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ABSTRACT 
 
 
 

This dissertation applies knot theory, DNA topology, linear algebra, statistics, 

probability theory and statistical mechanics to address questions about knotted, double-

stranded DNA.  The three main investigations are the cellular effects of knotting, the 

biophysics of knotting/unknotting and the unknotting mechanism of human 

topoisomerase IIα.  The cellular effects of knotting were done in collaboration with Rick 

Deibler.  The statistical mechanics were done in collaboration with Zhirong Liu and Hue 

Sun Chan. 

Cellular DNA knotting is driven by DNA compaction, topoisomerization, 

replication, supercoiling-promoted strand collision, and DNA self-interactions resulting 

from transposition, site-specific recombination, and transcription (Spengler, Stasiak, and 

Cozzarelli 1985; Heichman, Moskowitz, and Johnson 1991; Wasserman and Cozzarelli 

1991; Sogo, Stasiak, Martinez-Robles et al. 1999).  Type II topoisomerases are 

ubiquitous, essential enzymes that interconvert DNA topoisomers to resolve knots.  

These enzymes pass one DNA helix through another by creating an enzyme-bridged 

transient break.  Explicitly how type II topoisomerases recognize their substrate and 

decide where to unknot DNA is unknown. 

What are the biological consequences of unresolved cellular DNA knotting?  We 

investigated the physiological consequences of the well-accepted propensity of cellular 

DNA to collide and react with itself by analyzing the effects of plasmid recombination 

and knotting in E. coli using a site-specific recombination system.  Fluctuation assays 

were performed to determine mutation rates of the strains used in these experiments 

(Rosche and Foster 2000).  Our results show that DNA knotting: (i) promotes replicon 

loss by blocking DNA replication, (ii) blocks gene transcription, (iii) increases antibiotic 

sensitivity and (iv) promotes genetic rearrangements at a rate which is four orders of 

magnitude greater than of an unknotted plasmid.  If unresolved, DNA knots can be 

lethal and may help drive genetic evolution.  The faster and more efficiently type II 

topoisomerase unknots, the less chance for these disastrous consequences. 
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How do type II topoisomerases unknot, rather than knot?  If type II 

topoisomerases act randomly on juxtapositions of two DNA helices, knots are produced 

with probability depending on the length of the circular DNA substrate.  For example, 

random strand passage is equivalent to random cyclization of linear substrate, and 

random cyclization of 10.5 kb substrate produces about 3% DNA knots, mostly trefoils 

(Rybenkov, Cozzarelli, and Vologodskii 1993; Shaw and Wang 1993).  However, 

experimental data show that type II topoisomerases unknot at a level up to 90-fold the 

level achieved by steady-state random DNA strand passage (Rybenkov, Ullsperger, and 

Vologodskii et al. 1997).  Various models have been suggested to explain these results 

and all of them assume that the enzyme directs the process.  In contrast, our laboratory 

proposed (Buck and Zechiedrich 2004) that type II topoisomerases recognize the 

curvature of the two DNA helices within a juxtaposition and the resulting angle between 

the helices.  Furthermore, the values of curvature and angle lie within their respective 

bounds, which are characteristic of DNA knots.  Thus, our model uniquely proposes 

unknotting is directed by the DNA and not the protein. 

We used statistical mechanics to test this hypothesis.  Using a lattice polymer 

model, we generated conformations from pre-existing juxtaposition geometries and 

studied the resulting knot types.  First we determined the statistical relationship between 

the local geometry of a juxtaposition of two chain segments and whether the loop is 

knotted globally.  We calculated the HOMFLY (Freyd, Yetter, and Hoste et al. 1985) 

polynomial of each conformation to identify knot types.  We found that hooked 

juxtapositions are far more likely to generate knots than free juxtapositions.  Next we 

studied the transitions between initial and final knot/unknot states that resulted from a 

type II topoisomerase-like segment passage at the juxtaposition.  Selective segment 

passages at free juxtapositions tended to increase knot probability.  In contrast, 

segment passages at hooked juxtapositions caused more transitions from knotted to 

unknot states than vice versa, resulting in a steady-state knot probability much less than 

that at topological equilibrium.  In agreement with experimental type II topoisomerase 

results, the tendency of a segment passage at a given juxtaposition to unknot is strongly 

correlated with the tendency of that segment passage to decatenate.  These 

quantitative findings show that there exists discriminatory topological information in local 

juxtaposition geometries that could be utilized by the enzyme to unknot rather than knot.  
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This contrasts with prior thought that the enzyme itself directs unknotting and 

strengthens the hypothesis proposed by our group that type II topoisomerases act on 

hooked rather than free juxtapositions. 

Will a type II topoisomerase resolve a DNA twist knot in one cycle of action?  The 

group of knots known as twist knots is intriguing from both knot theoretical and 

biochemical perspectives.  A twist knot consists of an interwound region with any 

number of crossings and a clasp with two crossings.  By reversing one of the crossings 

in the clasp the twist knot is converted to the unknot.  However, a crossing change in 

the interwound region produces a twist knot with two less nodes.  Naturally occurring 

knots in cells are twist knots.  The unknotting number, the minimal number of crossing 

reversals required to convert a knot to the unknot, is equal to one for any twist knot. 

Each crossing reversal performed by a type II topoisomerase requires energy.  

Within the cell, DNA knots might be pulled tight by forces such as those which 

accompany transcription, replication and segregation, thus increasing the likelihood of 

DNA damage.  Therefore, it would be advantageous for type II topoisomerases to act on 

a crossing in the clasp region of a DNA twist knot, thus, resolving the DNA knot in a 

single step.  The mathematical unknotting number corresponds to the smallest number 

of topoisomerase strand passage events needed to untie a DNA knot.  In order to study 

unknotting of DNA knots by a type II topoisomerase, I used site-specific recombination 

systems and a bench-top fermentor to isolate large quantities of knotted DNA.  My data 

show that purified five- and seven-noded twist knots are converted to the unknot by 

human topoisomerase IIα with no appearance of either trefoils or five-noded twist knots 

which are possible intermediates if the enzyme acted on one of the interwound nodes.  

Consequently, these data suggest that type II topoisomerase may preferentially act 

upon the clasp region of a twist knot. 

We have uniquely combined biology, chemistry, physics and mathematics to gain 

insight into the mechanism of type II topoisomerases, which are an important class of 

drug targets.  Our results suggest that DNA knotting alters DNA structure in a way that 

may drive type II topoisomerase resolution of DNA knots.  Ultimately, the knowledge 

gained about type II topoisomerases and their unknotting mechanism may lead to the 

development of new drugs and treatments of human infectious diseases and cancer. 
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CHAPTER 1 

 

Introduction and Background 

 

This research applies knot theory, DNA topology, linear algebra, statistics, 

probability theory, statistical mechanics, biophysics, biochemistry, and molecular 

biology to address questions about double-stranded, knotted DNA and type II 

topoisomerases.  The three main investigations are the cellular and molecular effects of 

knotting, the biophysics of knotting/unknotting, and the unknotting mechanism of human 

topoisomerase IIα. 

 

1.1 Basics of Knot Theory 

Knot theory is a field of mathematics over 100 years old, yet some of the most 

exciting results have occurred in the last 20 years.  Chemistry and physics motivated 

early interest in knot theory.  Gauss and Maxwell were interested in knots and links.  In 

the 1860's Lord Kelvin believed all of space was filled with invisible ether and that atoms 

were knotted and linked vortex tubes existing in this ether.  Inspired by Kelvin's theory, 

the Scottish physicist P. G. Tait believed if he could list all of the possible knots, he 

would be creating a table of the elements.  He began in the 1890's and spent many 

years tabulating knots. 

However, Kelvin's idea was incorrect.  By the end of the 19th century more 

accurate models of the structure of atoms were developed, and chemists and physicists 

lost interest in knot theory.  Intrigued by these early scientific knot theory investigations, 

mathematicians continued to develop the mathematical theory of knots.  In 

mathematical knot theory, you begin with something tangible, a knot, assign a 

mathematical quantity to this knot, and study it as a topological object. 

A knot is simply a knotted piece of string with the ends joined, except we think of 

the string as having no thickness and its cross-section as being a single point.  Then the 
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knot is a closed curve in three-dimensional Euclidean space, 3, that does not intersect 

itself.  The precise mathematical definition of a knot is as follows. 

 

Definition 1: A knot is a smooth embedding of  (a circle) in 1
S

3. 

 

Let π : 3 →  2 be defined by ),,( zyxπ  = ( .  The map ), yx π  is called the projection of 

3 onto 2.  Let K  be a knot in 3.  Figure 1.1 illustrates )(Kπ , the projection of K . 

 

�

�

�

�

�

��

�

���

� ��

 

Figure 1.1. Projection of a Knot (Murasugi 1996). 
 
Notice that the knot projection )(Kπ  shown in Figure 1.1 contains points of intersection.  

We may require that the projection satisfies the following conditions: 

(i) )(Kπ  has at most a finite number of intersection points. 

(ii) If  is an intersection point of q )(Kπ , then  consists of exactly two  Kq ∩)(1−π
      points.  (That is,  can not be as in Figure 1.2(d).) q

 
(iii) If we consider the knot K  in its polygonal form where the knot consists of  
      vertices and edges as in Figure 1.2(a), then a vertex of K  can not be mapped to   
      an intersection point of )(Kπ .  (That is,  can not be as in Figure 1.2(b) or (c).) q

 

��

     (a)                   (b)           (c)      (d) 

 
 
 
 
 

Figure 1.2. Knot Projection Restrictions. (a) Polygonal trefoil knot.  (b) – (d) Intersection 
points not allowed in regular projections. 
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A projection satisfying these three conditions is said to be a regular projection 

(Murasugi 1996).  Thus, a regular projection of a knot is just a four-valent graph.  Next 

we alter the projection near points of intersection, redrawing the projection in a way that 

suggests which segment of the knot is crossing over the other segment at each 

intersection point.  The regular projection with the added over/under crossing (or node) 

information is called the knot diagram.  We also consider interlinked knots. 

 
Definition 2: A link is a finite union of pairwise disjoint knots. 
 
Figure 1.3 shows alternating diagrams of a select few knots and links.  A more 

extensive table of knots is given in Appendix A.  Alternating refers to the property that 

as a point P  moves along the diagram, then, at each crossing, P  will alternate moving 

along the segment passing over and the segment passing under the crossing. 
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         (a)        (b)            (c)     (d)              (e) 

 
        

 
             (f)          (g)          (h) 

 
 

 

 
 
Figure 1.3. Knot and Link Diagrams.  In figures throughout this dissertation I adopt the 

knot type notation of Rolfsen (Rolfsen 2003).  That is,  denotes a knot with iK K  nodes, 

 denotes a link with  nodes and  components, and in both i  cases enumerates 

the knots or links having 

j

iC C j

K  or C  nodes, respectively.  Examples include: (a) trivial knot 

or unknot, 01; (b) right-handed trefoil knot, 31*; (c) left-handed trefoil knot, 31; (d) figure 8 

knot, 41; (e) granny knot, 31#31; (f) Hopf link, 2 ; (g) Whitehead link, 5 ; and (h) 

Borromean rings, 6 3

2 . 

2

1

2

1

 
 A fundamental problem of knot theory is to classify knots up to equivalence.  That 

is, given two knots or links, how do we decide whether or not they are the same?  

Determining that the diagrams, such as in Figure 1.4, are of the same knot leads to the 

question what are we allowed to do to a knot diagram?  With the string models, we may 

deform at will, but are not allowed to cut the string. 
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             ≅ ≅  

 
 
 
Figure 1.4. Diagrams of the Figure 8 Knot, 41. 
 
 In the 1920's, the German mathematician Kurt Reidemeister showed that four 

types of moves (Figure 1.5) could achieve any deformation of a knot.  Thus, we say that 

two knot diagrams are equivalent if there exists a finite sequence of Reidemeister 

moves converting one into the other.  This can be restated in terms of the mathematical 

definition of knots as follows. 

 

Definition 3: Two knots  and  are equivalent if there is an orientation-preserving 

homeomorphism 
1K 2K

f : 3 → 3 such that f  = .  We write  )( 1K 2K 1K ≅  2K . 

 

 

 
Figure 1.5. Reidemeister Moves. 
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 The fundamental problems of knot theory can be divided into the two categories 

of global and local problems.  Global problems involve how the set of all knots behaves.  

Local problems concern the exact nature of a given knot.  Examples of global problems 

include the classification of knots, i. e., creating a complete knot table, and the 

development and analysis of knot invariants (Murasugi 1996). 

 A knot invariant is a rule that assigns to every knot K a specific quantity )(Kρ  

such that  ≅   ⇒  1K 2K )( 1Kρ  = )( 2Kρ .  (By a quantity I mean a number, group, vector 

space, polynomial, etc.)  So, for a quantity )(Kρ  to be a knot invariant )(Kρ  should not 

change as we apply a finite number of Reidemeister moves to K .  One way to define a 

knot invariant is to begin with a diagram  for a knot D K .  Then count something 

involving .  Call this quantity D )(Dρ .  Considering that there are infinitely many 

diagrams for any given knot, K , we now define 

)(Kρ  = { } .for  diagram a is )(inf KDDρ  

Note if  ≅  , then any diagram of 1K 2K 1K  is a diagram for . 2K

 In general, a knot invariant is unidirectional.  That is, if  1K ≅   then  2K

)( 1Kρ  = )( 2Kρ  and in many cases the converse is not true.  Considering the 

contrapositive, )( 1Kρ   ≠ )( 2Kρ    is not equivalent to , a knot invariant gives an 

extremely effective way to show two knots are not equivalent.  Some easily understood 

examples of knot invariants include crossing number, unknotting number, and linking 

number.  Calculating many knot invariants is quite difficult. 

⇒ 1K 2K

 The crossing number of a knot K  is defined in the following manner.  Let  

be the number of crossings in a diagram  for the knot 

)(DC

D K .  Then define  

)(KC  = { }.for  diagram a is )(min KDDC  

This is a nice way to gauge the complexity of a knot K .  However, the more complex a 

knot is, the more difficult it is to compute the crossing number.  For the alternating 

simple knot diagrams shown in Figure 1.3b-d we have the following crossing numbers. 

  = 3   ( )TrefoilC ( )8 FigureC  =   4 ( )Knot SquareC  =  6
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The unknotting number of a knot K  is defined in a similar manner.  Let  be the 

minimum number of crossing reversals, 

)(DU

→ , needed to convert  into a diagram 

for the trivial knot.  Then define 

D

)(KU  = { }.for  diagram a is )(min KDDU  

This invariant is hard to compute and unknown for many knots.  From a particular 

diagram, one can get an upper bound on the unknotting number of a given knot.  

Consider the examples given in Figure 1.6.  There we have the following unknotting 

numbers. 

  = 1 =  and   =  )Trefoil(U )8 Figure(U )Knot Square(U 2

 

�� 	�
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         (a) 
 
 
 

 
 
         (b) 

 
 
 

 
         (c) 
 
 
 
 
 
 
         (d) 

 
 
 
 
 
 
 
Figure 1.6. Unknotting Number Examples.  (a) Unknotting the prime knot 31 shown in a 
torus knot configuration.  (b) Unknotting the prime knot 31 shown in a twist knot 
configuration.  (c) Unknotting the prime knot 41.  (d) Unknotting the composite knot 

3 1 #3 .  Red circles denote the crossing to be reversed. *

1
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One intriguing family of knots is the group of twist knots (Figure 1.7).  They are 

interesting from both knot theoretical and biological perspectives.  A twist knot consists 

of an interwound (or twisted) region, ���
���

���
���
, with any number of crossings and a 

clasp, ���

���

���

���

, with two crossings.  The critical crossings lie within this clasp.  By 

reversing one of the crossings in the clasp the twist knot is converted to the unknot 

(Figure 1.7b).  However, a crossing change in the interwound region produces a twist 

knot with two less nodes (Figure 1.7c).  Thus, the mathematical intrigue of twist knots is 

that the unknotting number is equal to one for any twist knot.  Biologically twist knots are 

interesting because naturally occurring DNA knots (Section 1.3.3) in cells are twist knots 

(Shishido, Komiyama, and Ikawa 1987; Ishii, Murakami, and Shishido 1991; Deibler 

2003). 
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   (a) 
 
 

 
 
   (b) 
 
 
 

 
   (c) 
 
 
 
 
 
 
Figure 1.7. Twist Knot Examples.  (a) Twist knots 31, 72, and 112.  (b) Unknotting 112 

with a single crossing reversal in the clasp region. (c) Unknotting 5  with a series of 

crossing reversals in the interwound region instead of the clasp region.  Red circles 
highlight the node at which the crossing reversal is done.  Bi-directional arrows (

2

) 
denote topological equivalence. 
 

An oriented knot is a knot with an assigned direction.  A particular knot may be 

given an orientation by assigning a direction in which to travel along the knot.  This 

direction is denoted on the knot diagram by placing an arrow on the knot projection and 
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allowing this to consistently induce an orientation along the entire knot projection 

(Figure 1.8c-d).  Then we interpret the sign of a crossing by establishing the right-hand-

rule sign convention shown in Figure 1.8a-b. 

�� ��

��

� �

� �

�

��

� �

�

�

��

       (a)    (b) 

 
 
      (c)    (d) 
 
 

 

 
 
Figure 1.8. Sign Convention.  (a) Positive or right-handed crossing.  (b) Negative or left-
handed crossing.  (c)  Odd-noded twist knot 52 with the signs of the crossings labeled.  
(d) The even-noded twist knot 61 with the signs of the crossings labeled. 

 

The first seven twist knots are the knots 31 (and 3 ), 4*

1 1, 52, 61, 72, 81, and 92 

(Appendix A).  Note that in both these odd- and even-noded twist knots the interwound 

region is composed of negative nodes.  Thus, these twist knots are referred to as left-

handed twist knots.  In these left-handed, odd-noded twist knots the clasp is composed 

of two negative nodes, while in these left-handed, even-noded twist knots the clasp is 

composed of two positive nodes. 

To define the linking number, , of an oriented link Lk 21 KK ∪  we begin with a 

diagram  =  where  and  are the projections for  and , 

respectively.  Now we define the linking number of  to be the sum of the signs of 

the crossings where 's projection crosses over 's projection in .  Or, 

equivalently, the linking number between the two knots  and  is half the sum of the 

signs of all the crossings between the two curves  and .  Note that, by definition, 

linking number must be an integer and ignores self-crossings.  The linking number of a 

given link is constant over all regular projections, and is, therefore, a topological 

invariant.  Compared to the previously discussed knot invariants, linking number is easy 

to compute.  Consider the examples given in Figure 1.9.  There we have the following 

linking numbers. 

D 21 DD ∪ 1D 2D 1K 2K

21 KK ∪

1K 2K D

1K 2K

1D 2D

)link Hopf(Lk  = -1, 8 ) = +4, and  = 0 (Lk
2

1 )link Whitehead(Lk
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     (a)            (b) 
 

 

 

 

     (c) 

 

 

 

 
 
 
 

Figure 1.9. Linking Number Examples.  (a) Oriented Hopf link, 2 .  (b) Oriented torus 

catenane, 8 .  (c) Whitehead link, 5 . 
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1

2

1
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 An example of a local problem in knot theory is determining when a knot K  is 

equivalent to its mirror image *
K .  If K  ≅  *

K , then K  is said to be amphicheiral (or 

achiral), from the Greek word cheir meaning hand.  If a knot K  can not be converted to 

its mirror image *
K  in a finite sequence of Reidemeister moves, then K  is chiral.  It is 

known that the right-handed trefoil (Figure 1.3b) can not be converted via Reidemeister 

moves into the left-handed trefoil (Figure 1.3c).  Thus, the trefoil knot is chiral.  

However, the figure 8 knot (Figure 1.3d) is known to be amphicheiral (Figure 1.10).  

Another example of the rare amphicheiral knots is the composite knot 31#3  (Figure 

1.6d). 

*

1
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Figure 1.10. The Amphichiral Figure 8 Knot. 
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 A second local problem of knot theory is deducing whether a given knot is prime 

or composite.  We describe the binary operation of connected sum (or composition)  

#  for any two regular projections of knots  and  in terms of the following 

diagram construction.  First draw the regular diagrams for the two knots  and  

adjacent to each other.  Then singly break the diagram of each knot  and  and 

connect the two diagrams using two parallel segments as shown in Figure 1.11.  The 

two knots  and  are said to be components of the composite knot  # .  A 

composite knot may have more than two components.  Note that since for any knot 

1K

2K 1K 2K

1K 2K

1K 2K

1K 2K 1K 2K

K  

we have K  # 0  = 1 K , then the identity element for the connected sum operation is the 

unknot or trivial knot .  If for a given knot 10 K  we have K  =  #  implies either  

or  is trivial, then 

1K 2K 1K

2K K  is a prime knot.  A composite knot is any knot that can be 

expressed as the connected sum of two knots, neither of which is trivial.  Prime knot 

examples include 31 (and 3 *

1 ), 41, 52, 61, 72; composite knot examples include 31 # 31, 31 

# 3 1 , and 3*
1 # 52 (Figure 1.11).  In general it is not easily determined from the knot 

diagram whether or not a given knot is prime. 

�� ���

�� ��

�� �� ����
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  (a) 
 
 
 
 
 
  (b) 
 
 
 
 
 
  (c) 
 
 
 
 
Figure 1.11. Connected Sum Examples.  (a) The granny knot, 31 # 31.  (b) The square 

knot, 31 # 3 *

1 .  (c) 31 # 52. 
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 There are various occurrences of knotting in nature.  These include knots in 

proteins (Taylor 2000; Zarembinski, Kim, Peterson et al. 2003; Taylor 2005; Mallam and 

Jackson 2006; Virnau, Mirny, and Kardar 2006), umbilical cords (Collins, Muller, and 

Collins 1993; Hershkovitz, Silberstein, Sheiner et al. 2001; Goriely 2005; Ramon y Cajal 

and Martinez 2006), double-stranded DNA (ds DNA) (Liu, Liu, and Alberts 1980; 

Wasserman, Dungan, and Cozzarelli 1985; Shishido, Komiyama, and Ikawa 1987; 

Hirose, Tabuchi, and Yoshinaga 1988; Shishido, Ishii, and Komiyama 1989; Ishii, 

Murakami, and Shishido 1991; Wasserman and Cozzarelli 1991; Martin-Parras, Lucas, 

Martinez-Robles et al. 1998; Sogo, Stasiak, Martinez-Robles et al. 1999; Deibler 2003), 

and magnetic fields (Buiny and Kephart 2003; Buiny and Kephart 2005).  Additionally, 

synthetic knots have been created in RNA (Wang, Di Gate, and Seeman 1996) and 

single-stranded DNA (ss DNA) (Liu, Depew, and Wang 1976; Du, Wang, Tse-Dinh et al. 

1995).  The focus of this dissertation will be on knots occurring in ds DNA molecules. 

 

1.2 Review of Relevant Molecular Biology and Biochemistry 

Molecular biology has many techniques that exploit intrinsic properties of DNA 

and allow investigation of various interesting questions.  In this section I introduce 

concepts from molecular cell biology and biochemistry that will be useful in 

understanding processes discussed later.  We will briefly cover DNA structure, ATP 

hydrolysis, DNA replication, and DNA transcription. 

The Crick-Watson ds DNA model is a double helix or winding ladder.  The two 

sugar phosphate backbone chains form the sides of the ladder, and the hydrogen bonds 

between base pairs form the rungs of the ladder (Figure 1.12) (Watson and Crick 

1953a; Watson and Crick 1953b).  The bases in DNA are adenine (A), guanine (G), 

cytosine (C), and thymine (T).  Each phosphate group has a negative charge, thus 

giving the DNA molecule a negatively charged backbone.  The natural DNA helix has a 

right-handed turn with helical period of 10.5 base pairs.  (This is assuming physiological 

conditions of 37 °C, dilute aqueous buffer, and neutral pH.)  Each DNA strand has a 

chemical direction that refers to the bonding between nucleotides.  Within the strand, 

each phosphate group is linked to the 3′  carbon of the preceding sugar and the 5′  

carbon of the next sugar.  Because synthesis proceeds 5′  to 3′ , sequences are written 
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left-to-right in the 5  to 3  direction.  Chromosomal DNA may be either circular or linear.  

Additionally, extrachromosomal cytoplasmic DNA molecules called plasmid DNA may 

be found in both prokaryotes and eukaryotes. 

′ ′
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    (a)      5                         3        (b) ′ ′
 

 
   
 
 

 
 
 
 

 
             
 
 

   3      5  ′ ′
 

Figure 1.12. Atomic Structure of DNA.  (a) The DNA double helix (altered from Web 
Book Publications).  (b) Identifying purine-pyrimidine base pairs, hydrogen bonding 
between base pairs, nucleotides, and sugar-phosphate backbone (altered from Review 
of the Universe). 
 

Utilizing a process called gel electrophoresis, biochemists can separate different 

DNA molecules based on the degree to which the molecules are knotted or supercoiled.  

In this process the gel is contained in a rectangular box with wells in the gel at one end 

of the box.  The solution containing the DNA molecules is put into these wells.  Then a 

voltage difference is imposed on the gel.  Recall that DNA is negatively charged.  Thus, 

the DNA molecules are attracted to the positive electrode and migrate through the 

porous gel as if it were an obstacle course.  After a certain amount of time the 

experimenter turns off the electricity.  The molecules with more knotting or supercoiling 

are more compact on average and move through the gel more quickly, thus, allowing 

separation of the DNA molecules based upon their topology (Figure 1.13).  The gel 

containing DNA may be stained with an intercalating dye such as ethidium bromide.  

Ethidium bromide intercalates between DNA base pairs and fluoresces under ultraviolet 

light.  The image can be captured digitally and analyzed.  Band intensity is proportional 
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to the amount of DNA present.  The gel in Figure 1.13 shows an image of a high 

resolution agarose gel following electrophoresis and staining with ethidium bromide.  

The gel demonstrates that it is possible to separate genetically identical DNA molecules 

that differ in their topologies. 
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Figure 1.13. Gel Electrophoretic Separation of DNA Knots.  High resolution agarose gel 
displaying topoisomers of a 5.4 kb plasmid.  (Nicked monomer is topologically 

equivalent to the unknot 0 1 .) 

 
In cells of almost all organisms the energy currency is adenosine triphosphate, or 

ATP (Figure 1.14).  An ATP molecule is composed of the nucleoside adenosine and 

three phosphate groups and is sometimes written Ap~p~p.  Phosphoanhydride bonds 

join the phosphate groups to each other.  In the process termed hydrolysis a covalent 

bond is broken with a hydrogen, H, from water being added to one of the cleaved 

products and a hydroxyl group, OH, from water added to the other.  ATP hydrolysis 

refers to breaking the phosphoanhydride bonds.  Approximately 7.3 kcal/mol of free 

energy is released in each of the following reactions. 

 
Ap~p~p + H20 → Ap~p + Pi + H+

ATP + H20 yields adenosine diphosphate (ADP) + inorganic phosphate + H
+

 
Ap~p~p + H20 → Ap + PPi + H+

ATP + H20 yields adenosine monophosphate (AMP) + inorganic pyrophosphate + H
+

 
Ap~p + H20 → Ap + Pi + H+

ADP + H20 yields AMP + inorganic pyrophosphate + H
+ 

 

This released energy can be utilized by cells to perform otherwise energetically 

unfavorable reactions (Lodish 2000).  In particular, many enzymatic reactions are fueled 
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by ATP.  Enzymes that utilize ATP frequently undergo conformational changes with 

hydrolysis.  In the case of type II topoisomerases, for example, ATP hydrolysis allows 

the enzyme to disengage from its product DNA (e. g., an untied knot).  Sometimes 

biochemists want to analyze the individual kinetic steps, but doing so is complicated by 

the constant cycling of ATP hydrolysis.  However, it is possible to control an enzyme’s 

turnover with a non-hydrolyzable analogue of ATP if that enzyme’s reaction normally 

requires ATP.  This analogue is 5′ -adenylyl-β, γ-imidodiphosphate (ADPNP).  When 

ADPNP is substituted for ATP in the reaction buffer, an enzyme that normally requires 

ATP during its catalytic cycle is limited to one cycle. 

��#�$�

 %�����
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Figure 1.14. Adenosine Triphosphate (ATP) (Farabee 2001a). 
 

DNA replication is the process by which genetic information is duplicated and 

passed on from one generation to the next.  For a chromosome to be replicated there 

must be local denaturing, that is, unwinding and opening, of the double helix.  The initial 

site of this activity is termed the origin of replication.  Typically the origin is bidirectional, 

and there are two growing forks moving in opposite directions along the chromosome.  

A growing fork (also called a replication fork) is the site in ds DNA where the two 

parental strands are separated and deoxyribonucleotides are added to each newly 

forming DNA chain.  As the growing forks move along the unreplicated region the 

chromosome becomes overwound in front of the forks with an accumulation of (+) 

supercoils that must be removed for synthesis to continue (Figure 1.15).  At the end of 

replication there are two duplex DNA molecules, each comprised of an original strand 

and its copy.  These two duplex DNA molecules are called the daughter DNA 
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molecules.  It is possible for the two daughter chromosomes to be linked as in Figure 

1.17.  Type II topoisomerases (Section 1.4) resolve both of these topological problems 

arising in DNA replication (reviewed in Postow, Crisona, Peter et al. 2001). 

 
 
 

 
 

 

                            +     + 

                             

 

Figure 1.15. Topological Problems Arising in DNA Replication.  Positive supercoils form 
ahead of the fork during DNA replication (redrawn from Lodish 2000). 
 
 DNA transcription is part of the central dogma of molecular biology: DNA is 

transcribed into RNA and RNA is translated into protein.  In DNA transcription (Figure 

1.16) there is again a local denaturing of the DNA duplex.  The reaction DNA → RNA is 

catalyzed by the enzyme RNA polymerase.  One DNA strand is used to make a 

complimentary RNA strand.  Similar to what may occur during DNA replication, (+) 

supercoils form ahead of the RNA polymerase during transcription.  As with replication, 

type II topoisomerases resolve this topological constraint. 

 
    (a) 

 
 
 
 
      (b) 
 
 
 
 
 
 
 
Figure 1.16. Transcription: DNA → RNA.  (+) supercoils may form ahead of RNA 
polymerase during transcription in either (a) a topological confined domain that exists in 
eukaryotic chromosomes or (b) plasmid DNA (reviewed in Bates and Maxwell 2005b). 
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1.3 DNA Topology 

For years, DNA was regarded as a rigid rod devoid of personality and 
plasticity.  Only upon heating did DNA change shape, melting into a 
random coil of its single strands. Then we came to realize that the shape 
of DNA is dynamic in ways essential for its multiple functions. 
Chromosome organization, replication, transcription, recombination, and 
repair have revealed that DNA can bend, twist, and writhe, can be knotted, 
catenated, and supercoiled (positive and negative), can be in A, B, and Z 
helical forms, and can breathe.         —Arthur Kornberg (Kornberg 2000) 
 
One interesting application of knot theory is in molecular biology.  Topology is a 

branch of mathematics concerned with properties of geometric configurations that are 

unchanged by elastic deformations (e.g. bending or twisting).  Similarly, DNA topology 

is the study of those DNA forms that remain fixed for any deformation that does not 

involve breakage.  In chemistry, two molecules with the same chemical composition but 

different structure are isomers.  DNA molecules that are chemically identical (same 

nucleotide length and sequence) but differ in their topology (embedding in 3) are called 

topoisomers (reviewed in Mathews and Van Holde 1996; Murasugi 1996). 

There are three topological DNA forms that are the natural consequence of the 

structure and metabolism of the double helix: knotted, catenated, and supercoiled DNA.  

Cellular DNA is either circular or constrained by being tethered at intervals to organizing 

structures.  Thus, DNA knot and catenane resolution and supercoiling maintenance 

must occur locally.  Controlling the topology of its DNA is critical to the cell.  If 

unresolved, DNA knots could potentially have devastating effects on cells; DNA 

catenanes prevent genetic and cellular segregation.  DNA negative supercoiling is 

essential for cell viability.  Topoisomerases (Section 1.3.4) are enzymes within cells 

whose function is to control DNA topology. 

 

1.3.1 DNA Supercoiling 

We may mathematically model a DNA molecule as an infinitesimally thin annulus 

(closed ribbon) embedded in 3 (Murasugi 1996).  Such a model is shown in 

Figure1.17a.  Let us label the center line of the annulus A  and the two boundary curves 

 and W .  Note that C  and W  are push offs of C A .  The center line A  of the annulus 

models the axis of the DNA double helix.  The two boundary curves  and W  model C
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the two backbone chains.  The annulus surface models the complementary base pairing 

in the DNA molecule.  Note the annulus model of DNA is homeomorphic to [ ]1 ,11 −×S , 

but not to the Möbius band because of the two distinct backbone chains of the duplex 

DNA corresponding to two distinct boundary curves of the annulus.  Once we assign an 

orientation to A , we orient C  and W  parallel to A , and do not use the natural 5′  to 3′  

antiparallel chemical orientation of  and W  as ss DNA.  Recall that in Section 1.1 we 

defined the topological invariant linking number, , for an oriented link with two 

components.  We will define the linking number of this annulus to be the sum of the 

signs of the crossings where  crosses over W .  Thus, the linking number of DNA 

molecule measures the linking between the two backbone chains  and W .  Note that 

the linking number of closed ds DNA can not be changed without breaking one or both 

strands. 

C

Lk

C

C

 Writhe, Wr , is defined in a manner similar to linking number except that writhe is 

a property of a single closed curve.  Let A  be a closed curve in 3.  Assign an 

orientation to a regular projection of A  in 2.  (However, writhe is independent of 

orientation.)  We now define the projected writhe, , to be the sum of the signs of all 

crossings between the curve and itself.  Note that  does depend on the projection.  

Next, we define the writhe of the curve 

projWr

projWr

A  as the average of  taken over all 

possible projections of 

projWr

A .  By all possible projections of A  we mean that we view A  

from all points on a sphere surrounding A .  Thus, we define writhe by 

( ) ( )

( )
( ) ( )∫

∫
=

S

proj

S

S

proj

uAuWr
uA

uAuWr

Wr

∫
= d

d

d

4

1

π
 

where  is a unit vector and  is the unit sphere, and thus u S ( )∫S
uAd is the surface area 

of the unit sphere.  If the curve A  lies in 2, then Wr  is zero.  The writhe of the annulus 

DNA model will be the writhe of the center line A  (Figure 1.17b).  Thus, writhe 

measures how many times the central axis of the DNA helix crosses itself. 
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Figure 1.17.  Annulus Model of DNA.  (a) Linking number of the two boundary curves  

and W :  = +2.  (b) Writhe of the center line 

C

) ,( WCLk A :  = +1. )(AWr

 
Whereas linking number is an integer topological invariant, writhe and twist, Tw, 

are real-valued differential geometry invariants.  Like linking number, twist is a property 

of an annulus.  Mathematically, we define twist as follows.  Let  be a point on the 

oriented curve 

p

A .  Let t  be a unit tangent vector to A  at p .  Let n  be a unit vector 

perpendicular to A  at .  Define p ntb ×= .  Note ( bnt ,, ) form a moving frame along A .  

If we parameterize A  with , then twist is defined by bta <<

( ) ( ) ∫∫ ⋅=⋅=
A

b

a
b

t

n
ttbt

t

n
Tw

d

d

2

1
d

d

d

2

1

ππ
. 

Thus, twist is the integrated angle of rotation in radians, divided by 2π , of the vector n  

as p  traverses A  (Figure 1.18a).  Twist is positive if the rotation is right-handed and 

negative if the rotation is left-handed.  Intuitively, twist measures the twist of the annulus 

about its center line A .  (Note we could have chosen either boundary curve in the 

above definition.)  In the case of DNA, the backbone chains  and W  follow helical 

paths around 

C

A  and twist measures the rotation of either of the boundary curves  or 

 about the helix axis 

C

W A .  Figure 1.18b-e gives examples of calculating linking number, 

writhe, and twist for different annuli. 

For relaxed DNA the linking number, , is approximately equal to N, the 

number of base pairs, divided by 10.5, the period of the helix.  If the linking number  

of the current DNA state, deviates significantly from the linking number  of the 

0Lk

Lk

0Lk
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relaxed state of the same DNA molecule, then strain is induced into the DNA molecule 

and the molecule becomes supercoiled.  The linking difference, Lk∆ , is defined as 

Lk∆  = 0LkLk − . 

Whenever  is nonzero the entire double helix is stressed and the axis of the double 

helix forms a helix.  Thus, when  is nonzero the DNA molecule is said to be 

supercoiled.  If  < , then we say the DNA is negatively supercoiled, 

Lk∆

Lk∆

Lk 0Lk .  

Similarly, if  > , then we say the DNA is positively supercoiled, Lk 0Lk .  The 

linking difference may be normalized to the length of the DNA molecule.  This 

normalized linking number is called the specific linking number difference, σ , (or 

superhelical density) and is defined by 

σ  = 
0

0

Lk

LkLk −
 = 

0Lk

Lk∆
. 

Supercoiling has essential roles in all DNA metabolism, including the cellular processes 

of DNA replication, transcription, and recombination. 
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Figure 1.18.  Linking Number, Writhe, and Twist Examples.  (a) Vectors  and tn and 

point  defining twist in the annulus model.  (b)  = -1 + 1 = 0 and  = 

 = 0.  (c)  =  =  = 0.  (d)  = +1,  = 0, 

and  = +1.  (e)  = +1,  = +1, and  = 0. 

p ) ,( WCLk )(AWr

),( WCTw ) ,( WCLk )(AWr ),( WCTw ) ,( WCLk )(AWr

),( WCTw ) ,( WCLk )(AWr ),( WCTw
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 In 1961 Calugareanu found the mathematical relationship  

Lk  = Tw  + Wr  

between the geometrical and topological properties of a closed ribbon (Calugareanu 

1961).  It was first proven in 1969 by White (White 1969).  Then in 1971 Fuller 

suggested how this theorem relates to circular DNA (Fuller 1971).  The conservation 

equation  = Tw  + Wr  tells us that we can divide crossings that contribute to linking 

number  into two classes – Tw  crossings and Wr  crossings.  For a closed DNA 

molecule of constant  this formula implies that any change in Wr  occurring during a 

deformation of the molecule must be balanced by a change in Tw  that is equal in 

magnitude but opposite in sign, and vice versa.  Thus, it directly follows from the above 

formula that  

Lk

Lk

Lk

Lk∆  = Tw∆  + Wr∆ . 

Therefore, any change in linking number is partitioned into changes in twist and writhe, 

hence the tendency of DNA to supercoil. 

 

1.3.2 DNA Catenanes 

 The term catenane, from the Latin catena for chain, was coined in 1960 by Edel 

Wasserman who synthesized the first organic interlocked rings (Wasserman 1960).  A 

DNA catenane refers to two (or more) DNA molecules that are linked so that they can 

not be separated without breaking one of them.  The first in vitro DNA catenanes were 

formed in 1967 by Wang and Schwartz who cyclized linear DNA in the presence of 

excess plasmid vectors (Wang and Schwartz 1967).  That same year Vinograd and co-

workers verified that DNA catenanes do occur in vivo (Hudson and Vinograd 1967).  

Just five years later DNA catenanes had been observed in most existences of plasmid 

DNA molecules, including plasmid-containing bacteria, circular chromosomes of 

salamanders, and mammalian mitochondria (Wasserman and Cozzarelli 1986).  DNA 

catenanes are known to be undesirable in vivo – e.g., decatenation is necessary for 

chromosome segregation. 
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1.3.3 DNA Knots 

The self-entanglement of a single DNA molecule is termed a DNA knot (Figure 

1.19).  In 1976 gyrase was first shown to be able to knot ss DNA (Liu, Depew, and 

Wang 1976).  Knots in ds DNA were first observed in 1980 when supercoiled plasmid 

was incubated with excess amounts of the type II topoisomerase from bacteriophage T4 

(Liu, Liu, and Alberts 1980).  DNA knotting can be manipulated both in vitro and in vivo 

and does occur naturally as well (Wasserman and Cozzarelli 1986; Wasserman and 

Cozzarelli 1991; Rybenkov, Cozzarelli, and Vologodskii 1993; Rodriguez-Campos 1996; 

Vologodskii 1999).  A fraction of circular DNA is knotted in wild type cells, but higher 

fractions of knots occur in cells when topoisomerases that untie knots are deactivated 

by mutation (Shishido, Komiyama, and Ikawa 1987) or by drug (Deibler, Rahmati, and 

Zechiedrich 2001; Merickel and Johnson 2004).  Cellular DNA knotting is driven by DNA 

compaction, topoisomerization, replication, supercoiling-promoted strand collision, and 

DNA self-interactions resulting from transposition, site-specific recombination, and 

transcription (Spengler, Stasiak, and Cozzarelli 1985; Heichman, Moskowitz, and 

Johnson 1991; Wasserman and Cozzarelli 1991; Sogo, Stasiak, Martinez-Robles et al. 

1999).  Thus, any cellular process involving breaks in DNA can lead to knots.  For DNA 

knots the curve defining the knot is given by the axis of the DNA double helix. 

 

     (a)      (b) 


�� 
��

 
 
 
 
 
 
Figure 1.19. DNA Knot. (a) Schematic of a trefoil knot, 31, in ds DNA.  (b) The regular 
projection of the central axis of the helix determines the knot type. 

 
 Electron microscopy analysis allows us to see actual crossings and knotting (or 

linking) of DNA molecules (Figure 1.20).  The preparation process of this technique 

involves purifying and "thickening" the DNA molecules.  The DNA is coated with a 

protein, RecA, that binds to the DNA and thickens the structure allowing for accurate 

topological characterization of the molecule(s) (Wasserman and Cozzarelli 1986).  
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Finally, the experimenter would tungsten shadow the protein/DNA molecules and obtain 

electron microscope photographs. To analyze the electron micrographs of RecA coated 

DNA knots one would trace the knot, including the crossing information (over/under 

distinction).  The traced knots would be visually analyzed and redrawn with the 

minimum number of crossings.  Thus, electron micrograph analysis will show the exact 

knot types within a product population. 

When you’re a math graduate student or a professional knot theorist, 
which is what I did for many years, when a mathematician sees a picture 
like this, you’re looking at full employment for mathematicians.  That is 
what you’re looking at.  So, this is good!          —De Witt L. Sumners 
 
 

(a)          (b)  

 
 
 
 
 
 
 
 
 
 
Figure 1.20. Electron Micrographs of Catenated and Knotted DNA Molecules.  (a) DNA 
Catenane (Stasiak).  (b) DNA Knot (Sumners 1995).  This visualization technique 
enables us to directly observe the topology of DNA molecules. 
 

If unresolved, DNA knots are detrimental to cellular DNA metabolism.  Knots 

decrease the tensile strength of biopolymers (Arai, Yasuda, Akashi et al. 1999; Saitta, 

Soper, Wasserman et al. 1999).  Thus, fatal breaks in the DNA may result from 

unresolved knots within the genome.  Moreover, DNA knots inhibit DNA replication 

(Deibler, Mann, Sumners et al. 2007), transcription (Portugal and Rodriguez-Campos 

1996; Deibler, Mann, Sumners et al. 2007) and chromosome condensation (Rodriguez-

Campos 1996).  As will be presented in Chapter 3, DNA knots are also highly 

mutagenic.  Hence, rapid and efficient resolution of DNA knots is essential. 
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1.3.4 DNA Topoisomerases 

As described above, DNA exists in the three topological forms of knots, 

catenanes, and supercoils.  Topoisomerases are the enzymes within cells capable of 

interconverting these DNA configurations.  They are small enzymes whose local 

reactions on large, flexible DNA molecules result in global changes in the topology of 

the DNA molecules. 

Prior to the late 1970s it was thought that only one of the two strands of a DNA 

double helix was transiently cleaved by topoisomerases so that the intact strand could 

hold the cleaved ends close for later religation.  In the late 1970s and early 1980s 

various studies lead researchers to conclude that some topoisomerases transiently 

cleave ds DNA.  One part of the evidence leading to this conclusion was the 

measurement of changes in  of plasmids by DNA gyrase or T4 topoisomerase.  It 

was shown that these enzymes change  in units of two (Brown and Cozzarelli 1979; 

Liu, Liu, and Alberts 1980; Mizuuchi, Fisher, O’Dea et al. 1980).  The enzymatic 

mechanism that best explains an even-numbered change in  is one in which the 

enzyme cleaves ds DNA and passes another ds segment of the same DNA molecule 

thru and then rejoins the first ds DNA segment (reviewed in Wang 1998).  Hence, 

topoisomerases are classified into two types – type I and type II.  Type I 

topoisomerases alter linking number by steps of one, whereas type II topoisomerases 

alter linking number by steps of two. 

Lk

Lk

Lk

The reactions of both type I and type II topoisomerases involve cleavage, 

passage and religation of DNA strands.  Type I topoisomerases pass a single strand of 

DNA through a nick, , in the complimentary strand.  Type II topoisomerases 

pass an intact helix segment through a ds break, , in another helix segment 

(Wang 1985; Osheroff 1989).  In healthy cells and without drug intervention, 

topoisomerase breaks in DNA are transient, enzyme-bridged breaks.  The standard 

terminology for naming topoisomerases is that type I topoisomerases are named with 

odd Roman numerals, e.g., topoisomerase I and topoisomerase III, while type II 

topoisomerases are named with even Roman numerals, e.g., topoisomerase II, 

topoisomerase IV ( reviewed in Mathews and Van Holde 1996), and topoisomerase VI 
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(Buhler, Gadelle, Forterre et al. 1998).  One exception to this nomenclature is the 

uniquely named type II topoisomerase DNA gyrase. 

 

1.4 Type II Topoisomerases 

1.4.1 Biological Significance 

Type II DNA topoisomerases are essential enzymes found in all cells of all 

organisms.  They are involved in many cellular processes including chromosome 

condensation and segregation, replication, recombination, and transcription (Wang 

1996; Champoux 2001).  In a single round of replication in a human cell there are a 

billion topoisomerase events (Hardy, Crisona, Stone et al. 2004).  In addition to their 

vital cellular roles, topoisomerases are the targets of many antibacterial and anticancer 

drugs (Nitiss and Wang 1988; Khodursky, Zechiedrich, and Cozzarelli 1995; Li and Liu 

2001; Gruger, Nitiss, Maxwell et al. 2004).  Specifically how type II topoisomerases 

recognize their substrate and decide where to unknot and decatenate DNA is largely 

unknown. 

Cell division is the process by which a cell replicates its DNA producing two 

genetically equivalent daughter cells.  In higher eukaryotes, cell division involves mitosis 

and division of the nucleus (reviewed in Lodish 2000).  After DNA duplication, newly 

replicated chromosomes are often linked (Figure 1.20a).  This linkage must be resolved 

prior to separation into the two daughter cells.  Type II topoisomerases resolve links in 

both linear and circular DNA chromosomes (Lodish 2000). 

Recent reviews (Nitiss 1998; Champoux 2001; Wang 2002; Corbett and Berger 

2004; Hardy, Crisona, Stone et al. 2004) describe the biological roles of known type II 

topoisomerases.  We will cover in summary this information.  E. coli have two type II 

topoisomerases - DNA gyrase and topoisomerase IV (topo IV).  DNA gyrase induces 

negative supercoiling.  Global supercoiling in the bacterial chromosome is part of the 

action necessary for condensing and proper partitioning of the chromosome at cell 

division.  E. coli DNA gyrase also resolves positive supercoils ahead of RNA 

polymerase during transcription.  E. coli topo IV unlinks precatenanes behind the 

replication fork, unlinks catenanes at the end of replication, and resolves knots (Deibler, 

Rahmati, and Zechiedrich 2001). 
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Yeast have a single type II topoisomerase referred to as yeast topo II.  This 

enzyme relaxes both (+) and (-) supercoils, unlinks catenated chromosomes, and 

prepares chromosomes for segregation at mitosis.  Most higher eukaryotes, including 

mice and humans, have two type II topoisomerases referred to as topoisomerase IIα 

(topo IIα) and topoisomerase IIβ (topo IIβ).  The enzyme topo IIα unlinks daughter 

duplexes during replication and relaxes DNA during transcription.  The role of topo IIβ is 

uncertain, however it is suspected to be involved in neural development, DNA repair 

(Yang, Li, Prescott et al. 2000) and transcription (Ju, Lunyak, Perissi et al. 2006). 

All of the above-mentioned type II topoisomerases fall into the subfamily IIA and 

have similar amino acid sequences.  The prototype for the subfamily IIB is a type II 

topoisomerase recently discovered in Sulfolobus shibatae, a hyperthermophilic 

organism (Buhler, Gadelle, Forterre et al. 1998).  Only this single type II topoisomerase 

has been found in S. shibatae and it is referred to as topo VI.  The enzyme topo VI 

relaxes both (+) and (-) supercoils and unlinks replication intermediates. 

The double-strand DNA breakage and rejoining which is the reaction of type II 

topoisomerases is susceptible to producing fatal double-strand breaks.  In particular, if 

the topoisomerase reaction is interrupted while the enzyme is bound to DNA, has 

cleaved the ds DNA, but has yet to reseal the DNA, then the enzyme/DNA complexes 

are trapped.  Drugs termed topoisomerase poisons act via this mechanism.  

Alternatively, drugs called topoisomerase inhibitors act by blocking enzymatic activity of 

topoisomerases.  Antitumor drugs target both human topoisomerase IIα and IIβ via 

interruption of the enzyme's activity within tumor cells (Burden and Osheroff 1998; 

Walker and Nitiss 2002).  Antibacterial agents target gyrase and topo IV (Levine, Hiasa, 

and Marians 1998; Hooper 2001).  Hence, the vital cellular reactions of topoisomerases 

which involve ds DNA breaks can be converted into lethal events (Froelich-Ammon and 

Osheroff 1995). 

 

1.4.2 Mechanism, Structure and Proposed Models 

 The experiments of Rybenkov et al. (Rybenkov, Ullsperger, Vologodskii et al. 

1997) involving type II topoisomerases from bacteriophage T2, Escherichia coli, 

Saccharomyces cerevisiae, Drosophila melanogaster, and human cells suggest a highly 
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conserved topoisomerase mechanism, which recognizes and removes DNA knots and 

catenanes and maintains supercoiling (Figure 1.21a-c).  The mechanism of type II 

topoisomerases involves a break in ds DNA, passage through this break by a second 

strand, and religation of the cleaved DNA.  Most known type II topoisomerases require 

ATP hydrolysis.  All type II topoisomerases make a staggered cut in ds DNA leaving 

four nucleotide extensions on each 5′  end and recessed 3′  ends.  At each end of the 

cleavage site, the  OH group is free, but the 3′ 5′  phosphoryl group is linked to the 

enzyme.  The DNA phosphoryl group is attached to a protein tyrosyl group.  Sequence 

comparison of several type II topoisomerases show great similarity in the amino acid 

sequence around this tyrosine (Cozzarelli and Wang 1990; Berger, Fass, Wang et al. 

1998; Liu and Wang 1999).  The various factors affecting topoisomerase II reaction 

include length of DNA substrate, presence of ATP, nucleotide sequence around the 

cleavage site, incubation temperature, ionic strength, and divalent cation (Cozzarelli and 

Wang 1990). 

 X-ray crystallographic structures have been determined for two subunits of E. coli 

DNA gyrase and a large fragment of S. cerevisiae topoisomerase II.  Berger et al. 

(Berger, Fass, Wang et al. 1998) compared structural similarities between type IA and 

type II DNA topoisomerases.  As my study focuses on type II topoisomerases, I will 

summarize their discussion about type II enzymes.  The DNA binding/cleavage region 

of type II topoisomerases is dimeric with the constituents meeting to surround a large 

hole.  The enzyme forms phosphotyrosine bonds to the 5′  ends of the cleaved DNA 

(Figure 1.21d).  Berger et al. (Berger, Fass, Wang et al. 1998) speculate that the active- 

site tyrosines attack the DNA backbone and that an absolutely conserved arginine next 

to the active-site tyrosine is also involved in DNA binding or cleavage.  The type II 

enzymes change the linking number by two, thus changing supercoiling, in each step of 

DNA cleavage and religation.  Their ability to catenate/decatenate and knot/unknot 

cyclic DNA suggests that when the enzyme breaks the DNA it simultaneously bridges 

the gap and allows the second DNA strand to pass through. 

 The strand passage reaction of T4 DNA topoisomerase II requires Mg++.  (Mg++ is 

not replaceable here by other cations, Mn++, nor Ca++, nor Co++.)  During the strand 

passage reaction, the hydrolysis of ATP occurs.  As whole genome sequences are 
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readily available, it is known that there is significant conservation of amino acid 

sequences among T4, eukaryotic type II topoisomerases, and bacterial gyrase 

(Cozzarelli and Wang 1990). 

 

�� 


















	�

	� 
























	�

��
�

	�
�

       (a) 
 

 

 
 
 
 
 
 
       (b) 
 
 
 
 
 
       (c) 
 
 
 
 
 
       (d) 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.21. Reactions of Type II Topoisomerases.  A single line represents a DNA 
double helix.  (a) Relaxation or supercoiling.  (b) Decatenation or catenation.  (c) 
Unknotting or knotting (Maxwell and Gellert 1986; Bates and Maxwell 2005a).  (d) 
Cleavage action and phosphotyrosine bond (Wang 1998). 
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The following results together with work presented later in this dissertation 

strongly suggest that type II topoisomerase reactions are not performed in either a 

random or an unbiased manner.  Type II topoisomerases have been shown to lower the 

steady-state levels of knotting and catenation below equilibrium values (Rybenkov, 

Ullsperger et al. 1997).  Additionally, these enzymes prefer knot and catenane 

resolution over supercoil relaxation (Khodursky, Zechiedrich, and Cozzarelli 1995; 

Roca, Berger et al. 1996; Ullsperger and Cozzarelli 1996; Zechiedrich, Khodursky, and 

Cozzarelli 1997; Anderson, Gootz, and Osheroff 1998; Zechiedrich, Khodursky et al. 

2000).  Type II topoisomerase knotting reactions on plasmids yield more negative-

noded, left-handed trefoils, 3 1 , than positive-noded, right-handed trefoils, 3  (Shaw and 

Wang 1997) and, moreover, yield twist knots (Wasserman and Cozzarelli 1991).  Single 

molecule experiments have shown that type II topoisomerases relax (+) supercoils 

found in left-handed helixes faster than (-) supercoils found in right-handed helixes 

(Crisona, Strick et al. 2000; Stone, Bryant et al. 2003; Charvin, Bensimon, and 

Croquette 2003).  These observations lead one to ask what drives type II 

topoisomerase’s topological preferences.  We computationally address this question in 

Chapter 4 from a statistical mechanics viewpoint and then experimentally, in Chapter 5.   

*

1

The specific mechanism of topoisomerases is as yet unknown, although various 

models have been proposed.  In the model proposed by Vologodskii et al. (Vologodskii, 

Zhang, Rybenkov et al. 2001), upon binding to ds DNA, type II topoisomerases bend 

the DNA into a hairpin (Figure 1.22).  It is within this hairpin segment that cleavage and 

strand passage occur.  They suggest the DNA asymmetry induced by the enzyme 

binding allows unidirectional strand passage that explains the enzyme’s ability to reduce 

knotting.  A second model for type II topoisomerase mechanism has been proposed by 

Yan et al. (Yan, Magnasco, and Marko 1999).  This “kinetic proofreading” model 

presumes the enzyme acts in two interdependent binding steps to detect and remove 

knots/catenanes.  Formation of the first enzyme/DNA complex activates the enzyme, 

and the second complex may lead to strand passage.  They give a theoretical proof of 

their model, which has been disputed by Vologodskii et al. (Vologodskii, Zhang, 

Rybenkov et al. 2001).  A third model proposed by Trigueros et al. 2004 (Trigueros, 

Salceda et al. 2004) disputes topoisomerase-induced DNA bending and argues that the 
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enzyme simultaneously interacts with three DNA segments to accomplish discriminatory 

reactions. 

 

Figure 1.22. Type II Topoisomerases Bound to DNA (Vologodskii, Zhang, Rybenkov et 
al. 2001).  Note the bend induced in the DNA. 
 

1.5 Objectives 

 Chapter 2 contains an experimental and statistical analysis of the physiological 

consequences of cellular DNA knotting.  The common objective of chapters 3 and 4 is 

to investigate the mystery that topoisomerases act locally on DNA and yet solve 

problems of global DNA entanglement.  Chapter 3 presents a statistical mechanical 

investigation of unknotting by type II topoisomerases.  Chapter 4 describes the novel 

methods and techniques developed to generate and purify large amounts of DNA knots 

and investigates DNA unknotting by human topoisomerase IIα.  Finally, Chapter 5 

summarizes, critiques, and offers future directions of this research. 
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CHAPTER 2 

 

Biological Consequences of Unresolved DNA Knotting 

 

The work presented in this chapter was done in collaboration with Richard W. 

Deibler, Ph.D. and has been submitted for publication with Dr. Deibler and me as co-

first authors.  My specific contributions were antibiotic resistance measurements, 

plasmid loss assays, isolation of ampicillin resistant colonies, and fluctuation analysis.  

Results of my work are given in Table 2.2, Figures 2.1c, 2.5a-c.  Additionally I 

contributed to the illustrations in Figures 2.1a, 2.3b, and 2.4 as well as to developing 

and writing the manuscript and all remaining figures. 

 

2.1 Introduction 

The linear genetic code imposes a dilemma for cells.  The DNA must be long 

enough to encode for the complexity of an organism, yet thin and flexible enough to fit 

within the cell.  The combination of these properties greatly favors DNA collisions, which 

can lead to catenation and knotting.  Despite the well-accepted propensity of cellular 

DNA to collide and react with itself, it has not been established what the physiological 

consequences are.  Here we analyze the effects of plasmid recombination and knotting 

in E. coli using the Hin site-specific recombination system.  We show that Hin-mediated 

DNA knotting (i) promotes replicon loss by blocking DNA replication; (ii) blocks gene 

transcription; and (iii) promotes genetic rearrangements at a rate four orders of 

magnitude higher than the rate for an unknotted plasmid.  These results show that DNA 

reactivity leading to recombination and knots is potentially toxic and may help drive 

genetic evolution. 

Much of DNA metabolism is understood in the context of the linear sequence of 

nucleotides that compose the nucleic acid.  For example, gene promoters, replication 

origins, partitioning sequences, and genes themselves are defined by their particular 

DNA sequences.  However, the physical, mechanical, and topological properties of DNA 
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also exert significant influence over DNA metabolism (Cozzarelli, Cost, Nollmann et al. 

2006).  Inside cells, the long (1.6 mm for Escherichia coli) and flexible (persistence 

length  50 nm) DNA must be compacted into a very small volume, achieving a liquid 

crystalline state of 80 - 100 mg/ml (Bohrmann, Haider, and Kellenberger 1993; Reich, 

Wachtel, and Minsky 1994; Minsky 2004).  To understand how DNA functions, it is 

crucial to understand its conformation under such compact conditions. 

≈

DNA conformation is affected not only by crowding but also by its physical 

structure.  Intuitively, anything long, thin, and flexible can become self-entangled or 

knotted.  Interestingly, for 200 kb DNA molecules at thermal equilibrium, the most 

energetically favorable conformation is the three-noded (trefoil) knot (Yan, Magnasco, 

and Marko 1999).  This 200 kb length is ~20-fold smaller than the prokaryotic 

chromosomes of E. coli, Salmonella typhimurium, and Bacillus subtillus.  Consistent 

with this observation, when cells are lysed, a small portion (1%) of plasmid DNA, which 

is only on the order of 4 kb, is found knotted (Shishido, Komiyama, and Ikawa 1987; 

Shishido, Ishii, and Komiyama 1989; Ishii, Murakami, and Shishido 1991; Martin-Parras, 

Lucas, Martinez-Robles et al. 1998; Deibler 2003).  The propensity for DNA to knot is 

predicted to be even greater for the longer and more folded eukaryotic chromosomes 

(Sikorav and Jannink 1994).   However, if we apply this figure of 1% DNA knotting to 

human chromosomes, then nearly every other diploid human cell would have a knot, 

which highlights the importance in understanding how knotting can alter DNA 

metabolism. 

Although DNA knotting is clearly energetically favorable for DNA in a test tube, 

several observations suggest that the intracellular environment should further 

exacerbate knotting.  Experiments with the bacteriophage P4 demonstrated that the 

confinement of DNA in a small volume, as happens in biological systems, stimulates the 

knotting of DNA (Arsuaga, Vazquez, Trigueros et al. 2002).  Furthermore, DNA inside 

the cell is negatively supercoiled.  Negative supercoiling promotes a number of genetic 

processes including gene expression and DNA replication in part because it promotes 

opening of the DNA duplex (Baker, Sekimizu, Funnell et al. 1986; Steck, Franco, Wang 

et al. 1993; Liu, Bondarenko, Ninfa et al. 2001; Hatfield and Benham 2002).  DNA 

supercoiling also compacts the DNA and brings distant strands into close proximity 

(Vologodskii, Levene, Klenin et al. 1992; Vologodskii and Cozzarelli 1993).  As a 
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consequence, supercoiling promotes strand collision and DNA knotting.  Indeed, 

computer simulations have revealed that supercoiling should drive DNA knotting 

because writhe in a knot is less stressful on the DNA than writhe in an unknotted 

supercoiled molecule (Vologodskii and Marko 1997; Podtelezhnikov, Cozzarelli, and 

Vologodskii 1999). 

Collisions of DNA helices with one another are potentially problematic because 

DNA is a self-reactive molecule.  The repair of double strand breaks, single strand gaps, 

and stalled replication forks involve recombination, which requires physical contact with 

a homologous DNA molecule.  Similarly, transposition, site-specific recombination, and 

modulation of transcription (by repressors and enhancers) often involve DNA-DNA 

interactions.  However, it has not been well established how these strand collisions and 

the tangles they may cause can alter DNA metabolism in the cell. 

One indication that DNA knotting is deleterious is the universal prevalence of 

type II topoisomerases: these are essential enzymes that can cleave both strands of a 

DNA double helix, pass another duplex through this transient gate, and reseal the 

break.  Type II topoisomerases are the enzymes responsible for unknotting DNA, and, 

in E. coli, the responsibility falls solely to topoisomerase IV (Adams, Shekhtman, 

Zechiedrich et al. 1992; Zechiedrich and Cozzarelli 1995; Zechiedrich, Khodursky, and 

Cozzarelli 1997; Deibler, Rahmati, and Zechiedrich 2001).  Cells cannot tolerate the 

loss of topoisomerase IV (Kato, Nishimura, Imamura et al. 1990; Schmid 1990).  

However, the loss of topoisomerase IV activity has additional affects on DNA 

metabolism that include hyper-negative supercoiling of the chromosome and the 

inability to segregate newly replicated DNA (Adams, Shekhtman, Zechiedrich et al. 

1992; Zechiedrich and Cozzarelli 1995; Zechiedrich, Khodursky, Bachellier et al. 2000).  

Therefore, the effects of knots needed to be evaluated separately from supercoiling and 

catenation. 

Here we use the previously characterized Hin site-specific recombination and 

DNA knotting system (Heichman, Moskowitz, and Johnson 1991; Deibler, Rahmati, and 

Zechiedrich 2001; Merickel and Johnson 2004) to understand how the physical 

constraints placed upon intracellular DNA can alter its activity.  This system ties knots 

that are topologically identical to what has been observed to occur in vivo (Shishido, 

Komiyama, and Ikawa 1987; Ishii, Murakami, and Shishido 1991; Deibler 2003).  
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Although studying the effects of knots in chromosomal DNA would be optimal, 

technologically it is not feasible because there is no direct way to measure 

chromosomal knotting.  Therefore, we have examined what happens when DNA strands 

on a 5.4 kb plasmid containing a gene required for cell survival collide to recombine or 

to knot.  Plasmids appear to model accurately chromosomal metabolism.  For example, 

supercoiling changes in reporter plasmids (Zechiedrich, Khodursky, Bachellier et al. 

2000) mirror changes in the supercoiling of the chromosome (Rochman, Aviv, Glaser et 

al. 2002; Hardy and Cozzarelli 2005).  The plasmid system has additional advantages: 

(i) the structure of the recombined plasmid products generated by Hin is easily analyzed 

because of their small size.  A recombination event occurring in the chromosome would 

be much more difficult to detect.  (ii) Although Hin recombines and knots at the hix sites, 

the resulting knots can move during DNA metabolism.  On the chromosome, this knot 

sliding could be as far as the size of a topological domain, ~10 kb (Postow, Hardy, 

Arsuaga et al. 2004), which would be more difficult to detect experimentally.  (iii) 

Antibiotic resistance genes are often found on horizontally transmissible elements, such 

as plasmids (Hayes and Barilla 2006). 

Here we show that Hin mediated site-specific recombination and knotting of a 

plasmid leads to dysfunction of the replicon and blocked expression of a gene on the 

plasmid.  This process is highly mutagenic, and our results suggest that, unless 

recombination and knotting are carefully controlled, intracellular DNA can be unstable.  

We suggest that such instability of the genetic material could play a driving role in 

evolutionary variation. 

 

2.2 Materials and Methods 

2.2.1 Strains and Plasmids 

E. coli strains C600, ParC1215, and W3110 were described previously (Kato, 

Nishimura, Yamada et al. 1988; Deibler, Rahmati, and Zechiedrich 2001).  Plasmid 

pKH66 (pHIN) contains the S. typhimurium hin gene under control of the tac promoter 

and expresses Hin upon addition of isopropyl-1-thio-β-galactoside (IPTG) (Hughes, 

Gaines, Karlinsey et al. 1992; Deibler, Rahmati, and Zechiedrich 2001).  pTGSE4 

(pREC) (Crisona, Kanaar, Gonzalez et al. 1994) is a pBR322-derived plasmid 

containing the Gin recombination (gix) sites and enhancer from bacteriophage Mu.  Gin, 
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Hin, and their respective recombination sites are interchangeable (Plasterk, Brinkman, 

and van de Putte 1983).  pRJ862 (pKNOT) contains hix recombination sites and the 

enhancer binding site for the Hin recombinase from S. typhimurium (Heichman, 

Moskowitz, and Johnson 1991).  One hix site contains a single basepair change, which 

forces a second round of recombination to tie knots by preventing religation after only 

one round (Heichman, Moskowitz, and Johnson 1991). 

 

2.2.2 Antibiotic resistance measurements 

Gradient plates (Eisenstadt, Carlton, and Brown 1994) and Kirby-Bauer (Bauer, 

Kirby, Sherris et al. 1966) disc diffusion assays were used to measure antibiotic 

resistance.  Saturated overnight cultures containing the strains were diluted 30- to 100-

fold in LB containing 1 mM IPTG and 50 µg/ml spectinomycin.  The freshly diluted 

cultures were grown at 37 °C until they reached OD600 = 0.3.  For the Kirby-Bauer disc 

diffusion assays, cells were spread on LB-agar containing 1 mM IPTG and 50 µg/ml 

spectinomycin.  The plates were allowed to dry for 20 minutes and discs containing 10 

µl of different ampicillin concentrations (0 - 500 mg/ml) were placed onto the agar.  The 

plates were then incubated overnight at 37 °C.  The diameter of the cleared zone 

around each disc was measured.  For the gradient plate assay, cells were spread on 

square plates containing a gradient from 0 to 17.5 mg/ml ampicillin, and then incubated 

overnight at 37 °C.  The plate dilution method was used to determine the ampicillin 

MIC50 values, or the ampicillin concentration that inhibits 50% of bacterial growth.  The 

three E. coli strains harboring pHIN and either pBR, pREC, or pKNOT were grown 

overnight in LB medium containing 100 µg/ml ampicillin, 50 µg/ml spectinomycin, and 

no IPTG.  These cultures were diluted 500-fold in LB medium containing 50 µg/ml 

spectinomycin and 1 mM IPTG, but no ampicillin.  The freshly diluted cultures were 

grown with shaking to mid-logarithmic phase (OD600 = 0.3 - 0.4) at 37 °C.  Appropriate 

dilutions (to final cell counts of approximately 100 and 1000 per plate) were spread onto 

LB-agar alone and LB-agar containing ampicillin concentrations from 1.3 to 4.8 mg/ml, 

50 µg/ml spectinomycin, but no IPTG.  Colonies were counted following overnight 

incubation at 37 °C.  For each of the three strains, regression analysis was performed to 

determine the best-fit curve through the data points (2670: 10, 2671: 9, and 2672: 8) in 

the plot of survival as a function of ampicillin concentration.  From this best-fit curve, the 
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ampicillin concentrations corresponding to 50% survival, that is, the ampicillin MIC50 

values, were extrapolated. 

 

2.2.3 Antibodies and immunoblotting 

Isogenic C600 and ParC1215 strains were grown overnight in LB medium without 

IPTG.  Cells were diluted 1/100 into LB medium and grown with shaking in the presence 

or absence of 1 mM IPTG and 50 µg/ml spectinomycin to mid-logarithmic phase (OD600 

= 0.3 - 0.4) at 37 °C or 42 °C.  Duplicate sets of whole cell extracts were made by 

resuspending equal amounts of pelleted cells in loading buffer (125 mM Tris-HCl, pH 

6.8; 1.4 M β-mercaptoethanol; 20% glycerol; 2% SDS; 0.1% Bromophenol blue), boiling 

for 3 minutes, and subjecting to 10% SDS-PAGE.  One set was stained with Coomassie 

blue to ensure equal protein amounts were loaded.  The other set was blotted to a 

nitrocellulose Protran membrane.  The blots were probed with (1:10,000 dilution for all) 

antisera to β-lactamase (a kind gift of T. Palzkill, Baylor College of Medicine, Houston), 

anti-AcrA (a kind gift of H. I. Zgurskaya, University of Oklahoma, Norman), anti-ParC (a 

kind of gift of N.R. Cozzarelli, University of California, Berkeley), or anti-ParE (from N.R. 

Cozzarelli), exposed to a hydrogen peroxidase-based chemiluminesence kit (Pierce), 

and visualized with a charge coupled display camera. 

 

2.2.4 Plasmid loss assay  

Cells were grown as for Western blot analysis.  Plasmid DNA was isolated by the 

alkaline lysis method (Sambrook, Fritsch, and Maniatis 1989), linearized with HindIII 

(which cuts once), and separated by electrophoresis on 1% agarose (TAE) gels.  

Plasmid levels were quantified by densitometric scanning (Nucleovision software) of 

images of ethidium bromide-stained gels.  Plasmid bands were normalized to the pHIN 

vector.  To determine whether entire plasmid populations were lost from cells, various 

dilutions of cells grown in LB medium were spread onto LB-agar and replica plated on 

agar with or without 100 µg/ml ampicillin.  Colonies were counted following overnight 

incubation at 30 °C (C600 and ParC1215) or 37 °C (C600). 
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2.2.5 DNA catenane analysis 

DNA catenanes were analyzed as previously (Adams, Shekhtman, Zechiedrich et 

al. 1992).  parCts cells containing pHIN and either pBR, pREC, or pKNOT were grown 

at 30 °C to mid-logarithmic phase (OD600 = 0.3 - 0.4).  IPTG was added to a final 

concentration of 1 mM to induce Hin expression.  After 10 minutes, cells were shifted to 

42 °C to inactivate the mutant topoisomerase IV.  Forty minutes later, plasmid DNA was 

isolated (Sambrook, Fritsch, and Maniatis 1989), nicked with DNase I (Barzilai 1973) to 

remove supercoiling, and displayed by high-resolution gel electrophoresis (Adams, 

Shekhtman, Zechiedrich et al. 1992).  The DNA was then transferred to a Zeta Probe 

nylon membrane (Bio-Rad) and probed with [α-32P]-dCTP (Amersham) labeled pBR322 

(made by random priming), which will hybridize with all three plasmids. 

 

2.2.6 Isolation of ampicillin resistant colonies and fluctuation analysis 

Ampicillin resistant colonies that grew inside the zone of clearance (Figure 2.5a) 

were streaked onto LB-agar plates containing 1 mM IPTG, 50 µg/ml spectinomycin, and 

1 mg/ml ampicillin and incubated overnight at 30 °C.  These conditions were used to 

prevent the accumulation of revertants to ampicillin sensitivity.  To determine the 

mutation rate, E. coli harboring pHIN and either pBR, pREC, or pKNOT were grown 

overnight in LB medium containing 100 µg/ml ampicillin, 50 µg/ml spectinomycin, and 

no IPTG.  The overnight cultures were diluted 6,000-fold into LB medium (~105 cells/ml) 

containing no ampicillin, 50 µg/ml spectinomycin, and 1mM IPTG and divided into ten 

1.2-ml aliquots.  These aliquots were grown with shaking to mid-logarithmic phase 

(OD600 = 0.3 - 0.4) at 37 °C to obtain parallel, independent cultures.  The number of 

ampicillin-resistant mutants that originated in each culture was determined by spreading 

2  70 µl (pBR and pREC strains) or 2 × ×  200 µl (pKNOT strain) of undiluted culture 

onto LB-agar containing various ampicillin concentrations, 50 µg/ml spectinomycin, but 

no IPTG.  16.1 mg/ml ampicillin was used for the strain harboring pBR; 7.9 mg/ml 

ampicillin was used for the strain harboring pREC; and 4.8 mg/ml ampicillin was used 

for the strain harboring pKNOT.  Each of these ampicillin concentrations is 3.5-fold 

higher than the corresponding strain’s ampicillin MIC50.  The total number of cells was 

determined by spreading dilutions of each culture on nonselective LB-agar.  Colonies 
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were counted after incubation overnight at 37 °C.  The probable number of mutations 

per culture ( m ) was calculated from the distribution of hyper-resistant mutants in the 

independent cultures using the MSS maximum-likelihood method.  Then the mutation 

rate ( µ ) was calculated as µ  = tN2m , where  is the total number of cells per 

culture (Rosche and Foster 2000). 

tN

 

2.3 Results 

2.3.1 Experimental strategy 

The experimental approach is outlined in Figure 2.1a.  We have shown 

previously that the Hin site-specific recombinase from S. typhimurium recombines and 

knots plasmid DNA in E. coli that topoisomerase IV unties (Deibler, Rahmati, and 

Zechiedrich 2001).  This system models two in vivo processes: it tangles the DNA to 

create knots identical to those formed inside the cell (Shishido, Komiyama, and Ikawa 

1987; Shishido, Ishii, and Komiyama 1989; Ishii, Murakami, and Shishido 1991; Martin-

Parras, Lucas, Martinez-Robles et al. 1998; Deibler 2003) and shuffles the DNA 

sequence to model DNA recombination and transposition.  The hin recombinase gene is 

provided by the plasmid pKH66 (pHIN) and is expressed from the tac promoter following 

induction by isopropyl-1-thi-β-galactoside (IPTG).  pHIN also encodes for spectinomycin 

resistance.  E. coli cells harboring pHIN also contained either pBR322 (pBR), which 

lacks recombination sites and serves as a negative control, or one of two pBR322-

derived plasmids pTGSE4 (pREC) and pRJ862 (pKNOT) that carry sites recognized by 

the Hin recombinase.  All three plasmids contain the bla gene, which encodes β-

lactamase and provides resistance to ampicillin.  We used the bla gene as a reporter to 

assess the effects of recombining and knotting the DNA.   Although the most direct test 

of the effects of DNA knotting would be to determine the difference in plasmid function 

between the absence and presence of Hin expression, this approach was not 

technically feasible because of the leakiness of Hin production (Merickel and Johnson 

2004).  Therefore, we compared plasmids that should differ only in their response to Hin 

recombination and present data from experiments when Hin expression is being 

induced.  However, to control for any other differences among the  
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Figure 2.1.  Physiological Effects of Hin-mediated Recombination/Knotting.  (a) Assay 
for the effect of knotting on the function of a gene.  The ovals represent E. coli cells.  
The Hin expression vector pHIN and plasmid substrates pBR, pREC, and pKNOT 

containing the bla gene (encoding β-lactamase) are depicted.  Wild-type recombination 
sites are depicted as dark arrows.  The mutant hix site is shown in light gray.  (b) Effect 
of DNA knotting on ampicillin sensitivity of E. coli strain W3110 containing pHIN and 
either pBR, pREC, or pKNOT.  Single colonies were streaked from left to right across 
LB agar that contained an ampicillin gradient, constant IPTG (1 mM), and spectinomycin 

(50 µg/ml) for Hin overexpression and maintenance.  The experiment was repeated five 
times in either strain C600 or W3110, and was carried out from high to low ampicillin 
concentration and vice versa with identical results.  (c) Ampicillin sensitivity (MIC50) was 
quantified using the plate dilution method. 
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plasmids, we were able to compare each plasmid's function in the presence and 

absence of topoisomerase IV activity. 

Hin binds two 26-bp recognition sites and makes double-stranded breaks at the 

center of these sites leaving a two-bp overhang within each break.  Next Hin rotates the 

DNA strands in a right-hand direction.  If the two sites are both wild-type hix or gix sites 

(Plasterk, Brinkman, and van de Putte 1983) (black arrows Figure 2.1a), as in pREC, 

the two-bp overhangs are complimentary and religation may occur after a 180˚ rotation.  

However, if the Hin substrate has one wild-type and one mutant hix site (grey arrow 

Figure 2.1a), as in pKNOT, the overhangs are not complimentary and a 360˚ rotation (or 

some multiple of 360) is necessary for religation to occur.  Thus, Hin neither recombines 

nor knots pBR, however Hin recombines pREC and knots pKNOT.  Although we initially 

anticipated that pREC would serve to differentiate between effects caused by 

recombination and those caused by DNA knotting, we (data not shown) and others 

observed that in vivo Hin will knot plasmids containing wild-type recombination sites at a 

rate of 2 - 3% (Table 2.1) (Merickel and Johnson 2004).  Occasional processive 

recombination events will occur on pREC despite there being wild-type recombination 

sites, which is the cause of this DNA knotting.  The level of pREC knotting is 

intermediate to that observed with pBR and pKNOT (Table 2.1).  pKNOT is extensively 

knotted by Hin because the mismatch between sites drives processive recombination 

(Heichman, Moskowitz, and Johnson 1991; Deibler, Rahmati, and Zechiedrich 2001; 

Merickel and Johnson 2004).  Hin expression increases the steady-state knotting of 

pKNOT approximately 5- to 10-fold over endogenous levels in the presence of 

topoisomerase IV function and 25- to 50-fold when topoisomerase IV function is 

eliminated (Deibler, Rahmati, and Zechiedrich 2001).  In addition to increasing the 

amount of DNA knotting, this system also generates fairly complex knots with multiple 

(5, 6, 7, 8, and 9) crossings (Deibler, Rahmati, and Zechiedrich 2001; Chapter 4).  

Previous studies have examined the effect of Hin and other site-specific recombinases 

on gene expression (Lee, Lee, Lee et al. 1998; Tam, Hackett, and Morris 2005).  

However, a key distinction between those studies and the experiments performed here 

is that in those experiments the recombinase binding sites were placed in between the 

promoter and the gene whereas here the reporter gene is distant to the site of 
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recombination.  Thus, we examined the global effects on the DNA molecule rather than 

the local effects on promoter function. 

 
Table 2.1. Hin-mediated Knotting. 

 

 

���

 

���

 

���

 

in vivo 1-1.3%
a 

N.D. 5-10%
b
 

in vivo + NOR
c 

N.D. 2-3%
d
 35%

b
, 45%

d
 

in vitro N.D. 5-10%
e
 >80%

e
 

a
no Hin induction in Shishido, Komiyama, and Ikawa 1987 

b
Deibler, Rahmati, and Zechiedrich 2001 

c
norfloxacin to block unknotting by topoisomerase IV 

d
Merickel and Johnson 2004 

e
Heichman, Moskowitz, and Johnson 1991 

 

2.3.2 Hin-mediated recombination and knotting of a plasmid alters function of a 

reporter gene 

We first assessed the effect of Hin-mediated DNA recombination and knotting on 

resistance to ampicillin conferred by the bla gene on pBR, pREC, and pKNOT.  LB-agar 

contained a gradient of ampicillin (Eisenstadt, Carlton, and Brown 1994), a constant 

concentration of spectinomycin to maintain the Hin expression vector and IPTG to 

induce expression of Hin.  Wild-type E. coli K12 strain, C600 or W3110, containing pHIN 

and either pBR, pREC, or pKNOT was streaked across the LB-agar.  Whereas the 

strains containing pBR and pREC were able to grow on the highest ampicillin 

concentrations, growth of the strain carrying pKNOT was limited (Figure 2.1b).  We next 

determined whether this effect was specific to the plasmid being targeted (pREC or 

pKNOT) or was a general sensitivity to antimicrobial agents.  Knotting and 

recombination had no effect on resistance encoded on a separate plasmid or on the 

chromosome: strains harboring the three plasmids all died at identical concentrations of 

either spectinomycin (resistance encoded by pHIN) or norfloxacin (resistance 

determined by the chromosome) (data not shown).  These results indicate that the 

sensitivity of E. coli to ampicillin is affected negatively when a knotted plasmid encodes 

its resistance.  Knots seem to impair the function of the replicon on which they form 

rather than cause a general effect on the cell. 

We determined minimal inhibitory concentrations (MIC50s) to quantify the Hin-

mediated sensitivity to ampicillin.  Strains harboring pKNOT were killed at a lower 
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ampicillin concentration (1.4 mg/ml) than pBR (4.7 mg/ml) or pREC (2.5 mg/ml) (Figure 

2.1c).  This increased ampicillin sensitivity, 3.4-fold compared to pBR and 1.8-fold 

compared to pREC, may be attributed to the recombining and knotting of pKNOT, which 

our results show decrease both β-lactamase levels and the plasmid copy number.  The 

difference in sensitivity between pBR and pREC may have been caused by the 

intermediate level of Hin binding, cleaving, or knotting pREC (Lee, Lee, Lee et al. 1998). 

 

2.3.3 Hin recombination and knotting alter β-lactamase levels 

To dissect the molecular mechanism by which the knots affect the function of the 

bla gene, we performed immunoblots to assay β-lactamase levels.  Strains were grown 

in liquid medium containing IPTG and spectinomycin until mid-logarithmic phase (OD600 

= 0.3).  Equal amounts of whole cell extracts were submitted to SDS-PAGE and either 

stained with Coomassie blue or subjected to Western blotting with anti-β-lactamase 

antisera (Figure 2.2).  The Coomassie blue stained gels indicated that equal amounts of 

protein had been loaded (data not shown).  The pHIN-containing C600 (wild type) strain 

with pKNOT produced four- and three-fold less β-lactamase than the pBR- or pREC-

containing strain, respectively, in either rich (LB; Figure 2.2a) or minimal M9 medium 

(Figure 2.2b).  The reduction in β-lactamase levels correlates well with the reduction in 

ampicillin resistance (compare Figure 2.1c with Figure 2.2).  There was no effect of 

pKNOT on levels of three chromosomally encoded proteins, AcrA, ParC, or ParE in 

either strain C600 or ParC1215 (conditional lethal topoisomerase IV mutant) (Figure 2.2 

and data not shown).  Therefore, the reduction in protein levels is specific to genes 

encoded by a knotted plasmid rather than a general inhibition of gene expression.  

Subsequently, AcrA levels were used to standardize loading.  It might be expected that 

the presence of DNA knots, a substrate for topoisomerase IV, would drive the 

production of that enzyme much like changes in DNA supercoiling are known to alter 

the levels of gyrase (Menzel and Gellert 1983) and topoisomerase I (Tse-Dinh 1985).  

To determine whether the amount of DNA knotting affected topoisomerase IV levels we 
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Figure 2.2.  Hin-mediated Effect on β-lactamase Protein Levels.  Cultures of C600 (left) 
and ParC1215 (right) were grown in rich (LB) or minimal (M9) medium.  Immunoblotting 

was performed on total cellular lysates.  Blots were probed with anti-AcrA, anti-β-
lactamase, anti-ParC, or anti-ParE antibodies.  Shown below the blot from cells grown 
in LB is the mean of four independent experiments and standard deviations (except for 
ParC1215 pREC, which was performed three times).  The values below the M9 
experiment show the quantification of that blot.  The M9 experiment was repeated and 
yielded the same results. 
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immunoblotted total cell lysates with an antibody to ParC, a subunit of topoisomerase IV 

that contains the catalytic tyrosine needed for DNA cleavage.  We found that the 

presence of excess DNA knots did not affect the levels of topoisomerase IV (Figure 

2.2). 

If it is knotting that caused the increased susceptibility to ampicillin, then, 

because topoisomerase IV resolves knots in E. coli, inhibiting topoisomerase IV, the 

enzyme responsible for unknotting DNA, should increase the amount of knots and 

cause an additional reduction of β-lactamase production from pKNOT.  To test this, we 

utilized a temperature-sensitive allele, parC1215 (parCts), of the parC subunit of 

topoisomerase IV.  Although cell growth and viability are reduced at the non-permissive 

temperatures for parCts, cell division continues to occur and produces enough viable 

offspring that we were able to obtain sufficient growth (OD600 = 0.3) to perform 

immunoblots.  When either of the non-permissive temperatures, 37 °C or 42 °C, for the 

parCts allele was used, the results were the same.  pKNOT in the parCts strain 

produced 8.5-fold less β-lactamase than pREC and 17-fold less than pBR when cells 

were grown in LB or M9 medium at the non-permissive temperature (Figure 2.2, right 

panels).  Therefore, inhibiting the enzyme that unties the knots exacerbates the 

reduction in β-lactamase production.  As with the MIC50 data above, it is unclear 

whether the β-lactamase differences between pBR and pREC are caused by Hin 

binding, recombining, or knotting pREC.  There is less β-lactamase produced in the 

parCts harboring pKNOT than C600 containing pKNOT.  However, the plasmids carried 

in the two strains have different superhelical densities.  In the parCts strain, DNA is 

slightly more negatively supercoiled at the non-permissive temperature (Zechiedrich, 

Khodursky, Bachellier et al. 2000).  The increased negative supercoiling should, if 

anything, slightly stimulate β-lactamase production.  However, the knots counter this 

increase in β-lactamase production.  Thus, the inhibitory effects of DNA knotting may be 

greater than measured because some effects are potentially being masked by the 

increase in negative supercoiling. 
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2.3.4 Molecular analysis of Hin-mediated effects 

It has been observed in vitro that DNA knots can diminish transcription (Portugal 

and Rodriguez-Campos 1996).  Thus, the effect on β-lactamase production and 

ampicillin resistance we observed could be explained by an inhibition of bla 

transcription.  However, it could also result from knots interfering with DNA replication, 

which would reduce the number of copies of the bla gene and consequently, the amount 

of β-lactamase generated.  An effect of DNA knotting on replication in vitro or in vivo 

has not been documented previously. 

To determine whether plasmid stability and copy number are affected by Hin 

activity we quantified the levels of pBR, pREC, or pKNOT DNA.  Cultures were grown 

and divided into half.  Plasmid DNA levels were measured from one half and β-

lactamase levels from the other half.  DNA levels were determined by densitometry 

analysis of agarose gels.  Assuming that levels of pHIN do not change, we used pHIN 

as an internal control to normalize the loading of DNA onto the agarose gels.  Following 

Hin induction, cells contained roughly two-fold less pKNOT than pBR or pREC relative 

to pHIN (Figure 2.3a).  There was even less pKNOT DNA isolated from the parCts 

strain grown at 42 °C (Figure 2.3a, right side).  When knotted, the copy number of 

pKNOT was reduced from ~20 - 40 copies/cell (Lee, Kim, Shin et al. 2006; Lee, Ow, 

and Oh 2006) to lower than pHIN levels in parCts containing cells (Figure  

2.3a).  β-lactamase levels were determined from immunoblotting and densitometry of 

total cell lysates following SDS-PAGE.  Although the DNA knots caused a reproducible 

reduction of pKNOT copy number, the magnitude of this effect (2- to 6-fold) was never 

as large as the effect on β-lactamase levels (8- to 20-fold).  In addition, pREC copy 

number was unchanged although there was less than a two-fold decrease in β-

lactamase production in parCts cells at 42 °C.  Therefore, the inhibition seen for pREC 

must not be at the level of replicon copy number.  The difference between the effect on 

β-lactamase levels and not the effect on plasmid copy number suggests that DNA knots 

mediate their effects through a combination of promoting replicon loss and blocking 

gene transcription. 

It was possible that some cells had lost all their plasmid DNA to become plasmid 

free, and other cells retained normal plasmid levels or that all cells generally had  
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Figure 2.3.  Hin-mediated Effect on Plasmid Replication.  (a) Plasmid DNA was isolated 
from strain C600 containing the plasmids indicated.  The DNA was linearized with 
HindIII, which cuts all the plasmids once, including pHIN.  Shown is a representative 
ethidium bromide stained agarose gel from an experiment performed at 42 °C.  Shown 
are the mean values and standard deviation.  (b) Plasmid DNA was isolated 50 minutes 
after IPTG induction of Hin, nicked, displayed by high-resolution gel electrophoresis, 
and visualized by Southern blotting.  Shown is an autoradiogram.  All lanes contain 
plasmid DNA from the pHIN-harboring parCts cells with pBR, pREC, or pKNOT.  The 

positions of nicked dimer ( ), linear dimer ( ), and catenanes (e.g., ) are 
indicated. 
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reduced plasmid levels.  Either type of plasmid loss would give the above result.  To 

distinguish between these possibilities, we grew cells harboring pHIN and either pBR, 

pREC, or pKNOT in the presence of IPTG and spectinomycin under conditions identical 

to those used to evaluate plasmid levels and β-lactamase production except ampicillin 

was not included, so that pBR, pKNOT, and pREC were not being selected.  Cell 

dilutions were spread on LB-agar and incubated overnight at 30 °C.  The following day, 

the colonies were replica plated onto LB-agar with and without ampicillin, grown 

overnight at 30 °C, and then counted.  The frequency of plasmid free cells was the 

same among all the three strains and was similar to what others have observed for pBR 

loss in E. coli grown in a rich medium (LB) over the time period comparable to the one 

used here (~3 hours) (Noack, Roth, Geuther et al. 1981).  Thus, in these experiments, 

Hin-mediated recombination and knotting does not lead to detectable complete plasmid 

loss.  However, it is possible that Hin-mediated recombination and knotting may 

eventually drive complete plasmid loss given enough time. 

DNA catenanes are produced as intermediates of replication, and they 

accumulate in temperature-sensitive topoisomerase IV mutants at the non-permissive 

temperature (Adams, Shekhtman, Zechiedrich et al. 1992; Zechiedrich and Cozzarelli 

1995).  When DNA replication is disrupted, replication catenanes do not accumulate 

((Adams, Shekhtman, Zechiedrich et al. 1992) and data not shown).  We examined the 

levels of catenanes in parCts carrying pHIN and either pBR, pREC, or pKNOT.  Plasmid 

DNA was isolated from parCts strains grown for 40 minutes at 42 °C as before, nicked 

to remove supercoiling and analyzed by high-resolution agarose gel electrophoresis 

(Sundin and Varshavsky 1981).  Catenated pBR and pREC products were clearly 

visible, but DNA catenanes were greatly reduced for pKNOT (Figure 2.3b).  Therefore, it 

does not seem likely that catenanes block replication and transcription or cause 

mutagenesis.  This experiment also provided an indirect method to examine the effect 

of knotted DNA on DNA replication.  Because DNA replication is the only source of the 

catenanes the observation that the level of DNA catenanes is reduced indicates that 

DNA replication is impaired.  Hence, DNA knots block DNA replication. 
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2.3.5 Hin mediated recombination/knotting is mutagenic 

We propose two models to explain how Hin-mediated knotting blocks the function 

of the bla gene (Figure 2.4).  These possibilities are not mutually exclusive.  The first is 

the "roadblock" model: Hin, bound to the DNA, or to the knots themselves, forms an 

impasse to DNA and/or RNA polymerases.  The second is the “breakage” model.  

Similar to how knots cause fishing lines to break, knots could cause DNA to break by 

weakening the tensile strength of the molecule.  Knots have been demonstrated to 

reduce the tensile strength of actin polymers (Arai, Yasuda, Akashi et  

al. 1999) and could have a similar effect on nucleic acid polymers.  Either model 

suggests that knots cause problems for the proper metabolism of the genetic material.  

Although it is not clear how knots localize in DNA, it has been suggested from numerical 

studies that knots may occur spontaneously in a tight conformation (Katritch, Olson, 

Vologodskii et al. 2000; Metzler, Hanke, Dommersnes et al. 2002).  In addition, DNA 

within the cell is constantly being subjected to a number of pulling forces generated by 

transcription, replication, and segregation.  Thus, as a consequence of  

external forces, DNA knots might be pulled into a tight conformation (Arai, Yasuda, 

Akashi et al. 1999).  A force (15 pN) comparable to that generated by a single 

replication or transcription complex (Wang, Schnitzer, Yin et al. 1998; Davenport, Wuite, 

Landick et al. 2000; Maier, Bensimon, and Croquette 2000; Wuite, Smith, Young et al. 

2000), has been shown to tighten a DNA trefoil to a diameter less than 25 nm (Arai, 

Yasuda, Akashi et al. 1999; Bao, Lee, and Quake 2003).  Both models imply that DNA 

knots behave like types of DNA damage and predict that DNA knots would be 

mutagenic either through replication fork arrest or by creating a DNA strand break.  

Either fork arrest or a strand break can induce the SOS response, which could lead to a 

genome-wide increase in mutation frequency (Friedberg, Walker, and Siede 1995; 

Beaber, Hochhut, and Waldor 2004).  Thus, both models predict increased genetic 

alterations. 

To test whether knots cause genetic alterations, we monitored the ability of cells 

to require increased resistance to ampicillin.  Although pBR, pREC, and pKNOT all 

confer resistance to ampicillin, there is a limit to the amount of antibiotic they can 

tolerate (Figure 2.1c).  We reasoned that if knotting causes genetic instability, this level 

of ampicillin resistance could be altered, and cells containing an increased resistance  
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Figure 2.4.  Potential Models for the Hin-mediated Effect.  Plasmid pKNOT is 

recombined by Hin to knot the DNA (a single line represents both strands).  In the 
roadblock model, the knot is impassable and stalls polymerase.  Alternatively, in the 
breakage model, knots may break DNA as a result of the forces on it. 
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could be selected.   Cells were grown in LB medium containing 1 mM IPTG and 50 

µg/ml spectinomycin and then spread the cells onto LB-agar that contained 1 mM IPTG 

and 50 µg/ml spectinomycin.  Filter discs containing varying amounts of ampicillin were 

placed directly onto the freshly spread cells.  Following overnight growth, C600 or 

ParC1215 strains harboring pKNOT formed large, robust colonies in the zone of drug-

mediated clearing (Figure 2.5a).  In contrast, no colonies were observed in the cleared 

zone formed around the filter disks containing any concentration of ampicillin in lawns of 

pBR- or pREC-containing C600 or ParC1215 strains (Figure 2.5a and data not shown).  

We found that the effect was specific to β-lactam (ampicillin or cefotaxime) resistance 

as no colonies were found inside halos for pBR-, pREC-, or pKNOT-containing E. coli 

when norfloxacin was used (data not shown).  These results suggest that increased 

mutation rate is occurring specifically for pKNOT and not the genome as a whole. 

We refer to the pKNOT colonies that grew in the zone of clearance as hyper-

resistant to ampicillin because 100% of these isolates have a higher resistance than the 

original pKNOT-containing cells and 69% have higher resistance than pBR-containing 

cells (Figure 2.5b).  Using the MIC50 values of the original pBR, pREC, and pKNOT 

strains (determined in Figure 2.1c), we performed fluctuation assays to determine the 

mutation rate to ampicillin resistance.  Ampicillin at 4.8 mg/ml (3.4-fold higher than the 

MIC50 for pKNOT) was high enough to block all growth and select for hyper-resistant 

mutants in the C600 strain containing pHIN and pKNOT.  At this concentration of 

ampicillin, using the MSS maximum likelihood method (Rosche and Foster 2000), the 

pKNOT strain yields 3.4 x 10-6 mutations/cell/generation.  At an ampicillin concentration 

of 16.1 mg/ml (3.5-fold higher than the MIC50) C600 containing pBR yields 4.8 x 10-10 

mutations/cell/generation.  At an ampicillin concentration of 7.9 mg/ml (3.4-fold higher 

than the MIC50) C600 with pHIN and pREC had a mutation rate of 4.7 x 10-7 

mutations/cell/generation.  Thus, Hin-mediated knotting (with pKNOT) increased the 

mutation rate more than 7,000-fold compared to the spontaneous mutation rate of cells 

with just Hin expression (with pBR322) (Table 2.2). 
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Figure 2.5.  Hin-mediated Mutagenesis.  (a) Ampicillin resistant colonies growing in the 
zone of clearance around a filter containing 4 mg ampicillin.  (b) Quantitation of 
ampicillin hyper-resistance of individual colonies.  (c) Ethidium bromide-stained gel of 
plasmid DNA isolated from mutant colonies growing within the zone of clearance and 
separated by agarose gel electrophoresis.  Lane a is a supercoiled molecular weight 
standard.  Lanes b, c, and d contain plasmid DNA from the parental strains harboring 
pHIN and either pBR, pREC, or pKNOT, respectively.  Lanes e-j contain plasmid DNA 
isolated from mutant pKNOT colonies.  (d) Total cell lysates of mutants grown in 1 mM 
IPTG were separated by SDS-PAGE and submitted to immunoblotting.  Immunoblots 

were probed with anti-AcrA antibodies (for a loading control) or anti-β-lactamase 
antibodies.  Shown below the blot are signal intensities in arbitrary units.  AcrA and anti-

β-lactamase levels for C600 strains containing pHIN and either pBR, pREC, or pKNOT 
are shown for comparison. 
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Table 2.2. Hin-mediated Mutation Rates. 

 

Selective AMP Plasmid Resistant bacteria Mutation rate per Mutation rate 

concentration, mg/ml  Zero Fraction Median cell division normalized to pBR 

16.1 pBR 8/10 625.7 4.8 x 10
-10

 1 

7.9 pREC 0/10 4817.1 4.7 x 10
-7

 969 

4.8 pKNOT 0/10 6852.0 3.4 x 10
-6

 7106 

 

To determine the molecular basis for the hyper-resistance to ampicillin, the cells 

were streaked to single colonies.  The plasmid DNA then was isolated and analyzed by 

restriction endonuclease digestion.  Gross genetic rearrangements of the plasmid were 

visible in each sample (Figure 2.5c).  There were two notable and unanticipated 

features of these rearrangements.  First, the isolated plasmid DNA was much larger 

than the parental pKNOT.  This result was surprising because any number of deletions 

or substitution mutations could disrupt Hin recombination and these types of changes 

would either result in a smaller plasmid or no change in plasmid size.  However, these 

latter types of alterations were not apparent.  Second, we found that not only was 

pKNOT altered, but pHIN was also changed in the hyper-resistant mutants.  These 

results suggest that recombination between pHIN and pKNOT is responsible for the 

rearrangements and the hyper-resistance phenotype.  Although the Hin recombinase 

does not directly recombine or knot pHIN, it is likely that recombination between pHIN 

and pKNOT repairs the Hin-mediated DNA effect in a way such that the resulting fused 

plasmid is either refractory to additional knotting/recombination or expresses β-

lactamase at a sufficient level to confer hyper-resistance to ampicillin.  pKNOT-pKNOT 

fusions could occur and might even outnumber pKNOT-pHIN fusions, but without 

causing ampicillin hyper-resistance they would not be detected in our assay.  We 

attempted to analyze the role homologous recombination plays in this rearrangement 

process, but we were unable to transform recombination mutants, such as strains 

lacking recA or recD, with pHIN.  However, this finding is consistent with Hin interfering 

normal DNA metabolism. 

The plasmid changes and ampicillin hyper-resistance were heritable.  Plasmid 

DNA was isolated from the colonies that arose in the zones of clearance and 

transformed into C600 cells harboring pHIN.  The plasmids conferred a higher level of 

ampicillin resistance than pKNOT as determined by Kirby-Bauer assay (data not 
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shown).  We found that in four of five transformants tested, the mutant plasmid 

transformed cells showed increased resistance to ampicillin and there were no visible 

colonies in the new zones of clearance.  Because of this, it appears that either no 

further DNA rearrangements are occurring or, if they are, these additional 

rearrangements do not confer ampicillin hyper-resistance.  The transformant (1/5) that 

behaved similarly to pKNOT-containing strains indeed harbored pKNOT.  Thus, the 

fused mutant plasmid appears to have resolved back into pHIN and pKNOT.  To 

compensate for reduced production of β-lactamase, the mutant plasmids could contain 

either a mutated bla gene that produces an enzyme more efficient at metabolizing 

ampicillin, or the mutations could allow for increased production of the enzyme.  Using 

immunoblot analysis as described above, we found that all the cells carrying the 

rearranged plasmids that were examined had increased β-lactamase production relative 

to pKNOT (Fig 2.5d). 

We transformed wild-type E. coli with total plasmid DNA from the ampicillin 

hyper-resistant isolates.  The rationale was that the low frequencies of co-

transformation of distinct plasmids should allow us to separate plasmids containing 

pHIN from DNA containing the bla gene.  Typically, 100 ng of isolated plasmid DNA was 

used.  Plasmid DNA from four of the ampicillin resistant colonies was used in 

independent transformations.  The transformed cells were divided into two fractions.  

Half was spread on LB-agar containing ampicillin (100 µg/ml, sufficient to select for the 

parental pKNOT), and half was spread on LB-agar containing spectinomycin (50 µg/ml, 

to select for pHIN).  We found that 64 of 64 spectinomycin resistant transformants were 

also resistant to ampicillin and 28 of 32 ampicillin resistant transformants were also 

resistant to spectinomycin.  These results are consistent with a fusion between pHIN 

and pKNOT being responsible for the ampicillin hyper-resistance phenotype observed.  

The four ampicillin hyper-resistant transformants unable to grow on spectinomycin may 

have undergone another rearrangement. 

 

2.4 Discussion 

Intracellular DNA is supercoiled, compacted, and highly concentrated.  

Consequently, DNA will collide frequently with itself, and the result of these collisions 

increases the potential for DNA recombination and knotting.  We have analyzed what 
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can happen when the collisions lead to recombination and knotting.  The results are that 

both replication and transcription are blocked and genetic rearrangements are 

increased. 

 

2.4.1 Mechanism of the Hin-mediated effect 

DNA knots are likely the predominant cause of Hin-dependent replication and 

transcription blocks and mutagenesis because the effect for pKNOT is more severe 

than for pREC.  The magnitude of these effects was increased by compromising the 

activity of topoisomerase IV.  Topoisomerase IV carries out three essential tasks: (i) 

decatenation, (ii) DNA supercoil relaxation, and (iii) unknotting.  Decatenation cannot 

explain the effects here because far more catenated replication intermediates are seen 

in topoisomerase IV mutant (parCts) cells containing pHIN and either pBR or pREC 

than in those that contain pHIN and pKNOT (Figure 2.3b).  Inhibition of topoisomerase 

IV shifts DNA supercoiling from σ ≈  -0.075 to σ ≈  -0.081 (Zechiedrich, Khodursky, 

Bachellier et al. 2000).  This slight shift is not enough to stimulate either the transcription 

of the supercoiling-dependent leu-500 promoter (Zechiedrich, Khodursky, Bachellier et 

al. 2000) or the λ integrase recombination system (Zechiedrich, Khodursky, and 

Cozzarelli 1997) in vivo, suggesting that the change in supercoiling resulting from 

inhibiting topoisomerase IV is unlikely to affect Hin recombination.  Therefore, it does 

not appear that the role of topoisomerase IV in supercoil relaxation accounts for the 

transcriptional block seen in the parCts cells (Figures 2.2, 2.3).  Here we are using Hin 

to tie knots.  Thus, it seems likely that the increased steady-state knotting level caused 

by the conditional inhibition of topoisomerase IV accounts for the increased block of 

DNA replication and transcription.  The effects were not caused by inherent differences 

in the three plasmids.  Ampicillin MIC50 values of C600 strains harboring pHIN and 

either pBR, pREC, or pKNOT grown in the absence of IPTG were identical (data not 

shown). 

The magnitude of the Hin-mediated recombination and knotting block to DNA 

replication and transcription ranges from ~2-fold to ~5-fold.  The increase of steady-

state knotting is only ~5 - 10% (Deibler, Rahmati, and Zechiedrich 2001).  If knotting, 

and not recombination, accounts for the DNA metabolic blocks, then one might expect a 

5 - 10% effect.  However, these plasmids replicate completely in less than six seconds 
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and do so asynchronously.  Moreover, they transcribe constantly.  Thus, a slight 

increase of a lethal DNA form could have large consequences.  Although 

topoisomerase IV rapidly unties knots, perhaps knot-induced problems, such as stalled 

replication forks or stalled or blocked transcription, persist longer than the knots 

themselves.  Indeed because topoisomerase IV can resolve DNA knots as they are 

formed, then, as the copy number of the plasmid goes down, there should come a point 

at which topoisomerase IV can resolve all the knots produced by the Hin system.  The 

result would not be a complete loss of plasmid, but instead a steady-state level lower 

than that found with unknotted DNA, which is what we observed (Figure 2.3a).  It is hard 

to envision a process analogous to topoisomerase IV unknotting that would reverse the 

effects of Hin-mediated site-specific recombination.  Thus, it would seem that if 

recombination were leading to the loss of plasmids, the unchecked altered plasmid 

would be lost completely from a population of cells in the absence of selection, which 

was not observed. 

The DNA knot or recombination-created blockage could impinge upon either the 

initiation or elongation of gene transcription or DNA replication.  Gene promoters and 

DNA replication origins are small relative to DNA molecules, especially plasmids.  

Unless, DNA knots preferentially form in or are localized to this region or are hotspots 

for recombination, then it is expected that these DNA blockages will occur at arbitrary 

positions on the DNA.  Thus, such blockages would likely be outside of where 

transcription or DNA replication initiates.  However, if the blockage affects the 

elongation step of these processes, it should be much more problematic because 

wherever the blockage occurs it could stall the RNA or DNA polymerase. 

It has been demonstrated that when topoisomerase IV activity is reduced by 

mutation, priA, which encodes a protein, PriA, that plays an important role in the 

restarting of blocked replication forks, becomes an essential gene (Grompone, 

Bidnenko, Ehrlich et al. 2004; Heller and Marians 2006).  It is possible that the stalling of 

replication forks at knots is the cause of this need for PriA and would explain why the 

presence of gyrase, which can remove positive supercoils, but not knots, is insufficient 

to keep replication moving in these cells. 

Alternatively, Hin binding or recombining may lead to the observed effects.  

Considering the frequency of DNA collisions and cleavage by Hin and other proteins 
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that act on DNA, the consequences of this mechanism can be deadly.  It is possible that 

mechanistic differences in recombination on a substrate with two wild-type sites 

compared to a substrate with one wild-type and one mutant site could account for the 

Hin-mediated effects.  For example, in a purified system, DNA cleavage by Hin is 

stimulated by a single mutant recombination site (Johnson and Bruist 1989).  DNA 

cleavage of pKNOT by pHIN has been detected (Merickel and Johnson 2004). 

 

2.4.2 Implications for cellular physiology and evolution  

Given (i) the abundance of recombinases, transposases, and topoisomerases 

found in both prokaryotic and eukaryotic genomes, (ii) the lack of sequence specificity 

by these enzymes, (iii) the confined space for the chromosomes, and (iv) the propensity 

of DNA to react and tangle with itself, DNA rearrangements that lead to cellular 

transformation or death, or that contribute to the mutations that shape evolution seem 

likely to occur.  In other words, an intrinsic lack of DNA stability might have helped drive 

selection and genetic change.  In addition, cellular stress causes a number of 

recombinases and transposases to be activated.  Perhaps this activation creates a 

transient hypermutable state that allows cells to develop a mechanism to overcome the 

stress.  Such an event would be similar to the hypermutable state suggested to occur 

during adaptive mutagenesis when E. coli are starved for lactose (Hastings, Slack, 

Petrosino et al. 2004; Hersh, Ponder, Hastings et al. 2004; Foster 2005).  Consistent 

with this idea, cells harboring transposons such as Tn10, which can recombine and knot 

DNA, will out-compete cells lacking Tn10 that are otherwise isogenic, which suggests 

that the transposon confers a greater evolutionary fitness (Chao, Vargas, Spear et al. 

1983; Chao and McBroom 1985). 

Under physiological conditions, the mechanical and structural properties of DNA 

in combination with its normal metabolism greatly promote recombination and self-

entanglement.  Our results suggest that the recombined and knotted forms of DNA are 

problematic for the cell.  Thus, it is DNA conformation, rather than primary sequence, 

that is causing malfunctions.  Effects of transient changes in conformation may then 

persist through mutations in the primary sequence.  Unexpectedly, the DNA molecule 

undergoing site-specific recombination/knotting (pKNOT) then can “attack” a bystander 

DNA (pHIN), and thus both DNA molecules may be altered with deleterious effects. 
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CHAPTER 3 

 

Statistical Mechanics of Unknotting by Type II Topoisomerases 

 

The work presented in this chapter was done in collaboration with Drs. Hue Sun 

Chan and Zhirong Liu and has been publisheda (Liu, Mann, Zechiedrich et al. 2006).  

My specific contributions were checking and analyzing conformational data, processing 

and interpreting data generated by the HOMFLY polynomial algorithm, evaluating 

Alexander polynomials (for loop size less than or equal to 30), and determining knot 

types.  Results of my work are given in Figure 3.1 and Table 3.1, as well as being 

reflected in all variables in Figures 3.2, 3.3b-c, 3.5 - 3.8.  Additionally I contributed to 

conceptualizing the project and developing and writing the manuscript. 

 

3.1 Introduction 

Topoisomerases may unknot by recognizing specific DNA juxtapositions.  The 

physical basis of this hypothesis is investigated by considering single loop 

conformations in a coarse-grained polymer model.  We determine the statistical 

relationship between the local geometry of a juxtaposition of two chain segments and 

whether the loop is knotted globally, and ascertain how the knot/unknot topology is 

altered by a topoisomerase-like segment passage at the juxtaposition.  Segment 

passages at a “free” juxtaposition tend to increase knot probability.  In contrast, 

segment passages at a “hooked” juxtaposition cause more transitions from knot to 

unknot than vice versa, resulting in a steady-state knot probability far lower than that at 

topological equilibrium.  The reduction in knot population by passing chain segments 

through a hooked juxtaposition is more prominent for loops of smaller sizes, n , but 

                                                 
a
 Reprinted from Journal of Molecular Biology, Vol 361, Zhirong Liu, Jennifer K. Mann, E. Lynn Zechiedrich, and 

Hue Sun Chan, Topological Information Embodied in Local Juxtaposition Geometry Provides a Statistical 

Mechanical Basis for Unknotting by Type-2 DNA Topoisomeraes, 268-285, Copyright (2006), with permission 

from Elsevier 
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remains significant even for larger loops: steady-state knot probability is only ~2%, and 

~5% of equilibrium, respectively, for n  = 100 and 500 in the model.  An exhaustive 

analysis of ~6,000 different juxtaposition geometries indicates that the ability of a 

segment passage to unknot correlates strongly with the juxtaposition's “hookedness”.  

Remarkably, and consistent with experiments on type II topoisomerases from different 

organisms, the unknotting potential of a juxtaposition geometry in our polymer model 

correlates almost perfectly with its corresponding decatenation potential.  These 

quantitative findings suggest that it is possible for topoisomerases to disentangle by 

acting selectively on juxtapositions with “hooked” geometries. 

An understanding of the topology of covalently linked molecules (Frisch and 

Wasserman 1961) is important for the study of molecular biology (Delbrück 1962).  For 

DNA, topological entanglements such as knots and catenanes can arise readily and 

frequently in vivo (Shishido, Komiyama, and Ikawa 1987; Martin-Parras, Lucas, 

Martinez-Robles et al. 1998).  They are a natural biophysical consequence of 

conformational energetics and statistics (Podtelezhnikov, Cozzarelli, and Vologodskii 

1999).  The efficient resolution of DNA entanglements is essential for proper cellular 

function.  Topoisomerases perform this task by enabling DNA molecules to interconvert 

between different topological states.  They accomplish this by catalyzing the passage of 

single-strand or double-helix DNA segments through each other via a transient breaking 

and subsequent resealing mechanism at a two-segment juxtaposition.  These enzymes 

are involved in a wide range of cellular processes, including chromosome condensation 

and segregation, transcription, replication, and recombination (Wang 1996; Champoux 

2001).  In addition to their essential cellular roles, DNA topoisomerases are targets of 

many antibacterial and anticancer drugs (Nitiss and Wang 1988; Khodursky, 

Zechiedrich, and Cozzarelli 1995; Li and Liu 2001; Gruger, Nitiss, Maxwell et al. 2004).  

Thus, fundamental insights into how topoisomerases function may lead to improved 

understanding of the medical ramifications as well. 

For many years since the discovery of the first topoisomerase (Wang 1971), it 

was widely believed that, besides DNA gyrase and reverse gyrase which introduce 

supercoiling, other topoisomerases resolve topological entanglements by converting a 

DNA molecule effectively into a phantom chain (Sikorav and Jannink 1994) that can 
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seemingly defy excluded volume and freely pass through itself.  It follows that the 

function of topoisomerases was largely seen as restoration and maintenance of a 

distribution of topological states approximating that at topological equilibrium 

(Pulleyblank, Shure, Tang et al. 1975; Shaw and Wang 1993; Rybenkov, Vologodskii, 

and Cozzarelli 1997).  In this context, it was surprising that type II topoisomerase, which 

changes DNA linking number in steps of two and passes segments of DNA double helix 

through each other in an ATP-dependent process, was discovered to be capable of 

lowering the steady-state levels of knots and catenanes well below their corresponding 

equilibrium values (Rybenkov, Ullsperger, Vologodskii et al. 1997).  The size of a 

topoisomerase is substantially smaller than the DNA molecule on which it is acting.  

Thus, the experimental results of Rybenkov et al. (Rybenkov, Ullsperger, Vologodskii et 

al. 1997) present a conceptual challenge: what information can the topoisomerase 

utilize to discriminate between different global topologies of the much larger DNA 

molecule?  What dictates the topoisomerase's preference to act upon a particular DNA 

topology? 

Several hypothetical scenarios have since been proposed to account for the 

apparent ability of type II topoisomerase to discriminate between different DNA 

topologies.  Most of these proposals presume that local structural and energetic 

features of a preexisting two-segment DNA juxtaposition do not contain enough 

information for a meaningful inference about the DNA molecule's global topological 

state.  For example, one of the hypotheses proposes that the topoisomerase has to first 

actively deform the DNA conformation at the binding site to create a sharp turn; the bias 

towards unlinked and unknotted topology can then be realized by allowing only 

unidirectional DNA passage through this protein induced turn (Vologodskii 1998; 

Vologodskii, Zhang, Rybenkov et al. 2001).  Alternatively, other hypotheses endow 

topoisomerases with an ability to gather topological information beyond that which can 

be gleaned from a local juxtaposition, with mechanisms reminiscent of that for other 

cases of “action at a distance” in DNA enzymology (Wang and Giaever 1988).  

Proposals in this category include a “three-binding-sites” model that states that the 

topoisomerase first binds and then actively slides along the DNA contour to find a third 

strand (Rybenkov, Ullsperger, Vologodskii et al. 1997); a “kinetic proofreading” model 
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that requires two separate topoisomerase–DNA collisions for segment passage (Yan, 

Magnasco, and Marko 1999; Yan, Magnasco, and Marko 2001); and a “three-segment 

interaction” model that stipulates enzyme–DNA interactions between a bound, 

essentially stationary topoisomerase with three DNA segments (Trigueros, Salceda, 

Bermudez et al. 2004).  In common, all these hypotheses are “protein-centric.”  That is, 

the proposed activities of the type II topoisomerase prior to segment passage after its 

binding to the DNA are essential in creating new, probing information about global DNA 

topology.  Then, the enzyme utilizes this new information that it has actively generated 

for selective segment passage (see Maxwell, Costenaro, Mitelheiser et al. 2005 for a 

recent review). 

A simpler hypothesis was put forth by Buck and Zechiedrich (Buck and 

Zechiedrich 2004).  It stipulates that topological discrimination can be attained by 

considering only the local curvature of the two segments making up a juxtaposition and 

the resulting angle between them.  Recognizing that DNA juxtapositions are preferred 

binding sites of type II topoisomerases (Zechiedrich and Osheroff 1990; Buck and 

Zechiedrich 2004), these authors proposed that a topoisomerase can sense the 

topological state of a DNA molecule and achieve disentanglement by selective segment 

passages only at pre-existing “hooked” but not “free” juxtapositions (Buck and 

Zechiedrich 2004).  Recent structural data from X-ray crystallography appear to lend 

support to this view (Corbett, Schoeffler, Thomsen et al. 2005; Schoeffler and Berger 

2005).  Additional biological data are also rationalized by this proposed scenario 

(Germe and Hyrien 2005).   

From a theoretical perspective, we have devised a systematic statistical 

mechanical approach to assess the physical viability of this hooked versus free 

hypothesis (Liu, Zechiedrich, and Chan 2006).  Our outlook and method are “DNA 

juxtaposition-centric.”  Starting with a model of polymer chain conformations, we 

determine the distribution of topological states that are consistent with the existence of a 

preformed juxtaposition.  We can then ascertain how segment passages at various 

juxtaposition geometries alter the topological states of the conformations.   

As a first application of this methodology, we studied the topological states of 

catenation/decatenation (Zechiedrich and Cozzarelli 1995; Zechiedrich, Khodursky, and 
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Cozzarelli 1997) by considering the configurations of two loops (a pair of ring polymers) 

of various sizes.  Using a coarse-grained lattice polymer model, we found that two-loop 

configurations with different juxtaposition geometries can have very different topological 

biases.  In particular, an overwhelming majority of loops with a hooked juxtaposition are 

linked, whereas loops with a free juxtaposition are mostly unlinked.  Consequently, 

segment passages at hooked juxtapositions tend to decatenate.  In contrast, segment 

passages at free juxtapositions tend to catenate.  As such, the topological discriminating 

power of a local juxtaposition is rather striking; and the discrimination remains 

significant even for loops of large sizes.  These quantitative predictions are consistent 

with original estimates (Buck and Zechiedrich 2004), and are potentially critical for the 

applicability of the hypothesis to genome-size DNA.  Physically, the model observations 

imply that different juxtaposition geometries impose different long-range topological 

biases.  Although these biases are stronger for smaller loops than for larger loops, they 

cannot be erased by increasing loop size.  Taken together, these results clearly 

established a statistical mechanical principle in polymer physics governing how local 

juxtaposition geometry is correlated with global topology.  Thus, we have succeeded in 

demonstrating that the hooked versus free hypothesis is viable, at least for the two-loop 

catenation/decatenation case (Liu, Zechiedrich, and Chan 2006), even though the 

detailed manner in which this principle may apply to real DNA molecules remains to be 

elucidated by further experimental and theoretical efforts (Randall, Pettitt, R. et al. 

2006).  Our previous study considered the linking/unlinking of two loops without regard 

to the various knot states of the individual loops (Liu, Zechiedrich, and Chan 2006).  The 

results in that study correspond to conformational properties averaged over all possible 

knotted and unknotted two-loop configurations.  As a natural next step of our 

investigation, and a crucial one for understanding DNA topology, here we apply our 

general approach to address questions of knotting and unknotting (Rybenkov, 

Ullsperger, Vologodskii et al. 1997; Deibler, Rahmati, and Zechiedrich 2001). 

As in our previous study, the present evaluation of the hooked versus free 

hypothesis consists of two main components (Liu, Zechiedrich, and Chan 2006).  In the 

first part of our effort, we determine the conformational populations of various knot 

states under equilibrium conditions.  In particular, we are interested in how the relative 
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equilibrium populations of knot versus unknot are affected by preformed juxtapositions 

of specific geometries.  The methodology for computing the necessary conformational 

statistics is detailed in the next section.  This part of our results provides an 

indispensable foundation for understanding juxtaposition-based topological 

discrimination, but it does not directly address the kinetic effects of type II 

topoisomerase action.  In the second part of our modeling effort, we investigate directly 

the outcomes of topoisomerase-like segment passages at various juxtaposition 

geometries (see below).  These model processes correspond to the ATP-driven activity 

of type II topoisomerases, and therefore implicitly involve an external energy source.  

Therefore, segment passage kinetics at selective juxtaposition geometries can lead to 

nonequilibrium situations, resulting in steady-state population distributions different from 

that at topological equilibrium. 

 

3.2 Model and Methods 

3.2.1 Counting Conformations in Various Knot States 

We use lattice modeling for conformational statistics.  Many of the details of this 

method and its background have been provided before (Liu, Zechiedrich, and Chan 

2006).  In general, lattice modeling is a powerful investigative tool that has long been 

productive in many aspects of polymer physics (Orr 1947; Domb 1969) and 

biomolecular simulation (Taketomi, Ueda, and Go 1975).  In the past two decades, this 

coarse-grained approach has been applied extensively to the study of proteins, (Chan 

and Dill 1989; Chan and Dill 1990; Shakhnovich, Farztdinov, Gutin et al. 1991; Leopold, 

Montal, and Onuchic 1992; Camacho and Thirumalai 1993; Hinds and Levitt 1994; 

Bryngelson, Onuchic, Socci et al. 1995; Shrivastava, Vishveshwara, Cieplak et al. 1995) 

for which topological entanglement appears to be rare (Zarembinski, Kim, Peterson et 

al. 2003; Zhou 2004; Mallam and Jackson 2005; Wagner, Brunzelle, Forest et al. 2005).  

During the same time, lattice models also have been used widely in the study of knots 

and various implications of topological entanglement in polymers, including many 

questions motivated by DNA topology.  These efforts have made important advances 

(Sumners and Whittington 1988; Soteros, Sumners, and Whittington 1992; Orlandini, 
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Tesi, Whittington et al. 1994; Yao, Matsuda, Tsukahara et al. 2001; Moore, Lua, and 

Grosberg 2004; Hua, Nguyen, Raghavan et al. 2005; Szafron and Soteros 2005). 

Here, we consider single-loop (one ring polymer) conformations configured on 

simple cubic lattices.  Each conformation consists of n  beads, and a set of n  bonds 

joining the beads together to form a closed circuit, which can be knotted or unknotted.  

We refer to n  as loop size.  Each conformation is a self-avoiding polygon on the lattice, 

in that no two beads are allowed to occupy the same lattice site.  In this model, every 

conformation is assigned the same statistical weight and thus effectively has the same 

energy, as in many elementary polymer and biomolecular models of conformational 

statistics (Cantor and Schimmel 1980).  We do not consider temperature explicitly 

because the distribution of conformational states in the model is temperature 

independent.  Nonetheless, the assumption of ambient temperature allows 

conformations belonging to the same knot state to interconvert efficiently and establish 

thermodynamic equilibrium.  Future work will augment the basic lattice polymer model 

with bending energies to study, for example, the interplay between persistence length 

and local DNA curvature. 

The topological state (knot versus unknot) of each conformation is determined by 

evaluating the HOMFLY polynomial (Freyd, Yetter, Hoste et al. 1985), using a modified 

version of the algorithm of Jenkinsb (Jenkins 1989).  In addition to Jenkins' algorithm, 

we have also implemented type I and type II Reidemeister moves (Cromwell 2004) to 

simplify each knot diagram before applying Jenkins' dynamic programming approach.  

For our simulations, this added procedure leads to very significant improvements in 

computational efficiency because many trivial crossings in the generated conformations 

can be removed by Reidemeister moves.  We use exact enumeration (Liu, Zechiedrich, 

and Chan 2006) for small loop sizes, n ≤  30, to account exhaustively for all possible 

conformations.  We are primarily interested in whether a conformation is knotted or 

unknottedc, without regard to the topological complexity of the knotted conformations.  It 

should be noted nonetheless that the computed HOMFLY polynomial of a conformation  

                                                 
b
 http://www.burtleburtle.net/bob/knot/thesis.html 

c
 Mathematically, the unknot, which is also called the trivial knot (0 1  in Figure 3.1a), refers to an unknotted circle.  

Accordingly, throughout this chapter, “nontrivial knot” refers to a knotted circle. 
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Figure 3.1.  Examples of Statistical Mechanically Generated Unknot and Knot 
Conformations and Results of Smoothing the Diagrams to Remove Extraneous 

Crossings.  (a) An unknot (01 ) with loop size n  = 26, (b) a right-handed trefoil knot (3 *
1 ) 

with loop size n  = 26, and (c) a 6-noded twist knot (61 ) with loop size n  = 100.  Top: 

Lattice conformations generated by exact enumeration (a, b) or Monte Carlo sampling 
(c).  Middle: Intermediate smoothing diagrams of the conformations.  Highlighted in red 
in each of these conformations is a hooked juxtaposition (Liu, Zechiedrich, and Chan 
2006) (Table 3.1).  Bottom: Minimal diagrams of top and middle for better visualization 
of the knot type.  The KnotPlot program by R. G. Scharein was used in the preparation 
of this figure [http://www.pims.math.ca/knotplot/]. 
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may be used to identify its knot type.  Figure 3.1(a) and (b) provide example 

conformations of different knot types generated by our exact enumeration. In this figure 

and subsequent discussion, we adopt the knot-type notation of Rolfsend (Rolfsen 1976),  

and the customary practice of adding an asterisk ( * ) if a given knot is the mirror image 

of the version in the Rolfsen table. 

To assess the hooked versus free hypothesis in knotting/unknotting, we pay 

special attention to the five 5mer-on-5mer juxtapositions I, IIa, IIb, III, and IV in Table 

3.1.   The hooked (I), free planar (IIa and IIb), and free nonplanar (III) juxtaposition 

geometries are the same as those considered in our two-loop catenation/decatenation 

study (Liu, Zechiedrich, and Chan 2006).  Here, to broaden the analysis, we also 

consider the “half-hooked” juxtaposition (IV), because its geometry may be viewed as 

intermediate between that of the hooked and the free juxtapositions.  Thus, an analysis 

of its properties can serve to elucidate how the topological discrimination power of a 

juxtaposition may depend on a more general measure of “hookedness.” 

Geometrically, the half-hooked juxtaposition (IV) bears resemblance to a 

juxtaposition proposed by Vologodskii (Vologodskii 1998) as the specific local DNA 

geometry before segment passage by a type II topoisomerase.  However, it should be 

noted that the underlying physical picture of this proposed topoisomerase mechanism 

(Rybenkov, Ullsperger, Vologodskii et al. 1997) is different from the Buck-Zechiedrich 

hypothesis (Buck and Zechiedrich 2004) because the curved segment is postulated to 

be actively introduced by the topoisomerase, rather than a pre-existing feature 

recognized by the enzyme.  This will be discussed further below. 

Looking beyond lattice model studies, we note that continuum (off-lattice) 

juxtaposition geometries may be classified using parameters constructed from generally 

defined geometric properties such as tangent and curvature vectors of the pair of 

segments constituting the juxtaposition (Buck and Zechiedrich 2004; Liu, Zechiedrich, 

and Chan 2006) (see below).  For example, a recent atomic model study has 

investigated several hooked DNA juxtapositions with different segment curvatures 

(Randall, Pettitt, R. et al. 2006).  Naturally, the likelihood of the occurrence of various 

juxtapositions in real DNA conformations as well as their topological discrimination  

                                                 
d
 http://www.math.toronto.edu/~drorbn/KAtlas/Knots/index.html 
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Table 3.1.  Number of One-loop Conformations with a Preformed Juxtaposition, as a 
Function of Inter-segment Lengths n1, n2, Loop Size n, and the Knot Type, K , of the 
Conformation.  We consider in detail 5mer-on-5mer hooked (I), free (planar) (IIa) and 
(IIb), free (nonplanar) III, and half-hooked (IV) juxtapositions configured on the simple 
cubic lattice.  The four endpoints of each juxtaposition are joined by self-avoiding lattice 
chains (represented by dashed curves) to complete a single-loop conformation; n1 and 
n2 are the lengths (numbers of beads) of the two connecting chains.  For the free planar 
juxtaposition the endpoints may be joined by either of two non-symmetric connections 
yielding the juxtapositions IIa and IIb.  Besides the free planar juxtaposition, each 
juxtaposition in this table consists of a single crossing.  Following the sign convention of 
crossings in oriented knot diagrams, the crossing within juxtapositions I, III, and IV can 
be either positive (+) or negative (−).  As the present study investigates interconversions 
between knot and unknot irrespective of nontrivial knot types, it is sufficient to consider 
only positive juxtapositions I, III, and IV, because, by symmetry, our main results are 
identical for the corresponding negative juxtapositions, as we have verified by explicit 
enumeration using juxtapositions of both signs for several loop sizes.  For all 
juxtapositions considered in this work, the middle positions (beads) of the two segments 
making up the juxtaposition are nearest lattice neighbors, as highlighted by the dotted 
lines for the examples shown.  The tabulated numbers are obtained by exact 
enumeration on simple cubic lattices.  Each count corresponds to the number of self-
avoiding polygons consistent with the existence of the given juxtaposition at a fixed 
position and orientation.  The counts do not include any translational, rotational, or 

inversion transformation of the starting juxtaposition.  In addition to the unknot (01 ), both 

chiralities of the trefoil knot (31  and 3 *
1 ), and the figure eight knot (41 ) are encountered 

by the enumeration reported in this table.  The numbers of beads n1 and n2 of the two 
connecting chains are related by n = n1 + n2 + n(j), where n(j) is the number of beads in 
the juxtaposition; n(j) = 10 for I, IIa, IIb, III, and IV.  Because of the geometric symmetry 
of these juxtapositions, the conformational count for n1 is identical to that for n - n(j) - n1.  
Thus, only counts for n1 = 2, 4, . . ., (n - n (j))/2 are provided. 
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n1
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n2

I

n1

n2

 IIa

n1

n2

IIb

+

n1

n2

III

+

n1

n2

IV

n1, n2, n K 01 3∗
1

01 01 3∗
1

31 01 31 01 3∗
1

41

2, 2, 14 1 0 0 0 0 0 0 0 1 0 0

2, 4, 16 10 0 0 0 0 0 0 0 17 0 0

2, 6, 18 143 0 0 0 0 0 0 0 243 0 0

4, 4, 18 100 0 9 0 0 0 1 0 288 0 0

2, 8, 20 2290 0 0 0 0 0 0 0 3682 0 0

4, 6, 20 1428 0 354 0 0 0 60 0 4089 0 0

2, 10, 22 38111 0 0 0 0 0 0 0 59466 0 0

4, 8, 22 22812 0 7493 0 0 0 1546 0 61590 0 0

6, 6, 22 20175 0 13436 624 0 0 3478 0 57813 0 0

2, 12, 24 657334 0 0 0 0 0 0 0 1003092 0 0

4, 10, 24 378254 0 142017 0 0 0 31908 0 989212 0 0

6, 8, 24 319528 0 282778 19828 0 0 88558 0 867176 0 0

2, 14, 26 11667855 0 0 0 0 0 0 0 17484352 0 0

4, 12, 26 6495772 0 2627920 0 0 0 625173 0 16607211 96 0

6, 10, 26 5262002 105 5345982 485540 0 0 1812878 0 13874847 291 0

8, 8, 26 5023674 130 5933887 584866 0 0 2246453 0 12962184 162 0

2, 16, 28 211886974 0 0 0 0 0 0 0 312738002 0 0

4, 14, 28 114782354 0 48679426 0 0 0 12091399 0 288308860 4342 0

6, 12, 28 89831165 3332 98701012 10810926 0 0 35265020 0 232127286 14035 0

8, 10, 28 82247146 11270 111913553 13720982 0 0 45819223 0 206760342 12579 0

2, 18, 30 3920086368 0 0 0 0 0 0 0 5711791453 0 0

4, 16, 30 2075378380 0 909145466 0 0 0 233679565 0 5139175837 128615 0

6, 14, 30 1579082383 76848 1824257238 230558376 0 0 677871866 0 4017108690 419922 17

8, 12, 30 1397138914 356412 2061511670 297822258 40 40 888025330 48 3449645239 481017 3

10, 10, 30 1340156561 608656 2106406237 311491500 0 0 931698623 0 3289516656 487539 0
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power would be affected by local and global persistence lengths and other aspects of 

DNA conformational energetics.  The impact of these physical factors on our proposed 

topoisomerase mechanism remains to be ascertained in future work. 

As stated above, the starting point of our analysis is a preformed juxtaposition.  

In this respect, our methodology is distinct, yet complementary to other coarse-grained 

modeling investigations of polymer entanglement (Saito and Chen 1973; Chen 1981; 

Sumners and Whittington 1988; Koniaris and Muthukumar 1991; Soteros, Sumners, and 

Whittington 1992; Orlandini, Tesi, Whittington et al. 1994; Huang and Lai 2001; Yao, 

Matsuda, Tsukahara et al. 2001; Lai 2002; Dobay, Dubochet, Millett et al. 2003; Buck 

and Rawdon 2004; Flammini, Maritan, and Stasiak 2004; Moore, Lua, and Grosberg 

2004; Hua, Nguyen, Raghavan et al. 2005; Sheng, Wu, Lai et al. 2005; Szafron and 

Soteros 2005; Micheletti, Marenduzzo, Orlandini et al. 2006).  Here, for a range of small 

loop sizes, Table 3.1 gives the exact numbers of conformations that resulted from each 

of these five preformed juxtapositions.  Each count in the table corresponds to the 

number of one-loop conformations with at least one instance of the given juxtaposition.   

These exact counts are obtained by “growing” from an end of one of the two segments 

within a preformed juxtaposition, and the growing chain is constrained to join to one end 

of the other segment as required by the orientation induced by either the sign (for I, III,  

and IV) or segment directions (for IIa and IIb) of the juxtaposition (Table 3.1).  For 

juxtapositions I, III, and IV, we consider only juxtapositions with a positive crossing. In 

these three cases, the requirement of a positive crossing mandates how the growing 

chain connects to the other segment.  In the case of juxtapositions IIa and IIb, there is 

no crossing, but there are two distinct ways (a and b) for the growing chain to connect to 

the other segment. 

Conformations of larger loops are generated by Monte Carlo sampling.  Our 

simulation procedure combines the Madras et al. (MOS) (Madras, Orlitsky, and Shepp 

1990) and BFACF (Berg and Foerster 1981; de Carvalho, Caracciolo, and Frohlich 

1983) algorithms.  We have demonstrated that the MOS algorithm is efficient for 

sampling two-loop configurations with a preformed juxtaposition between the loops (Liu, 

Zechiedrich, and Chan 2006).  However, for the present one-loop system, MOS is 

insufficient to sample all possible conformations because the MOS chain moves do not 
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change the lengths of the connecting chains ( 1n , 2n  in Table 3.1), but conformations 

with different ( 1n , 2n ) values can be consistent with a given juxtaposition.  To overcome 

this problem, we now also include the BFACF chain move (Berg and Foerster 1981; de 

Carvalho, Caracciolo, and Frohlich 1983) that changes loop size (number of beads) by 

2.  With this additional move, variation of ( 1n , 2n ) can be realized by first shortening one 

of the connecting chains, resulting in, for example, ( −1n 2, 2n ).  In a subsequent step, 

the other connecting chain can be elongated, which would then result in ( −1n 2, +2n 2).  

We further restrict the procedure so that it only samples conformations of specific loop 

sizes: for any loop size n  we choose to study, BFACF moves that lead to a larger loop  

size are forbidden when the loop size is n , and BFACF moves that lead to a smaller 

loop size are forbidden when the loop size is −n 2.  Hence, only loop sizes n  and −n 2 

are sampled by our algorithm, and conformational/topological properties of interest can 

be computed separately for n  and −n 2.  The above described combination of MOS 

and BFACF moves achieves ergodicity in our simulation. 

With the BFACF move in place, our overall Monte Carlo procedure, which 

maintains detailed balance (an unbiased conformational exploration), is as follows.  

Starting with any one-loop conformation, a stochastic decision is first made to use either 

the BFACF move or the MOS moves.  Let the probability of choosing the BFACF move 

be np −( 2) if loop size = n , and 2−np ( + 2) if loop size = −n 2.  The corresponding 

probabilities of choosing the MOS moves are, respectively, 1 np− −( 2) or 1 2−
− np ( + 2).  

If a decision to use MOS is made, a pair of beads within the same connecting chain, as 

well as the two endpoints of the juxtaposition segments attached to the given 

connecting chain, are chosen randomly with uniform probability, and the same MOS 

procedure as described in our previous study (Liu, Zechiedrich, and Chan 2006) is 

applied to generate a putative new conformation.  If a decision to use BFACF is made, a 

bead position, i , is chosen randomly with uniform probability, irrespective of whether 

the bead is part of the preformed juxtaposition.  Then, to generate a putative new 

conformation, if loop size = n , a BFACF move is used to delete two beads between i  

and i + 3; if loop size = −n 2, a BFACF move is used to add two extra beads between i  

and +i 1 with uniform probability for the four possible pairs of lattice positions for the 
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extra beads.  After a putative conformation is produced from either the MOS or BFACF 

move, that move is accepted if the new conformation does not violate excluded volume  

and does not alter the preformed juxtaposition.  Otherwise, the move is rejected and the 

original unchanged conformation contributes one more time to the sample. 

The procedure described above was carried out for a wide range of loop sizes 

(from n  = 20 to n  = 500), with various preformed juxtapositions, using −(np 2) = 

+
−

(2np 2) = 0.01.  Our BFACF sampling is efficient.  For the largest loop size we have 

simulated ( n  = 500), the ratios of the number of accepted BFACF moves (transitions 

between loop sizes n  and −n 2) to the total number of attempted BFACF moves were 

~0.145, 0.156, 0.158, 0.157, and 0.157, respectively, for the hooked (I), free planar (IIa 

and IIb), free nonplanar (III), and half-hooked (IV) juxtapositions.  A representative 

knotted conformation generated by this Monte Carlo procedure is given in Figure 3.1(c).  

Although the Monte Carlo procedure – unlike exact enumeration – is not exhaustive, a 

wide range of knot states was sampled.  For example, the number of different HOMFLY 

polynomials (knot types) encountered in our n  = 500 simulation is 24 when no 

juxtaposition was preformed.  The corresponding number of knot types sampled 

(Soteros, Sumners, and Whittington 1992), is much higher for n  = 500 loops with a 

preformed hooked juxtaposition (I). 

We have performed a self-consistency check by verifying that results from Monte 

Carlo sampling of small loops are in excellent agreement with results from exact 

enumeration.  To check that the HOMFLY knot/unknot determination algorithm was 

implemented correctly, we have chosen >150 conformations of various loop sizes and 

verified, by visual inspection, that conformations determined to have HOMFLY 

polynomials ),( mlP  = 1 are unknotted, and those determined to have ),( mlP  ≠ 1 are 

knotted.  Further checking was conducted by evaluating the Alexander polynomials 

(Alexander 1928) for ~7,000 of the generated conformations using the algorithm of 

Harris and Harveye (Harris and Harvey 1999).  For our diverse set of conformations, we 

verified that the knot types determined by the HOMFLY algorithm are consistent with 

                                                 
e
 http://rumour.biology.gatech.edu/Publications/1998-2000.shtml 
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that determined by the Alexander polynomial algorithm, aside from the fact that the 

Alexander polynomial cannot distinguish a knot from its mirror image. 

 

3.3 Results 

3.3.1 Conformational Counts and Knot Probabilities 

We begin by examining the effects of various preformed juxtapositions on the 

probability, Kp , that a one-loop conformation is knotted.  For unconstrained one-loop 

conformations, it has long been known that Kp  increases with loop size (Vologodskii, 

Lukashin, Frank-Kamenetskii et al. 1974; Sumners and Whittington 1988).  

Experimental results agree (Rybenkov, Ullsperger, Vologodskii et al. 1997; 

Podtelezhnikov, Cozzarelli, and Vologodskii 1999).  For self-avoiding but otherwise 

unconstrained loops configured on the simple cubic lattice, n  = 24 is the minimum loop 

size that allows a knot (a trefoil) to be formed (Diao 1993).  Consistent with the general 

trend, the exact counts in Table 3.1 show that, for small loops, the fractions of 

conformations that are knotted are very small.   However, although Kp  is small for all 

five preformed juxtaposition geometries considered, the differences in Kp  among them 

are striking.  Take n  = 30 for example, after summing up conformational counts for all 

possible 1n , 2n , the knot probability jKp |  conditioned upon a given preformed 

juxtaposition j  are IKp |   =  1,475,176/19,285,003,827  =  7.6 ×  10-5, IIaKp |  = 0, IIbKp |   

=  160/1,368,252,928  =  1.2 ×  10−7, IIIKp |   =  96/4,530,852, 241  =  2. 1 ×  10 − 8, and 

IVKp |   =  2,546,687/39,927,505,781  =  6.4 ×  10−5.  In other words, for this loop size, if 

a hooked (I) or half-hooked (IV) juxtaposition is observed, the conditional probability that 

the underlying conformation is knotted is at least two to three orders of magnitude 

higher than that if one of the free juxtapositions (IIa, IIb, III) is observed instead.  This 

behavior implies that substantial topological information regarding knotting is embodied 

in local juxtaposition geometry.  It points to the likelihood that segment passages at 

specific juxtaposition geometries can lead to significant topological biases.  Intuitively, 

segment passage at a hooked juxtaposition (I) would result in a free nonplanar 

juxtaposition (III), and vice versa.  Thus, the lower jKp |  for loops with a juxtaposition III 
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than that with a juxtaposition I suggests that segment passage at a hooked juxtaposition 

would tend to unknot. 

Figure 3.2 shows knot probabilities over a wider range of loop sizes for 

unconstrained loops (without preformed juxtapositions) and for loops with preformed 

juxtapositions: hooked (I), free planar (IIa, IIb), free nonplanar (III), or half-hooked (IV).  

For n  = 500 unconstrained loops, Kp  = 0.00174, which agrees with the previously 

determined value of 0.00151 ±  0.00028 (Yao, Matsuda, Tsukahara et al. 2001).  The 

knot probability for loops with a hooked juxtaposition (I) is higher than that with a half-

hooked juxtaposition (IV) (for example, IKp |  = 0.0139 and IVKp |  = 0.00683 for n  = 

500), even though the half-hooked juxtaposition generates more knots and samples 

more knot types for small loops (Table 3.1).  The most likely explanation for the 

increased number of knots and increased knot complexity is that the half-hooked 

juxtaposition places less restriction on conformational freedom. 

From our perspective, the most important message from Figure 3.2 is that knot 

probability of loops with either a hooked or a half-hooked juxtaposition is significantly 

higher than that with any one of the free juxtapositions, which is similar to the 

unconstrained case.  This topological discriminating power of the juxtapositions is most 

prominent for smaller loop sizes.  As anticipated (Buck and Zechiedrich 2004; Liu, 

Zechiedrich, and Chan 2006), the effect diminishes somewhat for larger loops, but it 

remains significant for loops as large as n  = 500. 

Intuitively, the topological bias resulting from preformed juxtapositions may be 

understood as follows.  If one considers a preformed hooked juxtaposition, it is quite 

obvious that the intertwining of the two segments of the hooked juxtaposition tends to 

increase the probability of entanglement.  If the loop size is small, this bias is strong 

because total loop length is insufficient for the chains emanating from the preformed 

juxtaposition to both “turn around” to undo the initial topological bias and at the same 

time close the loop to form a ring polymer.  The trend resulting from this severe 

constraint is clear from the exact enumeration data in Table 3.1.  For larger loops, it is 

possible for the chains emanating from the preformed juxtaposition to accomplish both.  

This accounts for the fact that the corresponding topological biases are less prominent 

than that for smaller loops.  Nonetheless, no matter how long the total loop length,  
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Figure 3.2. Dependence of Knot Probability, jp |K , on Loop Size n, for Conformations 

with a Preformed Hooked (I, ●), Free Planar (IIa, ▲; or IIb, ◊), Free Nonplanar (III, ■), or 

Half-hooked (IV, ♦) Juxtaposition.  Corresponding knot probabilities, Kp , for loops with 

no preformed juxtaposition, or unconstrained (○), are included for comparison.  Exact 
enumeration was used for juxtapositions I, IIa, IIb, III, and IV for n  ≤ 30, and also IIb for 
n  = 32, and for unconstrained loops for n  ≤ 20.  Knot probabilities for larger n  values 
were computed by Monte Carlo sampling, with the number of attempted chain moves 
for each datapoint varying from 6×109 to 2×1010. 
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several bond and torsion angles have to be restricted before the chains can establish 

new growing points that are essentially free of the constraining effects of the preformed  

juxtaposition.  Thus, conformational entropy would be lost.  This consideration suggests 

that no matter how large the loop size, the topological biases of certain preformed 

juxtapositions cannot be entirely abolished, a trend that appears to have been borne out 

in the data shown in Figure 3.2. 

 

3.3.2 Juxtaposition Geometries and Knot/Unknot Discrimination 

The trend in Figure 3.2 may be understood in a wider context by considering all 

possible 5mer-on-5mer juxtapositions and by characterizing juxtaposition geometries, 

as done previously (Liu, Zechiedrich, and Chan 2006), using the dot (scalar) product 

21 NN
��

⋅  of the curvature vectors 21  , NN
��

 of the two segments that comprise a given 

juxtaposition, and what we call the “hook parameter” H  defined by: 

 212121  rNrNH
����

⋅+⋅=  (3.1) 

where 12r
�

, 21r
�

 are the vectors between the two central positions of the two segments of 

the juxtaposition (Figure 3.3a).  Our choice of using 5mer-on-5mer juxtapositions 

represents a practical balance between two modeling requirements: computational 

tractability and a sufficient coverage of subtle geometrical effects that can only be 

captured by lattice chain segments with more beads.  By construction, the sign of H  

depends on whether the two segments of the juxtaposition are hooked towards each 

other ( H > 0) or curved away from each other ( H < 0), such that H  may be viewed as a 

measure of the hookedness of the juxtaposition.  The correspondence is particularly 

apparent when the curvature vectors 1N
�

 and 2N
�

 are pointing away from each other 

( 21 NN
��

⋅ < 0).  In that case, when the two segments are intertwined like a hook, the 

curvature vector 1N
�

 of the first segment tends to be aligned positively with the direction 

of the vector 12r
�

 from the central bead of the first segment to the central bead of the 

second segment, resulting in a positive value for the dot product 121 rN
��

⋅  [first term in 

equation (3.1)].  The same consideration applies to the curvature vector 2N
�

 of the 

second segment and the vector 21r
�

 [second term in equation (3.1)].  Thus, an intuitive  
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Figure 3.3. (a) Schematic of an Analytical Description of Juxtaposition Geometry.  1N

�
 

and 2N
�

 are the curvature vectors of the two chain segments that make up a given 

juxtaposition, while )( 2112 rr
��

−=  is the vector between the central positions 

of the two segments (Liu, Zechiedrich, and Chan 2006).  (b, c) Correlation between 
global knot/unknot topology and local juxtaposition geometry.  The knot/unknot 

discrimination factor, Kf , of all 5,899 possible 5mer-on-5mer juxtapositions for loop size 

n  = 100 was determined by Monte Carlo simulations using 1×108 attempted chain 

moves for each datapoint.  (b) Scatter plots for 21 NN
��

⋅ , where (○) and (●) represent, 

respectively, juxtapositions with H  ≥ 0 and H  < 0.  (c) Scatter plots for H , where (○) 

and (●) represent, respectively, juxtapositions with 21 NN
��

⋅ ≥  0 and 21 NN
��

⋅  < 0.  Large 

squares with arrows marked by I, IIa, IIb, III, and IV are, respectively, Kf  values for the 

hooked juxtaposition, the three free juxtapositions, and the half-hooked juxtaposition in 
Table 3.1. 
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sense of hookedness clearly increases for more positive values of H , with the hooked 

juxtaposition (I) reaching the maximum value of H  = 2.  By a similar consideration, it  

can be seen that more negative values of H , on the other hand, are associated with 

increasing geometric similarity to the free juxtapositions IIa, IIb, or III, which take the 

minimum value of H  = −2 (Liu, Zechiedrich, and Chan 2006). 

A total of 2,982 distinguishable 5mer-on-5mer juxtapositions were considered for 

the two-loop study (Liu, Zechiedrich, and Chan 2006).  The count of distinguishable 

5mer-on-5mer juxtapositions in the present study of one-loop conformations is different 

from that of two-loop conformations.  For two-loop catenation/decatenation, the two 

segments belong to two different loops.  In that case, the contour direction of each 

segment can be reversed without affecting the connectivity pattern.  Thus, 

juxtapositions related by reversing the contour direction of one but not both segments 

were taken to be equivalent. In contrast, one-segment reversals in the one-loop case 

have to be treated as intrinsically distinct because they represent different connectivity 

patterns, as exemplified by the different knot probabilities for juxtapositions IIa and IIb 

(Table 3.1).  It follows that the number of distinguishable juxtapositions should be 

approximately double that in the two-loop study.  The number of 5mer-on-5mer 

juxtapositions on the simple cubic lattice that cannot be transformed into one another by 

translation, rotation, inversion, swapping of the two segments, or reversing the contour 

directions of both segments is 5,899.  This number is very nearly 2×2,982 = 5,964.  The 

two numbers are not exactly equal because, for a small number of highly symmetric 

juxtapositions such as juxtapositions I and III, reversing the contour direction of one, but 

not the other segment only yields an equivalence of the original juxtaposition. 

Figure 3.3b and c examines the knot/unknot discrimination factor, Kf , of all 5,899 

5mer-on-5mer juxtapositions.  Similar to the linked/unlinked discrimination factor, Lf , 

we defined previously (Liu, Zechiedrich, and Chan 2006), the factor Kf  = ( jp |K )/( jp |U ) 

= ( jp |K )/(1 jp |K− ) is the ratio of knot to unknot probabilities.  It quantifies the 

information encapsulated in a local juxtaposition j  about the global knot/unknot state of 

the entire one-loop conformation.  Similar to the corresponding results in the 

catenation/decatenation study (Figure 9 of Liu et al. (Liu, Zechiedrich, and Chan 2006)), 
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the scatter plots in Figure 3.3 provide the variation of Kf  with respect to the geometrical 

characteristics of a juxtaposition.  Figure 3.3 shows that even for a relatively large loop 

size n  = 100, the variation of Kf  is extensive.  Although all Kf  values plotted are small 

(�1) because knot probabilities are generally low for the loop sizes we have examined 

(Figure 3.2), the Kf  values for different juxtapositions can differ by more than two 

orders of magnitude, indicating that local juxtaposition geometry provides significant 

discrimination about whether the conformation is globally knotted. 

The diversity in Kf  decreases with increasing absolute value of 21 NN
��

⋅ , except 

for a few 21 NN
��

⋅ < 0; H ≥  0 juxtapositions (open circles in Figure 3.3b).  The spread 

increases with H  (Figure 3.3c).  The minimum Kf  value is not sensitive to either 21 NN
��

⋅  

(Figure 3.3b) or H  (Figure 3.3c).  Notably, however, the maximum Kf  value is strongly 

correlated with the hook parameter H .  Generalizing the trends in Figure 3.2, higher 

knot probabilities are seen here as associated with juxtaposition geometries with 

positive hookedness ( H > 0) and curvature vectors that tend to point away from each 

other ( 21 NN
��

⋅ ≤  0).  The hooked juxtaposition (I) and the free nonplanar juxtaposition 

(III) are either at or near the two extremes of the spectrum of Kf  values.  Consistent 

with the knot probability trend discussed above, the Kf  value for III is lower than that of 

the free planar juxtaposition (IIb), but is higher than that of the free planar juxtaposition 

(IIa).  As expected from its half-hooked geometry and consistent with Figure 3.2, the 

behavior of juxtaposition IV is intermediate between that of the hooked and free 

juxtapositions. 

 

3.3.3 Segment Passage and Steady-state Distribution of Topoisomers 

The strong dependence of a juxtaposition's topological biases on its geometry, 

under equilibrium conditions considered above, suggests that the outcome of segment 

passage at juxtapositions with different geometries could also be different.  Now, to 

study directly the nonequilibrium kinetics of type II topoisomerase-like unknotting, we 

analyze segment passages at juxtapositions of various geometries.  We use “virtual”  
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Figure 3.4. Modeling Nonequilibrium Kinetic Effects of Segment Passage.  (a)–(d) 
Virtual segment passage at various juxtapositions.  The transformations depicted here 
mimic type II topoisomerase activity, and thus require energy input implicitly.  These 
local conformational changes are distinct from, and not part of the chain moves used in 
the Monte Carlo equilibrium sampling.  In (a)–(d), beads on the two segments of a 
juxtapositions are depicted as open circles and solid dots for clarity.  Left: Examples of 
original juxtaposition geometries before segment passage.  Right: Corresponding 
juxtaposition geometries after virtual segment passage.  Middle: Projection of the 
juxtaposition before segment passage in the left-pointing direction indicated by the 
hollow arrow.  The middle projection is identical with that of the juxtaposition after 
segment passage in the right-pointing direction indicated by the solid arrow.  For 
juxtaposition I in (a), virtual segment passage may be defined as exchanging the central 
bead in each of the two segments.  For the juxtapositions in (b) and (c), virtual segment 
passage is defined as swapping the positions, respectively, of two and three inside 
beads in each of the two segments.  There is one, and only one, crossing in the 
projection diagram in each of the examples in (a), (b), and (c).  The sign of this crossing 
changes upon virtual segment passage.  However, for the example in (d), which 
represents both juxtaposition IIa and IIb, there is no crossing in the projection diagram 
and, thus, virtual segment passage is not allowed.  It may be noted that the schematic 
drawings of juxtaposition configurations after segment passage (Right) resemble 
conformations in certain bond fluctuating models (Huang and Lai 2001), but not that in 
our simple cubic lattice model.  This illustrative feature is of no concern to our analysis 
(Liu, Zechiedrich, and Chan 2006) because these segment-passage operations are only 
virtual (see the text).  (e) Schematic for the analysis of the change in steady state 
knot/unknot population ratio as a result of segment passage at a given juxtaposition.  
The total population of knot and unknot conformations are represented by the left and 
right big circles.  Flow between the two topologically distinct populations (thick, solid 
arrows) is assumed to be possible only via segment passages at a given juxtaposition 
geometry j  (illustrated by hooked juxtapositions, in red).  Accordingly, the flow can only 

occur for a subpopulation )(
K

jP  of the knot conformations and a subpopulation )(
U

jP  of 

the unknot conformations, which are separated schematically from the rest by dotted 
demarcations.  Conformations may interconvert freely within the knot population 
(increasing or decreasing knot complexity) and likewise within the unknot population (as 
indicated by the dotted arrows), such that the fractions of conformations with the 

juxtaposition j  in these two populations, K
)(

K
)(

K / PPc jj
=  and U

)(
U

)(
U / PPc jj

= , are constants.  

Segment passages can also leave the knot state of a conformation unchanged (large 
hollow arrows); the corresponding knot to knot and unknot to unknot transition 

probabilities are denoted by )(
KK

jT →  and )(
UU

jT → . 
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segment passage operations (Liu, Zechiedrich, and Chan 2006) to change the sign of a 

crossing.  The procedure is depicted schematically in Figure 3.4.  These hypothetical  

operations are designed to change the local geometry of the juxtaposition while leaving 

the rest of the conformation and its overall shape intact.  One possible way to achieve 

this, as introduced in our previous study (Liu, Zechiedrich, and Chan 2006), is to swap 

the positions of the two center beads, one on each of the two segments of a 

juxtaposition, and subsequently reroute the chain through the pair of exchanged 

positions, as in Figure 3.4a.  Here, to cover a broader range of possible local actions of 

a type II topoisomerase, we consider a generalization of this procedure, whereby a 

segment passage is defined by changing the sign of the crossing of a juxtaposition, 

provided the juxtaposition has a crossing.  This generalized procedure includes the 

previously defined operation of swapping only one bead from each segment, but it can 

also entail swapping the positions of two or three (but not more) beads on each 

segment, which effectively changes the positions of four or six beads (Figure 3.4b and 

c).  We refer to these segment-passage operations as virtual because they are only 

executed conceptually to calculate the resulting change, or lack thereof, of the knot 

state of the conformation, without our being concerned that the product conformation is 

not configured entirely on the simple cubic lattice.  We simply invert juxtapositions to 

determine the global topological outcome, which may, in theory, mimic type II 

topoisomerase activity. 

Not all juxtaposition geometries in our model can undergo type II topoisomerase-

like segment passages.  Many lattice juxtapositions lack a crossing, because substantial 

fractions of the two segments are parallel or lying on the same plane (Liu, Zechiedrich, 

and Chan 2006).  As a result, they do not permit virtual segment passage operations 

(Figure 3.4d).  Among the 5,899 5mer-on-5mer juxtapositions, 680 have a crossing that 

can undergo segment passage.  Out of these 680 juxtapositions, 175 can undergo 

segment passage by swapping two beads, one bead from each segment of the 

juxtaposition (Figure 3.4a), whereas 505 juxtapositions can undergo segment passage 

by swapping four or six beads (Figure 3.4b and c).  Hence, in the discussion below, for 

the purpose of exploring ramifications of our model predictions for type II topoisomerase 

action, we focus only on these two restricted sets of juxtapositions. 
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Type II topoisomerases can drive the DNA conformational ensemble away from 

equilibrium (Vologodskii 1998; Vologodskii, Zhang, Rybenkov et al. 2001) if their action 

is sensitive to DNA local geometry such that segment passage is effected only at one 

particular juxtaposition geometry (or a selective set of juxtaposition geometries), but not 

others.  In other words, local geometric selectivity of type II topoisomerases can result in 

a shift in the steady-state knot/unknot conformational distribution, and their ATP-driven 

enzymatic action can maintain a distribution different from that at a topological 

equilibrium. 

We now model scenarios of enzymatic kinetics in which segment passage is only 

allowed at one particular juxtaposition geometry.  Our goal is to determine how the 

resulting segment passage-induced change in the relative knot/unknot population 

depends upon juxtaposition geometry.  Figure 3.4e summarizes our formulation.  It 

shows the kinetic connectivities among various topological states (which pairs of states 

can interconvert directly) and how their populations are governed by a set of transition 

rates.  This modeling approach to population dynamics is often referred to as a master 

equation method (Pathria 1980; Chan and Dill 1993).  Here, we use KP  and UP  to 

represent, respectively, the knot and unknot conformational populations.  Under the 

condition that these populations can only be changed by segment passages at a 

specific juxtaposition geometry, j , and the simplifying assumption that the rate directly) 

and how their populations are governed by a set of transition rates.  This modeling 

approach to population dynamics is often referred to as a master equation method 

(Pathria 1980; Chan and Dill 1993).  Here, we use KP  and UP  to represent, respectively, 

the knot and unknot conformational populations.  Under the condition that these 

populations can only be changed by segment passages at a specific juxtaposition 

geometry, j , and the simplifying assumption that the rate of segment passage is 

independent of the position of the juxtaposition and overall loop conformation, the rate 

of change of KP  with respect to time, t , is given by:   

 ( ))(
UK

)(
K

)(
KU

)(
U

K

d

d jjjj TPTPb
t

P
→→ −=  (3.2) 
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where )(

U

j
P  and )(

K

jP  are, respectively, the unknot and knot conformational populations 

with at least one instance of juxtaposition j  in each conformation.  The quantity )(

KU

j
T

→
 is 

the transition probability that, given that the initial conformation is an unknot, segment 

passage at the juxtaposition changes it to a knot; similarly, )(

UK

j
T

→
 is the transition 

probability that, given that the initial conformation is a knot, segment passage at the 

juxtaposition changes it to an unknot; and b > 0 is a constant that sets the time scale of 

our model system and effectively converts these transition probabilities to transition 

rates.  Equation (3.2) states that the rate of change of total knot population (left side) is 

equal to the rate of gain in knot population from unknot population (first term on the right 

side) minus the rate of loss in knot population to unknot population (second term on the 

right side).  Because of population conservation, UK PP +  is constant.  Thus, once a 

solution for KP  is obtained from equation (3.2), UP  is also known. 

Assuming that unknot and knot conformations can, within their separate 

ensembles, equilibrate thermally (Figure 3.4 and discussion belowf), the unknot and 

knot populations with at least one juxtaposition j  are, respectively, given by U

)(

U Pc
j  and 

K

)(

K Pc j .  Equation (3.2) may then be rewritten as:      

 ( ))(

UK

)(

K

)(

KU

)(

U
K

d

d jjjj
TcTcb

t

P
→→

−=  (3.3) 

Because the steady-state unknot and knot populations, stU )(P  and stK )(P , respectively, 

satisfy the equation: tP d/d K  = 0, it follows from equation (3.3) that:      

 )(

UKstK

)(

K

)(

KUstU

)(

U )()( jjjj
TPcTPc

→→
=  (3.4) 

The terms in the above expression, equation (3.4), are readily related to 

quantities obtained from our model computation.  Using the methods described above, 

our juxtaposition-centric simulations determine directly the probabilities of knot to unknot 

and unknot to knot transition via segment passage at a given juxtaposition geometry.  

                                                 
f
 The present treatment assumes a finite temperature.  Physically, equation (3.2) assumes that thermal equilibration 

of conformations within the knot or unknot state is fast compared to the rate of type II topoisomerase-mediated 

segment passage.  Transitions between the knot and unknot states can only be achieved by type II topoisomerase-

mediated segment passage, i.e., there is no thermal equilibration between the knot and unknot states. 
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Let these directly simulated probabilities, which are normalized by all segment-passage 

events, be denoted, respectively, by � )(

UK

j

→
 and � )(

KU

j

→
.  By definition: 

 
eqK

)(

K

)(

UK

eq

)(

K

)(

UK)(

UK
)()( PcP

T
j

j

j

j
j →→

→
==  (3.5) 

where eq

j
P )( )(

K  and eqP )( K  are, respectively, the knot population under conditions of 

topological equilibrium with and without the constraint of having at least one instance of 

the given juxtaposition geometry j .  In equation (3.5), these quantities are normalized 

by the total knot and unknot population, thus they correspond, respectively, to the jp |K  

and Kp  values in Figure 3.2 with and without the constraint of a preformed juxtaposition.  

A similar equation applies for the KU →  transitiong. 

Hence, combining equation (3.4) and equation (3.5): 

 
eqK

eqU

K

stK

stU

)(

)(

)(

)(

P

P
R

P

P
=  (3.6) 

where 

   
)(

KU

)(

UK
K j

j

R
→

→=  (3.7) 

is the knot reduction factor that depends on juxtaposition geometry ( j ).  This factor 

quantifies how much the steady-state unknot/knot population ratio is increased by 

segment passages relative to the corresponding equilibrium ratio, and can be compared 

with experimental measurements (Rybenkov, Ullsperger, Vologodskii et al. 1997).  It is 

noteworthy that factors of )(

U

j
c , and of )(

K

jc , cancel in equation (3.6), such that the knot 

reduction factor can be obtained in our formulation without knowledge of the equilibrium 

unknot/knot population ratio eqKeqU )/()( PP . 

We should point out that the above formulation is an approximation in the sense 

that segment passage-induced transitions between trefoils and more complex knot 

                                                 
g
 It is important to note that although the conformational enumeration and Monte Carlo sampling part of our 

computation in obtaining �
)(

UK

j

→
 and �

)(

KU

j

→
 was conducted under conditions of topological equilibrium, the 

transition probabilities 
)(

UK

j
T

→
 and 

)(

KU

j
T

→
 in equation (3.5) are generally applicable and independent of any 

assumption of topological equilibrium.  By definition, these quantities involve averaging over conformations only 

within the knot state (
)(

UK

j
T

→
) or only within the unknot state (

)(

KU

j
T

→
), but not both. 

���   �              � 

���   �  

������ 
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types in the KP  ensemble are not taken into consideration in the determination of KR , 

because our treatment entails only a binary choice between an unknot state and a knot 

state.  In principle, juxtaposition-mediated transitions between different nontrivial knot 

types can be modeled by a general master equation formalism that accounts for more 

than two conformational states (Pathria 1980; Chan and Dill 1993).  Nonetheless, we 

have taken a simpler approach because ~97% of nontrivial knots are trefoils in 

conformations without a preformed juxtaposition for the largest loop size n  = 500 in the 

present study.  Topological complexity is higher among n  = 500 knotted loops with a 

preformed hooked juxtaposition (I); but still ~91% are trefoils.  The corresponding trefoil 

percentages are even higher for smaller loop sizes (Table 3.1). 

 

3.3.4 Juxtaposition-driven Topological Transitions and Knot Reduction 

Juxtaposition-driven topological transitions and knot reduction Figure 3.5 applies 

the above formulation to analyze knot reduction by segment passage at the hooked 

juxtaposition (I) as a function of loop size n .  The quantities � )(
UU

j
→ , � )(

UK

j

→
, � )(

KU

j

→
, and 

�
)(

KK

j

→
 are plotted in Figure 3.5a.  Almost all segment passages take an unknot to an 

unknot (� )(

UU

j

→
≈ 1) because, for the loop sizes we have examined, an overwhelming 

majority of the conformations are not knotted.  The general trend of dependence on n  

of the other three � )( j  values are similar to the Ip |K  trend for the hooked juxtaposition 

in Figure 3.2.  However, Figure 3.5 shows that it is much more likely, by approximately 

one order of magnitude or more, for a segment passage at a hooked juxtaposition to 

change a knot to an unknot than either changing an unknot to a knot or failing to unknot 

a knot (� )(

UK

j

→
��

)(

KU

j

→
 and � )(

UK

j

→
��

)(

KK

j

→
).  The power of segment passage at a 

hooked juxtaposition to unknot is shown even more clearly by the transition probabilities 

in Figure 3.5b and c.  These results show that if a conformation is initially unknotted, it is 

practically certain that it would remain unknotted after a segment passage at a hooked 

juxtaposition ( ≈
→

)(

UU

j
T 1, and thus ≈

→

)(

KU

j
T  0).  On the other hand, if a conformation is 

initially knotted, there is a very high probability that it would be unknotted by a segment 

passage at a hooked juxtaposition.  This is practically a certainty for small loops, and  
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Figure 3.5. (a) Simulated Probabilities ��   of Various Interconversions between 

Topological States upon Virtual Segment Passage at the Hooked Juxtaposition (I) of a 
Conformation, as Function of Loop Size n .  Unknot to unknot (U →U, □), unknot to knot 
(U →K, ■), knot to knot (K →K, ○), and knot to unknot (K →U, ●) are shown.  The 
difference between U→K and K →U probabilities (filled symbols) dictates knot 

reduction.  (b) Transition probabilities )( jT  when the initial conformation before segment 

passage is in the designated initial topological state.  For example, )(
UK

jT →  gives the 

conditional probability of changing a knot to an unknot conformation provide the initial 
conformation is a knot.  (c) Same transition probabilities plotted using a linear scale to 

show clearly the difference between )( jT  values for U →U and K →U.  Results 
presented in (a)–(c) for n  ≤ 30 are obtained by exact enumeration; whereas results for 
n  ≥ 30 are obtained by Monte Carlo simulation, with the number of attempted chain 
moves for each datapoint varying from 1.2×1010 to 1.8×1010.  (Both exact enumeration 
and Monte Carlo sampling are used here and in Figure 3.6 for n  = 30 with excellent 
agreement between the two methods.) 
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this probability decays only very slowly with increasing loop size n .  Even for n  = 500, 

the unknotting transition probability ≈
→

)(

UK

j
T  0.9.  In other words, there is only a small  

probability )(

KK

j
T

→
 ( = 1 )(

UK

j
T

→
−  ) that a knotted conformation with n  ≤ 500 would remain 

knotted after segment passage at a hooked juxtaposition. 

The data in Figure 3.5 can now be used in equation (3.7) to compute the knot 

reduction factor KR  as a function of loop size n  for the hooked (I), free nonplanar (III), 

and half-hooked (IV) juxtapositions (Figure 3.6).  Consistent with intuition, segment 

passage at a hooked juxtaposition reduces the knot population substantially. In contrast, 

segment passage at a free juxtaposition increases the knot population by approximately 

two orders of magnitude relative to that at equilibrium.  Segment passage at the half-

hooked juxtaposition also reduces the knot population for n  ≥ 26, but the knot reduction 

factor KR  is smaller than that of the hooked juxtaposition— by approximately one order 

of magnitude for loop size n  = 500, for example.  For smaller loops, the differences in 

KR  among the three juxtapositions are larger.  Remarkably, however, the KR  values are 

quite stable for n  > 200, and vary only slightly through the largest loop size n  = 500 we 

have studied. 

We have also considered 5mer-on-3mer juxtapositions (data not plotted).  The 

shortened version of the half-hooked juxtaposition (IV) that possesses a three-bead 

straight segment instead of a five-bead straight segment has the highest KR  value 

among all 5mer-on-3mer juxtapositions.  However, its KR  is smaller than that of the 

5mer-on-5mer half-hooked juxtaposition (IV).  For example, for n  = 100, the KR  values 

for the 5mer-on-3mer and 5mer-on-5mer versions of the half-hooked juxtapositions are 

1.69 and 2.55, respectively.  The corresponding KR  values for n  = 500 are 1.60 and 

2.15.  At this juncture, it is instructive to compare the steady-state knot reduction factor 

in our model to that deduced from the “active bending model” of Vologodskii and 

coworkers  (Vologodskii 1998; Vologodskii, Zhang, Rybenkov et al. 2001).  The active 

bending model stipulates that the topoisomerase first introduces a sharp turn along the 

DNA chain at the binding site, forming a hairpin-shaped segment.  Then it waits for 

another part of the DNA chain to drift into the proximity of the hairpin, and drives  
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Figure 3.6. Loop Size Dependence of the Knot Reduction Factor KR  for the Hooked (I), 

Free Nonplanar (III), and Half-hooked (IV) Juxtapositions.  Curves through the 
datapoints are merely a guide for the eye.  Results for n  ≤ 30 are obtained by exact 
enumeration, whereas results for n  ≥ 30 are obtained by Monte Carlo simulation.  The 
number of attempted chain moves for each Monte Carlo datapoint varies from 1.2×1010 
to 1.8×1010.  The smallest n  for a conformation with a juxtaposition I, III, and IV to be a 
knot is, respectively, n  = 26, 30, and 26.  The corresponding minimum n  for a finite log 

KR  value is n  = 28, 30, and 26.  For juxtaposition I, )(
UK

jT →  > 0 but )(
KU

jT →  = 0 when n  = 

26, thus log KR ∞→ .  For juxtaposition III with n  = 24, 26, and 28, and juxtaposition IV 

with n  = 24, )(
KU

jT →  > 0 but a knot to unknot transition is impossible; hence log −∞→KR .  

For juxtaposition IV, )(log K10 R ≈ 0.079 for n  = 26 and attains a maximum value of ≈ 0.48 

around n  = 40–50. 
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segment passage only in one direction, in a manner similar to the segment passage 

operation at our juxtaposition (IV).  As pointed out above, this proposed mechanism is 

physically different from that of Buck and Zechiedrich (Buck and Zechiedrich 2004), who 

envision the topoisomerase to act on pre-existing hooked, and to a lesser extent, half-

hooked juxtapositions.  Nonetheless, mathematically, our formulation for computing 

steady-state knot population is quite similar to that in the active bending model because 

both formulations use simple rate equations to account for population changes driven by 

segment passages. 

Because the active bending model proposes that DNA conformational distribution 

is altered by topoisomerase binding before segment passage, conformational properties 

of DNA ensembles with the topoisomerase-induced hairpin have to enter into the 

calculation of the steady-state knot population.  In particular, the unknot and knot 

conformational populations constrained to contain the given hairpin (i.e., half-hooked 

single segment of a potential juxtaposition), denoted here as ]2/[

U

j
P  and ]2/[

K

jP  

respectively, have to be determined.  This consideration is not necessary in our 

formulation.  A simple analysis (details not shown) indicates that the knot reduction 

factor in the previous studies (Vologodskii 1998; Vologodskii, Zhang, Rybenkov et al. 

2001) is equal to our KR  in equation (3.7) multiplied by a factor of 

])/()/[(]/[ eqKeqU

]2/[

K

]2/[

U PPPP
jj  if the juxtaposition geometry before segment passage in 

the two proposed mechanisms are identical.  This relationship implies that although the 

knot reduction factors in the two models are different, practically they can be similar 

because eqKeqU

]2/[

K

]2/[

U )/()(/ PPPP
jj

≈ .  For instance, for loop size n  = 100 in our model, 

]2/[

K

]2/[

U / jj
PP  = 1.12×104 and eqKeqU )/()( PP  = 1.16×104.  Because segment passages in 

the active bending model mechanism (Vologodskii 1998; Vologodskii, Zhang, Rybenkov 

et al. 2001) occur at a juxtaposition geometry similar to that of our half-hooked 

juxtaposition (IV) (see above), if one applied the active bending model mechanism to 

our lattice model, the resulting steady-state knot reduction factor would be very similar 

to our KR  in Figure 3.6 for juxtaposition IV.  Consistent with earlier findings (Vologodskii 

1998; Vologodskii, Zhang, Rybenkov et al. 2001), segment passages at the half-hooked 

juxtaposition (IV) reduce knot population (log KR > 0), but our results also show that 
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juxtaposition IV is far less effective in driving unknotting than the hooked juxtaposition 

(I). 

 

3.3.5 Knot Reduction by Segment Passage Correlates with Juxtaposition 

Hookedness 

Figure 3.7 extends our analysis of knot reduction factors to encompass all 680 

5mer-on-5mer juxtaposition geometries that permit virtual segment passages.  A 

conspicuous feature of this comprehensive survey is that most of the datapoints in the 

scatter plots lie below the horizontal dashed lines for KR  = 1 (log KR  = 0), indicating that 

segment passage at a majority of juxtaposition geometries leads to a knot population 

increase (log KR < 0), rather than a decrease.  Only 7–15% of juxtaposition geometries 

can drive unknotting (log KR > 0).  This observation implies that, to achieve unknotting 

by segment passage, a rather stringent selection of juxtaposition geometry is 

necessary.  Figure 3.7 shows that the largest knot reduction among the 680 

juxtapositions is achieved by the hooked juxtaposition (I), which, at H  = 2, has the most 

hooked geometry.  In comparison, although the free nonplanar juxtaposition (III), which 

has H  = −2, does not have the smallest KR ; its KR  value is lower than that of all except 

a few juxtapositions.  The half-hooked juxtaposition (IV) has an intermediate hook 

parameter H  = 1 that is closer to the hooked juxtaposition than to the free juxtaposition 

and a knot reduction factor KR > 1 (log KR > 0) that is substantially lower than that of the 

hooked juxtaposition.  Interestingly, for these three juxtapositions, log KR  varies 

essentially linearly with H .  Furthermore, our comprehensive survey reveals that this 

contrast among the hooked (I), free nonplanar (III), and half-hooked (IV) juxtapositions 

is part of a larger pattern of behavior that appears to govern the relationship between 

knot reduction and juxtaposition hookedness.  Here, the right panels of Figure 3.7 

indicate that, despite the datapoints being somewhat scattered, there is good correlation 

between the logarithmic knot reduction factor and H  (see figure caption).  The log KR  

versus H  correlation is particularly strong among juxtapositions with their two segments 

curving away from each other ( 21 NN
��

⋅  < 0), which include both the hooked and free 

juxtapositions.  As far as a general positive correlation between knot reduction 
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Figure 3.7. Correlations between the Knot Reduction Factor KR  and Juxtaposition 

Geometries with Well-defined Virtual Segment Passages (cf. Figure 3.4), for Loops of 
Size n  = 100.  The meaning of the symbols is the same as that in Figure 3.3.  Upper 
panels: 175 juxtapositions that satisfy a stringent segment-passage criterion, with a 
crossing and admitting a central-bead swap, as for the examples in Figure 3.4a.  Lower 
panels: All 680 juxtapositions that have a crossing, as for the examples in Figure 3.4a–
c.  Results are obtained from Monte Carlo sampling using 4×108 attempted chain 

moves for each datapoint.  Horizontal dashed lines mark the KR  = 1 level; virtual 

segment passages of the juxtapositions at this level will not change the knot/unknot 
population ratio from that of the equilibrium value.  Only 27/175 = 15.4% and 45/680 = 

6.6% of the juxtapositions in the upper and lower panels, respectively, have KR  > 1.  

Dotted lines are least-squares fits.  The Pearson correlation coefficients are r  = 0.88 

(upper), 0.87 (lower) for 21 NN
��

⋅  < 0, r  = 0.72 (upper), 0.62 (lower) for 21 NN
��

⋅  > 0, and r  

= 0.81 (upper), 0.71 (lower) overall. 
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effectiveness and juxtaposition hookedness is concerned, this trend is also in line with 

the fact that the variation of H  among 21 NN
��

⋅  < 0 juxtapositions captures more closely  

one's intuitive sense of hookedness than the variation of H  in general (cf. Figure 8 of 

Liu, Zechiedrich, and Chan 2006). 

The scatter in the log KR  versus H  plots in Figure 3.7 (right) is markedly 

reduced relative to that in the log Kf  versus H  plot in Figure 3.3c.  At least two factors 

may be pertinent to the reduced scatter.  First, some of the juxtapositions in Figure 3.3 

that contributed to the wide spread in Kf  lack a crossing.  For example, the two H  = 2 

datapoints in Figure 3.3 that have significantly lower Kf  than that of the hooked (I) are 

from juxtapositions without a crossing, and thus are not considered in the KR  analysis.  

Second, KR  provides different information from that of Kf .  Among juxtapositions with a 

crossing, the correlation between log Kf  and log KR  is not strong (Pearson coefficient 

≈r  0.5, detailed data not shown).  For example, even though the Kf  values of two 

juxtapositions, each with a crossing, are slightly higher than that of the hooked (I) in 

Figure 3.3b and c, the KR  of the hooked (I) clearly surpasses that of all other 

juxtapositions in Figure 3.7. 

Two additional considerations are noteworthy in the interpretation of our model 

predictions.  First, our conformational simulations are performed for juxtapositions with a 

positive crossing (Table 3.1).  As such, they model directly segment passages at 

positive juxtapositions.  Nonetheless, for highly symmetric geometries such as that of 

the hooked (I), free nonplanar (III), and half-hooked (IV) juxtapositions, the KR  values 

we have computed apply also to the situation in which segment passages are carried 

out at these juxtapositions without regard to the sign of the crossing.  Second, the high 

KR  of the hooked juxtaposition and the diversity in KR  values among different 

juxtapositions (Figure 3.7) decrease with increasing loop size n  (Figure 3.6).  But for  

n  > 200, these decreases are very gradual.  The knot reduction factor KR  remains 

substantial at n  = 500 and there is no obvious reason to assume that it will approach 

unity (log KR →0) even for much larger n .  As for the decatenation case (Liu, 

Zechiedrich, and Chan 2006), our results suggest strongly that the local geometry and 
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sterics of a given juxtaposition always impose an intrinsic conformational bias with 

global topological consequences that cannot be abolished by increasing loop size. 

 

3.3.6 Unknotting and Decatenating Effects of a Juxtaposition are Related 

Experiments indicate that the discrimination of a type II topoisomerase to unknot 

is correlated with its discrimination to decatenate (Rybenkov, Ullsperger, Vologodskii et 

al. 1997).  Figure 3.8 examines the correlation between the knot reduction factor KR  

and a similarly defined link reduction factor LR  that we computed here by applying 

virtual segment passage operations to the results from our previous 

catenation/decatenation study (Liu, Zechiedrich, and Chan 2006).  Figure 3.8a 

considers the effects of segment passages at the three special juxtapositions I, III, and 

IV on one- and two-loop systems of different sizes n .  Figure 3.8b extends the 

comparison to include unknotting and decatenation data on loops of size n  = 100 for all 

5mer-on-5mer juxtaposition geometries that permit segment passage.  There is a 

striking correlation between log KR  and log LR  in both cases. 

To relate our knot and link reduction factors to the ratio of equilibrium to steady-

state fractions of knots ( KnR ) and catenanes ( catR ) defined in the experimental study of 

Rybenkov et al. (Rybenkov, Ullsperger, Vologodskii et al. 1997), it is straightforward to 

show that:  

 
])/()[(1

])/()[(

)(

)(

eqUeqK

eqUeqKK

stK

eqK

Kn
PP

PPR

P

P
R

+

+
==  (3.8) 

and that an analogous relationship holds for catR  and LR .  Because the equilibrium knot 

to unknot ratio ])/()[( eqUeqK PP �1 for our model loop sizes and also for the plasmid 

DNA used in the experiments (Rybenkov, Ullsperger, Vologodskii et al. 1997):  

 Kkn  RR ≈  (3.9) 

and thus we may compare the experimental KnR  with our model KR . 

Our model is highly simplified and coarse-grained.  Nonetheless, the general 

trends exhibited in Figure 3.8 are in remarkable agreement with existing experimental 

data.  First, KR  of the hooked juxtaposition (I) decreases with increasing loop size n  in  
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Figure 3.8. Correlations between the Knot Reduction Factor KR  and the Link Reduction 

Factor LR .  (a) Only juxtapositions I (○), III (□), and IV (◊) with loop sizes varying from n  

= 26 to n  = 500 are analyzed (cf. Figure 3.6).  Results are obtained using Monte Carlo 
sampling, with the number of attempted chain moves for each single-loop system (for 

KR ) ranging from 1.2×1010 to 1.8×1010, and for each two-loop system (for LR ) ranging 

from 3×109 to 1.8×1010.  (b) Knot and link reduction factors for all 680 juxtapositions 
with a crossing (same as those in the lower panels of Figure 3.7) and loop size n  = 100 
are plotted as solid triangles (▲) overlaid onto data from (a).  The extensive set of 
results was obtained from Monte Carlo sampling using 4×108 and 6×108 attempted 
chain moves, respectively, for each single- and two-loop system.  The horizontal and 

vertical dashed lines mark the KR  = 1 and LR  =1 levels, respectively.  Dotted straight 

lines are least-squares fits to the datapoints.  The corresponding Pearson correlation 
coefficients are (a) r  = 0.997, (b) r  = 0.947 for the solid triangles, alone, and r  = 0.962 

for all KR  and LR  values plotted. 
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our model.  Provided that type II topoisomerases act on certain types of hooked 

juxtapositions (Buck and Zechiedrich 2004; Liu, Zechiedrich, and Chan 2006), this 

prediction is consistent with the finding (Rybenkov, Ullsperger, Vologodskii et al. 1997)  

that the action of (type II) topoisomerase IV from Escherichia coli on the 7 kb (kilobase) 

pAB4 plasmid DNA leads to ≈KnR 90, whereas the action of the same topoisomerase 

on the larger 10 kb P4 DNA results in a smaller ≈KnR 50.  Second, the strong 

correlation between the experimental log KnR  and log catR  resulting from the action of 

type II topoisomerases from different organisms on the 7 kb plasmid DNA (Rybenkov, 

Ullsperger, Vologodskii et al. 1997) may be explained by the strong correlation between 

log KR  and log LR  in Figure 3.8b.  In this regard, if one assumes that Lcat RR ≈ , our 

model prediction of the scaling relationship 2
LK )(RR ≈  (Figure 3.8b) is in reasonable 

agreement with the 6.1
catKn )(RR ≈  reported in Figure 3a of Rybenkov et al. (Rybenkov, 

Ullsperger, Vologodskii et al. 1997)  Third, the experimental ≈KnR 90 and ≈catR 16 for 

the pAB4 DNA (Rybenkov, Ullsperger, Vologodskii et al. 1997) are within the ranges of 

KR  and LR  values, respectively, of our hooked juxtaposition (I) for the various loop 

sizes we examined.  Interestingly, the corresponding KR  and LR  values of the half-

hooked juxtaposition (IV) show little variation with loop size for n  ≤ 500, and are too 

small to match the experimental KnR  and catR  values.  Although further analysis is 

necessary, this model result should be relevant in assessing the viability of the active 

bending model (Vologodskii 1998; Vologodskii, Zhang, Rybenkov et al. 2001).  Indeed, 

the active bending model is insufficient for producing the experimentally observed level 

of unknotting (Yan, Magnasco, and Marko 1999).  For example, an application of that 

model to a 7 kb DNA (Vologodskii, Zhang, Rybenkov et al. 2001) yielded a knot 

reduction factor ~10 ( = )//( ukk CCP ) in Table 1 of Vologodskii, Zhang, Rybenkov et al. 

2001)h, and a link reduction factor ~4; both are substantially lower than the 

                                                 
h
 The steady-state knot reduction factor relative to that at topological equilibrium in the active bending 

model should be defined as the ratio of the equilibrium probability of knotting, kP = 0.014, to the steady-

state fraction of knots, )/()/( ukukk CCCCC ≈+ = 0.0014 for the “hairpin G segment” process in that 

model.  The knot/unknot ratio of 0.020, which is approximately equal to the knot probability, for the 

“straight G segment” process19 should not be used instead of kP .  Indeed, the fact that kP  < 0.020 
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corresponding values of 90 and 16 achieved experimentally (Rybenkov, Ullsperger, 

Vologodskii et al. 1997). 

 

3.4 Discussion 

An open question in understanding how type II topoisomerases perform their 

crucial biological functions has been how does an enzyme that is much smaller than its 

DNA substrate preferentially decatenate or unknot rather than catenate or knot DNA.  

Here, as in our previous work on decatenation (Liu, Zechiedrich, and Chan 2006), we 

address this fundamental question in general terms.  The extension from decatenation 

(Liu, Zechiedrich, and Chan 2006) to unknotting represents an important step forward 

because while the special role of hooked juxtapositions in decatenation may be grasped 

intuitively by considering catenanes of perfect circles (Buck and Zechiedrich 2004), the 

special role of hooked juxtaposition in unknotting is less straightforward.  Our work has 

shown that discriminatory topological information is embodied in local juxtaposition 

geometries such that selective segment passages at hooked juxtapositions can be a 

highly successful strategy for disentangling, rather than entangling, both catenanes and 

knots. 

Whether type II topoisomerases have made use of the statistical mechanical 

principles uncovered by our model simulations is a question that can only be answered 

by further experimental investigation.  Nonetheless, our work has highlighted a 

remarkable physical trend.  Our model predictions with regard to the magnitude of type 

II topoisomerase-driven unknotting and the near-perfect correlation between logarithmic 

decatenating and unknotting factors are in excellent agreement with existing 

experiments.  Future prospects are exciting.  The juxtaposition-centric framework and 

the general predictions of our model should guide experimental work to contribute to the 

deciphering of type II topoisomerase action. 

 

                                                                                                                                                             
implies that the “straight G segment” process in Vologodskii et al.19 increases knotting relative to 
topological equilibrium.  This trend is consistent with our finding that the 5mer-on-5mer juxtaposition with 

two straight segments at a 90° cross angle ( HNN ,21

��
⋅ = 0) also increases knotting, with KR = 0.18 for 

n = 100. 



 
 
 

CHAPTER 4 

 

DNA Unknotting by Human Topoisomerase IIα 

 

The work presented in this chapter has been my original and individual research 

project with a few modifications to the proposal that I presented as my advanced topics 

exam.  Specifically, I tested the hypothesis that type II topoisomerase can unknot a 

DNA twist knot in one cycle of action.  These biochemical experiments test both the 

proposal put forth by Buck and Zechiedrich in 2004 that type II topoisomerases 

preferentially react to hooked juxtapositions and the computational and biophysical 

results discussed in Chapter 3. 

 

4.1 Introduction  

The group of knots known as twist knots is intriguing from both knot theoretical 

and biochemical perspectives.  Recall from Chapter 1 that a twist knot consists of an 

interwound region, ���
���

���
���
, with any number of crossings and a clasp, ���

���

���

���

, with two 

crossings.  By reversing one of the crossings in the clasp the twist knot is converted to 

the unknot, � .  However, a crossing change in the interwound region 

produces a twist knot with two less nodes.  Naturally occurring knots in cells are twist 

knots (Shishido, Komiyama, and Ikawa 1987; Ishii, Murakami, and Shishido 1991; 

Deibler 2003).  The unknotting number, the minimal number of crossing reversals 

required to convert a knot to the unknot, is equal to one for any twist knot.  This 

mathematical unknotting number is analogous to the smallest number of type II 

topoisomerase strand passage events needed to untie a DNA knot. 

When the topology of a DNA molecule is a twist knot, the interwound region 

corresponds to what were, before knotting, DNA supercoils and the clasp results from 

strand passage of two distant segments of the DNA molecule.  Recall that the cellular 

role of topoisomerases is to simplify DNA topology.  Because DNA supercoils are 
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essential for DNA metabolism and would be ineffectual captured within the interwound 

region of a twist knot, it would be advantageous for type II topoisomerases to act on one 

crossing in the clasp region and leave the interwound nodes alone.  Furthermore, 

removal by topoisomerase IV and then subsequent re-introducing of supercoils DNA 

gyrase is at the expense of hydrolyzing ATP.  Additional concerns include the possibility 

that DNA knots might be pulled tight by forces such as those that accompany 

transcription, DNA replication and segregation, thus increasing the likelihood of DNA 

damage.  Because DNA knotting blocks replication and transcription as well as 

increases the rate of mutation, fast and efficient unknotting by type II topoisomerase is 

likely to be critical.  The question we will address is whether the enzyme reverses DNA 

knot crossings randomly and eventually reverses one of the critical crossings to unknot 

the DNA, or does it instead do the highly efficient action of directly reversing one of the 

critical crossings?  Thus, our hypothesis is that a type II topoisomerase will bind and act 

at a critical crossing within a DNA twist knot.  Here a critical crossing refers to a 

crossing at which a single reversal would directly convert the knot to the unknot.  It may 

be that the global topology of the DNA being knotted as a twist knot induces local 

geometric configurations to which type II topoisomerase preferentially reacts.  If the 

topoisomerase finds a critical crossing and directly unknot DNA twist knots, then we will 

have illustrated the ability of type II topoisomerase to act locally and yet affect global 

DNA properties. 

Type II topoisomerases are essential enzymes found in every cell of every 

organism.  They are required for all DNA metabolic processes and are the targets of 

many antibiotics and chemotherapeutics.  Human topoisomerase IIα  (hTopoIIα) is 

necessary for cell survival, involved in transcription, replication, and repair, and 

maximally expressed in the G2/M phase of the cell cycle (Woessner, Mattern, Mirabelli 

et al. 1991).  This enzyme is the principal target of commonly used chemotherapeutic 

drugs. 

 99



4.2 Materials and Methods 

4.2.1 Strains and Plasmids 

In the Hin recombination system, an E. coli strain with a mutation in the gyrA 

gene that makes gyrase resistant to norfloxacin has been co-transformed with a Hin 

expression vector, pKH66, and a 5.4 kb plasmid, pRJ862, containing the Hin recognition 

sites.  Plasmid pKH66 (pHIN) contains the S. typhimurium hin gene under control of the 

tac promoter and expresses Hin upon addition of isopropyl-1-thio-β-galactoside (IPTG) 

(Hughes, Gaines, Karlinsey et al. 1992; Deibler, Rahmati, and Zechiedrich 2001).  

pRJ862 (pKNOT) contains hix recombination sites and the enhancer binding site for the 

Hin recombinase from S. typhimurium (Heichman, Moskowitz, and Johnson 1991).  One 

hix site contains a single basepair change, which forces a second round of 

recombination by preventing religation after only one round (Heichman, Moskowitz, and 

Johnson 1991), and thus preventing Hin inversion products from forming.  Instead, 

when this E. coli strain is grown with the addition of IPTG to induce Hin expression and 

the addition of norfloxacin to inhibit topo IV the accumulated Hin products are DNA 

knots.  The cells were grown to mid-logarithmic phase as Hin recombination depends 

on the enhancer protein Fis and the presence of negative supercoiling and is sensitive 

to the growth phase of the bacteria. 

In the Int recombination system, we utilized an E. coli strain harboring a mutant 

lambda lysogen incapable of excision and with the gyrA mutation as above.  This Int 

recombination strain has been transformed with a 3.5 kb plasmid, pJB3.5i (Hildenbrandt 

and Cozzarelli 1995), which contains the Int recognition and cleavage sites attP and 

attB in indirect orientation (sites in direct orientation yields catenanes).  Int expression 

was controlled by the thermo-sensitive cI857 repressor. 

 

4.2.2 DNA Knot Generation and Purification 

We have developed a new protocol using a bench top fermentor to generate and 

isolate microgram quantities of DNA knots with defined topology.  We describe the 

details for knot generation using the Hin recombination system (Figure 4.2) and 

fermentation.  The Int recombination system (Figure 4.3) generating knots via 
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fermentation is similar to the Hin system and is identical to that described previously for 

Int catenane generation via fermentation (Fogg, Kolmakova, Rees et al. 2006). 

A single colony of the E. coli strain described above for the Hin recombination 

system was used to inoculate 2 ml Luria Bertani (LB) medium containing 100 µg/ml 

ampicillin and 50 µg/ml spectinomycin and grown overnight in a standing culture.  

Ampicillin selects for the Hin substrate, pRJ862, and spectinomycin selects for the Hin 

expression vector, pKH66.  The overnight cultures were used to inoculate two shaker 

flasks of one-liter LB medium containing 100 µg/ml ampicillin and 50 µg/ml 

spectinomycin, which were then grown overnight at 37 °C with shaking.  Cells were 

harvested by centrifugation, resuspended in 50 ml LB medium and used to inoculate 5 L 

of modified terrific broth medium in a New Brunswick BioFlo110 fermentor.  The 

modified terrific broth medium consisted of 12 g tryptone, 48 g yeast extract, 30 ml 

glycerol, 0.1 ml antifoam 204 (Sigma), 2.32 g KH2PO4, and 12.54 g K2HPO4 per liter.  

Ampicillin was added to a final concentration of 100 µg/ml, and spectinomycin was 

added to a final concentration of 50 µg/ml.  Cells were grown at 37 °C.  The pH was 

maintained at 7.0 during growth by addition of 2.5 M NaOH or 5% (v/v) phosphoric acid 

when needed.  The dissolved oxygen concentration was maintained above 40% by 

agitation control.  At mid-exponential phase (OD600 ≈  4.5), Hin expression was induced 

by adding IPTG to a final concentration of 1 mM.  After 10 minutes, norfloxacin was 

added to 30 µM to prevent unknotting by topoisomerase IV.  After approximately one 

hour at 37 °C, the cells were harvested by centrifugation.  The large scale knot 

generation and purification protocol is outlined in Figure 4.1. 

 

4.2.3 Gel Electrophoresis and Quantification 

Nicking one of the two strands of the DNA helix will remove supercoils, but leave 

knotting intact because one of the strands remains intact (Barzilai 1973; Vologodskii 

1999).  So, prior to agarose gel electrophoresis, the purified plasmid recombination 

products were nicked with DNase I to allow separation based on knot crossing number 

rather than supercoiling.  The nicked pRJ862 knots were separated in a low-melt 1% 

agarose, Varshavsky gel (Sundin and Varshavsky 1981) submitted to electrophoresis 

for 4,000 Volt-hours at 4 °C.  A low-melt 1.2% agarose, Varshavsky gel submitted to  
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Figure 4.1. Large Scale Generation and Purification of Knotted DNA.  After harvesting 
the cells by centrifugation, the cells were resuspended in 500 ml GLEDT (50 mM 
glucose, 10 mM EDTA, 25 mM Tris pH 8) buffer and incubated with 2.5 mg/ml lysozyme 
for 20 minutes at room temperature.  The cells were lysed by addition of 1 L lysis buffer 
(1% SDS, 0.2 M NaOH) for 5 minutes at room temperature after which time 750 ml 3 M 
potassium acetate pH 4.0 was added.  Cell debris was removed by centrifugation and 
the supernatant precipitated with isopropanol.  The pellet was resuspended in 120 ml 
TE buffer, pH 8.0.  High molecular weight RNA was removed with equal volume, 120 
ml, of 5 M LiCl and centrifugation.  The supernatant was precipitated with twice the 
volume of ethanol and then resuspended in 400 ml EDTA-supplemented QIAGEN 
Buffer QBT (750 mM NaCl, 0.5 mM EDTA, 50 mM MOPS pH 7.0).  The resuspended 
supernatant was treated with 100 µg/ml RNaseA for 30 minutes at 37 °C, followed by 
treatment with 100 µg/ml proteinase K for 30 additional minutes at 37 °C.  Plasmid DNA 
was then isolated on QIAGEN-tip 10,000 anion-exchange columns following the 
manufacturer’s instructions. 
 
electrophoresis for 3,000 Volt-hours at 4 °C was used to separate the pJB3.5i knots.  

Electrophoresis of knotted (and nicked) DNA molecules yields distinct bands, each 

corresponding to a knot type of a particular crossing number.  The banding pattern was 

captured digitally and analyzed with gel image quantification software (TotalLab, 
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Newcastle upon Tyne, UK).  The gel electrophoresis and densitometric studies gave us 

a quick and quantitative view of our knot population.  Thus, we determined the 

percentage of each knot type within our product.  Following gel electrophoretic 

separation of the Hin products, we excised the bands corresponding to knots to obtain 

the substrates for the unknotting reaction. 

 

4.2.4 DNA Analyses 

Whereas supercoiled and linear DNA ladders are commercially available, no 

such ladder is available for knotted DNA.  However, a knotted DNA marker can be 

prepared in the laboratory by incubating negatively supercoiled DNA with stoichiometric 

amounts of bacteriophageT4 topoisomerase II (Wasserman and Cozzarelli 1991).  

Thus, we generate such a knot ladder by incubating supercoiled pRJ862 (purified from 

a strain not harboring pHIN) with T4 topo II (provided by Professor Kenneth Kreuzer, 

Duke University).  We have submitted our Hin recombination products to 

electrophoresis in an agarose gel together with a pRJ862 knot ladder to determine the 

knot types.  Additionally, Reid C. Johnson’s group has extensively analyzed the 

products of both in vivo and in vitro Hin recombination of pRJ862.  The knot types 

observed among the in vitro Hin products are also seen among the in vivo Hin products.  

Moreover, higher crossing number knots are observed among the in vivo Hin products 

(Merickel and Johnson 2004).  Beyond the gel electrophoresis knot ladder method of 

knot type determination, Johnson et al. have verified via electron microscopy that Hin 

recombination yields 31, 52, and 31#31 (Heichman, Moskowitz, and Johnson 1991). 

 

4.2.5 Unknotting Reactions 

Each gel slice containing recombination products of a particular knot type was 

washed for an hour at 4 °C in hTopoIIα reaction buffer (50 mM Tris (pH 7.9), 875 mM 

KCl, 0.5 mM EDTA, 25 mM MgCl2, and 12.5 % glycerol). Then the buffer was removed.  

The low-melt agarose melts in 5 minutes at 65 °C and remains molten at 37 °C for the 

topoisomerase reaction to occur.  The agarose gel slice, containing the purified knot, 

was incubated with hTopoIIα (provided by Professor Neil Osheroff, Vanderbilt 

University) in the presence of 1 mM ADPPNP.  The enzyme reaction was stopped by 
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the addition of NaCl to 800 mM.  Following proteinase K digestion, the gel slice was re-

melted and loaded into a regular 1.2% agarose Varshavsky gel that was submitted to 

2,000 Volt-hours at room temperature.  Linear and nicked substrate plasmid and an 

aliquot of the knot type being studied and potential unknotting intermediates are carried 

along from the first gel and treated identically to the experimental knots except no 

topoisomerase was added.  These three samples are also loaded in the second gel as 

markers.  This second gel allows monitoring of the conversion of the knots to unknots. 

 

4.3 Results 

4.3.1 Experimental Strategy 

In site-specific recombination two short nucleotide sequences (in the same or 

different DNA molecules) are recognized by enzymes called recombinases.  The 

recombinase binds both of these recognition sites bringing them together to form a 

synapsis.  Next the enzyme makes double-stranded breaks at both sites.  Then the 

resultant DNA ends are rejoined in a manner that is specific to the particular 

recombinase.  We utilized the Hin recombination system to generate DNA twist knots 

and the λ Int recombination system to generate DNA torus knots.  Hin is a site-specific 

recombinase that Salmonella typhimurium use to modulate flagellar phase variation 

thus changing their host specificity and extending their period of infection. 

 The Hin recombination system has been described in Heichman, Moskowitz, and 

Johnson 1991 and Deibler, Rahmati, and Zechiedrich 2001.  E. coli cells have been co-

transformed with the Hin recombination substrate pRJ862 and the Hin expression 

vector pKH66.  Hin binds to two 26-bp recognition sites and makes double-stranded 

breaks at the center of these sites leaving a two-bp overhang within each break.  Next 

the DNA strands rotate 180° in a right-hand direction.  If the DNA has wild-type Hin 

recognition sites, the two-bp overhangs are complimentary and religation may occur 

after a 180° rotation.  However, the plasmid pRJ862 has one wild-type recognition site 

and one mutant recognition site.  Thus, using pRJ862 as the substrate for Hin produces 

overhangs that are not complimentary.  Hence, a 360° rotation is necessary for 

religation to occur.  The wild-type and mutant recognition sites are shown below. 
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 Wild-type   TTCTTGAAAACCAAGGTTTTTGATAA 
                    AAGAACTTTTGGTTCCAAAAACTATT 
 

 Mutant TTCTTGAAAACCATGGTTTTTGATAA 
  AAGAACTTTTGGTACCAAAAACTATT 
 
 When the negatively supercoiled DNA substrate contains wild-type Hin 

recognition sites, Hin recombination results in knotted DNA molecules at the rate of only 

2-3% (Merickel and Johnson 2004).  In the Hin substrate, pRJ862, Hin recombination 

produces a negative trefoil after a single 360° strand rotation as shown in Figure 4.2a.  

Twist knots with five, seven, or more negative crossings occur as additional 360° 

rotations result from processive Hin recombination.  That is, we have  

1(360°) ⇒ trefoil or 3-noded twist knot, 31, 

2(360°) ⇒ 5-noded twist knot, 52, and  

3(360°) ⇒ 7-noded twist knot, 72. 

In theory, for any integer  we may have (360°) ⇒ 2+(2 -1) = (2 +1)-noded twist 

knot, however factors such as substrate length and superhelicity are controlling factors.  

(See Appendix A for a knot table showing relevant knot types.) 

x x x x

In addition to twist knots, composite knots form as a result of distributive Hin 

recombination introducing additional knot nodes into DNA molecules that were 

previously knotted (Merickel and Johnson 2004; Sanders and Johnson 2004).  The 

knotted species resulting from distributive Hin recombination are 6-noded granny knots 

that are composites of two left-handed trefoils, 8-noded knots that are the composites of 

a left-handed trefoil and a 5-noded twist knots with negative crossings, and 9-noded 

knots that are composites of three left-handed trefoils.  That is, we have 

1(360°) + 1(360°) ⇒ 6-noded composite granny knot, 31#31, 

1(360°) + 2(360°) ⇒ 8-noded composite knot, 31#52, and  

1(360°) + 1(360°) + 1(360°) ⇒ 9-noded composite knot, 31#31#31. 

The amount of knots of each knot type decreases with increasing nodes. 

The experimental protocol is depicted in Figure 4.2b.  The Hin recombination strain 

was grown at 37 °C to mid-logarithmic phase.  IPTG was added to 1 mM to induce Hin 

expression.  After 10 minutes allowing for Hin expression, norfloxacin was added to 30 

µM.  After an additional 20 minutes of growth, draining of the fermentor begins and then 

cells are harvested by centrifugation. 
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Figure 4.2. Hin Recombination.  (a) Topological mechanism of Hin recombination.  (b) 
Experimental protocol. 
 

E. coli’s indigenous type II topoisomerase, topoisomerase IV, resolves knots 

formed by Hin or Int resulting in a steady state level of knotting at ~5% of the total 

plasmid population.  Thus, the topoisomerase-targeting fluoroquinolone norfloxacin was 

used to inhibit topo IV and allow accumulation of the desired knotted products of the Hin 

or Int recombination.  Although norfloxacin targets both gyrase and topo IV, in our 

system topo IV was specifically inhibited because these strains have a mutant allele of 

gyrase (gyrAr) that makes it resistant to the drug.  The result is that ~35 – 45% of the 

total plasmid population is knotted (Deibler, Rahmati, and Zechiedrich 2001; Merickel 

and Johnson 2004). 

 As illustrated in Figure 4.3a, the Int recombination products are right-handed, 

torus knots, e.g., 3 , 5 , 7 , with up to at least nine positive nodes.  The experimental *
1

*
1

*
1
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protocol is depicted in Figure 4.3b.  The Int recombination strain was grown at 30 °C to 

mid-logarithmic phase.   Cells were shifted to 42 °C to induce Int expression.  Because 

Int is inactive at 42 °C, after 10 minutes at 42 °C cells were shifted to 30 °C and 

norfloxacin was added to 30 µM.  After an additional 20 minutes of growth draining of 

the fermentor begins and cells are harvested by centrifugation. 
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Figure 4.3.  λ Int Recombination.  (a) Topological mechanism of Int recombination.  (b) 
Experimental protocol. 
 

In summary, we used the Hin recombination system to generate twist knots and 

use the Int recombination system to generate torus knots.  The recombination products 

were separated via gel electrophoresis and the knotted plasmids are isolated.  The 

knotted products of the Hin system (Figure 4.4) include the left-handed trefoil, 3 1 , and 
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the five- and seven-noded twist knots, 5  and 7 , all with unknotting number equal to 

one.  The knotted products of the Int system (Figure 4.5) include the right-handed trefoil, 

3 , and the five- and seven-noded torus knots, 5 *
1  and 7 , with unknotting numbers 

equal to one, two, and three, respectively.  Unknotting reactions were done under 

conditions that limit the type II topoisomerase to a single reaction.  The products of the 

unknotting reaction were analyzed via a second round of gel electrophoresis. 
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Figure 4.4. Gel Electrophoretic Separation of Hin Products. 
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Figure 4.5. Gel Electrophoretic Separation of λ Int Products. 
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We utilized plasmid DNA twist knots because of experimental feasibility.  

However we believe these twist knots also model chromosomal knots since 

chromosomal DNA is organized into topological domains (Figure 4.6).  A knot existing 

within a supercoiled domain of a bacterial chromosome would have to be resolved 

locally.  Thus, as type II topoisomerase substrates, our plasmid DNA twist knots model 

chromosomal knots. 
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 (a) 

  
 
 
 
 
 (b) 
 
 
 
 
 
 
 
 
Figure 4.6. Twist Knots Model Chromosomal Knots. (a) Organization of chromosomal 
DNA into topological domains.  (b) Knot formation in a topological domain of a 
chromosome. 
 

4.3.2 Resolution of DNA Knots by Human Topoisomerase IIα 

We performed the unknotting reactions utilizing one-step enzyme action.  It is 

well known that the binding of ATP modulates the action of type II topoisomerases.  An 

interesting consequence of this, which we utilized, is that a particular analogue of ATP 

converts type II topoisomerases from being recyclable to being limited to one cycle of 

action.  This non-hydrolyzable β, γ-imido analogue of ATP is 5'-adenylyl-β, γ-

imidodiphosphate (ADPNP).  When ADPNP binds to a type II topoisomerase, a single 

event of DNA transport results.  Additionally, it is known that when enzymatic amounts 

of topoisomerase II are used the typical unknotting/relaxation reaction occurs.  

However, when stoichiometric amounts of the enzyme are used on either relaxed or 

supercoiled circular plasmid DNA substrate, the result can be knotted.  For example, 

Rodriquez-Campos (Rodriquez-Campos 1996) used enzymatic amounts of 
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topoisomerase II (topo II) where the topo II/ DNA mass ratio ranged from 1:10 to 1:50 to 

perform unknotting/relaxing reactions.  Alternatively, he used stoichiometric amounts of 

topoisomerase II where the topo II/DNA mass ratio ranged from 1 to 3 to conduct 

knotting reactions.  We used enzyme to DNA molar ratios ranging from 0.5:1 to 1:1.  

Our enzyme to DNA ratios can be close to stoichiometric because we will only allow the 

enzyme to undergo one strand passage reaction.  Following the unknotting reactions, 

products were analyzed by a second agarose gel electrophoresis. 

As the trefoil knots, 3 1 , are the most abundant knot type generated in the Hin 

system, these knots were used to establish the unknotting reaction conditions and, in 

particular, to verify these conditions allow hTopoIIα to complete a full round of reaction.  

Since linear and trefoil migrated very close together in the separation agarose gel, there 

was some linear in the isolated trefoils.  This presence of linear served as an internal 

control to show that hTopoIIα was not linearizing the trefoils to which it reacts and thus 

altering the amount of linear.  Results show DNA trefoils were converted to the unknot 

by hTopoIIα (Figure 4.7). 
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Figure 4.7. Human Topoisomerase IIα Unknotting of 31. 
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Next we analyzed resolution of the five-noded twist knots, 5 , by hTopoIIα.  

Results showed that the five-noded twist knots were converted to the unknot with no 

appearance of the trefoil, which is the intermediate if the enzyme were to act on 

crossings within the twist region instead of the clasp region (Darcy, Scharein, and 

Stasiak).  Under the reaction conditions employed, hTopoIIα is not highly active even in 

the presence of ATP.  That is, even in the presence of ATP and with a 5:1 calculated 

topoisomerase:DNA ratio, there was still only the appearance of two bands, knot and 

unknot, in the second gel (Figure 4.8).  However, with 10:1 and even 50:1 

topoisomerase:DNA ratios all of the knotted species were converted to the unknot and 

there was no appearance of the intermediate (data not shown). 
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Figure 4.8. Human Topoisomerase IIα Unknotting of 52. 

 

Finally, we examined the resolution of the seven-noded twist knots, 7 , by hTopoIIα.  

These knots were converted to the unknot with no appearance of either the trefoil, 3 1 ,  

2
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or the 5-noded twist knot , 5 ,  which are the intermediates if the enzyme were to act on 

crossings within the twist region instead of the clasp region. 
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Figure 4.9. Human Topoisomerase IIα Unknotting of 72. 

 

4.4 Discussion 

Each knot node reversal performed by a type II topoisomerase requires ATP.  

Within the cell, DNA knots might be pulled tight by forces such as those that accompany 

transcription, replication and segregation, thus increasing the likelihood of DNA 

damage.  Therefore, it would be advantageous for type II topoisomerases to act on a 

crossing in the clasp region of a DNA twist knot, thus, resolving the DNA knot in a single 

step.  My data show that purified five-noded,  52, and seven-noded,  72, twist knots 

are converted to the unknot,  01, by hTopoIIα with no appearance of either trefoils, 

 31, or 52, which are the intermediates if the enzyme acted on one of the interwound 

nodes.  Consequently, my data suggest that type II topoisomerase may preferentially 

act upon the clasp region of a twist knot. This has several important biological 

ramifications: efficient ATP usage, supercoiling preservation and quick knot removal, 

before the knot blocks DNA replication or transcription. 
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CHAPTER 5 

 

Summary, Significance, and Future Research 

 

We have studied DNA knots in vivo, in silico, and in vitro.  Chapter 1 provided a 

tutorial on DNA topology and included an introduction to basic knot theory and a review 

of relevant molecular biology and biochemistry.  Chapter 2 described our experimental 

and statistical analysis of the physiological consequences of cellular DNA knotting.  This 

is the first study analyzing the in vivo effects of DNA collisions-mediated recombination 

and knotting.  Our conclusions were that Hin-mediated DNA knotting (i) promotes 

replicon loss 2- to 6-fold by blocking DNA replication; (ii) blocks gene transcription 8- to 

20-fold; and (iii) promotes genetic rearrangements at a rate four orders of magnitude 

higher than the rate for an unknotted plasmid.  Hence DNA reactivity leading to 

recombination and knotting is potentially lethal and may help drive genetic evolution. 

Chapters 3 and 4 investigated the mystery of how small topoisomerases act 

locally on DNA and yet solve problems of global DNA entanglement in their relatively 

larger DNA molecular substrate.  Chapter 3 presented a statistical mechanical 

investigation of unknotting by type II topoisomerases which contributes to the 

understanding of how topoisomerases achieve their topological simplification feat.  In 

the case of unknotting, our simulations showed that there exists discriminatory 

topological information in local juxtaposition geometries such that selective segment 

passages at hooked juxtapositions can be a highly successful strategy for resolving 

knots.  Thus, our model differs from existing protein-centric models presented in Section 

1.4.2 in that we hypothesize the global topology of a DNA molecule induces local 

geometry that drives type II topoisomerase’s reactions.  The general predictions of our 

model were experimentally tested in the research on unknotting by human 

topoisomerase IIα presented in Chapter 4.  Chapter 4 also introduced the DNA knotting 
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systems used in this research, and described the novel methods and techniques 

developed to generate and purify DNA knots. 

Together, the unknotting reactions and the computational simulations address 

the following question: Are type II topoisomerases performing a random strand passage 

or a “directed” strand passage to remove the twist knot in one step?  If the strand 

passage is random, then it is amazing that the in vivo role of these enzymes is 

simplifying DNA topology.  If the strand passage is “directed,” then the remaining 

mystery is how these enzymes, which are relatively quite small compared to the DNA 

molecules they alter (recall Figure 1.23), access global DNA topology while acting 

locally.  We have shed some light on this issue with our unknotting reactions and 

statistical mechanical results that suggest global undesirable, topological states 

correlate with local DNA conformations to which type II topoisomerases may react and, 

by doing so, may accomplish their feat of more often unknotting than knotting. 

Future directions of this research include modifying and applying the in vivo 

knotting systems, knot purification techniques, and unknotting conditions developed for 

these projects to address additional questions about the relationship between type II 

topoisomerases and the geometry and topology of their substrate DNA.  Here we have 

focused on the unknotting of five-noded,  52, and seven-noded,  72, twist knots.  

The unknotting of higher-noded twist, composite, and torus DNA knots can be studied 

with our methods.  My novel methods of generating and purifying large amounts of DNA 

knots with defined topology now make it feasible to both investigate DNA knots from 

many approaches and to use these DNA knots as substrates in various reactions. 

All of the three topological DNA species- knots, catenanes, and supercoils- 

interact differently with proteins and migrate in agarose gels distinctly as compared to 

linear and nicked or relaxed, circular DNA molecules.  Knotted, catenated, and 

supercoiled DNA are all important tools in elucidating the mechanism of the essential 

topoisomerases and the efficacy of topoisomerase-targeting drugs.  Thus, a primary 

application of my work is in topoisomerase research.  In particular, these knotted 

substrates provide excellent tools for studying the activity and mechanism of type II 

topoisomerases.  Additionally, DNA knots are highly desirable substrates for biophysical 

studies. 
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Atomic force microscopy (AFM) might be used to address knot conformational 

questions such as whether a particular knot type “pulls tight” in DNA, whether 

handedness has any effect on the knot “pulling tight,” and whether the clasp nodes of a 

DNA twist knot adopt a specific geometric conformation.  Other visualization techniques 

including electron microscopy (EM) and cryo-EM could potentially be used as well.  

(Note at this time neither cryo-EM nor AFM are yet advanced enough to distinguish 

crossing information.)  Protein-DNA interactions of interest would be to determine how 

the number of type II topoisomerases bound varies with respect to knot type, whether 

and how type II topoisomerase binds to “tight knots,” whether a type II topoisomerase 

preferentially binds the clasp nodes versus the interwound nodes of a DNA twist knot, 

and whether the enzyme preferentially binds DNA twist knots versus DNA torus knots.  

The binding and unknotting kinetics of type II topoisomerases in varying ionic conditions 

and from different organisms could be comparatively analyzed. 

Ongoing computational work includes determining the population distribution of 

the knot type and studying transition probabilities between knot types driven by type II 

topoisomerase-like segment passages.  We hope to address how the segment-passage 

unknotting probability of different juxtaposition geometries depends on the initial knot 

type and to identify the knot types likely to be resolved by type II topoisomerase-like 

strand passages.  Further simulation investigations include addressing what knot types 

are seen with different initial juxtapositions and what knot type conversions are see with 

different initial juxtapositions.  Additionally, our computational model of type II 

topoisomerase action can be extended to include biophysically relevant parameters.  

The resulting general predictions of the model will direct future experiments.  This 

continual, dual feedback between experiments, theoretical, and computational work 

should advance studies of type II topoisomerase action. 

We have uniquely combined biology, chemistry, physics, and mathematics to 

gain insight into the mechanism of type II topoisomerases, which are important antibiotic 

and anticancer drug targets.  Our results suggest that DNA knotting alters DNA 

structure in a way that may drive type II topoisomerase resolution of DNA knots.  

Ultimately, the knowledge gained about type II topoisomerases and their unknotting 
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mechanism may lead to the development of new drugs and treatments of human 

infectious diseases and cancer. 
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APPENDIX A 

 

Knot and Catenane Tables 
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Table A.2. Catenane Table.

Catenane Family Hand Made in DNA by
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Torus right Int
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Torus right Int
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Torus right Int
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Torus right Int  
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APPENDIX B 

 

GLOSSARY 

 

amphicheiral an amphicheiral (or achiral) knot is one that is equivalent to its 
mirror image 

 
attB, attP  attachment sites 
 

bla   gene encoding β-lactamase 
 

β-lactamase enzyme which inactivates β-lactam antibiotics, such as ampicillin, 
by hydrolyzing lactam rings 

 
chiral   a chiral knot is not equivalent to its mirror image 
 
composite knot any knot that can be expressed as the connected sum of two knots, 

neither of which is trivial 
 
DNA catenane two (or more) DNA molecules that are linked so that they can not 

be separated without breaking one of them 
 
DNA knot the self-entanglement of a single DNA molecule 
 
Fis   factor for inversion stimulation 
 
Gin   Bacteriophage Mu site-specific recombination protein 
 
gix   recombination site for Gin 
 
GyrA   one of two subunits of DNA gyrase protein 
 
gyrA   gene encoding GyrA 
 
Hin   Salmonella site-specific recombination protein 
 
hin   gene encoding Hin 
 
HindIII  restriction enzyme 
 
hix   H flagellar antigen inversion cross-over recombination site for Hin 
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homeomorphism As this term is used in Chapter 1 we may consider X and Y to be 3-
dimensional Euclidean spaces or subspaces thereof.  If the function 

: X Y is a one-to-one function from X onto Y for which both  

and the inverse function  are continuous, then the function  is 

called a homeomorphism. 

f → f
1−f f

 

Int   bacteriophage λ integration protein 
 
juxtaposition a crossing (or node) composed of two segments of ds DNA; or the 

lattice modeling of such a crossing 
 

knot   a smooth embedding of  (a circle) in 1
S

3

 
link   a finite union of pairwise disjoint knots 
 
knot diagram regular projection with the added over/under crossing (or node) 

information 
 
M9  minimal medium; 1X M9 Salts (42mM Na2HPO4, 24mM  

KH2PO4, 9mM NaCl, 19mM NH4Cl), 0.2mM MgSO4, 1.5% agar, and  
0.2% arabinose. 

 
Monte Carlo simulating a physical system, such as DNA, by incorporating a 

random probabilistic element into the model 
 
mutant  a cell that carries a given mutation 
 
mutant frequency average fraction of mutant bacteria in a few replicative cultures 
 
mutation  a heritable change in an organism’s DNA 
 
mutation rate probability a cell will sustain a mutation during its lifetime; number 

of mutations per cell per division 
 
oriented knot a knot with an assigned direction 
 
ParC   one of two subunits of topoisomerase IV protein 
 
ParE   one of two subunits of topoisomerase IV protein 
 
parC   gene encoding ParC 
 
parC1215  temperature-sensitive parC allele 
 
parE   gene encoding ParE 
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PriA   Escherichia coli replicative helicase 
 
priA   gene encoding PriA 
 
prime knot  any knot that is not the composition of two nontrivial knots 
 
tac   bacterial hybrid promoter derived from the trp and lac promoters 
 
Tn10   transposon encoding resistance to tetracycline 
 
topoisomerases enzymes responsible for maintaining and controlling DNA topology 

within all cells of all organisms 
 
topological   the distribution of topoisomers following sufficiently slow random        

equilibrium cyclization of a polymer in solution; also referred to as 
thermodynamic equilibrium since the distribution depends solely on 
conformations resulting from thermal fluctuations 

 
wild-type describes a phenotype, genotype, or gene that predominates in a 

natural population of organisms or strain of organisms in contrast to 
that of natural or laboratory mutant forms (Merriam-Webster) 
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APPENDIX C 

 

Fluctuation Analysis 

 

During nonselective growth of bacteria mutations arise at random.  In 1943 Luria 

and Delbrück analyzed the probability distribution of the number of resistant bacteria to 

be expected among a sufficiently large number of parallel cultures.  A closed, analytical 

solution of the Luria-Delbrück distribution still does not exist.  The experimental method 

to study bacterial mutation rates ( µ ), i.e., the probability of mutation per cell per division 

(or generation), is referred to as fluctuation analysis.  There are various mathematical 

methods for estimating the mutation rate from the number of mutations per culture in a 

fluctuation analysis.  These mathematical methods involve using the observed 

distribution in a number of parallel cultures to estimate the probable number ( ) of 

mutations per culture and then using  to calculate the mutation rate.  In Chapter 2 we 

used the MSS maximum-likelihood method to calculate .  Then, as stated in Chapter 

2, the mutation rate, 

m

m

m

µ , was calculated as µ  = tN2m , where  is the total number of 

cells per culture (Rosche and Foster 2000).  Here we outline the MSS maximum-

likelihood method as presented in Rosche and Foster 2000. 

tN

 

C.1 MSS Maximum-likelihood Method 

 The MSS Maximum-likelihood algorithm recursively computes the Luria-

Delbrück distribution.  Let r  be the observed number of mutants in a culture.  To 

obtain a maximum-likelihood estimation of  we calculate the probability, , of 

observing each of the experimental values of 

m rp

r  for a given  using the equations m

 ∑
−

=

−

+−
==

1

0

0
)1(

 and 
r

i

i
r

m

ir

p

r

m
pep . (C.1) 

The first  evaluated is estimated by the Lea-Coulson method of the median which is 

given by 

m
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 24.1)ln(~ =− mmr  (C.2) 

where r~  is the median number of mutants in a culture.  Adjacent values of  are then 

used to recalculate the corresponding values of  until an  is found that maximizes 

the equation 

m

rp m

  (C.3) ( ) (∏
=

=
C

i

i mrfmrf
1

|| )

where  from equation C.1 and  is the number of cultures in the 

experiment.  A combination of Excel spreadsheets and Maple worksheets was 

used for the fluctuation analysis performed on the three strains in Chapter 3.   

( ) rpmrf =| C

 

C.2 Maple Worksheets: Antibiotic Plate Preparation 

 Mutant selection was done at sufficiently large antibiotic concentrations as to 

make the volume of the drug(s) being added to the medium significant.  This was 

accounted for as shown in the example Maple worksheets below. 

 

C.2.1 Ampicillin and Spectinomycin 

> restart: 

with(LinearAlgebra): 

Assume the ampicillin stock concentration is 500 mg/ml, the spectinomycin stock concentration 

is 50 mg/ml. 
> A:=4.8: 

A represents the desired ampicillin concentration in mg/ml. 

> V:=25: 

V represents the total volume in ml of LB agar to be prepared. 
> M:=<<500-A,-.05>|<-A,49.95>|<A*V,.05*V>>; 

M :=
é
ê
ë

495.2 K 4.8 120.0

K 0.05 49.95 1.25

ù
ú
û

 

> N:=LinearSolve(M): 

The amount below is the amount in microliters of 500 mg/ml ampicillin to add. 
> 1000*N[1]; 

242.5712553 

The amount below is the amount in microliters of 50 mg/ml spectinomycin to add. 
> 1000*N[2]; 
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25.26783909 

C.2.2 Ampicillin, Spectinomycin, and IPTG 

> restart: 

with(LinearAlgebra): 

Assume the ampicillin stock concentration is 500 mg/ml, the spectinomycin stock concentration 

is 50 mg/ml and the IPTG stock concentration is 1 M. 
> A:=16.1: 

A represents the desired ampicillin concentration in mg/ml.  The spectinomycin concentration 

was constant at 50 µg/ml. 

> V:=100: 

V represents the total volume in ml of LB agar to be prepared. 
> M:=<<500-A,-.05,-1>|<-A,49.95,-1>|<-A,-

.05,999>|<A*V,.05*V,V>>; 

M :=

é
ê
ê
êê
ë

483.9 K 16.1 K 16.1 1610.0

K 0.05 49.95 K 0.05 5.00

K 1 K 1 999 100

ù
ú
ú
úú
û

 

> N:=LinearSolve(M): 

 

The amount below is the amount in microliters of 500 mg/ml ampicillin to add. 
> 1000*N[1]; 

3334.023607 

The amount below is the amount in microliters of 50 mg/ml spectinomycin to add. 
> 1000*N[2]; 

103.5411058 

The amount below is the amount in microliters of 1 M IPTG to add. 
> 1000*N[3]; 

103.5411058 
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C.3 Excel Spreadsheets and Maple Worksheets: Mutation Rate Determinations 

C.3.1 MSS Maximum-likelihood Calculations for pBR-harboring Strain 

 
r r

2670 Adjusted to Ordered &

A600 LB LB Ave cells/culture 16.1 16.1 Sum of 16.1s amt plated Rounded

0.327 372 446 409 1.23E+08 0 0 0 0 0

0.237 304 482 393 1.18E+08 0 0 0 0 0

0.349 546 940 743 2.23E+08 0 0 0 0 0

0.294 1164 1124 1144 3.43E+08 0 0 0 0 0

0.305 1160 1432 1296 3.89E+08 0 0 0 0 0

0.304 888 1368 1128 3.38E+08 0 0 0 0 0

0.289 1328 1384 1356 4.07E+08 0 0 0 0 0

0.336 780 1000 890 2.67E+08 0 0 0 0 0

0.354 880 988 934 2.80E+08 51 0 51 437.14286 437 Mutations

0.549 427 356 392 1.17E+08 78 187 265 2271.4286 2271  per

0.334          Lea-Coulson cell per

LB Ave Ave stdev ave Median, ~r m ~r/m-ln(m)-1.2426 generation

868.5 2.61E+08 716 270.857143 0 0.28877 -0.000474735 5.54E-10  
 

 
Determining a maximum likelihood estimation of m for 2670

Mutations Ave. #

per cells

cell per per

m Likelihood Function generation culture

0.20000 8.22562561905250E-15

0.24000 8.61131750404270E-15

0.24500 8.62326162382690E-15 4.7019E-10

0.25000 8.62803081933380E-15 4.7978E-10

0.25080 8.62814627173920E-15 4.8132E-10

0.25090 8.62814832439020E-15 4.8151E-10 <- End

0.25100 8.62814764987380E-15 4.817E-10

0.25110 8.62814424087280E-15 4.8189E-10

0.25120 8.62813807296320E-15 4.8208E-10

0.25130 8.62812920058200E-15 4.8228E-10

0.25150 8.62810323103410E-15 4.8266E-10

0.25200 8.62799059868640E-15 4.8362E-10

0.25500 8.62589782481940E-15 4.8938E-10

0.26000 8.61713549885940E-15

0.27000 8.58081055266770E-15

0.28877 8.45146167752690E-15 5.5419E-10 260535000 <- Start

0.29000 8.44045602517040E-15

0.30000 8.34059428675740E-15

0.40000 6.68221400356700E-15

1.00000 3.49851381132660E-16  
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2670 
> m:=0.288769853: 

> p[0]:=exp(-m); 

p0 := 0.7491846082 

> for r from 1 to 2271 do  

p[r]:=(m/r)*sum((p[i]/(r-i+1)), i=0..(r-1)) 

od: 
> evalf(p[0]^8*p[437]*p[2271],14); 

8.4514616775269 10-15
 

> m:=0.2508: 

> p[0]:=exp(-m); 

p0 := 0.7781779916 

> for r from 1 to 2271 do  

p[r]:=(m/r)*sum((p[i]/(r-i+1)), i=0..(r-1)) 

od: 

> evalf(p[0]^8*p[437]*p[2271],14); 

8.6281462717392 10-15
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C.3.2 MSS Maximum-likelihood Calculations for pREC-harboring Strain 

 
r r r

2671 70 ≅l 70 ≅l Adjusted to Ordered Ordered &

A600 LB LB Ave cells/culture 7.9 7.9 Sum of 7.9s amt plated Rounded

0.315 1276 1158 1217 3.65E+08 81 94 175 1500 1182.85714 1183

0.274 1050 1140 1095 3.29E+08 83 203 286 2451.4286 1500 1500

0.344 980 1184 1082 3.25E+08 433 401 834 7148.5714 2322.85714 2323

0.307 1386 962 1174 3.52E+08 341 223 564 4834.2857 2451.42857 2451

0.331 1212 1728 1470 4.41E+08 374 197 571 4894.2857 4800 4800

0.37 1064 606 835 2.51E+08 124 14 138 1182.8571 4834.28571 4834

0.295 854 1096 975 2.93E+08 226 372 598 5125.7143 4894.28571 4894

0.31 790 1000 895 2.69E+08 400 160 560 4800 5125.71429 5126

0.36 1508 1188 1348 4.04E+08 581 64 645 5528.5714 5528.57143 5529 Mutations

0.311 510 780 645 1.94E+08 73 198 271 2322.8571 7148.57143 7149  per

0.3217          Lea-Coulson cell per

LB Ave Ave stdev ave Median, ~r m ~r/m-ln(m)-1.2426 generation

1074 3.22E+08 1973 3978.857143 4817.1429 626.945616 5.01125E-05 9.73E-07  
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Determining a maximum likelihood estimation of m for 2671

Mutations Ave. #

per cells

cell per per

m Likelihood Function sec. min. generation culture

200 3.21953758823730E-44 6229.4 6.51 3.10482E-07

250 1.10020324185420E-42 6617.8 6.473333 3.88102E-07

275 3.37952964714540E-42 4.26913E-07

290 5.25531528504950E-42 7385.4

295 5.84447759448490E-42 7773.1

298 6.16664214236520E-42 367.2 4.62618E-07

299 6.26726155486680E-42 756.6 6.49 4.6417E-07

299.5 6.31615921399030E-42 1144.4 6.463333 4.64947E-07

299.55 6.32099561614550E-42 1532.7 6.471667 4.65024E-07

299.8 6.34502875627580E-42 1916.3 6.393333 4.65412E-07

299.9 6.35457223832230E-42 2311.8 6.591667 4.65568E-07

299.95 6.35932888057210E-42 368.6

300 6.36407574528550E-42 5838.8 6.505 4.65723E-07

300.1 6.37353825124000E-42 ~1161 4.65878E-07

300.3 6.39234074580730E-42 1559.8 4.66189E-07

300.4 6.40168075777410E-42 1946.9 6.451667 4.66344E-07

300.45 6.40633511299900E-42 2333 6.435 4.66421E-07

300.47 6.40819376716760E-42 2731.2 6.636667 4.66452E-07

300.48 6.40912263959480E-42 3172.3 4.66468E-07

300.49 6.41005114568040E-42 3610.8 4.66483E-07 <- End

300.5 6.35932888057210E-42 778.2 6.826667 4.66499E-07

450 8.16889867731200E-46 5448.5 6.638333 6.98584E-07

500 1.31703056794590E-49 5050.2 6.6 7.76205E-07

550 8.29842882852660E-55 4654.2 6.943333 8.53825E-07

580 1.24373263312250E-58 4237.6 6.478333

600 1.75610881188530E-61 3848.9 6.661667 9.31446E-07

610 5.34714106001280E-63 3449.2 6.45 9.4697E-07

620 1.41362691519660E-64 3062.2 6.3 9.62494E-07

625 2.17936748421660E-65 2684.2 6.418333

626.6 1.18912042829740E-65 2299.1 6.325

626.7 1.14479881284800E-65 1919.6 6.657778 ~ time

626.8 1.10211358374710E-65 1520.133 6.333889 ~ time

626.9456 1.04276035761860E-65 375 6.25 9.73276E-07 3.22E+08 <- Start

627 1.02141486377280E-65 752.8 6.296667

627.8 7.53108844870440E-66 1140.1 6.455

6.502179  
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2671 
> m:=626.9456162: 

> p[0]:=exp(-m); 

p0 := 5.259911426 10-273
 

> for r from 1 to 7149 do  

p[r]:=(m/r)*sum((p[i]/(r-i+1)), i=0..(r-1)) 

od: 
> 

evalf(p[1183]*p[1500]*p[2323]*p[2451]*p[4800]*p[4834]*p[4894]*p[

5126]*p[5529]*p[7149],14); 

1.0427603576186 10-65
 

> m:=300.49: 

> p[0]:=exp(-m); 

p0 := 3.153923339 10-131
 

> for r from 1 to 7149 do  

p[r]:=(m/r)*sum((p[i]/(r-i+1)), i=0..(r-1)) 

od: 
> 

evalf(p[1183]*p[1500]*p[2323]*p[2451]*p[4800]*p[4834]*p[4894]*p[

5126]*p[5529]*p[7149],14); 

6.4100511456804 10-42
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C.3.3 MSS Maximum-likelihood Calculations for pKNOT-harboring Strain 

 

r

2672 Adjusted to 

A600 LB LB Ave cells/culture 4.8 4.8 Sum of 4.8s amt plated

0.3 456 540 498 1.49E+08 1556 824 2380 7140

0.294 290 450 370 1.11E+08 968 874 1842 5526

0.321 614 644 629 1.89E+08 1640 1456 3096 9288

0.323 468 394 431 1.29E+08 1944 2032 3976 11928

0.37 156 450 303 9.09E+07 1360 828 2188 6564

0.334 430 534 482 1.45E+08 800 1188 1988 5964

0.365 369 631 500 1.50E+08 960 748 1708 5124

0.368 258 322 290 8.70E+07 1476 1456 2932 8796

0.296 420 190 305 9.15E+07 1816 712 2528 7584 Mutations

0.353 646 560 603 1.81E+08 708 1128 1836 5508  per

0.3324          Lea-Coulson cell per

LB Ave Ave stdev ave Median, ~r m ~r/m-ln(m)-1.2426 generation

441.1 1.32E+08 2137 7342.2 6852 856.94 -0.000125731 3.24E-06  
 

 
Determining a maximum likelihood estimation of m for 2672

Mutations Ave. #

per cells

cell per per

m Likelihood Function sec. min. generation culture

856.9 5.80688008507750E-40 4606.3 19.67333 1.32E+08

856.93 5.80858501000000E-40 3425.9 19.755

856.9448 5.80942448500000E-40 19.54386 3.2379E-06 <- Start

856.95 5.80972103428060E-40 1120.3 18.67167

856.96 5.81028850824370E-40 1116 18.6

856.97 5.81085700662360E-40 2303.6 19.79333

857 5.81256053423250E-40 3494 19.84

860 5.98037616949590E-40 4680.5 19.775

870 6.49517167843770E-40 5874.5 19.9

900 7.38977262796430E-40 7075.3 20.01333 3.4006E-06

905 7.41492355391810E-40 13023.3 19.55 3.4195E-06

905.5 7.41525934903290E-40 2245.3 19.14 3.4214E-06

905.54 7.41526869243530E-40 4595.1 19.455 3.4215E-06

905.545 7.41526955883070E-40 5787.7 19.87667 3.4215E-06

905.55 7.41527025959430E-40 3427.8 19.70833 3.4216E-06 <- End

906 7.41519491504720E-40 1096.9 18.28167 3.4233E-06

907 7.41386496428050E-40 14198.9 19.59333 3.427E-06

910 7.40024066159680E-40 11850.3 19.82333 3.4384E-06

925 7.11711947743430E-40 10660.9 20.03

950 5.9448362810E-40 9459.1 19.875

1000 2.59900737543130E-40 8266.6 19.855

410.7539  
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2672 
> m:=856.9: 

> p[0]:=exp(-m); 

p0 := 7.129489884 10-373
 

> for r from 1 to 11928 do  

p[r]:=(m/r)*sum((p[i]/(r-i+1)), i=0..(r-1)) 

od: 
> 

evalf(p[5124]*p[5526]*p[5964]*p[5508]*p[6564]*p[7140]*p[7584]*p[

9288]*p[8796]*p[11928],14); 

5.8068800850775 10-40
 

> m:=905.545: 

> p[0]:=exp(-m); 

p0 := 5.330934972 10-394
 

> for r from 1 to 11928 do  

p[r]:=(m/r)*sum((p[i]/(r-i+1)), i=0..(r-1)) 

od: 
> 

evalf(p[5124]*p[5526]*p[5964]*p[5508]*p[6564]*p[7140]*p[7584]*p[

9288]*p[8796]*p[11928],14); 

7.4152695588307 10-40
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APPENDIX D 
 

Monte Carlo Methods 

 

D.1 MOS Moves 

In Chapter 3 knots were modeled as self-avoiding polygons, referred to as single-

loop conformations, in the simple cubic lattice 3.  As mentioned in Chapter 3, our 

simulation procedure for conformations of loop size greater than thirty combined the 

MOS (Madras, Orlitsky, and Shepp 1990) and BFACF (Berg and Foerster 1981; de 

Carvalho, Caracciolo, and Frohlich 1983) algorithms to achieve ergodicity.  In particular, 

starting with any conformation new conformations were generated by a move set 

consisting of the three MOS moves (inversion, reflection, and interchange 

transformations) and the BFACF chain move that changes loop size by 2.  Chapter 3 

thoroughly describes the probabilities and results of choosing one of these four moves.  

However, as a published article Chapter 3 referred to the MOS procedure described in 

Liu, Zechiedrich, and Chan 2006.  Here we review this MOS procedure and illustrate the 

applied BFACF chain move. 

In the Monte Carlo algorithm of Madras, Orlitsky, and Shepp 1990 loop size is 

kept constant when generating a new conformation from an existing conformation.  

Figure D.1.1 illustrates the MOS chain moves of inversion and reflection.  These 

moves allow segments of the chain to pass through each other during the moves; 

however the resulting chain must satisfy the volume exclusion principle that each lattice 

site can only be visited once.  Each move is begun by randomly choosing a pair of 

beads within the starting conformation.  The inner beads of the fixed juxtaposition (I, IIa, 

IIb, III, or IV) are not allowed to initiate a move; the four endpoints of a juxtaposition may 

initiate a move.  The randomly chosen pair of beads together with the MOS chain 

moves yield a set of all possible conformational transformations.  To generate a 

potential new conformation a transformation is randomly chosen from this set.  

Acceptance or rejection of generated conformations is described in Chapter 3. 
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Inversion 

 

 

Reflection 

Figure D.1.1 MOS Inversion and Reflection Moves. 

 

D.2 BFACF Move 

The BFACF chain move (Berg and Foerster 1981; de Carvalho, Caracciolo, and 

Frohlich 1983) utilized in the simulation procedure described in Chapter 3 either 

increases or decrease the chain length by two.  Restrictions on this move as well as 

probabilities and acceptance/rejection rules are stated in Chapter 3.  Figure D.2.2 

illustrates the particular BFACF chain move which we applied. 

 

 

Figure D.2.1. BFACF Chain Move.
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APPENDIX E 

 

Polynomial Knot Invariants 

 

E.1 HOMFLY Polynomial 

In Chapter 3 the topological state of each conformation was determined by 

evaluating the HOMFLY polynomial.  The HOMFLY polynomial is named for the 

mathematicians Hoste, Ocneau, Millett, Freyd, Lickorish, and Yetter who discovered this 

polynomial knot invariant at approximately the same time.  Here we review the 

HOMFLY polynomial adapting the discussion presented by Lickorish and Millett 1988. 

 
Theorem E.1: There is a unique way of associating to each oriented link L  a Laurent 

polynomial  such that equivalent links have the same polynomial and ( mlPL , )
 (i) (  ) 1,

10 =mlP

 (ii) if , ,  and are any three oriented links that are identical except near a  +L −L 0L

     point where they are as shown in Figure E.1.1, then 

 ( ) ( ) ( ) 0,,, 0
1 =++ −+

− mlPmmlPlmlPl
LLL

. (E.1) 

 

 
                   +L −L 0L
Figure E.1.1. HOMFLY Polynomial. 
 
 
Example E.1. 
     +    -          0 

 
 

Note  implies 10≅≅ −+ LL ( ) ( ) ( ) 1,,,
10 === −+ mlPmlPmlP

LL
, and we also have .  

Thus, equation E.1 yields 

11
0 00 ∪≅L

( ) 0,)1()1(
11 00

1 =++ − mlmPll ∪  

which implies ( ) ( ) 11
00 ,

11

−− +−= mllmlP ∪ . 
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Example E.2. 
      +      -       0 

 
 

Note  and .  Thus, ,0 ,00 2
111 ≅≅ −+ LL ∪ 1

0 0≅L ( ) ( ) 11, −− +−=+ mllmlP
L

 and .  

Solving equation E.1 for  we have 

( ) 1,0 =mlP
L

( mlP
L

,− )
( ) ( ) ( )mlPlmlPmlmlP

LLL
,,, 2

0 +− −−= . 

Thus,  

( ) ( ) ( )( ) ( ) 131121,2
1

−−− ++−=+−−−= mllmlmlllmlmlP
o

. 

 
Example E.3. 
       +       -       0 

 
 

Note , , and .  Thus,  10≅+L 13≅−L 2
1

0 0≅L

( ) ( ) ( ) 2242213
3 21)(,

1
lmlllmllmlmlmlP +−−=−++−−= − . 

 

Proposition E.1: For any oriented link L , ( ) ( )mlPmlP LL
,, 1

*
−= . 

 

Proposition E.2: For any two oriented links  and , 1L 2L ( ) ( ) ( mlPmlPmlP LLLL ,..
2121 # )= . 

 

Theorem E.1 and Propositions E.1 and E.2 were applied to compute the HOMFLY 

polynomials of knots shown in Appendix A. 

 

E.2 Alexander Polynomial 

 The Alexander polynomial was used in Chapter 3 to verify that the HOMFLY 

knot/unknot determination algorithm was implemented correctly.  This original 

polynomial knot invariant was discovered in 1923 by J. W. Alexander (Alexander 1928).  

The Alexander polynomial associates to each oriented link L  a Laurent polynomial 

∆ ( )2
1

tL  such that equivalent links have the same polynomial and 

 (i) ( ) 12
1

01
=∆ t  

(ii) ( ) ( ) ( ) ( ) 02
1

2
1

2
1

2
1

2
1

0 =∆−+∆−∆ −
−+ ttttt

LLL
. 

Note there do exist knots which the Alexander polynomial can not distinguish. 
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E.3 Maple Worksheets: HOMFLY Polynomial Calculations for Composite Knots 

> restart; 

> P3_1:=-2*l^2-l^4+m^2*l^2; 

P3_1 := K 2 l2 K l4 C m2 l2 

> P3_1m:=-2*l^(-2)-l^(-4)+m^2*l^(-2); 

P3_1m := K
2

l2
K

1

l4
C

m2

l2
 

> expand(P3_1*P3_1m); 

5 C
2

l2
K 4 m2 C 2 l2 K m2 l2 K

m2

l2
C m4

 

> expand(P3_1*P3_1); 

4 l4 C 4 l6 K 4 l4 m2 C l8 K 2 l6 m2 C m4 l4 

0, 4, 4 

0, 6, 4 

2, 4, -4 

0, 8, 1 

2, 6, -2 

4, 4, 1 
> expand(P3_1m*P3_1m); 

4

l4
C

4

l6
K

4 m2

l4
C

1

l8
K

2 m2

l6
C

m4

l4
 

> P4_1:=-l^(-2)-1-l^2+m^2; 

P4_1 := K
1

l2
K 1 K l2 C m2

 

> expand(P3_1*P4_1); 

2 C 3 l2 C 3 l4 K 3 m2 l2 C l6 K 2 l4 m2 K m2 C m4 l2 

0, 0, 2 

0, 2, 3 

0, 4, 3 

2, 2, -3 

0, 6, 1 

2, 4, -2 

2, 0, -1 

4, 2, 1 
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> expand(P3_1m*P4_1); 

3

l4
C

3

l2
C 2 K

3 m2

l2
C

1

l6
K

2 m2

l4
K m2 C

m4

l2
 

0, -4, 3 

0, -2, 3 

0, 0, 2 

2, -2, -3 

0, -6, 1 

2, -4, -2 

2, 0, -1 

4, -2, 1 
> P5_1:=3*l^4+2*l^6+(-4*l^4-l^6)*m^2+l^4*m^4; 

P5_1 := 3 l4 C 2 l6 C (K 4 l4 K l6 )  m2 C m4 l4 

> P5_2:=-l^2+l^4+l^6+(l^2-l^4)*m^2; 

P5_2 := K l2 C l4 C l6 C ( l2 K l4 )  m2
 

> P5_1m:=3*l^(-4)+2*l^(-6)+(-4*l^(-4)-l^(-6))*m^2+l^(-4)*m^4; 

P5_1m :=
3

l4
C

2

l6
C æ

è
K

4

l4
K

1

l6
ö
ø

 m2 C
m4

l4
 

> P5_2m:=-l^(-2)+l^(-4)+l^(-6)+(l^(-2)-l^(-4))*m^2; 

P5_2m := K
1

l2
C

1

l4
C

1

l6
C æ

è

1

l2
K

1

l4
ö
ø

 m2
 

> expand(P3_1*P5_1); 

K 6 l6 K 7 l8 C 11 l6 m2 C 8 l8 m2 K 6 l6 m4 K 2 l10 C l10 m2 K 2 l8 m4 C m6 l6 

3_1 # 5_1 

0, 6, -6 

0, 8, -7 

2, 6, 11 

2, 8, 8 

4, 6, -6 

0, 10, -2 

2, 10, 1 

4, 8, -2 

6, 6, 1 

3_1* # 5_1* 

0, -6, -6 

0, -8, -7 
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2, -6, 11 

2, -8, 8 

4, -6, -6 

0, -10, -2 

2, -10, 1 

4, -8, -2 

6, -6, 1 
> expand(P3_1m*P5_2m); 

2

l4
K

1

l6
K

3

l8
K

3 m2

l4
C

2 m2

l6
K

1

l10
C

2 m2

l8
C

m4

l4
K

m4

l6
 

> expand(P3_1*P5_2); 

2 l4 K l6 K 3 l8 K 3 l4 m2 C 2 l6 m2 K l10 C 2 l8 m2 C m4 l4 K l6 m4
 

3_1 # 5_2 

0, 4, 2 

0, 6, -1 

0, 8, -3 

0, 10, -1 

2, 4, -3 

2, 6, 2 

2, 8, 2 

4, 4, 1 

4, 6, -1 

3_1* # 5_2* 

0, -4, 2 

0, -6, -1 

0, -8, -3 

2, -4, -3 

2, 6, 2 

0, -10, -1 

2, -8, 2 

4, -4, 1 

4, -6, -1 
> expand(P3_1*P5_1m); 

K
8

l2
K

4

l4
C

12 m2

l2
C

4 m2

l4
K

6 m4

l2
K 3 C 4 m2 K m4 K

m4

l4
C

m6

l2
 

3_1 # 5_1* 

0, 0, -3 

0, -2, -8 

0, -4, -4 

2, -4, 4 

2, -2, 12 
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2, 0, 4 

4, -4, -1 

4, -2, -6 

4, 0, -1 

6, -2, 1 

3_1* # 5_1 

0, 0, -3 

0, 2, -8 

0, 4, -4 

2, 0, 4 

2, 2, 12 

2, 4, 4 

4, 0, -1 

4, 2, -6 

4, 4, -1 

6, 2, 1 

 
> expand(P3_1*P5_2m); 

1 K
3

l2
K

2

l4
K 2 m2 C

3 m2

l2
C l2 K m2 l2 C

m2

l4
C m4 K

m4

l2
 

3_1 # 5_2* 

0, -4, -2 

0, -2, -3 

0, 0, 1 

0, 2, 1 

2, -4, 1 

2, -2, 3 

2, 0, -2 

2, 2, -1 

4, -2, -1 

4, 0, 1 

3_1* # 5_2 

0, -2, 1 

0, 0, 1 

0, 2, -3 

0, 4, -2 

2, -2, -1 

2, 0, -2 

2, 2, 3 

2, 4, 1 

4, 0, 1 

4, 2, -1 
> expand(4*l^4+4*l^6-4*l^4*m^2+l^8-2*l^6*m^2+m^4*l^4*P3_1); 

4 l4 C 4 l6 K 4 l4 m2 C l8 K 2 l6 m2 K 2 m4 l6 K m4 l8 C m6 l6 
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3_1 # 3_1 # 3_1 

0 4 4 

0 6 4 

0 8 1 

2 4 -4 

2 6 -2 

4 6 -2 

4 8 -1 

6 6 1 

3_1* # 3_1* # 3_1* 

0 -8 1 

0 -6 4 

0 -4 4 

2 -6 -2 

2 -4 -4 

4 -8 -1 

4 -6 -2 

6 -6 1 
> expand(4*l^4+4*l^6-4*l^4*m^2+l^8-2*l^6*m^2+m^4*l^4*P3_1m); 

4 l4 C 4 l6 K 4 l4 m2 C l8 K 2 l6 m2 K 2 m4 l2 K m4 C m6 l2 

3_1 # 3_1 # 3_1* 

0 4 4 

0 6 4 

0 8 1 

2 4 -4 

2 6 -2 

4 0 -1 

4 2 -2 

6 2 1 
> expand(5+2/l^2-4*m^2+2*l^2-m^2*l^2-m^2/l^2+m^4*P3_1m); 

5 C
2

l2
K 4 m2 C 2 l2 K m2 l2 K

m2

l2
K

2 m4

l2
K

m4

l4
C

m6

l2
 

3_1 # 3_1* # 3_1* 

0 0 5 

0 -2 2 

0 2 2 

2 -2 -1 

2 0 -4 

2 2 -1 

4 -2 -2 

4 -4 -1 

6 -2 1 
>  
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APPENDIX F 

 

Bacterial Strain List 

 

Strain Genotype Reference 
C600 F- thr-1leu-6 thi-1 lacY1 sup E44 tonA21 Appleyard 1954
ParC1215 C600 parC1215 Kato et al. 1990
ParE10 W3110 parE10 Kato et al. 1990
W3110 F- λ- IN(rrnD - rrnE)1 rph-1 Kato et al. 1990
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APPENDIX G 

 

Plasmid List 

 

Plasmid Other 
Name 

Size 
(kbp) 

Recombination sites Antibiotic 
resistance 

Products Source 

pJB3.5i pINT 3.459 attP, attB amp
r

Torus Knots J. Bliska 

pRJ862 pKNOT 5.369 hixL, hixL-AT amp
r

Twist & 
Composite 
Knots 

R. C. Johnson  

pBR322 pBR 4.361 N/A tet
r
, amp

r
N/A  

pTGSE4 pREC 5.336 hixL, hixL amp
r

N/A T. N. Gonzalez 

pKH66 pHIN  N/A spect
r

N/A R. C. Johnson 
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