[52] S. Feldblum. Pricing insurance policies: The internal rate of return model. Ca-
sualty Actuarial Society Exam 9 Study Notes. www.casact.org/library/03pcas/

feldblum.pdf.

[53] S. Feldblum. Risk loads for insurers. Proceedings of the Casualty Actuarial Society,
77:160–195, 1990.

[54] S. Feldblum. European approaches to insurance solvency. Casualty Actuarial Society
May Discussion Paper Program, pages 511–552, 1992.

[55] S. Feldblum. NAIC property/casualty insurance company risk-based capital require-
ments. Proceedings of the Casualty Actuarial Society, 83:297–389, 1996.

[56] S. Feldblum. Source of earnings analysis for property-casualty insurers. Proceedings
of the Casualty Actuarial Society, 90:1–96, 2003.

[57] S. Feldblum, D. Hodes and A. Neghaiwi. Financial modeling of property-casualty
insurance companies. North American Actuarial Journal, 3, 1999.

[58] W. Fisher and D. Lester. Loss reserve testing in a changing environment. Proceedings
of the Casualty Actuarial Society, 62:154–171, 1975.

[59] L. Gajek. Insurers optimal reinsurance strategies. Insurance: Mathematics and Eco-
nomics, 27:105–112, 2000.

[60] L. Gajek and D. Zagrodny. Optimal reinsurance under general risk measures. Insur-
ance: Mathematics and Economics, 34:227–240, 2004.

[61] H. Gerber and D. Jones. Credibility formulas of the updating type. Transactions of
the Society of Actuaries, 27:31–46, 1975.

[62] R. Gilmore. Planning and managing a reinsurance program. In R. Strain, editor,
Reinsurance, chapter 12, pages 347–418. The College of Insurance, New York, New
York, 1980.

[63] V. Graciela. A generic claims reserving model: A fundamental risk analysis. Casualty
Actuarial Society Forum, Fall Edition, pages 361–376, 2003.

[64] H. Gründl and H. Schmeiser. Capital allocation for insurance companies – what good
is it? Journal of Risk and Insurance, 74:301–317, 2007.

[65] L. Han, G. Lai and R. Witt. A financial-economic evaluation of insurance guaranty
fund system: An agency cost perspective. Journal of Banking & Finance, 21:1107–
1129, 1997.

[66] R. Hayne. An estimate of statistical variation in development factor methods. Pro-
ceedings of the Casualty Actuarial Society, 72:25–43, 1985.

[67] P. Heckman and G. Meyersl. Calculation of aggregate loss distributions from claim
severity and claim count distributions; the. Proceedings of the Casualty Actuarial
Society, 70:22–61, 1983.

[68] C. Hewitt, Jr. Credibility for severity. Proceedings of the Casualty Actuarial Society,
57:148–171, 1970.

[69] J. Hurt. Asymptotic expansions of functions of statistics. Aplikace Matematiky,
21:444–456, 1976.

184



[70] R. Jagannathan and E. McGrattan. The CAPM debate. Federal Reserve Bank of
Minneapolis Quarterly Review, 19, 1995.

[71] M. Kaluszka. Optimal reinsurance under mean-variance premium principles. Insur-
ance: Mathematics and Economics, 28:61–67, 2001.

[72] C. Kim and C. Nelson. State-Space Models with Regime Switching: Classical and
Gibbs-Sampling Approaches with Applications. MIT Press, Cambridge, Massachusetts,
1999.

[73] S. Leroy and J. Werner. Principles of Financial Economics. Cambridge University
Press, New York, New York, 2001.

[74] M. Lewis. The Big Short: Inside the Doomsday Machine. W. W. Norton & Company,
Inc., New York, New York, 2010.

[75] S. Lin, C. Chang and M. Powers. The valuation of contingent capital with catastrophe
risks. Insurance: Mathematics and Economics, 45, 2009.

[76] J. Lintner. Security prices, risk and maximal gains from diversification. Journal of
Finance, 20, 1965.

[77] S. Lowe and J. Stanard. An integrated dynamic financial analysis and decision sup-
port system for a property catastrophe reinsurer. Casualty Actuarial Society Spring
Discussion Paper Program, pages 89–118, 1996.

[78] S. Lowe, Y. Jing and J. Lebens. Claim reserving: Performance testing and the control
cycle. Variance, 03:161–193, 2009.

[79] T. Mack. Standard error of chain ladder reserve estimates: Recursive calculation and
inclusion of a tail factor, the. Astin Bulletin, pages 361–366, 1999.

[80] H. Mahler. Actuarial note on credibility parameters; an. Proceedings of the Casualty
Actuarial Society, 73:1–26, 1986.

[81] H. Mahler. Credibility with shifting risk parameters, risk heterogeneity, and parameter
uncertainty. Proceedings of the Casualty Actuarial Society, 85:455–653, 1998.

[82] H. Markowitz. Portfolio selection. Journal of Finance, 7, 1952.

[83] N. Masterson. Measurements of rates of return for casualty-property insurance com-
panies. Casualty Actuarial Society May Discussion Paper Program, pages 166–179,
1979.

[84] N. Matsuyama. A feasibility study of the optimal asset mix for japanese life insurer’s
general account. ASTIN Colloquium-International Actuarial Association - Brussels,
Belgium. www.actuaries.org/AFIR/Colloquia/Tokyo/Matsuyama.pdf.

[85] A. Mayerson, D. Jones and N. Bowers. Credibility of the pure premium; the. Pro-
ceedings of the Casualty Actuarial Society, 55:175–185, 1968.

[86] C. McClenahan. A mathematical model for loss reserve analysis. Proceedings of the
Casualty Actuarial Society, 61:134–153, 1975.

[87] C. McClenahan. Chapter 1–principles of ratemaking. Casualty Actuarial Society
Forum,Spring Edition, pages 117–210, 1998.

[88] R. Mehra and E. Prescott. The equity premium: A puzzle. Journal of Monetary
Economics, 15, 1985.

185



[89] G. Meyers. Analysis of experience rating, an. Proceedings of the Casualty Actuarial
Society, 72:278–317, 1985.

[90] G. Meyers. The competitive market equilibrium risk load formula for increased limits
ratemaking. Proceedings of the Casualty Actuarial Society, 78:163–200, 1991.

[91] G. Meyers and N. Schenker. Parameter uncertainty in the collective risk model.
Casualty Actuarial Society May Discussion Paper Program, pages 253–300, 1982.

[92] S. Myers and J. Read. Capital allocation for insurance companies. Journal of Risk
and Insurance, 68, 2001.

[93] P. Nealon and W. Yit. A financial approach for determining capital adequacy and
allocating capital for insurance companies. A Financial Approach for Determining
Capital Adequacy and Allocating Capital for Insurance Companies, 1999.

[94] G. Oehlert. A note on the delta method. The American Statistician,, 46:27–29, 1992.

[95] H. Panjer and A. Sharif. Improved recursion for the compound generalized poisson
distribution; an. Bulletin of the Swiss Association of Actuaries Swiss Association of
Actuaries - Bern, Switzerland, 1:93, 1995.
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