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ABSTRACT

This dissertation includes the application of analysis-of-variance (ANOVA) expansions

to analyze solutions of parameter dependent partial differential equations and the analysis

and finite element approximations of the Stokes equations with stochastic forcing terms.

In the first part of the dissertation, the impact of parameter dependent boundary

conditions on the solutions of a class of nonlinear PDEs is considered. Based on the

ANOVA expansions of functionals of the solutions, the effects of different parameter

sampling methods on the accuracy of surrogate optimization approaches to PDE constrained

optimization is considered. The effects of the smoothness of the functional and the

nonlinearity in the PDE on the decay of the higher-order ANOVA terms are studied. The

concept of effective dimensions is used to determine the accuracy of the truncated ANOVA

expansions. Demonstrations are given to show that whenever truncated ANOVA expansions

of functionals provide accurate approximations, optimizers found through a simple surrogate

optimization strategy are also relatively accurate. The effects of several parameter sampling

strategies on the accuracy of the surrogate optimization method are also considered; it

is found that for this sparse sampling application, the Latin hypercube sampling method

has advantages over other well-known sampling methods. Although most of the results are

presented and discussed in the context of surrogate optimization problems, they also apply to

other settings such as stochastic ensemble methods and reduced-order modeling for nonlinear

PDEs.

In the second part of the dissertation, we study the numerical analysis of the Stokes

equations driven by a stochastic process. The random processes we use are white noise,

colored noise and the homogeneous Gaussian process. When the process is white noise,

we deal with the singularity of matrix Green’s functions in the form of mild solutions with
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the aid of the theory of distributions. We develop finite element methods to solve the

stochastic Stokes equations. In the 2D and 3D cases, we derive error estimates for the

approximate solutions. The results of numerical experiments are provided in the 2D case

that demonstrate the algorithm and convergence rates. On the other hand, the singularity

of the matrix Green’s functions necessitates the use of the homogeneous Gaussian process.

In the framework of theory of abstract Wiener spaces, the stochastic integrals with respect

to the homogeneous Gaussian process can be defined on a larger space than L2. With some

conditions on the density function in the definition of the homogeneous Gaussian process,

the matrix Green’s functions have well defined integrals. We have studied the probability

properties of this kind of integral and simulated discretized colored noise.
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CHAPTER 1

General Introduction

The great increases in computational hardware, technology and science of the last decades

have allowed for the modeling and analysis of problems that were once impossible to consider.

When dealing with the approximation solutions of an optimal control problem, we may

use surrogate methods. People like to use surrogate methods because they are derivative

free and save computation time. It is not surprising that people want to use as few sampling

points as possible in order to reduce the dominant calculation of solutions of nonlinear PDEs.

On the other hand, of course, people still care about the accuracy of the solution; they hope

the approximate minimizers and state functions are useful, in other words, the more accurate,

the better. Then, with accuracy in mind, how to choose the sparse sampling points used to

build the surrogate functions, how to choose the surrogate functions in the simplified optimal

control problems, or, surrogate optimal control problems, are what we want to study.

To deal with these topics, we use the method of analysis of variance (ANOVA). We

will be concerned with two issues, one is the ANOVA expansion of functional of solutions

in the optimal control problems, the other is the approximate solution of the optimal

control problems. We also use the concepts of effective dimension to describe the accuracy

of truncated ANOVA expansions. We provide the analysis of a perturbation property

of ANOVA expansions, that applies to nonlinear elliptic equations. Also we consider

an optimal control problem in which the constraints are boundary value problem with

parameters appearing in the boundary conditions. The numerical experiments reveal the

strong correlation between ANOVA patterns and the accuracy of surrogate optimization

methods. In the calculation of approximate solution of nonlinear PDEs, we use finite element

methods and Newton’s methods. The ANOVA can provide us guidance in choosing sampling

methods, surrogate functions and insight into function structures.
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In the second part of my dissertation, we study the Stokes equations driven by a random

force. In the field of partial differential equations, which have been the most powerful tool

to solve realistic problem of interest, people consider models where the PDE is subject

to random inputs, such as the boundary conditions, or coefficients, and a new and more

advanced way of applying and analyzing PDEs is opening up. With these random variables,

the PDEs become stochastic PDEs. The solutions of SPDEs, if they exist, are also random

variables, or random fields. The challenging problems in SPDEs attract more and more

people to these fields. These problems include the existence, uniqueness, probability property

and regularity of solutions, the calculation of statistics, such as, expected values and variances

of the solutions.

The Navier-Stokes equations play a fundamental role in science and engineering of fluids.

Also, the N-S equations are important in mathematical theory. The Stokes equations are

linearization of the N-S equations. Stochastic N-S equations are important in mathematical

theories and application. We would like to consider the Stochastic Stokes equations.

In the stochastic Stokes equations, we introduce a random process into the forcing term

in the equations. The random process we use is either white noise or colored noise, or

homogeneous Gaussian process. When we use white noise, we develop a finite element

method. In the 2D and 3D cases, we give the error estimate in the approximation solution.

Numerical results are provided in the 2D case. There is a large difference between white

noise and colored noise though we may view white noise as a kind of special case of colored

noise (in a limit sense) and we can treat them in similar ways in some situations.

The singularity of matrix Green’s functions leads us for the necessity of using the

homogeneous Gaussian process. In this way, the stochastic integrals with respect to the

homogeneous Gaussian process can be defined on a bigger space than L2 space. With

some conditions on the density function in the definition of homogeneous Gaussian process,

the matrix Green’s functions have well defined integrals against such processes. This kind

of stochastic integrals and the error estimates can be provided with more direct physical

meanings, while the integrals of matrix Green’s functions against white noise can be defined

in the sense of distributions, and the error estimation has to use a negative order Sobolev

norm. We have obtained some basic results about stochastic integrals of matrix Green’s

functions, and also the simulation of discretized the homogeneous Gaussian process. All

of these are a beginning of the research in the near future including the analysis of finite

2



element method approximation to stochastic Stokes equations with homogeneous Gaussian

process.
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CHAPTER 2

The ANOVA expansion and efficient sampling methods

for parameter dependent nonlinear PDEs

2.1 Introduction

The type of problems we consider requires the solutions of equations such as

F (u; ~α) = 0 , (2.1)

where ~α ∈ A ⊆ R
p is a vector of parameters, where A is some admissibility set. In particular,

we are interested in problems for which F (·; ~α) is a nonlinear partial differential operator.

The specific situation that interests us is one in which approximate solutions of problems

involving (2.1) are determined by using the solutions to the problems

F (u(j); ~α(j)) = 0 j = 1, . . . , N , (2.2)

where {~α(j)}N
j=1 are a chosen set of parameter values. We describe three such settings.

The first setting is ensemble approximations of solutions of (2.1) in case the components

of the parameter vector ~α ∈ A are random variables with given probability distributions.

From the known statistical information about the input parameters ~α = (α1, . . . , αp), one

is interested in obtaining statistical information about the solution u of (2.1). The most

direct means for accomplishing this task is to first choose particular values {~α(j)}N
j=1 for

the parameters, then solve the problems in (2.2), and then use those solutions to estimate

the statistics of the exact solution u. For example, we could find an approximation to the

expected value of u by simply averaging the solutions of the problems in (2.2), i.e.,

E(u) ≈ 1

N

N∑

j=1

u(j) . (2.3)
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The number of parameters pmay be large. Furthermore, to obtain an accurate approximation

through formulas such as (2.3), the number of sample points N has to be chosen very large.

On the other hand, solving the problems in (2.2) are expensive so that one wants to choose

N as small as possible. Thus, in this setting, we are interested in intelligent, dense sampling

in possibly high dimensions.

A second setting is the surrogate optimization of a functional. Here, we are given a

functional J (u) and are asked to find ~α∗ ∈ A and a corresponding u∗ that solve the problem

min
~α∈A

J (u) subject to F (u; ~α) = 0 , (2.4)

where A is a bounded subset of R
p. In this setting, u denotes the state variable, ~α the vector

of design parameters, and the constraint equation F (u; ~α) = 0 the state system. Note that

through the constraint, the functional J (u) is implicitly a function of the components of

the parameter vector ~α. A simple, derivative-free approach to finding approximate solutions

of the problem (2.4) is to first choose particular values {~α(j)}N
j=1 for the parameters, then

solve the problems in (2.2), and then use those solutions to evaluate the functional so that

one obtains, for j = 1, . . . , N , the values J (u(j)) corresponding to the parameter vectors

~α(j). One would then use this information to build, e.g., by a least-squares or interpolation

method, a surrogate function Jsur(~α) defined over the parameter subset A that can be used

as an approximation to J (u(~α)) over A. Finally, one would approximate the solution of the

optimization problem (2.4) by the parameter values that minimize the simpler functional

Jsur(~α), i.e.

~α∗ ≈ ~α∗
sur, where ~α∗

sur solves the problem min
~α∈A

Jsur(~α) . (2.5)

Building the surrogate functional requires the evaluation of the functional J (·) at the points

{~α(j)}N
j=1 sampled within the set A. In turn, evaluating the functional at the N parameter

points requires N solves of the constraint equation as in (2.2). Since the latter step involves

solving a nonlinear partial differential equation system, it dominates the overall computation;

thus, the constraint equation should be solved as few times as possible. Thus, we want to

sample only a “few” points in A, i.e., we want to sample sparsely. In addition, in practice,

p, the number of control parameters, may be large so that, for the surrogate optimization

problem, we are interested in intelligent, sparse sampling in possibly high dimensions.

The third setting is reduced-order modeling. We want to very quickly and/or very cheaply

solve (2.1) for many values of the parameter vector ~α ∈ A ⊆ R
p. We are willing to pay an

5



up-front cost for doing this that can then be amortized over many solves of (2.1). To this end,

we first choose particular values {~α(j)}N
j=1 for the parameters and then solve the problems in

(2.2). We can use those solutions in two ways. First, we can directly define an approximation

of the solution of (2.1) for any other value of ~α by

u(~α) ≈ urb(~α) =
N∑

j=1

cju
(j) , (2.6)

where the coefficients cj are determined, e.g., by a Galerkin method applied to (2.1) with

respect to theN -dimensional approximating space Urb = span{u(1), . . . , u(N)}. This describes

the reduced-basis method of [67, 69, 71] and, more recently, [3]. A second way to use the

solutions of the problems in (2.2) is to first process those solutions to remove redundant

information. Using the set of solutions {u(j)}N
j=1, one determines a smaller set of functions

{ũ(j)} eN
j=1, Ñ < N , and then defines an approximation of the solution of (2.1) for any other

value of ~α by

u(~α) ≈ urom(~α) =

eN∑

j=1

c̃jũ
(j) , (2.7)

where the coefficients c̃j can again be determined by a Galerkin method, but now with

respect to the Ñ -dimensional approximating space Ũrb = span{ũ(1), . . . , ũ( eN)}. Proper

orthogonal decomposition (POD) and centroidal Voronoi tessellations (CVT) provide two

methods for removing redundant information from the “snapshot set” {u(j)}N
j=1 of solutions

of (2.2) before they are used to solve the problem (2.1) cheaply and/or quickly; see

[38, 39, 53, 54, 70, 72, 73, 85] and [27, 19, 18, 20] for details about POD and CVT, respectively.

Building the reduced-order model again requires the solution of the constraint equation for

the sampled parameter points {~α(j)}N
j=1 so that, for the same reasons as those given for the

surrogate optimization setting, this application also requires intelligent, sparse sampling in

possibly high dimensions.

The first step in all the above processes, and therefore a crucial ingredient in making

sure that (2.3), (2.5), (2.6), or (2.7) define good approximations, is choosing the particular

parameter vectors {~α(j)}N
j=1. The specific choices made for these vectors not only greatly

affect the final outcome of the processes, but can also greatly affect the efficiency of the

processes. Making “bad” choices may necessitate using many more parameter vectors, i.e.,

increase the value of N , and thus lead to having to many more solves in (2.2). The focus of

6



this part of the dissertation is to highlight the need to intelligently sample parameter space in

applications such as the ones just sketched. In particular, we want to answer the question:

is there any guidance that can be given to determine which of the many available point

sampling methods one should use? To provide that guidance, we will consider the ANOVA

(Analysis of Variance) expansion of multivariate functions. Specifically we will consider the

following three aspects of the ANOVA approximation for the model problems.

• General approximation properties of ANOVA expansions for the solutions of partial

differential equation (2.1).

• Determine if only some of the variables are important for the evaluation of the cost

functionals in optimal control problems.

• Determine if lower order ANOVA effects dominate the values of the cost functionals.

We will use the simple Laplace equation with a nonlinear perturbation to address the

first issue and the effective dimension concept to address the last two issues. We will only

consider one of the settings (surrogate optimization) described above, but the conclusions

can be translated to the other settings. We will also only treat a simple model problem, but

the need for intelligent sampling would be even greater in more complicated settings. We will

even simplify things some more. We will assume that the parameter vector is constrained to

belong to a hypercube, that its components have no known bias or correlation so that we will

sample them uniformly and independently, and that they appear linearly in the definition of

the problem. Clearly, this work is only the beginning of what should be a much larger study

that encompasses more general and more realistic situations.

The problem of solving partial differential equations with uncertain input data has been

an active research area in the past few years. Here we mention the polynomial chaos spectral

method which also uses a series expansion ( e.g.,[47, 92, 93] ). However the polynomial

chaos method is mostly used to find numerical solutions of the underlying partial differential

equations while here ANOVA expansions are mainly used to find efficient sampling methods

for optimal control problems.

This chapter is organized as follows. In §2.2, we briefly discuss ANOVA expansions and

some of their properties and the concept of effective dimensions. In §2.3, we define the model

problem we use as a basis for our study of ANOVA expansions and sampling strategies. We

7



will study the approximation property of the ANOVA expansion for the model problem

with small nonlinear perturbations. Then, in §2.4, we examine the ANOVA expansions

of different types of functionals and their corresponding effective dimensions. In §2.5, we

examine the effect of different parameter sampling strategies on the accuracy of a simple

surrogate optimization method and how that accuracy relates to the ANOVA expansion of

functionals.

2.2 ANOVA expansions of multivariate functions and
effective dimensions

We review the ANOVA (Analysis of Variance) expansion of a function. It is important to note

that ANOVA expansions are exact and contain a finite number of terms, although truncations

of the expansion may provide good approximations with less terms. Our presentation is brief;

further details may be obtained from [46, 24].

Let P = {1, . . . , p}; for any set of (ordered) coordinate indices T ⊆ P , let t denote the

cardinality of T , let ~αT ∈ R
t denote the t-vector containing the components of the vector

~α ∈ R
s indexed by T , and let At

T denote the t-dimensional unit hypercube which is the

projection of the p-dimensional unit hypercube Ap onto the coordinates indexed by T . Any

function g ∈ L2(Ap) may be written as the ANOVA expansion

g(~α) = g0 +
∑

T⊆P

gT (~αT ), (2.8)

where the terms in the expansion are determined recursively by

gT (~αT ) =

∫

Ap\At
T

g(~α) d~αP\T −
∑

V ⊂T

gV (~αV ) − g0 (2.9)

starting with

g0 =

∫

Ap

g(~α) d~α.

Note that the integration in (2.9) is carried out over those coordinates having indices not

included in the set T and that the sum is over strict subsets of T . The total number of terms

in the expansion is 2p. Each term is, in general, a nonlinear function of its arguments.

We explicitly write out the first few terms in the expansion. We have that

gi(αi) =

∫

Ap−1

g(~α) d~α′ − g0 for i = 1, . . . , p,
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gij(αi, αj) =

∫

Ap−2

g(~α) d~α′′ − gi(αi) − gj(αj) − g0 for i < j, i, j = 1, . . . , p,

gijk(αi, αj, αk) =

∫

Ap−3

g(~α) d~α′′′ − gij(αi, αj) − gik(αi, αk) − gjk(αj, αk)

−gi(αi) − gj(αj) − gk(αk) − g0 for i < j < k, i, j, k = 1, . . . , p

and so on, where dα′ indicates integration over all coordinates except αi, dα
′′ indicates

integration over all coordinates except αi and αj, and so on.

The ANOVA expansion (2.8) has several remarkable and useful properties. A partial list

includes (see, e.g., [24] for details):

1. the expansion is exact and finite;

2. the term gT (~αT ) depends only on the coordinates with indices contained in T ; g0 is the

average of g(·) and is a constant;

3. the terms are mutually orthogonal, i.e.,

∫

As

g0gT (~αT ) d~α = 0

so that, since g0 is constant, for all T ⊆ S, gT (~αT ) has zero average, and

∫

As

gT (~αT )gV (~αV ) d~α = 0 whenever one or more of the indices in T and V differ;

note that this includes the cases for which the cardinality of the two index sets are the

same;

4. not only do the individual terms (other than g0) have zero averages, but

∫ 1

0

gT (~αT ) dαi = 0 for every i ∈ T ;

5. each term in the expansion is a projection, with respect to the L2(Ap) inner product,

of g(~α) onto a subspace of L2(Ap).

Since the nonlinear function gT (~αT ) is the unique term in the ANOVA expansion (2.8)

that depends on exactly the t variables indexed by T , it provides the effect within g(~α) of

the interplay between those t variables taken together.
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Instead of the Lebesgue measure on L2(Ap), an ANOVA expansion may be defined with

respect to other measures. For example, if instead the Dirac measure with respect to a fixed

point ~β ∈ Ap is used and if g(~α) ∈ C(Ap), we obtain the cut-HDMR expansion for which

gcut
0 = g(~β)

gcut
i (αi) = g(i)(~β;αi) − gcut

0 for i = 1, . . . , p

gcut
ij (αi, αj) = g(ij)(~β;αi, αj) − gcut

i (αi) − gcut
j (αj) − f cut

0 for i, j = 1, . . . , p, i < j

and so on, where

g(i)(~β;αi) = g(β1, . . . , βi−1, αi, βi+1, . . . , βd)

g(ij)(~β;αi, αj) = g(β1, . . . , βi−1, αi, βi+1, . . . , βj−1, αj, βj+1, . . . , βd)

and so on. Thus, the cut-HDMR expansion requires only function evaluations. See, e.g., [24]

for details.

The order of a term gT (~αT ) appearing in (2.8) is the cardinality t of the corresponding

set T . A truncated ANOVA expansion of order r is defined by

g(~α; r) = g0 +
∑

T⊆P, t≤r

gT (~αT ). (2.10)

ANOVA expansions are of great interest because, in many practical settings, g(~α; r) with

r < p provides a good approximation to g(~α). A truly remarkable feature of ANOVA

expansions is that the degree of approximation of a truncated ANOVA expansion is

independent of the measure used to define that expansion, i.e., if ‖g(~α; r) − g(~α)‖ = O(ǫ)

with respect to the norm associated with one measure, then the same is true with respect

to all other measures.

Let us examine some implications of being able to approximate well a multivariate

function by a short truncated ANOVA expansion. Recall that the term gT (~αT ) is only

a function of the coordinates having indices in T . Thus, if r < p, the function g(~α) that

depends on p variables can be approximated well by a sum of functions each of which depends

on at most r variables. The effect of the interplay between sets of more than r variables is

thus negligible. Such a happenstance has serious implications on how one samples parameter

space. For example, consider the simple quadrature rule

∫

Ap

g(~α) d~α ≈ 1

N

N∑

j=1

g(~α(j)), ~α(j) ∈ Ap for j = 1, . . . , N, (2.11)
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that is in widespread use for high-dimensional integration. We want to choose the integration

points ~α(j) ∈ Ap so that the approximation is as good as possible.

Now, suppose that g(~α) can be approximated very well by a first-order truncated ANOVA

expansion, i.e., by a sum of univariate functions so that

g(~α) = g0 +

p∑

i=1

gi(αi) +O(ǫ)

with ǫ < 1. Then, we have that (2.11) reduces to

∫

Ap

g(~α) d~α ≈ g0 +

p∑

i=1

( 1

N

N∑

j=1

gi(α
(j)
i )
)

(2.12)

so that the p-dimensional quadrature rule (2.11) effectively reduces to a sum of p one-

dimensional quadrature rules. Thus, the accuracy of the quadrature rule (2.11) is determined

by how accurate one can do the implied one-dimensional quadratures in (2.12). As an

example of how naive choices for the sampling points can have disastrous effects, choose

N = N̂p for some positive integer N̂ and choose the quadrature points ~α(j) ∈ Ap to lie on a

Cartesian grid in Ap. Then, if ~α(bj), ĵ = 1, . . . , N̂ , denote the points of the grid along a main

diagonal on Ap, we have that

∫

Ap

g(~α) d~α ≈ g0 +

p∑

i=1

( 1

N̂

bN∑

j=1

gi(α
(bj)
i )
)
. (2.13)

Thus, although we are using the N -point quadrature rule (2.11), we are effectively only

getting the accuracy of a N̂ = N1/p quadrature rule!

How can one make sure that the N -point quadrature rule (2.11) gives us what we think

we are getting, i.e., the accuracy of a N -point rule, even if the integrand g(~α) happens to be

approximated well by a truncated ANOVA expansion of order one? This issue can be well

addressed by the concept of effective dimension. The concept was first introduced in [66].

Here we adopt the notations in [90] to introduce the concept and some properties relevant

to our interest.

Let T be a subset of P and σ2(g) denote the variance of g. Then σ2(g) =
∑

T⊂P σ
2
T (g)

where σ2
T (g) =

∫
Cd [gT (x)]2dx for |T | > 0. The variance corresponding to T is defined as

DT =
∑

v⊆T

σ2
v(gT ).
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The total-effect variance corresponding to T is defined by

Dtot
T =

∑

v∩T 6=φ

σ2
v(g) = σ2(g) −DP−T .

The total-effect variance Dtot
T characterizes the total contribution of the variable XT to the

variance of g, it includes the pure effect DT as well as all the effects due to its interactions

with others.

Definition 1. The effective dimension of g in the superposition sense (or superposition

dimension in short) is the smallest integer ds such that

∑

0<|T |≤ds

σ2
T (g) ≥ pσ2(g)

where p is the proportion with 0 < p < 1 ( p is taken to be close to 1).

Definition 2. The effective dimension of g in the truncation sense (or truncation

dimension) is the smallest integer dt such that

D{1,··· ,dt} ≥ pσ2(g).

Define the normalized approximation error as

Err(g, h) =
1

σ2(g)

∫

Cd

[g(x) − h(x)]2dx

The following theorem is concerned with the approximation property of the ANOVA

expansion.

Theorem [90] Assume that f(x) has superposition dimension ds in proposition p. Let

h(x) =
∑

|T |≤ds
gT (x). Then

Err(g, h) ≤ (1 − p).

In §2.4 we will calculate the effective dimensions of the cost function for our model

problem and demonstrate that second order ANOVA expansions provide excellent approxi-

mations.

From (2.13), we see that what we need is for the projections of the quadrature points

~α(bj) onto one-dimensional faces of Ap are well distributed. For the Cartesian grid, these

projections occupy only N̂ distinct points, each of which is the projection of N̂p−1 of the

quadrature points.
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The situation, i.e., the fact that functions often can be approximated well by short

truncated ANOVA expansions, illustrates the need for sample points to have good projections

onto lower-dimensional faces of the hypercubeAp. This need motivates the large body of work

on the development of intelligent sampling strategies. In fact, high-dimensional integration is

the prime example driving that work so that the greatest interest and most of the algorithms

and analysis have been directed at sampling many points in high-dimensional hypercubes.

Our own interest is more along the lines of sparse sampling in possibly high dimensions,

a situation for which most of the results for dense sampling are not applicable. Thus, we

will examine, though some computational experiments based on a simple model problem,

intelligent sparse parameter sampling strategies.

2.3 The model problem and the approximation
property of ANOVA expansions for small

perturbations

In this section we describe a model problem and its ANOVA expansion. Specifically we

are interested in the approximation property of the truncated ANOVA expansions for the

solution of a Laplace equation with small nonlinear perturbation.

Let Ω ⊂ R
2 be a bounded open set with boundary ∂Ω; we assume that ∂Ω ∈ C1 or is

convex Lipschitz. Assume that Γ0,Γ1,Γ2 ⊂ ∂Ω such that Γ0 ∪Γ1 ∪Γ2 = ∂Ω and Γi ∩Γj = ∅.
We consider the following boundary value problem for the unkown function u:





−∆u+ ǫf(u) = 0 in Ω,

u = 0 on Γ0,

u =
m∑

i=1

αiφi on Γ1,

∂u

∂n
=

p∑

i=m+1

αiφi on Γ2,

(2.14)

where f(u) is a given function of u, φi are functions defined along the boundary segments

Γ1 and Γ2 as appropriate, and αi for i = 1, · · · p are parameters. Obviously, the solution u

depends on the parameters αi. We are interested in optimal control problems in which one

seeks optimal states u and optimal parameters {αi}p
i=1 such that a cost functional such as

J (u) =

∫

Ω

w(u) dΩ (2.15)
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is minimized, where w(u) is a given function of u. In this setting, u is the state variable, the

αi’s are the controls or design variables, and (2.14) is the constraint. We assume throughout

that the αi’s are uncorrelated. Clearly, since for any set of controls {αi}p
i=1, we may solve

(2.14) for u, we may consider J (u) to be a function of those parameters.

We assume that the parameters ~α = {αi}p
i=1 are constrained to lie in a box which, without

loss of generality, we take to be the unit hypercube Ap in R
p. We will build a surrogate for

J (·) as described in §2.1: we sample points within the parameter hypercube; we solve the

model problem (2.14) using the sampled parameters as inputs; we use the solutions of (2.14)

to evaluate the functional J (·); using that data, we build a response surface and then use

the minimizer of that surrogate as the approximation of the minimizer of J (·).
To complete the above surrogate optimization recipe, one must choose what kind of

response surface to use, e.g., linear or quadratic polynomials or some other approximations;

what method is used to build that surface, e.g., interpolation or least-squares approximation

or something else; and even before these, one must choose the points in parameter space

that are used to evaluate the functional. The latter step is the focus of this chapter. The

approximation property of the ANOVA expansion will play a key role in the choices of the

points in parameter spaces. Here we will examine the approximation property of the ANOVA

expansion in terms of the perturbation parameter ǫ in (2.14)

First we view (2.14) as a perturbation of the linear problem

− ∆v = 0 in Ω, v|Γ1 = 0,
∂v

∂n

∣∣∣
Γ2

=

p∑

j=1

αjgj. (2.16)

Note that (2.16) is linear with respect to both the unknown v and the parameters αj. Also

the linear ANOVA expansion for (2.16) is the exactly the same as the solution v. In the

following theorem we assume that the solution of these two problems are “close” and then

conclude that a truncated ANOVA expansion is a good approximation of the solution of the

nonlinear problem (2.14).

Theorem 2.3.1 Assume that the solutions u and v of (2.14) and (2.16) satisfy

‖u‖H1(Ω) ≤M1 and ‖u− v‖L2(Ω) ≤M2ǫ (2.17)

for some positive constants M1 and M2 whose values are independent of αj, j = 1, . . . , p.
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Let

u(~α; 1) = u0 +

p∑

j=1

uj(αj)

denote the ANOVA expansion of u of order 1. Then, there exists a positive constant M

whose value is also independent of αj, j = 1, . . . , p, such that

‖u− u(~α; 1)‖L2(Ω) ≤ ǫM.

Proof: Let v(~α; 1) = v0 +
∑p

j=1 vj(~αj) be the ANOVA expansion of v of order 1. It is easy

to verify that v = v(~α; 1). Thus,

‖u− u(~α; 1)‖L2(Ω) ≤ ‖u− v‖L2(Ω) + ‖u(~α; 1) − v(~α; 1)‖L2(Ω).

By (2.17) and the definitions of u0 and v0, we have that

‖u0 − v0‖L2(Ω) =
∥∥∥
∫ 1

0

· · ·
∫ 1

0

(u− v) dα1 · · · dαp

∥∥∥
L2(Ω)

≤
∫ 1

0

· · ·
∫ 1

0

‖u− v‖L2(Ω) dα1 · · · dαp ≤ ǫM2.

Similarly, we can prove that there exist constants c1, . . . , cp having values independent of

{αj}p
j=1 such that

‖uj − vj‖L2(Ω) ≤ ǫcj, j = 1, . . . , p.

Therefore,

‖u− u(~α; 1)‖L2(Ω) ≤ ǫM1 + ǫM2 +
n∑

j=1

ǫci = ǫM,

where M = M1 +M2 +
∑n

j=1 ci. �

Define H1
Γ1

(Ω) = {w ∈ H1(Ω) |w = 0 on Γ1}; we use the semi-norm ‖∇(·)‖L2(Ω) as

the norm on H1
Γ1

(Ω). We also define H−1
Γ1

(Ω) as the dual space of H1
Γ1

(Ω). The following

proposition provides a simple example of a problem for which (2.17) holds.

Proposition 2.3.2 In (2.14) and (2.16), let gj ∈ H−1/2(Γ2), j = 1, . . . , p and ‖f(u)‖H−1
Γ1

(Ω) ≤
C‖u‖H1(Ω) for u ∈ H1

Γ1
(Ω). Then, there exist positive constants ǫ1, M1, and M2 whose values

are independent of u, v, and αj, j = 1, . . . , p, such that, for ǫ < ǫ1, (2.17) holds.
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Proof: By Green’s formula, we have that

‖u‖2
H1(Ω) = (∇u,∇u) = −ǫ

(
f(u), u

)
+

∫

Γ2

∂u

∂n
u dΓ

≤ ǫC‖u‖2
H1(Ω) +

∥∥∥
∂u

∂n

∥∥∥
H−1/2(Γ2)

‖u‖H1(Ω)

≤ ǫC‖u‖2
H1(Ω) +

4

ǫ0

p∑

j=1

‖gj‖2
H−1/2(Γ2) + ǫ0‖u‖2

H1(Ω).

Choose ǫ0 and ǫ1 such that ǫ1C + ǫ0 < 1. Then, for ǫ < ǫ1, we have that

‖u‖H1(Ω) ≤

√√√√ 4

(1 − ǫ1C − ǫ0)ǫ0

p∑

j=1

‖gj‖2
H−1/2(Γ2)

= M1. (2.18)

Now, let w = u− v. We then have that

−∆w + ǫf(u) = 0 in Ω, w|Γ1 = 0,
∂w

∂n

∣∣∣
Γ2

= 0.

Thus,

‖w‖2
H1(Ω) = −ǫ

(
f(u), w

)
≤ ǫC‖u‖H1(Ω)‖w‖H1(Ω).

Then, (2.18) implies that

‖u− v‖H1(Ω) ≤ ‖w‖H1(Ω) ≤ ǫCM1 = ǫM2. �

2.4 The ANOVA expansions of and their effective
dimensions for cost functionals

The specific constraint system we consider for our computational examples is given by (2.14)

with Ω being the unit square, m = 2, p = 4, and

φ1(x, y) =

{
−16x(x− 0.5) if 0 ≤ x ≤ 0.5 and y = 1,
0 otherwise,

φ2(x, y) =

{
−16(x− 0.5)(x− 1.0) if 0.5 ≤ x ≤ 1.0 and y = 1,

0 otherwise,

φ3(x, y) =

{
−16x(x− 0.5) if 0 ≤ x ≤ 0.5 and y = 0,

0 otherwise,

φ4(x, y) =

{
−16(x− 0.5)(x− 1.0) if 0.5 ≤ x ≤ 1.0 and y = 0,

0 otherwise.
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Figure 2.1: The data configuration for the model problem used in the computational examples.

so that the boundary segments Γi, i = 0, 1, 2, and the data in the boundary conditions in

(2.14) have support as indicated in the sketch of Figure 2.1.

For the nonlinear term f(u) in the partial differential equation we consider the three

choices

f(u) = u2 or eu or
√

|u|. (2.19)

For the integrand w(u) of the functional J (u) we consider the three choices

w(u) = (u− û)2 or e(u−bu) or
√

|u− û|

respectively, where we choose û(x, y) = u({αi = 0.5}4
i=1), i.e., û(x, y) is the solution of the

problem (2.14) corresponding to the parameter values αi = 0.5, i = 1, . . . , 4.

For a given set of parameters {αi}4
i=1, the system (2.14) is discretized using standard,

continuous piecewise quadratic finite element functions defined with respect to a uniform

triangulation of the spatial domain into 648 triangles. Approximate solutions of (2.14)

obtained in this manner are accurate enough so that the discretization error is not a factor

in our consideration of ANOVA expansions. The resulting nonlinear discrete system is solved

by Newton’s method.

Two types of integrals enter into our determination of the ANOVA expansion of the cost
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functional J (u). We have to evaluate integrals such as
∫

A4−j

J
(
u(α1, α2, α3, α4)

)
d~α4−j for j = 0, . . . , 3,

where d~α4−j is the appropriate (4−j)-dimensional measure and here we view u as a function

of the parameters. We approximate this type of integral by tensor products (in parameter

space) of the classical four-point Gauss rule. To apply that rule, we have to evaluate J (·) at

each of the Gauss quadrature points; this itself requires the evaluation of the spatial integral
∫

Ω

w(u(x, y)) dΩ,

where we now view u as the approximate solution of (2.14) with the input parameter vector

~α chosen to correspond to a quadrature point in parameter space. This spatial integral is

approximated using a simple nodal quadrature rule over the finite element grid.

The results of the computational experiments are given in Table 2.1. The table lists both

the L2 errors of ANOVA expansions and the values of the effective dimensions. From that

table, one sees the general trend that the terms in the ANOVA expansion become smaller as

their order increases. In some cases, this trend is very dramatic. For example, for those cases

for which the functional integrand w(u) is smooth, the norms of the third and fourth-order

terms are less than 1% of that of the zeroth-order term, and for w(u) = e(u−bu), the same can

be said about the second-order terms. For the nondifferentiable case of w(u) =
√
|u− û|,

the decay of the ANOVA terms is much less pronounced.

In Table 2.1, pi represent the p values in the effective dimension for ds = 2 and pij, pijk,

i, j, k = 1, 2, 3, 4 represent the proportions for the truncation dimensions of the corresponding

variables. The effective dimension proportions in the truncation sense demonstrate that all

variables have significant effects. On the other hand, the effective dimension proportions

in the superposition sense indicate that the quadratic ANOVA expansions provide excellent

approximations for the evaluation of the cost function. Moreover, the data indicate that the

approximation is better for smooth cost functionals than for non-smooth cost functionals.

2.5 Sampling parameter space for building surrogate
functionals

We now consider the relation between the characteristics of the ANOVA expansions of the

cost functionals and the choice of sampling methods used to sample parameter space in a

surrogate optimization problem.
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Table 2.1: The ANOVA expansion terms and values of the effecitve dimensions.

w(u) = (u− û)2 w(u) = e(u− û w(u) =
√
|u− û|

f(u) f(u) f(u)

u2 eu
√

|u| u2 eu
√
|u| u2 eu

√
|u|

J0 3.81E-3 6.18E-3 6.37E-3 1.13E-1 1.14E-0 1.13E-0 1.71E-1 1.79E-1 1.89E-1

J1 1.54E-3 2.62E-3 2.70E-3 2.43E-2 2.40E-2 2.89E-2 1.49E-2 1.60E-2 1.71E-2

J2 1.54E-3 2.62E-3 2.70E-3 2.43E-2 2.40E-2 2.89E-2 1.49E-2 1.60E-2 1.71E-2

J3 1.65E-4 1.53E-4 1.39E-4 8.37E-3 3.23E-3 7.43E-3 5.75E-3 5.65E-3 5.52E-3

J4 1.67E-4 1.55E-4 1.41E-4 8.44E-3 3.27E-3 7.50E-3 5.83E-3 5.72E-3 5.60E-3

J12 1.13E-3 8.60E-4 9.94E-4 5.03E-4 3.92E-3 6.87E-4 2.17E-2 1.78E-2 2.03E-2

J13 2.32E-4 1.40E-4 1.71E-4 9.76E-5 2.09E-3 1.65E-4 7.68E-3 6.15E-3 6.76E-3

J14 2.20E-4 1.32E-4 1.61E-4 9.23E-5 1.92E-3 1.55E-4 6.63E-3 5.30E-3 5.69E-3

J23 2.18E-4 1.31E-4 1.59E-4 9.16E-5 1.91E-3 1.54E-4 6.57E-3 5.25E-3 5.63E-3

J24 2.34E-4 1.41E-4 1.72E-4 9.83E-5 2.11E-3 1.66E-4 7.74E-3 6.19E-3 6.81E-3

J34 2.43E-4 1.43E-4 1.91E-4 1.01E-4 2.48E-3 1.85E-4 9.34E-3 7.31E-3 8.62E-3

J123 2.38E-6 2.69E-5 8.85E-6 1.03E-6 4.18E-4 1.57E-5 2.76E-3 2.07E-3 2.41E-3

J124 2.40E-6 2.70E-5 8.92E-6 1.04E-6 4.23E-4 1.58E-5 2.79E-3 2.10E-3 2.44E-3

J134 1.58E-6 1.36E-5 6.60E-6 6.91E-7 4.14E-4 1.40E-5 2.27E-3 1.55E-3 1.93E-3

J234 1.58E-6 1.36E-5 6.60E-6 6.90E-7 4.14E-4 1.40E-5 2.26E-3 1.54E-3 1.93E-3

J1234 2.35E-8 6.59E-6 2.11E-6 1.92E-9 4.90E-4 6.38E-6 4.23E-3 3.22E-3 3.55E-3

q1 0.7569 0.9427 0.9279 0.9997 0.9681 0.9996 0.3875 0.5230 0.4895

q2 0.9999 0.9998 0.9999 0.9999 0.9992 0.9999 0.9669 0.9783 0.9759

q3 0.9999 0.9999 0.9999 1.0000 0.9998 0.9999 0.9864 0.9905 0.9904

p12 0.9497 0.9902 0.9882 0.8931 0.9634 0.9374 0.6938 0.7518 0.7547

p13 0.3869 0.4727 0.4658 0.4994 0.4876 0.4996 0.2381 0.2954 0.2790

p14 0.3862 0.4726 0.4656 0.5003 0.4872 0.5001 0.2275 0.2873 0.2696

p23 0.3859 0.4725 0.4656 0.4994 0.4870 0.4995 0.2261 0.2861 0.2684

p24 0.3872 0.4728 0.4659 0.5003 0.4879 0.5001 0.2395 0.2966 0.2802

p34 0.0180 0.0046 0.0048 0.1068 0.0225 0.0625 0.1170 0.1071 0.1031

p123 0.9700 0.9943 0.9929 0.9461 0.9788 0.9684 0.8021 0.8439 0.8407

p124 0.9704 0.9944 0.9930 0.9470 0.9791 0.9690 0.8042 0.8457 0.8425

p134 0.4083 0.4770 0.4710 0.5533 0.5047 0.5311 0.3673 0.4012 0.3863

p234 0.4083 0.4770 0.4710 0.5533 0.5047 0.5311 0.3674 0.4012 0.3863
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Consider the problem of minimizing the functional J (u) given in (2.15) subject to (2.14)

being satisfied. In the context of the concrete problem of §2.4, we will find an approximate

solution of the optimization problem by building a surrogate functional as described in §2.1.

The first step towards building a surrogate is to sample N points in A4. The goal of the

computational studies we report on in this section is to compare the effectiveness of several

strategies for sampling the parameter hypercube; we will, for instance, compare how well

the minimizer of the surrogate functional does at approximating the true minimizer of the

functional. We note again that in the context of surrogate optimization we are interested in

the (very) sparse sampling of the hypercube so that the large body of literature related to

sampling many points in hypercubes does not apply to our study.

The specific procedure we use to build the surrogate functional is as follows:

1. choose 15 points in the parameter hypercube A4;

2. solve, using a finite element method, the nonlinear partial differential equation problem

(2.14) for each of the parameter points chosen in step 1;

3. use the solutions obtained in step 2 to evaluate the functional (2.15) at each of the

parameter points obtained in step 1;

4. determine the quadratic polynomial in parameter space that interpolates the functional

values obtained in step 3 at the points obtained in step 1;

5. determine the minimum value, within A4, of the quadratic polynomial constructed in

step 4.

For step 1, we will use several sampling methods: random or Monte Carlo sampling (MC),

Latin hypercube sampling (LHS), Halton sampling (HAL), Hammersley sampling (HAM),

and centroidal Voronoi tessellation sampling (CVT). Brief descriptions of these methods are

given in the section 2.6.

For our computational results, steps 2 and 3 are carried out in the same way as described

in §2.4. We also use the concrete problem considered in that section where again we use the

three choices given in (2.19) for the nonlinear term f(u) in the partial differential equation

and the integrands w(u) = (u − û)2 and w(u) =
√

|u− û| in the functional (2.15). For the

target function û, we choose the solution of (2.14) for a specific choice ~α∗ of the parameters;
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then, for the choices we make for w(u), we know the functional J attains a minimum value

0 at ~α = ~α∗. In order to at least partially remove any statistical bias a single example

might have, we use ten randomly chosen values of ~α∗ to determine the average and worst

performance of each of the parameter sampling strategies.

For each sampling method, we respectively provide in Tables 2.2 and 2.3 the absolute

errors (averaged over ten realizations) in the location of the minimizer of the functional and

in the value of the functional at its minimizing point. Specifically, in Table 2.2, we provide the

average (over ten random choices for ~α∗) of |~α∗
sur−~α∗|, where ~α∗ denotes the minimizer of the

functional J and ~α∗
sur denotes the minimizer of the surrogate functional Jsur. In Table 2.3,

we provide the average (over ten random choices for ~α∗) of |Jsur(~α
∗
sur)−J (~α∗)| = |Jsur(~α

∗
sur)|,

where the last equality holds since, by construction, J (~α∗) = 0.

Table 2.2: Absolute error, averaged over 10 realizations, in the location of the minimizing
parameter point for each of the point sampling methods used in the surrogate construction.

w(u) = (u− û)2 w(u) = |u− û|1/2

sampling f(u) f(u)

method u2 eu |u|1/2 u2 eu |u|1/2

MC 0.036 0.018 0.086 0.556 0.566 0.574

LHS 0.021 0.012 0.035 0.378 0.427 0.380

HAL 0.032 0.022 0.081 0.601 0.634 0.670

HAM 0.064 0.040 0.172 0.447 0.447 0.441

CVT 0.067 0.026 0.069 0.436 0.433 0.436

From Tables 2.1–2.3, we see a strong correlation between the accuracy of truncated

ANOVA expansions of the functional and the accuracy of results obtained using surrogate

optimization. Specifically, for the case w(u) = |u − û|1/2, we see from Table 2.1 that

short ANOVA expansions are inaccurate and from Tables 2.2 and 2.3 that minimizing

points and minimum values of the surrogate functional are also inaccurate, compared to

the results obtained for the smooth integrand w(u) = (u − û)2. In fact, for the integrand

w(u) = |u − û|1/2, the minimizing points of the surrogate functionals are essentially useless

as approximations of the minimizing points of the given functional. We also see from Tables

2.2 and 2.3 that, for a particular choice for w(u), results are generally worse for the less
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Table 2.3: Absolute error, averaged over 10 realizations, in the minimum value of the
functionals for each of the point sampling methods used in the surrogate construction.

w(u) = (u− û)2 w(u) = |u− û|1/2

sampling f(u) f(u)

method u2 eu |u|1/2 u2 eu |u|1/2

MC 1.85E-5 7.87E-6 4.38E-5 0.052 0.051 0.052

LHS 9.75E-6 6.07E-6 2.12E-5 0.053 0.083 0.054

HAL 4.53E-5 2.35E-5 1.49E-4 0.457 0.448 0.447

HAM 6.36E-5 3.62E-5 1.84E-4 0.228 0.208 0.204

CVT 9.08E-5 3.39E-5 3.11E-4 0.289 0.256 0.234

smooth nonlinearity f(u) = |u|1/2 than for the other two, smoother nonlinearities; this is

again consistent with the relative accuracy of truncated ANOVA expansions as indicated in

Table 2.1.

From Tables 2.2–2.3, one can see that LHS and MC sampling strategies more often

than not do better than the other three strategies. In fact, for the smooth integrand

w(u) = (u− û)2, the relative performance of the five methods is

LHS < MC < HAL < HAM ≈ CVT,

where A<B indicates that strategy A is better that strategy B and A≈B indicates that

strategy A is about the same as strategy B. For the integrand w(u) = |u− û|1/2, the ordering

of strategies is less consistent, but the LHS and MC sampling strategies are again superior

to the other three.

The results provided in Tables 2.1–2.3 are interesting for at least two reasons. First, one

sees that parameter sampling strategies that are known to be better for some applications,

e.g., multidimensional integration, that involve sampling a large number of points are not

necessarily better in our setting which requires sparse sampling. For example, Halton

and Hammersley sampling were developed as improvements over Monte Carlo sampling

for multidimensional integration applications, but MC sampling seems to be more effective

in our setting. Second, given that we cannot use results about sampling strategies that

hold for a large number of sample points, we can use ANOVA expansions as a tool to
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provide guidance for evaluating sampling strategies when we want to sample just a few

points and for choosing the form of the surrogate functional. For example, when short

truncated ANOVA expansions provide good approximations to the functional, as is the case

with smooth integrands, one sees that quadratic surrogate functionals based on sampling 15

points provide good approximations. On the other hand, for cases where the terms in the

ANOVA expansion do not decay, poor approximations are obtained. It is likely that both

the number of sampling points must be increased and the form of the surrogate functional

must be changed in order to obtain better approximations in the latter case.

2.6 Methods for uniform sampling in hypercubes

We describe the procedures used in §2.5 for sampling the unit hypercube in parameter space

in order to obtain the values of the cost functional used in building surrogate functionals.

In addition to the methods described below, we also used uniform, random sampling, i.e.,

Monte Carlo sampling, within the hypercube.

Latin hypercube sampling. To obtain a Latin hypercube sample of N points in the

hypercube Ap, one first subdivides the hypercube into Np bins of equal size, then randomly

places one point within N randomly chosen bins with the following restriction: if one projects

the bins and points onto any one-dimensional face of the hypercube, then there will be exactly

one projected point within each projected interval. See, e.g., [68] for details.

Halton and Hammersley sampling. Halton samples are an example of quasi-Monte

Carlo sequences and are defined as follows. To generate a sample of N points in the unit

hypercube Ap ⊂ R
p, one first chooses p prime numbers s1, s2, ..., sp. Then, each integer

j = 1, . . . , N can be uniquely expressed in an expansion with respect to the base sk of the

form j =
∑

i≥0 bki(j)s
i
k, where bki(j) is the ith coefficient of j in the expansion. One then

lets

k
(k)
j =

∑

i≥0

bki(j)

si+1
k

for k = 1, . . . , p and j = 1, . . . , N.

The N -point Halton sequence of points in the hypercube generated by s1, . . . , sp is then

defined by

~αj = (k
(1)
j k

(2)
j · · · k

(p)
j )T for j = 1, . . . , N.
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The corresponding N Hammersley sample points are given by

~αj =
( j
N

k
(1)
j k

(2)
j · · · k

(p−1)
j

)T
for j = 1, . . . , N.

See, e.g., [43, 44, 68] for details.

Centroidal Voronoi tessellation sampling. Given an open set Ω ⊂ R
p, the set of open

subsets {Ωi}N
i=1 is called a tessellation of Ω if Ωi ∩ Ωj = ∅ for i 6= j and ∪N

i=1Ωi = Ω. Let

‖ · ‖ denote the Euclidean norm on R
p. Given a set of points {~αi}N

i=1 belonging to Ω, the

Voronoi region Ωi corresponding to the point ~αi is defined by

Ω̂i = {~β ∈ Ω | ‖~β − ~αi‖ < ‖~β − ~αj‖ for j = 1, . . . , N , j 6= i}.

The points {~αi}N
i=1 are called the generators, the set {Ω̂i}N

i=1 the Voronoi tessellation or

Voronoi diagram of Ω corresponding to those generators, and each Ω̂i the Voronoi region

corresponding to ~αi. The Voronoi regions are polyhedra.

Given a bounded region D ⊂ R
p and a density function ρ(·) defined on D, the center of

mass on centroid α of D is defined by

α =

∫

D

~βρ(~β) d~β
∫

D

ρ(~β) d~β
.

Given N points ~αi, i = 1, . . . , N , we can define their associated Voronoi regions Ω̂i,

i = 1, . . . , N . Then, for each Voronoi region Ω̂i, we can define the corresponding centroid

αi. In general, αi 6= ~αi, i.e., the generators of a Voronoi tessellation do not coincide with

the centers of mass of the Voronoi regions. The special situation for which αi = ~αi for

i = 1, . . . , N is referred as a centroidal Voronoi tessellation (CVT) of Ω. This situation is

quite special, so that CVTs must be constructed. Details about CVTs, including methods

for their construction, are given, e.g., in [27, 64].

In the context of this paper, CVT uniform point sampling refers to choosing the sample

points to be the generators of a centroidal Voronoi tessellation (with a constant density

function) of the unit hypercube Ap.
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CHAPTER 3

Review of Results for Stochastic PDEs

In this Chapter, we closely follow and often quote directly from [59, 61, 17, 56, 48].

3.1 Introduction to Numerical Stochastic PDEs

Recently, progress has been made on numerical analysis and simulations of SPDEs, including

stochastic Navier - Stokes equations, which are the equations governing the motion of an

incompressible viscous fluid ( cf., e.g. [1, 4, 6, 29, 9, 14, 15] and references therein).

In the following chapters, we study the numerical approximation to stochastic Stokes

equations with additive noises, white or colored. Stokes equations are the linearization of

Navier - Stokes equations. The finite element analysis of the stochastic Stokes equations

is less complete than the analysis of the deterministic Stokes equations. Up to now, much

work has been done on stochastic elliptic or parabolic equations as far as the finite element

method approximation of solutions is concerned, see [82, 11, 95, 96, 97, 88].

Numerical simulations play an very important role in studying SPDEs, especially in

engineering or practical problems where we need to know the impact of the uncertainty

or random input upon the solutions. For this reason, people have been developing quite

a few numerical methods for simulating SPDEs. Among these methods are the moment

equations method, probability density function(PDF) method, K-L expansions, polynomial

chaos, stochastic finite element methods, and lattice approximation.

The method of moment equations is to derive equations for the statistical moments. For

linear problems, it is trivial to obtain the equations which the expected values of solutions

satisfy. However, it is very difficult to obtain the equations about higher order moments for

nonlinear, quasilinear or even linear problems, see [81, 75].

The PDF method is, by its name, to study the probability density function of the
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random solution, which is done through the derivation of a Fokker-Planck equation. In

this method, the PDF is a function of the spatial-temporal variables as well as the state

variables for the random solution itself. This method provides a way to catch all detailed

statistical information of the random solutions. For nonlinear equations, in the building of the

Fokker- Planck equation for the PDF, one needs to calculate the derivatives of conditional

expectations [22, 28], which are usually difficult to approximate. Moreover, numerically

solving a Fokker-Planck equation for the PDF is not easy either. Therefore, the PDF method

is mainly used in theoretical analysis. Also, we need to point out that, in most cases, people

only need to know the most important statistics such as expected values and variances or

their integral values. In these cases, to solve Fokker-Planck equation is unnecessary. We

also know that a simple random input, like, Gaussian random variable, may result in very

complicated random variables as the output, which makes the PDF method very difficult to

apply with.

The Monte Carlo (MC) method has been the most popular numerical method in

simulating solutions of SPDEs [52]. The idea of MC simulations is to first sample the

randomness in the SPDEs, then, for each realization of the randomness, the SPDEs become

deterministic and can be solved by regular numerical methods. To estimate the statistics of

the random solutions, one needs to solve the SPDEs many times with different realizations

and compute the average values. One of the advantages of MC is that this method has

no direct relation to dimensions (at least theoretically). For this reason MC method is

very general and robust. Another advantage of MC is that MC is easy to implement, first

to produce random numbers by pseudo random number generators which will be used to

sample the random variables or random processes, then solve the deterministic PDEs, and

finally calculate the statistics of these solutions. The disadvantage of the MC method is that

the rate of convergence is low. Based on the law of large numbers, Monte Carlo averages

converge at the rate of 1√
n
, where n is the total number of realizations.

Many strategies have been developed to accelerate the rate of convergence of MC. Some

of the examples are quasi-Monte Carlo, important sampling, stratified sampling, see [57, 89].

These methods are very effective when they are used for integration. However, their

applications to SPDEs are very limited, since the distribution of the solutions of SPDEs,

especially nonlinear SPDEs, are unknown.

The above methods, such as, Monte Carlo simulation, stratified sampling, Latin hyper-
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cube sampling, can be classified as statistical approach. These methods involve sampling and

the estimation and their accuracy depend on the sample size. There are other methods for

stochastic partial differential equations which can be classified as non-statistical approach.

One of non-statistical methods is using polynomial chaos expansions which has been

received much attention in recent years. The polynomial chaos was originally developed by

the great mathematician Norbert Wiener [91] in 1938. The application of Wiener chaos (or

polynomial chaos) expansions into numerical approximation in SPDEs is largely due to the

original work by Ghanem and Spanos [34], where they designed a new numerical method for

solving elliptic equations with random coefficients. Using Karhunen-Loeve (K-L) expansion,

they first expand the random coefficients (a Gaussian field in space) as a series of Gaussian

random variables. Then the random solution was represented as a Hermite expansion of these

Gaussian random variables. By projecting solutions of the stochastic elliptic equations onto

the subspace composed of chosen random variables, a system of deterministic PDEs will be

decided. The process of projection by using inner product in probability space is in the frame

or spirit of finite element methods (FEM). This kind of finite element methods is different

from the ordinary FEM in that there is no finite element space related to partition in the

probability space. This method is called a stochastic finite element method. Ghanem et al.

further applied this method in different modeling problems, they also study the operation of

polynomial chaos expansions, see [5, 31, 33]. Recently, for modeling non-Gaussian processes,

the method of Fourier-Hermite expansions is also investigated [74, 32]. The approach of

Ghanem and Spanos for solving stochastic elliptic equations was further developed and

generalized by many other researchers, among them are Babuska et al. [83, 82, 6], Schwab

et al. [75, 76, 77] and Keese el al. [62, 50]. Xiu and Karniadakis generalize Hermite

polynomial expansions to include other orthogonal polynomials, see [94, 49, 80]. Zhang et

al. [98, 58] study the saturation flows in heterogeneous porous media by using polynomial

chaos expansion together with the moment perturbation method. For other applications, see

[7, 13, 81, 84, 59].

For most of SPDEs considered in the K-L expansion-based approach, the source of

the randomness is usually represented by a fixed number of random variables. This

assumption is introduced either directly, or via a truncated K-L expansion. The dimension

of the randomness source will not change in time. It is usually assumed that the source

of the randomness contains only a small number of random variables. In such cases,
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the polynomial chaos expansion based on K-L expansion provides powerful tools for the

uncertainty quantification analysis. On the other hand, if the decay of K-L expansion is

slow, then the K-L expansion based method may fail to capture the randomness correctly.

In this dissertation, we will assume that white noise and homogeneous Gaussian process

are the sources of randomness. Since white noise has Dirac delta covariance function, its

K-L expansion will diverge. For those reasons, the K-L expansion based polynomial chaos

method simply can not be applied to solve the Stokes equations with white noise as a forcing

term.

In [82, 51], the analysis based on the finite element method was successfully used on

SPDEs with random coefficients, using the tensor product between the deterministic and

random variable spaces. Numerical methods for SPDEs with white noise and Brownian

motion added to the forcing term have also been developed, analyzed, and tested by several

authors [23, 21, 45, 41, 97, 79, 78, 95].

The difficulty in the error analysis of finite element methods and general numerical

approximations for a SPDE is the lack of regularity of its solution. For instance, as shown

in [23], the required regularity conditions upon solutions are not satisfied for the original

SPDEs in the standard error estimates of finite element methods. To overcome this difficulty,

Allen et al. [23] and Du and Zhang [21] consider replacing Ẇ with its piecewise constant

approximation. Then the solution of the resulting SPDE has the desired regularity for the

error estimates of finite element methods for Ω = (a, b). Then we need to do next is to

compare the original SPDE with the resulting SPDE.

In this dissertation, we will use the above idea, and incorporate Monte Carlo into

finite element methods. That is, with the partition of the domain for the finite element

space, we can discrete noise into the finite sum of randomly piecewise constant functions,

after simulating all the random variables, finite element methods can be applied to the

deterministic Stokes equations.

In order to make comparison, we will use the mild form formulation of Stokes equations,

where matrix Green’s functions will be used in stochastic integrals. The lattice methods (see

[41, 42, 61]) can not be used here directly because there are more than one Green’s function

involved, therefore it is not practical to expand all these functions and then approximate

them by truncating.

The main difficulties for Stochastic Stokes equations are the singularity of matrix Green’s
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functions, especially the matrix Green’s functions for the pressure function in the solution

which are one more order singular than those for the velocity vector component functions in

the solution.

In the 2 − d and 3 − d cases, we may define the stochastic integrals with respect

to homogeneous Gaussian process in the same way as in [61], which lays its rigorous

mathematics reasoning on the theory of abstract Wiener space. See section 4.5. In 2−d and

3−d case, if we choose white noise as the forcing term, then we need to define the solution in a

special way. We can not define their stochastic integrals with respect to white noise directly,

since the matrix Green’s functions for the pressure function are not in L2 space. We use the

following strategy to overcome this difficulty, we note that the anti- derivatives of matrix

Green’s functions are in the L2 space. Therefore, we may define the stochastic integrals of

the anti- derivatives with respect to white noise. In this way, the pressure function can be

defined in the sense of distributions. Then the error estimations will be handled in H−1

space, see Chapter 4.

Though Stokes equations have close relations with elliptic equations, there is large

difference between Stokes equations and elliptic equations. When we apply finite element

methods to the resulting Stokes equations, the finite element space must be carefully chosen

in Stokes equations in order to get stability in the approximation (See [36, 40, 86, 10]).

3.2 Introduction to homogeneous Gaussian noise

It is widely recognized that stochastic partial differential equations (SPDEs) provide suitable

models for a great variety of applied problems in different fields, such as, engineering,

mathematical finance, some climate phenomena and oceanography. However, we will not

talk about the modeling topics involving stochastic processes or uncertainty. We will be

focused on mathematical aspects of the SPDEs theory instead.

In the context of the basic physics of fluid motions, Navier-Stokes equations, Euler

equations, Burgers equation etc. arise naturally, and they play a fundamental role in the

science and engineering of all varieties of fluid flow, from oceanic circulation to the flow

of water beneath the earth’s surface. The nonlinearity of the equations makes explicit

solutions possible only for the simplest of flows. The development of a more complete

understanding of these equations ranks among the most important outstanding problems of

modern mathematical physics.
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People have studied SPDEs from different points of view on so diverse topics. Of course,

the theory of SPDEs has been rooted in the theory of PDEs, probability and other math-

ematical branches, for more details, see [30, 25, 26, 35] and references therein. Nowadays,

theory and application of SPDEs have become an active research field. Specifically, we are

interested in stochastic Navier-Stokes equations, which are of importance in both theory and

application just like in the deterministic case. Since it is still such a difficult topic (see [63]),

we would like to start our study with the simple case: steady Stokes equations driven by

space correlated noise in 2d and 3d. That is, we consider the following equations:

− ν∆u+ ∇p = f + Ḟ in Ω, (3.1)

div(u) = 0 in Ω, (3.2)

u = 0 on ∂Ω, (3.3)

where Ω ⊂ R
d, d = 2, 3. This chapter is devoted to studying the theoretical and numerical

aspects of the above equations.

In this section, we will introduce some basic concepts of SPDEs as the background to

this topic.

Let D be a bounded domain in R
n with smooth boundary and assume k = 1, 2, 3. Let

λk denote the Lebesgue measure on D, and set H = L2(D,B(D), λk), where B(D) denotes

the Borel σ− field in D. Consider an isonormal Gaussian process W = {W (h), h ∈ H}
associated with H. That is, if we set W (A) = W (1A), then W = {W (h), A ∈ B(D)} is a

zero-mean Gaussian process with covariance

E(W (A)W (B)) = λk(A ∩B).

In [11], Buckdahn and Pardoux study the equation

− ∆U(x) + f(U(x)) = Ẇ , x ∈ D, (3.4)

U |∂D = 0. (3.5)

Let us first introduce the definition of the solution to (3.4) in the sense of distributions.
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Definition [11]. We will say that a continuous process U = {U(x), x ∈ D̄} that

vanishes on the boundary of D is a solution to ( 3.4 ) if

− < U,∆ϕ > + < f(U), ϕ >H=

∫

D

ϕ(x)W (dx)

for all ϕ ∈ C∞(D) with compact support.

We will denote by G(x, y) the Green’s function associated with the Laplace operator ∆,

that is, for any ϕ ∈ L2(D), the elliptic linear equation

− ∆ψ(x) = ϕ(x), x ∈ D (3.6)

ψ|∂D = 0 (3.7)

possesses a unique solution in Sobolev space H1
0 , which can be written as ψ(x) =

∫
D
G(x, y)ϕ(y)dy.

We recall that H1
0 denotes the completion of C∞

o (D) for Sobolev norm ‖ · ‖1,2 . We will

use the notation ψ(x) = Gϕ. Recall that G is a symmetric function such that G(x, .) is

harmonic in D − {x}.
One can easily show (see [11]) that U is a solution to elliptic equation (3.4) if and only

if it satisfies the integral equation

U(x) +

∫

D

G(x, y)f(U(y))dy =

∫

D

G(x, y)W (dy) (3.8)

Note that the right hand side of (3.8) is a well defined stochastic integral because the Green’s

function is square integrable. More precisely, we have supx∈D̄

∫
D
G2(x, y)dy <∞.

We will denote by U0 the solution of (3.4) for f = 0, that is U0(x) =
∫

D
G(x, y)W (dy).

Using Kolmogorov’s criterion one can show that the process {U0(x), x ∈ D} has Lipschtz

paths if k = 1, Hölder continuous paths of order 1− ǫ if k = 2, and Hölder continuous paths

of order 3
8
− ǫ if k = 3, for any ǫ > 0.

The following result was established by Buckdahn and Pardoux in [11] .

Theorem (see, [11]) Let D be a bounded domain of R
k, k = 1, 2, 3, with a smooth

boundary, let f be a continuous, nondecreasing function and locally bounded, then Eq.

(3.8) possesses a unique a.s. continuous solution on D̄.

In [11], the authors also discuss the parabolic equations with “space-time white noise”,

and obtain a similar result about the uniqueness.
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In dimension k > 3, the property supx∈D̄

∫
D
G2(x, y)dy < ∞ is no longer true. For this

reason, the stochastic integrals in the higher dimension spaces R
k, k ≥ 4 can not be defined

in the same way as in the cases of R
k, k = 1, 2, 3. Therefore, people will have to look for

other ways.

In his lectures in Saint-Flour [87], J.B. Walsh introduced the notions of martingale

measures and of stochastic integrals with respect to such martingale measures. These were

used to give rigorous meaning to SPDEs, primarily parabolic equations driven by space-time

white noise , also including the stochastic wave and heat equations. With this stochastic

integral, Walsh defines a mild solution of a SPDE by means of an evolution formulation of the

equation and obtains a solution taking values on the real line. Concerning the random noise,

it is known that if we are interested in SPDEs in one space dimension, we can consider random

perturbations given by the so called space-time white noise. However, for spatial dimension

strictly greater than one, if one still wants to have real-valued solutions of the equation,

some spatial correlation on the noise shall be required. That is, rather than considering

equations driven by white noise, one can consider noise with a spatial correlation and to find

the weakest possible conditions on this correlation that makes it possible to solve linear and

non-linear equations in the space of real-valued stochastic processes. This was first suggested

by Dalang and Frangos in [16] and Dalang in [17].

In [16], Dalang and Frangos, study the following equation in 2 − d:

∂2u

∂t2
(t, x) − ∆u(t, x) = a(t, x, u)Ḟ (x) + b(t, x, u), t > 0, x ∈ R

2,

where Ḟ (t, x) is Gaussian white noise that is white in time but has a nondegenerate spatial

covariance.

The above noise means that it is white in time but it has smooth spatial covariance, that

is, Ḟ (x) has a covariance of the following form:

E(Ḟ (t, x), Ḟ (s, y)) = δ(t− s)f(|x− y|). (3.9)

In this equation, δ(t) denotes the Dirac function. If f(r) = δ(r), then we will have a space-

time white noise, which has been extensively studied. In this case, one has f(0) = +∞
formally, f(r) is a generalized function. On the other hand, f(x) with greater regularity can

also be considered in order to smooth out the noise Ḟ (t, x). Furthermore, in many physical

and engineering applications, the space correlation may be much bigger than the the one in
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the time direction, then it is reasonable to approximate noise in space with colored noise

while approximating noise in time with white noise. In these cases, the models with white

noise can be improved when using colored noise of the above form to replace the white noise

(see [8, 65]).

To understand the meaning of (3.9), let us recall the meaning of Gaussian white noise.

For this, we need the concept of generalized derivative. Although the trajectories of Wiener

process are not differentiable, its generalized derivative exists. For a deterministic function

ω(t), w(0) = 0 and a smooth function g(t) with compact support, the derivative ω̇(t) is

defined symbolically by the following equation:
∫ ∞

0

g(t)ω̇(t)dt = −
∫ ∞

0

ġ(t)ω(t)dt

For a smooth ω(t), when ω̇(t) exists, the above formula is nothing but “integral by parts”

formula.

The generalized derivative ω̇(t) of Wiener process, defined similarly to integral by parts

with a smooth function g(t):

g(t)ω(t) =

∫ t

0

g(s)ω̇(s)ds+

∫ t

0

ġ(s)ω(s)ds

is called Gaussian white noise, then E(ω̇(t)ω̇(s)) = δ(t−s), and
∫ t

0
g(s)ω̇(s)ds is well defined

if only
∫ t

0
g2(s)ds <∞. Moreover, E

∫ t

0
g(s)ω̇(s)ds = 0, and E(

∫ t

0
g(s)ω̇(s)ds)2 =

∫ t

0
g2(s)ds.

The above integral
∫ t

0
g(s)ω̇(s)ds is actually the Ito’s integral

∫ t

0
g(s)dωs.

Now we return to formula (3.9). Let D(Rd+1) (where d is the dimension of space) be

the topological vector space of functions ϕ ∈ C∞
0 (Rd+1) with the topology that corresponds

to the following notion of convergence (see, [2]): ϕn → ϕ if and only if the following two

conditions hold:

1. There is a compact subset K of Rd+1 such that supp (ϕn − ϕ) ⊂ K, for all n.

2. limn→∞D
aϕn = Daϕ uniformly on K for each multi-index a.

Let F = (F (ϕ), ϕ ∈ D(Rd+1)) be an L2(Ω, F, P ) - valued mean zero Gaussian process

with covariance functional of the form (ϕ, ψ) 7→ E(F (ϕ)F (ψ)) = J(ϕ, ψ), where return

J(ϕ, ψ) =

∫

Rd

∫

Rd

ϕ(x)f(x− y)ψ(y)dxdy, (3.10)

and f : Rd → R+ is continuous on (Rd\{0}). The formula E(F (ϕ)F (ψ)) = J(ϕ, ψ) gives

the rigorous meaning of (3.9).
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The fact that (3.10) is to be a covariance functional imposes certain requirements on f .

Indeed, in order that there exist a Gaussian process with the covariance functional in (3.10) ,

it is necessary and sufficient that the functional J(·, ·) be non-negative definite. This implies

that f is symmetric (f(x) = f(−x), for all x ∈ Rd), and is equivalent to the existence of

a nonnegative tempered measure µ on Rd whose Fourier transform is f . More precisely, let

S(Rd) denote the Schwarz space of rapidly decreasing C∞ test functions, and for ϕ ∈ S(Rd),

let Fϕ denote the Fourier transform of ϕ,

Fϕ =

∫
exp(−2iπξ·x)ϕ(x)dx.

The relation between µ and f is, by definition of the Fourier transform on the space

S ′(Rd) of tempered distributions, that for all ϕ ∈ S(Rd),
∫
f(x)ϕ(x)dx =

∫
Fϕ(ξ)µ(dξ).

Furthermore, there is an integer l ≥ 1 such that
∫

Rd

(1 + |x|2)−lµ(dξ) ≤ ∞, (3.11)

where |ξ| denotes the Euclidean norm of ξ ∈ R
d.

Elementary properties of convolution and Fourier transform show that for all ϕ, ψ ∈
S(Rd),

∫

Rd

dx

∫

Rd

dyϕ(x)f(x− y)ψ(y) =

∫
dxf(x)(ϕ ⋆ ψ̃)(x) (3.12)

=

∫
µ(dx)FϕFψ(ξ). (3.13)

In this formula, ψ̃ is the function defined by ψ̃(x) = ψ(−x), and z̃ is the complex conjugate

of z. We note in passing that f , as the Fourier transform of a tempered measure, also defines

a tempered measure: f is locally integrable and satisfies a growth condition analogous to

(3.11).

An interesting example of Gaussian random field is given by f(r) = r−α, r > 0 with

0 < α < 2.

In [16], Dalang and Frangos show that (F (ϕ) : ϕ ∈ D(R3) has a version with values in

D′(R3) and then in the case of a ≡ 1 (or linear case), they answer the question when the

distribution-valued random variable u is giving by a real valued stochastic process.
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In [61, 60], Martinez and Sanz-Solé study the stochastic boundary value problem of

elliptic type:

∆u− f(u(x)) = g(x) + Ḟ (x), for x ∈ D (3.14)

u(x)|∂D = 0, (3.15)

where D = (0, 1)d, d ≥ 4, and Ḟ (x) is the colored noise. They first introduce the concept of

colored noise Ḟ (x), which we will use in the stochastic Stokes equations.

Let ϕ be the density of non-negative measure on R
d which is non-negative definite and

tempered. We consider a centered Gaussian process F (ψ), indexed by the space D(Rd) of

Schwartz test functions, with covariance function

E(F (ψ1), F (ψ2)) =

∫

Rd

∫

Rd

ψ1(x)ϕ(x− y)ψ2(y)dxdy, (3.16)

where ψ1, ψ2 ∈ D(Rd), defined on some probability space (Ω,F, P ).

Let H denote the completion of the inner product space consisting of functions ϕ ∈ D(Rd)

endowed with the inner product

< ψ1, ψ2 >H=

∫

Rd

∫

Rd

ψ1(x)ϕ(x− y)ψ2(y)dxdy.

The space H is the reproducing kernel Hilbert space corresponding to F. By classical results

on abstract Wiener spaces, h ∈ H 7→ F (h) defines a linear continuous functional that satisfies

(3.16). Thus, the stochastic integral term in the mild form is well defined as long as we prove

that the integrand function belongs to H.

We will be concerned with the Eqs (3.1)—(3.3). Compared with the above equations

people have studied, the steady Stokes equations involve unknown velocity u(x) and pressure

p(x). We all know that the Stokes equations are very different from the boundary value

elliptic problems in that the former one has an additional condition on u(x): divergence

free, and the equations involve another unknown function p(x). These differences render it a

challenge to answer the questions related to Eqs (3.1)-(3.3) from the viewpoints of stochastic

analysis and numerical approximation.

In Eqs (3.1)—(3.3), Ω is a bounded domain, and we will take it as particular domain,

like square in 2-d only when we do numerical approximation. u is the velocity of the fluid

flow, p is the pressure and Ḟ (x) is colored noise which is specially defined as above. We
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also want to point out that these topics we choose can be taken as a part of a larger issue:

stochastic Navier-Stokes equations driven by colored noise. We will talk more about this in

section (5.2).

The stochastic mild solution of Eqs (3.1)-(3.3) is the integral representation for p and u

by using matrix Green’s functions:

ui(x) =

∫

Ω

Gi,j(x, y)fj(y)dy +

∫

Ω

Gi,j(x, y)Ḟj(y)dy, (3.17)

p(x) =

∫

Ω

rj(x, y)fj(y)dy +

∫

Ω

rj(x, y)Ḟj(y)dy, (3.18)

where Gi,j and rj are matrix Green’s functions which will be given in next section.

As to Green’s functions, the property of L2 is important, if it is of L2, then it has two

important consequences: firstly, suppose GD(x, y) is of L2, that is,
∫

D
G2

D(x, y)dy < ∞, for

x ∈ D, then (
∫

D
GD(x, y)Ḟ (y)dy, x ∈ D) defines a Gaussian process when Ḟ is a white noise

; secondly, one can work with the Fourier series of GD when F is white noise. As to 2 − d

or 3 − d steady Stokes equations, their Green’s functions rj(x, .) are not in L2 , hence we

cannot directly define the stochastic integrals of these Green’s functions with respect to white

noise. In Chapter 4, we define the solution in the sense of distributions. In this chapter, we

will take another strategy to deal with the singularity of matrix Green’s functions, we will

intrduce the homogeneous Gaussian process to replace white noise as forcing term in Stokes

equations. As we have pointed out that we have practical reasons to use colored noise in

physical applications.

3.3 Green’s functions

3.3.1 Steady Stokes equations

As to Stokes problem (3.1)—(3.3) without stochastic term Ḟ , the matrix Green’s function

Gi,j for the interior Stokes problem (3.1)—(3.3), has the following forms (see [56]):

Gi,j = uj
i (x, y) − gj

i (x, y), (3.19)

rj(x, y) = qj(x, y) − gj(x, y), (3.20)

where uj
i and qj are fundamental solutions of the problem defined by formulas (3.32) in 2-d

case or “Lorentz formulas ” in 3-d case giving in the following formulas:
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uk
j (x, y) = − 1

8π

[
−δk

j

|x− y| +
(xj − yj)(xk − yk)

|x− y|3

]
, (3.21)

qk(x, y) = − xk − yk

4π|x− y|3 , (3.22)

and gj
i (x, y) and gj(x, y) are defined as the solution of the Stokes problem:

∆xg
j
i (x, y) =

∂

∂xi

gj(x, y) in Ω, (3.23)

∂

∂xi

gj
i (x, y) = 0 in Ω, (3.24)

gj
i (x, y)|x∈S = uj

i (x, y)|x ∈ S (3.25)

For y lying inside S, the function gj
i and gj are analytic functions of x in Ω, which

are continuous up to S. Their smoothness in the neighborhood of S is determined by the

smoothness of the surface S. We will talk more on the function gj
i and gj in next section.

The solution u(x) and p(x) of the nonhomogeneous system with zero boundary values is

giving by the following formulas:

ui(x) =

∫

Ω

Gi,j(x, y)fj(y)dy, (3.26)

p(x) =

∫

Ω

rj(x, y)fj(y)dy. (3.27)

3.3.2 Homogeneous Steady Stokes equations

In this section, we closely follow the notations in [48]. The two-dimensional flow of viscous

fluids at small Reynolds number is based on the assumption that the inertial forces are small

and may be neglected in comparison with the viscous forces. Consequently we may drop the

inertia terms from the Navier-Stokes equations, and if the problem under consideration is

concerned with steady-state flows then ∂v
∂t

≡ 0. (In this section, we will change the notations

a little bit, we will use v, uk to denote the velocity, and uk
i the component of uk.) Thus

the basic equations governing steady- state flows at low Reynolds number are the Stokes

equations and the continuity equation, which in a non-dimensional form can be written as

∇2v = ∇p or vi,jj = p,i in Ω, (3.28)
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and

∇ · v = 0 or vi,i = 0 in Ω, (3.29)

where the dimensionless quantities v and p denote the fluid velocity and the associated

pressure, respectively.

The Stokes equations (3.28) and (3.29) can be transformed into an equivalent set of

boundary integral equations ( [56] ), namely

η(x)vk(x) = −
∫

∂Ω

uk
i (x, y)hi(y)ds+

∫

∂Ω

T ′
ij(u

k(x, y)yvi(y)nj(y))ds, (3.30)

where x ∈ Ω̄ = Ω ∪ ∂Ω, k = 1, 2

p(x) = −
∫

∂Ω

qk(x, y)Tkj(v)ηj(y)ds− 2

∫

∂Ω

qk
,jvk(y)nj(y)ds, x ∈ Ω, (3.31)

where

1. η(x) = 1 if x ∈ Ω, and is equal to the ratio of the angle between the tangents on either

side of the point x and 2π if x ∈ ∂Ω;

2. uk(x, y) and qk(x, y) denote the fundamental solutions of the two-dimensional Stokes

equations (Eqs. 3.28 and 3.29) and are defined by the following formulas:

uk(x, y) = − 1

4π
[−δikln(r) +

rirk

r2
], (3.32)

qk(x, y) = − rk

2πr2
, (3.33)

where δik is the Kronecker delta symbol, x = (x1, x2), y = (y1, y2), ri = xi − yi and

r = |x− y| =
√
riri;

3. Tkj(v) and T ′
ij(u

k) denote the stress tensors and are defined by

Tkj(v) = −δkjp+ vk,j + vj,k, (3.34)

T ′
ij(u

k) = −δijqk + uk
i,j + uk

j,i, (3.35)

where the subscript y on T ′
ij(u

k) indicates that the differentiation of T ′
ij in Eq. (3.32) is

performed with respect to y;

4. n = (n1, n2) are the components of the outward normal at the point y ∈ ∂Ω;

5. the stress force components hi are defined by

fi(y) = Tkj(v)nj(y). (3.36)
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Now, using Eqs. (3.32)-(3.36), we can rewrite Eqs. (3.30 ) and (3.31) as

η(x)vk(x) = −
∫

∂Ω

uk
i (x, y)hi(y)ds+

∫

∂Ω

Kkj(x, y)vi(y)ds, x ∈ Ω̄, (3.37)

p(x) = −
∫

∂Ω

qk(x, y)hk(y)ds+

∫

∂Ω

Lk(x, y)vk(y)ds, x ∈ Ω, (3.38)

where

Kki(x, y) = −rkrirj

πr4
nj = −(xk − yk)(xi − yi)(xj − yj)

πr4
nj, (3.39)

Lk(x, y) = −2qk
.jnj =

1

π

[
nk

r2
− 2rkrj

r4
nj

]
. (3.40)

On using Eqs. (3.37) and (3.38), the fluid velocity v and the pressure p can be determined

at any point in Ω, provided that both the stress vector h and the fluid velocity v are known

at all points on the boundary ∂Ω. Unfortunately, in most practical situations, h and v are

not simultaneously prescribed at all such points. However, if either h or v is known on the

boundary ∂Ω, then we can obtain the other quantity by using Eq. (3.37).

We will use the above integral representation to study Eqs (3.23)—(3.25), especially the

Hölder continuity property in whole domain Ω̄.

3.4 Two concepts in the SPDEs

3.4.1 Wiener space

Let C be the Banach space of continuous functions on [0, 1] vanishing at 0 with the sup

norm. Let R be the field of cylindrical subsets of C of the form

A = {ω ∈ C; (ω(t1), . . . , ω(tn) ∈ D},

where 0 < t1 < · · · < tn, D ∈ B(Rn). Define µ from R into [0, 1] by

µ(A) =

∫

D

n∏

j=1

1√
2π(tj − tj−1)

e
− (xj−xj−1)2

2(tj−tj−1) dx1 . . . dxn,

39



where t0 = 0 and x0 = 0. then µ extends uniquely to a probability measure on the Borel

σ− field of C. The probability space (C, µ) was called a differential space by Wiener, but it

is known as the Wiener space. Then B(t, ω) = ω(t) is Brownian motions. Define

B(t, ω) =
n−1∑

j=1

Bj(1, ω) +Bn(t− n+ 1, ω), n− 1 < t ≤ n,

then B(t, ω) is a Brownian motion for t ≥ 0.

3.4.2 Abstract Wiener space

Let H be a real separable Hilbert space with inner product and norm denoted by < ·, · >
and | · |, respectively . Let R be the field of cylindrical Borel subsets of H , i.e. those subsets

C of the form

C = {x ∈ H;Px ∈ A},

where P is a finite dimensional orthogonal projection and A ∈ B(PH). Define a map µ

from R into [0, 1] by

µ(C) = (
1√
2π

)dimPH

∫

A

e−
|x|2

2 dx

where dx is the Lebesgue measure on PH. It is easy to see that µ is well defined and, when

dim = ∞, not σ− additive.

A norm ‖ · ‖ on H is called measurable if for any ǫ > 0, there exists a finite dimensional

orthogonal projection Pǫ such that

µ{x ∈ H; ‖Px‖ > ǫ} < ǫ

for any finite dimensional orthogonal projection P such that P ⊥ Pǫ. It can be shown that

‖ · ‖ is weaker than | · |. Let B be the completion of H with respect to ‖ · ‖. We will call

(H,B) an abstract Wiener space. See [37, 55] for details.
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CHAPTER 4

Stochastic Stokes Equation

In this chapter, we discuss the numerical solution of the Stokes equations driven by white

noise. Probabilistic properties of weak solutions, the discretization of noise and finite element

approximation algorithms are considered; also, numerical experiments are provided.

4.1 Introduction

We consider the steady state Stokes equation with a white noise forcing term:

−ν∆u+ ∇p = f + Ẇ , in Ω,
divu = 0, in Ω,

u = 0, on ∂Ω
(4.1)

where Ω is a bounded convex domain in R2 with piecewise continuous boundary, u : Ω → R2

(or R3 ) is the velocity of the fluid flow, p is the pressure, f ∈ L2(Ω) and Ẇ = (Ẇ 1, Ẇ 2) is

the white noise such that

E(Ẇ j(x)Ẇ j(x′)) = δ(x− x′), x, x′ ∈ Ω, j = 1, 2

where δ denotes the usual Dirac delta δ function and E the expectation. (4.1) is the

linearization of Navier-Stokes equation which describes the motion of an incompressible

viscous fluid. The noise term occurs, for example, when the fluid’s temperature affects the

flow of the fluid but is omitted in the equation because of insufficient knowledge of the

boundary data for the temperature.

Our interest is the error analysis of finite element approximations for the solution u and

p of (4.1).

We introduce some notations which will be used throughout the rest of the paper. For

v = (v1, · · · , vn) ∈ Rn, denote |v|2 =
√
v2

1 + · · · v2
n. Also we use ‖ · ‖ to denote the L2 norm

and ‖ · ‖k to denote the usual norm in Sobolev space Hk(Ω).
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4.2 Discretization of the white noise and error
estimates

4.2.1 Weak solution for the stochastic Stokes equation in 2-d

The Green’s functions for the Stokes equation are given by (see, e.g., [56])

Gij(x, y) = − 1

4π
νδij ln

1

|x− y| +
(xi − yi)(xj − yj)

|x− y|2 + gij(x, y), x, y ∈ Ω, i, j = 1, 2 (4.2)

for u and

Hj(x, y) =
∂

∂xj

Dj, Dj = − 1

2π
ln

1

|x− y| + hj(x, y), x, y ∈ Ω, j = 1, 2 (4.3)

for p. Here gij and hj are piecewise differentiable functions on Ω̄. Let G = (Gij) and

D = (Dj). We define the weak solution of (4.1) as follows.

u(x) =

∫

Ω

G(x, y)f(y)dy +

∫

Ω

G(x, y)dW (y) (4.4)

and

p(x) = ∇
∫

Ω

D(x, y)f(y)dy + ∇
∫

Ω

D(x, y)dW (y) (4.5)

where the stochastic integral is defined in Ito’s sense. From Ito’s isometry, it is easy to see

that u ∈ L2(Ω) almost surely. We will treat p as a function in H−1(Ω). In fact we have the

following estimate.

Proposition 4.2.1 There exists a constant C such that

E(‖p‖2
−1) ≤ C‖D‖2.

Proof: Let φ ∈ H1
0 (Ω). Using the Ito’s isometry, we have that

E(p, φ)2 = E

(∫

Ω

∇
(∫

Ω

D(x, y)f(y)dy +

∫

Ω

D(x, y)dW (y)

)
φ(x)dx

)2

= 2E

(∫

Ω

∫

Ω

D(x, y)f(y)dydivφ(x)dx

)2

+ 2E

(∫

Ω

∫

Ω

D(x, y)dW (y)divφ(x)dx

)2

≤ 2E

∫

Ω

(∫

Ω

D(x, y)f(y)dy

)2

dx

∫

Ω

(divφ(x))2 dx

+ 2E

∫

Ω

(∫

Ω

D(x, y)dW (y)dy

)2

dx

∫

Ω

(divφ(x))2 dx

≤ 2‖φ‖2
1

∫

Ω

∫

Ω

|D(x, y)|2 dydx
∫

Ω

∫

Ω

f(y)2dydx+ 2‖φ‖2
1

∫

Ω

∫

Ω

|D(x, y)|2 dydx.
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Thus
E(p, φ)2

‖φ‖2
≤ C‖D‖2,

where C = 2(‖f‖2|Ω| + 1), |Ω| is the measure of Ω. Since φ ∈ H1
0 (Ω) is arbitrary, we have

that E(‖p‖2
−1) ≤ C‖D‖2. �

To study the approximation of (4.1) using discretized white noise, we need the following

properties concerning the regularity of the Green’s functions.

Lemma 4.2.2 There exists a constant C such that

∫

Ω

(ln |x− y| − ln |x− z|)2dx ≤ C| ln(|y − z|)||y − z|2 (4.6)

and ∫

Ω

|G(x, y) −G(x, z)|2dx ≤ C| ln(|y − z|)||y − z|2. (4.7)

Proof: (4.6) is proved in [95]. To prove (4.7), it suffies to prove that

∫

Ω

∣∣∣∣
(xi − yi)(xj − yj)

|x− y|2 − (xi − zi)(xj − zj)

|x− z|2
∣∣∣∣
2

dx ≤ C| ln(|y − z|)|y − z|2. (4.8)

We only prove (4.8) for i = 1 and j = 2. The proof for the other cases is similar. Let

S(v) = {x; |x− v| ≤ |y − z|} and Ω1 = Ω \ (S(y) ∪ S(z)). Since the integrand is a bounded

function, it suffices to prove (4.8) with Ω replaced by Ω1. Simple calculations give

∫

Ω1

(
(x1 − y1)(x2 − y2)

|x− y|2 − (x1 − z1)(x2 − z2)

|x− z|2
)2

dx

=

∫

Ω1

(
(x1 − y1)(x2 − y2)|x− z|2 − (x1 − z1)(x2 − z2)|x− y|2

|x− y|2|x− z|2
)2

dx

≤ 2

∫

Ω1

( |x− z|2((x1 − y1)(x2 − y2) − (x1 − z1)(x2 − z2))

|x− z|2|x− y|2
)2

dx

+2

∫

Ω1

(
(|x− z|2 − |x− y|2)(x1 − y1)(x2 − y2)

|x− z|2|x− y|2
)2

dx

=: I1 + I2.
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For I1 we have that

I1 = 2

∫

Ω1

(
(x1 − y1)(x2 − y2) − (x1 − z1)(x2 − z2)

|x− y|2
)2

dx

= 2

∫

Ω1

(
(x2 − z2)(y1 − z1) − (x1 − y1)(y2 − z2)

|x− y|2
)2

dx

≤ 2|y − z|2
∫

Ω1

( |x− z|2 + |x− y|2
|x− y|4

)
dx

≤ 4|y − z|2
∫

Ω1

(
2|y − z|2
|x− y|4 +

3

|x− y|2
)
dx

= 8|y − z|4
∫

Ω1

1

|x− y|4dx+ 12|y − z|2
∫

Ω1

1

|x− y|2dx

Since Ω is bounded, there exists a constant R such that |x| ≤ R for x ∈ Ω. Thus

I1 ≤ 16π|y − z|4
∫ 2R

|y−z|

1

r3
dr + 24π|y − z|2

∫ 2R

|y−z|

1

r
dr

≤ C(|y − z|2 + |y − z|2| ln(|y − z|)|)

Using a similar argument, we can also derive the following estimate.

I2 ≤ C(|y − z|2 + |y − z|2| ln(|y − z|)|).

The proof is complete. �

4.2.2 Weak solution for the stochastic Stokes equation in 3-d

In the 3 − d case, the Green’s functions for the Stokes equation are given by (see, e.g., [56])

Gij(x, y) = − 1

8πν
δij

1

|x− y| +
(xi − yi)(xj − yj)

|x− y|3 + gij(x, y), x, y ∈ Ω, i, j = 1, 2 (4.9)

for u and

Hj(x, y) =
∂

∂xj

Dj, Dj =
1

4π

1

|x− y| + hj(x, y), x, y ∈ Ω, j = 1, 2 (4.10)

for p. Here gij and hj are piecewise differentiable functions on Ω̄. Similarly, we have the

following lemma concerning the regularity of the Green’s functions.
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Lemma 4.2.3 There exists a constant C such that

∫

Ω

|G(x, y) −G(x, z)|2dx ≤ C|y − z|. (4.11)

Proof: To prove (4.11), it suffices to prove that

∫

Ω

∣∣∣∣
(xi − yi)(xj − yj)

|x− y|3 − (xi − zi)(xj − zj)

|x− z|3
∣∣∣∣
2

dx ≤ C|y − z|. (4.12)

and

∫

Ω

∣∣∣∣
1

|x− y| −
1

|x− z|

∣∣∣∣
2

dx ≤ C|y − z|. (4.13)

We first prove (4.12) for i = 1 and j = 2. The proof for the other cases are similar. Let

S(v) = {x; |x− v| ≤ |y − z|} and Ω1 = Ω \ (S(y) ∪ S(z)). Since the integrand is a bounded

function, it suffices to prove (4.12) with Ω replaced by Ω1. Simple calculations give
∫

Ω1

(
(x1 − y1)(x2 − y2)

|x− y|3 − (x1 − z1)(x2 − z2)

|x− z|3
)2

dx

=

∫

Ω1

(
(x1 − y1)(x2 − y2)|x− z|3 − (x1 − z1)(x2 − z2)|x− y|3

|x− y|3|x− z|3
)2

dx

≤ 2

∫

Ω1

( |x− z|3((x1 − y1)(x2 − y2) − (x1 − z1)(x2 − z2))

|x− z|3|x− y|3
)2

dx

+2

∫

Ω1

(
(|x− z|3 − |x− y|3)(x1 − y1)(x2 − y2)

|x− z|3|x− y|3
)2

dx

=: I1 + I2.

For I1 we have that

I1 = 2

∫

Ω1

(
(x1 − y1)(x2 − y2) − (x1 − z1)(x2 − z2)

|x− y|3
)2

dx

= 2

∫

Ω1

(
(x2 − z2)(y1 − z1) − (x1 − y1)(y2 − z2)

|x− y|3
)2

dx

≤ 2|y − z|2
∫

Ω1

( |x− z|2 + |x− y|2
|x− y|4

)
dx

≤ 4|y − z|2
∫

Ω1

(
2|y − z|2
|x− y|4 +

3

|x− y|6
)
dx

= 8|y − z|4
∫

Ω1

1

|x− y|6dx+ 12|y − z|2
∫

Ω1

1

|x− y|4dx
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Since Ω is bounded, there exists a constant R such that |x| ≤ R for x ∈ Ω. Thus

I1 ≤ 32π|y − z|4
∫ 2R

|y−z|

1

r4
dr + 48π|y − z|2

∫ 2R

|y−z|

1

r2
dr

≤ C|y − z|

Using a similar argument, we can also derive the following estimate.

I2 ≤ C|y − z|.

Next, we prove (4.13), for the integral in Ω1,

∫

Ω1

(
1

|x− y| −
1

|x− z|

)2

dx

=

∫

Ω1

|y − z|2
|x− y|2|x− z|2

≤ |y − z|2
2

∫

Ω1

(
1

|x− y|4 +
1

|x− z|4
)
dx

≤ |y − z|2
∫ R

|y−z|

1

r2

≤ C|y − z|,

for the integral in Ω − Ω1,

∫

Ω−Ω1

(
1

|x− y| −
1

|x− z|

)2

dx

≤
∫

Ω−Ω1

(
1

|x− y| +
1

|x− z|

)2

dx

≤ 2

(∫

S(y)

+

∫

S(z)

)(
1

|x− y|2 +
1

|x− z|2
)
dx

≤ C|y − z|,

where C is a constant which may be different from line to line, and (4.13) is proved.

The proof is complete. �

4.2.3 Approximation with discretized white noise

In this subsection we define an approximate solution of (4.1) by discretizing the white

noise Ẇ . First we introduce a discretization for the white noise. Let {Th} be a family of
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triangulations of Ω (see [10] for the requirements on {Th}), where h ∈ (0, 1) is the meshsize.

We assume the family is quasiuniform, i.e., there exist positive constants ρ1 and ρ2 such that

ρ1h ≤ Rinr
T < Rcir

T ≤ ρ2h, ∀ T ∈ Th, ∀ 0 < h < 1, (4.14)

where Rinr
T and Rcir

T are the inradius and the circumradius of T . Write

ξj
T =

1√
|T |

∫

T

1 dW j(x) j = 1, 2

for each triangle T ∈ Th, where |T | denotes the area of T . It is well-known that {ξj
T}T∈Th

is a family of independent identically distributed normal random variables with mean 0 and

variance 1 (see [87]). Then the piecewise constant approximation to Ẇ j(x) is given by

Ẇ j
h(x) =

∑

T∈Th

|T |− 1
2 ξj

TχT (x) (4.15)

where χT is the characteristic function of T . It is apparent that Ẇh = (W 1
h ,W

2
h ) ∈ (L2(Ω))2

almost surely. However, we have the following estimate which shows that ‖Ẇh‖ is unbounded

as h→ 0.

Lemma 4.2.4 ([95]) Let ‖Wh‖ =
√
‖W 1

h‖2 + ‖W 2
h‖2. Then there exist positive constants

C1 and C2 independent of h such that

C1h
−2 ≤ E

(∥∥∥Ẇh

∥∥∥
2
)

≤ C2h
−2. (4.16)

Proof: The proof is simple, mainly using Ito’s isometry equality. For the sake of

completeness, the proof is given in the following. By the definition of ξj
T in above, it follows

that

E
(∥∥ξj

T

∥∥2
)

=
1

|T |E
(∫

T

∥∥∥∥
∫

T

1dW j
h(x)

∥∥∥∥
2

dx

)
(4.17)

=
1

|T |

∫

T

∫

T

1dxdx (4.18)

=
1

|T |

∫

T

|T |dx (4.19)

= 1. (4.20)

47



therefore,

E(|T |− 1
2 ξj

TχT (x))2 =
1

|T |

∫

T

1dx (4.21)

= 1 (4.22)

and

E

(∥∥∥Ẇh

∥∥∥
2
)

=
∑

T∈Th

1 (4.23)

=
∑

T∈Th

|T | 1

|T | (4.24)

by (4.14), then the results follow from 4πρ2
1h

2 ≤ |T | ≤ 4πρ2
2h

2, and
∑

T∈Th
|T | = |Ω| The

proof is complete. �

Now we consider the approximation problem for (4.1) with the discretized white noise

forcing term Ẇh:
−ν∆uh + ∇ph = f + Ẇh, in Ω,

divuh = 0, in Ω,
uh = 0, on ∂Ω.

(4.25)

Similar to (4.4) and (4.5), we define the weak solution for (4.25) as follows.

uh(x) =

∫

Ω

G(x, y)f(y)dy +

∫

Ω

G(x, y)dWh(y) (4.26)

ph(x) =

∫

Ω

H(x, y)f(y)dy +

∫

Ω

H(x, y)dWh(y). (4.27)

We have the following estimates concerning the bounds for uh and ph.

Lemma 4.2.5 There exists a positive constant C independent of h such that

E
(
‖uh‖2

2 + ‖ph‖2
1

)
≤ Ch−2. (4.28)

Proof: From the standard estimates of Stokes equation (see, e.g., [36]), we have that

‖uh‖2
2 + ‖ph‖2

1 ≤ C(‖f‖2 + ‖Ẇh‖2).

The result of the lemma is then a direct consequence of Lemma 4.2.4 and the above estimate.

�

We have the following estimate for the error u− uh.
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Theorem 4.2.6 Let u and uh be the solution of (4.1) and (4.25) respectively. Then in the

2 − d case, there exists a constant C such that

E
(
‖u− uh‖2

)
≤ C| lnh|h2 (4.29)

and

E
(
‖p− ph‖2

−1

)
≤ C| lnh|h2. (4.30)

In the 3 − d case,there exists a constant C such that

E
(
‖u− uh‖2

)
≤ Ch (4.31)

and

E
(
‖p− ph‖2

−1

)
≤ Ch. (4.32)

Proof: We only prove (4.29). The proof of (4.30, 4.31, 4.32) is similar. Using Ito’s isometry

and Hölder inequality, we have that

E (‖u− uh‖)2 = E

(∫

Ω

∣∣∣∣
∫

Ω

G(x, y)dW (y) −
∫

Ω

G(x, y)dWh(y)

∣∣∣∣
2

dx

)

= E



∫

Ω

∣∣∣∣∣
∑

T∈Th

∫

T

G(x, y)dW (y) − |T |−1
∑

T∈Th

∫

T

G(x, z)dz

∫

T

1dW (y)

∣∣∣∣∣

2

dx




= E



∫

Ω

∣∣∣∣∣
∑

T∈Th

∫

T

∫

T

|T |−1(G(x, y) −G(x, z))dzdW (y)

∣∣∣∣∣

2

dx




=

∫

Ω

(
∑

T∈Th

∫

T

∣∣∣∣|T |−1

∫

T

(G(x, y) −G(x, z))dz

∣∣∣∣
2

dy

)
dx.

From the Hölder inequality and (4.7) we obtain

E (‖u− uh‖)2 ≤
∫

Ω

(
∑

T∈Th

|T |−1

∫

T

∫

T

|G(x, y) −G(x, z)|2dzdy
)
dx

=
∑

T∈Th

|T |−1

∫

T

∫

T

∫

Ω

|G(x, y) −G(x, z)|2dxdzdy

≤
∑

T∈Th

|T |−1

∫

T

∫

T

C ln |y − z||y − z|2dzdy

≤ C|Ω|| lnh|h2.

The proof is complete. �
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4.3 Finite element approximations

In this section we consider the numerical approximations of (4.25) using the finite element

method. For convenience of notations, the theorems and proofs are given for the 2− d case,

and the results for 3− d case will be given without proof. Denote Pk = Pk(x, y) as the set of

polynomials of degree k. Let X := (H1
0 (Ω))2 and Q := L2

0(Ω) = {q ∈ L2(Ω),
∫

Ω
q(x)dx = 0}.

Following [36], we approximate the velocity on each element T in Th by a polynomial of

P(T ) = {P1 ⊕ span{λ1, λ2, λ3}}2 (4.33)

where λj are barycentric coordinates defined as

λj ∈ P1 λj(ai) = δij, i, j = 1, 2, 3,

where ai are the vertexes of T . Then we choose the following finite element spaces.

Xh = {v ∈ C0(Ω̄)2; v|T ∈ P(T ), ∀ T ∈ Th, v|∂Ω = 0}, (4.34)

Qh = {q ∈ C0(Ω̄); q|T ∈ P1(T ), ∀ T ∈ Th}. (4.35)

Next we define two bilinear forms as follows.

a(v, w) = ν(∇v,∇w) (4.36)

and

b(v, q) = −(divv, q). (4.37)

With a and b we define the variational formulation of (4.25) as

{
a(uh, v) + b(v, ph) = (f, v) + (Ẇh, v), ∀v ∈ X,
b(uh, q) = 0, ∀q ∈ Q.

(4.38)

The finite element approximation for (4.25) is to find ûh in Xh and p̂h in Qh such that

{
a(ûh, v) + b(v, p̂h) = (f, v) + (Ẇh, v), ∀v ∈ Xh,
b(ûh, q) = 0, ∀q ∈ Qh.

(4.39)

We have the following error estimate for u− ûh.

Theorem 4.3.1 There exists a constant C such that

E(‖u− ûh‖2) ≤ C| lnh|h2. (4.40)
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Proof: From the L2 error estimate for the finite element solution ûh([36]), we have that

‖uh − ûh‖2 ≤ Ch4(‖uh‖2
2 + ‖ph‖2

1).

By Lemma 4.2.5, there exists a constant C such that

E(‖uh‖2
2 + ‖ph‖2

1) ≤ Ch−2.

(4.40) is then the direct consequence of the above estimate and Theorem 4.2.6 is proved.

The proof is complete. �

Next we estimate the error between p and p̂h in H−1 norm. To this end we need a

H−1 norm estimate for the pressure of the deterministic Stokes equation. First we need the

following result.

Lemma 4.3.2 Let Ω ∈ C0,1 and g ∈ H1
0 (Ω), then there exists a constant C such that the

solution (u, p) of the following problem

−ν∆u+ ∇p = 0, in Ω,
divu = g, in Ω,

u = 0, on ∂Ω
(4.41)

has the following estimate:

‖u‖2 + ‖p‖1 ≤ C‖g‖1.

Proof: Let v0 satisfy
∆v0 = g, in Ω,
v0 = 0, on ∂Ω.

Define u0 = gradv0. Then divu0 = g. Let v = u− u0. Then (4.43) is equivalent to

−ν∆v + ∇q = −ν∆u0, in Ω,
divv = 0, in Ω,

u = u0, on ∂Ω.
(4.42)

From the standard theory of Stokes equation ([36]), we know that (4.42) has a unique solution

and there exists a constant C such that

‖v‖2 + ‖q‖1 ≤ C(‖u0‖H
3
2 (∂Ω)

+ ‖∆u0‖)
≤ C(‖v0‖H

5
2 (Ω)

+ ‖v0‖3)

≤ C‖v0‖3 ≤ C‖g‖1
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which proves the lemma. �

Let (wh, qh) be the finite element approximations for (w, q) of the following deterministic

Stokes equation:
−ν∆w + ∇q = l, in Ω,

divw = 0, in Ω,
w = 0, on ∂Ω

(4.43)

where l ∈ L2(Ω). We have the following error estimate for the pressure q in H−1 norm.

Proposition 4.3.3 There exists a constant C such that

‖q − qh‖−1 ≤ Ch2 (‖w‖2 + ‖q‖1) .

Proof: First notice that the variational forms for (w, q) and (wh, qh) are

{
a(w, v) + b(v, q) = (l, v), ∀v ∈ X,
b(w, µ) = 0, ∀µ ∈ Q

(4.44)

and {
a(wh, vh) + b(v, qh) = (l, vh), ∀vh ∈ Xh,
b(wh, µ) = 0, ∀µ ∈ Qh.

(4.45)

Let g ∈ H1
0 (Ω) and consider the following problem: find φg ∈ X and ψg ∈ Q such that

{
a(v, φg) + b(v, ψg) = 0, ∀v ∈ X,
b(φg, µ) = (µ, g), ∀µ ∈ Q.

(4.46)

From the above three equations we have that

(q − qh, g) = b(φg, q − qh)

= b(φg − vh, q − qh) + b(vh, q − qh)

= b(φg − vh, q − qh) + a(wh, vh) − a(w, vh)

= b(φg − vh, q − qh) + a(w − wh, vh) − a(w − wh, φg) − b(w − wh, ψg)

= b(φg − vh, q − qh) + a(w − wh, vh − ψg) − b(w − wh, ψg − µh), ∀vh ∈ Xh, ∀µh ∈ Qh.

Thus

|(q − qh, g)| ≤ C(‖φg − vh‖2‖q − qh‖1 + ‖w − wh‖2‖φg − vh‖2 + ‖w − wh‖2‖ψg − µh‖1)

≤ (‖w − wh‖2‖ + ‖q − qh‖1)(φg − vh‖2 + ‖ψg − µh‖1).
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Therefore

|(q − qh, g)| ≤ C(‖φg − vh‖2‖q − qh‖1 + ‖w − wh‖2‖φg − vh‖2 + ‖w − wh‖2‖ψg − µh‖1)

≤ (‖w − wh‖2‖ + ‖q − qh‖1)(φg − vh‖2 + ‖w − wh‖2‖ψg − µh‖1), ∀vh ∈ Xh, ∀ µh ∈ Qh.

By the error estimates for Stokes equations ([36]), we have

‖w − wh‖1 + ‖q − qh‖ ≤ Ch(‖w‖2 + ‖q‖1).

Thus

|(q − qh, g)| ≤ Ch(‖w‖2 + ‖q‖1)( inf
vh∈Xh

φg − vh‖2 + inf
µh∈Qh

‖ψg − µh‖1)

≤ Ch2((‖w‖2 + ‖q‖1)(‖φg‖2 + ‖ψg‖1).

From Lemma 4.3.2 we have that

|(q − qh, g)|
‖g‖1

≤ Ch2(‖w‖2 + ‖q‖1). (4.47)

Since g ∈ H1
0 is arbitrary in (4.47), we have that

‖q − qh‖−1 ≤ Ch2 (‖w‖2 + ‖q‖1) .

�

Similar to Theorem 4.3.1, we have the following error estimate for p− ph in H−1 norm.

Theorem 4.3.4 There exists a constant C independent of h such that

E(‖p− ph‖2
−1) ≤ C| lnh|h2.

Similar to Theorem 4.3.1 and Theorem 4.3.5, we can prove the following theorem for the

3 − d case.

Theorem 4.3.5 There exists a constant C independent of h such that

E(‖u− ûh‖2) ≤ Ch, (4.48)

and

E(‖p− p̂h‖2
−1) ≤ Ch.
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4.4 Numerical Experiments

4.4.1 Numerical Strategy with FEM in 2D

We will use the following strategy to calculate the statistical information about the solutions.

1. Discretize the white noise Ẇ by a Gaussian process Ẇh which is piecewise constant in

space.

• Construct a family of regular triangulations {Th} for Ω (h=mesh size).

• Define Gaussian random variable

ξj
T =

1√
|T |

∫

T

1 dW j(x)

|T |: the area of T . {ξj
T}T∈Th

are normalized Gaussian IID.

• Construct the piecewise constant approximation to Ẇ (x):

Ẇ j
h(x) =

∑

T∈Th

|T |− 1
2 ξj

TχT (x),

χT : the characteristic function of T .

2. Apply finite element method to the SPDEs with discretized white noise.

3. Calculate E(uh), E((uh)2) etc.

In second step , we will use the Taylor-Hood element pair (please refer to [12] and [40]

)in finite element method. That is, suppose we have a triangulation T of Ω̄, then the Taylor-

Hood element pair is defined by:

Xh = {v ∈ C0(Ω̄)2; v|T ∈ P2(T ), ∀ T ∈ Th, v|∂Ω = 0}, (4.49)

Qh = {q ∈ C0(Ω̄); q|T ∈ P1(T ), ∀ T ∈ Th}. (4.50)
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In other words, we use linear finite elements for the pressure function, and quadratic finite

elements for velocity function. To generate these linear finite elements, we only need the

nodes that are the vertices of the triangles. However, for each triangle, besides three nodes

at vertices, we need three extra midside nodes to make the quadratic finite elements. We

know that this element pair satisfies the div-stability condition, or inf-sup condition (please

[40] ) . In this process, we can arbitrarily fix the pressure at one node, for example, we may

choose ph(0) = 0.

We now assume that in finite element space, the unknown velocity component functions

Uh(x, y) and V h(x, y) can be represented as linear combinations of the quadratic basis

functions associated with each node, and that the scalar pressure P h(x, y) can be represented

as a linear combination of the linear basis functions associated with each pressure node.

Unknown coefficients in linear combinations are the function values at these nodes.

In order to solve for the coefficients, we apply the mixed Galerkin method.

For each pressure node, and its corresponding basis function φi, we integrate the equation

about the continuity equations multiplied by that basis function over the region:

∫
(Uh

x (x, y) + V h
y (x, y))φi(x, y)dxdy = 0.

Similarly, for each node and its corresponding velocity basis function ψi, we multiply the

momentum equations by ψi, integrate over the region. Using integration by parts, it follows

that

ν

∫
(Uh

x (x, y)ψix(x, y) + Uh
y (x, y)ψiy(x, y)) + Px(x, y)ψi(x, y)dxdy

=

∫
(f1(x, y) + Ẇ h

1 (x, y))φi(x, y)dxdy),

ν

∫
(V h

x (x, y)ψix(x, y) + V h
y (x, y)ψiy(x, y)) + Py(x, y)ψi(x, y)dxdy

=

∫
(f2(x, y) + Ẇ h

2 (x, y))ψi(x, y)dxdy).

After adjusting for the boundary conditions, the set of all such equations yields a linear

system for the coefficients of the finite element representation of the solution.

From the linearity of Stokes equations, it follows that the E(u), E(v) and E(p) satisfies the

following equations:
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−ν∆E(u) + ∇E(p) = E(f), in Ω,
divE(u) = 0, in Ω,

E(u) = 0, on ∂Ω.
(4.51)

From this, we know that E(u) = 0, E(v) = 0 and E(p) = 0 if we take f = 0 and p(0) = 0.

In our numerical experiments, the table(4.4.2) shows that E(uh) = 0, E(vh) = 0 converge to

0 quickly, by the different properties of pressure and velocity, we can not expect that E(ph)

converges to 0 as quickly as velocity. As to the approximate value of the variances E(u2),

E(v2), they are all unknown positive numbers. It is difficult now for us to calculate their

precise values. This table also shows that E(u2), E(v2) converges to a positive number after

several steps of refining the grids. As to the calculation of H−1, we need to solve the elliptic

equation

−ν∆w = p, in Ω,
w = 0, on ∂Ω.

(4.52)

Then calculate the l2 norm of ∇w, which is what we want.

4.4.2 Numerical results in 2D

Assume ν = 1, f = 0,Ω = [0, 1]2, number of realizations = 5, 000. In this case, The precise

values of E(u), E(v),
∫

Ω
E(u)dx,

∫
Ω
E(v)dx are all 0; The values

∫
Ω
E(u2)dx,

∫
Ω
E(v2)dx and

E(|p|−1) are all unknown positive numbers.

integral of approx mean integral of approx variance approx −1 norm

n E((uh)) E((vh)) E(ph) E((uh)2) E((vh)2) E(‖ph‖−1)

2 1.2819e-03 6.9779e-04 1.5850e+00 1.8060e-03 1.7801e-03 1.3807e-02

4 -1.0352e-05 -3.5249e-06 5.7197e-02 1.3977e-03 1.3945e-03 4.9609e-02

8 -7.6470e-06 -3.6008e-06 -7.0174e-02 1.8060e-03 1.8302e-03 5.4428e-02

16 -2.6271e-06 1.1582e-06 -1.3769e-01 2.0324e-03 2.0345e-03 5.8883e-02

20 -1.4782e-06 -5.0780e-07 1.7449e-02 2.1150e-03 2.1050e-03 6.4675e-02

24 -1.9455e-07 8.4607e-08 -5.3872e-03 2.1088e-03 2.1128e-03 6.6676e-02

32 -3.7383e-08 1.6261e-07 8.0705e-02 2.1414e-03 2.1394e-03 6.3496e-02
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Figure 4.1: approx integral of mean vs.
log(n) (n, partition number in x axis and
y axis)
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Figure 4.2: approx integral of variance vs.
log(n) (n, partition number in x axis and
y axis)

57



1 1.5 2 2.5 3 3.5
0.045

0.05

0.055

0.06

0.065

0.07

approx Mean of "−1 norm" of pressure

log(n)

a
p

p
ro

x
 v

a
lu

e
s
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4.5 Stochastic Stokes equations driven by
homogeneous Gaussian noise

4.5.1 Properties of stochastic integrals

In this section, we will give some basic results about random integrals of which the integrand

is one of matrix Green’s functions. In order to give a rigorous meaning to such integrals

vi(x) =
∫

Ω
Gi,j(x, y)dFj(y), p(x) =

∫
Ω
rj(x, y)dFj(y), we have to specify precisely what type

of the stochastic integral we are considering. For simplicity, we choose the same ϕ for all

Fj, j = 1, · · · , d, in covariance function (3.16) when F is replaced by Fj. By classical results

on abstract Wiener spaces, h ∈ H 7→ Fj(h) defines a linear continuous functional that

satisfies (3.16). Thus, the stochastic integral terms above will be well defined as long as we

prove that Gi,j(x, ·), rj(x, ·) ∈ H. The next lemma provides a sufficient condition for this

property to hold, which is the starting point of our work. This lemma is given in [61] and

we omit the proof.
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Figure 4.4: Approx mean of u(x,y) after
5000 realizations in nx = ny = 32

Figure 4.5: Approx mean of u(x,y) after
5000 realizations in nx = ny = 16
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Figure 4.6: Approx variance of v(x,y)
after 5000 simulations in nx = ny = 16

Figure 4.7: Approx variance of v(x,y)
after 5000 simulations in nx = ny = 32
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Lemma 4.5.1 Let p ∈ [1,∞), 1
p′

+ 1
p

= 1

1. Let ψ ∈ Lp(Rd), ϕ ∈ L
p′

2 (Rd), then

∣∣∣∣
∫

Rd

∫

Rd

ψ(x)ϕ(x− y)ψ(y)dxdy

∣∣∣∣ ≤ ‖ψ‖2
Lp(Rd)‖ϕ‖2

L
p′

2 (Rd)
.

2. Assume ψ ∈ L1(Rd) ∩ Lp(Rd), ϕ ∈ Lp′(Rd), then

∣∣∣∣
∫

Rd

∫

Rd

ψ(x)ϕ(x− y)ψ(y)dxdy

∣∣∣∣ ≤ ‖ψ‖2
Lp(Rd)‖‖ψ‖2

L1(Rd)‖ϕ‖2
Lp′ (Rd)

.

We also need the following Lα norm estimation of Gi,j(x, ·).

Lemma 4.5.2 Suppose the boundary surface of D is a Lyapunov surface of index h, 0 <

h ≤ 1, in the case of d = 3, or the boundary curve of domain D is piecewise smooth in the

case of d = 2. For any α ∈ [1, d
d−1

), d = 2, 3, there exists a positive constant C depending

on α and d, such that

sup
x∈D

‖Gi,j(x, ·)‖Lα(D) ≤ C, i, j = 1, · · · , d,

sup
x∈D

‖rj(x, ·)‖Lα(D) ≤ C, i, j = 1, · · · , d,

therefore, ‖Gi,j‖Lα(D×D) ≤ C ′, ‖rj‖Lα(D×D) ≤ C ′′, where C ′, C ′′ are other constants.

Proof: When d = 3, since the boundary surface of D is a Lyapunov surface of index

h, 0 < h ≤ 1, we have (see, [56]) :

|Gi,j(x, y)| ≤ C
|x−y| , |rj(x, y)| ≤ C

|x−y|2 , where i, j = 1, 2, 3.

With the above inequalities, obviously we only need to verify the inequality about rj,

‖rj(x, ·)‖α
Lα(D) ≤ C

∫

D−{x}

1

|x− y|2α
dy ≤ C

∫ 1

0

r−2α+2dr.

The last integral is bounded if and only if α ≤ 3
2
.

When d = 2, since the boundary curve of domain D in piecewise smooth, we have,

|Gi,j(x, y)| ≤ Cln 1
|x−y| , |rj(x, y)| ≤ C 1

|x−y| .

With the above inequalities, it follows that the results of lemma are true. �
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Fix α ∈ [1, d
d−1

) and let α′ be its conjugate. Set L
α = Lα′

(Rd) ∪ Lα′

2 (Rd). The preceding

lemmas show that if ϕ ∈ L
α, then for any x ∈ R

d, Gi,j(x, ·), rj(x, ·) ∈ H. Therefore, the

stochastic integrals
∫

D
Gi,j(x, y)dFj(y)dy,

∫
D
rj(x, y)dFj(y)dy are well defined and

E |Gi,j(x, y)dFj(y)|2 ≤ ‖Gi,j(x, ·)‖2
Lα(D) ≤ C, (4.53)

E |rj(x, y)dFj(y)|2 ≤ ‖rj(x, ·)‖2
Lα(D) ≤ C. (4.54)

Theorem 4.5.3 Fix λ ∈ (0, 1), assume that ϕ ∈ L
α(D) with α in the interval (1, d

(d+1)λ
∧

d
(d−1)(2−λ)

), where, d = 2, 3, then the Gaussian random fields {vj(x)} and {p(x)} defined by

(3.26) satisfy

E
(
|vj(x) − vj(z)|2

)
≤ C|x− z|λ, j = 1, 2, (4.55)

E
(
|p(x) − p(z)|2

)
≤ C|x− z|λ, (4.56)

therefore, a. s. the sample paths are Hölder continuous of order λ ∈ (0, 1).

Proof: We give the proof in the case of d = 2, the case in d = 3 is similar. We only need to

prove the inequality for p, the proof of (4.55) is similar and a little tedious and omitted. By

the inequality (4.53), it follows that

E

∣∣∣∣
∫

D

rj(x, y)dFj(y) −
∫

D

rj(z, y)dFj(y)

∣∣∣∣
2

≤ 2
∑

j=1,2

‖rj(x, ·) − rj(z, ·)‖2
Lα(D) ≤ 2(S1 + S2),

where

S1 =
∑

j=1,2

‖qj(x, ·) − qj(z, ·)‖2
Lα(D),

S2 =
∑

j=1,2

‖gj(x, ·) − gj(z, ·)‖2
Lα(D).

We know that rj(x, y) = qj(x, y) − gj(x, y), where qk(x, y) = − rk

2πr2 (see (3.33)) and

gj
i (x, y), g

j(x, y) are defined as the solution of the Stokes problem (3.23) — (3.25).

We also know that under very weak condition on the boundary curve, gj
i (x, y), g

j(x, y) are

analytic function in D and continuous on D̄, the estimation on S2 will be given after it is

done. In the following estimation, we only consider the estimation on S1, in which there are

two similar terms:

S1 =
∑

j=1,2

(∫

D

∣∣∣∣
xk − yk

2π|x− y|2 − zk − yk

2π|z − y|2
∣∣∣∣
α

dy

) 2
α

,
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(∫

D

∣∣∣∣
xk − yk

2π|x− y|2 − zk − yk

2π|z − y|2
∣∣∣∣
α

dy

)2

≤
∫

D

∣∣∣∣
xk − yk

2π|x− y|2 − zk − yk

2π|z − y|2
∣∣∣∣
αλ

dy

∫

D

∣∣∣∣
xk − yk

2π|x− y|2 +
zk − yk

2π|z − y|2
∣∣∣∣
(2α−αλ)

dy

= J1J2,

(4.57)

where

J1 =

∫

D

∣∣∣∣
(xk − yk)|z − y|2 − (zk − yk)|x− y|2

4π2|x− y|2|z − y|2
∣∣∣∣
αλ

dy,

J2 =

∫

D

∣∣∣∣
xk − yk

2π|x− y|2 +
zk − yk

2π|z − y|2
∣∣∣∣
(2α−αλ)

dy.

Since

|(xk − yk)|z − y|2 − (zk − yk)|x− y|2| ≤ 2|x− z||z − y + ξ(x− z)|,

where ξ ∈ [0, 1], we have:

J1 ≤
(∫

D1

+

∫

D2

) ∣∣∣∣
2|x− z||z − y + ξ(x− z)|

4π2|x− y|2|z − y|2
∣∣∣∣
αλ

dy

≤ C|x− z|αλ,

if αλ ≤ 2
3
, where D1, D2 are the subdomains {|x− y| ≤ |z − y|} ∩D, {|z − y| ≤ |x− y|} ∩D

respectively.

As to J2, we have:

J2 ≤ C

∫

D

∣∣∣∣
1

|x− y| +
1

|z − y|

∣∣∣∣
(2α−αλ)

dy

≤ C1,

if α < 2
2−λ

.

When α ∈ (1, 2
3λ

∧ 2
2−λ

), it follows that

S1 ≤ C2|x− z|λ,
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and (4.56 ) is proved. The inequality (4.55 ) can also be proved similarly. The estimation

on S2 is valid for the domain D with piecewise smooth boundary ∂D. �

Note: The inequality (4.55) is valid when α ∈ (1, d
d−1

∧ 1
λ
), which is weaker than

α ∈ (1, d
(d+1)λ

∧ d
(d−1)(2−λ)

).

4.5.2 Numerical Strategy with FEM applied to Stokes equation
with colored noise

Before applying FEM to stochastic Stokes equation, the first thing we need to do is to

discretize the colored noise. In the following, we give the strategy to discretize the colored

noise.

1. Given a family of regular triangulations {Th} for Ω (h = meshsize)

2. Calculate the the covariance values

E(F (χTi
), F (χTj

)) =

∫

Ti

∫

Tj

φ(x− y)dxdy (4.58)

3. Simulate all the Gaussian random variables F (χTi
)

4. Piecewise constant approximation to Ḟ (x):

Ḟh(x) =
∑

T∈Th

|T |−1F (χT )χT (x),

χT : the characteristic function of T .

Note: In the third step above, we use the following algorithm to simulate all the Gaussian

random vector X = {F (Ti)}n
i=1, which has mean vector µ = 0 and covariance matrix

Σ = (uij), where uij = E(F (χTi
), F (χTj

)) is calculated by (4.58).

1. Compute the Cholesky decomposition of Σ, that is, find the unique lower triangular

matrix C such that C CT = Σ.

2. Let Z = (z1, . . . , zn)T be a vector whose components are n independent standard

normal variates.

3. Let X = µ+ C Z.
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4.5.3 Appendix: Algorithm for Singular Integrals

In the following, we will give the algorithm to calculate the integral:

E(F (χT ), F (χT )) =

∫

T

∫

T

φ(x− y)dxdy, (4.59)

where φ = |x|−α, 0 < α < 2; T is triangle with vertices (0, 0), (0, 1) and (1, 0).

1. ∀y ∈ T , y = (y1, y2), to calculate I(y) =
∫

T
φ(x− y)dx:

(a) Take γ = min(y1, y2, γ3), where γ3 = |y1 + y2 − 1|/
√

2.

(b) Let Ωy = T\{x ∈ T : |x− y| < γ}, D = [0, 1]2.

(c) Use Monte-Carlo method to calculate I1 =
∫

D
φ(x− y)χΩydx.

(d) I(y) = I1 + I2, where I2 =
∫

Ωy
φ(x− y)dx = 2π

2−α
γ2−α.

2. Use Monte-Carlo method to calculate E =
∫

T
I(y)dy.
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In the following simulation, we take φ = |x|−α, α = 1.2, Ω = [0, 1]2.

Figure 4.8: discretized white noise in nx = ny = 8
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Figure 4.9: discretized colored noise with alpha = 1.2 and nx = ny = 8
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CHAPTER 5

Conclusions and future research topics

5.1 Conclusions

In this dissertation, in Chapter 2, we have used the ANOVA expansion to study efficient

sampling methods for parameter dependent nonlinear PDEs; In Chapter 4, we have inves-

tigated finite element methods applied to the Stokes equations with white noise as random

force; and we have studied stochastic integrals involving colored noise and discretized colored

noise, which lay the basis for the future study on the Stokes equations with colored noise as

random force.

Sampling methods for quadrature rules evoke people interests when dealing with integrals

and reduced models. Particularly, there are challenging problems when dealing with the

cases in higher dimensions. Sampling methods can be categorized as dense or sparse ones,

or, Monte Carlo methods or quasi Monte Carlo methods. ANOVA, as a tool, provides us

a method to investigate the structure and property of a function. After all, the ANOVA

expansion has one advantage over the others in that only integrals of functions are involved

in ANOVA. Therefore, we can use it whenever the function is L2 integrable. ANOVA has

applications in dense sampling, especially in higher dimensions.

In Chapter 2, We have started research on the application of ANOVA to sparse sampling

when we solve optimal control problems with nonlinear PDEs as constraint conditions by

surrogate methods. In principle, ANOVA expansions provide us the information about

functions involved, it also provides the criteria as to which kind of sampling method is

proper to the problems, for example, which projections to subspaces of the sampling points

should be taken into consideration. On the other hand, how to realize such kind of sampling

is another closely related problem. New ideas and methods should be developed to make

progress in sampling methods and quadrature rules.
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After a review, in Chapter 3, of results about stochastic PDEs, in Chapter 4, we study

the Stokes equations driven by a stochastic force. The stochastic force is composed of a

deterministic force and a stochastic process, that is, white noise. In this part, we give the

error estimates in applying finite element methods to solve Stokes equations with discretized

white noise in 2D and 3D cases. To our knowledge, similar work on stochastic Stokes

equations has not been done before. We also give numerical experiments in 2D case which

can be used to test the algorithm and the error estimates. Stokes equations, as a linearization

of Navier-Stokes equations, is a good starting point for our research when introducing white

noise as stochastic force. We deal with the discretization of white noise in a classic way;

with the concepts of distribution and Sobolev Space, we deal with the singularity of Green’s

functions

In Chapter 4, we study the stochastic Stokes equations with colored noise, the research is

under way. Colored noise is different from white noise in that they have different covariance

formulas. By introducing such noise, the stochastic integrals can be defined for more

functions which may be not in L2; On the other hand, this new integral brings us difficulty

in error estimation. We have studied the probability properties of stochastic integrals with

respect to homogeneous Gaussian process. We believe that there is room to improve the

order of Hölder continuity. We also did experiments to discretize this kind of random process.

Obviously, the work is not complete and we have strong interests to complete the analysis

of error estimation.

5.2 Future research topics

Future research on ANOVA expansion includes efficient methods for evaluating the ANOVA

effects. In the model problem we have investigated, only 4 parameters are used in the

analysis. We use the commonly used quadrature formulas to evaluate these effects. However,

in practical problems, we may have to deal with far more number of parameters, which

makes the use of such quadrature formulas impractical. We plan to study more efficient

methods such as quasi-Monte Carlo methods, sparse grid integration methods, to evaluate

high dimensional integrals and apply them to evaluate ANOVA effects with large number of

parameters.

In exploring the finite element methods to approximate the solution of stochastic Stokes

equations driven by colored noise, we will figure out how to get the error estimates and we
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will also try different numerical algorithms.

Based on the work we have done, we will study the following nonlinear SPDEs:

− ν∆u+ ∇p = f + a(u)Ḟ in Ω, (5.1)

div(u) = 0 in Ω, (5.2)

u = 0 on ∂Ω, (5.3)

where Ω ⊂ R
d, d = 2, 3, a(u) is a given function. As to the above equations, the existence

and uniqueness of the stochastic solution become an important topic. Even in the case of

wave equation with an additional such term, it is not clear whether the solution exists for all

time when a(u) is not constant. Under some conditions on a(u), we hope that the existence

of solutions will be proved.

About the numerical solutions of partial differential equations with random forces, our

final goal to do the research in these topics is to understand more the impact of random

processes in the time dependent Navier-Stokes equations with different noises. Such noises

involve time as a particular variable, which will be different from those we used, that is,

spacial white noise or homogeneous Gaussian processes. This is an exciting field we want to

explore in near future.
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[61] T. Marténez and M. Sanz-Solé. A lattice scheme for stochastic partial differential
equations of elliptic type in dimension d ≥ 4. Appl. Math. Optim., 54(3):343–368,
2006. 3, 3.1, 3.2, 4.5.1

[62] H. G. Matthies and A. Keese. Galerkin methods for linear and nonlinear elliptic stochas-
tic partial differential equations. Comput. Methods Appl. Mech. Engrg., 194:12951331,
2005. 3.1

[63] Jonathan C. Mattingly. On recent progress for the stochastic navier stokes equations.
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