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ABSTRACT

In this study, we will examine the Bayesian Dynamic Survival Models, time-varying

coefficients models from a Bayesian perspective, and their applications in the aging setting.

The specific questions we are interested in are: Do the relative importance of characteristics

measured at a particular age, such as blood pressure, smoking, and body weight, with respect

to heart diseases or death change as people age? If they do, how can we model the change?

And, how does the change affect the analysis results if fixed-effect models are applied?

In the epidemiological and statistical literature, the relationship between a risk factor

and the risk of an event is often described in terms of the numerical contribution of the

risk factor to the total risk within a follow-up period, using methods such as contingency

tables and logistic regression models. With the development of survival analysis, another

method named the Proportional Hazards Model becomes more popular. This model describes

the relationship between a covariate and risk within a follow-up period as a process,

under the assumption that the hazard ratio of the covariate is fixed during the follow-up

period. Neither previous methods nor the Proportional Hazards Model allows the effect of a

covariates to change flexibly with time. In these study, we intend to investigate some classic

epidemiological relationships using appropriate methods that allow coefficients to change

with time, and compare our results with those found in the literature.

After describing what has been done in previous work based on multiple logistic regression

or discriminant function analysis, we summarize different methods for estimating the time-

varying coefficient survival models that are developed specifically for the situations under

which the proportional hazards assumption is violated. We will focus on the Bayesian

Dynamic Survival Model because its flexibility and Bayesian structure fits our study goals.

There are two estimation methods for the Bayesian Dynamic Survival Models, the Linear
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Bayesian Estimation (LBE) method and the Markov Chain Monte Carlo (MCMC) sampling

method. The LBE method is simpler, faster, and more flexible to calculate, but it requires

specifications of some parameters that usually are unknown. The MCMC method gets

around the difficulty of specifying parameters, but is much more computationally intensive.

We will use a simulation study to investigate the performances of these two methods, and

provide suggestions on how to use them effectively in application.

The Bayesian Dynamic Survival Model is applied to the Framingham Heart Study to

investigate the time-varying effects of covariates such as gender, age, smoking, and SBP

(Systolic Blood Pressure) with respect to death. We also examined the changing relationship

between BMI (Body Mass Index) and all-cause mortality, and suggested that some of the

heterogeneity observed in the results found in the literature is likely to be a consequence of

using fixed effect models to describe a time-varying relationship.

x



CHAPTER 1

Introduction

In the epidemiological literature, many analyses of longitudinal studies are presented. In

referring to cohort studies, the term “longitudinal” is used in two senses, first to describe

followup and second to describe repeated measurements. When the term is used to

describe a followup study, a longitudinal study often involves a baseline characteristic such

as serum cholesterol, blood pressure, cigarette smoking, diabetes, or Body Mass Index

(BMI = weight(kg)/height2(m)) with all participants followed for some, often fixed, period

of time to determine who develops disease or dies. In the second use of the term, longitudinal

refers to taking multiple measurements of the same characteristics over time. There can,

of course, be studies that have both components, followup of participants and repeated

measurements of characteristics.

It has been hypothesized that covariates impact in accordance with age and may affect the

elderly in a manner or to an extent that differs from that produced in younger segments of

the population. Some evidence has been offered to support this hypothesis. A variable

association between serum cholesterol level and Coronary Heart Disease (CHD) by age

was noted previously in men from MRFIT [1], the Whitehall Study [2], men and women

from the Framingham Heart Study [3, 4], and in the Chicago Heart Association Detection

Project [5]. The decline in relative risk and the rise in absolute excess risk associated

with cigarette smoking and increasing age were observed in several studies [1]. An age-

blood pressure interaction was reported in men in the MRFIT, and systolic blood pressure

(SBP) may be a better predictor of death due to CHD in older men than diastolic blood

pressure (DBP) [1]. SBP was a significant predictor of CHD in participants 65 years and

older in some studies [6], but not in others [7]. Volpato and associates [8] examined the

cross-sectional relationship between serum cholesterol level, comorbidity measured using the
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Charlson index, and markers of frailty (low serum albumin and iron) in 2,486 Italian men and

women 65 and older. They found a significant inverse relationship between serum cholesterol

and age in men. So an important question is whether in an older population, measurements

made earlier in life are more important than those made later in life, or vise versa.

One particular problem that motivated this research is discerning the relationship of

characteristics to risk of death, especially those characteristics that change with advancing

age, such as BMI and SBP. In the literature, results about the same problem from different

studies could be quite different, sometimes even contradictory to each other. For example,

in the literature describing the relationship of BMI to all-cause mortality, we find a large

variation in results. Examples include citing no association [9, 10, 11], a U-shaped [12, 13]

or a J-shaped [9, 10, 11, 14, 15, 16] relation, a direct association [17, 18, 19], and even an

inverse association [20].

A lot of results about risk factors for aging in the literature are based on one measurement

of at baseline and death within a certain period. For different studies, the age range of

study groups, the length of follow-up, and the analysis methods are often different, and the

differences could lead to very different results. For example, methods commonly used to

examine the relationship between BMI and mortality include analysis based on contingency

tables and logistic regression models, or proportional hazard models. One common feature of

these methods is that the analysis is based on a fixed effect or fixed parametric relationship

between the covariate and mortality during the follow-up period, which may not be true

in many real situations. For an evolving system, it is natural to see different images if

different people look at it at different time points or from different angles. The consequence

of describing a dynamic aging system based on a static view is often neglected because it is

much more difficult to accommodate the changing effect into a model.

On the other hand, a characteristic such as BMI may change with time and the change

may be intentional or unintentional. For example, under some circumstances people loose

weight unintentionally due to disease or intentionally due to societal or personal pressures.

Analysis based on measurements made under those conditions may represent a unique aspect

of the relationship and risk of death. Because of the possibility that low body weight could be

due to pre-existing diseases, some studies relating BMI and death choose to drop early deaths

prior to analysis [21, 22, 23], and also to exclude individuals who had experienced unexpected

weight loss in previous years. By doing that, BMI measurements made close to the time
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point of death are left out. Another type of change is not disease-related and happens

gradually as people get older, for example, weight gained at middle-age. This type of change

is considered insignificant and mostly ignored in the literature. When a characteristic such

as BMI shows a pattern of change over time, it is reasonable to assume that results obtained

from fixed-coefficient models using BMI measured at different time points may be different.

For example, measurements made close to death may display a different relationship than

measurements made at some time in the past. For people of different ages, the change in

the BMI-mortality relationship might be different too.

There is evidence suggesting or implying a time-varying relationship between mortality

and risk factors. More research needs to be done specifically to show this change and address

the consequence of using fixed effect models to interpret a probably time-varying relationship.

1.1 Traditional Analysis Methods

The two most commonly used models for analyzing the relationships between covariates and

the risk of an event are the logistic regression model and the Cox Proportional Hazards

Model. In this section, we will review the definitions and discuss estimation methods of

these two types of models.

1.1.1 The Logistic Regression Model

In logistic regression, the observation Y is the event status of an individual within a time

period (Y = 1 if a person had an event, otherwise Y = 0 ). We want to model the probability

of Y = 1 as a function of the covariates x.

Let p(x) = P (Y = 1|x), i.e. the probability of having an event ( Y = 1 ) for an individual

with covariate vector x, the logistic regression model has the following form:

logit(p(x)) = log

(

p(x)

1 − p(x)

)

= x
′

β (1.1)

where x = (1, x1, . . . , xp)
′

and β = (β0, β1, . . . , βp).

For a given coefficient βj (j=1,2,. . . ,p), exp {βj} can be interpreted as the odds ratio of

having an event associated with one unit increase in covariate xj during the study period.

For example, if the coefficient for age in modeling risk of death is .1, that means the odds of

3



death for an individual is e.1 = 1.11 times that of another individual 1 year younger when

other risk factors are kept at fixed levels, and e.1×5 = 1.65 times that of an individual 5 years

younger.

Assume there are n individuals, the estimates of the parameters can be obtained by

maximizing the full likelihood:

L(β) =
n
∏

i=1

p(xi)
yi [1 − p(xi)]

1−yi , (1.2)

or the log likelihood function:

l(β) =
n
∑

i=1

yi ln(p(xi)) +
n
∑

i=1

(1 − yi) ln[1 − p(xi)], (1.3)

To find the value of β that maximizes l(β), we can differentiate l(β) with respect to β

and set the resulting expressions equal to zero. These equations are known as the likelihood

equations:

n
∑

i=1

xi[yi − p(xi)] = 0,

which includes p + 1 linear equations. The consequences of the likelihood equations are that

n
∑

i=1

yi =
n
∑

i=1

p̂(xi)

and
n
∑

i=1

xij[yi − p̂(xi)] = 0

for j = 1, 2, . . . , p.

where p̂(xi) is the predicted probability of having an event for an individual with

covariates xi.

1.1.2 The Cox Proportional Hazards Model

The Cox Model [24] is the most widely used model for survival data because of its ability to

accommodate the exact time of the event and censoring. It specifies the hazard function as

the following form:
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λ(t|x) = λ0(t) exp(x
′

β). (1.4)

In this model, all individuals are assumed to have hazard functions proportional to the

baseline hazard function λ0(t), for which, the Cox Model is also called the Proportional

Hazards Model.

Without specifying the baseline hazard, the coefficient vector β in the Cox model can be

estimated through maximizing the partial likelihood instead of the full likelihood function.

Assuming that no two deaths occur at the same time and censoring is independent of death,

the partial likelihood for the Cox model is:

L(β) =
K
∏

k=1

exp{x
′

k(tk)β}
∑

l∈R(tk) exp{x
′

l(tk)β}
(1.5)

where tk is the kth unique death time during the follow-up period, R(tj) is the risk set at

time tj, that is, all the individuals who are not dead or censored by the time tj.

The logistic regression model builds the model based on the total risk within the follow-

up period, while the Cox model describes the relationship with respect to the instantaneous

hazard at any time point within the follow-up period. When the death rate within the

follow-up period is low, it has been demonstrated that the coefficient β in a logistic regression

model is close to the corresponding β obtained if a Proportional Hazards Model is fitted [25].

1.1.3 The Proportional Hazards Assumption

As described, the Cox model is built upon the Proportional Hazards Assumption, that is,

coefficients of all the covariates do not depend on time. In a real situation, this assumption

may not be satisfied.

Grambsch and Therneau [26] suggested an easily performed analytic test and associated

graph for examining the Proportional Hazard Assumption. They consider the coefficient of

covariate xj (j=1, . . . ,p) as:

βj(t) = βj + γjgj(t), (1.6)
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where gj(t) is a specific function of time. The rationale is that the effect of a covariate may

change over time. Under this model, the scaled Schoenfeld residual for the individual who

have an event at time t(i) is

r̂∗
(i) = [ ˆvar(r̂(i))]

−1r̂(i),

where r̂(i) = (r̂(i)1, . . . , r̂(i)p)
′

= x(i) − E(x|t(i), β̂) with x(i) denoting the covariate vector of

the subject with an event at t(i) and β̂ denoting the maximum partial likelihood estimate of β.

It is proved that E[r̂∗j |t]
∼= γjgj(t), j = 1, . . . , p, which suggests that a plot of r̂∗(i)j (Assuming

there are k unique death time points, then i=1,. . . , k.) over time may be used to visually

assess whether the coefficient γj is 0 or not; and, if not, what is the nature of the time

dependence, gj(t). These residuals are provided by softwares such as SAS and STATA.

With a specific choice of gj(t) = ln(t), a test of the Proportional Hazards Assumption is

available. Replace gj(t) in (1.6) with ln(t), then

βj(t) = βj + γjgi(t)

= βj + γj ln(t),

then the linear predictor related to xj is:

βjxj + γj ln(t)xj.

So the test of the hypothesis γj = 0 will be equivalent to testing the significance of the

coefficient of ln(t)xj.

This test can be done by both SAS or STATA. Actually, this method was mentioned for

the first time by Cox when he proposed the Proportional Hazards Model [24]. Because the

Proportional Hazards Model is very convenient to apply, researchers tend to overlook the

importance of testing the assumption before using the model.

The logistic regression model ignores the survival process, only models total risks of an

event during the follow-up period, while the Cox Proportional Hazards Model assumes that

the effect of a characteristic on the outcome does not vary with time. The significance of

time varying coefficients and how they vary with time are seldom, if ever, the focus in the

epidemiological literature. Different ways of testing the proportional hazard assumption of a

Cox model are available, but the emphasis on their use is to discern whether the assumption

is violated rather than describe the actual manner of the time-varying relationship.
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1.2 Study Goals

We will examine the occurrences or distributions of characteristics, such as gender, age,

smoking, blood pressure, and BMI over a broad age range focusing on these challenging and

interrelated aims:

Aim 1: To determine when in the lifespan the relative importance of these factors changes.

Some specific questions we will address are:

(a) Do standard risk factors (blood pressure, smoking) lose their prognostic value

with advancing age? If so, can we model the trend?

(b) What is the relationship of BMI to death over the life span?

(c) For the previous two questions, is there any difference between males and females?

Aim 2: To derive a biologically realistic model that takes the relative importance of charac-

teristics at different ages into account and predicts long-term prognosis. Compare this

model with those commonly used in the literature.

From the statistical point of view, we will address the questions in terms of whether the

coefficients of these covariates change with time if we use a regression model to describe the

relationship between risk factors and risk of events. And if the coefficients change, we want

to find appropriate methods to model and interpret the change.

The primary data we will use for analysis is the Framingham Heart Study, a study

that originated in 1948 to investigate factors associated with the development of CHD in

a representative sample of the adult population of Framingham, Massachusetts. In this

study, a random sample of households was selected, with a response rate of 69% for the

initial examination. This group, along with an additional 740 volunteers, comprised the

cohort of 5,209 men and women age 29-62 examined during the 4-year period 1948-1952

and recalled for clinic examinations every 2 years subsequently. The cohort was followed for

the occurrence of CHD and death through the monitoring and review of hospital and death

records.
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CHAPTER 2

Previous Work

In statistical and epidemiological literature, researchers have realized that the relationships

they intended to model may change with time, so they have made efforts to test and describe

the changing relationships. In the early 1970s, some studies were done to model changing

relationships between SBP, Cholesterol and death based on logistic regression models or

discriminant analysis. Due to the limitations of these methods, no significant conclusions

were made. The purpose of these early studies to some extent motivated our study, but we

need to look for more effective methods to fulfill our study goals. In the 1990s, a new type

of models named time-varying coefficient models were proposed to estimate coefficients as

functions of time. There are many different ways to model time-varying coefficients models,

including simple parametric, nonparametric, semiparametric, and Bayesian approaches. In

this chapter, we will review some early work on this topic, and discuss different approaches

for time-varying coefficients models.

2.1 Time of Measurement and Distance Models

Simple fixed-coefficient models are too restrictive to describe the relationship between the

characteristics and the risk of events during the life time. Some more flexible methods have

been developed under the setting of longitudinal studies with repeated measurements.

Denote the data with repeated measurements of covariates in the following form:

1. Time grid τ = {τ0, τ1, . . . , τN}

2. Repeated measurements of covariates {xi, i = 1, . . . , N}, where xi denotes the

measurements of covariates at time τi−1 ,
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3. Event time(period) j, j = 1, 2, . . . , N . For an individual, event period is j if an event

happened within time τj−1 to τj.

Under this setting, Truett and Sorlie [27] and Wu [28] and Ware [29] proposed methods

of using multiple models, one for each event period, to describe the relationship between a

time-varying covariate and the risk of an event. With their methods, risk within one event

period can be modeled with all previous repeated measurements, and one measurement at

a given time point can be applied to models for all event periods after the time point. Their

methods allow the coefficient of a covariate in a model depend not only on when the covariate

is measured, but also on which event period the model is for.

2.1.1 Discriminant Function Estimation

Estimating logistic coefficients using a discriminant function approach was proposed by

Cornfield [30]. In this approach, it is assumed that the multivariate distribution function of k

variables, say (x1, x2, . . . , xk), for the event group (Y = 1) and the non-event group (Y = 0)

are two known functions, say f1(x1, x2, . . . , xk) and f0(x1, x2, . . . , xk). These k variables could

be k different variables, or k repeated measurements of the same variable.

Using Bayes rule, the probability that an individual with characteristic x = (x1, x2, . . . , xk)

would have an event is given by:

P (Y = 1|x1, x2, . . . , xk) = 1/

[

1 +
(1 − p)f0(x1, x2, . . . xk)

pf1(x1, x2, . . . , xk)

]

=
pf1(x1, x2, . . . , xk)

pf1 + (1 − p)f0

,

where p is the unconditional probability of having an event [30]. The expression P (Y =

1|x1, x2, . . . , xk) can be interpreted as the probability that an individual is from the event

group given the condition that the individual is randomly selected from all individuals with

covariates (x1, . . . , xk).

The logit of P (x1, x2, . . . , xk) then can be written as

logit(P(x1, x2, . . . , xk)) = log

(

P (x1, x2, . . . , xk)

1 − P (x1, x2, . . . , xk)

)

= log

(

p

1 − p

)

+ log

(

f1(x1, x2, . . . , xk)

f0(x1, x2, . . . , xk)

)

9



If f1(x1, x2, . . . , xk) and f0(x1, x2, . . . , xk) are multivariate normal density functions, with

different means but equal variances and covariances, then the second term of the previous

formula will be a linear function of the covariate x, which gives the model the regular form

of the logistic regression function:

logit(P(x1, x2, . . . , xk)) = log

(

P (x1, x2, . . . xk)

1 − P (x1, x2, . . . , xk)

)

(2.1)

= β0 + xβ
′

(2.2)

By matching the coefficients of x, we can solve that β = Σ−1(µ1 − µ0), where Σ is the

common covariance matrix of the covariates, µ1 and µ0 are mean vectors of the event and

nonevent groups. Here, β is the coefficient vector of the linear discriminant function, .

When there are more than one event periods ( N ≥ 2 ), we will have N models as in ( 2.1 ).

Let {x1, . . . , xN} be the repeated measurements of covariate X, and x(j) = (x
(j)
1 , x

(j)
2 , . . . , x

(j)
j )

be the repeated measurements of the covariate for individuals who do not have events before

the jth period. If x(j) is assumed multivariate normal with a known covariance matrix Σj,

and Σj is common to both the event and non-event groups of time period j, coefficients

{β
(j)
i , i = 1, 2, . . . , N, j = 1, 2, . . . , N} of the discriminant function can be estimated in

a straightforward manner. Here, coefficient β
(j)
i denotes the coefficient of the covariate

measured at time τi in the model about the risk of events within period j. Coefficients

{β
(j)
i , i = 1, 2, . . . , N, j = 1, 2, . . . , N} are equivalent to those of a logistic regression model

with all repeated measurements included, providing the normality assumption is satisfied.

Truett and Sorlie [27] proposed a model that β
(j)
i = βd and d = j − i, which means the

coefficients only depend on the distance between measurement time i and the event time j.

When they applied the method to the Framingham study, an increasing trend appeared to

exist for coefficients of SBP with respect to Coronary Heart Disease, but the test result was

not significant.

2.1.2 Multiple Logistic Regression

Wu termed Truett and Sorlie’s model a distance model, and proposed a time-of-measurement

model, in which β
(j)
i = βi based on a similar algorithm, and extended the model to allow

both time-of-measurement effects and distance effects [28].
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Let x denote the covariate with repeated measurements, and z denote all the other

covariates(measured only at the baseline), the logistic regression model for risk of events

within time period j is

logit(P |x, j) = β
(j)
0 + zβ(j)

z +

j
∑

l=1

xlβ
(j)
l , j = 1, . . . , N. (2.3)

where P is the probability of having an event during period j for an individual with repeated

measurements {x1, x2 . . . xj}.

There are a total of N submodels like 2.3 for a study with N periods, one for each event

period. Depending on the relationships among the values of the coefficients for the repeated

measurements, five basic forms of the model are discussed.

Model M0—a unique covariate coefficient for every measurement and risk within period

j, that is:

β
(j)
i 6= β(m)

n if i 6= n or j 6= m.

From a biological point of view, the coefficients of adjacent measurements should be close

to each other, or have a certain pattern. So M0 is a saturated model, and simpler models

are more reasonable and desirable.

Model M1—a linear trend of effect for each j

β
(j)
i = β

(j)
1 + γ(j)(i − 1)

Model M2—a common trend for all j

β
(j)
j = β

(j)
1 + γ(j − 1)

The difference between models M2 and M1 is that γj becomes a constant γ in model M2.

Model Ma, Mb, and Mc

For any of these three simplified models, only one coefficient of the covariate X needs to

be estimated.

Ma −− β
(j)
i = 0 for all j if i 6= 1

Mb −− β
(j)
i = 0 for all j if i 6= j

Mc −− β
(j)
1 = β

(j)
2 = . . . = β

(j)
j
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Model Ma specifies that the earliest measurement well represents the information con-

tained in the data for predicting the risk of an event in the jth time period, while Mb specifies

that the most recent measurement is the most important, and Model Mc specifies that all

of the measurements are equally important.

The hierarchy for these models is

M0 → M1 → M2 →
Ma

Mb

Mc

Mc is nested under M2 (γ = 0), but Ma and Mb are not.

For model M0 and M1, the parameters for each submodel can be estimated separately.

For the other models, an augmented covariate vector X for each individual and interval

needs to be built up to estimate parameters. The parameters of all the models are estimated

using maximum likelihood.

For nested models, the test statistic is G = −2△L, where △L is the log of the likelihood

ratio of the two models. For models that are not nested, a conservative test is available.

The likelihood ratio statistic for testing Ma versus M2 is bounded above by the statistic for

testing Ma versus a model whose parameter space is the union of the parameter spaces of

Ma and M2. This method can be used to test Mb versus M2, and Ma versus Mb, but it is

meaningful only if the null hypothesis is rejected.

Using this approach, Wu and Ware [29] studied the effects of SBP and serum cholesterol

on Cardiovascular Disease (CVD) incidence. Based on a subset of data from the Framingham

study, they suggested that there is a decreasing trend for the coefficients of serum cholesterol

and an increasing trend for systolic blood pressure. Table 2.1 shows the test results for

serum cholesterol in their paper. For the 55-64 age group, the model with common linear

trend (model M2) fits better than the other four models, while the five models are not

significantly different for the 45-54 age group. Wu and Ware interpret the magnitudes of the

coefficients as the strength of the relationship between measurements and risk of events, and

suggested that SBP measured later predict the risk of CVD better than earlier measurements,

while serum cholesterol levels measured earlier are better than later measurements.
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Table 2.1: The likelihood ratio test statistics for successive pairs of models

Age Group
Null hypotheses tested 55-64 45-54

Linear time trends, M1 (vs M0) χ6 5.133 2.841
Single slope, M2(vs M1) χ3 1.057 .791
Baseline SC only, Ma(vs M2) χ6 12.816* 5.114
Most recent SC only, Mb(vs M2)χ6 17.837* 10.426
Mean of all SC, Mc(vs M2) χ5 14.733* 6.535

Models in parentheses are alternative models
* Significant at α = .05 level
Source: Wu and Ware (1970) [29]

2.1.3 The Limitations of these approaches.

Both the discriminant function analysis and the multiple logistic regression model try to

fit one model for each period j, and use all the measurements of x before time period j

simultaneously in the same model. Both methods proposed models with coefficients having

a simple linear structure.

One of the biggest issues with applying these joint modeling approaches in our study

is multicollinearity. Logistic regression models don’t provide satisfactory results if highly

correlated variables are entered simultaneously into the model [31, 32]. For covariates such

as blood pressure, BMI and cholesterol, the correlation between repeated measurements two

years apart in the Framingham study are about .7, .95, and .8, respectively, and these high

correlations will strongly affect the reliability of those estimates. Also, the same as in linear

regression, the interpretation of each coefficient is difficult when multicollinearity exists.

Finally, to fit these models involves a large number of parameters, which requires a large

sample size that most cohort studies do not have.

The discriminant function approach has some problems too. Although the normality

assumption of the covariates can often be approximately obtained by transformation, the

equal variances and covariances assumption is seldom satisfied, which results in a quadratic

relationship instead of a linear relationship between the covariate and the risk of events [33].

Additionally, with the advent of more advanced computer technology and software, the need
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for fast calculation based on simple methods is no longer necessary.

Because of these limitations, none of the studies considering the time of measurement

effect and distance effect provide compelling results about the relationship between those

covariates and the risk of event as time changes.

For the Framingham Heart Study data, it is easier to see the pattern of the change in the

coefficients of covariates if we fit separate models using single measurement in each model,

then compare the coefficients together. Since we have complete measurement information

about the Framingham Study, we are able to do this.

We chose the last 10 years of follow-up of the Framingham Study as the study period, and

use each of the previous 16 measurements (Serum Cholesterol Level (SCL) is not measured

for exam 11,12, and 16) to fit a logistic model for the risk of death within the 10 years. All

individuals with missing measurements were dropped. We fit two groups of models, one for

serum cholesterol and the other for SBP, age is included in those models.

Figure 2.1: Use SCL measurements made at different exams to model mortality after Exam
15

From Figure 2.1 and 2.2, we can see that there are overall decreasing trends for both
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SBP and SCL. It seems that there is no significant change for the coefficient of SBP in the

first 20 years and there is a decreasing trend in the last 10 years, for both females and males.

As to SCL, there is an obvious decreasing trend in the first 15 years for females, then the

coefficient stays close to zero. For males, the SCL coefficient stays close to zero for the

first 15 years, and seems to decrease in the next 15 years. For males, the SCL coefficient

is negative most of the time, and is significant in the model with the latest measurement.

These results are consistent with the statement made by Wu and Ware that most recent

SCL measurement is most important for males, but not for females [29]. Modeling methods

Figure 2.2: Use SBP measurements made at different exams to model mortality after Exam
16

discussed in this section proposed two important factors for modeling relationships between

measurements of covariates and the risk of an event, the first one is the time of measurement

and the second is the distance between the measurement time and the event time. The time

of measurement is equivalent to age if we ignore the effect of calendar time. If measurement

time affects the relationship between covariates and the response, the effect can be modeled

as an interaction between age at baseline and the covariates of interest. This study will focus
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on the second effect, the effect of the distance between the measurement time and the event

time.

2.2 The Time-Varying Coefficient Models

The literature provides evidence suggesting that the effects of covariates, such as gender,

age, SBP, and BMI, with respect to all-cause mortality, might change with time. The reason

that there are not many analyses describing the evolving system consistently in a fine time

frame is that traditional methods can not model continuous evolution with time in a flexible

way. A set of more complex models named the time-varying coefficients models provide a

possible solution for this problem. The following formula gives a generalized time-varying

coefficient model:

f(θ|X(t), t) = X(t)β(t) (2.4)

where θ is the parameter of the distribution of Y , X(t) means the covariates may change

with time, and β(t) implies that the coefficients are functions of time t rather than constants.

2.2.1 The Parametric Approach

Simple methods involving time-varying coefficients extend fixed coefficient models either

through parameterization of those changes [34, 35] or through independent piece-wise

estimation in different time intervals [36]. The first approach needs strong assumptions

about the parametric form of the model, such as linear, quadratic, or cubic, etc., while the

second approach makes no assumptions but need a large sample size to support the analysis.

Statistical software STATA provides a command stcox that allows parametric time

varying coefficients by specifying the tvc and texp options.

stcox covariate1 covariate2, tvc(covariate1) texp( t)

The above command will fit a Cox model with the linear function in the following form:

covariate1 ∗ β1 + covariate2 ∗ β2 + covariate1 ∗ t ∗ β3,

which includes covariates covariate1, covariate2, and an interaction between covariate1 and

follow-up time t. This command is originally defined for time-varying covariates, that is,

covariate1 is regarded as a changing variable increasing linearly with time t, and a fixed
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coefficient β3 is assumed for that time-varying covariate. We can fit models with other

parametric forms of the coefficients. For example, if a log function is needed, then texp(ln( t))

should be specified. This is a simple way of fitting a parametric time-varying coefficients

model, but all the covariates have to have the same form of interaction with time if there

are more than two covariates with time-varying coefficients.

Now, we will use all the normal and overweight individuals in the Framingham Study to fit

a model for the risk of death with covariates gender, age, SBP, and Overweight (BMI ≥ 25).

Using STATA, we can test the significance of the linear trends for all these coefficients using

stcox male age sbp smkamt overweight ,tvc( male age sbp overweight) nohr

Here, texp doesn’t have to be specified since the default function is linear. The result is

presented in Table 2.2.

Table 2.2: Test the linear trends of the coefficient functions

Variables Coef. Std. Err. z P > |z|

Main Effect

Male .740 .100 7.42 < 0.0001

Age5 .367 .006 11.44 < 0.0001

Smoking .020 .002 11.42 < 0.0001

sbp10 .197 .02 10.14 < 0.0001

overweight -.259 .10 -2.60 .009

Linear Trend

Male -.010 4.34e-3 -2.34 0.019

Age5 .005 1.42e-3 3.44 0.001

sbp10 -.004 9.33e-4 -4.07 < 0.001

overweight .015 4.40e-3 3.41 .001

Table 2.2 shows that the coefficients of linear trends for male, age, SBP and overweight

are highly significant. The unit of follow-up time is 1 year, that of age is 5 years, and that

of SBP is 10mmHg. Given a linear coefficient function in the following form: a+ b× t, then

the “Main Effect” part in Table 2.2 gives the estimates of a while the “Linear Trend” gives

the estimates of b. The linear trend coefficient .005 for age means the log hazard ratio for

every 5 year increase in age and 1 year increase in the follow-up time, which means the log
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hazard ratio of 5 years older in age increases by .005 every year. From the result, we can

tell that after 40 years of follow-up, the log relative risk of 5 years older in age increases

from .367 to .567 (.367 + .005× 40), that of 10mmHg higher in SBP decreases from .197 to

.037(.197 − .004 × 40), that of male decreases from .74 to .34 (.74 − .01 × 40), and that of

being overweight increases from -.259 to .341(= −.259 + .015 × 40).

This method is simple, but is restrictive since a rigid form is assumed for the coefficient

function. Thus, it may or may not be appropriate for a given set of data. The model used here

is a semiparametric model, but this approach is called a parametric approach here in terms

of the way it specifies the time-varying coefficient function. Unrestrictive nonparametric

estimation appears to be too general for most applications. Currently, methods using

smoothing with a known parametric form, or smoothing with a nonparametric form are

more popular.

2.2.2 The Nonparametric or Semiparametric Approaches

The extended Cox model

Hastie and Tibshirani described varying-coefficient models in a broad setting in which the

coefficients are allowed to vary as smooth functions of different variables [37]. Our study is

a special case of their models since follow-up time t is the only effect modifying variable. As

to models for survival data, Hastie and Tibshirani described a penalized partial likelihood

method for the extended Cox model as

λ(t|x) = λ0(t) exp(x
′

β(t)) (2.5)

For the model in (2.5), the estimate of β(t) is the one that maximizes the penalized

partial likelihood:

J(β1 . . . βp) = l(β1 . . . βp, Y ) −
1

2

p
∑

j=1

λj

∫

[β
′′

j (t)]2dt (2.6)

where l(β1 . . . βp, Y ) is the log of the partial likelihood in (1.5). The first term on the right of

(2.6) measures the goodness of fit, while the second part penalizes for the roughness of the

estimated functions. β
′′

j (t) is the second derivative of the coefficient function, which indicates
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the roughness of the estimated function βj(t). The λj’s are called smoothing parameters and

are considered fixed while estimating the coefficients. The smoothing parameters can be

estimated using criteria such as cross-validation or generalized cross-validation. Verweij

and Houwelingen use Akaike’s Information criterion to choose the smoothing parameter for

estimating time-dependent effects of fixed covariates in the Cox model [38]. The smoothing

parameters can also be chosen by giving a specified “degree of freedom” for each covariate

[39, 40]. Then, it is recommended that the number of knots be at least twice the desired

degrees of freedom [40].

Zucker and Karr [41] studied the mathematical properties of this model. They showed

that the solution is a cubic spline with knots at the unique failure times. They also

studied the general case of equation (2.6) in which the squared mth derivative of βj is

penalized. Their results require m ≥ 3 for consistency of the maximizer of the penalized

log partial likelihood and m ≥ 4 for asymptotic normality. However, their conditions are

sufficient (not necessary) and it is plausible that consistency and asymptotic normality also

hold for the case m = 2. They proved the consistency of their estimator for a general

covariate vector, but its asymptotic distribution is fully established only for the case with a

single covariate.

Early in 1991, Gray pointed out that cubic splines with the penalty function as in (2.6)

tend to be unstable in the right tail of the distribution because the data tends to be sparse

there due to the censoring [42]. In another paper, he discussed that piecewise constant models

have advantages in computation speed and complexity over continuous-spline functions [40].

For a piecewise constant coefficients model, the penalty term becomes

p
∑

j=1

1

2
λj

M+1
∑

k=2

(βjk − βj,k−1)
2,

where M is the number of knots defined for the coefficient function.

Besides the weighted cubic smoothing spline, other nonparametric smoothing methods

such as a kernel or locally weighted running smoother, or an exponentially weighted moving

average can be applied. For example, Tian, Zucker and Wei [43] proposed an estimation

procedure for the Cox model with time-varying coefficients based on a kernel-weighted partial

likelihood approach. Scheike and Zhang [44] combine Cox and Aalen’s additive model to

allow flexibility for some of the coefficients.
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Another piecewise constant time-varying coefficients modeling approach is a tree-based

approach proposed by Xu and Adak [45]. The tree method approximates the time-varying

regression effects as piecewise constants and is designed to estimate change points in the

regression parameters. This method is not as flexible as spline method since the number of

split points will be small, but it was claimed to be more suitable for clinical interpretation

of the regression parameters.

The Aalen’s Additive Model

The additive Aalen model [46] assumes that the hazard is a linear function of a p-dimensional

predictable bounded covariate X such as:

λ(t) = Y (t)X(t)β(t) = Y (t)[β0(t) + x1β1(t) + · · · + xpβp(t)]

where Y (t) is the indicator of at risk, that is, Y (t) = 1 if an individual is not dead or censored

by time t, otherwise Y (t) = 0.

The advantage of this model is that the cumulative regression coefficient

B(t) =

∫ t

0

β(s)ds

is easy to estimate with a counting process. A very useful sub-model of the additive hazard

model is the additive semiparametric risk model, suggested by McKeague & Sasieni [47].

Their model assumes that the hazard is in the following form

λ(t) = x(t)β(t) + z(t)γ

where x(t) is a p dimensional covariate with time-varying coefficients, and z(t) is a q

dimensional covariate with fixed coefficients. This is a more flexible model because it allows

some coefficients to change with time while others fixed.

2.2.3 A Bayesian Approach

Nonparametric or parametric smoothing are usually very complicated and computational

intensive. Moreover, applying this model for prediction involves complicated integration.

An alternative method for estimating time-varying coefficients models is the Generalized

Dynamic Linear Models, which are more commonly used for time series data describing
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physical or economic systems. This method can be modified to build Bayesian Dynamic

Survival Models, which assume piece-wise constant hazard functions for time-varying coeffi-

cients. Assume there is a time grid τ = {τ0, τ1, . . . , τN}, and a system can be identified with

N states denoted as {βj, j = 1, 2, . . . , N}. The Bayesian Dynamic Survival Model assumes

a Markov property for the evolution of the system parameters βj as

βj = Gjβj−1 + ωj, ωj ∼ N [0, W ].

Estimation of parameters can be carried out sequentially based on Bayes’ Theorem.

The Bayesian Dynamic Survival Model is attractive because of its Bayesian structure,

which facilitates not only an estimation of the coefficients, but also forecasting of the process.

This model is flexible in many ways for applications, however, the Markov assumption may

not always be reasonable. More details about this model and how to apply it are included

in Chapter 3.
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CHAPTER 3

Bayesian Dynamic Survival Models

As discussed in Chapter 2, parametric methods for the time-varying coefficients models

require restrictions on the functional form of β(j), while the nonparametric method makes

no assumption except for smoothness. Bayesian dynamic models fill the gap by assuming a

prior structure on the evolution of the parameters, and letting the data and prior determine

how the coefficients change with time. In this Chapter, we will introduce the Bayesian

Dynamic Survival Model, a method used to fit time-varying coefficients models for survival

data.

We start with a brief introduction to the general Dynamic Linear Model in Section 3.1,

then extend it to the Generalized Dynamic Linear Model in Section 3.2. For the Generalized

Dynamic Linear Model, there are two estimation methods available, the Linear Bayesian

Estimation (LBE) method and the Markov Chain Monte Carlo (MCMC) sampling method.

The Bayesian Dynamic Survival Model (BDSM) is a special case of the Generalized Dynamic

Linear Model, and both of the modeling methods for the Generalized Linear Model work

for the BDSM. The model and the estimation scheme for the BDSM will be described in

Section 3.3.

3.1 Dynamic Linear Models

If a system changes with time, then using a static model to describe the system’s activity

will not be able to capture the dynamic property of the system. A static model will be

the summary of all the activities of the system during a particular period of time, so that

different results may be obtained if the information used to estimate the model corresponds

to different periods of time. Harrison and Stevens [48] defined the class of dynamic linear

models and developed the Bayesian approach to dynamic modeling and forecasting in order
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to overcome some of the disadvantages of using static models for dynamic systems.

Assume there is a system that can be identified in terms of unknown parameters

{βj, j = 1, 2, . . . , N} according to a time grid τ = {τ0, τ1, . . . , τN}, where βj denotes

the state of the system from time τj−1 to τj. At time τj, the system input matrix

Xj = (x1j, x2j, . . . ,xnj)
′

and output Yj can be observed. The general Dynamic Linear

Model(DLM) [49] is defined by the following equations:

Y j = Xjβj + vj, vj ∼ N(0, V j), (3.1)

βj = Gjβj−1 + ωj, ωj ∼ N(0, W j) (3.2)

where expression (3.1) is called the observation equation, and (3.2) is called the evolution

state or system equation that defines the time evolutions of the state vector. The term vj

in (3.1) is called the observational random error, and ωj is called the evolution random error

or system disturbance, and they are assumed to be independent to each other. An important

notation in this model setting is the information set Dj = {Y 1, Y 2, . . . ,Y j}, meaning all

the information up to time τj.

The observation equation is a general linear model describing the relationship between

covariates Xj and response variables Y j. The system equation specifies a recursive

relationship between parameters at different time points. Matrices {Gj, j = 1, 2, . . . , N}

are named the evolution matrices, and they control the deterministic part of the parametric

evolution. In many cases, Gj’s are taken as identity matrices implying a simple random walk

from one state to the next. The system equation specifies a Markov process for the regression

parameters, that is, βj depends on the previous process only through βj−1. The Markov

and normality assumptions make it convenient to estimate the parameters sequentially.

For estimation purposes, a vague prior β1 ∼ N(a, R) with R−1 → 0 is assumed. When

V j and W j, or at least W j/V j are known, exact inference can be performed analytically.

With the initial value of β1 and the model observation equation, the joint prior

distribution of β1 and Y 1 is:

[(

β1

Y 1

)]

∼ N

[(

a

X1β1

)

,

(

R RX
′

1

X1R X1RX
′

1 + V 1

)]

(3.3)
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Based on properties of the multivariate normal distribution, the conditional distribution

β1|Y 1 is a normal distribution with mean

m1 = a + RX1[X1RX
′

1 + V 1]
−1[Y 1 − X1a]

and variance

C1 = R − RX
′

1[X1RX
′

1 + V 1]
−1X1R.

According to Bayes’ Theorem, β1|Y 1 = β1|D1 is the posterior distribution of the state

parameter at time τ1. Since β1|D1 ∼ N [m1, C1], the prior of β2, (β2|D1), is a normal

distribution with mean m1 and variance C1 + W 1. With the same algorithm as estimating

β1|D1, β2|D2 and all the other online posteriors {βj|Dj, j = 3, 4, . . . , N} can be estimated

iteratively.

Online estimation βj|Dj implies that parameter βj only depends on previous infor-

mation, and is the weighted average of responses {Y j, j = 1, . . . , N} with an asymmetric

smoothing window. A retrospective smoothing algorithm can combine future information

into the estimation, thus obtain an estimation of the parameter based on all the information,

that is, (βj|DN). This estimation method is called the Kalman Filter [50], and its closed

form estimation can be derived either from properties of the multivariate normal distribution

or Bayes’ theorem.

When V j and W j both are unknown, Markov Chain Monte Carlo techniques provide

a sampling estimation approach. Carlin, Polson & Stoffer (1992) suggested the use of

Gibbs sampling in a more general context of mixtures of normal disturbances. Because

the parameters usually are highly correlated, the process of sampling parameters one by

one converges slowly. Fruhwirth-Schnatter [51], Carter & Kohn [52] and Shephard [53]

showed that the procedures can be substantially improved by updating all parameters in a

single multi-move inside a Gibbs sampling step. This multi-move can remove the effect of

correlation in the adjacent parameter spaces so that improves the speed of convergence.

Another way of dealing with a correlated parameter space is through reparameterizing

the parameters through system disturbance {ωj, j = 1, 2, . . . , N}, which are all assumed

independent. For a low correlated system, these methods do not substantially improve the

efficiency. More details will be discussed later in this chapter.
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3.2 Dynamic Generalized Linear Models

Dynamic Linear Models can be generalized to account for different observation distribu-

tions. The development of the Dynamic Generalized Linear Model (DGLM) is based on the

methodological progress on the Generalized Linear Model [54]. These models are developed

for application in nonlinear, non-normal time series and regression problems.

For a Dynamic Generalized Linear Model, the observation equation becomes

p(Y j|θj) and g(θj) = ηj = Xjβj, (3.4)

where p(Y j|θj) denotes the distribution of Y j with parameter θj, and g(θj) is a transfor-

mation of the natural parameter θj that has a linear relationship with the covariate vector

Xj. Equations (3.4) and (3.2) together constitute a dynamic generalized linear model.

Here, the observation distribution p(Yj|θj) is not necessarily normal. The link function

g(θj) can specify various regression models, such as logistic regression in binomial models

and log-linear models when the sampling distribution is Poisson. Without the normality

assumption for the observation error, analysis of DGLM becomes much more difficult. In

a real situation, if the response is a continuous variable, transformations approximating to

normal are recommended because of the simplicity of the estimation process.

3.2.1 Linear Bayesian Estimation

Linear Bayesian Estimation was proposed by Hartigan [55] for problems of inference in

essentially linear models when only the first two moments of the prior are specified. This

method provides an approximate estimation of the first two moments for the parameters of

the Dynamic Generalized Linear Models.

Specifically, the first two moments of θ1 and θ2 have the following form:

[(

θ1

θ2

)]

∼

[(

a

f

)

,

(

R AQ

QA
′

Q

)]

. (3.5)

Linear Bayesian Estimation of θ1 conditional on θ2 is a linear form d(θ2) = h + Hθ2 that

is optimal in the sense of minimizing the overall risk r(d) = trace(E[(θ1 − d)(θ1 − d)
′

]). In

the above frame work, the unique linear Bayes’ estimate of θ1 conditioning on θ2 is

m = a + A(θ2 − f)
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For observations from the exponential family, West, Harrison and Migon [56] developed an

approach paralleling the steps in the DLM based on Linear Bayes’ Estimation. An additional

assumption is that the prior of θj has a conjugate distribution of the observation distribution.

Although this method is an approximation, it is very flexible since no specification of the

distributions of the system disturbance {ωj, j = 1, . . . , N} is necessary besides the mean and

variance.

Denote the posterior moments of βj−1|Dj−1 as [mj−1, Cj−1], then the prior moments of

βj are (βj|Dj−1) ∼ [aj, Rj] where aj = Gjmj−1 and Rj = GjCj−1G
′

j + W j.

According to the second equation of (3.4), the joint prior distribution of βj and ηj is

[(

βj

ηj

)

|Dj−1

]

∼

[(

aj

f j

)

,

(

Rj sj

s
′

j qj

)]

(3.6)

where f j = Xjaj, sj = RjXj, and qj = XjRjX
′

j. The prior first two moments of θj can

be estimated with the fixed first two prior moments of ηj based on ηj = g(θj). With prior

moments, posterior moments of θj are easy to obtain since θj has a conjugate distribution

of the observation distribution p(Y j|θj). By matching the posterior moments of θj, the

posterior moments of ηj can be estimated also based on ηj = g(θj), thus the posterior

moments of βj can be obtained with the Linear Bayesian Estimation method.

The smoothing process for the Dynamic Generalized Linear Models is similar to that of

the general dynamic linear models.

3.2.2 Evolution Variance and Discount Factors

Dynamic models are more commonly used in describing physical or economic systems. For

physical systems, the evolution variance W j is usually the most difficult hyperparameter

to specify accurately and this specification is even more difficult for economic systems since

there is no physical state equation. Unfortunately, specification of this covariance matrix

turns out to be crucial for successful practical implementation. If the normal assumption

is satisfied, the covariance matrix can be estimated from the observed data, but there is no

general method to estimate this variance for a Dynamic Generalized Linear Model.

Assume that the evolution variance matrix W j is constant over time, West and Harri-

son [49] studied the effect of misspecification of Wj ≡ W under the condition of a univariate

mean model with normal observation distribution, for which Xj and Gj are both scalar
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1. They have shown that the model is robust to the misspecification of W in terms of the

variance of the prediction errors. The effect of misspecification of W for Dynamic Generalized

Linear Models was not investigated due to the complexity of these models.

To get around this problem, Ameen and Harrison [57] have suggested a conceptually

simple alternative approach using discount parameters for general dynamic linear models.

Assume the posterior moments of of βj−1 are mj−1 and Cj−1, then the prior mean of βj is

aj = mj−1, but the variance is Rj = BjGjCj−1G
′

jBj instead of GjCj−1G
′

j + W j. Bj is

a diagonal matrix of positive discount factors 1/δij with δij ≤ 1, i = 0, . . . , p. δij is smaller

than or equal to 1 to provide the required increased uncertainty over time. Ameen and

Harrison also discussed other methods of discounting and the relationship with the original

dynamic linear models in the same paper. This discounting modification does not have a

clear Bayesian interpretation, but applying it brings a lot of advantages, such as it is invariant

to the scale of mean and easier to specify than the evolution variance W j. West, Harrison,

and Migon adopted this particular method for Dynamic Generalized Linear Models.

For application, this method doesn’t really solve the problem of specifying unknown

parameters since the specification of discount parameters {δij, i = 0, . . . , p} is needed. It is

said that δij is typically in the range of .9 to .1 [56] and A discounting factor of 1 corresponds

to the constant coefficient, that is, βij = βi for all j.

3.2.3 Markov Chain Monte Carlo

The Markov Chain Monte Carlo (MCMC) method provides another alternative approach to

overcome the difficulty of specifying W j for the LBE method. Giving Wj a prior distribution

instead of a fixed value, Bayesian inference for βj can be obtained through sampling.

The Gibbs and Metropolis-Hastings Samplers

The Gibbs sampler [58] is an iterative Monte Carlo technique that is applicable when the

joint distribution is unknown explicitly, but the conditional distribution of each parameter

is known. The algorithm generates parameters in turn, conditional on the current values of

the other parameters.

Without prior knowledge of W j, it is usually assumed that W j = W for all j, and W

has an inverse Wishart distribution

W ∝ |W |
1
2
νW exp{−

1

2
tr(W−1SW )}, (3.7)

27



where νW is the degree of freedom and W is the scale matrix.

The full conditional likelihood of W is

πW (W |β, DN) ∝ |W |−
1
2
(νW +N−1)

× exp

[

−
1

2
tr

{

W−1

(

SW +
N
∑

j=2

(βj − βj−1)(βj − βj−1)
′

)}]

, (3.8)

which is also an inverse Wishart distribution. Vague priors of W are obtained by letting the

hyperparameters SW be a diagonal matrix with small diagonal entries. Given current values

of {βj, j = 1, 2, . . . , N}, samples of W can be generated directly from the posterior inverse

Wishart distribution.

As to the parameter βj, the conditional distribution is not in closed form. According to

the Bayes’ Theorem, the full conditional distribution of βj will be:

π(βj|β(−j), DN) ∝ π(βj|βj−1, Dj−1)π(βj+1|βj, Dj)p(Y j|βj, Dj−1) (3.9)

where β(−j) denotes all the system parameters {βk, k 6= j}. Distribution (3.9) usually can

not be simulated directly, but the Metropolis-Hastings method [59, 60] can be applied to

sample βj’s conditional on W .

In the sampling procedure, the Metropolis-Hastings algorithm is combined with the Gibbs

iterations in a hybrid scheme to move the sampling chain from state (β1, . . . ,βN , W )(old) to

(β1, . . . ,βN , W )(new) in the following steps:

(1) Sample W from its prior as equation (3.7) and β0 from the prior N(a, R) with

R−1 → 0.

Choose proposal densities {qj(Y |X), j = 1, . . . , N}, the distributions of Y conditional on

X, for generating samples of the parameters. It is common to take one proposal density for

all N parameters.

Set j = 1

(2) N steps of M-H sampling : Sample β∗
j from proposal density qj(βj|β

(old)
j ) and accept

this value, i.e. setting β
(new)
j = β

(∗)
j , with probability

min

{

1,
πj(β

(∗)
j )qj(β

(old)
j |β

(∗)
j )

πj(β
(old)
j )qj(β

(∗)
j |β

(old)
j )

}

(3.10)

where πj is the full conditional density of βj as in (3.9). This step repeats until j = N .
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(3) One step of Gibbs sampling: generate a new sample of W from πW in (3.8).

(4) back to step (2) until the sampling chain converges and enough samples have been

collected.

Hemming and Shaw [61] proposed to sample coefficients for all covariates separately

assuming parameters related to different covariates are all independent to each other. The

diagonal elements of system disturbance matrix W , {Wk, k = 1, . . . , p} are sampled by p

steps of univariate Gibbs sampling from inverse Gamma distributions instead of one step of

sampling the whole matrix W from an inverse Wishart distribution. Here p is the number

of covariates in the model.

Reparameterization and Block Sampling

The problem with sampling {βj, j = 1, . . . , N} one by one is that the innate high

correlation among βj’s will slow down the convergence speed. Reparameterization through

system disturbances ωj’s or multi-move sampling βj’s can improve the convergence. With

reparameterization, we can sample independent ωj’s instead of βj’s, and βj’s can be obtained

thereafter since βj = Gjβj−1 + ωj. The cost will be the computational evaluation of the

conditional moments of the disturbances ωj.

With reparameterization, system parameters can be rewritten as:

β1 = ω1 , βj =

j
∑

i=1

Gj . . . Gi+1ωi, (j = 2, . . . , N) (3.11)

and the Metropolis-Hastings algorithm can be applied to sample ωj’s, which are assumed

independent to each other. The joint distribution of ωj’s can be obtained by replacing βj

with (3.11) in the full conditional density function of (β1, β2, . . . ,βN).

An alternative method to overcome the slow convergence rates caused by correlation

within βj’s is to sample them in blocks instead of one by one. In each sampling step, a

new subset of (β1, . . . ,βN) are jointly sampled from a joint proposal density and jointly

accepted with probability depending on the joint proposal and the joint conditional density

of βj, j = 1, . . . , N .

The relative efficiency of the reparameterization through system disturbance is expected

to lie between the efficiency obtained through sampling state parameters separately and

jointly [62]. It has been shown that for observations from the exponential family, sampling
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through reparameterization is an efficient scheme which seems to outperform other competing

sampling schemes [63].

3.3 Bayesian Dynamic Survival Models

The Bayesian Dynamic Survival Model (BDSM) was first proposed by Gamerman [64], it

refers to a specific set of survival models accommodating time-varying coefficients. In such

a model, the hazard function is assumed to be a piecewise constant function over the time

grid τ = {τ0, τ1 . . . τN}, that is

λ(t) =



























λ1, t ∈ (τ0, τ1],
...
λj, t ∈ (τj−1, τj],
...
λN , t ∈ (τN−1, τN)

1 < j < N (3.12)

Accordingly, the survival time T has an piecewise exponential (PE) distribution. The

survival and density functions for the jth interval conditioning on surviving through the

previous interval are:

S(t|Dj−1) = exp{−λj(t − τj−1)} (3.13)

f(t|Dj−1) = λj exp{−λj(t − τj−1)}, t ∈ (τj−1, τj] j = 1, . . . , N. (3.14)

Assuming that n (censored or uncensored) survival times are observed, the model then

can be specified as.

(a) Observation Equation

Ti ∼ PE(λi, τ), λi = (λi,1, . . . , λi,N), i = 1, . . . , n; (3.15)

(b) Guide relationship

log λi,j = x
′

iβj, , xi = (1, x1, . . . , xp)
′

, i = 1 . . . n, j = 1 . . . N ; (3.16)

(c) System equation

βj = Gjβj−1 + ωj, ωj ∼ N [0, W j], j = 2, 3, . . . , N. (3.17)

30



According to part (a), the survival time T has a piecewise exponential distribution.

Part(b) specifies a model similar to a Proportional Hazards Model for each interval, except

that the baseline hazard is replaced by an intercept in the linear model. Under appropriate

conditions, this type of model can be used to estimate time-varying coefficients survival

models in the aging setting, which are assumed smooth.

The Bayesian Dynamic Survival Model (BDSM) is a special case of the Bayesian Dynamic

Linear Model (BDLM), and both the Linear Bayesian Estimation and MCMC methods can

be applied to estimate the parameters in the Bayesian Dynamic Survival Model.

3.3.1 The Linear Bayesian Estimation

Similar to Section 3.2.1, only the first two moments of the system disturbance {ωj, j =

1, . . . , j} need to be specified when the Linear Bayesian Method is used, and only the first

two moments of the parameters can be estimated.

At each time point τj−1 ∈ τ , the posterior distribution for the parameter βj−1 is partially

specified in terms of mean mj−1 and variance matrix Cj−1, denoted as

[βj−1|Dj−1] ∼ [mj−1, Cj−1], (3.18)

where Dj−1 is the information set containing all data available up to time point τj−1. The

full distributional form is unspecified. According to evolution equation (3.17), the prior

distribution for βj is:

[βj|Dj−1] ∼ [aj, P j] = [Gjmj−1, GjCj−1G
′

j + W j] (3.19)

The estimates of the parameters can be obtained by processing survival information within

each time interval sequentially.

Assume that there are totally nj individuals at risk during the jth interval, let

Dj−1;i−1(i = 1, . . . , nj) denote the information set including Dj−1 and the survival informa-

tion about the first (i− 1) observations in interval (τj−1, τj], then the prior distribution of βj

before processing the ith individual in the jth interval can be denoted as [βj|Dj−1,i−1] ∼ [aij.

According to the guide relationship, the joint prior moments of [βj, log λij] can be written

as:
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[(

βj

log λij

)

|Dj−1,i−1

]

∼

[(

aij

fij

)

,

(

P ij sij

s
′

ij qij

)]

(3.20)

where fij = x
′

ijaij, sij = P ijxij, qij = x
′

ijsij, and λij is the hazard of the ith individual in

the jth interval. Initially a0j = aj, P 0j = P j and Dj−1,0 = Dj−1.

Parameter λij is assumed to have a gamma distribution, which is the conjugate distri-

bution for the exponential distribution of the survival time T , so the posterior moments of

λij can be estimated straightforwardly. With the posterior moments of λij available, based

on the joint prior distribution (3.20), the posterior [βj|Dj−1,i] ∼ [mij, Cij] after processing

the information of the ith individual, can be obtained with the Linear Bayesian Estimation

method [56].

mij = aij +
sij

qij

ln

{

1 + qijδij

1 + qij(tij − τj−1) exp(fij)

}

, (3.21)

Cij = P ij −
δij

(1 + qijδij)
sijs

′

ij. (3.22)

where δij is the censoring indicator, δij = 1 if the ith individual has an event during the jth

interval, otherwise 0.

The step moving from (3.18) to (3.19) is called the evolution step, and the step moving

from (3.20) to (3.21) is named the updating step.

Set starting values [β0|D0] ∼ [0, M ], (M usually is a diagonal matrix with large diagonal

elements.) the estimation process can be carried out iteratively.

Evolution β0|D0 −→ β1|D0,

Updating β1|D0 −→ β1|D1,

Evolution β1|D1 −→ β2|D1,

Updating β2|D1 −→ β2|D2,

. . .

As information in τ is processed, the on-line estimates of the moments for {[βj|Dj], j =

1, . . . , N} are obtained, but the coefficient functions defined by the means of these parameters

are wiggly. With a similar recursive algorithm, a smoother estimator [βj|DN ] can be

obtained. Denote [βj|DN ] ∼ [mN
j , CN

j ], j = 1, . . . , N , then:
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mN
j = mj + CjG

T
j+1(bj)P

−1
j+1[m

N
j+1 − aj+1], (3.23)

CN
j = Cj − CjG

T
j+1(bj)P

−1
j+1[Pj+1 − CN

j+1]P
−1
j+1Gj+1(bj)Cj (3.24)

with initial values mN
N = mN and CN

N = CN .

This method is flexible also in terms of the ability to fit a model with both time-varying

and constant coefficients. Set the disturbance variance Wk(k = 0, 1, . . . , p), the kth diagonal

entry of W , as zero, then a constant coefficient is estimated for the kth covariate. Compared

with usual proportional hazard models, another advantage of this method is the estimation

of baseline hazard function as λ0(t) = exp{β0(t)}.

The most difficult part of this estimation process is to choose appropriate values for

Wj’s and Gj’s, which is mentioned but not fully discussed in the literature. Because of the

difficulty, this method is far from being popular in application. In our research setting, there

is no prior knowledge about Gj’s, and it is reasonable to assume that parameters for intervals

next to each other are close, So we will set all the Gj’s to be identity matrices, then the prior

process of the system will be a random walk. In Chapter 4, the effect of different W ’s will

be examined and suggestions on how to choose W will be discussed.

3.3.2 Markov Chain Monte Carlo

Denote the time grid as τ = {τ0, τ1, . . . , τN}, and let Ti be the observed survival time of

individual i. We will generate a new variable tij = min (Ti, τj) to represent the survival

time up to the jth time interval for individual i. If individual i survived after τj, tij = τj,

otherwise, tij = Tj. Let Rj be the risk set at time τj−1 and Fj be the set of individuals who

died within time τj−1 and τj. With this model setting, the full likelihood of the parameters

is

L(T |Λ, DN) =
N
∏

j=1

Lj(Tj|Λ, Dj−1)

with

Lj(Tj|Λ, Dj−1) =
∏

ν∈Fj

f(tjν |Λ, Dj−1)
∏

q∈Rj

S(tiq|Λ, Dj−1), j = 1, . . . , N.

This form of the likelihood is called the temporal factorization of the likelihood.

In this model setting, the coefficients {β1, β2, . . . ,βN} are highly correlated, for which

the convergence speed of the chain is very slow. To speed up the convergence of the sampling
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chain, reparameterization is recommended. Let β1 = ω1 with a prior distribution N(0, R)

and Gj = G for all j = 1, . . . , N , then βj =
∑j

k=1 Gj−kωk. Here, the prior distribution

of {ωj}, j ≥ 2 are independent normal distributions with mean 0 and variance Wj. The

conditional distribution of parameters ωj is

π(ωj|DN) ∝
N
∏

k=j

∏

ν∈Fk

exp{x
′

ν
ωj}

∏

q∈Rk

exp{− exp{x
′

q

k
∑

z=1

ωz}(tqk − τk−1) · exp{−
1

2
ωjW

−1ωj}.

This distribution is not in closed form, so ωj will be sampled by the Metropolis-Hastings

method. A commonly used proposal density for the Metropolis-Hastings sampling is the

normal random walk, that is, the proposed parameter ω∗
j is ω

(old)
j plus a random variable

generated from a normal distribution with a zero mean. In this case, the proposal density is

symmetric, so the acceptance rate similar to formula (3.10) will be min(1, πω∗

k
/π

ω
(old)
k

).

Without prior knowledge of the W j’s, they are assumed to be equal and denoted

as W , which is reasonable when the lengths of time intervals are small. The prior

distribution of W is usually assumed to be an inverse Wishart distribution with scale

matrix Sω and degrees of freedom νw, IW (νw, Sw), then the posterior is an inverse Wishart

IW (νw + N − 1, Sω +
∑N

i=2 ωiω
′

i). Random samples of W can be generated directly from

its closed form posterior distribution. This sampling method is called the Gibbs sampler.

Iteratively, all the parameters of a Bayesian Dynamic Survival Model can be estimated

with a Gibbs and Metropolis-Hastings combined sampler.
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CHAPTER 4

Simulation Study

In statistical literature, the performance of using the Bayesian Dynamic Survival Model (BDSM)

to fit smooth time-varying coefficient survival models is not well documented, especially

when prior knowledge about the system is limited. Theoretical results about general or

generalized dynamic linear models mostly are based on the assumption that the model

structure is correctly specified, that is, the system satisfies the Markov property and the

transition matrix G and disturbance variance W are known or partially known. To fit

a time-varying coefficient model, the transition matrix G is usually taken as an identity

matrix, which means the transition of the system is a random walk. In our case, the purpose

of using the the Bayesian Dynamic Survival Models (BDSM) is to fit some unknown and

possibly time-varying coefficients models, which means the system follows a certain unknown

deterministic trend rather than a random walk. How well does the BDSM fit for this purpose?

What affects its performance? How can we use this model in application? We will investigate

these questions with a simulation study.

The idea of this simulation study is to fit time-varying coefficients models for survival data

simulated from some known survival functions, and compare the fit of BDSMs with models

obtained with other methods. The criterion of performance comparison is the empirical

estimate of the mean square error E(
∫

(β̂(t) − β(t))2dt), where β(t) is a known coefficient

function and β̂(t) is the estimate of β(t) of the BDSM. We will generate K different datasets

from the same model with coefficient function β(t) and calculate the average of the square

errors of the K estimates based on these datasets, that is, using 1
K

∑K

k=1(
∫

(β̂k(t)−β(t))2dt)

to estimate E(
∫

(β̂(t) − β(t))2dt). Different time-varying coefficient functions β(t)’s will be

used to generate survival data; Based on the data, the performances of different BDSM

estimators will be compared.
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In Section 4.1, we will describe the method used to generate survival data satisfying

some known hazard functions. In Section 4.2, the effect of interval division and the

variance of system disturbance {Wj, j = 1, . . . , N} over the performance of the Linear

Bayesian Estimation (LBE) method will be demonstrated, and suggestions on how to

specify {Wj, j = 1, . . . , N} will be given. The performances of the Markov Chain Monte

Carlo (MCMC) method for the BDSM, will be compared with that of the LBE method in

Section 4.3.

4.1 Models and Data Simulation

Suppose there is a binary covariate X with a smooth time-varying effect on the risk of death,

and the hazard function for death related to X is denoted as

λ(t) = exp{β0 + Xβ1(t)}, (4.1)

where exp{β0}is the baseline hazard and is set to be constant over time.

Assume there is a study with follow-up length of 40 years, we will generate survival data

from four different models satisfying equation (4.1). We name these four types of functions

as Constant, Linear, Mixed-Quadratic (A combination of two quadratic functions with a

common minimum), and Change-Point (No effect at the beginning, then the effect starts to

increase after some time) hazard functions. They are chosen because they represent some

common change patterns that may be expected in the aging setting.

In this study, all the intercepts (β0’s) are set to be constant, and β(t)’s are chosen to be

the following four functions:

1) Constant: β(t) = .5, β0 = −3.5;

2) Linear: β(t) = 1 − .02t, β0 = −3.5;

3) Change-Point: β(t) = .003(t − 15)2I{15<t}, β0 = −3.5 ;

4) Mixed-Quadratic: β(t) = .2 + .01(t − 10)2I{0<t<=10} + .002(t − 10)2I{t>10}, β0 = −4.

The Mixed-Quadratic function is a combination of two quadratic functions with a

common nadir at t = 10. For all the four functions, we set t ∈ [0, 40].

The parameters of these functions are chosen to ensure that there are enough deaths

within 40 years (the follow-up length is set to be 40) as well as enough survivors after the

40th year in both X = 0 and X = 1 groups. By doing this, lack of information for modeling
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will be avoided in our simulation study. Moreover, 500 observations will be generated for

each of the two treatment groups, so the total sample size for each simulated dataset is 1000.

Simulating survival data from the last three models is not straightforward. For simplicity,

we will use piecewise constant functions to approximate these functions, because generating

survival time from a model with a piecewise constant hazard function is equivalent to gen-

erating survival time sequentially from exponential distributions with different parameters.

Assume all intervals have equal lengths, and let k denote the number of intervals within

one year, then the length of each interval is 1/k years and there are totally 40k intervals

within the 40 years of follow-up. If we replace t in each function with (ceil(k × t) − .5)/k,

where the function ceil(x) denotes the smallest integer no less than x, then the hazard within

each interval is the hazard of the mid-point of that interval according to the target hazard

function. By this approximation, the hazard function becomes a piecewise constant function

over equally-spaced intervals of length 1/k years. The larger the k value, the finer the interval

division, and the closer the approximation of the piece-wise function to the target continuous

function.

Let {Ti, i = 1, 2, . . . , N} denote the survival times for all individuals and N = 40k denote

the total number of intervals within 40 years for data simulation, then the time grid is

τ = {τj, j = 0, 1, 2, . . . , N} and τj = j

k
. Let λ(t) = exp{β0 + β(t)X} be the hazard function

of interest, we will simulate survival data from a model with a piecewise constant hazard

function λ∗(t) that approximates λ(t). Here,

λ∗(t) =
N
∑

j=1

λjI{τj−1<t≤τj} (4.2)

where λj = exp{β0 + βjX} and βj = β( j−.5
k

). Assume censoring is independent of incidence

of events with a rate pc and the censoring time has a uniform distribution within 0 to 40,

survival times {Ti, i = 1, 2, . . . , n} satisfying a distribution with the corresponding hazard

function and the censoring mechanism can be generated through the following steps.

1. Set j = 1, and Ti = 0 for all i = 1, 2, . . . , n.

2. Generate independent ui, i = 1, . . . , n from the Uniform(0,1) distribution.

3. Generate ∆i = − log(ui)
λij

I{Ti=τj−1}, where I{Ti=τj−1} indicates whether individual i

survives through the (j − 1)st interval. At j = 1, Ti = 0, τj−1 = 0, and I{Ti=τj−1} ≡ 1

for all i, so ∆i satisfies an exponential distribution with mean 1
λi1

. For j ≥ 2, if individual
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i survives through the (j − 1)st interval, ∆i satisfies an exponential distribution with mean

1
λij

, otherwise ∆i = 0. Variable ∆i = 0 denotes how much longer a survivor will live after

time τj−1.

4. If ∆i is larger than the length of jth interval 1
k
, let Ti = τj (censored), otherwise

Ti = Ti + ∆i (died), which can be simplified as Ti = min(Ti + ∆i, τj) × I{Ti=τj−1}. This step

decides whether a survivor after time τj−1 will survive after time τj or not.

5. If j < N , delete all {∆i, ui, i = 1, . . . , n} and go back to step 2 with j = j + 1 ,

otherwise goto step 6.

6. For each individual, there is pc chance of censoring before the study ends. For

those who are censored before the end of study, generate independent random variables

{Ci, i = 1, . . . , n} from the Uniform[0,40] distribution. If Ci ≤ Ti, individual i is censored

and Ti = Ci, otherwise, individual i has an event at time Ti.

Here, {Ti, i = 1, . . . , n} will be our observed survival times for future analysis.

We used different k values to simulate survival data, and found out that the distributions

of survival time are not very different when k ≥ 4. Figure 4.1 shows the distributions of

the survival times based on the Mixed-Quadratic function with interval length of .02 and

.25, respectively. Both datasets are generated with 10% chance of censoring. In each plot,

the vertical coordinate is the relative frequency of survival times. Because many people are

censored at year 40 (survived after year 40), there is a peak at t = 40 in each plot.

This method of approximation with piece-wise constant hazard functions can be applied

to other types of time-varying coefficient functions.

4.2 The Linear Bayesian Estimation Method

Compared with the MCMC method, the Linear Bayesian Estimation (LBE) method for

the Bayesian Dynamic Survival Model is easier to implement and faster to get results if

the transition variances {Wj, j = 1, 2, . . . , N} are known. Major factors that might affect

the performance of the LBE method are the interval division τ = {τj, j = 1, . . . , N} for

estimation and the specification of {Wj, j = 1, . . . , N}. In this section, effects of these

factors on the performance of LBE will be examined by comparing estimates under different

conditions.
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Figure 4.1: Survival times simulated with different lengths of intervals.

Given a study, we can define the interval division in a traditional way, but it is very

unlikely that we know the transition variance Wj as specified in the model setting. A

reasonable suggestion in the literature is to use a common W for all transitions if all intervals

are of the same length, or W × Lj if intervals are of different lengths, where Lj denotes the

length of the jth interval [64]. In our simulation study, we will use W to denote the transition

variance within 1 year, so that the variance of the system disturbance within an interval with

length of L years will be L × W .

4.2.1 The Effect of Interval Division

Before fitting models, we have to decide how to define the time grid τ for estimation. If the

division is too coarse, the estimate may not sufficiently represent the true variability of the

covariate effect over time; using a division that is too fine on the other hand will result in a

large number of parameters that must be estimated.

In the literature, the way of defining the time grid appears to be arbitrary. The

simplest and most commonly used way is equally spaced, fixed time axis division. Arjas

and Gasbarra [65], in a related model, included the number of intervals and the location of
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Figure 4.2: The effect of interval length over the estimates of the change-point coefficient
function

the division points as parameters to be estimated within the analysis, rather than specifying

them a priori. In the area of spline smoothing with survival analysis, the location of knots (a

concept similar to the location of the division points) has mainly been determined by placing

approximately equal number of events within each interval. Gamerman [64] compared

different time divisions in terms of Bayes Factors, and recommended using all unique death

times to define the time intervals. According to his comparison, the division using all unique

death times works as well as the division with equal number of deaths within all intervals.

In the Framingham Heart Study, there are more than 3000 unique death times, which means

for each covariate (including the intercept) with a time-varying coefficient function, more

than 3000 parameters need to be estimated.

Some initial simulations are conducted to investigate the effect of different interval lengths

on the estimation of the coefficient function β(t). Figure 4.2 shows the result of using different

equally-spaced intervals with a fixed W = .03 for one simulated dataset from the Change-

Point function. From the plot, we can see that the overall pattern of β̂(t) doesn’t change
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much when the interval length increases from .2 to 1 except that the function becomes more

coarse. When the interval length decreases from .2 to .05, the estimate becomes smoother.

This suggests that the effect of interval division is not crucial for the LBE approach in this

case. When the interval length is .1, the local fit for the constant part (t <= 10) is wiggly,

but the quadratic part (10 < t <= 40) is quite smooth. For a division with interval length

shorter than .25, the local fit for the constant part is not as good as that of the quadratic

part. This result suggests that when the interval length decreases, a larger W may be needed

to allow the same amount of variability. Since the underlying function has two parts with

different changing patterns, the estimate might be improved if different values of W are

applied for these two parts.

Figure 4.3 compares estimates using unique death times to define intervals with that

of using intervals of equal length of .25. The equally-spaced interval division has a total

number of 160 intervals, while the division using unique death time has 725 intervals of

different lengths. According to these plots, the overall patterns of the estimates with these

two interval divisions are similar. The estimate based on the division with unique death

times seems to be more sensitive to the value of W , because the estimate is less flexible to

capture the change when W is very small, and it overestimates the local change when W is

larger.

From these examples, we can see that the optimal value of W for the LBE method seems

to depend only slightly on the interval division.

4.2.2 The effect of W

How can we choose an appropriate value of W for a covariate with a given study? In

the literature, this problem is not discussed as much as interval division is, and there is

no general suggestion about how to choose the value of W for a covariate. Due to these

unresolved problems, it is hard to promote the application of this method. Based on our

simulation study, we would like to propose some suggestions on how to apply this method

in a general setting, and also on how to select an appropriate value for W .

Figure 4.4 shows examples of the Mixed-Quadratic function estimated with the LBE

method using different values of W versus the true parameter function

β(t) = .2 + .01((ceil(4t) − .5)/4 − 10)2I{0<t<=10} + .002((ceil(4t) − .5)/4 − 10)2I{10<t<=40}.
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Figure 4.3: The estimates of the change-point coefficient function with a equally-spaced
interval division versus those with the interval division defined with unique death times
Division

The approximation function for simulation is piecewise constant over intervals of length .25.

From Figure 4.4, we can see that when W is very small, the estimate of β̂(t) is very

smooth and close to a flat line, and the method performs poorly. As W increases, β̂(t) gets

closer and closer to the true function β(t) and becomes less smooth. After a certain point,

increasing W decreases the smoothness, but the overall pattern matches the true function,

and this is true for a fairly large range of W . For example, in the range of .01 to .5, the

local variability of the estimate will increase when W increases. For a smooth underlying

function, it is obvious that W = .5 produces too much variability.

Figures 4.5, 4.6, and 4.7 show the effect of variance W on the estimates of other types

of hazard functions. We can see that the change patterns with W in these three figures are

similar to that of Figure 4.4. This result shows that the LBE estimate can pick up the overall

trend of change fairly well as long as W is large enough to allow some local variability, which

suggests that it is not a good idea to use small W to obtain a very smooth function since it
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Figure 4.4: The LBE estimates of the mixed-quadratic function with different values of W

may be quite biased.

The empirical estimate of the Mean Square Error (MSE) E(
∫

(β̂(t) − β(t))2dt) can be

used as a criterion of performance comparison for different values of W . Given an estimated

regression function β̂(t), the square error of the estimation is
∫

(β̂(t) − β(t))2dt. When β(t)

and β̂(t) both are piece-wise constant functions, the integration can be calculated as the

summation of square errors
∑N

j=1(β̂j − βj)
2Lj, where N is the total number of intervals and

Lj is the length of the jth interval. The empirical estimate of MSE is the average of the

square errors of all estimates based on different replicates of simulated data.

Based on piecewise constant approximation models with hazard functions defined in

equation (4.2), 400 survival datasets are simulated, 100 for each hazard function. For each

dataset, a Proportional Hazards (PH) model, a PH Interaction model (linear interaction

only), and LBE estimates of BDSMs with different values of W are obtained. The square

error for each estimated model is calculated in the way described previously. A local weighted

regression smoother is applied to each estimate, and the square error of the smoothed function
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Figure 4.5: The LBE estimates of the Change-Point function with different values of W

Figure 4.6: The LBE estimates of the Constant function with different values of W
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Figure 4.7: The LBE estimates of the Linear function with different values of W

is also obtained. The MSE for each LBE estimator is estimated as the average of the square

errors of 100 estimates. Table 4.1 summarizes the MSEs of all the models.

From Table 4.1, we can see that the MSEs of LBE models are close to those of the

PH models if W = 0 for all three functions. The standard deviations are slightly larger

for LBE models, probably because of the estimation of an extra parameter β0. When the

true coefficient function is constant, the PH model performs better than all LBE models.

When the true function is linear, the PH interaction model performs better than all LBE

models. But, when the true function is Mixed-Quadratic or Change-Point function, LBE

models perform better than PH model and PH interaction model with W in a fairly wide

range. This range is from .005 to .5 for the change-point model, and from .001 to .5 for the

Mixed-Quadratic model.

The second row for each value of W is the MSEs of the estimates after second-stage

smoothing. We can see that second stage smoothing doesn’t improve the goodness-of-fit of

the estimates significantly if W is very small, but improves the estimate substantially when

W is large. For example, the MSE keeps decreasing as W increases in the case of the Mixed-

Quadratic function. This result shows that as W increases, the bias of the LBE estimate
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Table 4.1: The Mean Square Errors of the LBE estimators of the four coefficient functions
with different values of W

Constant Linear Change-Point Mixed-Quadratic

PH .211(.288) 3.110(.924) 11.275(.396) 10.312(.350)

PH Interaction (t) .645(.759) 3.144(.453) 5.579(.584)

LBE

W=0 .211(.288) 3.377(1.092) 11.512(.543) 10.310(.420)

W=0.001 .300(.295) 1.314(.815) 3.741(.580) 4.332(.569)

.245(.277) 1.339(.829) 3.897(.565) 4.714(.550)

W=0.005 .472(.368) .844(.692) 1.045(.448) 1.292(.513)

.358(.337) .806(.711) 1.172(.457) 1.739(.541)

W=.01 .576(.402) .849(.679) .700(.379) .827(.456)

.415(.375) .747(.697) .753(.407) 1.182(.508)

W=.02 .712(.431) .942(.679) .651(.350) .716(.433)

.466(.412) .735(.695) .581(.383) .923(.481)

W=.05 .971(.469) 1.206(.683) .843(.378) .872(.463)

.521(.450) .760(.695) .511(.370) .780(.456)

W=.1 1.264(.505) 1.546(.696) 1.135(.442) 1.151(.525)

.555(.470) .798(.688) .495(.361) .724(.435)

W=.5 2.609(.722) 3.190(.972) 2.494(.715) 2.511(.793)

.661(.547) .957(.701) .495(.349) .633(.394)

W=1 3.738(.939) 4.598(1.327) 3.606(.900) 3.645(.992)

.767(.652) 1.116(.811) .530(.378) .617(.414)

*The second row for each value of W corresponds to the smoothed LBE estimate

decreases.

4.2.3 A suggested method of choosing W

From the simulation results, we can see that the variance W of the system disturbance has

a much stronger effect than the interval division τ . The effect of W is similar to those of

the bandwidth for Kernel smoothing and the smoothing parameter λ for spline smoothing,

which provide a tradeoff between the variance and the bias of the estimates. As W increases,

the bias of the estimated coefficient function β̂(t) decreases but the variance of the estimated

function increases, and as W decreases, the variance increases but the bias decreases. Is there

an optimal value of W that minimizes the MSE of the LBE estimator? Can we estimate the

value?

Figure 4.8 shows the relationship between the empirical estimate of MSE and the variance

W of the system disturbance based on datasets simulated from the Linear, Change-Point,

and Mixed-Quadratic coefficient functions, respectively. These plots suggest that there is
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Figure 4.8: MSEs of the LBE estimators (each value is calculated based on 400 simulated
datasets) versus the variance of system disturbance W

a value of W that corresponds to the minimum MSE for each function. As disturbance

variance W increases, MSE also decreases until a certain point and starts to increase again,

which suggests there exists an optimal value of W corresponding to the least MSE. This

figure also tells that it is better to use a large value of W than a small one since all plots

show that MSE increases much faster if W deviates from the optimal value to the left than

to the right. We can say that the LBE estimator is more robust to a misspecified large W

than a misspecified small W .

Given a study, we can test the hypothesis of proportional hazards easily, and 0 will be

the best value if the hypothesis is satisfied. So there is no need to find a good value of W

for a covariate with constant coefficient. For covariates that violate the Proportional Hazard

Assumption, we need to choose a value of W for each of them before using the LBE method.

How can we choose one good value of W?

Visually, we can tell that W is too big if the estimated function has too much local

variation, or W is too small if the estimated function deviates from the overall trend shown

in estimates with large values of W . This is true only if we can assume a smooth underlying

function β(t). But it is still difficult to pick one value of W in a real situation since the
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range we can identify visually according to the smoothness of the estimated function might

still be quite large. For example, we can identify a range of .005 to .05 for the Mixed-

Quadratic function and a range of .001 to .05 for the Change-Point function. One question

we are particularly interested in is : is there any simple algorithm that can provide a value

of W reasonably close to the optimal W when we have no prior knowledge about W or the

underlying coefficient function?

When the underlying evolution of the parameter is not a random walk but a smooth

function, the system disturbance is not a mean-zero random variable. In our case, we are

not interested in any system that is a random walk, but a system that changes smoothly

with time with an unknown pattern. In the Bayesian context, the random walk is the prior

model structure, and the final model is the posterior. Here we are looking for W that will

give us the best estimation within this model setting.

From the previous part, we can see that if W is already large enough, increasing W

mainly changes the local variability, not the mean function. For a time-varying function,

usually there is a difference between βN and β1, and this difference can be estimated by

(β̂N − β̂1). If W = 0, the difference can’t be captured since β̂N − β̂1 = 0. Only if W is large

enough that (β̂N − β̂1) can fully capture the difference between βN and β1. So, it is likely

that the estimate of the magnitude of change (β̂N − β̂1) would change with W in a certain

way that provides some information about the optimal value of W . In the following part,

we will use simulation to verify this.

Figure 4.9 shows the relationships between the mean of (β̂N − β̂1) and W for the three

nonconstant coefficient functions. These mean values are calculated from the estimates

(β̂N − β̂1) obtained in the previous part. For each simulated data, we use 14 different values

of W to estimate the function, then we will have 14 pairs of (W, β̂N − β̂1). For each W ,

there are 100 estimates of (βN − β1), and the mean of (β̂N − β̂1) is the average over these

100 values. As we expected, there is an obvious turn in each plot. For the Linear function,

a rapid decrease turns into a slow decrease. For the Change-Point function, a rapid increase

turns into almost no change. For the Mixed-Quadratic function, a rapid increase turns into

a slow decrease.

From these plots, we can see that there are similar patterns of change for all these three

coefficient functions. As W increases from zero, the absolute value of (β̂N − β̂1) increases

with W , and at a certain point it slows down or changes to the other direction.
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Figure 4.9: The mean of (β̂N − β̂1) obtained with the LBE method versus W

This turning feature is very likely to be related to the optimal value of W in some way.

We found out that the first turn (sometimes, there are two close turns for simulations from

the Linear function) happens almost at the same place where the square error of the estimate

is minimized.

Figures 4.10, 4.11, and 4.12 show the changing patterns of (β̂N − β̂1) and empirical MSEs

with W values together, where MSEs in Figures 4.11 and 4.12 are divided by 5 to keep MSE

and (β̂N − β̂1) distinguishable on the same plot. Each plot is based on the average of 100

estimates, and the MSE is estimated for each W in the same way as described in the previous

section. The plot on the left side of each figure shows the MSEs and means of (β̂N − β̂1)

with W in the range from 0 to 0.5, and the plot on the left shows the details of the plot on

the left for W in the range from 0 to .05, where the major change happens. These figures tell

us that when MSE changes from decreasing to increasing with W , (β̂N − β̂1) also experiences

a change, such as from rapid to slow, from increasing to decreasing, or from decreasing to

increasing.

It is not hard to identify a range of W within which the first turn happens if we plot

(β̂N − β̂1) versus W . From all the individual plots, we found that the value of W related
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Figure 4.10: MSE and (β̂N − β̂1) of the LBE estimates versus W for the Linear coefficient
function

Figure 4.11: MSE and (β̂N − β̂1) of the LBE estimates versus W for the Change-Point
coefficient function
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Figure 4.12: MSE and (β̂N − β̂1) of the LBE estimates versus W for the Mixed-Quadratic
coefficient function

to the minimum MSE usually is within the turning range. As we mentioned before, MSE

is robust to large misspecified values of W , so a value of W close to where the first turn

is almost completed is a conservative choice for W . From Figures 4.10, 4.11, and 4.12, we

can identify optimal ranges of W from .001 to .02, from .008 to .1, and from .005 to .05 for

the Linear, Change-Point and Mixed-Quadratic functions, respectively. If we pick the upper

limits .02, .1, and .05 as our optimal W , we can see all those estimates have noticeable local

variabilities according to Figures 4.4, 4.5, and 4.7. If we use the mid-points .01, .05, and

.02 of those ranges, the corresponding plots in Figures 4.4, 4.5, and 4.7 show fairly good

fits. So, the mid-point of the turning range in the plot of (β̂N − β̂1) versus W seems to be a

reasonable choice for W .

4.3 The Markov Chain Monte Carlo Method

4.3.1 Sampling Scheme

Although applying the LBE method to the Bayesian Dynamic Survival Model is easy

to program and fast to obtain results, the difficulty in specification of W is an obvious
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disadvantage of the LBE method. An alternative method, MCMC, can get around the

trouble of choosing W , because W can be treated as a matrix of parameters and be estimated

through sampling.

The Bayesian Dynamic Survival Model we are interested in has the following form:

Ti ∼ PE(λi, τ), λi = (λi,1, . . . , λi,N)

log λi,j = X
′

iβj

βj = βj−1 + ωj, ωj ∼ N [a, W ].

i = 1, . . . , n, j = 1, . . . , N.

where the mean of ωj, vector a, is usually taken as a zero vector. In our study, a can be

nonzero to allow a flexible structure for the parameter function β, which will be discussed

later in this section.

Because the state parameters {βj, j = 1, 2, . . . , N} are highly correlated, the sampling

process will converge very slowly if we sample them directly. Let ω1 = β1, then βj =
∑j

k=1 ωk. The sampling chain will converge faster if we sample {ωj, j = 1, . . . , N} instead

of {βj, j = 1, 2, . . . , N} because {ωj, j = 1, . . . , N} are assumed to be independent. With

{ωj, j = 1, . . . , N}, {βj, j = 1, 2, . . . , N} can be calculated easily. This method is called

reparameterization and is recommended in the literature because of its efficiency [63, 62].

Since the likelihood of a Bayesian Dynamic Linear Model is not in a regular form, WINBUGS

or other MCMC packages can’t be applied directly. Coding the Metropolis-Hastings and

Gibbs sampling algorithms is comparatively complicated, and the convergence speed of the

sampling chain may still be slow even with reparameterization because of a large number

of parameters and extensive computations. The finer the interval division is, the more

parameters need to be estimated, hence the longer time the sampling process will take. So

it is very important to reduce the total number of parameters that need to be estimated.

Gamerman [63] suggested using an inverse Wishart distribution as the prior for the

p × p covariance matrix W and sampling all coefficients in the parameter vector ωj =

(ωj1, . . . , ωjp)
′ in one step. Hemming and Shaw [66] used an inverse Gamma distribution for

the coefficient of each covariate and sampled parameters one by one within each iteration.

The second method requires more sampling steps within one iteration so that it will take

much longer time, and it is more restrictive since the coefficients of different covariates are
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assumed to be independent. Similar to other time-varying coefficients modeling methods,

the two MCMC sampling schemes suggested by Gamerman [63] and Hemming and Shaw [66]

allow all coefficients to change with time. In a real situation, some coefficient functions may

be in simpler forms, such as constant or linear functions of time. If these types of coefficients

are estimated as unrestricted time-varying functions, then many redundant parameters need

to be estimated, which will make the sampling process more time-consuming. For a study

focusing on some particular covariates, we can improve the reliability of our estimates by

reducing the number of parameters used to describe coefficient functions of other covariates

if those functions are in simple forms. For example, when we study the relationship between

BMI and all-cause mortality with smoking and SBP controlled, we may find that the

coefficient of smoking satisfies the proportional hazard assumption, and the coefficient of

SBP is close to a linear function of time according to some primary analysis with LBE or

the smoothed Schoenfeld’s residuals, then we can fit a model with a constant coefficient

function for smoking, a linear function for SBP, and keep the coefficient of BMI unrestricted.

In this study, we will propose a flexible MCMC method to accommodate different types of

coefficient functions, including constant, linear, and unrestricted time-varying functions in

one single model.

Assume there are p coefficients, including the intercept, in the model, let p1 be the

number of coefficient functions that are constant and p2 be the number of coefficients that

are linear functions of time, then p3 = p − p1 − p2 is the number of coefficient functions

with unrestricted patterns of change. In our study, p3 must be greater than 0, otherwise

there is no need to use the Bayesian Dynamic Survival Model. Let the coefficient matrix be

β = (β(I), β(II), β(III)), where β(I), β(II), and β(III) denote constant, linear, and unrestricted

coefficients, respectively, then β(I) and β(II) have restricted parameter structures as described

below:

Constant β(I) : β
(I)
1 = β

(I)
2 = · · · = β

(I)
N

⇐⇒ ω
(I)
j = 0 for j ≥ 2

Linear β(II) : (β
(II)
2 − β

(II)
1 ) = (β

(II)
3 − β

(II)
2 ) = · · · = (β

(II)
N − β

(II)
N−1)

⇐⇒ ω
(II)
2 = ω

(II)
3 = · · · = ω

(II)
N

For the constant coefficients β(I), ω
(I)
j = 0 for j ≥ 2, so only ω

(I)
1 needs to be estimated.
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As to the coefficients with linear trends β(II), ω
(II)
2 = . . . = ω

(II)
N ≡ C, so both ω

(II)
1 and

C need to be estimated. For coefficients β(III), all of {ω
(III)
j , j = 1, 2, . . . , n} have to be

estimated. Within each iteration of the sampling procedure, the system disturbance matrix

ω = (ω1, ω2, . . . , ωN)
′

(N×p) will be sampled in the following order,

ω1 = (ω
(I)
1 , ω

(II)
1 , ω

(III)
1 ) →= ω

(II)
2 = · · · = ω

(II)
N → ω

(III)
2 → . . . → ω

(III)
N .

Different prior distributions will be chosen for different parameters. A noninformative

prior N(a1, R1), where a1 is usually a zero vector and R1 is a diagonal matrix with large

positive diagonal entries, is assumed for ω1. Moreover, C is assumed to have a multivariate

normal prior distribution N(a2, R2), and {ω
(III)
j , j = 2, . . . , N} are assumed independent and

identically distributed as a multivariate normal distribution N(a3, W
(III)), where W (III) is

a p3 × p3 matrix. Under this setting, the covariance matrix W in the original model (4.3)

has the following structure:

W =





W (I) 0 0
0 W (II) 0
0 0 W (III)





where W (I) and W (II) are zero matrices since ω
(I)
j = 0 and ω

(II)
j = C for all j ≥ 2. The

nonzero covariance matrix W (III) needs to be estimated by sampling.

Denote the time grid as τ = {τ0, τ1, . . . , τN}, and let Ti and Xi be the observed survival

time and the covariate vector for individual i, we will generate a new variable tij = min (Ti, τj)

to represent the survival time up to the jth time interval for individual i. If individual i

survived after τj, set tij = τj, otherwise, set tij = Tj. Let Rj be the risk set at time τj−1 and

Fj be the set of individuals who died within time τj−1 and τj, the kernel of the conditional

distribution for each set of parameters can be written in an explicit form.

Specifically, let ω1|D0 = β1|D0 ∼ N(a1, R1), then the full conditional distribution (the

distribution conditioning on the data and all the other parameters) of ω1 is

π1(ω1) ∝

N
∏

j=1







∏

l∈Fj

exp(xlω1)
∏

m∈Fj∪Rj

exp

[

−(tmj − τj−1) exp(xm

j
∑

z=1

ωz)

]







× exp(−
1

2
(ω1 − a1)

′

R−1
1 (ω1 − a1)). (4.3)
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Since C|D0 ∼ N(a2, R2), the full conditional distribution for C is

π2(C) ∝
N
∏

j=2







∏

l∈Fj

exp((j − 1)x
(II)
l C)

∏

m∈Fj∪Rj

exp

[

−(tmj − τj−1) exp(xm

j
∑

z=1

ωz)

]







× exp(−
1

2
(C − a2)

′

R−1
2 (C − a2)), (4.4)

where x(II) is the vector of covariates with coefficients that are linear functions of time.

The prior distributions of {ω
(III)
j , j = 2, 3, . . . , N} are assumed to be independent with

identical distribution N(a3, W
(III)). For k ≥ 2, the full conditional distribution of ω

(III)
k is

π3(ω
(III)
k ) ∝

N
∏

j=k







∏

l∈Fj

exp(x
(III)
l ω

(III)
k )

∏

m∈Fj∪Rj

exp

[

−(tmj − τj−1) exp(xm

j
∑

z=1

ωz)

]







× exp(−
1

2
(ω

(III)
′

k − a3)(W
(III))−1(ω

(III)
k − a3)). (4.5)

All the full conditional distributions in equations (4.3), (4.4), and (4.5) are not in closed

forms, so we can’t sample these parameters directly with Gibbs samplers. We will use the

Metropolis-Hastings sampler [59, 60] that is designed particularly for situations where no

closed form conditional distribution is available.

Given the conditional distribution of a parameter η as πη(η), and a distribution q(x) that

has a sample space similar to that of πη, samples of η can be obtained even if only the kernel

of πη(η) is known. Assume the current sample of η is η(old), a sample generated from the

distribution q(η|η(old)) is η(new), and

r =
πη(η

(new)) × q(η(old)|η(new))

πη(η(old)) × q(η(new)|η(old))
,

then the next sample of η will be η(new) with probability min(1, r) and η(old) with probability

(1−min(1, r)). Samples generated in this way will converge in distribution to η under certain

conditions [59, 60]. The distribution q(x) is called the proposal density for the sampler.

It is crucial to use good proposal densities to ensure both coverage (The generated

samples covers the whole true parameter space.) and convergence of the sampling chains.

We will use two types of commonly used proposal densities. The first type is the independent

normal proposal, in which the distribution of the new sample is independent of the current

sample, that is q(ω(new)|ω(old)) = q(ω(new)). The second type is the normal random walk
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proposal, where the difference between ω(new) and ω(old) is a normal mean zero random

variable independent of ω(old), that is, (ω(old) − ω(new)) ∼ N(0, M), where M is known. The

advantage of using normal random walk proposals is that we don’t need to worry about the

underlying true mean of the parameter, because the sampling chains will converge eventually.

We can tune the variance of the proposal density to maximize the speed of convergence of the

sampling chains. Without prior knowledge of the mean of ω1, a normal random walk proposal

is recommended for sampling ω1. The disadvantage of using normal random walk proposals

is that it will take a very long time to converges if the current sample of the parameter is far

away from the high density areas. If there are many parameters, using normal random walk

proposals for all parameters could be a disaster because of the slow speed of convergence. If

we have some prior knowledge about the true means, using independent normal proposals

works better, especially when the number of parameters are large. Because each element

of ω
(III)
j is comparatively small (close to 0), and there are N − 1 parameter vectors to

be estimated, we suggest using independent normal proposals rather than random walk

proposals for estimating ω
(III)
j .

A proposal density with a coverage similar to that of the true parameter can greatly

improve the speed of convergence. So, some prior information can help us choose good

proposal densities. Since LBE is much faster to get results, it is worthwhile to obtain a

rough LBE estimate first and use (βN − β1)/(N − 1) as the mean of the proposal density

for ωj, j ≥ 2. For ω1, this prior information can help us choose start values of ω1 that are

close to the true values. In our study, the proposal density q1 for ω1 is a multivariate normal

random walk with mean b1 = 0 and variance matrix Σ1. The proposal density for C is q2, a

p2 dimensional multivariate normal density with mean b2 and variance Σ2. For ω
(III)
j , j ≥ 2,

the proposal density q3 is a p3 dimensional multivariate normal distribution with mean b3

and variance matrix Σ3.

After ω is obtained, matrix W (III) will be sampled with Gibbs samplers since their

prior distributions are all in a conjugate form, the Inverse Wishart distribution. Assume

the prior distribution of W (III) is IW (ν, S), the conditional distribution of W (III) is

IW (ν + N − 1, S +
∑N

j=2 ω
(III)
j ω

(III)
′

j ). A random variable generator riwish(v, S) in an

R package named MCMCpack can generate random samples from an Inverse Wishart

distribution with degree of freedom v and scale matrix S.

With a new sample of W generated, the sampling chain can move to the next iteration,
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generating new samples of ω and W . With this Metropolis-Hastings and Gibbs combined

sampler, samples of all the parameters can be obtained as long as the sampling chain

converges.

4.3.2 Procedure

The following notation will be used in this section:

1. M – the number of samples need to collect

2. N – the number of time intervals defined for estimation

3. L – the length of an interval (intervals are equally-spaced )

4. N0 – the burn-in period

5. sk – 1 sample is saved out of every sk samples generated

6. total – the total number of iterations. total = N0 + sk × (N − 1) + 1

7. ω[r1:r2,c1:c2] – the sub-matrix of ω from row r1 to r2 and column c1 to c2

8. ω[r1,c1:c2] – the c1th to c2th elements of the r1th row of matrix ω

9. ω[r1:r2,c1] – the r1th to r2th elements of the c1th column of matrix ω

10. ωi – the ith row of matrix ω

Samples of ω and W can be generated with a hybrid Metropolis-Hastings and Gibbs sampler

in the following steps.

Step 1. Set i = 1, a1 = 01×p1 ,a2 = 01×p2 , R1 = diag(1000)p1×p1 , R2 = diag(1000)p2×p2 .

Generate a p3×p3 matrix W3 from noninformative Inverse Wishart distributions IW(p3, SW ),

where SW is a diagonal matrix with diagonal entries as .0001. Set C as a 1 × p2 vector of

zeros, and ω as a N × p matrix of zeros.

Step 2. Set ω(∗) as a N ×p matrix of zeros. Add the value of a sample generated from q1(ω)

to the first row of ω(∗). Generate a random sample C(new) from q2(ω), and replace each row

of ω
(∗)
[2:N,p1+1:p2] with C(new). Replace ω

(∗)
[2:N,p1+p2+1:p] with N − 1 independent random samples

generated from q3(ω), one for each row.
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Step 3. Let ω(new)=ω, and replace the first row of ω(new) with the first row of ω(∗). Generate

a random number u from the Uniform(0,1) distribution. Let

r =
π1(ω

(new)
1 )

π1(ω1)
.

If u < min(1, r), replace the first row of ω with the first row of ω(new).

Let j = 2. If p2 = 0, goto step 5, otherwise goto step 4.

Step 4. Let ω(new) = ω, and replace ω
(new)
[2:N,p1+1:p1+p2] with ω

(∗)
[2:N,p1+1:p1+p2]. Generate a new

value of u from the Uniform(0,1) distribution, and let

r =
π2(C

(new)) × q2(C)

π2(C) × q2(C(new))
.

If u < min(1, r), replace ω[2:N,p1+1:p1+p2] with ω
(new)
[2:N,p1+1:p1+p2], and C = C(new).

Goto step 5.

Step 5. Let ω(new) = ω, then replace ω
(new)
[j,p1+p2+1:p] with ω

(∗)
[j,p1+p2+1:p]. Generate a new value

of u from the Uniform(0,1) distribution, and let

r =
π3(ω

(new)
[k,p1+p2+1:p]) × q3(ω[k,p1+p2+1:p])

π3(ω[k,p1+p2+1:p]) × q3(ω
(new)
[k,p1+p2+1:p])

If u < min(1, r), replace ω[j,p1+p2+1:p] with ω
(new)
[j,p1+p2+1:p].

If j < M , then j = j + 1 and go back to step 5, otherwise goto step 6.

Step 6. Generate a new sample of W (III) from IW (p3+N−1, SW +
∑N

j=2 ω[j,p1+p2+1:p]ω
′

[j,p1+p2+1:p]).

Step 7. If (i − M0) > 0 and sk = 1, or if the remainder of (i − M0) divided by sk is 1,

generate βj =
∑j

z=1 ωz and save current βj and W (III) as a new sample of coefficients. If

i = total, stop the procedure, otherwise let i = i + 1 and go back to step 2.

4.3.3 Results

As described in the previous part, the MCMC procedure is very computationally intensive

and time-consuming. We use software R to implement the sampling procedure. It takes

about 2-3 days for a regular desktop computer to obtain 10000 consecutive samples from a

model with only two covariates (including a constant baseline) and 40 time intervals .
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(a) Normal Random Walk (b) Independent Normal Proposal

Figure 4.13: Two sampling chains of β40 with different proposal densities.

Using a proposal density similar to the true density can greatly improve the convergence

speed. Since the LBE method is much easier and faster to implement, we recommend

obtaining some rough LBE estimates beforehand and using the result to construct the

proposal densities for the MCMC procedure. According to the system equation, we have

ωj = βj − βj−1, which means (β̂j − β̂j−1) is an estimate of the posterior mean of ωj.

Assume all {ωj, j = 2, . . . , N} have the same normal distribution, then the (N −1) posterior

estimates can provide an empirical distribution for ωj. Using a normal proposal with mean

and standard deviation of {β̂j − β̂j−1, j = 2, 3, . . . , N} instead of a random walk proposal

obviously improves the convergence speed, which has been shown in our MCMC sampling

results. Figure 4.13(a) presents one of the sampling chains for β40 of the Change-Point

coefficient function with a normal random walk proposal, while Figure 4.13(b) shows a chain

with an independent normal proposal estimated with the LBE method. Each plot shows

10,000 consecutive samples from the start point, and the interval length is 1 year. Obviously,

the sampling chain in Figure 4.13(a) has high correlation among consecutive samples, and

the chain in Figure 4.13(b) converges much faster and has much less correlation among the

consecutive samples.
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Figure 4.14: The estimates and point-wise 95% confidence intervals of the coefficient function
of treatment by the MCMC method

Figure 4.14 shows estimates of the coefficient function of treatment by the MCMC method

with different interval divisions. Both estimates are means of 500 consecutive samples after

a burn-in period of 1000. We can see that the overall patterns of these two estimates are

quite similar, and the estimate is smoother when the interval length is smaller.

In Table 4.2, we compare SEs( Square Errors ) of estimates using the LBE method with

different values of W and the MCMC method with different sample sizes over the same data

simulated from the Change-Point function. All the MCMC estimates with the same interval

length are based on consecutive samples from the same 10,000 consecutive samples with a

burn-in period of 1,000. Compared with those of LBE, MCMC estimates have much smaller

square errors when the interval length is 1 year, but the square errors are larger when the

interval length is .25. It seems that the effect of interval division on the MCMC estimate is

not as strong as that on the LBE estimate since the SEs are not very different for the same
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sample size. On the other hand, a sample size of 500 is large enough to give an estimate as

good as that of 9,000, which means the sampling chains converge well after 1,000 iterations.

According to the simulation result, we can see that interval division has different effects on

LBE estimates and MCMC methods. Within the range we chose, a finer interval division

gives a better estimate for the LBE method, but this is not the case for the MCMC method.

Table 4.2: The square errors of the LBE estimates with different values of W and the MCMC
estimates with different sample sizes based on datasets simulated from the Change-Point
coefficient function

Interval Length 1 .5 .25

LBE

W SE

.004 4.67 1.73 .83

.005 3.87 1.27 .60

.008 2.64 1.04 .48

.01 2.32 .89 .42

.02 1.88 1.12 .55

.04 2.20 1.30 .64

.06 2.67 1.90 .95
1 3.56 2.31 1.15

MCMC

Sample Size SE Ŵ SE Ŵ SE Ŵ

100 .647 .0072 .795 .0068 .867 .0067
500 .717 .0072 .780 .0069 .625 .0070
1000 .792 .0077 .779 .0072 .660 .0069
5000 .830 .0075 .765 .0086 .653 .0064
9000 .817 .0074 .761 .0068 .662 .0068

*The survival time is simulated from the change-point function.

Table 4.2 also provides MCMC estimates of W , the variance of disturbance within one

year. For different interval divisions, the disturbance variance within one interval is estimated

first, then W is calculated as the estimated value divided by the length of interval. For

example, when the sample size is 100, .0072 is the original estimate for the interval length

equal to 1, and .0034 is the original estimate for the interval length equal to .5, then the

estimates of W are .0072 and .0034/.5 = .0068 for these two cases, respectively. Since Ŵ s

of the same row are quite close, it verifies that it is reasonable to define the variance of

disturbance of an interval as a linear function of the interval length.
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Table 4.3 compares MSEs of MCMC estimates with LBE estimates for all three types

of hazard functions. Each MCMC estimate is the mean of 500 consecutive samples with a

burn-in period of 500. Each estimate of MSE is the average of the SEs of different estimates

based on 20 simulated datasets. The interval length for the estimation is .25, that is, 4

intervals in total within each year. Each number in parenthesis is the standard deviations

of the square error based on 20 simulations.

Table 4.3: The MSEs of the LBE estimators with different values of W , the MSEs of the
MCMC estimators, and the MCMC estimates of W for the Linear, Change-Point, and Mixed-
Quadratic coefficient functions

Linear Change-Point Mixed-Quadratic

LBE

W MSE
.0008 1.919(1.144) 4.896(.844) 5.221(.541)
.001 1.779(1.125) 4.252(.826) 4.688(.573)
.002 1.450(1.083) 2.565(.744) 3.128(.661)
.004 1.282(1.066) 1.483(.635) 1.942(.699)
.005 1.256(1.065) 1.262(.599) 1.670(.697)
.008 1.235(1.066) .964(.531) 1.267(.670)
.01 1.239(1.066) .887(.503) 1.145(.652)
.02 1.293(1.067) .827(.446) .979(.590)
.04 1.409(1.066) .940(.421) 1.021(.542)
.06 1.513(1.069) 1.064(.418) 1.109(.523)
1 4.195(1.441) 3.920(.705) 3.431(.769)

MCMC

Linear 1.217(1.374)
Unrestricted 1.783(1.194) .998(.544) 1.512(.828)

Ŵ .0011(.00067) .0072(.0014) .0068(.0013)

All the 20 datasets used for the estimations in Table 4.3 are generated with the

approximation method with interval length of .025, which means there are totally 1600

intervals within 40 years. From the table, we can see that all the MCMC estimates of W

are larger than those values of W corresponding to the least MSE given by LBE, and the

MSEs of the MCMC method are larger than those of LBE with specification of W in a quite

large range. For example, the MSE of MCMC is larger than those of LBE for W within .001

to .06 for the linear hazard function, from .008 to .04 for the change-point hazard function
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and from .008 to .06 for the Mixed-Quadratic function. Figure 4.15 shows the relationship

between the MSEs of LBE minus the corresponding MSEs of MCMC estimation versus the

value of W used for LBE. In each plot, the vertical dash line gives the value of W estimated

with the MCMC method. Any point on the zero line(y = 0) means LBE performs as well

as MCMC with the the corresponding W value, any point below the zero line means LBE

performs better than MCMC, otherwise MCMC is better. For each hazard function, we can

see that overall LBE performs better than MCMC with W within a noticeable range. From

the figure, we can also see that the vertical line in each plot crosses those curves at locations

close to the zero lines. This result tells us that the LBE method performs equally well as the

MCMC method when W is specified as the same value estimated by the MCMC method

Figure 4.15: The difference between the MSEs of the LBE estimators and the MCMC
estimators for Linear, Change-Point, and Mixed-Quadratic coefficient functions

As to individual simulation, MCMC performs better than LBE with all values of W

for 5 out of the 20 datasets simulated from the linear hazard function, 3 out of the 20
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datasets simulated from the Change-Point hazard function, and none from the mixed-

quadratic hazard function. Figure 4.16 shows the distribution of the square errors of the

LBE estimates minus the square errors of the corresponding MCMC estimates. Each plot

shows the result based on 10 simulated datasets (It is hard to see the details if all 20 studies

are shown together.). When W is 1, most of the values are greater than 0, which means

MCMC performs better than LBE. To show the details in a better way, Figure 4.16 omits

those cases of W = 1. From Figure 4.16, we can see that most points for W within .004 to

.06 are below linea y = 0, which means overall LBE performs better than MCMC for W in

that range. The vertical line in each plot denotes the value of Ŵ estimated with the MCMC

process. This means that the MCMC estimate of W tends to be smaller than the optimal

W .

Figure 4.16: The difference between the square errors of the LBE and MCMC estimates for
10 simulated datasets from each coefficient function

According to the simulation results, although specification of W is a disadvantage of LBE

method, LBE performs better than MCMC within a noticeable large range of W . Roughly

speaking, these ranges are quite close to those obtained visually in Section 4.2, and all

the mid-points selected in Section 4.2 are within the range of W that provides better LBE
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estimates than MCMC. Moreover, LBE is easy to implement and fast to obtain results and

allows finer and unequally-spaced intervals. In conclusion, we believe that the LBE method

performs better than the MCMC method for our study goals.
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CHAPTER 5

Application

In this Chapter we will examine the time-varying effect in the aging setting, use Bayesian

Dynamic Survival Models to describe time-varying relationships between mortality and risk

factors and interpret the results. We will compare our results with those analyses found in

the literature that were mostly based on contingency tables or fixed coefficients models.

In Section 5.1, a proportional hazards model including age, SBP, smoking, and gender

as covariates is estimated, but we will show that the Proportional Hazards Assumption is

violated. Then, the LBE method will be used to fit a Bayesian Dynamic Survival Model to

the data. Because the relationship between BMI and all-cause mortality has been studied

extensively in the literature and various results have been found, we will focus on BMI in

Section 5.2 with age, SBP, smoking, and gender controlled. The difference between males and

females in terms of the relationship between BMI and all-cause mortality is investigated. In

the last section, 5.3, our results based on the Framingham Study are compared with analyses

based on some other studies. According to the results from our study, we believe that time-

varying relationships are not unusual in the aging setting, and some part of the heterogeneity

in the results found in the literature may be ascribed to the use of traditional epidemiologic

methods, which ignore time-varying effects, to describe relationships that vary with time.

5.1 A Time-Varying Coefficient Model for the
Framingham Study

In previous sections we described the Bayesian Dynamic Survival Model, and examined

its performance. Now we will apply this model to the Framingham Study, examining

some classic problems from a different perspective. The event we are interested in is

all-cause mortality, and the covariates under consideration include gender, age, smoking
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status (yes/no), and SBP. Body weight will not be included in this model, but the relationship

between BMI and risk of death will be discussed in detail in the following section. We will

use covariates measured at exam 4 of the Framingham Study in the model, which makes the

total sample size 4541 and the follow-up period about 36 years from exam 4 to exam 20.

The reason that we use exam 4 as the baseline is for convenience, because the dataset we

have with exact survival times happened to have only the measurements made at exam 4.

5.1.1 Test of the Proportional Hazards Assumption

First of all, we fit a Cox model to the survival data. The results in Table 5.1 shows that

all the estimated coefficients are highly significant. In the table, the coefficients for SBP

corresponds to every 10mmHg increment in SBP, and that of age corresponds to every 5

years increment in age.

Table 5.1: A fitted Proportional Hazards Model for all normal and overweight individuals
in the Framingham Study and the test of the Proportional Hazards Assumption

A Proportional Hazards Model

Variables Coef. Std. Err. z P > |z|

Male .546 .041 13.30 < 0.001

Age5 .454 .013 34.49 < 0.001

sbp10 .129 .009 15.04 < 0.001

Smoking .339 .041 8.18 < 0.001

Test of the Proportional Hazards Assumption

Variables rho chi2 df Prob > chi2

Male -.037 3.88 1 .0487

Age5 .070 14.70 1 .0001

Smoking .023 1.49 1 .2224

sbp10 -.058 11.58 1 .0016

The Proportional Hazards Assumption was tested with the scaled Schoenfeld residual and

the results are shown in the bottom half of Table 5.1. Only smoking satisfies the assumption,

and the coefficients of SBP and Age are significantly different from being constants based

on the p-values.
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5.1.2 The Dynamic Bayesian Survival Model

In this part, we first use the LBE method to fit a Bayesian Dynamic Survival Model for the

Framingham Study. The event is all-cause mortality, and covariates under consideration are

gender, age, smoking, and SBP. All of the coefficients of those covariates that violate the

Proportional Hazards Assumption in Table 5.1 and the intercept β0 ( the log of the baseline

hazard λ0 ) are allowed to change with time. The intervals are defined by all unique death

times to obtain a smooth function for each covariate. With this interval division, the lengths

of intervals are unequal. The variance of disturbance for each covariate is specified in terms

of one unit of time. For the intercept(log λ0), SBP (10mmHg), age(5 year), smoking, and

male, the variances within 1 year are chosen to be .03, .0002, .0004, 0 , and .01, respectively,

based on the method discussed in Chapter 4.

Figure 5.1: The LBE estimates and 95% point-wise confidence intervals of the time-varying
coefficient functions for the Framingham Study

The dashed horizontal line in each plot of Figure 5.1 (except that for the intercept) is the

estimated coefficient of the same covariate in the corresponding Proportional Hazards Model.

The coefficient for age corresponds to a 5-year age difference, and the coefficient for SBP
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is for a 10mmHg SBP change. From these plots, we can see that the coefficient functions

for the intercept and age increase with time, while those of male and SBP decrease with

time. There is roughly a linear increasing trend in the estimated age coefficient function,

and a roughly linear decreasing trend for SBP. For gender, the trend is also decreasing,

but it is not linear. It seems there is a decreasing trend for the first 10 years, then it

levels out (slightly increasing in the plot) for 10 years, then starts decreasing again. As to

the intercept function, it increases over time, but the trend is nonlinear. The coefficient

function of smoking in this model is constant and the estimated value is .339, quite close

to the estimate of .346 obtained in the Proportional Hazards Model. Figure 5.1 also shows

that the estimates from a Proportional Hazards Model look like a weighted average of the

time-varying coefficients.

Table 5.2: A fitted Cox model with linear time-varying coefficient functions

Variables Coef. Std. Err. z P > |z|

Main Effect

Male .703 .098 7.15 < 0.0001

Age5 .345 .032 10.89 < 0.0001

Smoking .339 .042 8.17 < 0.0001

sbp10 .185 .019 9.84 < 0.0001

Linear Trend

Male -.0071 .00426 -1.67 0.094

Age5 .0053 .00141 3.75 < 0.001

sbp10 -.0029 .00089 -3.21 < 0.001

We also obtained estimates for the coefficient functions from the MCMC method with 36

equally-spaced intervals (each interval is a one year period). For the constant coefficient of

smoking, MCMC gives an estimate of .346 (the same as the Cox model in Table 5.1). The

coefficient plots of other covariates are presented in Figure 5.2. The estimated coefficient

function of age is similar to that of LBE, but those coefficients of SBP, male, and the intercept

are quite different and they are not significantly different from constant functions according

to the confidence bands. Plots of estimated coefficient functions in Figure 5.2 for SBP and

male are not consistent with the test result in Table 5.1, which shows time-varying effects
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Figure 5.2: The MCMC estimates and 95% confidence intervals of the time-varying coefficient
functions for the Framingham Study

for these two covariates.

With the method mentioned in Chapter 2, we can fit a time-varying coefficient model

with linear trends for age, SBP and Male. Table 5.2 shows the fitted model with linear

trends. The linear decreasing trends for the estimated coefficients of male and SBP, the

increasing trend for age coefficients are significant. The coefficient functions obtained with

this simple method are closer to the results obtained with the LBE method. We also notice

that the estimated coefficient for smoking is .339, which is the same as that of the LBE

estimate.

Overall, the results from the LBE method are consistent with the test of the Proportional

Hazards Assumption in 2.2.1. Comparatively, the MCMC method doesn’t give good
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estimates when there are 4 covariates with unrestricted coefficient functions.

5.2 BMI and All-Cause Mortality

We are particularly interested in the relationship between BMI and all-cause mortality,

because there are a lot of different results on this topic in the literature and some of them

are contradictory to each other. Examples include citing no association [9, 10, 11], a U-

shaped [12, 13], or a J-shaped [9, 10, 11, 14, 15, 16] relation, a direct association [17, 18, 19],

and even an inverse association [20].

5.2.1 Time-Dependent Analysis Result

Most traditional epidemiological methods use covariates measured at one time and events

within a certain follow-up period to do the analysis. Those measurements usually are made

at the baseline of the study and different studies may have quite different lengths of follow-

up. For covariates that change with time, such as BMI and SBP, it is inevitable to get

different results if measurements made at different times are applied for the same follow-up

period.

Figure 5.3 shows the coefficients and 95% pointwise confidence intervals of BMI in logistic

regression models used to model the risk of death in the last 10 years of the Framingham

Study. Only 1,706 individuals with all first 15 BMI measurements available and who survived

up to examination 16 are included in the analysis. There are totally 15 logistic regression

models because each model uses BMI measured at one of the first 15 exams as the covariate.

Age effect (all individuals are divided into three groups, 30-39,40-49 and 50-59, according to

their ages at the first exam) is controlled in all the logistic models.

Plots in Figure 5.3 clearly show similar downward trends for both males and females,

although the coefficients for males are mostly not significant. The downward trend tells us

that as the measurement time gets closer to the study period, the coefficient becomes smaller

and smaller. Most of the time, the coefficients are positive except for males when using the

last two measurements where the estimated coefficients are negative but not significantly

different from zero.

Since individuals for all 15 models are the same group of people, the analysis tells that

we can get different results from the study if measurements at different times are used. Also,
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Figure 5.3: The estimated coefficients and their 95% pointwise confidence intervals when
measurements made at different time points are used for one follow-up period.

if the measurement time is close enough to the follow-up period, an inverse relationship may

be observed for males.

Figure 5.4 shows the estimated coefficients of BMI measured at exam 1 in the logistic

models for the risk of death with different follow-up lengths. The study period varies from 6

years (3 exam periods) to 40 years (all 20 exam periods) after exam 1. The overall pattern

in each plot of Figure 5.4 shows the effect of BMI on mortality when the length of follow-up

increases while the measurements of covariate fixed. The age effect is also controlled in all the

models. Moreover, Figure 5.4 shows overall increasing patterns in the estimated coefficients

for both males and females, which means the coefficient increases if the length of follow-up

increases when the measurement time of covariates is fixed. The figure also shows that for

males, the coefficient is negative when the follow-up length is the shortest ( 6 years ).

As a further investigation of the follow-up length impact, we use the first 18 measurements

of BMI of the Framingham Study to fit 18 different logistic models for the risk of death within
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Figure 5.4: The estimated coefficients and their 95% pointwise confidence intervals when
different follow-up periods are used for measurements made at one time.

6 years right after the measurement time points. We would like to see whether it is true that

the coefficient of BMI tends to be negative when the risk factors are measured right before a

short follow-up period. Figure 5.5 shows the coefficient estimates and their 95% point-wise

confidence intervals, in which 15 out of the 18 fitted models have negative coefficients. This

result shows that using measurements made right before the follow-up period ( this type of

measurements are called the baseline measurements ) tends to result in a weaker positive

or inverse relationship if we use traditional analysis methods. It has been mentioned in

the literature about BMI and all-cause mortality that people loose large amount of weight

because of clinical or subclinical diseases before they die [67]. If that is the reason for

obtaining an inverse relationship using most the recent measurements, then measurements

made earlier may be better choices than the most recent ones. In the literature, some studies

used earlier measurements as well as current BMIs, some studies chose to drop earlier deaths

or deaths related to large amount of weight loss [21, 23] to get rid of the early death effect.
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Figure 5.5: The estimated coefficients and their 95% pointwise confidence intervals when the
most recent measurements and a short follow-up period are applied.

Based on the plots in Figure 5.3, 5.4, and 5.5, analysis results not only depend on

when the measurements are made but also on the lengths of follow-up. We expect that the

underlying hazards function for BMI actually increases with time, which cause the coefficient

to increase with the follow-up length and decrease as the measurement time gets close to the

study period. For males, the coefficient of BMI in the hazard function with respect to death

may be negative when the follow-up length is short. We will verify these using the Bayesian

Dynamic Linear Model.

5.2.2 A time-varying relationship

If the relationship between BMI and death actually changes with time, it is inevitable

that we will get different results if we use traditional methods to studies with different

length of follow-up. If the underlying relationship is nonlinear, we may get different

shapes from different studies. Since the estimated coefficient function for gender is not
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constant based on the analysis in the previous section, we will fit separate models for males

and females. As usual, we first fit Proportional Hazards Models for males and females

separately and test the Proportional Hazards Assumption for each model. All the covariates

considered in the previous section are controlled in the models for BMI. Furthermore, 90

underweight (BMI < 19) individuals are excluded from the study, so that we can consider

only the linear term of BMI in the models.

Table 5.3: A fitted Proportional Hazards Model for males with BMI≥19 and the test of the
Proportional Hazards Assumption.

A Proportional Hazards Model

Variables Coef. Std. Err. z P > |z|

Age5 .451 .018 24.85 < 0.001

sbp10 .141 .014 9.99 < 0.001

Smoking .352 .061 5.81 < 0.001

BMI .003 .009 .33 .745

Test of the Proportional Hazards Assumption

Variables rho chi2 df Prob > chi2

Age5 .058 4.77 1 .029

sbp10 -.133 27.29 1 < 0.0001

Smoking .056 4.33 1 .037

BMI .089 13.05 1 .0003

Global Test 36.24 4 < 0.0001

1979 observations and 1373 deaths

Table 5.3 shows the fitted model and test results for males. The test of the Proportional

Hazards Assumption for BMI is highly significant although the coefficient is not significant

(it is positive and significant if SBP is dropped from the model). Table 5.4 presents the

fitted model and test result for females. The coefficient of BMI is highly significant, but the

test of Proportional Hazards Assumption for BMI is a borderline case with a p-value of .081.

Based on the test results, Bayesian Dynamic Survival Models for both genders are

estimated with the LBE Method. Figure 5.6 shows the time-varying coefficient functions

for males except BMI. It seems that the baseline hazard for males doesn’t change with time,
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Table 5.4: A fitted Proportional Hazards Model for females with BMI≥19 and the test of
the Proportional Hazards Assumption.

Proportional Hazards Model

Variables Coef. Std. Err. z P > |z|

Age5 .457 .020 22.82 < 0.001

sbp10 .108 .012 8.70 < 0.001

Smoking .346 .060 5.79 < 0.001

BMI .02 .006 3.17 .002

Test of Proportional Hazards Assumption

Variables rho chi2 df Prob > chi2

Age5 .087 11.05 1 .001

sbp10 -.042 2.60 1 .107

Smoking .014 .25 1 .619

BMI .046 3.05 1 .081

Global Test 14.08 4 .007

2457 observations and 1339 deaths

and coefficient functions of age and sbp are similar to those in Figure 5.1. As to the coefficient

of smoking, it increases for the first 5 and the last 6-7 years, and it is quite stable within the

period in-between.

Figure 5.7 shows the coefficient function of BMI for males. As we expected, the coefficient

of BMI consistently increases over time. Although BMI is not significant in the Proportional

Hazards Model (Table 5.3), it is significantly negative for the first 10 years. The negative

coefficients for BMI means higher BMI related to lower risk, which differs from most results

found in the literature. But in our analysis, this result is consistent with what we obtained

with logistic regression models in the earlier part of this chapter.

Results for females are shown in Figures 5.8 and 5.9. We can see that the baseline

hazard slightly increases with time, which is different from that of males. The difference

between males and females can explain why the coefficient function for male in the overall

model decreases with time. The trends for SBP and Age coefficient functions for females

are similar to those of males. Because the coefficient of smoking satisfies the Proportional
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Figure 5.6: The estimated time-varying coefficient functions for males based on the Bayesian
Dynamic Survival Model.

Figure 5.7: The estimated time-varying coefficient function of BMI for males based on the
Bayesian Dynamic Survival Model.
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Figure 5.8: The estimated estimated time-varying coefficient function for females based on
the Bayesian Dynamic Survival Model.

Figure 5.9: The estimated time-varying coefficient function of BMI for females based on the
Bayesian Dynamic Survival Model.
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Hazards Assumption, a constant coefficient function is estimated and the estimate .325 is

close to .346 in the proportional hazards model. As to BMI, the coefficient function is

also increasing. Although the estimated coefficient is negative at the beginning, it is not

significantly different from 0.

5.3 Discussion

According to our study, relationships between mortality and risk factors, such as body weight

and death, blood pressure and death, seem to change with time. The consequence of using a

fixed coefficients model to describe a time-varying relationship is that different results may

be observed if different lengths of follow-up are used, as shown in Figure 5.4. For coefficient

functions that do not switch signs (always positive or negative), such as those of SBP and

age in the Framingham Study, changing the length of follow-up will give us the same type of

relationships but likely different values. As to coefficient functions that vary from negative

to positive or from positive to negative over time, such as BMI in the Framingham Study,

changing the length of follow-up not only changes the values of the coefficients, but also

may change the type of the relationship that we will get, such as negative, positive, or no

relationship. For example, we will get a significantly negative BMI effect for males if we

use a shorter length of follow-up, and no relationship if we use all 36 years of follow-up (see

Table 5.3). If we drop early deaths as other researchers did in the literature [21, 23], we

could get a significantly positive relationship. Without enough underweight observations,

we could not study the likely curvature relationship between BMI and all-cause mortality

within the whole range of BMI. Our results in this study give a possible explanation why

there are even opposite results in the literature.

The Framingham Study is one of the best studies available for our study goal because

of its sample size, complete survival information, and extensive measurements of covariates.

But with a single study, the result we obtained could be seriously biased. To verify our

conclusions, we did some simple analysis based on other studies and found results that are

consistent with those based on the Framingham Study.

There are 26 studies from all over the world in the Diverse Population Collaboration

Group Study, where BMI, age, smoking status, and SBP information is available. For each

study, we fit a Proportional Hazards Model with covariates gender, age, SBP, and smoking

status and test the Proportional Hazards Assumption for each covariate. Among the 26
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studies, 6 studies support the time-varying effects of male and SBP (p-value of the test of

Proportional Hazards Assumption < .05), 4 studies support that of age, and 3 studies support

that of smoking. If we add BMI into the model and drop all underweight individuals, 6

studies support the time-varying effect of BMI. If we separate males and females into different

cohorts, 11 out of 72 cohorts support the time-varying effect of BMI, 8 of them are males,

3 are females. There are another 4 male cohorts and 2 female cohorts that are borderline

cases(.05 < P-value < .1). This result doesn’t suggest that time-varying relationships are

common in the aging setting, but it does tell us that these covariates sometimes could have

a time-varying effect, and the effect of BMI is stronger for males than for females, which is

consistent with our analysis results.

In the literature about the relationship between BMI and all-cause mortality, nadirs of

BMI are often reported, that is, the values of BMI that correspond to the minimum risk of

death. In one of our projects based on 72 cohorts of the Diverse Population Collaboration

Group, we examined the linear or nonlinear relationship between BMI and all-cause mortality

with proportional hazards models. Other covariates under consideration are age, smoking

status( current smoker, ever smoker and nonsmoker). Among these 72 cohorts, 49 cohorts

support nonlinear relationships. We estimated the BMI nadir for each cohort that support

a quadratic relationship.

Figure 5.10 shows the estimate of the BMI nadir versus the follow-up length of each

cohort. It is obvious that there is a downward trend for males as the follow-up length

increases, and no obvious trend for females. If we use Meta Regression to model the estimates

of nadir with gender (male= 1, female= 0), mean age of each cohort, and follow-up length

as covariates, the coefficient for the follow-up length is significantly negative for males but

not for females. Because individuals in these 49 cohorts are totally different, the shift of

BMI nadir with the follow-up length basically tells that the relationship between BMI and

death for males changes with time, which is consistent with our conclusion based on the

Framingham study, that is, the time varying effect is stronger for males than for females.
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Figure 5.10: The estimates of the BMI Nadir for mortality versus the follow-up length based
on 49 cohorts
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CHAPTER 6

Future Work

In this study, we examined the Bayesian Dynamic Survival Model, a time-varying coefficient

survival model from the Bayesian prospective, and its applications in the aging setting.

The hazard function of a Bayesian Dynamic Survival Model described in this study is

specified to have the following form:

log{λ(t)} = x
′

β(t) , x = (1, x1, x2, . . . , xp)
′

, (6.1)

where β(t) is a vector of coefficient functions of time instead of a vector of constants as

in a regular fixed coefficients model. All time-varying coefficient functions in a Bayesian

Dynamic Survival Model are assumed to be piece-wise constant functions over a time grid

τ = {t0, t1, . . . , tN}, and the prior structure of the vector of coefficient functions β(t) is

defined by a so-called system equation

βj = Gjβj−1 + ωj, ωj ∼ N [0, W j], j = 2, 3, . . . , N, (6.2)

where Gj is called the transition matrix and W j is called the variance of system distur-

bance ωj.

Two estimation approaches for the Bayesian Dynamic Survival Models were discussed;

one is the Linear Bayesian Estimation (LBE) method, the other one is the Markov Chain

Monte Carlo (MCMC) method. With a simulation study, we examined and compared the

performances of these two methods under various conditions, and proposed suggestions on

how to apply these methods to real datasets. Moreover, we applied the Bayesian Dynamic

Survival Models to the Framingham Heart Study to examine the effects of risk factors such

as gender, smoking, age, blood pressure, and BMI, with respect to all-cause mortality. We

compared the results from our study with those found in the literature, and suggested that
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some of the heterogeneity found in the literature may be explained by the time-varying effect.

We believe the relationships studied often in the literature by fixed coefficient methods may

indeed change with time, and ignoring time-varying effects may cause different studies to

get different or even contradictory results due to their differences in the follow-up length.

In the future, we would like to continue this research from several directions.

6.1 Model Extension

In this dissertation, we used a simple form of Bayesian Dynamic Survival Models to describe

the time-varying relationships between risk factors and mortality. This type of models can

be extended from the following aspects:

6.1.1 Time-Varying Covariates

In the aging setting, many covariates, such as body weight, blood pressure, and cholesterol,

change with time, but traditional epidemiology analysis methods use only one single

measurement, usually made at the beginning of studies, for each covariate. Under the model

setting of using a single measurement of each covariate, individuals entering a study with

similar characteristics are assumed to have the same risk, no matter what happened before or

will happen in the future. Methods accommodating time-varying covariates are remedies to

such problems, but fixed coefficients are usually assumed for those methods. As we discussed

in Chapter 2, work done by Truett and Sorlie [27], Wu and Ware [29], Wu [28] intended to

take both time-varying covariates and time-varying coefficients into consideration, but their

methods are not satisfying for application purpose due to limitations of those methods when

applied to aging datasets (see Chapter 2). What is the difference between the time-varying

coefficients models and models that allow time-varying covariates or repeated measurements?

how are they related? which one works better for a specific situation, for example, BMI and

mortality? More important, can we take both time-varying coefficients and covariates into

the Bayesian Dynamic Survival Models?

With time-varying covariates, the model in Equation (6.1) will be:

log{λ(t)} = x
′

(t)β(t), (6.3)
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where x(t) is a vector of covariates as functions of time instead of constants. Joint

modeling of longitudinal data and survival time with a nonparametric smoother has been

investigated by many studies. In the future, we would like to extend the Dynamic Survival

Models in this direction and apply them to real situations. We are interested in knowing the

difference between results obtained with the extended Bayesian Dynamic Survival Models

and those obtained with time-varying coefficients models and fixed coefficients models.

6.1.2 Adaptive Variance of the System Disturbance

In this study, we used a single variance rate W for each covariate for all the time intervals,

which assumes the variability is constant during the whole follow-up period. According to

our simulation study in Chapter 4, the estimates obtained with this method show different

variability with time, for example, the estimates of the change-point hazard function (see

Figure 4.5). For nonparametric smoothing, the application of adaptive bandwidths has been

studied. We believe that using adaptive W can also improve those estimates with different

variability within the follow-up time.

6.2 Model Comparison

In Chapter 2, we also mentioned other time-varying coefficients survival models, such as the

extended Cox model and Aalen’s additive model. The Bayesian Dynamic Survival Model

and the extended Cox model are comparable because both are multiplicative so that the

interpretations of their coefficients are similar. Many estimation approaches have been

proposed for the extended Cox model, mostly are nonparametric smoothing techniques.

For a Cox model with time-varying coefficients as

λ(t|x) = λ0(t) exp(x
′

β(t)),

the estimate of β(t) is often referred as the one that maximizes the penalized partial

likelihood (details about this function is Chapter 2):

J(β1 . . . βp) = l(β1 . . . βp, Y ) −
1

2

p
∑

j=1

λj

∫

[β
′′

j (t)]2dt.

Zucker and Karr [41] studied the mathematical properties of this model and showed that

the solution is a cubic spline with knots at the unique failure times. Other nonparametric
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smoothing methods such as a kernel or locally weighted running smoother, or an exponen-

tially weighted moving average are applied for estimating time-varying coefficients of the Cox

model. For example, Tian, Zucker and Wei [43] proposed an estimation procedure for the Cox

model with time-varying coefficients based on a kernel-weighted partial likelihood approach.

Scheike and Zhang [44] combine Cox and Aalen’s additive model to allow flexibility for some

of the coefficients.

There are some other approaches that estimate the coefficients as piecewise constant

functions. Gray pointed out that cubic splines maximizing penalized partial likelihood tend

to be unstable in the right tail of the distribution because the data tends to be sparse there

due to the censoring [42], and proposed that piecewise constant models have advantages in

computation speed and complexity over continuous-spline functions [40]. For a piecewise

constant coefficients model, the penalty term becomes

p
∑

j=1

1

2
λj

M+1
∑

k=2

(βjk − βj,k−1)
2,

where M is the number of knots defined for the coefficient function. Another piecewise

constant time-varying coefficients modeling approach is a tree-based approach proposed by

Xu and Adak [45]. The tree method approximates the time-varying regression effects as

piecewise constants and is designed to estimate change points in the regression parameters.

This method is not as flexible as spline method since the number of split points will be

small, but it was claimed to be more suitable for clinical interpretation of the regression

parameters.

In this dissertation, we have examined how well the Dynamic Bayesian approach performs

compared with the proportional hazards model and parametric approaches for time-varying

coefficients models. In the future, we would like to compare this model with nonparametric,

semiparametric, and other time-varying coefficients modeling approaches, especially those

methods that estimate time-varying coefficients as piecewise constant functions.

6.3 Application

In this study, we used the Bayesian Dynamic Survival Model to investigate the time-varying

effects of age, blood pressure, body weight, and smoking on mortality. Our results show

significant time-varying effects for some of the covariates, part of which are consistent with
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results from other studies. In epidemiological literature, time-varying coefficient models are

not commonly used. We believe there are a lot of more applied topics, especially in the aging

setting, that need further investigations from the perspective of time-varying effects.

6.3.1 BDSMs for other types of death or diseases

Some evidence has been offered to support that the impact of risk factors of heart diseases

changes with time. A variable association between serum cholesterol level and Coronary

Heart Disease (CHD) by age was noted previously in men from MRFIT [1], the Whitehall

Study [2], men and women from the Framingham Heart Study [3, 4], and in the Chicago

Heart Association Detection Project [5]. An age-blood pressure interaction was reported in

men in the MRFIT, and systolic blood pressure (SBP) may be a better predictor of death

due to CHD in older men than diastolic blood pressure (DBP) [1]. SBP was a significant

predictor of CHD in participants 65 years and older in some studies [6], but not in others [7].

Some studies also shown possible effects of body weight on incidence or death of some specific

diseases, such as heart problem [10] and cancer[22].

In this dissertation, we focused on estimating time-varying coefficient functions for

modeling all-cause mortality, which includes cases that have nothing to do with blood

pressure, smoking or body weight. We would like to investigate whether there are time-

varying effects of these risk factors with respect to incidence or death of some specific diseases,

such as cancer, CHD (Coronary Heart Disease) or CVD (Cardiovascular Disease).

6.3.2 A nonlinear function of BMI

In the literature about BMI and CHD or mortality, most studies support a U-shaped or J-

shaped relationship, which suggests a nonlinear relationship between BMI and risk of death

or CHD disease. In out study, we dropped underweight individuals and included only linear

BMI term in the model to keep the model simple. In the future, we would like to explore

the nonlinear and time-varying coefficient function for BMI to cover the whole BMI range.

It is likely that the nonlinear relationship of BMI is asymmetric, which means the coefficient

function is not simply quadratic. To model a coefficient as a varying function of two different

factors are much more complicated than that of one factor. Based on some transformation,

there is a comparatively simple way to model the BMI coefficient as a function of both time

and BMI itself.
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As we pointed out in section 2.1.1, discriminant function analysis of a binary outcome

corresponding to two groups of individuals with a covariate normally distributed, is equiv-

alent to a logistic regression model with a linear or quadratic coefficient function of that

covariate. If these two groups have different means but equal variance of the covariate, the

coefficient function is linear; if both means and variances are different, then the coefficient

function is quadratic [30]. Although the distribution of BMI is usually not normal, the

distribution of its reciprocal, Lean BMI (LBMI = 1/BMI), is often approximately normal,

so that a quadratic coefficient function of LBMI is appropriate [68] to differentiate these two

groups.

We will use a link function including both linear and quadratic terms of LBMI and fit a

Bayesian Dynamic Survival Model allowing one or both coefficients to change with time. If

this method works, we would be able to not only capture the nonlinear coefficient function

of BMI, but also show how the nonlinear function of BMI evolves with time. We believe

that result may explain more about the various results found in the literature.
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