
Florida State University Libraries

Electronic Theses, Treatises and Dissertations  The Graduate School

2007

Random-Effect Differential Item
Functioning via Hierarchical Generalized
Linear Model and Generalized Linear Latent
Mixed Model: A Comparison of Estimation
Methods
Salih Binici

Follow this and additional works at the FSU Digital Library. For more information, please contact lib-ir@fsu.edu

http://fsu.digital.flvc.org/
mailto:lib-ir@fsu.edu


 

 

 

THE FLORIDA STATE UNIVERSITY 

COLLEGE OF EDUCATION 

 

 

 

RANDOM-EFFECT DIFFERENTIAL ITEM FUNCTIONING VIA HIERARCHICAL 

GENERALIZED LINEAR MODEL AND GENERALIZED LINEAR LATENT MIXED 

MODEL: A COMPARISON OF ESTIMATION METHODS 

 

 

By 

SALIH BINICI 

 

 

A Dissertation submitted to the  

Department of Educational Psychology and Learning Systems  

in partial fulfillment of the  

requirements for the degree of  

Doctor of Philosophy 

 

 

 

Degree Awarded: 

Summer Semester, 2007 

 



 ii

 

The members of the Committee approve the Dissertation of Salih Binici defended on 

January 30, 2007. 

 

 

 

 

 

______________________________ 

      Akihito Kamata   

Professor Directing Dissertation  

 

 

______________________________ 

Florentina Bunea    

Outside Committee Member   

 

 

______________________________ 

Albert C. Oosterhof    

Committee Member    

 

 

______________________________ 

Richard L. Tate    

Committee Member    

 

 

 

 

 

 

Approved: 

 

_____________________________________________________________________ 

Gary Peterson, Chair, Department of Educational Psychology and Learning Systems 

 

 

 

 

 

 

 

The Office of Graduate Studies has verified and approved the above named committee 

members. 

 



 iii

 

 

 

 

 

 

 

To My Dear Father,  

Recep Binici 

 

 

 



 iv

 

TABLE OF CONTENTS 

 

LIST OF TABLES......………………………………………………………………….ix 

LIST OF FIGURES.…….………………………………………………………………xi 

ABSTRACT...........……………………………………………………………………xiii 

 

 

Chapter              Page 

I. INTRODUCTION........................................................................................................... 1 

Statement of Problem...................................................................................................... 3 

Significance of the Study ................................................................................................ 4 

II. LITERATURE REVIEW............................................................................................... 5 

Item Impact, Item Bias and DIF ..................................................................................... 5 

Mantel-Haenszel Method................................................................................................ 6 

Logistic Regression Method ........................................................................................... 8 

Item Response Theory DIF Methods for Dichotomously Scored Items....................... 10 

Simultaneous Item Bias Test ........................................................................................ 12 

Multilevel Modeling and Its Applications to DIF Investigation for Dichotomous Item 

Responses...................................................................................................................... 13 

Hierarchical Linear Modeling as a Multilevel Model and Its Advantages............... 14 

Application of Hierarchical Linear Modeling to IRT............................................... 15 

Several Examples of DIF Investigation via Hierarchical Linear Modeling ............. 18 

Two-Level Hierarchical DIF Model ......................................................... 18 



 v

Random Effect DIF and Two-Level Hierarchical Logistic Regression DIF 

Model ........................................................................................................ 19 

Three-Level Hierarchical Random Effect DIF Model .............................. 22 

The Benefits of Multilevel Measurement Models .................................................... 25 

Parameter Estimation Methods for Hierarchical Linear Models .................................. 27 

Penalized-Quasi Maximum Likelihood (PQL)......................................................... 29 

Laplace approximation of maximum likelihood....................................................... 30 

Application of Laplace to Two-level Binary Data.................................................... 31 

III. METHODOLOGY ..................................................................................................... 34 

Model ................................................................................................................................ 34 

Generalized Linear Latent and Mixed Model............................................................... 34 

Formulation of the Rasch model via Generalized Linear Latent and Mixed Model .... 35 

Extension of the Rasch model to fixed DIF parameter case......................................... 36 

Extension of the Rasch model to random DIF parameter case..................................... 36 

Inclusion of a group level covariate into the model to explain the variation of the 

random DIF parameter.................................................................................................. 37 

Parameter Estimation Methods for Generalized Linear Latent and Mixed Models ..... 37 

The Gauss-Hermite quadrature method .................................................................... 38 

The adaptive Gauss-Hermite quadrature method ..................................................... 39 

Simulation Design............................................................................................................. 40 

Test Length, Cluster Size and Number of Clusters....................................................... 40 

Item Difficulties, DIF Parameter, Ability Difference between Groups, and Person and 

Group Level Abilities ................................................................................................... 41 



 vi

Simulation Conditions and Number of Replications .................................................... 43 

Data Generation ............................................................................................................ 44 

Evaluation Criteria ........................................................................................................ 45 

Total Error, Systematic Error, and Random Error.................................................... 45 

Analysis of Variance (ANOVA)............................................................................... 46 

Type I Error and Power............................................................................................. 47 

Hit Rates.................................................................................................................... 47 

Real Data Analysis........................................................................................................ 48 

IV. RESULTS................................................................................................................... 49 

Item Difficulty Parameter Stability with the PQL and Laplace methods ..................... 50 

Stability of ability difference between groups and DIF parameters with the PQL and 

Laplace methods ........................................................................................................... 53 

Stability of the variance parameters of student level abilities and school level abilities 

by the PQL and Laplace methods ................................................................................. 58 

Stability of the variance of DIF parameter at school level by the PQL and Laplace 

methods ......................................................................................................................... 65 

Stability of the covariance parameter at school level by the PQL and Laplace methods

....................................................................................................................................... 69 

TYPE I Error and Power............................................................................................... 72 

Hit Rates for the Random Model Parameters ............................................................... 77 

Item Difficulty Parameter Stability with the PQL, Laplace, and AGQ methods ......... 82 

Stability of ability difference between groups parameter with the PQL, Laplace, and 

AGQ methods ............................................................................................................... 86 



 vii

Stability of DIF parameter for DIF items with the PQL, Laplace, and AGQ methods 97 

Stability of DIF parameter for Non-DIF items by the PQL, Laplace, and AGQ methods

..................................................................................................................................... 101 

Stability of the variance parameter of student level abilities by the PQL, Laplace, and 

AGQ methods ............................................................................................................. 104 

Stability of the variance parameter of school level abilities by the PQL, Laplace, and 

AGQ methods ............................................................................................................. 107 

Stability of the variance of DIF parameter at school level by the PQL, Laplace, and 

AGQ methods ............................................................................................................. 110 

Stability of the covariance parameter at school level by the PQL, Laplace, and AGQ 

methods ....................................................................................................................... 114 

Real Data Analyses ..................................................................................................... 117 

V. CONCLUSION.......................................................................................................... 122 

Summary ..................................................................................................................... 117 

Limitations of the Study and Suggestions for Future Studies..................................... 126 

Practical Implications.................................................................................................. 127 

APPENDIX. A  The RMSE, BIAS2, AND SE for All Model Parameter Estimates Across 

Simulation Conditions .................................................................................................... 122 

APPENDIX. B   Sample HLM Command File .............................................................. 122 

APPENDIX. C   Sample GLLAMM Syntax File ........................................................... 122 

APPENDIX. D   Data Request Letter............................................................................. 122 

APPENDIX. E   Data Use Permission Letter from Florida Department of Education .. 122 

REFERENCES ............................................................................................................... 122 



 viii

BIOGRAPHICAL SKETCH .......................................................................................... 122 

 



 ix

 

 

 

LIST OF TABLES 

 

Table               Page 

Table 2.1 M-H Contingency table and associated notations............................................... 6 

Table 3.1 Item difficulties used in the simulation study................................................... 41 

Table 3.2 The model parameters and their evaluation criteria.......................................... 45 

Table 4.1 Type I Error rates when the magnitude of DIF variance is large ..................... 74 

Table 4.2 Type I Error rates when the magnitude of DIF variance is small..................... 74 

Table 4.3 Power for detecting DIF when the magnitude of DIF variance is large ........... 76 

Table 4.4 Power for detecting DIF when the magnitude of DIF variance is small .......... 76 

Table 4.5 Hit Rates by the PQL and Laplace methods for the variation of student level 

abilities when the magnitude of DIF variance is large ................................... 79 

Table 4.6 Hit Rates by the PQL and Laplace methods for the variation of student level 

abilities when the magnitude of DIF variance is small................................... 79 

Table 4.7 Hit Rates by the PQL method for the variation of school level abilities  when 

the magnitude of DIF variance is large........................................................... 80 

Table 4.8 Hit Rates by the PQL method for the variation of school level abilities  when 

the magnitude of DIF variance is small .......................................................... 80 

Table 4.9 Hit Rates by the PQL method for the variation of mean DIF at school level 

when the magnitude of DIF variance is large ................................................. 81 

Table 4.10 Hit Rates by the PQL method for the variation of mean DIF at school level 

when the magnitude of DIF variance is small ................................................ 81 

 

 

 

 



 x

 

 

 

LIST OF FIGURES 

 

Figure               Page 

Figure 3.1. Means of level-3 random parameters and the lower triangle of their variance-

covariance matrix......................................................................................... 43 

Figure 4.1 Stability of item difficulty parameters when the magnitude of DIF variance is 

large.............................................................................................................. 51 

Figure 4.2 Stability of item difficulty parameters when the magnitude of DIF variance is 

small............................................................................................................. 52 

Figure 4.3 Stability of ability difference between groups parameter when the magnitude 

of DIF variance is large................................................................................ 54 

Figure 4.4 Stability of ability difference between groups parameter when the magnitude 

of DIF variance is small............................................................................... 55 

Figure 4.5 Stability of DIF parameter when the magnitude of DIF variance is large ...... 56 

Figure 4.6 Stability of DIF parameter when the magnitude of DIF variance is small...... 57 

Figure 4.7 Stability of Non-DIF item parameters when the magnitude of DIF variance is 

large.............................................................................................................. 59 

Figure 4.8 Stability of Non-DIF item parameters when the magnitude of DIF variance is 

small............................................................................................................. 60 

Figure 4.9 Stability of the variation of student level abilitieswhen the magnitude of DIF 

variance is large ........................................................................................... 61 

Figure 4.10 Stability of the variation of student level abilitieswhen the magnitude of DIF 

variance is small........................................................................................... 62 

Figure 4.11 Stability of the variation of school level abilitieswhen the magnitude of DIF 

variance is large ........................................................................................... 63 

Figure 4.12 Stability of the variation of school level abilitieswhen the magnitude of DIF 

variance is small........................................................................................... 64 

Figure 4.13 Stability of DIF variance when the magnitude of DIF variance is large....... 67 

Figure 4.14 Stability of DIF variance when the magnitude of DIF variance is small ...... 68 

Figure 4.15 Stability of the covariance at school level when the magnitude of DIF 

variance is large ........................................................................................... 70 

Figure 4.16 Stability of the covariance at school level when the magnitude of DIF 

variance is small........................................................................................... 71 

Figure 4.17 Type I Error when the magnitude of DIF variance is large........................... 74 

Figure 4.18 Type I Error when the magnitude of DIF variance is small .......................... 74 



 xi

Figure 4.19 Power for detecting DIF when the magnitude of DIF variance is large........ 76 

Figure 4.20 Power for detecting DIF when the magnitude of DIF variance is small ....... 76 

Figure 4.21 Hit Rates by the PQL and Laplace methods for the variation of student level 

abilities when the magnitude of DIF variance is large ................................ 79 

Figure 4.22 Hit Rates by the PQL and Laplace methods for the variation of student level 

abilities when the magnitude of DIF variance is small................................ 79 

Figure 4.23 Hit Rates by the PQL method for the variation of school level abilities  when 

the magnitude of DIF variance is large........................................................ 80 

Figure 4.24 Hit Rates by the PQL method for the variation of school level abilities  when 

the magnitude of DIF variance is small ....................................................... 80 

Figure 4.25 Hit Rates by the PQL method for the variation of mean DIF at school level 

when the magnitude of DIF variance is large .............................................. 81 

Figure 4.26 Hit Rates by the PQL method for the variation of mean DIF at school level 

when the magnitude of DIF variance is small ............................................. 81 

Figure 4.27 Stability of item difficulty parameters when variance of DIF is large .......... 84 

Figure 4.28 Stability of item difficulty parameters when variance of DIF is small ......... 85 

Figure 4.29 Stability of ability difference between groups parameter when variance of 

DIF is large .................................................................................................. 87 

Figure 4.30 Stability of ability difference between groups parameters when variance of 

DIF is small.................................................................................................. 88 

Figure 4.31 Stability of DIF parameter when the variance of DIF is large ...................... 98 

Figure 4.32 Stability of DIF parameter when the variance of DIF is small...................... 99 

Figure 4.33 Stability of Non-DIF item parameters when the variance of DIF is large .. 102 

Figure 4.34 Stability of Non-DIF item parameters when the variance of DIF is small.. 103 

Figure 4.35 Stability of the variation of student level abilitieswhen the variance of DIF is 

large............................................................................................................ 105 

Figure 4.36 Stability of the variation of student level abilitieswhen the variance of DIF is 

small........................................................................................................... 106 

Figure 4.37 Stability of the variation of school level abilitieswhen variance of DIF is 

large............................................................................................................ 108 

Figure 4.38 Stability of the variation of school level abilitieswhen the variance of DIF is 

small........................................................................................................... 109 

Figure 4.39 Stability of DIF variance when the magnitude of DIF variance is large..... 111 

Figure 4.40 Stability of DIF variance when the magnitude of DIF variance is small .... 112 

Figure 4.41 Stability of the covariance at school level when the magnitude of DIF 

variance is large ......................................................................................... 115 

Figure 4.42 Stability of the covariance at school level when the magnitude of DIF 

variance is small......................................................................................... 116 

 

 



 xii

 

 

 

ABSTRACT 

 

This study treated DIF as a random parameter varying over group units and 

formulated it following the Generalized Linear Latent and Mixed Model (GLLAMM) 

and Hierarchical Liner Model (HLM) frameworks. Such an alternative formulation was 

used to compare the HLM and GLLAMM estimates across several simulation conditions, 

since HLM and GLLAMM utilize different estimation methods to approximate the 

marginal maximum likelihood. HLM employs Penalized Quasi Maximum Likelihood 

(PQL) and Laplace approximations, while GLLAMM uses the Adaptive Gaussian 

Quadrature (AGQ) method. 

In general, the Laplace and AGQ methods provided more stable random 

parameter estimates (the variation of abilities at student and school levels, as well as the 

variation of DIF across group units) than the PQL method. However, the PQL performed 

better for the fixed parameters (item difficulty and ability difference between groups, DIF 

parameters), especially when there were limited observation units at level-2 and level-3. 

Furthermore, it was found that the performances of the Laplace and AGQ were similar 

across all simulation conditions, but the amount of time spent by GLLAMM during 

computation was considerably larger than the amount of time spent by HLM.    

Accuracy of DIF detection evaluated by means of Type I error rate for Non-DIF 

items and by power for DIF item. In general, Type I error rates of the PQL and Laplace 

methods were below or at the expected nominal alpha level (0.05), but the Laplace 

algorithm always provided smaller Type I error rates than the PQL algorithm across all 

conditions. The power of the PQL and Laplace methods in detecting DIF was inadequate 

(below 0.80) in many simulation conditions except the larger cluster size and the number 

of clusters, and when the magnitude of DIF was small. The PQL method in detecting DIF 

was more powerful than the Laplace method. On the other hand, power improved very 

quickly for both estimation methods depending on the increase in the number of units at 



 xiii

student and school levels, suggesting that the larger cluster size and number of clusters 

would provide the required accuracy.    

In this study, the ratio of a variance estimate to its standard error was referred to 

as hit rate and this ratio was used in order to evaluate the point estimates of the random 

parameter estimates. Hit rates for the variance of student and school abilities level were 

always satisfactory (over 0.80) in all conditions. However, hit rates for the variance of 

DIF across school units were different depending on the magnitude of DIF variance. 

Once the magnitude of DIF variance was small, hit rates were always inadequate across 

all conditions. Once the magnitude of DIF variance was large, hit rates were satisfactory 

only in a few simulation conditions, but hit rates increased as the number of units at 

student and school levels increased. This suggests that larger number of units at level-2 

and level-3 would provide satisfactory hit rates or the more stable estimates of the 

random DIF over group units. 
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CHAPTER I 

 

INTRODUCTION 

One of the important concerns in educational measurement is to provide bias-free 

measurement outcomes to several different audiences, such as teachers, school 

administrators, and policy makers, since these results are used to make critical decisions 

for numerous purposes, including selection of students for admission to a college or 

assigning students to special programs. For this reason, bias is undesirable in educational 

measurement, and its presence is a threat to the validity of interpretation and use of 

educational measures (Ackerman, 1992). Therefore, it is psychometrician’s task to find a 

way to detect bias and control it in order to provide bias-free outcomes to decision 

makers.  

There might be several intervening factors affecting measurement that eventually 

lead to biased test results. One of those factors is “Differential Item Functioning” (DIF). 

DIF can be described as the change in an item difficulty between groups who have, in 

fact, the same level of ability on the construct being measured. For instance, let us 

assume that an item on the test measuring math skill is answered by two groups of 

students. The first group consists of male students, while the second group consists of 

female students, but both groups have the same level of math ability on average. In this 

scenario, it is expected that both groups of students would provide the same responses for 

this item on average because their math ability is equal to each other; however, if the 

difficulty of the item is different for males and females and results in different responses, 

this is referred to as the fixed effect DIF or the traditional DIF procedure. Fortunately, 

there are some statistical procedures, such as the Mantel-Haenszel (Mantel & Haenszel, 

1959) and logistic regression (Swaminathan & Rogers, 1990), to detect this type of DIF. 
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Recently, some studies (e.g., Kamata & Binici, 2003, Kamata et al., 2005) utilized 

the Hierarchical Linear Model (HLM) (Raudenbush & Bryk, 2002) framework to 

formulate DIF as a random parameter, then showed that once DIF is present, there is a 

possibility that the magnitude of DIF might also vary across groups, such as schools and 

communities. For example, assume that the groups of male and female students in our 

earlier example come from many schools. Also, we already know that one of our math 

items had been flagged as displaying DIF indicating that item difficulty functions 

differently between males and females. In this scenario, if the magnitude of DIF for this 

item is also different across schools, it is referred to as random effect DIF or the modern 

DIF procedure.  

Considering DIF as a randomly varying parameter across groups as well as 

identifying possible group characteristics accounting for this variation provides 

invaluable information about DIF, since formulating DIF as a random effect enables one 

to clarify the factor may be causing DIF rather than simply detecting DIF. Therefore, the 

random effect DIF approach may provide suggestions possibly informative to minimize 

DIF items in the future by many different means, including instruction, policy and test 

construction. 

This study treated DIF as a random parameter and formulated it following the 

Generalized Linear Latent and Mixed Model (GLLAMM) (Skrondal & Rabe-Hesketh, 

2004) framework. Then, the study showed that modeling DIF as a random parameter via 

the HLM or the GLLAMM framework was equivalent even if it was formulated by 

different modeling frameworks. Such an alternative formulation allowed to compare the 

HLM and GLLAMM estimates for the fixed model parameters--item difficulties, ability 

difference between groups, and the fixed part of DIF-- and the random model parameters 

--person level ability, group level ability and the random part of DIF--. The rationale 

behind comparing the HLM and GLLAMM estimates was that HLM and GLLAMM 

utilize different estimation methods to approximate the marginal maximum likelihood. 

HLM employs Penalized Quasi Maximum Likelihood (PQL) (Breslow & Clayton, 1993) 

and Laplace approximation (Tierny & Kadane, 1996), while GLLAMM uses the ordinary 

Gauss-Hermite quadrature (Abramowitz & Stegun, 1974) and the adaptive Gauss-

Hermite quadrature methods (Pinheiro & Bates, 1995). 
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   In this study, the performance of the alternative estimation methods employed 

by HLM software and by GLLAMM procedure available in STATA (Stata Corporation, 

2004) was investigated across the various simulation settings formed by the several group 

conditions, such as different cluster sizes (the number of students) and the number of 

clusters (the number of schools), as well as different magnitudes of the variances for 

random effect DIF, in order to clarify how well the fixed and random model parameters 

were estimated. It was hypothesized that the adaptive Gauss-Hermite quadrature method 

applied by GLLAMM would provide better parameter estimates than the alternative PQL 

and Laplace methods, since the adaptive Gauss-Hermite quadrature method approximates 

the integral, while PQL and Laplace approximate the integrand by employing numerical 

integration in order to approximate the marginal maximum likelihood. 

  The study also compared the performance of the PQL and Laplace methods in 

terms of the accuracy of DIF detection, which was evaluated by Type I error rate and 

power. The Type I error rate for non-DIF items and power for DIF item were computed 

for each of these estimation methods across the simulation conditions. Here, it was also 

hypothesized that the Laplace method would be more sensitive than the PQL method for 

the accuracy of DIF detection. In other words, the Laplace method was expected to 

indicate less Type I error rate and more power than the PQL method, since the PQL 

method is described as either an approximation to the data or an approximation to the 

integrand, while the Laplace method is classified as an approximation to the integral 

rather than the integrand (De Boeck & Wilson, 2004).  

Statement of Problem 

Kamata and Binici (2003) utilized PQL by HLM in their estimation of random-

effect DIF. They found that the random-effect DIF parameter was not estimated 

satisfactorily. More specifically, the true variance of DIF was underestimated by almost 

69%. They speculated that the scale shrinkage of random effects might cause this 

problem. Thus, the rescaling of ability estimates should correct the problem. 

Recently, Kamata et al. (2005) applied the same approach with PQL estimation to 

analyze a data set from National Assessment of Educational Progress (NAEP) to 

investigate differential DIF across schools for test accommodation sample. They reported 

that although PQL was very quick in computation, it was very rough in estimation. 
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Similarly, several researchers reported that PQL underestimates the variance components 

for dichotomous responses with small cluster sizes (e.g., Rodriguez & Goldman, 1995; 

Goldstein & Rashbash, 1996). 

There was a need for a systematic study to investigate the effect of the number of 

clusters, as well as the cluster size, on the estimation of the variance of random 

parameters (variation of random DIF in this study) considering alternative 

estimation/optimization methods (Kamata et al., 2005). 

Significance of the Study 

The purpose of this study was to compare the performance of alternative 

estimation methods utilized by HLM and GLLAMM in an attempt to clarify when these 

alternative estimation methods work and when they do not, and to what extent. Clarifying 

the characteristics of these estimation methods help us better understand the problem of 

the underestimation of random parameters (e.g., Kamata & Binici, 2003; Kamata et al., 

2005) in contemporary DIF studies with dichotomous responses, as well as multilevel 

studies with dichotomous outcome. In addition, the performance of the PQL and the 

Laplace methods in terms of the accuracy of DIF detection (Type I error rate and Power) 

was unknown based on the available literature. Thus, this study also elucidated the 

sensitivity of these estimation methods in DIF detection, and therefore helped us know 

how accurately DIF was detected by these alternative estimation methods across the 

specific simulation conditions formed by different numbers of level 1 and level-2 units. 

The goal of the study was not to compare the HLM and the GLLAMM formulations or 

evaluate the superiority of HLM software or GLLAMM procedure available in STATA, 

since random effect DIF by the HLM framework can be parameterized in the same way 

based on the GLLAMM framework. 
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CHAPTER II 

 

LITERATURE REVIEW 

This chapter primarily reviews several traditional and modern DIF procedures for 

dichotomously scored test items. The presentation of the content can be described under 

five categories. First, some related terms such as item impact, item bias and DIF are 

clarified. Second, the Mantel-Haenszel (M-H), Simultaneous Item Bias Test (SIBTEST), 

and standard logistic regression (LR), which are widely used DIF procedures, are 

presented. Third, Item Response Theory (IRT) DIF techniques are introduced. Next, 

multilevel modeling and its application to DIF investigation are explained. Finally, the 

parameter estimation methods employed by HLM are provided. 

Item Impact, Item Bias and DIF 

Item impact refers to group differences in the probability of getting an item 

correctly (Wainer, 1993). For example, item impact occurs among a group of white and 

African-American students when there is a difference between probabilities of correct 

response for an item measuring reading skill. Notice that while describing item impact, 

any difference in the ability levels of students are not regarded as a factor affecting the 

probability. In contrast, DIF refers to the difference in the probability of correct answer 

between groups, considering the same ability level of students. In other words, DIF is 

present for when examinees from two subpopulations with the same trait level have a 

different probability of answering the same item correctly (Kamata & Binici, 2003). 

Kim (2003) asserts that it is useful to regard group differences in item 

performance as consisting of two components: the “true” difference between the groups 

and an “artificial” difference brought about by the use of inappropriate and irrelevant 

(biased) items. These two effects, in sum, have been referred to as impact. The use of the 
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total score criterion or latent trait variable as a matching variable to control differences in 

ability level of groups serves to separate out these two effects. 

Camilli and Shepard (1994) state that items which show the statistical discrepancy 

known as DIF undergo a judgmental procedure to uncover the source of the unintended 

group differences in item difficulty. If it is found that the source of the group difference is 

due to an unintended construct that is irrelevant to the attribute that the test was designed 

to measure, then the item is considered as biased. Thus, DIF is required, but is not 

sufficient for item bias. The term item bias is used to emphasize the cause of large group 

differences, while the term DIF is used to emphasize the effect of group differences 

(Camilli, 1993). 

Mantel-Haenszel Method 

The Mantel-Haenszel procedure (Mantel & Haenszel, 1959) is basically a 

statistical approach to test for the dependency of two variables in a three-way 

contingency table. This procedure was later applied by Holland and Thayer (1988) to 

detect DIF for dichotomously scored items. In order to calculate DIF based on the M-H 

procedure, it is necessary to first make a contingency table that describes the frequencies 

of correct (1) and incorrect (0) responses. Then, these frequencies are classified by the 

focal group (f), which is the group of interest, the reference group (r), which is the group 

to be compared, and the matching criterion, which has k categories, since the M-H uses 

the observed total score intervals as the matching variable. Such a contingency table and 

associated notations are presented in Table 2.1. 

Table 2.1 M-H Contingency table and associated notations. 

  Response to item j  

  Correct (1) Incorrect (0) Total 

Reference aj bj 
jrn  

Group 

Focal cj dj 
jfn  

 Total 
1 j

n  0 j
n  jN  
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Based on the contingency table, the estimate of the common odds-ratio for item i 

( ˆ
iMHα ) is obtained by 

/

ˆ

/
i

S

j j j
j

MH S

j j j
j

a d N

b c N

α =
∑

∑
,     (1) 

where aj, bj, cj, and dj are defined in the contingency table in the Figure above, j is the jth 

category in the matching criterion (j = 0, … , S), and Nj is the number of examinees in the 

jth category.  If there is no difference between the reference and focal groups by 

controlling for the level of matching criterion, then ˆ
iMHα  will be equal to 1.  If the 

reference group performs better on the item, then ˆ
iMHα  will be smaller than 1, which is an 

indication of possible bias against the focal group. On the other hand, if the common 

odds-ratio is greater than 1, it is an indication of possible bias against the reference group. 

The common odds-ratio can be also transformed into the signed index. It is the 

natural-log of the common odds ratio. The signed index for item i is denoted by ˆ
iMHβ  and 

computed as follows: 

ˆ ˆln( )
i iMH MHβ = α .     (2) 

The signed index is in the scale of log-odds-ratio and is especially desirable if one wants 

to make a comparison between the M-H and logistic regression, since signed index is 

equivalent to a coefficient in a logistic regression model. When ˆ
iMHα is smaller than 1, 

ˆ
iMHβ is a negative value, which is an indication of the possible bias against the focal 

group. On the other hand, when ˆ
iMHα  is larger than 1, ˆ

iMHβ  is a positive value, it is the 

indication of the possible bias against the reference group. When ˆ
iMHα = 1, then ˆ

iMHβ = 0, 

which indicates that there is no difference regarding the proportion of correct answers 

between the reference and focal groups given the same level in the matching criteria.   

Signed index or the common odds-ratio can be transformed into the MH-DIF 

statistic ˆ
iD  in order to evaluate the magnitude of DIF (Holland & Thayer, 1985). This 

statistic can be shown as  
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ˆˆ ˆ2.35 2.35ln( )
i ii MH MHD = − β = − α .   (3) 

When ˆ
iD  is a positive value, it is an indication of possible bias against the focal group, 

while a negative value is an indication of possible bias against the reference group.  

The Mantel-Haenszel method is an easy and simple procedure in terms of 

implementation; however, this method is also criticized for resulting in the poor 

estimation of statistics especially when a test contains a small number of items (e.g., 

Pommerich, 1995).  More specifically, the M-H method assumes that observed scores 

reflect the true ability level of an examinee. Thus, those scores are used as a matching 

criterion, but the method may result in the estimation of poor statistics if the true ability 

level of an examinee is not represented well by the observed scores. 

Logistic Regression Method 

 Swaminathan and Rogers (1990) utilized a logistic regression model to detect DIF 

for dichotomously scored test items. In this method, responses given for a specific item 

are specified as a dependent variable while group membership (focal or reference group), 

matching criterion (e.g., total test score) and interaction effect between group 

membership and matching criterion are considered as independent variables. Kamata and 

Vaughn (2004) stated that the basis of this model focuses on the main effect of group and 

the interaction effect between group membership and matching criterion, conditioned on 

matching criterion. Such a model for an item can be written as  

0 1 2 3ln ( ) ,
(1 )

j

j j j

j

p
b b X b G b XG

p

⎡ ⎤
= + + +⎢ ⎥

−⎢ ⎥⎣ ⎦
   (4) 

where pj is the probability of individual j to get the item correct, Xj is the value of the 

matching criterion for individual j, Gj represents the group membership for individual j, 

and (XG)j is the interaction between Xj and Gj for individual j.  The left-hand side of the 

equation, ln[ jp / (1 )jp− ], is a quantity called the log-odds-ratio. The main effect of 

group, b2, represents DIF, indicating the change in an item difficulty between groups after 

controlling ability difference among groups. The main effect of group can also be 

referred to as uniform DIF, since item difficulty differs only depending on the group 

characteristic. The interaction effect, b3, represents the change in an item difficulty 

between groups depending on the group characteristic plus ability level of individuals. 
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The interaction effect can also be referred to as non-uniform DIF because item difficulty 

changes depending on both the group characteristic and ability level of individuals. An 

item is unbiased if b2 and b3 are equal to zero, implying that item responses can only vary 

depending on the ability level of individuals. Therefore, group membership or interaction 

effect should not have any effect on the item responses. In order to test the significance of 

DIF, matching criterion is first entered into the equation and the model is analyzed. Then, 

the group variable is added into the equation, which already includes the matching 

variable, and the model is reanalyzed. Finally the interaction term is entered into the 

existing model and it is reanalyzed one more time. For each step, a Chi-square statistic is 

derived based on log-likelihood ratios. The difference between two Chi-square statistics 

from the final-step and first-step enable one to estimate Chi-square DIF 2

DIFχ  , which is 

formulated as 

2 2 2

final-step fisrt-stepDIFχ = χ − χ .     (5) 

The resulting quantity is distributed as a Chi-square distribution with 2 degrees of 

freedom. If the test is not significant, the item is unbiased; however, if the test is 

significant, it is concluded that there is enough evidence for either uniform or non-

uniform DIF or both. Kamata and Vaughn (2004) stated that the magnitude of DIF can be 

evaluated by the estimates of b2 and b3 in the same way as in the MH method. Since b2 

and b3 are in the same scale as ˆ
iMHβ (in the scale of log-odds-ratio), multiplying b2 and b3 

by –2.35 will transform them into the same scale as ˆ
iD . Similarly, b2 and b3 can be 

transformed into the same scale as ˆ
iMHα  by exponentiating them.  

 When the M-H procedure and logistic regression are compared, two similarities 

between these procedures can be perceived. First, both methods assume that observed 

scores reflect the true ability level of an examinee and use it as a matching criterion. 

However, as mentioned previously in the discussion of the M-H, these scores may not 

represent well an examinee’s true level of ability if the number of observations per 

individual is small. In this regard, Swaminathan and Rogers (1990) stated that both 

procedures provide better and similar results for longer tests and larger samples otherwise 

both of these methods may result in the estimation of poor statistics. Second, the M-H 

procedure is similar to the logistic regression DIF model where the ability variable is 



 10

discrete and no interaction term between the group membership and ability variable is 

permitted. 

 A difference stated by Mazor, Kanjee, and Clauser, (1996) is that the logistic 

regression approach is more flexible than the M-H in terms of constructing more complex 

models, since it allows one to use more than one matching criterion to obtain more 

precise parameter estimates.  

Item Response Theory DIF Methods for Dichotomously Scored Items 

Item response theory (IRT) is a mathematical model that specifies the relation of 

trait levels and item characteristics to a person’s item response (Embretson & Riese, 

2000). Such a relation can be typically formulated by one of three popular IRT models 

for dichotomously scored items. Those are the One-Parameter Logistic (1 PL) IRT 

model, which is also known as the Rasch model, the Two-Parameter Logistic (2 PL) IRT 

model and the Three-Parameter Logistic (3 PL) IRT model. Each IRT model assumes a 

different number of item characteristic parameters when trait levels and item 

characteristics are related to the probability of correct response.  More specifically, 1 PL 

considers only one item characteristic parameter, which is item difficulty, while 2 PL 

assumes item difficulty plus item discrimination. 3 PL further takes into account the 

pseudo-guessing parameter along with item difficulty and item discrimination. From the 

view of the simplest IRT model, item difficulty and ability levels are related to the 

probability of correct response by 

exp( )
( ) ,

1 exp( )

j i

ij j

j i

b
p

b

θ
θ

θ
−

=
+ −

    (6) 

where ijp  is the probability that person j with ability jθ answers item i correctly and ib is 

the difficulty of item i. Once person ability and item difficulty are equal to each other, the 

probability of correct response is 0.5. Here, item difficulties and person abilities are 

considered on the same scale, which mathematically ranges between ,...,−∞ +∞ ; however, 

psychometrically, it is considered as ranging between 4 to 4− +  in the standardized scale.  

The lower end of this continuum indicates low abilities and easy items, while higher end 

of the scale shows higher abilities and more difficult items. The relation of trait levels and 

item characteristics to the probability of correct response can be graphically represented 
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by an item characteristic curve (ICC). Since the Rasch model assumes that all items are 

equally discriminating, the slopes of the ICCs are the same across abilities; however, the 

slopes of ICCs for 2 PL and 3 PL models differ across abilities, since 2 PL and 3 PL 

consider additional item characteristics indicated earlier.  

IRT has certain assumptions which are useful in DIF detection, namely, 

unidimensionality, local independence, as well as item and sample invariance. The 

unidimensionality assumption implies that a test measures only one latent ability. 

Therefore, no other trait should influence the item response. An item displays DIF if it 

measures more than one trait. Second, the local independence assumption refers that a 

person’s responses for any pair of items are independent, when conditioned on ability. 

This assumption allows one to study DIF item-by-item. Third, the item and sample 

invariance assumption states that item parameters do not vary across samples, i.e., sample 

characteristics do not have an influence on the item parameters. The invariance property 

protects against a false DIF indication due to a difference in the ability distribution of 

groups (Shepard et al., 1981). 

There are several approaches that can be implemented for DIF detection in the 

IRT framework. Some use the area between the ICCs (e.g., Raju, 1988); some use 

statistical testing of the equality of the parameters of the ICCs (e.g., Lord, 1980); and 

others use statistical testing of the model fit (e.g., Thissen, Steinberg, & Wainer, 1988). 

Evidently, when DIF is investigated following IRT methods, the primary focus of interest 

is the comparison of the ICCs. The rational behind the comparison of the ICCs is that all 

items are assumed to have the same item characteristics across individuals, based on the 

invariance property of IRT. 

In the area and parameter testing approach, the items are calibrated separately for 

the focal and reference groups. Then, the item parameters are transformed by linking 

procedures. After the linking procedure, the area difference between the estimated ICCs 

is computed or item estimates from both groups are compared. However, all of the 

linking methods designed for DIF detection assume no-DIF in the linking items. The 

items with no DIF are generally not known a priori. Therefore, linking methods require a 

preliminary screening for DIF items, followed by the development of the linking 
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procedure using the remaining items. These methods are based on an iterative or non-

iterative approach (Lord, 1980; Park et al., 1990). 

The other approach is based on the use of goodness of fit test, such as a likelihood 

ratio test. This method needs to pre-specify a DIF-free anchor subset of items in order to 

match persons of equal ability. Thus, the items are divided into two subsets, the anchor 

and study subsets. All parameters of the anchor subset are constrained to be equal across 

groups. The 1 PL, 2 PL or 3 PL model is fitted for the all items in the anchor subset plus 

one item from study subset. This procedure is repeated twice, once with no equality 

constraint (DIF model) and once with equality constraint on item parameters across 

groups (No DIF model). The hypothesis that the parameter is equal or invariant across 

groups is tested by a difference in the likelihood ratio test. If the item parameter is not 

invariant across groups, the item is indicated as a DIF item and the next item is tested. 

This process continues until all suspected items are tested (Thissen et al., 1988).    

Simultaneous Item Bias Test 

Chang et al. (1996) described Simultaneous Item Bias Test (SIBTEST) as a non-

parametric multidimensional IRT approach, since this approach assumes that DIF is a 

result of existing multidimensionality in the test. Instead of the investigating the presence 

of DIF in a single item, SIBTEST examines several suspected DIF items simultaneously. 

For this reason, SIBTEST is referred to as a method to detect test bias or Differential Test 

Functioning (DTF), but it can also be used to detect DIF.  

Test items are divided into subsets as anchor and studied. The anchor subset 

contains items that measure the intended ability equally between the focal and reference 

groups. Anchor subset does not contain DIF items. However, the studied subset may 

contain one or more DIF items. The ability difference between the focal and reference 

groups is taken into account by matching the groups on the total scores from anchor 

subtest.  

SIBTEST provides an estimate of DIF index and statistical testing for both 

uniform DIF (DIF does not change depending on ability level) and non-uniform DIF 

(DIF changes depending on ability level). The uniform DIF can be described as 

0

ˆ ( ),
n

U Fk Rk Fk

k

P Y Y
=

β = −∑     (7) 
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where  k is the number of score levels in anchor subtest, n is the maximum score level on 

anchor subset, FkP  is the proportion of the focal group examinees at level k, RkY  and 

FkY the mean scores on the studied subtest for the reference and focal groups at level k. 

Thus, ˆ
Uβ is the expected score difference in the probabilities of correct response of the 

subtest score between the reference and focal groups at each level of the anchor subset. 

Estimate of ˆ
Uβ is divided by its standard error to test the null hypothesis of no DIF. After 

null hypothesis is rejected, the magnitude of ˆ
Uβ is judged to determine magnitude of DIF. 

If the absolute value of ˆ
Uβ is smaller than 0.059, DIF is negligible. If the absolute value 

of ˆ
Uβ is equal to or larger than 0.059, but smaller than 0.088, DIF is moderate. If the 

absolute value of ˆ
Uβ  is equal to or larger than 0.088, DIF is large (Roussos and Stout, 

1996).  

The non-uniform DIF is described in a similar fashion to uniform DIF, but this 

time, crossing points where Item Characteristic Curves (ICCs) for the focal and reference 

groups cross each other are taken into account and the uniform DIF index is reformulated 

as    

0 1

ˆ ( ) ( ),
C n

C Fk Fk Rk Fk Rk Fk

k k C

P Y Y P Y Y
= = +

β = − + −∑ ∑    (8) 

where C is the crossing point of ICCs for the focal and reference groups. Thus, ˆ
Cβ  is the 

expected score difference in the probabilities of correct response of the subtest score 

between the reference and focal groups at each level of the anchor subset, when the ICCs 

of the groups cross each other. 

Multilevel Modeling and Its Applications to DIF Investigation for Dichotomous Item 

Responses 

Description of DIF and its implementation via the M-H, logistic regression, and 

IRT methods are explained in the preceding sections. Before introducing DIF via 

multilevel DIF models, which are referred to as the modern DIF techniques, HLM as a 

multilevel modeling and the advantages brought by the use of HLM are first described. 

Next, the application of HLM to item response theory is explained. Then, several 
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examples of DIF investigation via HLM are presented. Finally, the benefits of the 

application of HLM to IRT and DIF studies are discussed.      

Hierarchical Linear Modeling as a Multilevel Model and Its Advantages 

Hierarchical Linear Modeling is a widely used statistical approach in social 

science research fields, such as institutional research, meta analysis, and longitudinal 

research in developmental studies, since it allows one to analyze the data in clustered or 

nested structure. As Kim (2003) stated, clustered structure may cause a lack of statistical 

independence among study subjects as indicated by a nontrivial intra-class correlation 

(within cluster observations, which are very similar to each other). Therefore, the use of 

traditional statistical procedures, such as traditional regression, leads to underestimation 

of standard errors and results in too liberal null hypothesis tests. On the other hand, HLM 

allows one to estimate intercept and slope coefficients for each cluster for some or all 

variables using within cluster and between cluster information in data. These intercept or 

slope coefficients are assumed to be normally distributed with a mean equal to the effects 

of cluster characteristics as specified at the higher level. In addition, the variation of these 

coefficients referred to as “random effects” is also assumed to be normally distributed 

with a mean of zero and an unknown variance/covariance matrix. These random effects 

provide information about the unexplained part of intercept and/or slope coefficients. 

Hierarchical Linear Modeling is a much more flexible statistical formulation 

employed by the researchers in order to better specify the real world relationships 

between variables. For instance, it enables one to study the main and interaction effects of 

independent variables measured at different levels of hierarchical structure on the 

outcome variable. The flexibility in the design of relationships between variables brings 

several advantages. First, HLM provides improved parameter estimates, more accurate 

standard errors, more precise confidence intervals, as well as correct significance tests 

because hierarchically structured data are taken into account by multilevel formulation. In 

this regard, Monfils (2004) states that if hierarchically structured data (e.g., students 

nested within schools) are forced to analyze in school level, and some dependent 

variables for student level are ignored, aggregation bias is introduced to parameter 

estimates. Also, Lee (2000) states that the data collected from individuals within higher 

units, such as students within schools, tend to be correlated within cluster due to common 
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environment influences. If this type of hierarchically structured data are analyzed at the 

individual level as in the traditional regression, which assumes the independence of 

observations, the independence of the clustered data or intra class correlation is ignored, 

resulting in the underestimation of school effects. Second, multilevel modeling enables 

one to study random intercept and/or slope coefficients. Put differently, relations between 

the effect of individual level explanatory variables and outcome may vary considerably 

across group units (heterogeneity of regression slopes) and that permits the researcher to 

model this variation in the higher levels; however this is not possible in the traditional 

regression approach because the traditional regression assumes that the influence of 

explanatory variables on outcome is the same across individual level (the assumption of 

homogeneity of regression slopes). Third, multilevel modeling provides variances and 

covariances of random intercept and/or slope coefficients at various levels of hierarchical 

structure (Guo & Zhao, 2000). Therefore, it is possible to decompose the total variance in 

the outcome variable into portions associated by each level.    

Application of Hierarchical Linear Modeling to IRT   

Item response data are usually in the clustered structure. Put differently, the item 

response data can be considered as a nested or crossed variable within students, as well as 

students regarded as nested within schools. However, HLM is an appropriate statistical 

way of analyzing the hierarchically structured data as long as the dependent variable is 

continuous, indicating linear relationship between the dependent and independent 

variables. In 1 PL case, item response data consist of dichotomous responses, and the 

relationship between the dependent variable (item response) and independent variables is 

not linear. Fortunately, the Hierarchical Generalized Linear Model (HGLM) 

(Raudenbush, 1995; Stiratelli, Laird, & Ware, 1984; Wong & Mason, 1985) as an 

extension of HLM is used to formulate a linear relationship between dichotomous 

outcome and explanatory variables.  

Kamata (2001) formulated a multilevel item analysis model following the 

frameworks of the Generalized Linear Model (GLM) (McCullagh & Nelder, 1989) and 

HLM.  First, he specified a logit link function and a linear predictor model as level-1 

(item-level) model based on the GLM. Then, using the idea of HLM, level-1 model is 

extended to level-2 (person level) model. In other words, HGLM is utilized in the 
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formulation of the multilevel item response model as a two-level model. This two-level 

model formulation is also called as Hierarchical Rasch Model.  The logit link function 

and item level model are formulated as 

0 1 1 2 2 ( 1) ( 1)
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where i represents items (i = 1, …, k) and j represents persons (j = 1, …, n). The 

probability of person j answering item i correctly is defined as pij, and log [pij/(1 − pij)] is 

the log-odds of person j answering item i correctly. Also, Xij is a dummy variable for item 

i for person j. Dummy variables, Xij, are used for the identification of the items in the 

linear predictor model and they are coded 1 when an item response is on the ith item, 

coded 0 otherwise. The coefficient β0j is an intercept term and it is represented when all 

of the Xij are 0. Consequently, it is equivalent to the effect of the reference item, which is 

dropped from the equation for the design matrix of the model. For this reason, items 

range from 1 to k − 1. The coefficient βij is the difference of effect from β0j and it is 

associated with Xij when an item response is on the ith item, Xij is coded as 1. By 

substituting this dummy code into the equation above, it can be reduced to 

0log[ /(1 )] ,ij ij ij j ijp p η β β− = = +    (10)  

for item i. The probability that person j answers item i correctly is then expressed as 

exp( )
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The invariance assumption of IRT states that item parameters should be constant 

across individuals; however, these parameters vary in the formulation because this is just 

the item level model and βs are not assumed to be constant across individuals in the 

level-1 model. The final parameters for items and persons are defined at level-2 model. 

When item level and person level are considered together, it is seen that the two-level 

modeling satisfies the invariance assumption of IRT. Level-2 models are 
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In the level-2 model, β0j consists of two parts as γ00 and u0j. The first part, γ00, is the fixed 

part, corresponding to the difficulty of the reference item and u0j is the random 

component of β0j distributed as N(0, τ).  In addition, β1j is equal to γ10 representing the 

deviation of ith items’ difficulty from the difficulty of the reference item. At this point, 

the fixed part of the intercept (γ00) and slope (γ10) enable one to parameterize item 

difficulties. Note that IRT assumption is satisfied, since intercept and slope coefficients 

are consistent across persons, while the random part of intercept (u0j) varies between 

persons. Consequently, when level-1 and level-2 models are combined, the linear 

predictor model becomes 00 0 0 ,ij j iuη γ γ= + + for a specific person j and a specific item i 

for i=γi0. Then, the probability that person j answers a specific item i can be written as; 
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This is exactly the same as the Rasch model, where θj = u0j and ib = − q0 −  00.  Where, θj 

is the latent trait of person j, and ib  is the difficulty of item i.  

Formulation of the Rasch model as a special case of HGLM also allows one to 

estimate the variance of person abilities (random part of intercept) and item parameters 

(random part of slope) simultaneously with the binary data. As Kamata (1998) stated, this 

type of formulation of the Rasch model not only lets one estimate item parameters but 

also allows one to estimate the effect of person level or school level variables on outcome 

by decomposing random intercept and/or coefficients into parts.  

Especially, the decomposition of random person abilities into parts permits one to 

consider influential factors as variables that affect a person’s responses. Kamata (2001) 

demonstrated the decomposition of random person abilities into parts by adding person 

characteristic variables into the second level of the model. For this example, it is assumed 

that we would like to find out whether studying science at home (dummy coded variable; 
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1 is studying science at home, 0 is otherwise) has any effect on test scores. Such a model 

can be written as  
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Inclusion of a person characteristic variable to person level and separation of person 

ability parameters into parts is particularly desirable for those who want to take out effect 

of any covariate from the random variable. Moreover, Kamata’s multilevel item response 

model has been also applied to DIF studies, since the model is also flexible enough to 

decompose random slope coefficients into parts to investigate the existence of DIF. The 

details of DIF investigation following multilevel IRT will be illustrated in the next 

section.  

Several Examples of DIF Investigation via Hierarchical Linear Modeling 

Two-Level Hierarchical DIF Model 

The hierarchical Rasch model has been evaluated in terms of DIF and it was 

satisfactorily found that the model is sensitive in detecting DIF. Chu (2002) investigated 

DIF using this model and conducted test equating. The person level DIF, assumed to be 

gender in her study, is added to the level-2 models as shown below; 
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Here, γ00 to γ(k − 1)0 are the intercepts of β0j to β(k − 1)j , γ11 and γ21 are the gender 

coefficients of item 1 and item 2, and 
0 ju  is a random effect. Items without DIF variable 

(3 to k − 1) only have intercept parameters (γi0), because item effects are constant across 
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persons, as well as between subpopulations. The DIF variable, gender, is added to items 1 

and 2 to adjust for its effects. A person characteristic variable (Gender) was incorporated 

to the slope in this example. When Kamata’s multilevel IRT model is introduced in the 

previous example, a person characteristic variable (Study) had been included in the 

intercept in the previous example. Essentially, these two models are extensions of the 

hierarchical Rasch model. The differences between the model with person-level 

predictors and the DIF model is that the former considers the influential factors as 

variables that affect persons’ responses; in other words, the former investigates the main 

effect of person characteristic variable on the probability of success and the latter 

considers them as variables that affect item parameter estimates. Put differently, the latter 

investigates the interaction effect of item by person characteristic variables on the 

probability of success. Thus the former adds influential factors as linear constrains to the 

person parameter estimates and the latter adds them to the items that are affected (Chu, 

2002). Here, note that a person characteristic variable (Gender) could have also been 

included in the intercept in Equation 15 in order to investigate the main effect of gender 

on the probability of success. 

Luppescu (2002) also utilized Kamata’s multilevel IRT modeling and formulated 

two-level DIF model as in Chu’s (2002) example. He compared estimates of DIF from 

the Rasch model and two-level hierarchical model by means of root mean square error 

(RMSE). Luppescu found that both models provided similar results when sample size and 

proportion of the people in focal group are small. The RMSE for the two-level 

hierarchical DIF model is small when sample size is large, when the magnitude of DIF is 

small, and the proportion of people in focal group is small; on the other hand, the Rasch 

model provided better estimates when the sample size is large. 

Random Effect DIF and Two-Level Hierarchical Logistic Regression DIF Model 

The methods for DIF investigation introduced up to this point are limited to 

modeling DIF as a fixed parameter; however, when DIF is present, there is a possibility 

that the magnitude of DIF varies across groups, such as schools and communities. If this 

is the case, one will be interested in knowing the magnitude of the DIF variation and why 

such a variation exists. A variation in DIF magnitude could be explained by the variation 

of group characteristics. For example, the magnitude of the DIF for a specific test item 



 20

might be different between urban and suburban schools, and this type of information 

suggests what may be causing DIF. The studies modeling DIF in this way are called the 

random effect DIF, since they treat DIF as a randomly varying parameter across groups. 

However, the traditional DIF methods, such as the M-H and the standard logistic 

regression are not appropriate to model DIF as a randomly varying parameter because 

they are limited in terms of formulating random parameters or specifying clustered 

relationships. As Kamata and Vaughn (2004) stated, formulating DIF as a random 

parameter permits one to not only detect DIF but also obtain further information 

regarding its variation. These types of analyses are possible by hierarchical logistic 

regression or hierarchical IRT. The two-level hierarchical logistic regression DIF model 

conducted by Swanson et al. (2002) can be shown as an example of random effect DIF 

investigation, since they formulated DIF as a random parameter and also tried to explore 

possible causes of DIF. Here, level-1 is person level and level-2 is item level. Level-1 

model is  

0 1 2logit[ ( 1)] ,ij j j i j iP Y P Gβ β β= = + +    (16) 

where ijY  is the score of person i for item j (1=correct, 0=incorrect), iP  is an index of 

proficiency of person i, iG is a dummy variable indicating if a person belongs to focal 

group(1) or reference group(0), 0 jβ is item difficulty in reference group, and 1 jβ is item 

discrimination representing the amount of difference in the log odds of probability of 

getting an item correctly that corresponds to a unit difference in the attribute. Therefore, 

item discrimination is a measure of the ability of item to discriminate between individuals 

with high and low values of the attribute. Where 2 jβ is the DIF parameter showing the 

deviation of item difficulty in the focal group from the reference group. 

The level-1 intercept and slope coefficients are treated as random variables in 

level-2 model, which can be shown as 
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Where 0skγ  are intercept terms representing the grand means of the level-1 coefficients. 

More specifically, 00γ is the grand mean of the item difficulties in the reference group, 

10γ  is the grand mean of item discrimination and 20γ is the grand mean of the deviation of 

item difficulties between groups or the overall DIF parameter for item j. Where skju are 

mean zero random variables representing unexplained variability. More specifically, 

0 ju is the between-item variability in item difficulty, 1 ju  is between-item variability in 

item discrimination and 2 ju is the between-item variability in deviation of DIF index or 

unexplained variation of DIF for item j after its item characteristics are taken into 

account. Where 1,..., nI I   are item characteristic variables, 2nγ  is the coefficient for the n
th

 

item characteristic in predicting DIF variation.  

Swanson et al. (2002) first conducted random coefficients model to estimate 

variances of intercept and slope coefficients, then they considered these intercept and 

slopes coefficients as outcomes and tried to explain the variation in these regression 

coefficients using item characteristic variables as explanatory variables. Also, they stated 

that two-level hierarchical logistic regression model is an alternative parameterization for 

2PL IRT, since item discrimination is considered in the level-1 model.  In addition, they 

argued that if 1 ju is deleted from the model, the item discrimination index is fixed and 

therefore the model results in a model similar to 1 PL IRT.    

There are some similarities and differences between the previously explained two-

level hierarchical DIF model by Chu (2002) and the two-level logistic regression DIF 

model by Swanson et al. (2002). These resemblances and distinctions can be summarized 

into five aspects; First, Chu’s model considers items as nested within person, while the 

two-level logistic regression DIF evaluates person as nested within items. Second, 

although the two-level hierarchical DIF treats person abilities as a latent variable in the 

second level of the model, logistic DIF employs person abilities (total test score) as an 

observed variable in the first level of the model. For this reason, the hierarchical logistic 

regression DIF might be regarded as similar to the M-H and standard logistic regression 

because these two traditional methods also use the observed total test score in order to 

match people on ability. Third, IRT assumes that item parameters do not vary across any 
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group units, since they are fixed parameters. For this reason, Kamata’s hierarchical item 

response model and Chu’s DIF model are consistent with IRT’s assumption because 

these two models treat item parameters as fixed variables whereas the two-level logistic 

regression DIF is inconsistent with this assumption, since 0 ju is defined as the between-

item variability in the item difficulty. Considering the invariance assumption of IRT, 

0 ju must be equal to zero, since item parameters are the same across individuals. 

However, 2 ju , can be set free because it represents the variation of DIF, which may have 

variation across the level-2 units. Fourth, the two-level logistic regression is limited to 

investigate DIF item by item as in the M-H and standard logistic regression while 

hierarchical DIF enable one to investigate DIF on the test items simultaneously. Fifth, the 

two-level logistic regression treats DIF as a random variable and enables one to explain 

variation of DIF using item characteristic variables; however, Chu’s current model does 

not treat DIF as a random parameter but the HLM framework is flexible enough to add up 

to one more level, such as school level and formulate random effect DIF by including an 

error term with it, as well as investigate school level variation of DIF by school 

characteristic variables.   

Three-Level Hierarchical Random Effect DIF Model 

The three-level hierarchical random effect DIF can be regarded as an extension of 

two-level hierarchical DIF illustrated by Chu (2002), since Kamata and Binici (2003) 

appended school level to the existing two-level analysis (items nested within persons) and 

hierarchical structure became three-level (items nested within persons and persons nested 

within schools) in order to investigate the effect of school characteristic variables on the 

randomly varying DIF coefficient.  

Level -1 model is exactly the same as the previously presented level-1 model of 

Kamata’s hierarchical item response model. Therefore, level-1 is not repeated. The level-

2 model is 
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 where (group)j is a dummy variable for the group membership, either focal or reference 

group.  As a result, γ00 is the mean of abilities, with the assumption that the mean 

difficulty of items is 0, 01γ  is the main effect of group, which takes into account the 

ability difference between focal and reference groups, γ10 is the difficulty of the second 

item for the dummy variable with the code 0 (reference group), and γ11 is the difference 

in item difficulties. If the magnitude of γ11 is statistically significant and/or meaningfully 

different from zero, it is an indication of DIF for the item.  For the ith item, γ(i–1)1 is the 

magnitude of DIF.  

Once a particular item has been recognized as having DIF, the interest is whether 

the DIF varies across group units. In order to test such a variation, the model is expanded 

to a three-level model, and DIF parameters (γi1) are treated as a random effect as follows 
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where the subscript m is for group units, 101mr , 201mr , ( 1)01k mr − and indicate the variance of 

DIF at group level. Considering all of the three levels together, the combined HLM 

model can be alternatively written as; 
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The log odds of a subject j within group m giving a correct answer to item i is represented 

by the fixed and random model parts. Since this model includes the fixed and random 

terms, all at once, it is sometime referred as the mixed effect model as well. Note that, the 

combined HLM model given above is just the alternative formulation of the previously 

given level-specific HLM models. The only difference in the combined model is the 

rearrangement of the model terms under the fixed and random formation in a compact 

structure.  

Here, the interest is in the magnitudes of variance of (ri01m). If var(ri01m) is large, it 

means that the DIF magnitude is different across group units. If var(ri01m) is statistically 

different from 0 and/or meaningfully large, a suspected group characteristic variable is 

included in the third level in order to reduce the magnitude of var(ri01m) and investigate 

the effect of the group characteristic variable (GC) on each item.  Therefore, the level-3 

models can be written as; 
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The parameter of interest here is πi11, which represents a three-way interaction 

effect between the target item, group (focal or reference), and group characteristic. It 

indicates how much the DIF is different on the target item depending on the value of 

(GC).  The amount of reduction of var(ri01m) by including (GC) in the model can be 

evaluated by the likelihood-ratio test using their chi-square statistics. 

Again, considering all of the three levels together, the combined HLM model can 

be alternatively written as; 
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The log odds of a subject j within group m giving a correct answer to item i is represented 

by the fixed and random model parts. Again, the only difference between the level 

specific HLM models and the combined model is the rearrangement of the model terms 

under the fixed and random formation in a compact structure.  

The three-level hierarchical random effect DIF model resembles to the two-level 

logistic regression DIF, in a sense that both studies treat DIF as a random parameter; 

however, formerly introduced the two-level logistic regression DIF formulates the 

variation of DIF in the item level and explains this variation via item characteristic 

variables, while the three-level hierarchical random effect DIF formulates the variation of 

DIF in the group level and explains it using group characteristic variables.  

The Benefits of Multilevel Measurement Models 

Multilevel measurement models not only accommodate the nested structure of 

item response data but also allow one to treat item difficulties and/or person abilities as 

randomly varying parameters. Therefore, multilevel formulation yields several benefits, 

which can be reviewed in nine aspects:  
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(a) Random person ability may be decomposed into parts by adding person 

characteristic variables into the equation in order to investigate the effect of explanatory 

variables on dependent variable. In other words, person ability in the level-2 may be 

regarded as a latent outcome and regression on latent variables might be employed to 

predict the variation of outcome via some covariates (e.g., De Boeck & Wilson, 2004). 

This application may provide additional information about the effect of these covariates 

on latent person ability whereas this application is not possible with the M-H and 

standard logistic regression because these procedures consider person ability as an 

observed variable represented by total test score and use the total test score as a matching 

variable. 

 (b) Item discrimination parameters may also be estimated once person ability is 

modeled as a random statistic at the person level (e.g., Skrondal & Rabe-Hesketh, 2004, 

Monfils, 2004). This relationship could be formulated in the HLM framework (e.g., 

Monfils, 2004); however, the current HLM software does not allow one to estimate this 

statistic, but it is possible to model and estimate the item discrimination statistic (e.g., 

Skrondal & Rabe-Hesketh, 2004) following the Generalized Linear Latent and Mixed 

Model framework (Skrondal & Rabe-Hesketh, 2004), which will be described in detail in 

the next chapter. 

(c) One can treat item parameters as fixed or random coefficients through 

multilevel IRT modeling. To formulate item parameters as fixed, simply drop the random 

term from the equation and make item parameters consistent across individuals. 

 (d) Once item difficulties are parameterized as a random statistics, it allows one 

investigate fixed effect DIF at person level by adding person characteristic variables into 

the latent variable regression equation (e.g., Chu, 2002). 

 (e) If hierarchical structure is specified as three-level (items nested within 

students and they nested within schools), both person level and school level abilities can 

be estimated (e.g., Kamata & Binici 2003). More specifically, in the level-3, each school 

has a specific ability, which is the mean of individuals’ abilities within that school. In 

level-2, individual abilities are regarded as the deviation of each student’s ability from the 

mean school ability that he or she belongs to. In addition, DIF can be studied as a random 

effect varying school by school. Therefore, it is possible to consider DIF as an outcome 
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of latent variable regression and this outcome may be predicted using school 

characteristic variables as explanatory variables (e.g., Kamata & Binici 2003). 

 (f) If individuals are considered nested within items as in the two-level logistic 

regression, item characteristic variables may be used as independent variables to predict 

the variation of item difficulty and discrimination or both between items (e.g., Swanson 

et al., 2002). 

  (g) The Hierarchical IRT model provides empirical Bayes (EB) estimates of a 

person’s ability parameter by taking into account of other person’s data, as well as the 

data for the person of interest. Thus, it is a more stable estimate (Kim, 2003). 

 (h) The HLM provides an estimate of the reliability of the estimation of the EB 

ability parameters. In HLM, reliability refers to the percentage of the total variance 

around each parameter. The total variance of each parameter consists of parameter 

variance and sampling variance. Parameter variance can be explained by the between-unit 

models. Sampling variance around the parameters from sampling error within the level-2 

units, however, this cannot be explained by the between-unit model because it is 

essentially error. Reliability thus indicates how much of the total variance can be 

explained by the between-unit models. This is conceptually the same as the classical 

definition of the reliability (Kim, 2003). 

 (i) The Hierarchical IRT model allows items on a test to have different DIF 

factors of different magnitudes simultaneously. For example, the DIF factor of Items 1 

and 2 can be gender, while the DIF factor of Items 3 and 4 can be nationality. The 

magnitudes of the four DIF coefficients can be different from each other. Theoretically, 

the number of DIF factors that one can add into the hierarchical IRT model is unlimited 

(Chu, 2002).  

Parameter Estimation Methods for Hierarchical Linear Models 

HLM software (Bryk, Raudenbush & Congdon, 1996) utilizes three different 

types of parameter estimates. Those are empirical Bayes (EB) estimates for randomly 

varying level-1 coefficients ( 0 jβ , 1 jβ ,…, qjβ ), generalized least squares estimates of 

fixed level-2 coefficients ( 11γ , 21γ ,…, 1qγ ), and the maximum-likelihood estimates of the 

variance and covariance components ( 0 ju , 1 ju ,…, qju ). 
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Two-level HLM can employ both restricted maximum likelihood (REML) and 

full maximum likelihood. The default one is REML in which the variance-covariance 

components are estimated by means of maximum likelihood and then the fixed effects 

(level-2 coefficients) are estimated via generalized least squares given those variance-

covariance estimates. If full maximum likelihood approach is chosen, level-2 fixed 

effects and the variance and covariance components are estimated simultaneously.  

 Once the dependent variable is dichotomous (i.e., HGLM case), there are two 

types of estimation methods called PQL and Laplace in order to approximate maximum 

likelihood because the relationship between binary dependent outcome and independent 

variables is not a linear relationship. For this reason, a linearized dependent variable and 

weight are estimated by means of PQL, which is essentially approximate restricted 

maximum-likelihood (AREML). In this case, HGLM first produces approximate 

empirical Bayes (AEB) estimates of the randomly varying level-1 coefficients, 

generalized least squares estimators of the level-2 and level-3 coefficients, and 

approximate maximum-likelihood estimators of the variance and covariance parameters. 

Note that there are no approximation for EB random level-1 coefficients and variance and 

covariance parameters if a linear relationship exists between level-1 variables.  

Until this point, the estimation methods for HLM and HGLM cases have been 

described in general; however, (a) the reason for why maximum likelihood is 

approximated, (b) what are the PQL and Laplace methods, (c) how those techniques work 

are provided below in detail. 

HGLM involves nonlinear link function and nonnormal data at level-1, plus 

multivariate normal distributions of random effects at higher levels, whereas HLM has 

identity link function and normally distributed data at level-1. For this reason, parameter 

estimation is more demanding in HGLM case.  

The purpose of the estimation is to find maximally possible fixed regression 

coefficients, random effects at higher levels, as well as variances and covariances of 

random effects. Therefore, probability is evaluated based on the marginal maximum 

likelihood (MML), which is given by 

( ( , ) ( ,L Y f Y u p u duω ω ω| ) = | | )∫    (21) 
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where Y denotes a vector of all level-1 outcomes, u indicates vector of all random effects 

at level-2 and higher, and ω denotes a vector of all variance and covariance elements, as 

well as fixed regression coefficients. Here, ( ,f Y u ω| ) is the probability distribution of 

the outcome at level-1 given the random effects and parameters. Also, (p u ω| )  is the 

distribution of the random effects at higher levels, given the parameters. The goal of 

MML is to maximize the integral above with respect to ω in order to make inferences 

aboutω .  

Unfortunately, the integral above is intractable. In other words, it does not have an 

analytical or closed-form solution. For that reason, it is impossible to obtain exact 

solutions for maximum likelihood estimates. However, there are some approximation 

techniques to the problem of intractable integral. The first method approximates the 

integral with numerical integration techniques. The Gauss-Hermite quadrature and the 

adaptive Gauss-Hermite quadrature methods are examples of this solution. These 

alternative estimation techniques are utilized by GLLAMM and will be explained in 

Chapter 3.  The second method approximates the integrand, so that integral of the 

approximation does have a closed form solution. PQL and Laplace are examples of this 

solution.  

Penalized-Quasi Maximum Likelihood (PQL) 

The HGLM estimation in HLM software is referred to as a “doubly-iterative 

algorithm” (Raudenbush, 1995), that is, a combination of the GLM and HLM estimation 

procedures. Both the GLM and HLM estimation procedures are performed iteratively 

within and between the two procedures. The HLM iterations are referred to as macro 

iterations, while the GLM iterations are referred to as micro iterations (Raudenbush et al., 

2005). Because the outcome variable has a binary structure, PQL estimation is also used 

to obtain the most plausible estimates of linearized dependent variables, Zij, and weights, 

wij during GLM estimation. The Zij and wij are defined as  

(1 )ij ij ijw p p= − , and 
ij ij

ij ij

ij

u p
Z

w

−
= + η ,  (22) 

where ijp , iju , and ijη are defined in previous sections. Once initial estimate of predicted 

value ( ijp
(0)

), a linearized dependent variable ( ijZ
(0)

) and weights ( ijw
(0)

) are computed. 
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Then, given those initial estimates, a weighted HLM analysis with ( ijZ
(0)

) as the level-1 

outcome is computed. Next, according to the new predicted values from a weighted HLM 

analysis, the new linearized dependent variables ( ijZ
(1)

) and weights ( ijw
(1)

) are 

computed. Then, a new weighted HLM analysis with ( ijZ
(1)

) as the level-1 model is 

computed. This iterative process is repeated until it achieves a predetermined 

convergence criterion. As a result, the HGLM produces AEB of level-1 coefficients, and 

a variance-covariance matrix estimated based on AREML referred to as PQL. Then, the 

fixed effects (level-2 coefficients) are estimated via generalized least squares given those 

variance-covariance estimates. 

As mentioned earlier, there are some concerns related to PQL estimations 

particularly for the estimation of variance components once the number of clusters and 

cluster size are small (e.g., Rodriguez & Goldman, 1995; Goldstein & Rashbash, 1996; 

Kamata & Binici, 2003; Kamata et al., 2005).  

Laplace approximation of maximum likelihood 

Raudenbush and Bryk (2002) reevaluated the Marginal Maximum Likelihood 

(MML) introduced in Equation 21 by Laplace approximation. First, they specified the 

natural log of the integrand as 

( ) log[ ( , )] log[ (h u f Y u p uω ω≡ | + | )],    (23) 

where Y denotes a vector of all level-1 outcomes, u indicates vector of all random effects 

at level-2 and higher, and ω denotes a vector of all variance and covariance elements, as 

well as fixed regression coefficients. Here, ( ,f Y u ω| ) is the probability distribution of 

the outcome at level-1 given the random effects and parameters. Also, (p u ω| )  is the 

distribution of the random effects at higher levels, given the parameters. Because the 

integration proceeds cluster by cluster, the cluster subscript j is dropped here for 

simplicity.  

Next, the authors assumed that ( )h u and all its derivatives with respect to u  are 

continuous in the neighborhood of u% . Then, they expanded ( )h u  as a Taylor series about 

an estimateu% : 
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Here ( ) ( )mh u% is the mth derivative of ( )h u evaluated at u%  and kT is the kth term of the 

Taylor series.  

The authors selected u%  in such a way to be maximizer of ( )h u . Then (1) ( )h u% = 0 

and the desired integral equation (MML given in Equation 21) became 

 

 

 

where (0, )N VE denotes an expectation taken over a normal density with mean 0 and 

variance. 

(2) 1[ ( )] .V h u −= − %       (26) 

 

If ( )h u is a quadratic function, all derivatives higher than 2 are equal to zero so 

that { }exp 1kT =∑ , and the integration of Equation 25 is a joint normal density. This is 

the form of the integration problem in regular HLM case (Raudenbush & Bryk, 2002). 

Application of Laplace to Two-level Binary Data 

Considering level-1 outcomeYij  taking on a value of 1 with conditional 

probability ip , Raudenbush and Bryk (2002) specified the combined model as 
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for level-1 unit i nested within level-2 unit j. At level-1, they assumed that 

Yij conditionally distributed as Bernoulli (given the Q by 1 random effects vector ju ), 

while the random effects vector ju  is Q -variate N (0,T ) across level-2 units. Once the 

subscript i for level-1 units is dropped for simplicity, the combined model becomes  
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,T T

j j j jX Z uη γ= +       (28) 

where jη is an jη by 1 vector with elements ijη , and jX and jZ are matrices of predictors 

having rows T

ijZ  and T

ijX , dimensioned jη by f and jη  by Q , respectively. 

If the cluster subscript j is dropped here for simplicity, the level-1 model can be 

written as 

( )1
( , 1 .

n

i

i

i
i

YY if Y u p pω
=1

−| ) = −∏     (29) 

so that 

[ ]
1

log[ ( , ( ) log(1 ) .
n

i i i

i

f Y u l u  Y pω η
=

| )] = = + −∑   (30) 

 

The density of the random effect, u , given the data are normal. Raudenbush and 

Bryk (2002) specified the Level-2 model as  

{ }/ 2/ 2 1( (2 ) exp / 2 .
nn Tp u T u T uω π −− −| ) = −    (31) 

 

Once the authors combined the level-1 and level-2 models, they obtained the joint 

distribution { }1/ 2/ 2( , (2 ) exp ( )np Y u T h uω π −−| ) = , where  

1( ) ( ) / 2.Th u l u u T u−= −     (32) 

Then, ( )h u is maximized. Since the Laplace transformation requires maximizing 

( )h u with respect tou , the first derivative is equated to 0 yielding Q equations: 

 

(1) (1) 1

1

( ) ( )

( ) 0.T

h u l u T u

Z Y T uϕ

−

−

= −

= − − =
    (33) 

 

A diagonal matrix, W, is considered having elements of / (1 )i i i i idp d w p pη = = − and the 

linearized dependent variable of McCullagh and Nelder (1989) is defined as  

1( ) .Y W Y p η∗ −= − +       (34) 
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( )W Y η∗ − is substituted for Y p− in Equation 33 and it yielded 

1( ) ( ) .T TZ W Y X Z WZ T uγ
∗ −− = +     (35) 

 

 Raudenbush and Bryk (2002) stated that the equation above can readily be solved 

by means of a Newton-Raphson algorithm. Here, the matrix of second derivatives is 

defined as  

(2) 1( ).Th Z WZ T −= − +       (36) 

 

The Newton-Raphson algorithm at iteration s +1 is specified as, 
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In sum, for any value of the unknown parameters ω , we can choose u to 

maximize ( )h u using a Newton-Raphson algorithm. This maximizer  u%  of ( )h u becomes 

the centering constant for the Taylor series that defines the Laplace-based approximation 

to the log-likelihood for each cluster (Raudenbush & Bryk, 2002). 
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CHAPTER III 

 

METHODOLOGY 

This chapter mainly consists of two sections, the model and the simulation design 

of the study. Within the model section, Generalized Linear Latent and Mixed Model 

(GLLAMM) is first described. Next, the Rasch model is formulated by following the 

GLLAMM framework. Then, the Rasch model via the GLLAMM formulation is 

extended to several cases, such as fixed DIF parameter, random effect DIF parameter, 

and the explanatory random effect DIF.  Last, the parameter estimation methods utilized 

by GLLAMM are explained in detail. In the simulation design section, sample size is first 

described by specifying the test length, cluster size (number of units at level-2), and the 

number of clusters (number of units at level-3). Next, the fixed model parameters --item 

difficulties, ability difference between groups, and the fixed part of DIF--, and the 

random model parameters --person level ability, group level ability and the random part 

of DIF-- are defined. Then, the simulation conditions and the number of replications for 

each simulation condition are described. Last, the data generation, the evaluation criteria 

for the results and a real data used in the study are explained in detail. 

MODEL 

Generalized Linear Latent and Mixed Model 

GLLAMM assumes that the conditional densities of the response given covariates 

and random effects are from the exponential family with the conditional expectation 

specified via 

( [ | , , ]) ,g E y x u z x u zβ η′ ′= + =    (38) 

where g  is the link function, x  are covariates with fixed effects β , z are covariates with 

random effectsu , and η  is the linear predictor. Note that subscripts have been omitted 

here to simplify notation. If the data have L levels of nesting, the covariates and random 
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effects can be specific to the units at any of the levels as long as any z varies at a lower 

level than its coefficientu . The random effects may be correlated within a given level of 

nesting but not between levels. In order to make the multilevel structure more specific, it 

is denoted that lM random effects at any level l  by ( ) '

1 2( , ,... )
l

l l l l

Mu u u u=  and the 

corresponding covariates by ( )lz  so that (2) ' (3) ' ( ) '( , ,... ) 'Lz z z z=  and (2) ' (3) ' ( ) '( , ,... ) 'Lu u u u= , 

each with a total of 
1

L

ll
M M

=
= ∑  elements. Then, the generalized linear mixed model 

(GLMM) can be written as  

( ) ( )

2 1

.
M

l
L

l l

m m

l m

x u zη β
= =

′= + ∑ ∑     (39) 

Again, note that where u  is latent or random coefficient and z  is covariate of 

corresponding latentu . Fixed regression coefficients represent conditional effects of 

covariates, given the values of random effects. In essence, Linear Mixed Model (LLM) is 

the special case of GLLAMM with an identity link and conditionally normally distributed 

responses (Rabe-Hesketh et al., 2001).  

Formulation of the Rasch model via Generalized Linear Latent and Mixed Model 

The Rasch model can be formulated following the GLLAMM framework. Since 

item responses are dichotomously coded in the Rasch model, logit link function is 

introduced here in order to make a linear relationship between dichotomous outcome and 

explanatory variables. Thus, the log odds of a subject j giving a correct answer to item k 

is 

log[ /(1 )] ,jk jk jk k k jp p I uη β− = = +    (40) 

where kβ  represents the difficulty of item k, I is the item indicator for k
th

 item, and 

ju indicates the ability of person j. Person abilities are assumed to be normally distributed 

with mean 0 and variance 2σ . Note that item parameters are fixed effects, while person 

abilities are random effects, similar to the formulation of the Rasch model by the HLM 

framework.  

As seen in Equation 40, the Rasch model is formulated as a two level model, but 

the GLLAMM framework is flexible enough to fit the Rasch model as a three level 
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model, where items clustered within individuals and individuals are nested within groups. 

In such a formulation, person and group abilities are specified at level-2 and level-3 

respectively. Therefore, the log odds of a person j within group i giving a correct answer 

to item k is 

(2) (3)log[ /(1 )] .ijk ijk ijk k k ij ip p I u uη β− = = + +   (41) 

In this three-level formulation, (2)

iju + (3)

iu  is the ability for person j in group i. Unlike 

ability parameters in the two-level model, the ability parameters for this three-level 

model consist of two parts. First, (3)

iu is the random effect associated with group i, and 

can be interpreted as the average ability of individuals in group i. Second, (2)

iju  is the 

person-specific ability of person j in group i, indicating how much the ability of person j 

is deviated from the average ability of individuals in group i.  

Extension of the Rasch model to fixed DIF parameter case 

The Rasch model formulated following the GLLAMM framework can be 

extended to a model that contains a fixed DIF parameter. To achieve it, the log odds of a 

subject j within group i giving a correct answer to item k is 

( ) ( )2 3
log[ /(1 )] ( ) ,ijk ijk ijk k k ij k ij k ij ip p I g g I u uη β α γ− = = + + + +        (42) 

where ijg  is the dummy variable for group indicator with value 1 when person ij belongs 

to focal group and 0 otherwise, and α is the main effect of the group indicator. In effect, 

α  represents the ability difference between the focal and reference groups. Furthermore, 

kγ is the interaction effect between item and person characteristic variables, which is the 

DIF magnitude for item kγ . Note that the ability difference between groups (α ), as well 

as DIF ( kγ ), are parameterized. If kγ  deviates from 0, this is the indication of DIF for 

item k. Also, person and group abilities are treated as random coefficients and their 

variances can be estimated independently.  

Extension of the Rasch model to random DIF parameter case 

Once DIF model is specified as in Equation 42, it can be easily extended to 

random DIF model. To accomplish it, the log odds of a subject j within group i giving a 

correct answer to item k is 
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( ) ( ) ( )2 3 3

1 1 2log[ /(1 )] ( ) ( ),ijk ijk ijk k k ij k ij k ij i i ij kp p I g g I u u u g Iη β α γ− = = + + + + +  

(43) 

where ( )3

2iu is the random coefficient of DIF varying across group units. It is assumed to 

be multivariate normally distributed with a mean 0 and a variance-covariance matrix if 

there is a relationship between 2

2iσ  and  ( )3

1iu . If the relationship between these two 

random terms is zero, the random coefficient of DIF, ( )3

2iu , is assumed to be normally 

distributed with a mean 0 and variance 2

2iσ . The other terms were already defined earlier. 

This formulation is exactly the same as Kamata and Binici (2003) illustrated in their 

three-level random effect DIF study based on the HLM framework. 

Inclusion of a group level covariate into the model to explain the variation of the 

random DIF parameter  

A group characteristic variable as a group level covariate can be also included in 

the previous random effect DIF model formulated following the GLLAMM framework in 

order to investigate DIF and test the interaction between DIF and group level variable. 

Such a model can be written as; 

( ) ( ) ( )2 3 3

1 1 2( ) ( ) ( ),ijk k k ij k ij k k i k ij ij i i ij kI g g I x I g u u u g Iη β α γ δ= + + + + + +  

       (44) 

where ix is the group characteristic variable for group I, and kδ is the overall fix effect of 

group characteristic for the studied DIF item. Note that the effect of the group 

characteristic variable is parameterized as the three-way interaction between item, person 

and group characteristic variables. This parameterization is the same as the three-level 

random effect DIF based on the HLM framework. 

Parameter Estimation Methods for Generalized Linear Latent and Mixed Models 

Considering the parameterization of the Rasch model following the GLLAMM 

framework, the marginal maximum likelihood (MML) is given by  

Pr( ) ( ) ,(
J K

j j jjk jk
j k

Y y g dL u u u u uβ
+∞

=1 =1−∞

= = | || ) ∏ ∏∫   (45) 
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where β  and u denotes a vector of all item parameters and unknown population 

parameters respectively, jkY is the response of person j to item k and ju indicates the 

ability of person j. Therefore, Pr( )jjk jkY y u= | is the probability of jky  for a given ju . 

Also, ( )jg u u| indicates the population density which is assumed to be normal with zero 

mean and unknown variance. Once MML is evaluated with a normal random effects 

distribution, it can now be written as follows 

Pr(y ) ( 0 ) ,( , ( , ,
J

u j u u

J

j j j j
j j

dL L u u uσ σ β φ σβ β2 2 2

=1 =1
= = | | ,) )∏ ∏∫               (46) 

where ( ,j uL σβ 2 ) is the contribution of person j to the marginal likelihood. The 

probability of response pattern y j  as generated by person j on the set of I items and 

conditional on ju , is denoted by Pr(y ),j juβ| , where β  is the vector of dimension I 

containing the fixed effects per item. The normal random effects distribution is denoted 

by ( 0 )ujuφ σ 2| , (De Boeck & Wilson, 2004).  

Both GLLAMM and HGLM estimate the model parameters based on MML, but 

they apply different approximation techniques to solve intractable integral given above 

for MML with a normal random effects distribution. As explained earlier, PQL and 

Laplace methods employed by HLM approximate the integrand, so that integral of the 

approximation does have a closed form solution; on the other hand, the Gauss-Hermite 

quadrature and the adaptive Gauss-Hermite quadrature methods utilized by GLLAMM 

approximate the integral by employing a numerical integration.   

The Gauss-Hermite quadrature method 

The Gauss-Hermite quadrature method is a numerical integration technique in 

order to maximize MML with a normal random effects distribution, as given in Equation 

46. Here, the integral is replaced by a single finite sum of rectangular areas that 

approximate the area under the integrand. Thus, the Gauss-Hermite quadrature can now 

be written as 

m

m

Pr(y ) ( 0 )

Pr(y 2 ) ,

( , ,

,

j u u

M

j j j j

j uqm

d

w

L u u uσ β φ σ

β σ
π

β 2 2

=1

| | ,

≈ |

) = ∫

∑
  (47) 
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where qmu and mw  are the m
th

 quadrature node and weight, respectively. The nodes of a 

Gaussian quadrature are optimally spaced and weighted so that with M nodes the 

approximation is exact if the function Pr(y ),j juβ|  is polynomial of degree 2 1M −  or 

less. Also, the nodes are rescaled such that they cover the range of the normal population 

distribution. (De Boeck & Wilson, 2004). 

The adaptive Gauss-Hermite quadrature method 

In the Gauss-Hermite quadrature method, it is stated that the nodes are rescaled 

such that they cover the range of the entire population distribution.  This rescaling is 

identical for every person j; however, it may not always be efficient. To see this, we go 

back to the form of the integrand, Pr(y ) ( 0 ), uj j ju uβ φ σ 2| | , in Equation 47. The integrand 

is actually the unnormalized posterior distribution of ju given the data and fixed effect 

parameters. If the data for person j are extreme (e.g., almost all ones or zeros), then the 

posterior distribution of ju will also be extreme and may deviate strongly from the 

population distribution, which puts more mass in the region where the moderate ju  

values are located. Consequently, it might be more efficient to apply an individual 

rescaling and recentering. That is the principal idea behind the adaptive Gauss-Hermite 

quadrature method. For each person, the empirical Bayes estimate of ju  (i.e., ˆ
ju ) is 

computed together with the asymptotic variance of this estimate. Both quantities are 

computed given the current estimates of the fixed effects and given the data. Then, the 

contribution of person j to the marginal likelihood is rewritten in the following form: 

2

2

Pr(y ) ( 0 )

Pr(y ) ( 0 )
ˆ( ) ,

ˆ( )

( , ,

,
ˆ

ˆ

j u u

u

j j j j

j j j

j j j

j j
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L u u u

u u
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u u

σ β φ σ

β φ σ
φ τ

φ τ

β 2 2
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| | ,

| | ,
= | ,
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) = ∫

∫
          (48) 

where 2τ̂  is the asymptotic variance of the empirical Bayes estimate. In this case, the 

term, 2ˆ( )ˆ
j ju uφ τ| , , is the distribution that determines the position and the weights of the 

quadrature points instead of ( 0 )ujuφ σ 2| , . This means that the empirical Bayes estimate of 

ˆ
ju needs to be added to the node qmu , and the node must be multiplied by ˆ2 jτ . As a 

result, the adaptive Gauss-Hermite quadrature method needs fewer quadrature nodes in 
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order to achieve the same level of precision as the regular Gauss-Hermite method, 

because it concentrates on the informative region of the continuum. However, the price to 

pay is that empirical Bayes estimates have to be computed at each step of the 

optimization algorithm, which may be very time consuming (De Boeck & Wilson, 2004).     

In this study, the adaptive Gauss-Hermite quadrature method will be compared to 

PQL and Laplace approximation. The regular Gauss-Hermite quadrature will not be 

compared to alternative estimation techniques, because Rabe-Hesketh et al. (2004) 

indicated that the regular Gauss-Hermite quadrature might produce biased estimates once 

intra-class correlation is high (within cluster observations are so similar to each other) 

and/or cluster size are small, while this was not the case for the adaptive Gauss-Hermite 

quadrature method. 

SIMULATION DESIGN 

Test Length, Cluster Size and Number of Clusters 

As mentioned in the model part, three-level hierarchical model (items nested 

within individuals and they are clustered within groups) was utilized to study random 

effect DIF. Therefore, test length, cluster size (number of units at level-2), and number of 

clusters (number of units at level-3) are clarified here.  

A 10-item test with the item difficulties given in Table 3.1 was used in this study. 

In other words, the effect of test length was not investigated. However, the effects of the 

cluster sizes and the number of clusters on the estimation of model parameters by the 

alternative estimation methods were examined in detail. For this reason, three different 

cluster sizes, which were 10, 20, and 40 individuals for each group unit at level-2, and 

four-distinct number of clusters, which were 20, 30, 40, and 50 groups at level-3, were 

chosen. While the cluster size and the number of clusters were determined for this study, 

the original intention was to keep them at the minimum of 20 individuals at level-2 and 

30 groups at level-3 and not to decrease them further, since the pilot study indicated that 

PQL and Laplace methods tended not to converge with smaller data in level-2 and level-

3. On the other hand, the Gauss-Hermite or the adaptive Gauss-Hermite quadratures had 

a tendency to converge more than the other two estimation methods, but parameter 

estimates resulted in considerably large standard errors. In addition, since this study 

targeted to compare the performance of three estimation algorithms across different 
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cluster sizes and number of clusters, it was desired that algorithms converge constantly in 

order to obtain comparable results. However, it would be valuable to see when each 

estimation method did not work. For this reason, a smaller cluster size consisting of 10 

individual at level-2 and a smaller number of clusters consisting of 20 group units at 

level-3 were intentionally included to the study in order to document what was happening 

with the performance of three different estimation algorithms across much smaller cluster 

size and number of clusters.  

Item Difficulties, DIF Parameter, Ability Difference between Groups, and Person 

and Group Level Abilities 

Item difficulties for a 10-item test given in Table 3.1 were selected for this study. 

The first four items had negative item difficulties, while item 6 through item 9 had 

positive item difficulties. They were in the standardized scale. 

Table 3.1 Item difficulties used in the simulation study. 

Item Number Item Difficulty 

1 -1.500 

2 -1.000 

3 -0.500 

4 -0.250 

5  0.000 

6  0.250 

7  0.500 

8  1.000 

9  1.500 

10  0.000 

 

Item 5 was selected as DIF item and DIF consisted of two parts. Those were the 

fixed part of DIF, which was constant across group units and the random part of DIF, 

which was varying across group units. The fixed part was 0.43 in magnitude indicating 

that item 5 was more difficult for the individuals in the focal group. The fixed DIF 

magnitude chosen for this study also evaluated in the scale of item difficulty by means of 

the MH-DIF statistic ˆ
iD  introduced in Equation 3. The result of ˆ

iD  was equal to -1.0 ( ˆ
iD  

= -2.35 x 0.43) for the selected fixed DIF magnitude. According to Educational Testing 

Service (ETS) criteria, an item is flagged for large DIF when the absolute value of ˆ
iD  is 

greater than 1.5 and significantly greater than 1.0.  Such items (commonly referred as 
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“C” items) are removed from the test or revised. Any items with values of ˆ
iD  less than 

1.0 in magnitude or not statistically different from zero (commonly referred as “A” items) 

are considered negligible for DIF and not deleted or revised.  All remaining items with 

ˆ
iD  values greater than 1.0 but not meeting the first condition (commonly referred as “B” 

items) are considered suspicious and recommended for further inspection (Kamata & 

Vaughn, 2004). Based on the ETS criteria, the fixed DIF magnitude selected refers to “B” 

item indicating a large DIF. Note that this study did not include “A” or “C” items to 

investigate how well DIF parameter was estimated depending on the magnitude of the 

fixed DIF. There were two reasons for not to include “A” or “C” items to the study. First, 

Chu (2002) studied three different DIF magnitudes (-0.2, -0.6, and -0.8) corresponding 

“A”, “B”, and “C” items based on the ETS criteria and she reported that that DIF 

magnitudes have non-significant impacts on item parameter estimates by PQL. Second, 

the focus of interest in this study was to explore how well the variation of random DIF 

across group units was estimated by alternative estimation methods. Thus, the variation 

of random DIF was considered as a factor instead of the different DIF magnitudes. The 

details of how the random part of DIF and its variance were determined jointly explained 

below while person and group level abilities were clarified.   

It was assumed that the mean ability difference between focal and reference 

groups was equal to -0.5, which was similar to values observed in actual applications 

(Donoghue, Holland, & Thayer, 1993). In other words, it was assumed that the 

individuals in the focal group had lower ability than individuals in the reference group. 

As indicated in three-level formulation, ability parameter consisted of two parts, 

which were person level abilities at level-2 and group level abilities at level-3. Since 

there might be a correlation between group level abilities and the random part of DIF at 

level-3, it was assumed that there was a relationship between the level-3 abilities and the 

random DIF. In addition, it was assumed that the resulting ability distribution formed by 

level-2 and level-3 abilities was a standard normal distribution. In order to generate the 

data based on these assumptions, two steps were followed.  

At the first step, group level mean abilities and the random part of DIF were 

sampled from the multivariate normal distribution given in Figure 3.1, since these two 

terms were related to each other.   
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Group Level Ability 0 0.50
       

Random DIF 0 0.04 1.00
MVN

⎛ ⎞⎡ ⎤ ⎡ ⎤
⎜ ⎟⎢ ⎥ ⎢ ⎥

⎣ ⎦ ⎣ ⎦⎝ ⎠
 

Figure 3.1. Means of level-3 random parameters and the lower triangle of their variance-

covariance matrix  

The first bracket in Figure 3.1 indicates that the mean of group level abilities and 

the random part of DIF are equal to zero. The second bracket specifies the lower triangle 

of the variance-covariance matrix for these two random terms. As seen here, the variance   

of group level ability and the random DIF was chosen as 0.5 and 1.0 respectively. Also, 

the magnitude of the covariance between these two parameters was considered as 0.04, 

which corresponds to the correlation coefficient of 0.05
0.04

0.05
0.5 1

⎡ ⎤=⎢ ⎥⎣ ⎦
. Note that this 

study assumed two conditions for the variance of random DIF. These were large and 

small DIF variances. The variance of DIF was large in this condition. Thus, another 

multivariate normal distribution was utilized to sample small DIF variance in the second 

condition. In this case, all elements of the multivariate distribution given in Figure 3.1 

were the same except the variance of random DIF, which was 0.25 and the covariance 

between the random terms, which was 0.02, corresponding to the correlation coefficient 

of 0.05
0.02

0.05
0.5 0.25

⎡ ⎤=⎢ ⎥⎣ ⎦
.  

 At the second step, person level ability measures were sampled separately within 

each group from N( iμ , 1 – 2

groupσ ), where iμ  is the group mean for group i, which was 

generated in the previous step, 2

groupσ  is the variance of group level mean abilities at the 

step one, and  1 – 2

groupσ  is the variance of person level abilities. This two-step data 

generation resulted in a standard normal ability distribution of the combined level-2 

(individual) abilities.  

Simulation Conditions and Number of Replications  

 With 3 cluster sizes, 4 number of clusters and 2 magnitudes of variance for 

random DIF, this study had 24 (3 x 4 x 2) simulation conditions. For each condition, 

there were 24 parameters to be estimated, including 10 item difficulties, 1 parameter 

representing the main effect of the group indicator, 9 interaction effects between item and 
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group indicators (i.e., DIF) for all items except for the reference item, 3 random 

parameters (variation of person ability at level-2 and variation of group ability, and 

variation of random DIF in Item 5 at level-3), and 1 covariance between level-3 random 

parameters. 

For each simulation conditions, 100 data-set were generated. For each data set, 

the parameters were estimated by fitting Equation 19 with the PQL and Laplace 

approximation with HLM software (Raudenbush, et al., 2005). Then, for the first 10 data-

set in each simulation condition, the parameters were estimated by the adaptive Gauss-

Hermite quadrature by fitting Equation 43 with GLLAMM procedure available in 

STATA. Although it was desired to estimate the model parameters by GLLAMM for 

each of 100 data-set, it was deliberately limited to use the first 10 data-set, since the 

adaptive Gauss-Hermite quadrature employed by GLLAMM was quite time consuming. 

During the pilot study, it had been observed that analyzing one data set by GLLAMM 

took approximately 7 to 8 days depending on the total sample size formed by multiplying 

the number of units in each level of the hierarchical structure.    

Data Generation 

The data were generated based on the random effect DIF model given below. All 

parameters in this equation are already described earlier. Steps followed during the data 

generation can be summarized into three parts. First, the model outcome, ijkη , was 

obtained based on the random effect DIF model. Here, item difficulties, ability difference 

between focal and reference group, and the DIF magnitude were the fixed effects; 

however, person level ability, group level ability and the random part of DIF were the 

random effects generated randomly following the procedure described earlier.   

( ) ( ) ( )2 3 3

1 1 2log[ /(1 )] ( ) ( ).

                                                                            (49)

ijk ijk ijk k k ij k ij k ij i i ij kp p I g g I u u u g Iη β α γ− = = + + + + +
 

Next, the outcome of three-level model, ijkη , was obtained for each person across all 

items. Then, the probability of correct response for person ij to the item k was estimated 

via  

exp( )
( 1) .

1 exp( )

ijk

ijk

ijk

P Y
η

η
= =

+
     (50) 
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Last, the estimated probabilities were compared to a randomly drawn number between 0 

and 1, and determined the item responses. If the randomly drawn number was smaller 

than the estimated probability, item response was coded 1 representing a correct answer, 

otherwise 0.  

Evaluation Criteria 

Total Error, Systematic Error, and Random Error 

Root Mean Squared Error (RMSE) (Total Error), Bias (Systematic Error), and 

Standard Error (SE) (Random Error) were calculated for all the parameters given in Table 

3.2 across replications to evaluate the stability of parameter estimates. Also, the mean of 

RMSE and SE of these estimates were computed in each simulation condition in order to 

assess overall estimation performance across simulation conditions. However, since bias 

had both positive and negative values and those negative and positive values canceled 

each other, when the mean of bias was taken, the mean of squared bias was considered in 

this study. 

Table 3.2 The model parameters and their evaluation criteria. 

 

Parameters 

 

RMSE 

Squared bias   

SE 

Mean 

RMSE 

Squared bias   

SE 

Type I 

Error 

& 

Power 

Hit Rates 

10 fixed effects for item difficulties.       

1 fixed effect for the ability 

difference between groups. 
     

1 fixed effect for the investigation of 

DIF on DIF item. 
   Power  

8 fixed effects for the investigation 

of DIF on Non-DIF items. 
    

Type I 

Error 
 

1 random effect for the variance of 

student level abilities  
      

1 random effect for the variance of 

school level abilities 
      

1 random effect for the variation of 

random DIF. 
      

1 covariance among random 

variables at level-3. 
     

 

RMSE, bias and SE were calculated by using the following formulas. Here, item 

parameter estimates were used to demonstrate these formulas;  
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where ˆ
kβ is item k’s true difficulty and ˆ

ikβ s the i
th

 difficulty estimate of item k among m 

replicates. There is a relationship between RMSE, bias and SE. This relationship is given 

as  

RMSE
2
 (MSE) = Bias

2
 + SE

2    
   (54) 

The sum of the square of bias and the square standard error is equal to the square of root 

mean squared error or Mean Square Error (MSE).  

As indicated in Table 3.2, the mean of RMSE, squared bias and SE were also 

calculated. Here, the formula to calculate the mean RMSE is shown below for item 

parameter estimates: 

( )

1

1 ˆ( ),
k

K

RMSE k

k

X RMSE
K

β β
=

= ∑      (55) 

where K is the total number of items. The mean squared bias, and SE was also computed 

in the same manner, simply by replacing item notation k with the corresponding 

parameter notation. 

Analysis of Variance (ANOVA) 

The Split Plot Factorial design (SFP-design) under the univariate analysis of 

variance procedure was used to investigate the main and interaction effects of estimation 

method, cluster size, number of clusters, and the magnitude of DIF variance on the 

estimators of DIF and the variation of DIF parameters. In these analyses, the estimation 

method (the PQL, Laplace, and AGQ methods) was treated as between-subject factor. 

The cluster size (10, 20, 40 observations at level 2), number of clusters (30, 40, 50 

observations at level 3), and the magnitude of DIF variance (small and large) were 

considered as within-subject factors. In order to compare the performance of three 

different estimation methods, only three levels of the number of clusters were used, since 
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the Laplace algorithm did not converge when the number of clusters was equal to 20.  

Also, the simulation conditions with the 10 replications by the all three estimation 

methods were used to investigate the effect of the all estimation algorithms. These 

analyses were performed using SPSS 13.0(SPSS Inc., 2005). 

 

Type I Error and Power 

The accuracy of DIF detection by the PQL and Laplace methods was investigated 

by computing Type I error rate for Non-DIF items, as well as power for DIF items over 

100 replications for each simulation condition. To determine Type I error rate, the p-

values for each Non-DIF item (There were 8 Non-DIF items in a 10-item test because 

item 5 was designated as a DIF item and the ability difference between groups was 

modeled in item 10) first compared to the nominal alpha level 0.05. Next, if the estimated 

p-value for any Non-DIF item was equal to or smaller than the critical alpha level, Type I 

error was noted for those items, and Type I error for each Non-DIF item was counted 

across 100 replications. Then, Type I error rates across 8 Non-DIF items were averaged, 

and then the resulting estimate was divided by the total number of replications. This 

procedure was repeated for the PQL and Laplace methods for each simulation condition. 

To determine power, the p-value for DIF item (There was 1 DIF item in the test for each 

simulation condition) first compared to the nominal alpha level 0.05. Next, if the 

estimated p-value for DIF item was larger than the critical alpha level, Type II error was 

noted for this item, and Type II errors were counted across 100 replications. Then, Type 

II error rate ( ) were computed by dividing the total number of Type II errors to the total 

number of replications, and then the resulting estimate was subtracted from 1 to 

determine power (1- ) for DIF item. This process was repeated for the PQL and Laplace 

methods for each simulation condition. 

Hit Rates 

To evaluate sizes of the variance estimates, such as the variance of the mean 

ability at student level, the variance of the mean ability at school level, and the variance 

of the mean DIF at school level, the ratio of a variance estimate to its standard error was 

calculated and the resulting estimate was referred to as “Hit Rate” in this study. In order 

to label a hit rate, the resulting ratio was compared to 1.645, which is a critical value for 
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one-sided tests at alpha level 0.05. Then, if the ratio was smaller than the critical value, a 

hit rate was noted for a specific variance component in a specific replication. To calculate 

the hit rates, the number of hits across 100 replications was counted for each variance 

component in each simulation condition.   

Real Data Analysis 

Florida Comprehensive Assessment Test (FCAT) Spring 2006 4
th

 grade 

mathematics data were used in this study. In the 4
th

 grade mathematics test, there were 39 

Multiple-Choice (MC) items. DIF was investigated between African-American and 

White students among these 39 items. White students were considered as the reference 

group and African-American students were considered as the focal group. Also, the 

possible variation of DIF across schools were investigated by means of the random effect 

DIF model by employing the PQL and Laplace algorithms available in HLM, as well as 

the adaptive Gaussian quadrature available in GLLAMM procedure by STATA. 

Descriptions of items and the sample in detail as well as the results of these analyses and 

the discussion of the findings were presented in Chapter 4. 
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CHAPTER IV 

 

RESULTS 

In this chapter, the performance of the alternative estimation methods across the 

simulation conditions formed by different cluster sizes, the number of clusters, and the 

magnitude of DIF variance is reported. 

 First, all the parameters in the random effect DIF model given in Equation 49, 

such as item difficulty, ability difference between groups, DIF, and the random parameter 

estimates with the PQL and Laplace methods are evaluated by means of the mean Root 

Mean Square Error (RMSE), squared bias, and Standard Error (SE) based on 100 

replications in each condition. 

 Second, Type I error rate and power of the PQL and Laplace algorithms in 

detecting DIF are reported. Next, the performance of the PQL, Laplace, and Adaptive 

Gauss-Hermite Quadrature is evaluated in the same way as it is explained above, but this 

time it is based on the 10 replications in each simulation condition. Then, the effects of 

estimation method, cluster size, the number of clusters, as well as the magnitude of DIF 

variance on the estimates of DIF parameter and the variance of DIF parameter are tested 

under Split Plot Factorial design (SPF-design) using the univariate analysis of variance 

procedure. Last, the results of real data analyses are presented. 
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Item Difficulty Parameter Stability with the PQL and Laplace methods 

 

This study employed four different numbers of clusters (20, 30, 40, and 50); 

however, once the number of clusters was equal to 20, the Laplace algorithm failed to 

converge very often. This was not a problem for the PQL algorithm employed by HLM. 

For this reason, the PQL estimates were used in these conditions and no comparison 

between the PQL and Laplace methods was provided for these cases.  

The stability of item difficulty parameter estimates with the PQL and Laplace 

methods were evaluated by means of the mean RMSE, squared bias, and SE (Table A.1 

in Appendix A) and the findings are summarized in Figure 4.1 and Figure 4.2. 

 Both cluster size (number of units at level-2) and the number of clusters (number 

of units at level-3) affected the precision of item parameter estimation. However, the 

magnitude of DIF variance did not seem to have any influence on item parameter 

estimates, since nearly the same amount of the mean RMSE, squared bias, and SE was 

observed across clusters and the number of clusters, while the variance of DIF varied.  

As the cluster size and number of clusters increased, the mean RMSE and SE of 

item difficulty with the PQL and Laplace methods decreased. However, the mean squared 

bias was not affected much by the increase in the cluster size and the number of clusters.  

The Laplace method always produced smaller mean squared bias than the PQL 

method. In addition, when the number of units at level-2 and level-3 were increased, the 

Laplace method tended to provide slightly better estimates than its alternative, as it was 

given by the change in the mean RMSE and SE of item difficulty parameters across 

simulation conditions. Overall, both of the estimation methods performed similarly for 

item parameter estimation. 
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Figure 4.1 Stability of item difficulty parameters when the magnitude of DIF variance is large 
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Figure 4.2 Stability of item difficulty parameters when the magnitude of DIF variance is small
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Stability of ability difference between groups and DIF parameter for DIF items with 

the PQL and Laplace methods 

 

The RMSE, squared bias, and SE of ability difference between groups are 

reported in Table A.2 in Appendix A, and the results are summarized in Figure 4.3 and 

Figure 4.4. In general, as the number of units at level-2 and level-3 increased, the RMSE 

and SE of ability difference between groups decreased. When the cluster size was 

minimal, the RMSE and SE of ability difference between groups with the PQL method 

was slightly smaller than that with the Laplace method; however, this difference between 

the two estimation methods disappeared as the cluster size and number of clusters 

increased. Also, the squared bias of ability difference between groups with the Laplace 

method was smaller than that with PQL method in most cases. In one simulation 

condition (when cluster size and the number of clusters were minimal), the squared bias 

of the parameter by the PQL method was relatively small. Findings did not change when 

the magnitude of DIF variance was small. 

The RMSE, squared bias, and SE of DIF parameter with the PQL and Laplace are 

graphed below in Figures 4.5 and 4.6 (See also Table A.3 in Appendix A). The graphical 

analyses revealed that RMSE and SE of DIF parameter for the estimates of both 

estimation methods diminished as the cluster size and the number of clusters increased.  

When the cluster size was minimal the DIF parameter estimate by the Laplace 

method resulted in higher RMSE and SE than the PQL method, but that difference 

between the alternative estimation methods decreased as the cluster size increased. In 

other words, the performance of the Laplace method was more sensitive to the changes in 

the number of units at level-2 and level-3.  

The squared bias of DIF parameter with the Laplace method was smaller than that 

with the PQL method in many of the simulation conditions. When cluster size and the 

number of clusters were minimal, the squared bias of DIF parameter by the PQL method 

was very small. The change in the magnitude of DIF did not affect the findings 

mentioned above regarding the stability of DIF parameter. 
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Figure 4.3 Stability of ability difference between groups parameter when the magnitude of DIF 

variance is large 
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Figure 4.4 Stability of ability difference between groups parameter when the magnitude of DIF 

variance is small 
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Figure 4.5 Stability of DIF parameter when the magnitude of DIF variance is large 
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Figure 4.6 Stability of DIF parameter when the magnitude of DIF variance is small 
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Stability of DIF parameters for Non-DIF item, the variance parameter for student 

level abilities and variance parameter for school level abilities by the PQL and 

Laplace Methods 

The mean RMSE, squared bias, and SE of Non-DIF items are graphed in Figures 

4.7 and 4.8. The graphical analyses indicated that the mean RMSE and SE of Non-DIF 

item parameter estimations by the PQL and Laplace methods decreased as the cluster size 

and the number of clusters increased. The Laplace and PQL estimates generated the same 

amount of the mean squared bias for Non-DIF items across the conditions. The PQL 

method provided better estimates for Non-DIF items than its alternative when the cluster 

size was equal to 10 and 20, but the Laplace method seemed to provide the improved 

estimates as much as the PQL method as cluster sizes increased. 

The graphical analyses revealed that the RMSE of the variance of student level 

abilities with the Laplace method was always smaller than that with the PQL method. On 

the contrary, the SE of the level-2 variance with the PQL method was slightly smaller 

than that with the Laplace method across all the simulation conditions. However, the 

Laplace method provided as the same amount of the SE of level-2 variance as the PQL 

method once the cluster size was at its maximum. The graphical analyses of the squared 

bias of the variance of student level abilities clearly indicated that the Laplace method 

was superior to its alternative, since it always had a much smaller squared bias of level-2 

variance than the PQL method across all the simulation conditions, even if the cluster 

size and number of clusters were minimal. 

Regarding the variance of school level abilities, the graphical analyses indicated 

that both of the estimation methods generated similar RMSE for the variance of school 

level abilities. The RMSE of the alternative methods changed depending on the number 

of the clusters rather than the cluster size. The larger number of units at level-3 provided 

more stable estimates for the variance parameter. The squared bias of the variance of 

school level abilities with the Laplace method was always much smaller than the squared 

bias by the PQL method. Once the SE of the variance parameter was examined, the PQL 

method performed slightly better than its alternative, especially in the small cluster sizes. 

However, the Laplace method improved its estimates as cluster size increased.  
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Figure 4.7 Stability of Non-DIF item parameters when the magnitude of DIF variance is large 
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Figure 4.8 Stability of Non-DIF item parameters when the magnitude of DIF variance is small 
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Figure 4.9 Stability of the variation of student level abilities when the magnitude of DIF variance 

is large 
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Figure 4.10 Stability of the variation of student level abilities when the magnitude of DIF 

variance is small 
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Figure 4.11 Stability of the variation of school level abilities when the magnitude of DIF variance 

is large 
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Figure 4.12 Stability of the variation of school level abilities when the magnitude of DIF variance 

is small 
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Stability of the variance of DIF parameter at school level by the PQL and Laplace 

methods 

 

The RMSE, squared bias, and SE of the variance of DIF parameter at school level 

by the PQL and Laplace methods are graphed below in Figures 4.13 and 4.14 (See also 

Table A.7 in Appendix A).  

The graphical analyses of the RMSE for the variance of DIF parameter at school 

level revealed that the PQL and Laplace methods provided more stable estimates as 

cluster size and the number of clusters increased. However, it was obvious that the 

Laplace method improved its estimates considerably more than its alternative, while 

cluster size and the number of clusters were increasing, since the RMSE of the DIF 

variance by the Laplace method decreased much more rapidly than that by the PQL 

method. On the other hand, the PQL method generated more stable estimates of the 

parameter than the Laplace method, especially when cluster size and the number of 

clusters were small. For instance, the PQL algorithm produced the smaller RMSE of the 

DIF variance than its alternative when cluster size was equal to 10 and the number of 

clusters was less than 50, and the magnitude of DIF variance was large. In addition, once 

the magnitude of DIF variance was small, the PQL algorithm generated the smaller 

RMSE of the DIF variance than the Laplace algorithm until cluster size increased up to 

20 and the number of clusters reached 50. Put differently, the Laplace method performed 

superior to its alternative in some conditions, such as the minimum 500 observations (the 

product of 10 [cluster size] and 50 [number of clusters]), given that the magnitude of DIF 

variance was large, in addition, at least 1000 observations (the product of 20 [cluster size] 

and 50 [the number of clusters]), given that the magnitude of DIF variance was small.  

Examination of the graphs for the squared bias of variance of DIF parameter 

across the small and large DIF variances indicated that the Laplace method always 

generated a substantially smaller squared bias than the PQL method across all the 

conditions, given a large DIF variance. In contrast, the PQL algorithm produced slightly 

smaller squared bias than the Laplace algorithm, once the cluster size was equal to 10 and 

the number of clusters increased up to 50, given a small DIF variance. However, the 

Laplace became slightly superior to its alternative once the product of the units at level-2 
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and level-3 was 600 and above (the product of 20 [cluster size] and 30 [number of 

clusters]), given a small DIF variance. 

When the SE for the variance of DIF parameter was compared to the alternative 

estimation methods, it was seen that the SE of the DIF variance for either estimation 

method was reduced by the increasing size of the clusters and the number of clusters 

across all the conditions. The PQL method always provided the smaller standard errors 

for the parameter than the Laplace method across all the conditions. The discrepancy in 

the SE of the estimate between the alternative methods was dramatic, especially in small 

clusters and the number of clusters, but it was reduced by the increasing number of units 

at level-2 and level-3. The amount of the difference in the SE of the parameter between 

the alternative algorithms was changing depending on the magnitude of DIF variance. As 

the magnitude of DIF variance decreased, the difference in the SE between the algorithms 

also decreased. 

The Randomized Block Factorial design (RBF-design) by the univariate analysis 

of variance procedure was also used to examine the main and the interaction effects of 

cluster size, the number of clusters, as well as the magnitude of DIF variance on the 

RMSE, squared bias, and SE of the variance of DIF parameter at school level.  

Cluster size and the number of clusters were the treatment factors, and the 

magnitude of DIF variance was the block factor. There were 2 blocks (2 different 

magnitudes of DIF variance) and 12 treatment levels (3 cluster sizes x 4 number of 

clusters). Cluster size and the number of clusters were considered as the fixed effects, and 

the magnitude of DIF variance was considered as the random effect. The means of 

RMSE, squared bias, and SE were three dependent variables and each of them was tested 

separately for each of the estimation methods--the PQL, Laplace, and Adaptive Gaussian 

Quadrature methods. In these analyses, the simulation conditions were considered as the 

observations in the study.  
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Figure 4.13 Stability of DIF variance when the magnitude of DIF variance is large 
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Figure 4.14 Stability of DIF variance when the magnitude of DIF variance is small 
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Stability of the covariance parameter at school level by the PQL and Laplace 

methods 

 

The RMSE, squared bias, and SE of the covariance parameter at school level with 

the PQL and Laplace are graphed below in Figures 4.15 and 4.16 (See also Table A.8 in 

Appendix A). 

The graphical analyses revealed that RMSE and SE of the covariance parameter 

for both estimation methods diminished as the cluster size or the number of clusters 

increased. In other words, the performance of the PQL and Laplace methods improved 

depending on the increased number of units at level-2 and level-3. 

Once the cluster size was minimal, the covariance parameter estimate by the 

Laplace method resulted in higher RMSE and SE than the PQL method, but that 

difference between the alternative estimation methods lessened as the cluster size 

increased.  

The change in the magnitude of DIF affected the performance of both estimation 

methods. As the variance of DIF magnitude decreased, the PQL and Laplace methods 

generated more stable estimates of the covariance parameter, since the RMSE and SE of 

the covariance diminished depending on the change in the magnitude of DIF variance.   

The squared bias of the covariance parameter at school level with the Laplace 

method was always smaller than that with the PQL method in all of the simulation 

conditions. Furthermore, the difference in the squared bias of the covariance parameter 

between the alternative estimation methods was larger once the magnitude of DIF 

variance was large; however, that difference diminished as the magnitude of DIF became 

small, and the number of units at level-2 and level-3 increased. The squared bias of the 

covariance parameter was very small when cluster size and the number of clusters were 

minimal.      
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Figure 4.15 Stability of the covariance at school level when the magnitude of DIF variance is 

large 
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Figure 4.16 Stability of the covariance at school level when the magnitude of DIF variance is 

small 
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TYPE I Error Rate and Power 

This study also investigated the accuracy of DIF detection by using Type I error 

rate and power. Type I error rate is the probability of identifying an item as DIF when 

DIF is not present, while power is the probability of correctly identifying an item as DIF 

when DIF is present. Therefore, Type I error rate for Non-DIF items and power for DIF 

item were computed for each simulation condition based on the 100 replications for the 

PQL and Laplace methods. 

As given in the formulation of the random effect DIF model (See Equations 19 or 

43), DIF parameter was formulated as a fixed effect. Raudenbush and Bryk (2002) 

illustrated how to conduct hypothesis tests for the fixed effects in multilevel models. 

Following their illustration, the null hypothesis for the k
th

 item was written as; 

0 : 0,kH γ =      (56) 

which implies that DIF is equal to zero for k
th

 item. It is also stated that t-statistic should 

be estimated in order to test the fixed effects. Therefore, t-statistic for the k
th

 item was 

written as 

    
ˆ

,
ˆ

k

k

t
Vγ

γ
=        (57) 

where ˆ
kγ is the maximum likelihood estimate of kγ , and ˆ

kVγ is the estimated sampling 

variance of ˆ
kγ . Raudenbush and Bryk (2002) also indicated that this statistic is formally 

asymptotically unit normal. It is often the case; however, that a t statistic with degrees of 

freedom equal to J –Sq–1 (J and Sq represents the cluster size and the number of 

predictors respectively) provides a more accurate reference distribution for testing the 

fixed effects in multilevel models. In the HLM program outputs, degrees of freedoms for 

fixed effects are referred to as “approximate degrees of freedom”. Therefore, the p-values 

are determined by the program, given the t ratio and the approximate degrees of freedom.  

To determine Type I error rate, the p-value for each Non-DIF item was first 

extracted from the HLM output. Next, the p-value for each Non-DIF item was compared 

to the nominal alpha level 0.05. If the estimated p-value for any non-DIF item was equal 

to or smaller than the critical alpha level, Type I error was noted for those items, and 

Type I error for each Non-DIF item was counted across 100 replications. Then, Type I 

error rates across Non-DIF items were averaged, and then the resulting estimate was 
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divided by the total number of replications. This procedure was repeated for the PQL and 

Laplace methods for each simulation condition. 

To determine the power, the p-value for DIF item was first extracted from the 

HLM output and it was compared to the nominal alpha level 0.05. Next, if the estimated 

p-value for DIF item was larger than the critical alpha level, Type II error was noted for 

this item, and Type II errors were counted across the 100 replications. Then, Type II error 

rate ( ) was computed by dividing the total number of Type II errors by the total number 

of replications, and then the resulting estimate was subtracted from 1 to determine power 

(1- ) for DIF item. This process was repeated for the PQL and Laplace methods for each 

simulation condition. 

A Type I error rate less than or equal to 0.05 was considered to be in good 

control, and a Type I error rate greater than 0.05 was considered to be inflated. The value 

of 0.80 was used to evaluate the power results, since it is commonly used criterion for 

discussing power results. Power equal to or greater than 0.80 was considered to be high 

and power less than 0.80 was considered to be inadequate in detecting DIF. The results of 

Type I error (average of all Non- DIF items for each simulation condition) study are 

graphed in Figures 4.17 and 4.18, as well as presented in Tables 4.1 and 4.2. The 

empirical Type I error rates of Non- DIF items in the large DIF variance case (Figure 

4.17) ranged between 0.0288 and 0.0600 for the PQL method, and 0.0000 and 0.0100 for 

the Laplace method. The empirical error rates of Non- DIF items in the small DIF 

variance condition (Figure 4.18) ranged between 0.0275 and 0.0529 for the PQL method, 

and 0.0000 and 0.0170 for the Laplace method. In either case of the DIF variance by both 

estimation methods, Type I error rate did not exceed 0.0600 across all conditions.  

In general, empirical Type I error rates of Non-DIF items by both of the 

alternative estimation methods were below or at the expected nominal alpha level. The 

Laplace algorithm always provided smaller Type I error rates than the PQL algorithm for 

all conditions. Type I error rates of the Laplace method were constantly below the 

nominal alpha level across all simulation conditions. However, Type I error rates of the 

PQL method were slightly inflated for some of the simulation conditions, when the 

magnitude of DIF variance was large (20 by 20 (cluster size by number of clusters), and 

40 by 50 (cluster size by number of clusters)). However, in all other conditions, the 

empirical Type I error rates of the PQL method were below or at the expected nominal 

alpha level. 
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Figure 4.17 Type I Error when the magnitude of DIF variance is large 

 
Table 4.1 Type I Error rates when the magnitude of DIF variance is large 

  Estimation Method 

  PQL Laplace 

  Cluster Size Cluster Size 

 10 20 40 10 20 40 

20 0.0438 0.0600 0.0400    

30 0.0372 0.0469 0.0395 0.0000 0.0013 0.0000

40 0.0475 0.0288 0.0538 0.0050 0.0025 0.0075
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50 0.0388 0.0450 0.0588 0.0088 0.0100 0.0075

 
Figure 4.18 Type I Error when the magnitude of DIF variance is small 

 
Table 4.2 Type I Error rates when the magnitude of DIF variance is small 

  Estimation Method 

  PQL Laplace 

  Cluster Size Cluster Size 

 10 20 40 10 20 40 

20 0.0475 0.0475 0.0475    

30 0.0431 0.0529 0.0340 0.0000 0.0016 0.0000

40 0.0401 0.0526 0.0438 0.0108 0.0057 0.0063

N
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50 0.0412 0.0490 0.0275 0.0170 0.0103 0.0050
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The results of the power study are graphed in Figures 4.19 and 4.20, as well as 

summarized in Tables 4.3 and 4.4. The power of detecting DIF in the large DIF variance 

conditions (Figure 4.19) ranged between 0.1000 and 0.5700 for the PQL method, and 

0.0000 and 0.2100 for the Laplace method. The power of detecting DIF in the small DIF 

variance case (Figure 4.20) ranged between 0.1000 and 0.8100 for the PQL method, and 

0.0000 and 0.5200 for the Laplace method.  

The power in detecting DIF depended on the cluster size and the number of 

clusters. As the cluster size and the number of clusters increased, the power improved for 

the both estimation methods. In addition, the magnitude of DIF variance seemed to affect 

the power, since when the magnitude of DIF variance was small; both estimation 

methods generated slightly higher power in comparative conditions.  

The power of both alternative estimation methods in detecting DIF was below 

0.80 in almost all simulation conditions. In one condition, out of 24 simulation conditions 

considered in this study, power slightly exceeded 0.80 criterion. In this specific condition, 

power of the PQL method was equal to 0.81, and this condition had the largest cluster 

size and the number of clusters (40 and 50 respectively), and the magnitude of DIF 

variance was small. In all the other conditions, the power of the PQL and Laplace 

methods in DIF detection was unacceptable based on the 0.80 criterion.  

The Laplace method was not powerful as much as the PQL method in detecting 

DIF across all the simulation conditions, as it could be seen in Figures 4.19 and 4.20. 

However, given the fact that power improves very quickly, as the cluster size and the 

number of clusters increase, the statement made here regarding to the comparison of 

these alternative methods in terms of power in detecting DIF is limited to the 24 

conditions considered in this study, but the study implies that large cluster size and 

number of observations within clusters are important to ensure a reasonably high power.     
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Figure 4.19 Power for detecting DIF when the magnitude of DIF variance is large 

 
Table 4.3 Power for detecting DIF when the magnitude of DIF variance is large 

  Estimation Method 

  PQL Laplace 

  Cluster Size Cluster Size 

 10 20 40 10 20 40 

20 0.1000 0.1200 0.1900    

30 0.1277 0.1875 0.3367 0.0000 0.0000 0.0000

40 0.2200 0.3600 0.4800 0.0500 0.0600 0.0600
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50 0.2200 0.3500 0.5700 0.0900 0.1400 0.2100

 
Figure 4.20 Power for detecting DIF when the magnitude of DIF variance is small 

 
Table 4.4 Power for detecting DIF when the magnitude of DIF variance is small 

  Estimation Method 

  PQL Laplace 

  Cluster Size Cluster Size 

 10 20 40 10 20 40 

20 0.1000 0.1400 0.3800    

30 0.1379 0.2308 0.5109 0.0000 0.0000 0.0326

40 0.2099 0.4773 0.7500 0.0370 0.1705 0.1700

N
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50 0.3295 0.5567 0.8100 0.1250 0.2165 0.5200
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Hit Rates for the Random Model Parameters 

In this study, the original intention was to conduct statistical tests on the random 

parameters estimates by the PQL, Laplace, and Adaptive Gaussian Quadrature methods 

respectively. Random parameter estimates are the variance of the mean ability at student 

level, the variance of the mean ability at school level, and the variance of the mean DIF at 

school level. Therefore, a literature review was conducted in order to determine an 

appropriate statistical test. 

The review of the available literature revealed that estimates and tests of the fixed 

effects with samples of modest sizes are accurate, but estimates and tests for the random 

components are not (e.g., Hox, 2002). However, if one really wants to test random 

components, Wald test (Wald, 1943) is recommended (e.g., Goldstein et al., 1998). Wald 

test is simply described as a z statistic = parameter estimate / standard error of the 

parameter estimate. Furthermore, Hox (2002) indicated that if this procedure is chosen to 

test the significance of a variance component, it is appropriate to use one-sided test, since 

a variance component cannot be smaller than zero. On the other hand, it is also indicated 

that the results of this test should be used with care, since Wald test assumes that variance 

components are normally distributed, while the distribution of variance components is in 

fact non-normal, especially when variance components distribute near zero (e.g., 

Goldstein et al., 1998; Hox, 2002; Raudenbush and Bryk, 2002). Luke (2004) stated that 

variances are like effect-size statistics; one can perform a significance test or form 

confidence intervals, but it is usually more meaningful to interpret their point estimates 

rather than their statistical significance.  

Considering the discussions on the literature, it was decided to calculate “hit 

rates” on variance estimates rather than to conduct a statistical test in this study. In order 

to calculate a hit rate, the ratio of the variance estimate to its standard error was first 

calculated. Next, the resulting quantity was compared to 1.645, which is a critical value 

for one-sided tests at alpha level 0.05. Then, if the ratio was smaller than the critical 

value, a “hit” was noted for a specific variance component in a specific replication. Later, 

the number of hits out of the 100 replications was counted for each variance component. 

In this way, hit rates were determined for the variances of the mean ability at student 

level and school level, plus, the variance of the mean DIF at school level. Although the 
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procedure described here to calculate hit rates is similar to the procedure followed to 

conduct a statistical test, the main purpose of this procedure is to evaluate point estimates 

of the variance parameters.  

The Laplace algorithm employed by the HLM program (Version 6.22d) did not 

provide standard errors for the variance estimates at school level. Ng, Carpenter, 

Goldstein, and Rasbash (2006) also indicated this issue in their paper about the review of 

Estimations in Generalized Linear Mixed Models with binary outcomes. Thus, at school 

level, no comparison of the hit rates between the alternative estimation methods was 

provided. In addition, hit rates were not calculated for the variance estimates with the 

Adaptive Gaussian Quadrature either, since the adaptive Gaussian Quadrature employed 

by GLLAMM was replicated only 10-times in each simulation condition. The results of 

hit rates study are graphed in Figures 4.21 through 4.26, as well as summarized in Tables 

4.5 through 4.10. Hit rates equal to or greater than 80 were considered to be satisfactory, 

and hit rates less than 80 was considered to be inadequate, similar to the criteria used for 

the power analysis in the previous section. Hit rates by the PQL and Laplace methods for 

the variance of student level abilities (See Figures 21 & 22 and Tables 7 & 8) were 

satisfactory, since they were almost all above 80 in all simulation conditions. Also, the hit 

rates did not change depending on the magnitude of the DIF variance. Hit rates by the 

PQL method for the variance of school level abilities (See Figures 23 & 24 and Tables 7 

& 8) were also satisfactory across all conditions because they were equal to or larger than 

80 in all simulation conditions. Also, hit rates did not change based on the magnitude of 

DIF variance. Hit rates by the PQL method for the variance of mean DIF at school level 

(See Figures 25 & 26 and Tables 9 & 10) were different based on the magnitude of DIF 

variance. Once the magnitude of DIF variance was small, hit rates of the PQL method for 

DIF variance were always inadequate across all conditions, but they improved as the 

cluster size and the number of clusters increased. When the magnitude of DIF variance 

was large, hit rates were satisfactory only in four conditions (cluster size x number of 

clusters = 20x50, 40x30, 40x40, and 40x50). Other than these conditions, hit rates of the 

PQL method for DIF variance were inadequate. However, hit rates increased as the 

cluster size and number of clusters increased.  
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Figure 4.21 Hit Rates by the PQL and Laplace methods for the variation of student level abilities 

when the magnitude of DIF variance is large 

 
Table 4.5 Hit Rates by the PQL and Laplace methods for the variation of student level abilities 

when the magnitude of DIF variance is large 

  Estimation Method 

  PQL Laplace 

  Cluster Size Cluster Size 

 10 20 40 10 20 40 

20 100 100 100    

30 100 100 100 79 96 100

40 100 100 100 100 100 100
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50 100 100 100 100 100 100

 
Figure 4.22 Hit Rates by the PQL and Laplace methods for the variation of student level abilities 

when the magnitude of DIF variance is small 

 
Table 4.6 Hit Rates by the PQL and Laplace methods for the variation of student level abilities 

when the magnitude of DIF variance is small 

  Estimation Method 

  PQL Laplace 

  Cluster Size Cluster Size 

 10 20 40 10 20 40 

20 100 100 100    

30 100 100 100 79 100 100

40 100 100 100 100 100 100
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50 100 100 100 100 100 100
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Figure 4.23 Hit Rates by the PQL method for the variation of school level abilities  when the 

magnitude of DIF variance is large 

 
Table 4.7 Hit Rates by the PQL method for the variation of school level abilities  when the 

magnitude of DIF variance is large 

  PQL 

  Cluster Size 

 10 20 40 

20 80 91 95 

30 99 100 100 

40 100 100 100 
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50 100 100 100 

 
Figure 4.24 Hit Rates by the PQL method for the variation of school level abilities  when the 

magnitude of DIF variance is small 

 
Table 4.8 Hit Rates by the PQL method for the variation of school level abilities  when the 

magnitude of DIF variance is small 

  PQL 

  Cluster Size 

 10 20 40 

20 80 91 95 

30 99 100 100 

40 100 100 100 
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Figure 4.25 Hit Rates by the PQL method for the variation of mean DIF at school level when the 

magnitude of DIF variance is large 

 
Table 4.9 Hit Rates by the PQL method for the variation of mean DIF at school level when the 

magnitude of DIF variance is large 

  PQL 

  Cluster Size 

 10 20 40 

20 0 11 60 

30 4 52 93 

40 9 73 100 
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50 21 87 100 

 
Figure 4.26 Hit Rates by the PQL method for the variation of mean DIF at school level when the 

magnitude of DIF variance is small 

 
Table 4.10 Hit Rates by the PQL method for the variation of mean DIF at school level when the 

magnitude of DIF variance is small 

  PQL 

  Cluster Size 

 10 20 40 

20 0 1 4 

30 0 3 22 

40 0 5 40 
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Item Difficulty Parameter Stability with the PQL, Laplace, and AGQ methods 

The Adaptive Gaussian Quadrature (AGQ) method employed by GLLAMM 

procedure available in STATA was quite time consuming. Analyzing one data set by 

GLLAMM generally took approximately 7 to 8 days (with Pentium 4 computer with 2.8 

GHz processor). Time spent analyzing one data set changes depending on the number of 

fixed and random parameters in a model as well as the total sample size formed by 

multiplying the number of units in each level of the hierarchical structure.  

In this study, it was not possible to compare the performance of all three 

estimation algorithms based on 100 replications in each simulation condition. However, 

the primary goal of this study was to evaluate the performance of all three estimation 

methods at the same time in each condition and the goal was not to compare only the 

PQL and Laplace methods among themselves. Thus, a pilot study was conducted to 

check whether comparable results could be obtained by 10 replications in each condition. 

The pilot study indicated that the amount of RMSE, squared bias, and SE of model 

parameters was smaller by 100 replications in each condition than 10 replications in each 

condition, but the pattern of the RMSE, squared bias, and SE across the simulation 

conditions by 10 replications was comparable to 100 replications in each condition. 

Therefore, the first 10 data sets out of 100 data sets in each simulation condition were 

analyzed by employing all three estimation algorithms to evaluate their performances on 

the same number of replications for each condition.  

There were 24 conditions in this study, and 240 data sets were analyzed by three 

different procedures. With Pentium 4 computer with 2.8 GHz processor, the total number 

of days spent on analyzing 240 data sets by the PQL and Laplace methods in the HLM 

program was around 15 days; however, it took approximately 4 months to finish 

analyzing these data sets by GLLAMM available in the STATA program. The difference 

in the time spent by the alternative methods was formidable.   

The stability of item difficulty parameter estimates with the PQL, Laplace, and 

AGQ methods are evaluated by means of the mean RMSE, squared bias, and SE (See 

Table A.9 in Appendix A) and the findings are graphed (Figure 4.27 and Figure 4.28), it 

was observed that both cluster size and number of clusters affected the precision of item 

parameter estimation. As the number of units at level-2 and level-3 increased, the mean 
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RMSE and SE of item difficulty with all three estimation methods decreased; therefore, 

the item parameter estimates became more stable. However, the magnitude of DIF 

variance did not seem to have any influence on item parameter estimates, since nearly the 

same amount of the mean RMSE, squared bias, and SE was observed across clusters and 

number of clusters.  

The increase in the cluster size and number of clusters did not appear affecting the 

mean squared bias of item parameters as much as it affected the mean RMSE and SE of 

item parameter estimates, but the Laplace and AGQ methods had always smaller mean 

squared bias than the PQL method. Additionally, once the number of units at level-2 and 

level-3 were steadily escalating, both the Laplace and AGQ methods tended to provide 

slightly better estimates than their alternative. 

When cluster size reached 40 and the number of clusters was 40 or 50, the mean 

RMSE, squared bias, and SE of item difficulty parameter estimations by all three 

algorithms became fairly small across the number of clusters. 

One interesting point was that the amount of the mean RMSE, squared bias, and 

SE of item parameter estimates were almost the same between the Laplace and AGQ 

methods across all simulation conditions. As it can be seen from the graphs, the lines 

representing the performance of these two algorithms were always overlapping on each 

other.  

Considering this similarity in their performances, the Laplace method would 

almost generate the same amount of the error generated by the AGQ method when the 

number of clusters was 20. In other words, the performance of the AGQ in the simulation 

conditions where Laplace did not work would be used to interpolate the performance of 

the Laplace algorithm.    
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Figure 4.27 Stability of item difficulty parameters when variance of DIF is large 
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Figure 4.28 Stability of item difficulty parameters when variance of DIF is small 
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Stability of ability difference between groups parameter with the PQL, Laplace, and 

AGQ methods 

 

The RMSE, squared bias, and SE of ability difference between groups are 

graphed in Figure 4.29 and Figure 4.30 (See also Table A.10 in Appendix A). As the 

number of units at level-2 and level-3 became larger, the RMSE and SE of ability 

difference between groups with all of the methods reduced.  

When the cluster size was minimal, the RMSE and SE of ability difference 

between groups with the PQL method was slightly smaller than that with the Laplace and 

AGQ methods; however, this difference between the alternative estimation methods 

diminished as the cluster size and number of clusters increased. Additionally, the pattern 

across the simulation conditions observed in the RMSE and SE of ability difference 

between groups with all methods did not change much, even though the magnitude of 

DIF variance was varied.  

The squared bias of ability difference between groups with the Laplace and AGQ 

methods was smaller than that with PQL method in most cases, especially when the 

variance of DIF was small. On the other hand, once the variance of DIF was large and the 

cluster size was minimal the squared bias of the PQL algorithm was smaller than the 

Laplace and AGQ methods.  

As it was the case in item difficulty parameter estimates, the performance of the 

AGQ in the some conditions where Laplace did not work would be used to interpolate the 

performance of the Laplace algorithm, since the Laplace and AGQ methods indicated 

very similar performance in all conditions, as given by the overlapping lines on the 

graphs. 
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Figure 4.29 Stability of ability difference between groups parameter when variance of DIF is 

large 
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Figure 4.30 Stability of ability difference between groups parameters when variance of DIF is 

small 
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Stability of DIF parameter for DIF items with the PQL, Laplace, and AGQ methods 

 

The RMSE, squared bias, and SE of DIF parameter with all three estimation 

methods are graphed below in Figures 4.31 and 4.32 (See also Table A.11 in Appendix 

A).  

The graphical analyses revealed that RMSE and SE of DIF parameter by all 

estimation methods were reduced as the cluster size and number of clusters increased. 

When the cluster size was minimal, DIF parameter estimates by the Laplace and AGQ 

methods resulted in slightly higher RMSE and SE than the PQL method, but that 

difference between the alternative estimation methods dimished as cluster size and the 

number of clusters increased. In other words, the performance of the Laplace and AGQ 

methods was more sensitive to the changes in the number of observation units at level-2 

and level-3.  

The squared bias of the DIF parameter with all estimation methods became quite 

small, when cluster size reached to 40. This suggests that 40 observations at level-2 were 

enough to minimize the systematic error. Additionally, once cluster size was 40 and the 

number of clusters was 40 or 50, all the sources of errors fairly decreased. This indicates 

that DIF parameter estimate became fairly stable by all alternative methods. Also, the 

change in the magnitude of DIF did not affect the findings mentioned above regarding the 

stability of DIF parameter.  

Again, the Laplace and AGQ algorithms showed very similar performance across 

the simulation conditions, since the lines representing these two estimation approaches 

overlapped all the time. Therefore, the Laplace method would almost generate the same 

amount error in some conditions where the Laplace did not work, but AGQ worked. 
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Figure 4.31 Stability of DIF parameter when the variance of DIF is large 
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Figure 4.32 Stability of DIF parameter when the variance of DIF is small 
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The Split Plot Factorial design (SPF-desing) under the univariate analysis of 

variance was used to investigate the effects of estimation methods, and the simulation 

conditions on the estimator of DIF parameter.  

In these analyses, the estimation method (the PQL, Laplace, and AGQ methods) 

was treated as between-subject factor. The cluster size (10, 20, 40 observations at level 

2), number of clusters (30, 40, 50 observations at level 3), and the magnitude of DIF 

variance (small and large) were considered as within-subject factors. In order to compare 

the performance of three different estimation methods, only three levels of the number of 

clusters were used, since the Laplace algorithm did not converge when the number of 

clusters was equal to 20.  Also, the simulation conditions with the 10 replications by the 

all three estimation methods were used to investigate the effect of the all estimation 

algorithms.  

The results given in Table 4.11 indicated that the main effects of DIF variance, 

and cluster size, the two-way interaction effects between DIF variance and cluster size, 

cluster size and number of clusters, and the three-way interaction effect between DIF 

variance, cluster size and the number of clusters were identified as statistically significant 

variables on the estimator of DIF parameter. However, the estimation method did not 

have a significant impact on the outcome variable.  

These findings supported the conclusion drawn based on the graphs presented 

above (Figures 4.31 & 4.32), since in these graphical descriptions, it was seen that the 

performances of estimation methods were similar to each other across the simulation 

conditions. However, it was observed that the stability of the DIF parameter estimate 

changed depending on the simulation conditions rather than the estimation method. When 

the cluster size and the number increased, and the variance of DIF decreased, the 

parameter estimates became more stable.  
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Table 4.11 Univariate analysis of variance results for DIF parameter 

Factors p-values 

Estimation Method 0.379 

DIF Variance 0.035* 

DIF Variance x Estimation Method 0.999 

Cluster Size <0.001* 

Cluster Size x Estimation Method 1.000 

Number of Clusters 0.167 

Number of Clusters x Estimation Method 1.000 

DIF Variance x Cluster Size <0.001* 

DIF Variance x Cluster Size x Estimation Method 1.000 

DIF Variance x Number of Clusters 0.500 

DIF Variance x Number of Clusters x Estimation Method 1.000 

Cluster Size x Number of Clusters <0.001* 

Cluster Size x Number of Clusters x Estimation Method 1.000 

DIF Variance x Cluster Size x Number of Clusters 0.003* 

DIF Variance x Cluster Size x Number of Clusters x 

Estimation Method 
1.000 

* indicates statistical significance at α = 0.05 level. 

Stability of DIF parameters for Non-DIF items by the PQL, Laplace, and AGQ 

methods 

The mean RMSE, squared bias, and SE of Non-DIF items are graphed in Figures 

4.33 and 4.34 (See also Table A.12 in Appendix A). The graphical analyses indicated that 

the mean RMSE and SE of Non-DIF items by all estimation methods decreased as the 

cluster size and number of clusters increased. All algorithms generated almost the same 

amount of the mean squared bias for Non-DIF items across all simulation conditions. 

When cluster size reached 40, the mean squared bias of Non-DIF items decreased 

considerably. This suggests that number of units at level-2 was large enough to obtain 

stable parameter estimates of Non-DIF items. The PQL method provided slightly better 

estimates than the Laplace and AGQ methods when the cluster size was equal to 10 and 

20. However, all three methods showed the similar performance, when cluster size was 

40. The change in the magnitude of DIF variance did not change the findings reported 

above. Once again, it was observed that the performance of the Laplace and AGQ was 

continuously similar across all the conditions. 
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Figure 4.33 Stability of Non-DIF item parameters when the variance of DIF is large 

 



 103

  10                                                       20                                                      40 

0.00

0.10
0.20

0.30
0.40

0.50

0.60
0.70

0.80

20 30 40 50 20 30 40 50 20 30 40 50

Number of Clusters 

M
e
a
n

 R
M

S
E

 

      Cluster Size

PQL Laplace AGQ

 

  10                                                       20                                                      40 

0.000

0.010

0.020

0.030

0.040

0.050

20 30 40 50 20 30 40 50 20 30 40 50

Number of Clusters 

M
e
a
n

 S
q

u
a
re

d
 B

ia
s

      Cluster Size

PQL Laplace AGQ

 

  10                                                       20                                                      40 

0.00

0.10
0.20

0.30
0.40

0.50

0.60
0.70

0.80

20 30 40 50 20 30 40 50 20 30 40 50

Number of Clusters 

M
e
a
n

 S
E

 

      Cluster Size

PQL Laplace AGQ

 
Figure 4.34 Stability of Non-DIF item parameters when the variance of DIF is small 

 



 104

Stability of the variance parameter of student level abilities by the PQL, Laplace, 

and AGQ methods 

 

The RMSE, squared bias, and SE of the variance parameter estimates of student 

level abilities by the PQL, Laplace, and AGQ methods are graphed below in Figures 4.35 

and 4.36 (See also Table A.13 in Appendix A). The graphical analyses revealed that the 

RMSE of the variance of student level abilities with the Laplace and AGQ methods was 

slightly smaller than that with the PQL method in all simulation conditions. On the 

contrary, when the cluster size was equal to 10 or 20, the SE of the level-2 variance with 

the PQL method was smaller than that with the Laplace and AGQ methods. However, 

this difference between the alternative methods diminished when the cluster size reached 

40. In other words, once the information was sparse in level-2, the PQL method produced 

less SE’s for level-2 variance. Thus, it was superior to its alternatives in these conditions. 

However, the Laplace and AGQ methods quickly improved their performance as soon as 

the information available at level-2 increased.  

The graphical analyses of the squared bias of the variance of student level abilities 

clearly indicated that the Laplace and AGQ methods were always better than the PQL, 

since they had a much smaller squared bias of level-2 variance than the PQL method 

across all of the simulation conditions, even if the cluster size and number of clusters 

were minimal. 

In general, all three estimation algorithms produced better estimates of level-2 

variance as the cluster size and the number of clusters increased, but the magnitude of 

DIF variance did not affect the estimates.  

When cluster size reached 40 and the number of clusters was 40 or 50, the RMSE, 

squared bias, and SE of the variance parameter of student level abilities estimations by 

the Laplace and AGQ methods became fairly small, suggesting that the these numbers 

were large enough to obtain stable estimate of level-2 variance by the Laplace and AGQ. 

Again, as indicated in the graphs, the lines representing the performance of the 

Laplace and AGQ algorithms were consistently overlapped each other.  
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Figure 4.35 Stability of the variation of student level abilities when the variance of DIF is large 
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Figure 4.36 Stability of the variation of student level abilities when the variance of DIF is small 
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Stability of the variance parameter of school level abilities by the PQL, Laplace, and 

AGQ methods 

 

The performances of the alternative estimation methods for the variance of school 

level abilities across the simulation conditions are graphed in Figures 4.37 and 4.38 (See 

also Table A.14 in Appendix A). The graphical analyses indicated that SE of the variance 

parameter of school level abilities by the PQL method was slightly smaller than that by 

the Laplace and AGQ methods across all conditions. However, the Laplace and AGQ 

methods generated smaller squared bias for this parameter than the PQL method. On the 

other hand, all estimation methods produced approximately the same RMSE. 

The RMSE and SE by all alternative methods appeared to decrease depending on 

the number of the clusters rather than cluster size. The larger number of units at level-3 

provided more stable estimates for the variance parameter. 

Once cluster size reached 40 and the number of clusters was equal to 40 and 

above, the estimates of the variance of the mean ability at school level became more 

stable as indicated by the decrease in the RMSE and SE of the parameter. Once more, the 

performance of the Laplace and AGQ was similar to each other across all simulation 

conditions.  

The results drawn here based on 10 replications in each condition for the variance 

parameter of school level abilities by the PQL, Laplace, and AGQ were consistent with 

the previous findings obtained based on 100 replications in each condition by the PQL 

and Laplace methods only. 

The univariate analysis of variance results given in Table 4.24 indicated that none 

of the factors were significant on any of the evaluation criteria in all estimation methods. 

However, when the PQL and Laplace compared over 100 replications in each condition, 

the earlier univariate analysis of variance results for this parameter had indicated that the 

number of clusters was a significant factor on the RMSE and SE. Here, none of the 

factors were found to be significant, but this could be due to small number of replications 

in each simulation condition.  
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Figure 4.37 Stability of the variation of school level abilities when variance of DIF is large 
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Figure 4.38 Stability of the variation of school level abilities when the variance of DIF is small 
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Stability of the variance of DIF parameter at school level by the PQL, Laplace, and 

AGQ methods 

 

The RMSE, squared bias, and SE of the variance of DIF parameter at school level 

by the PQL, Laplace, and AGQ methods are graphed below in Figures 4.39 and 4.40 and 

summarized in Table A.15 in Appendix A. The SE of the DIF variance for all estimation 

methods was reduced by the increasing size of the cluster and number of clusters. The 

PQL method consistently provided a smaller SE for the parameter than the Laplace and 

AGQ methods did across all conditions. The discrepancy in the SE of the estimate 

between the alternative methods was notable, especially in small size of the clusters and 

number of clusters, but this discrepancy was reduced as the number of units at level-2 and 

level-3 increased. The amount of the difference in the SE of the parameter between the 

alternative algorithms changed depending on the magnitude of DIF variance. When the 

magnitude of DIF variance was small, the difference in the SE between the algorithms 

was small. Examination of the graphs for the squared bias of variance of DIF parameter 

across the small and large DIF variances indicated that the Laplace and the AGQ methods 

always generated substantially smaller squared bias than the PQL method in the majority 

of the simulation conditions.  

The graphical analyses of the RMSE for the variance of DIF parameter at school 

level revealed that the Laplace and the AGQ methods always generated a smaller RMSE 

than the PQL method. More specifically, when the variance of DIF was large, difference 

in RMSE units between the PQL versus Laplace and AGQ was substantial, but it was 

diminished as the variance of DIF decreased and the cluster size and number of clusters 

increased. In general, the RMSE, squared bias, and SE of the variance of DIF parameter 

estimations by all estimation methods changed depending on the magnitude of DIF 

variance. When the magnitude of DIF variance was small, estimates of DIF variance 

were more stable. Also, when cluster size was 20 or 40, it seemed that all estimation 

methods generated a smaller RMSE, squared bias, and SE for the parameter, compared to 

when the cluster size was 10. 
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Figure 4.39 Stability of DIF variance when the magnitude of DIF variance is large 
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Figure 4.40 Stability of DIF variance when the magnitude of DIF variance is small 
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The findings summarized here based on 10 replications in each condition for the 

variance DIF parameter estimation by the all three estimation methods were consistent 

with the previous results obtained based on 100 replications in each condition by the PQL 

and Laplace methods only. When the number of replications was 100, the PQL method 

produced slightly lower SE than the Laplace across all conditions, but the Laplace 

indicated substantially smaller squared bias than the PQL method. As a result, the RMSE 

of the DIF variance by these two estimation methods was similar to each other across the 

conditions. Also, the differences in SE or squared bias units between the PQL and 

Laplace diminished, when the magnitude of DIF became small. In the graphical figures 

above, the lines representing the performance of the Laplace and AGQ consistently 

overlapped each other. Based on this, it is suspected that the Laplace method would 

generate about the same amount of the error generated by the AGQ method when the 

number of clusters were equal to 20 in which Laplace did not produce results.  

The Split Plot Factorial design (SPF-desing) under the univariate analysis of 

variance was also used to investigate the effects of estimation methods, and the 

simulation conditions on the estimator of the variance of DIF parameter. The results 

given in Table 4.12 indicated that the main effects of Estimation method and DIF 

variance, the two-way interaction effects between DIF variance and estimation method, 

cluster size and estimation method, and DIF variance and cluster size, cluster size and 

number of clusters, and the three-way interaction effect between DIF variance, cluster 

size and the number of clusters were identified as statistically significant variables on the 

estimator of variance of DIF parameter. Here, the estimation method was found to have a 

significant impact on the estimator of variance of DIF parameter; however, the earlier 

univariate analysis of variance study for the fixed DIF had been indicated that the 

estimation method was not a significant factor. Therefore, it was concluded that when the 

parameter is random, such as the variation of DIF across group units, the alternative 

estimation methods indicates significantly different performance, while they show similar 

performance for the fixed model parameters, such as DIF. 

These findings supported the conclusion drawn based on the graphs presented 

above (Figures 4.39 & 4.40), since in these graphical descriptions, it was seen that the 

stability of variance of DIF parameter changed depending on the estimation methods, as 
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well as the simulation conditions. When the cluster size and the number increased, the 

Laplace and AGQ performed better than the PQL.  

Table 4.12 Univariate analysis of variance results for variance of DIF parameter 

Factors p-values 

Estimation Method <0.001* 

DIF Variance <0.001* 

DIF Variance x Estimation Method 0.006* 

Cluster Size 0.093 

Cluster Size x Estimation Method 0.002* 

Number of Clusters 0.070 

Number of Clusters x Estimation Method 0.995 

DIF Variance x Cluster Size <0.001* 

DIF Variance x Cluster Size x Estimation Method 0.692 

DIF Variance x Number of Clusters 0.406 

DIF Variance x Number of Clusters x Estimation Method 0.999 

Cluster Size x Number of Clusters 0.009* 

Cluster Size x Number of Clusters x Estimation Method 1.000 

DIF Variance x Cluster Size x Number of Clusters <0.000* 

DIF Variance x Cluster Size x Number of Clusters x 

Estimation Method 
1.000 

* indicates statistical significance at α = 0.05 level. 

Stability of the covariance parameter by the PQL, Laplace, and AGQ methods 

The RMSE, squared bias, and SE of the covariance parameter at school level with 

the PQL, Laplace, and AGQ are graphed in Figures 4.41 and 4.42 and summarized in 

Table A.16 in Appendix A. The graphical analyses revealed that RMSE and SE of the 

covariance parameter estimations by all estimation methods diminished as the cluster size 

or the number of clusters increased. The Laplace and AGQ methods resulted in higher 

RMSE and SE than the PQL method across all conditions. This difference was greatest in 

smaller cluster sizes, but it was lessened as the cluster sizes increased. It was also 

observed that the change in the magnitude of DIF affected the performance of estimation 

methods. When the variance of DIF magnitude was small, the PQL, Laplace, and AGQ 

methods generated more stable estimates of the covariance parameter, since the RMSE 

and SE of the covariance reduced as the magnitude of DIF variance became small. The 

squared bias of the covariance parameter at school level with the Laplace and AGQ 

methods was always smaller than that with the PQL method in all of the simulation 

conditions; however, that difference got shrink as the magnitude of DIF became small, 

and the number of units at level-2 and level-3 increased.  
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Figure 4.41 Stability of the covariance at school level when the magnitude of DIF variance is 

large 
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Figure 4.42 Stability of the covariance at school level when the magnitude of DIF variance is 

small 
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Real Data Analyses 

Item response data from the 2006 Florida Comprehensive Assessment Test 

(FCAT) for the 4
th

 grade mathematic calibration sample were used in this study. In the 

spring 2006 administration of the FCAT, a total of 192,610 4
th

 grade students were tested 

in mathematics. However, early return sample referred to as “the calibration sample” was 

used to perform psychometric activities, such as the calibration of test items, as well as 

equating the new test form to the old test form. The calibration sample was drawn using 

the stratified random sampling design. The stratification variable was region, and school 

was the sampling unit; schools with less than 20 students were not selected for the 

calibration sample. Also, only the standard curriculum students were included in the 

sample. The sample was also evaluated in terms of the representativeness of the regions 

by ethnicity, gender, and mean scale score. If the requirement was not met, the sample 

selection routine was carried until the requirements were satisfied. In this way, a 

representative calibration sample of the state was drawn (Florida Department of 

Education, 2006).  

As a result of sampling, there were 9,896 standard curriculum students with 

reported test scores in the calibration sample. The frequency distribution of these students 

by ethnicity was 46.6% White, 22.3% African-American, and the remaining 31.1% from 

other ethnic groups. In this study, DIF was investigated between African-American and 

White students. For this reason, 6,823 students coming from 99 schools across Florida 

were used in the real data analyses, and 67.6% of these students were White, and the 

remaining 32.4% were African-American. White students were considered as the 

reference group and African-American students were considered as the focal group. The 

ratio of the focal group to the reference group was approximately 1:2. However, this ratio 

was 1:1 in the 24 simulation conditions used in this study. 

The number of clusters (the number of schools) at level-3 was 99 and the cluster 

size (the number of students comes from each school) at level-2 ranged from 20 to 142. 

The average cluster size was 70 students. The number of students was less than 50 in 34 

schools, between 50 and 100 in 48 schools, and over 100 in 17 schools. The cluster size 

and the number of clusters in the real data analysis were almost two times larger than the 

maximum cluster size and the number of clusters used in the simulation conditions.    
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There were 39 Multiple-Choice (MC) operational items in the 2006 4
th

 grade 

mathematic test. For this study, DIF items among these 39 items and their possible 

variation across schools were investigated by the random effect DIF model by employing 

the PQL and Laplace algorithms available in HLM, as well as the adaptive Gaussian 

Quadrature available in GLLAMM procedure by STATA.  

The estimates of the ability difference between the African-American and White 

students (Abil-DIF), as well as the variation of the abilities at student (Std.-Var) and 

school (Sch.-Var) levels were reported in Table 4.13 across the three estimation 

algorithms. The African-American students’ mathematic ability was lower than the White 

students by approximately -1.0 in logit scale, which was statistically significant at α = 

0.05 level. Also, the variation of the abilities at student and school levels were about 0.92 

and 0.15 respectively.  

The PQL, Laplace and AGQ estimates of the parameters were presented in Table 

4.13 below. The Laplace and AGQ estimates were quite close to each other, and slightly 

larger than the PQL estimates. This finding was consistent with the simulation results, 

since the Laplace and AGQ estimates were constantly very similar to each other also 

slightly higher than the PQL estimates in all simulation conditions.  

  
Table 4.13 The mean ability difference and its variation across student and school levels in FCAT 

data 

 PQL LAPLACE AGQ 

 Estimate 
Std. 

Error 
Ratio p_value Estimate 

Std. 

Error 
Ratio p_value Estimate 

Std. 

Error 
Ratio p_value 

A
b

il
-D

IF
 

-0.988 0.068 -14.6 <0.001* -1.023 0.139 -7.36 <0.001* -1.012 0.104 -9.68 <0.001* 

S
td

.-
V

ar
 

0.855 0.012 69.45  0.922 0.035 26.34  0.923 0.030 30.55  

S
ch

.-
V

ar
 

0.140 0.025 5.50  0.150 0.057 2.64  0.152 0.023 6.62  

* indicates statistical significance at α = 0.05 level. 
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The last item (item 39) in the mathematic test was considered as the reference 

item, and DIF was simultaneously estimated for remaining 38 items by all three 

estimation methods. Any DIF estimate, which indicated a p-value less than 0.05, was 

highlighted in the Table 4.14 below. In other words, any DIF magnitude, which was 

significantly different than zero, was flagged.  

By the PQL method [31 items out of 38 items], by the Laplace method [10 items 

out of 38 items], and by the AGQ method [20 items out of 38 items] were identified as 

DIF items. There were 10 items, which were flagged as DIF items by all three estimation 

methods. The Laplace and AGQ estimates of these 10 items were fairly similar to each 

other, and slightly larger than the PQL estimates.  

Again, this observation made based on real data results was comparable with the 

simulation results, because the Laplace and AGQ estimates of DIF parameter were quite 

close to each other, and slightly higher than the PQL estimates in all simulation 

conditions.  

The magnitude of DIF for each DIF item was interpreted based on the guidelines 

suggested by ETS. According to Educational Testing Service (ETS) criteria, an item is 

flagged for large DIF [needs to be removed from the test or revised] when the magnitude 

of DIF is greater than 0.6, for medium DIF [considered suspicious and recommended for 

further inspection] when the magnitude of DIF is between 0.4 and 0.6, and for small DIF 

[considered as negligible] when the magnitude of DIF is smaller than 0.4.  

For the 10 items, which were jointly identified as DIF items by all three 

estimation methods, the results indicated that the only one item (item 28) out of these 10 

DIF items had a large DIF, and the other 9 items indicated medium DIF magnitudes. In 

addition to these 10 items, two more items (items 20 and 25), which were identified as 

DIF items by the PQL and AGQ methods only, showed moderate DIF, and all the 

remaining DIF items indicated negligible DIF. 
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Table 4.14 DIF detection results in FCAT data 

 PQL LAPLACE AGQ 

Item Estimate 
Std. 

Error 
Ratio p_value Estimate 

Std. 

Error 
Ratio p_value Estimate 

Std. 

Error 
Ratio p_value 

1 0.083 0.093 0.897 0.370 0.092 0.199 0.462 0.643 0.080 0.132 0.607 0.544 

2 0.232 0.116 2.005 0.045* 0.248 0.352 0.706 0.480 0.208 0.138 1.503 0.133 

3 0.231 0.083 2.797 0.006* 0.239 0.162 1.476 0.140 0.217 0.126 1.725 0.085 

4 0.327 0.082 3.970 <0.001* 0.337 0.185 1.825 0.067 0.323 0.107 3.017 0.003 

5 0.183 0.086 2.140 0.032* 0.190 0.143 1.329 0.184 0.175 0.136 1.286 0.198 

6 0.212 0.088 2.406 0.016* 0.222 0.233 0.952 0.342 0.218 0.116 1.880 0.060 

7 0.510 0.083 6.153 <0.001* 0.524 0.167 3.148 0.002* 0.515 0.127 3.992 <0.001* 

8 0.583 0.082 7.084 <0.001* 0.600 0.208 2.877 0.004* 0.590 0.118 5.020 <0.001* 

9 0.218 0.083 2.645 0.009* 0.226 0.237 0.951 0.342 0.216 0.121 1.791 0.073 

10 0.318 0.082 3.863 <0.001* 0.328 0.216 1.516 0.129 0.315 0.102 3.091 0.002 

11 0.201 0.083 2.422 0.016* 0.207 0.180 1.151 0.250 0.192 0.106 1.811 0.070 

12 -0.022 0.084 -0.267 0.789 -0.021 0.163 -0.128 0.899 -0.033 0.101 -0.326 0.744 

13 0.238 0.083 2.888 0.004* 0.246 0.165 1.488 0.137 0.237 0.116 2.035 0.042 

14 0.311 0.086 3.639 0.001* 0.325 0.186 1.744 0.081 0.333 0.120 2.771 0.006 

15 0.392 0.083 4.737 <0.001* 0.404 0.149 2.714 0.007* 0.399 0.123 3.183 0.001 

16 0.214 0.083 2.592 0.010* 0.221 0.183 1.208 0.227 0.216 0.122 1.768 0.077 

17 0.205 0.092 2.224 0.026* 0.216 0.192 1.128 0.260 0.205 0.142 1.443 0.149 

18 0.254 0.094 2.697 0.007* 0.266 0.207 1.288 0.198 0.254 0.146 1.738 0.082 

19 0.196 0.083 2.361 0.018* 0.203 0.147 1.381 0.167 0.187 0.121 1.551 0.121 

20 -0.390 0.087 -4.478 <0.001* -0.396 0.254 -1.556 0.119 -0.414 0.123 -3.381 0.001* 

21 0.479 0.093 5.164 <0.001* 0.495 0.194 2.546 0.011* 0.484 0.131 3.626 <0.001* 

22 0.345 0.084 4.072 <0.001* 0.355 0.176 2.019 0.043* 0.349 0.122 2.793 0.005* 

23 0.106 0.092 1.154 0.249 0.114 0.165 0.692 0.489 0.101 0.114 0.886 0.376 

24 0.341 0.083 4.109 <0.001* 0.352 0.227 1.552 0.120 0.338 0.119 2.839 0.005* 

25 0.384 0.083 4.655 <0.001* 0.396 0.223 1.779 0.075 0.386 0.103 3.739 <0.001* 

26 0.481 0.086 5.594 <0.001* 0.496 0.205 2.415 0.016* 0.487 0.102 4.779 <0.001* 

27 0.526 0.087 6.044 <0.001* 0.548 0.207 2.645 0.009* 0.543 0.120 4.533 <0.001* 

28 0.669 0.083 8.064 <0.001* 0.690 0.180 3.840 <0.001* 0.683 0.105 6.498 <0.001* 

29 0.082 0.083 0.988 0.324 0.085 0.167 0.513 0.607 0.069 0.132 0.528 0.597 

30 0.255 0.083 3.072 0.003* 0.265 0.184 1.437 0.151 0.254 0.122 2.075 0.038* 

31 0.604 0.082 7.351 <0.001* 0.621 0.166 3.752 <0.001* 0.612 0.111 5.513 <0.001* 

32 0.306 0.088 3.495 0.001* 0.317 0.171 1.860 0.062 0.298 0.121 2.459 0.014* 

33 0.128 0.084 1.519 0.129 0.134 0.197 0.680 0.497 0.120 0.108 1.108 0.268 

34 0.196 0.083 2.369 0.018* 0.202 0.170 1.187 0.236 0.198 0.117 1.694 0.090 

35 0.353 0.083 4.280 <0.001* 0.364 0.135 2.697 0.007* 0.360 0.157 2.292 0.022* 

36 0.264 0.082 3.204 0.002* 0.273 0.150 1.814 0.069 0.271 0.125 2.169 0.030* 

37 -0.068 0.083 -0.815 0.415 -0.068 0.141 -0.482 0.629 -0.077 0.121 -0.635 0.525 

38 0.072 0.083 0.863 0.388 0.075 0.210 0.359 0.719 0.067 0.109 0.614 0.539 

* indicates statistical significance at α = 0.05 level. 
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The possible variation of DIF across schools was investigated for 10 items 

identified as DIF items by the all three estimation method. However, the Laplace 

estimates of the DIF variances could not be obtained from the HLM program. For this 

reason, only the PQL and AGQ estimates of DIF variance were reported in Table 4.15.  

Four DIF items (8, 21, 27, and 35) indicated a non-trivial variation of the mean 

DIF across schools, since the ratio of these estimates to their standard errors were larger 

than 2.0. These 4 DIF items were flagged as moderate DIF items in Table 4.16 above. 

Here, it was found that DIF existing in these 4 items also had a large variation across 

schools. On the other hand, item 28, which had the largest DIF among all 38 mathematic 

items earlier, indicated a small variation over school units. All the remaining DIF items 

seemed to have negligible variation across schools.  

The PQL and AGQ estimates reported in Table 4.15 below are close to each 

other, since the cluster size and the number of clusters in the real data analysis are quite 

large (almost two times larger than the maximum cluster size and the number of clusters 

used in the simulation conditions). This was also observed in the simulation studies, 

when the cluster size and the number of clusters were large, the parameter estimations by 

the PQL and AGQ became similar to each other.  

Since the FCAT data did not include any school characteristic variable, no 

attempt was made to investigate the factors explaining the variation of DIF across 

schools. 

Table 4.15 The variation of the mean DIF at school level 

 PQL AGQ 

 

variation 

of the  mean 

DIF 

at school level 

Std. 

Error 
Ratio 

variation 

of the mean 

DIF 

at school level 

Std. 

Error 
Ratio 

Item_7 0.049 0.049 1.000 0.047 0.024 1.956 

Item_8 0.145 0.060 2.408 0.161 0.063 2.558 

Item_15 0.047 0.048 0.978 0.046 0.021 2.191 

Item#21 0.169 0.097 1.738 0.192 0.068 2.822 

Item#22 0.038 0.048 0.787 0.028 0.018 1.569 

Item_26 0.019 0.043 0.428 0.018 0.007 2.570 

Item_27 0.258 0.098 2.634 0.276 0.081 3.401 

Item_28 0.034 0.038 0.878 0.031 0.018 1.771 

Item_31 0.013 0.037 0.355 0.012 0.005 2.190 

Item_35 0.192 0.066 2.907 0.207 0.075 2.771 
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CHAPTER V 

 

CONCLUSION 

Summary 

The parameters of the random effect DIF model studied can be categorized into 

two groups as the fixed and random parameters. The fixed parameters can be further 

grouped as the main effects and interaction effects. The main effects include item 

difficulty and ability difference between groups, whereas interaction effects are DIF 

parameters. On the other hand, the random parameters consist of the variation of student 

level and school level abilities, as well as the variation of DIF at school level. 

Concerning the main effects, it was found that both cluster size and the number of 

clusters affected the precision of estimates for item difficulty parameters and the 

parameter for ability difference between group by the PQL, Laplace, and Adaptive 

Gaussian Quadrature (AGQ) methods. Larger cluster size and the number of clusters 

provided more precise parameter estimates by all alternative estimation methods. For 

item difficulty parameters, three estimation methods performed similarly across the 

simulation conditions. However, for the parameter of ability difference between groups, 

the PQL method provided slightly better precision for small cluster size than the other 

two estimation methods. However, all methods performed equally well as cluster size and 

the number of clusters increased. 

Regarding the interaction effects, the study also revealed that larger cluster size 

and the number of clusters provided more stable parameter estimations by all algorithms. 

The PQL method generated better estimates for DIF parameters than the Laplace and 

AGQ methods when cluster size was small, but the Laplace and AGQ improved their 

estimates quickly as cluster size increased. Thus, the performance differences between 
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the three estimation algorithms diminished as the number of units at level-2 and level-3 

increased.  

Regarding the random effects, as cluster size and the number of clusters became 

larger, all three estimation algorithms improved their performance and yielded more 

stable estimates for the variation of student level abilities (level-2 variance). However, it 

was obvious that the Laplace and AGQ methods generated more stable estimates for 

level-2 variance for all simulation conditions than the PQL method. The PQL algorithm 

constantly underestimated level-2 variance for all simulation conditions. 

For the variation of school level abilities, the study indicated that the number of 

clusters rather than cluster size was an important factor on the RMSE of the parameter. 

When the number of clusters was small, such as 20 and 30, the PQL method performed 

slightly better than the other two estimation methods. However, the Laplace and AGQ 

quickly improved their performance and resulted in better results than the PQL method.  

For the variation of DIF across schools, in some cases, such as larger number of 

clusters or small magnitude of DIF variance or larger cluster size and small magnitude of 

DIF variance, all alternative estimation methods improved their performance in the 

estimation of the parameter. In general, the Laplace and AGQ methods provided better 

estimates for the parameter of DIF variance across group units than the PQL method. 

However, when cluster size was minimal and the number of clusters was small, such as 

20, 30, or 40, and the magnitude of DIF was small, the PQL method seemed to produce 

slightly better estimates for the parameter than the other two estimation methods.  

Regarding covariance parameter between the variance of school level abilities and 

the variance of DIF across schools, it was found that the cluster size and the magnitude of 

DIF variance affected the estimates of covariance parameter. As the cluster size increased 

or the magnitude of DIF variance decreased, all estimation algorithms provided smaller 

total error for the covariance parameter. When cluster size was minimal, the PQL method 

provided slightly better estimates for covariance parameter than the other two alternative 

methods; however, as cluster size became larger, the performance differences between 

the algorithms diminished. 

Among all three random effects in the studied model, the variation of student 

level abilities (the level-2 variance) was the most efficiently estimated parameter by all 

estimation methods and it was followed by the variation of school level abilities and the 
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variation of mean DIF at school level respectively. On the other hand, the estimates of the 

random parameters at level-3 were not as stable as the level-2 random effect. This 

suggested that the performance of the estimation algorithms was affected by the amount 

of information at each level determined by the available number of units at that level. 

The performances of the Laplace and AGQ for the estimation of all fixed and 

random parameters were very similar for all simulation conditions. In other words, the 

amount of RMSE, squared bias, and SE of the fixed and random model parameters were 

just about the same for the Laplace and AGQ methods for all simulation conditions. 

When the performances of these estimation methods were plotted on the same graph, the 

lines reflecting the performances of these two algorithms were consistently overlapped 

each other.  

Accuracy of DIF detection was also evaluated by Type I error rate for Non-DIF 

items and power for DIF item. In general, Type I error rates of the PQL and Laplace 

methods were below or at the expected nominal alpha level in many of the simulation 

conditions. However, the Laplace algorithm always provided smaller Type I error rates 

than the PQL algorithm across all conditions, and its empirical Type I error rates were 

constantly within the nominal alpha level across all simulation conditions. On the other 

hand, empirical Type I error rates of the PQL method were slightly inflated in the some 

of the combinations of cluster size and the number of clusters, when the magnitude of 

DIF variance was large, such as 20 by 20 [cluster size by number of clusters], and 40 by 

50 [cluster size by number of clusters]. In all other conditions, the empirical Type I error 

rates of the PQL method were within or at the expected nominal alpha level. 

The power of the PQL and Laplace methods for detecting DIF was inadequate in 

almost all simulation conditions. The Laplace method was not as powerful as the PQL 

method in detecting DIF across all the simulation conditions. On the other hand, the 

power in detecting DIF improved very quickly for both estimation methods as the cluster 

size and the number of clusters increased. This suggested that the many of the cluster 

sizes and number of clusters employed in this study except 40 by 40 and 40 by 50 in 

small DIF magnitude conditions were not large enough to identify DIF satisfactorily; 

however, the observed trend in the empirical power results indicated that larger cluster 

size and the number of clusters would provide the required accuracy.    
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In this study, hit rates were also calculated in order to evaluate the magnitudes of 

the variance estimates. In general, it was found that hit rates for the variance of student 

and school level abilities were always satisfactory across all simulation conditions. 

However, hit rates for the variance of DIF across schools were different based on the 

magnitude of DIF variance. When the magnitude of DIF variance was small, hit rates 

were always inadequate across all conditions. When the magnitude of DIF variance was 

large, hit rates were satisfactory in a few simulation conditions. However, hit rates 

increased as the cluster size and the number of clusters increased. This indicated that the 

cluster size and number of clusters used in this study were not enough at all to capture a 

small DIF variance. Also, even if the variance of DIF is large, cluster size and the number 

of clusters should at least be 40 and 30 respectively. 

Finally, Florida Comprehensive Assessment Test (FCAT) Spring 2006 4
th

 grade 

mathematic test data were analyzed to demonstrate analyses to detect DIF and its possible 

variation across schools. DIF in ethnicity was examined. White students were considered 

as the reference group and African-American students were considered as the focal 

group. Ten items were jointly identified as DIF by the PQL, Laplace, and AGQ methods. 

Only one of these items was found to have large DIF, and all the other DIF items were 

found to have moderate DIF. Also, the variation of DIF across schools was estimated by 

employing the PQL, Laplace, and AGQ algorithms. Four items were found to have a non-

trivial DIF variation across schools. The other DIF items also indicated a variation over 

school units, but their variances were negligible. As it was observed in the simulation 

studies, the Laplace and AGQ estimates of the model parameters were fairly similar to 

each other, but the PQL estimates were slightly smaller than the Laplace and AGQ 

estimates. Also, the simulation studies indicated that better parameter estimates and a 

reasonably high power in detecting DIF are ensured by the larger number of observation 

units at level-2 and level-3. In the real data analysis, the cluster size and the number of 

clusters were approximately twice as large as the maximum cluster size and the number 

of clusters employed in the simulation conditions. This suggests that the available 

information in the real data was large enough to get better parameter estimates and 

identify DIF items correctly.    
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Limitations of the Study and Suggestions for Future Studies  

In this study, the performances of the PQL, Laplace and AGQ methods in the 

estimation of the parameters in the random effect DIF model were evaluated in some 

simulation conditions. However, in reality, the hierarchically structured data might be 

different in cluster size and the number of clusters from what was presented in the 

simulation conditions. Also, real data might have different cluster sizes for each cluster 

(different number of students come from each school) and the ratio of the focal group to 

the reference group might be different as well, but in each simulation condition, the 

cluster size was the same for each clusters also the number of students in the focal and 

reference groups was equal to each other. In addition, the magnitudes of the model 

parameters might be different from the studied ones. For example, the ability difference 

between groups or the variation of random DIF across group units might be largely 

different from the studied magnitudes. As a result, the alternative estimation methods 

might perform differently. Therefore, the generalization of the results is limited to the 

conditions that were used in the study. 

Since GLLAMM procedure available in STATA is quite time-consuming, a 10-

item test was deliberately chosen. In other words, the effect of test length was not 

considered as a factor in this study. However, test length is usually much longer in actual 

testing situations, yielding more information about examinees, and increasing stability of 

parameter estimation, as well as the accuracy of DIF detection. Also one item was 

designated as DIF item in the simulations. However, actual tests might include more than 

one DIF item at a time with different directions, such as some favoring the focal group, 

while the others against the same group. 

The efficiency of the PQL and Laplace methods was assessed based on 100 

replications for each simulation condition. However, because of the computation time 

required for GLLAMM procedure, the performance of all three estimation methods was 

compared based on just 10 replications in each condition. The accuracy of DIF detection 

using Type I error rate and power, as well as the size of variance estimate by hit rates, 

were not evaluated for AGQ, since the number of replications was very limited.   



 127

Practical Implications 

This study indicated that the PQL method performed slightly better than the 

Laplace and AGQ for the fixed effects, especially when there were limited number of 

observations at level-2 and level-3, whereas the Laplace and AGQ methods generated 

more stable estimates for the random parameters than the PQL method. Also, the Laplace 

algorithm indicated less Type I error rate than the PQL method. On the other hand, the 

Laplace was less powerful in detecting DIF than the PQL. Thus, during the data analyses 

both the PQL and Laplace methods should be employed.  

The performances of the Laplace and AGQ were similar across all simulation 

conditions, but the amount of time spent by GLLAMM during computation was 

formidable compared to the required time for the Laplace, For this reason, the Laplace 

method is more efficient than the AGQ method. One can take not only to the advantage 

of a short computation time, but also obtain more stable estimates of the random 

parameters, which are comparable to the AGQ estimates.  

The number of clusters and the magnitude of DIF variance were major factors 

affecting the stability of DIF variance. As the number of clusters and the magnitude of 

DIF variance increased, all three estimation methods improved their estimates for the 

variation of DIF over group units. The Laplace and AGQ provided the better estimates 

than the PQL unless the number of clusters and the magnitude of DIF variance were 

small. Therefore, it is useful to obtain estimates of random DIF parameter by alternative 

methods and then to make a decision, depending on the available information in the data 

and the expectation of the researcher regarding the magnitude of DIF variation.  

As it is found in the real data analysis, the actual tests might have some DIF items 

which have a large variation over group units. However, it is not possible to capture this 

variation by the traditional DIF analyses. Thus, the random effect DIF model should be 

employed by the researchers for not only to identify DIF items, but also to check the 

possible variation of DIF over schools.  

Formulating DIF as a random effect also enables one to clarify the factor or 

factors might be causing DIF. For example, a researcher may investigate the effect of 

school characteristic variables, such as the number of hours spent on practicing 

mathematics subject, or the way the subject is taught in schools. These group 

characteristic variables might explain the variation of DIF across schools and bring 
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valuable information regarding the DIF variation. Therefore, the random effect DIF 

approach may provide suggestions possibly informative to minimize DIF in the future by 

many different means, including instruction, policy and test construction. 
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APPENDIX A 

THE RMSE, BIAS
2
, AND SE  

FOR ALL MODEL PARAMETER ESTIMATES 

ACROSS SIMULATION CONDITIONS 
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Table A.1  

Stability of item difficulty parameter estimates with the PQL and Laplace 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20 0.22310 0.00268 0.22886 

30 0.18534 0.00205 0.19052 

40 0.15627 0.00290 0.16453 
10 

50 0.14464 0.00288 0.15370 

20 0.16539 0.00274 0.17310 

30 0.13015 0.00242 0.13838 

40 0.11174 0.00247 0.12145 
20 

50 0.10073 0.00310 0.11342 

20 0.11561 0.00214 0.12352 

30 0.09343 0.00276 0.10539 

40 0.08226 0.00207 0.09229 

1.0 

40 

50 0.07297 0.00232 0.08568 

20 0.22731 0.00148 0.23043 

30 0.18177 0.00245 0.18815 

40 0.16006 0.00292 0.16844 
10 

50 0.14846 0.00150 0.15304 

20 0.16656 0.00207 0.17231 

30 0.13283 0.00234 0.14085 

40 0.11273 0.00304 0.12394 
20 

50 0.09863 0.00276 0.11034 

20 0.11618 0.00217 0.12463 

30 0.09213 0.00196 0.10157 

40 0.07884 0.00195 0.08917 

PQL 

0.25 

40 

50 0.07208 0.00263 0.08608 

20       

30 0.19723 0.00035 0.19813 

40 0.16686 0.00024 0.16760 
10 

50 0.15438 0.00015 0.15485 

20       

30 0.13874 0.00006 0.13897 

40 0.11891 0.00014 0.11951 
20 

50 0.10696 0.00010 0.10743 

20    

30 0.09921 0.00009 0.09962 

40 0.08728 0.00002 0.08740 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.07739 0.00004 0.07764 
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Table A.1 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20       

30 0.19344 0.00047 0.19464 

40 0.17091 0.00037 0.17203 
10 

50 0.15816 0.00023 0.15882 

20       

30 0.14126 0.00037 0.14255 

40 0.11978 0.00031 0.12098 
20 

50 0.10411 0.00016 0.10494 

20    

30 0.09785 0.00006 0.09814 

40 0.08351 0.00020 0.08471 

Laplace 0.25 

40 

50 0.07662 0.00009 0.07718 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 132

 

 

Table A.2  

Stability of ability difference parameter estimates with the PQL and Laplace 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.31175 0.00008 0.31188 

30 0.24435 0.00542 0.25521 

40 0.22262 0.00101 0.22489 
10 

50 0.20143 0.00036 0.20232 

20 0.24114 0.00385 0.24899 

30 0.17738 0.00164 0.18195 

40 0.15855 0.00020 0.15917 
20 

50 0.13711 0.00115 0.14123 

20 0.14295 0.00298 0.15300 

30 0.12417 0.00066 0.12682 

40 0.10552 0.00068 0.10868 

1.0 

40 

50 0.10920 0.00123 0.11468 

20 0.33373 0.00265 0.33768 

30 0.26115 0.00977 0.27924 

40 0.23456 0.00007 0.23470 
10 

50 0.18964 0.00010 0.18991 

20 0.22375 0.00272 0.22975 

30 0.20009 0.00238 0.20596 

40 0.16479 0.00002 0.16486 
20 

50 0.14069 0.00236 0.14885 

20 0.14697 0.00008 0.14724 

30 0.13063 0.00043 0.13227 

40 0.11322 0.00181 0.12097 

PQL 

0.25 

40 

50 0.09626 0.00034 0.09800 

20       

30 0.26154 0.00181 0.26497 

40 0.23820 0.00001 0.23821 
10 

50 0.21514 0.00024 0.21571 

20       

30 0.18482 0.00001 0.18486 

40 0.16875 0.00039 0.16990 
20 

50 0.14583 0.00000 0.14585 

20    

30 0.13222 0.00004 0.13238 

40 0.11226 0.00003 0.11240 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.11592 0.00002 0.11599 
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Table A.2  

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20       

30 0.27896 0.00491 0.28763 

40 0.24945 0.00068 0.25081 
10 

50 0.20295 0.00062 0.20448 

20       

30 0.21316 0.00032 0.21390 

40 0.17589 0.00154 0.18022 
20 

50 0.14762 0.00045 0.14915 

20    

30 0.13882 0.00011 0.13923 

40 0.12015 0.00016 0.12083 

Laplace 0.25 

40 

50 0.10273 0.00019 0.10364 
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Table A.3  

Stability of DIF parameter estimates with the PQL and Laplace 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.42345 0.00005 0.42351 

30 0.29870 0.00104 0.30044 

40 0.30708 0.00024 0.30747 
10 

50 0.22801 0.00000 0.22802 

20 0.34440 0.00072 0.34544 

30 0.22560 0.00063 0.22700 

40 0.21206 0.00001 0.21210 
20 

50 0.18972 0.00127 0.19305 

20 0.19454 0.00015 0.19493 

30 0.15549 0.00015 0.15598 

40 0.14347 0.00068 0.14583 

1.0 

40 

50 0.14724 0.00125 0.15144 

20 0.42218 0.00002 0.42221 

30 0.32302 0.00338 0.32821 

40 0.28061 0.00009 0.28077 
10 

50 0.26765 0.00000 0.26765 

20 0.28009 0.00479 0.28851 

30 0.25929 0.00385 0.26662 

40 0.23556 0.00004 0.23564 
20 

50 0.20710 0.00105 0.20962 

20 0.20807 0.00011 0.20834 

30 0.16955 0.00015 0.17000 

40 0.15199 0.00021 0.15268 

PQL 

0.25 

40 

50 0.13391 0.00000 0.13393 

20       

30 0.32627 0.00014 0.32649 

40 0.33537 0.00175 0.33796 
10 

50 0.24596 0.00036 0.24670 

20       

30 0.24305 0.00000 0.24306 

40 0.22953 0.00036 0.23032 
20 

50 0.20493 0.00025 0.20552 

20    

30 0.16711 0.00013 0.16750 

40 0.15414 0.00002 0.15421 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.15852 0.00021 0.15917 
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Table A.3 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20       

30 0.35004 0.00126 0.35183 

40 0.30284 0.00021 0.30320 
10 

50 0.28906 0.00065 0.29019 

20       

30 0.27815 0.00168 0.28115 

40 0.25272 0.00034 0.25339 
20 

50 0.22129 0.00010 0.22151 

20    

30 0.18090 0.00013 0.18126 

40 0.16175 0.00010 0.16205 

Laplace 0.25 

40 

50 0.14368 0.00054 0.14554 
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Table A.4  

Stability of Non-DIF item parameter estimates with the PQL and Laplace 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20 0.44169 0.00284 0.44480 

30 0.35620 0.00166 0.35856 

40 0.31587 0.00041 0.31653 
10 

50 0.27259 0.00057 0.27365 

20 0.30914 0.00241 0.31282 

30 0.25380 0.00009 0.25399 

40 0.21519 0.00014 0.21552 
20 

50 0.19641 0.00027 0.19711 

20 0.21754 0.00054 0.21883 

30 0.17054 0.00018 0.17108 

40 0.16170 0.00013 0.16211 

1.0 

40 

50 0.14817 0.00026 0.14905 

20 0.44605 0.00156 0.44775 

30 0.36833 0.00433 0.37410 

40 0.31243 0.00064 0.31349 
10 

50 0.26928 0.00057 0.27030 

20 0.30108 0.00048 0.30189 

30 0.26282 0.00016 0.26314 

40 0.22296 0.00114 0.22552 
20 

50 0.19900 0.00056 0.20036 

20 0.21631 0.00028 0.21698 

30 0.17182 0.00020 0.17240 

40 0.15880 0.00012 0.15917 

PQL 

0.25 

40 

50 0.13341 0.00012 0.13385 

20       

30 0.37924 0.00175 0.38158 

40 0.33656 0.00054 0.33737 
10 

50 0.29021 0.00064 0.29134 

20       

30 0.26778 0.00011 0.26800 

40 0.22847 0.00019 0.22888 
20 

50 0.20838 0.00033 0.20918 

20    

30 0.18096 0.00019 0.18149 

40 0.17142 0.00018 0.17195 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.15703 0.00022 0.15772 
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Table A.4 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20       

30 0.39244 0.00465 0.39826 

40 0.33213 0.00077 0.33331 
10 

50 0.28668 0.00074 0.28792 

20       

30 0.27899 0.00016 0.27929 

40 0.23674 0.00137 0.23963 
20 

50 0.20942 0.00064 0.21088 

20    

30 0.18232 0.00026 0.18303 

40 0.16830 0.00011 0.16862 

Laplace 0.25 

40 

50 0.14164 0.00016 0.14220 
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Table A.5  

Stability of the variance estimate of student level abilities with the PQL and Laplace 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.10447 0.00900 0.14114 

30 0.07841 0.00962 0.12557 

40 0.07102 0.00764 0.11265 
10 

50 0.06005 0.00942 0.11412 

20 0.06985 0.00852 0.11573 

30 0.05805 0.00685 0.10112 

40 0.04937 0.00710 0.09768 
20 

50 0.03993 0.01041 0.10957 

20 0.05547 0.00674 0.09906 

30 0.03979 0.00832 0.09951 

40 0.03154 0.00774 0.09345 

1.0 

40 

50 0.03263 0.00827 0.09664 

20 0.08480 0.00827 0.12436 

30 0.08097 0.00917 0.12540 

40 0.07835 0.01063 0.12951 
10 

50 0.05270 0.00868 0.10705 

20 0.06442 0.00596 0.10056 

30 0.05461 0.00802 0.10490 

40 0.04752 0.00754 0.09897 
20 

50 0.04353 0.00934 0.10601 

20 0.04480 0.00779 0.09897 

30 0.04228 0.00722 0.09489 

40 0.03655 0.00743 0.09365 

PQL 

0.25 

40 

50 0.02919 0.00863 0.09740 

20       

30 0.10192 0.00000 0.10193 

40 0.09177 0.00020 0.09288 
10 

50 0.07830 0.00000 0.07833 

20       

30 0.07431 0.00014 0.07527 

40 0.06328 0.00009 0.06400 
20 

50 0.05104 0.00018 0.05274 

20    

30 0.05056 0.00004 0.05095 

40 0.04003 0.00001 0.04010 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.04126 0.00004 0.04172 
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Table A.5  

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20       

30 0.10386 0.00000 0.10387 

40 0.10036 0.00009 0.10082 
10 

50 0.06766 0.00001 0.06770 

20       

30 0.06927 0.00000 0.06927 

40 0.06101 0.00001 0.06111 
20 

50 0.05499 0.00009 0.05578 

20    

30 0.05346 0.00000 0.05346 

40 0.04621 0.00000 0.04624 

Laplace 0.25 

40 

50 0.03663 0.00010 0.03796 
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Table A.6  

Stability of the variance estimate of school level abilities with the PQL and Laplace 

Methods across the simulation conditions 

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.18084 0.00437 0.19253 

30 0.14647 0.00486 0.16220 

40 0.10333 0.00488 0.12473 
10 

50 0.10602 0.00434 0.12482 

20 0.15056 0.00960 0.17963 

30 0.12750 0.00608 0.14944 

40 0.10141 0.00442 0.12127 
20 

50 0.10531 0.00432 0.12414 

20 0.13640 0.00821 0.16377 

30 0.12275 0.00329 0.13550 

40 0.11009 0.00338 0.12451 

1.0 

40 

50 0.09056 0.00344 0.10788 

20 0.17023 0.00367 0.18070 

30 0.14410 0.00315 0.15464 

40 0.10998 0.00304 0.12301 
10 

50 0.10636 0.00456 0.12597 

20 0.14028 0.00810 0.16667 

30 0.14247 0.00772 0.16739 

40 0.11262 0.00223 0.12214 
20 

50 0.10585 0.00442 0.12499 

20 0.13606 0.00823 0.16354 

30 0.12558 0.00482 0.14349 

40 0.09667 0.00641 0.12552 

PQL 

0.25 

40 

50 0.09208 0.00361 0.10995 

20       

30 0.16902 0.00010 0.16931 

40 0.11991 0.00009 0.12028 
10 

50 0.12278 0.00003 0.12291 

20       

30 0.14552 0.00041 0.14694 

40 0.11521 0.00008 0.11554 
20 

50 0.11962 0.00009 0.11998 

20    

30 0.20258 0.00010 0.20281 

40 0.12503 0.00000 0.12504 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.10225 0.00001 0.10228 
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Table A.6 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20       

30 0.16639 0.00003 0.16647 

40 0.12650 0.00003 0.12663 
10 

50 0.12201 0.00006 0.12226 

20       

30 0.16164 0.00116 0.16520 

40 0.12861 0.00015 0.12921 
20 

50 0.11918 0.00004 0.11935 

20    

30 0.14176 0.00021 0.14252 

40 0.10868 0.00068 0.11177 

Laplace 0.25 

40 

50 0.10364 0.00002 0.10371 
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Table A.7  

Stability of the variance of DIF estimate at school level with the PQL and Laplace 

Methods across the simulation conditions 

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.51065 0.14439 0.63651 

30 0.37740 0.12790 0.51994 

40 0.35533 0.19865 0.57001 
10 

50 0.28552 0.20387 0.53423 

20 0.36696 0.09219 0.47628 

30 0.27096 0.10127 0.41797 

40 0.25893 0.13922 0.45416 
20 

50 0.27265 0.12073 0.44167 

20 0.31674 0.07449 0.41811 

30 0.30258 0.06936 0.40113 

40 0.23525 0.08755 0.37801 

1.0 

40 

50 0.20931 0.09734 0.37569 

20 0.19973 0.00787 0.21855 

30 0.19460 0.00064 0.19623 

40 0.17702 0.00158 0.18143 
10 

50 0.13417 0.00454 0.15015 

20 0.17324 0.00530 0.18792 

30 0.13864 0.00107 0.14245 

40 0.12772 0.00532 0.14709 
20 

50 0.11227 0.00848 0.14520 

20 0.15037 0.00583 0.16864 

30 0.11047 0.00424 0.12825 

40 0.11155 0.00436 0.12963 

PQL 

0.25 

40 

50 0.09511 0.00473 0.11739 

20       

30 0.62628 0.00506 0.63031 

40 0.59084 0.00562 0.59557 
10 

50 0.47040 0.00536 0.47606 

20       

30 0.38444 0.00496 0.39084 

40 0.36117 0.01815 0.38548 
20 

50 0.37824 0.01074 0.39218 

20    

30 0.39111 0.00601 0.39873 

40 0.30002 0.01399 0.32249 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.26430 0.01954 0.29899 
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Table A.7  

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20       

30 0.30813 0.04276 0.37109 

40 0.28303 0.01448 0.30755 
10 

50 0.22163 0.00657 0.23598 

20       

30 0.18404 0.00337 0.19299 

40 0.16776 0.00008 0.16799 
20 

50 0.14633 0.00020 0.14700 

20    

30 0.13587 0.00021 0.13664 

40 0.13587 0.00014 0.13639 

Laplace 0.25 

40 

50 0.11465 0.00032 0.11603 
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Table A.8  

Stability of the covariance estimate at school level with the PQL and Laplace Methods 

across the simulation conditions 

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.22768 0.00045 0.22867 

30 0.18530 0.00538 0.19928 

40 0.14762 0.00401 0.16063 
10 

50 0.14221 0.00139 0.14701 

20 0.17755 0.00136 0.18135 

30 0.15889 0.00262 0.16694 

40 0.11389 0.00115 0.11882 
20 

50 0.10808 0.00184 0.11627 

20 0.17396 0.00087 0.17645 

30 0.13155 0.00054 0.13358 

40 0.11828 0.00085 0.12181 

1.0 

40 

50 0.09297 0.00072 0.09678 

20 0.13958 0.00094 0.14293 

30 0.15417 0.00181 0.15993 

40 0.13205 0.00046 0.13379 
10 

50 0.10615 0.00004 0.10633 

20 0.11909 0.00007 0.11936 

30 0.11369 0.00021 0.11463 

40 0.09090 0.00043 0.09325 
20 

50 0.08065 0.00053 0.08389 

20 0.09905 0.00043 0.10120 

30 0.07942 0.00043 0.08208 

40 0.08611 0.00044 0.08860 

PQL 

0.25 

40 

50 0.05994 0.00047 0.06372 

20       

30 0.22819 0.00117 0.23074 

40 0.18385 0.00058 0.18542 
10 

50 0.17799 0.00011 0.17829 

20       

30 0.19214 0.00061 0.19371 

40 0.14089 0.00000 0.14090 
20 

50 0.12967 0.00013 0.13016 

20    

30 0.15665 0.00000 0.15665 

40 0.13980 0.00003 0.13989 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.10949 0.00001 0.10953 
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Table A.8  

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20       

30 0.18440 0.00043 0.18557 

40 0.15522 0.00000 0.15522 
10 

50 0.12845 0.00029 0.12959 

20       

30 0.13377 0.00000 0.13378 

40 0.10552 0.00004 0.10573 
20 

50 0.09518 0.00009 0.09563 

20    

30 0.09185 0.00010 0.09241 

40 0.09945 0.00011 0.09998 

Laplace 0.25 

40 

50 0.06845 0.00013 0.06936 
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Table A.9  

Stability of item difficulty parameter estimates with the PQL, Laplace, and AGQ 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20 0.21664 0.00434 0.22639 

30 0.17588 0.00560 0.19260 

40 0.14567 0.00656 0.16293 
10 

50 0.15412 0.00672 0.17403 

20 0.15996 0.00349 0.16943 

30 0.13141 0.00471 0.14796 

40 0.09989 0.00470 0.11881 
20 

50 0.09862 0.00658 0.12396 

20 0.10724 0.00178 0.11568 

30 0.08776 0.00409 0.10565 

40 0.06872 0.00243 0.08293 

1.0 

40 

50 0.06939 0.00271 0.08535 

20 0.22061 0.00583 0.23316 

30 0.17000 0.00518 0.18623 

40 0.15502 0.00553 0.17164 
10 

50 0.13479 0.00333 0.14731 

20 0.17710 0.00279 0.18455 

30 0.12039 0.00401 0.13468 

40 0.10606 0.00429 0.12179 
20 

50 0.09343 0.00278 0.10699 

20 0.10325 0.00308 0.11693 

30 0.08671 0.00239 0.09910 

40 0.07932 0.00248 0.09249 

PQL 

0.25 

40 

50 0.06891 0.00422 0.09052 

20    

30 0.18700 0.00472 0.20114 

40 0.15636 0.00307 0.16433 
10 

50 0.16497 0.00203 0.17088 

20    

30 0.14018 0.00171 0.14644 

40 0.10649 0.00107 0.11132 
20 

50 0.10465 0.00229 0.11430 

20    

30 0.09313 0.00084 0.09816 

40 0.07293 0.00111 0.08014 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.07339 0.00065 0.07759 
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Table A.9  

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20    

30 0.18097 0.00438 0.19368 

40 0.16572 0.00225 0.17282 
10 

50 0.14349 0.00332 0.15644 

20    

30 0.12815 0.00186 0.13478 

40 0.11225 0.00159 0.11856 
20 

50 0.09898 0.00018 0.10009 

20    

30 0.09207 0.00111 0.09798 

40 0.08433 0.00110 0.09025 

Laplace 0.25 

40 

50 0.07335 0.00111 0.08017 

20 0.22930 0.00258 0.23481 

30 0.18704 0.00474 0.20121 

40 0.15639 0.00305 0.16433 
10 

50 0.16502 0.00202 0.17089 

20 0.17018 0.00181 0.17545 

30 0.14024 0.00171 0.14648 

40 0.10652 0.00106 0.11134 
20 

50 0.10465 0.00228 0.11428 

20 0.11399 0.00066 0.11656 

30 0.09316 0.00083 0.09813 

40 0.07296 0.00112 0.08026 

1.0 

40 

50 0.07341 0.00065 0.07761 

20 0.23343 0.00809 0.24950 

30 0.18102 0.00439 0.19376 

40 0.16576 0.00225 0.17287 
10 

50 0.14350 0.00332 0.15646 

20 0.18845 0.00185 0.19317 

30 0.12818 0.00186 0.13482 

40 0.11229 0.00158 0.11858 
20 

50 0.09899 0.00018 0.10010 

20 0.10902 0.00068 0.11299 

30 0.09209 0.00112 0.09804 

40 0.08437 0.00112 0.09036 

AGQ 

0.25 

40 

50 0.07339 0.00111 0.08015 
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Table A.10 

Stability of ability difference parameter estimates with the PQL, Laplace, and AGQ 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.25581 0.00147 0.25867 

30 0.16728 0.00338 0.17709 

40 0.22042 0.00269 0.22644 
10 

50 0.09308 0.00074 0.09699 

20 0.24306 0.00223 0.24761 

30 0.16559 0.01499 0.20595 

40 0.15985 0.00001 0.15990 
20 

50 0.15192 0.01403 0.19265 

20 0.13989 0.00115 0.14396 

30 0.09962 0.00252 0.11155 

40 0.08857 0.00040 0.09081 

1.0 

40 

50 0.09741 0.00033 0.09907 

20 0.46775 0.00362 0.47160 

30 0.17486 0.02890 0.24389 

40 0.22587 0.00095 0.22796 
10 

50 0.13954 0.00146 0.14469 

20 0.26288 0.00249 0.26757 

30 0.14232 0.00967 0.17300 

40 0.08825 0.02024 0.16741 
20 

50 0.19244 0.01151 0.22032 

20 0.10818 0.00001 0.10821 

30 0.13866 0.00011 0.13907 

40 0.11366 0.01183 0.15731 

PQL 

0.25 

40 

50 0.08834 0.00058 0.09155 

20    

30 0.17625 0.00068 0.17818 

40 0.23641 0.00831 0.25338 
10 

50 0.10103 0.00437 0.12073 

20    

30 0.17656 0.00907 0.20061 

40 0.17157 0.00159 0.17616 
20 

50 0.16139 0.00849 0.18585 

20    

30 0.10659 0.00045 0.10868 

40 0.09452 0.00015 0.09530 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.10358 0.00269 0.11582 
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Table A.10 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20    

30 0.18685 0.02112 0.23673 

40 0.24103 0.00468 0.25054 
10 

50 0.15143 0.00002 0.15149 

20    

30 0.15113 0.00500 0.16685 

40 0.09532 0.01392 0.15167 
20 

50 0.20516 0.00639 0.22018 

20    

30 0.14697 0.00197 0.15352 

40 0.12054 0.00663 0.14547 

Laplace 0.25 

40 

50 0.09360 0.00352 0.11080 

20 0.27427 0.00567 0.28443 

30 0.17725 0.00071 0.17924 

40 0.23642 0.00839 0.25355 
10 

50 0.10125 0.00435 0.12085 

20 0.25952 0.00731 0.27325 

30 0.17691 0.00903 0.20081 

40 0.17146 0.00160 0.17605 
20 

50 0.16154 0.00855 0.18614 

20 0.14994 0.00001 0.14996 

30 0.10600 0.00041 0.10793 

40 0.09460 0.00015 0.09541 

1.0 

40 

50 0.10357 0.00271 0.11590 

20 0.49869 0.00099 0.49969 

30 0.18721 0.02105 0.23686 

40 0.24117 0.00467 0.25067 
10 

50 0.15114 0.00002 0.15120 

20 0.28065 0.00032 0.28123 

30 0.15130 0.00496 0.16690 

40 0.09507 0.01390 0.15145 
20 

50 0.20526 0.00639 0.22027 

20 0.11555 0.00087 0.11924 

30 0.14677 0.00197 0.15333 

40 0.12098 0.00674 0.14620 

AGQ 

0.25 

40 

50 0.09371 0.00353 0.11096 
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Table A.11 

Stability of DIF parameter estimates with the PQL, Laplace, and AGQ 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.29954 0.00506 0.30787 

30 0.29325 0.02893 0.33900 

40 0.23652 0.00098 0.23857 
10 

50 0.17782 0.00198 0.18329 

20 0.18068 0.00039 0.18177 

30 0.19396 0.02983 0.25971 

40 0.23261 0.00036 0.23338 
20 

50 0.20962 0.00417 0.21935 

20 0.18456 0.00000 0.18456 

30 0.12522 0.00012 0.12569 

40 0.11256 0.00003 0.11270 

1.0 

40 

50 0.12747 0.00108 0.13164 

20 0.66910 0.00093 0.66979 

30 0.30840 0.01310 0.32896 

40 0.27018 0.00008 0.27032 
10 

50 0.24887 0.00838 0.26518 

20 0.33477 0.00064 0.33573 

30 0.21350 0.01100 0.23788 

40 0.13341 0.00853 0.16227 
20 

50 0.25086 0.01539 0.27987 

20 0.16449 0.00211 0.17080 

30 0.12240 0.00072 0.12529 

40 0.16123 0.00343 0.17154 

PQL 

0.25 

40 

50 0.12309 0.00011 0.12351 

20    

30 0.31878 0.04655 0.38493 

40 0.25645 0.00290 0.26204 
10 

50 0.19853 0.00527 0.21139 

20    

30 0.20860 0.02650 0.26460 

40 0.25296 0.00184 0.25656 
20 

50 0.23813 0.01713 0.27174 

20    

30 0.13361 0.00018 0.13427 

40 0.11993 0.00093 0.12374 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.13654 0.00015 0.13708 
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Table A.11 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20    

30 0.33785 0.00897 0.35086 

40 0.29111 0.00117 0.29312 
10 

50 0.26569 0.00524 0.27538 

20    

30 0.22866 0.00721 0.24392 

40 0.14314 0.00520 0.16027 
20 

50 0.26756 0.01126 0.28783 

20    

30 0.13074 0.00279 0.14102 

40 0.17138 0.00123 0.17493 

Laplace 0.25 

40 

50 0.13098 0.00130 0.13585 

20 0.33168 0.01048 0.34712 

30 0.32054 0.04678 0.38669 

40 0.25697 0.00293 0.26261 
10 

50 0.19957 0.00523 0.21228 

20 0.19483 0.00197 0.19982 

30 0.20950 0.02650 0.26530 

40 0.25350 0.00184 0.25710 
20 

50 0.23839 0.01718 0.27205 

20 0.19854 0.00069 0.20027 

30 0.13514 0.00021 0.13591 

40 0.11990 0.00095 0.12379 

1.0 

40 

50 0.13674 0.00014 0.13725 

20 0.71206 0.00307 0.71422 

30 0.33852 0.00890 0.35142 

40 0.29136 0.00118 0.29338 
10 

50 0.26589 0.00525 0.27560 

20 0.36008 0.00000 0.36008 

30 0.22878 0.00713 0.24386 

40 0.14317 0.00516 0.16019 
20 

50 0.26774 0.01123 0.28795 

20 0.17601 0.00061 0.17773 

30 0.13077 0.00280 0.14106 

40 0.17200 0.00126 0.17563 

AGQ 

0.25 

40 

50 0.13113 0.00132 0.13605 
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Table A.12 

Stability of Non-DIF item parameter estimates with the PQL, Laplace, and AGQ 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20 0.40717 0.01342 0.42359 

30 0.31203 0.00879 0.32666 

40 0.33128 0.00627 0.34277 
10 

50 0.22884 0.01522 0.25857 

20 0.33229 0.00417 0.33853 

30 0.27338 0.00985 0.29098 

40 0.21714 0.00105 0.21981 
20 

50 0.16527 0.00746 0.18301 

20 0.18098 0.00097 0.18382 

30 0.13537 0.00263 0.14467 

40 0.14548 0.00302 0.15553 

1.0 

40 

50 0.12842 0.00413 0.14290 

20 0.51146 0.00831 0.52090 

30 0.28834 0.01916 0.31997 

40 0.24205 0.01420 0.26857 
10 

50 0.25256 0.00743 0.26699 

20 0.28832 0.00425 0.29541 

30 0.25238 0.00583 0.26304 

40 0.17556 0.01840 0.22062 
20 

50 0.21104 0.00941 0.23232 

20 0.19629 0.00196 0.20102 

30 0.19247 0.00301 0.20030 

40 0.16543 0.00654 0.18474 

PQL 

0.25 

40 

50 0.14045 0.00249 0.14903 

20    

30 0.33083 0.01004 0.34663 

40 0.35302 0.00712 0.36544 
10 

50 0.24355 0.01749 0.27566 

20    

30 0.29046 0.01067 0.30846 

40 0.23082 0.00111 0.23356 
20 

50 0.17496 0.00803 0.19308 

20    

30 0.14330 0.00291 0.15316 

40 0.15440 0.00359 0.16558 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.13616 0.00490 0.15252 
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Table A.12 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

Mean SE 

Mean 

Squared 

Bias 

Mean 

RMSE 

20    

30 0.30576 0.02104 0.33871 

40 0.25710 0.01680 0.28660 
10 

50 0.26928 0.00812 0.28413 

20    

30 0.26773 0.00636 0.27865 

40 0.18573 0.01992 0.23199 
20 

50 0.22375 0.01011 0.24535 

20    

30 0.20431 0.00356 0.21299 

40 0.17524 0.00686 0.19450 

Laplace 0.25 

40 

50 0.14876 0.00299 0.15845 

20 0.43118 0.01556 0.44908 

30 0.33148 0.01002 0.34719 

40 0.35300 0.00716 0.36550 
10 

50 0.24367 0.01747 0.27573 

20 0.35357 0.00492 0.36045 

30 0.29079 0.01067 0.30877 

40 0.23094 0.00112 0.23368 
20 

50 0.17513 0.00811 0.19342 

20 0.19187 0.00104 0.19479 

30 0.14348 0.00287 0.15318 

40 0.15448 0.00358 0.16562 

1.0 

40 

50 0.13617 0.00490 0.15249 

20 0.54392 0.00949 0.55408 

30 0.30622 0.02102 0.33908 

40 0.25736 0.01678 0.28679 
10 

50 0.26909 0.00814 0.28399 

20 0.30636 0.00465 0.31365 

30 0.26793 0.00636 0.27882 

40 0.18566 0.01995 0.23200 
20 

50 0.22390 0.01014 0.24555 

20 0.20730 0.00239 0.21269 

30 0.20427 0.00354 0.21290 

40 0.17562 0.00701 0.19522 

AGQ 

0.25 

40 

50 0.14889 0.00298 0.15853 
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Table A.13  

Stability of the variance estimate of student level abilities with the PQL, Laplace, and 

AGQ Methods across the simulation conditions 

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.11186 0.01762 0.17360 

30 0.05864 0.01084 0.11950 

40 0.06354 0.00757 0.10773 
10 

50 0.06465 0.00568 0.09929 

20 0.07850 0.00606 0.11055 

30 0.07684 0.00476 0.10327 

40 0.05830 0.00368 0.08416 
20 

50 0.02839 0.01179 0.11225 

20 0.04837 0.00690 0.09613 

30 0.02708 0.01067 0.10678 

40 0.03209 0.00664 0.08756 

1.0 

40 

50 0.02369 0.01002 0.10288 

20 0.08794 0.01512 0.15117 

30 0.04572 0.00858 0.10330 

40 0.07047 0.00735 0.11098 
10 

50 0.05373 0.00739 0.10137 

20 0.04767 0.00512 0.08597 

30 0.04786 0.00695 0.09612 

40 0.04344 0.01146 0.11553 
20 

50 0.04052 0.00869 0.10163 

20 0.02707 0.01156 0.11087 

30 0.04980 0.00737 0.09927 

40 0.02696 0.00634 0.08408 

PQL 

0.25 

40 

50 0.02978 0.00564 0.08081 

20    

30 0.07657 0.00008 0.07711 

40 0.08307 0.00016 0.08403 
10 

50 0.08509 0.00075 0.08941 

20    

30 0.09704 0.00087 0.10140 

40 0.07490 0.00156 0.08466 
20 

50 0.03592 0.00054 0.04273 

20    

30 0.03449 0.00046 0.04058 

40 0.04080 0.00004 0.04124 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.02994 0.00032 0.03492 
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Table A.13 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20    

30 0.05857 0.00001 0.05863 

40 0.08955 0.00010 0.09013 
10 

50 0.06771 0.00012 0.06858 

20    

30 0.06120 0.00003 0.06147 

40 0.05513 0.00058 0.06018 
20 

50 0.05192 0.00003 0.05225 

20    

30 0.06294 0.00000 0.06295 

40 0.03413 0.00004 0.03472 

Laplace 0.25 

40 

50 0.03722 0.00016 0.03929 

20 0.13927 0.00185 0.14576 

30 0.07668 0.00004 0.07696 

40 0.08312 0.00023 0.08446 
10 

50 0.08517 0.00089 0.09024 

20 0.10063 0.00045 0.10286 

30 0.09741 0.00113 0.10306 

40 0.07521 0.00190 0.08692 
20 

50 0.03601 0.00037 0.04088 

20 0.06164 0.00008 0.06224 

30 0.03488 0.00025 0.03824 

40 0.04126 0.00014 0.04295 

1.0 

40 

50 0.03028 0.00015 0.03267 

20 0.11036 0.00129 0.11605 

30 0.05861 0.00003 0.05883 

40 0.08959 0.00015 0.09044 
10 

50 0.06766 0.00017 0.06890 

20 0.06171 0.00068 0.06702 

30 0.06154 0.00008 0.06222 

40 0.05547 0.00043 0.05924 
20 

50 0.05219 0.00001 0.05224 

20 0.03481 0.00054 0.04185 

30 0.06342 0.00002 0.06355 

40 0.03443 0.00014 0.03640 

AGQ 

0.25 

40 

50 0.03758 0.00034 0.04182 
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Table A.14 

Stability of the variance estimate of school level abilities with the PQL, Laplace, and 

AGQ Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.22174 0.01400 0.25134 

30 0.13092 0.00033 0.13217 

40 0.11044 0.00900 0.14561 
10 

50 0.11096 0.01119 0.15331 

20 0.12854 0.00370 0.14221 

30 0.11702 0.00118 0.12196 

40 0.12361 0.00528 0.14338 
20 

50 0.14159 0.01235 0.18000 

20 0.17088 0.01632 0.21334 

30 0.11837 0.00122 0.12342 

40 0.09624 0.00197 0.10600 

1.0 

40 

50 0.09862 0.00490 0.12092 

20 0.12844 0.00619 0.15063 

30 0.13451 0.00626 0.15604 

40 0.09931 0.01082 0.14381 
10 

50 0.11538 0.00690 0.14215 

20 0.12778 0.00394 0.14237 

30 0.12369 0.02190 0.19287 

40 0.04739 0.01336 0.12493 
20 

50 0.13767 0.00105 0.14144 

20 0.15063 0.00006 0.15083 

30 0.11803 0.00834 0.14925 

40 0.09474 0.01369 0.15055 

PQL 

0.25 

40 

50 0.06867 0.00036 0.07127 

20    

30 0.15221 0.00239 0.15986 

40 0.12921 0.00145 0.13472 
10 

50 0.13022 0.00248 0.13943 

20    

30 0.13181 0.00081 0.13485 

40 0.13986 0.00019 0.14055 
20 

50 0.15944 0.00380 0.17095 

20    

30 0.13346 0.00053 0.13543 

40 0.10985 0.00020 0.11078 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.11129 0.00026 0.11245 
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Table A.14 

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20    

30 0.15539 0.00041 0.15670 

40 0.11352 0.00242 0.12372 
10 

50 0.12954 0.00066 0.13208 

20    

30 0.14030 0.01042 0.17351 

40 0.05530 0.00447 0.08678 
20 

50 0.15760 0.00082 0.16019 

20    

30 0.13107 0.00160 0.13704 

40 0.10725 0.00462 0.12697 

Laplace 0.25 

40 

50 0.07707 0.00185 0.08828 

20 0.24930 0.00482 0.25878 

30 0.15298 0.00262 0.16131 

40 0.12995 0.00131 0.13491 
10 

50 0.13080 0.00231 0.13935 

20 0.14459 0.00000 0.14459 

30 0.13237 0.00094 0.13589 

40 0.14049 0.00014 0.14098 
20 

50 0.16004 0.00359 0.17088 

20 0.19411 0.00615 0.20935 

30 0.13416 0.00064 0.13652 

40 0.11046 0.00028 0.11170 

1.0 

40 

50 0.11185 0.00020 0.11272 

20 0.13909 0.00056 0.14109 

30 0.15610 0.00033 0.15717 

40 0.11412 0.00224 0.12354 
10 

50 0.13009 0.00057 0.13226 

20 0.14654 0.00000 0.14655 

30 0.14090 0.01009 0.17305 

40 0.05560 0.00425 0.08568 
20 

50 0.15835 0.00095 0.16133 

20 0.17055 0.00296 0.17900 

30 0.13163 0.00145 0.13702 

40 0.10775 0.00436 0.12637 

AGQ 

0.25 

40 

50 0.07741 0.00207 0.08978 
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Table A.15  

Stability the variance of DIF estimate at school level with the PQL, Laplace, and AGQ 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.21601 0.23136 0.52727 

30 0.27760 0.38305 0.67832 

40 0.20197 0.31079 0.59295 
10 

50 0.18577 0.40584 0.66359 

20 0.18954 0.25558 0.53991 

30 0.13509 0.15893 0.42093 

40 0.16182 0.22467 0.50085 
20 

50 0.11595 0.22948 0.49288 

20 0.18592 0.28865 0.56852 

30 0.12108 0.16780 0.42715 

40 0.16986 0.22979 0.50857 

1.0 

40 

50 0.15011 0.13991 0.40305 

20 0.06502 0.02753 0.17822 

30 0.10096 0.00181 0.10958 

40 0.07106 0.01553 0.14346 
10 

50 0.08051 0.01618 0.15055 

20 0.07641 0.00950 0.12383 

30 0.06373 0.01407 0.13466 

40 0.05823 0.02328 0.16330 
20 

50 0.05957 0.02663 0.17373 

20 0.04905 0.02467 0.16456 

30 0.05943 0.00565 0.09581 

40 0.05467 0.00949 0.11172 

PQL 

0.25 

40 

50 0.04546 0.01318 0.12347 

20    

30 0.42571 0.12976 0.55767 

40 0.30576 0.08160 0.41844 
10 

50 0.26759 0.14603 0.46651 

20    

30 0.18530 0.03270 0.25891 

40 0.22001 0.07627 0.35310 
20 

50 0.15686 0.08236 0.32705 

20    

30 0.14785 0.07147 0.30550 

40 0.21467 0.12194 0.40991 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.19130 0.04622 0.28777 
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Table A.15  

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20    

30 0.18621 0.01205 0.21615 

40 0.15661 0.00014 0.15704 
10 

50 0.12543 0.00022 0.12629 

20    

30 0.08607 0.00274 0.10072 

40 0.07275 0.00847 0.11730 
20 

50 0.09415 0.01609 0.15797 

20    

30 0.07450 0.00081 0.07974 

40 0.06419 0.00301 0.08441 

Laplace 0.25 

40 

50 0.05648 0.00532 0.09227 

20 0.37253 0.01508 0.39225 

30 0.45990 0.09877 0.55702 

40 0.32939 0.06051 0.41110 
10 

50 0.28610 0.11978 0.44903 

20 0.27518 0.08014 0.39479 

30 0.19792 0.02024 0.24375 

40 0.23476 0.05891 0.33768 
20 

50 0.16507 0.06479 0.30338 

20 0.23324 0.16668 0.47019 

30 0.15099 0.06057 0.28873 

40 0.22199 0.10871 0.39748 

1.0 

40 

50 0.19870 0.03612 0.27495 

20 0.11846 0.01464 0.16933 

30 0.20107 0.01707 0.23978 

40 0.16583 0.00061 0.16767 
10 

50 0.13038 0.00002 0.13045 

20 0.11488 0.00067 0.11778 

30 0.08973 0.00205 0.10051 

40 0.07485 0.00730 0.11358 
20 

50 0.09623 0.01479 0.15508 

20 0.06509 0.01551 0.14051 

30 0.07613 0.00048 0.07922 

40 0.06542 0.00238 0.08162 

AGQ 

0.25 

40 

50 0.05798 0.00448 0.08855 
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Table A.16  

Stability the covariance estimate at school level with the PQL, Laplace, and AGQ 

Methods across the simulation conditions  

 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20 0.21075 0.00321 0.21825 

30 0.14832 0.00253 0.15663 

40 0.19803 0.01089 0.22384 
10 

50 0.10970 0.00459 0.12893 

20 0.12396 0.00071 0.12681 

30 0.20681 0.00211 0.21186 

40 0.13161 0.00333 0.14369 
20 

50 0.10485 0.00076 0.10843 

20 0.14303 0.00238 0.15112 

30 0.13268 0.00288 0.14313 

40 0.09296 0.00248 0.10546 

1.0 

40 

50 0.05975 0.00002 0.05994 

20 0.14941 0.00042 0.15081 

30 0.15956 0.00064 0.16156 

40 0.12827 0.00145 0.13382 
10 

50 0.10607 0.00008 0.10644 

20 0.09940 0.00024 0.10059 

30 0.11807 0.00076 0.12124 

40 0.10266 0.00000 0.10267 
20 

50 0.08806 0.00198 0.09867 

20 0.07376 0.00036 0.07615 

30 0.09814 0.00029 0.09963 

40 0.08740 0.00055 0.09047 

PQL 

0.25 

40 

50 0.05625 0.00010 0.05712 

20    

30 0.17542 0.00019 0.17596 

40 0.23367 0.00741 0.24903 
10 

50 0.12993 0.00172 0.13637 

20    

30 0.25019 0.00015 0.25048 

40 0.16420 0.00120 0.16782 
20 

50 0.12684 0.00000 0.12684 

20    

30 0.15548 0.00129 0.15959 

40 0.10809 0.00103 0.11275 

 

 

 

 

 

 

 

 

 

 

 

Laplace 

1.0 

40 

50 0.07243 0.00111 0.07971 
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Table A.16  

Continued 

Estimation 

Method 

Variance 

of  

DIF 

Cluster 

Size 

Number 

of 

Clusters 

SE 
Squared 

Bias 
RMSE 

20    

30 0.19757 0.00319 0.20548 

40 0.15388 0.00404 0.16648 
10 

50 0.12694 0.00006 0.12718 

20    

30 0.13836 0.00038 0.13972 

40 0.11694 0.00009 0.11734 
20 

50 0.10041 0.00151 0.10766 

20    

30 0.11257 0.00005 0.11281 

40 0.09966 0.00025 0.10090 

Laplace 0.25 

40 

50 0.06436 0.00001 0.06442 

20 0.25393 0.00027 0.25446 

30 0.17749 0.00008 0.17771 

40 0.23601 0.00686 0.25012 
10 

50 0.13152 0.00141 0.13679 

20 0.14869 0.00005 0.14887 

30 0.25311 0.00006 0.25323 

40 0.16715 0.00096 0.17002 
20 

50 0.12841 0.00001 0.12845 

20 0.16583 0.00113 0.16920 

30 0.15672 0.00114 0.16032 

40 0.10890 0.00089 0.11292 

1.0 

40 

50 0.07306 0.00131 0.08154 

20 0.17844 0.00020 0.17899 

30 0.20047 0.00357 0.20918 

40 0.15590 0.00435 0.16929 
10 

50 0.12826 0.00009 0.12862 

20 0.11747 0.00000 0.11747 

30 0.13937 0.00035 0.14061 

40 0.11775 0.00011 0.11824 
20 

50 0.10102 0.00145 0.10794 

20 0.08623 0.00008 0.08670 

30 0.11328 0.00004 0.11346 

40 0.10029 0.00022 0.10140 

AGQ 

0.25 

40 

50 0.06478 0.00002 0.06490 
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SAMPLE HLM COMMAND FILE 
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#WHLM CMD FILE FOR C:\DATA\HLM\LV\40-50\40-50.mdm 
nonlin:binomial 
microit:50 
macroit:500,n 
stopmicro:0.0000010000 
stopmacro:0.0001000000 
level1:RSP=INTRCPT1+IT1+IT2+IT3+IT4+IT5+IT6+IT7+IT8+IT9+RANDOM 
level2:INTRCPT1=INTRCPT2+FR+random/ 
level3:INTRCPT2=INTRCPT3+random/ 
level3:FR=INTRCPT3/ 
level2:IT1=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
level2:IT2=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
level2:IT3=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
level2:IT4=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
level2:IT5=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3+random/ 
level2:IT6=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
level2:IT7=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
level2:IT8=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
level2:IT9=INTRCPT2+FR/ 
level3:INTRCPT2=INTRCPT3/ 
level3:FR=INTRCPT3/ 
fixsigma2:1.000000 
fixtau2:3 
fixtau3:3 
accel:5 
level1weight:none 
level2weight:none 
level3weight:none 
varianceknown:none 
hypoth:n 
resfil1:n 
resfil2:n 
resfil3:n 
constrain:N 
laplace:Y,100 
laplace:Y,100 
printvariance-covariance:Y 
lvr-beta:n 
title: 
output:C:\DATA\HLM\LV\40-50\40-50.txt 
fulloutput:y 
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APPENDIX C 

SAMPLE GLLAMM SYNTAX 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 165

 

capture log close 

 

 

log using "C:\DATA\GLLAMM\LV\40-50\g1", replace text 

 

 

set more off 

 

 

infile schid stuid item grp resp using "C:\DATA\GLLAMM\LV\40-50\g1.dat",clear 

 

 

tab item,gen(i) 

 

gen cons=1 

 

gen grpi1=grp*i1 

gen grpi2=grp*i2 

gen grpi3=grp*i3 

gen grpi4=grp*i4 

gen grpi5=grp*i5 

gen grpi6=grp*i6 

gen grpi7=grp*i7 

gen grpi8=grp*i8 

gen grpi9=grp*i9 

gen grpi10=grp*i10 

 

gen grp_m=grp 

 

 

eq stu:cons 

 

eq dif:grpi5 

 

eq sch:cons 

 

 

/*=============================================================*/ 

 

gllamm resp i1-i10 grpi1 grpi2 grpi3 grpi4 grpi5 grpi6 grpi7 grpi8 grpi9 grp_m,/* 

*/i(stuid schid) nocons nrf (1,2) eqs(stu sch dif) l(logit) f(binom) adapt trace allc 

 

/*=============================================================*/ 

 

 

log close  
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APPENDIX D 

DATA REQUEST LETTER 
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