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ABSTRACT 

 

The Coefficient of Thermal Expansion (CTE) of Carbon nanotubes (CNTs) is determined 

using Molecular Dynamics (MD) simulations. Accurately evaluating CTE using 

experimental methods still suffers from size restrictions and measurement limitations. 

Thus, computational methods (MD simulations) prove to be an ideal tool to evaluate the 

CTE properties. It is clearly seen that the coefficient is not linear but varies with 

temperature. To maintain the temperature in MD, thermostats are used and there are 

different types of thermostats available in an MD code. The effect of various parameters 

on the performance of each of the thermostats and whether they are capable of 

representing the physics of the problem are examined. The key numerical parameters and 

the effect of these parameters on the thermal and the thermo-mechanical properties are 

examined using MD simulations. It is found that many parameters affect the final results 

in the computation of CTE. However, MD is still capable of computing CTE as a 

function of temperature. 
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CHAPTER 1 

INTRODUCTION 

 
 

1.1 Motivation 

 

   Throughout the history of mankind, from the stone age to the computer age 

significant advances in science and engineering have been and are being made to enhance 

the quality of human life. Such technological advances include industrial revolution, 

advances in transportation (aircraft, automobiles, trains etc.), energy production (nuclear, 

thermal, and hydroelectric), medicine, communication systems (mobile phones, satellites, 

and internet) and modern computers. All of them, may be quite varied but still have 

something in common. It is the materials that are mark the milestones of each of those 

technologies, and many times their limitations as well. For example, the transportation 

industry has enormously benefited from the development of lighter, stronger, safer, and 

more efficient materials. The same material still poses the blockade in both the space and 

supersonic transportation. The general quest of improving the material has led us through 

various stages of human development from using stones, wood, composites, nano-

materials, and on to biomaterials. These discoveries and innovations in materials 

development are essential without which the newer technologies may not come to 

fruition. 

1.2 Nanoscience and Nanotechnology 

 On Dec 29, 1959 Richard P Feynman gave a historical talk at the American 

Physical society that provoked many to think small down to the order of atoms and 

molecules and marked the onset of a new technology called as “nanotechnology”. 
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Nanotechnology is defined by NNI (National Nanotechnology Initiative) as involving all 

of the following: 

1. Research and technology development at the atomic, molecular or macromolecular 

levels, in the length scale of approximately 1 - 100 nanometer range. 

2. Creating and using structures, devices and systems that have novel properties and 

functions because of their small and (or) intermediate size. 

3. Ability to control or manipulate on the atomic scale. 

 

Source: Department of Energy (DOE) website  

 

Figure 1.1. A comparative chart showing examples from macro to nano scale 
 

Several products have been manufactured exploiting the unique properties of some nano-

materials. Giant Magneto resistance (GMR) heads, automotive sensors, land mine 

detectors, sunscreen lotions, longer lasting tennis balls, and catalytic converters are some 

of the products developed using nano-materials. In a nutshell, nanotechnology has great 

promises for improving several fields such as medicine (Pharmaceuticals), electronics, 

material science and energy storage. 
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1.3 Carbon Nanotube – Thermal Applications 

 

Nanomaterials differ significantly from the known materials by virtue of their extremely 

small size. In 1991, Sumio Iijima discovered a new form of carbon which is now 

popularly known as Carbon Nanotube (CNTs). They belong to a class of naturally 

occurring form of carbon called fullerenes. Their unique mechanical, electrical, thermal 

and electronic properties make them suitable for developing several multi functional 

applications. Some useful thermal properties are thermal conductivity, coefficient of 

thermal expansion, and heat capacity. CNTs have been found to have a very high thermal 

conductivity of 2980 ~ 6000 W / m. K. Diamond is the best known thermal conductor 

with thermal conductivity of 2000-2500 W/ m. K as of today. CNTs now are the best 

known material for thermal conductivity and can hence be used for high temperature 

applications like heat exchanges, electronic packaging and heat sinks. However, the 

coefficient of thermal expansion (CTE) of CNTs has not been extensively researched. In 

this work the CTE of single walled Carbon Nanotubes (SWCNTs) is being investigated. 

 

1.4 Computational Simulations to Evaluate Thermal Properties 

 

 The diameter of SWCNT is in the range of a few nanometers. The evaluation of 

its properties thus calls for high resolution TEMs, atomic force microscopes, and 

nanolithography techniques. Isolating single SWCNT and attaching with standard leads 

or using other techniques to directly measure CTEs are beyond the current capability. 

Alternatively mathematical modeling and computer assisted simulations can be relatively 

easily be used to evaluate this property. Molecular dynamics is an established technique 

(devised in late 1950s) which has been used by physicists to study equilibrium and non-

equilibrium molecular systems. It has become a very useful tool in material science. 

Thermostats are used to maintain temperatures in molecular dynamics simulations. 

Simulations can be carried out to determine specific thermal properties of carbon 

nanotubes. A well modeled system with reasonable assumptions will serve as a suitable 

substitute for experimental methods. Though conceptually applying a constant 
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temperature and measuring the change in length appears to be an easy task, there are 

many physics- and computational-based issues arise. Several issues such as selecting the 

right boundary conditions, choosing the appropriate thermostats, estimating when the 

system equilibrates and then dealing with thermal and mechanical oscillation dynamics at 

the atomic level all contribute to the successful computation. 

1.5 Contents of the Thesis 

 

  The primary goal of this work is to calculate the axial CTE of SWCNTs 

using MD simulations. Chapter 2 describes the geometric details of carbon nanotubes, 

introduces molecular dynamics and how the thermal properties of CNTs can be 

evaluated. Since thermostats are the mathematical means of achieving a given 

temperatures, there is more than one way to perform that task. Chapter 3 examines the 

inner workings of thermostats and two compares the performance of two popular 

thermostats.  The chapter also recommends the type of thermostats suitable for different 

conditions. Chapter 4 describes the method used to evaluate the CTE of CNTs, which is 

the main purpose of the thesis. In this chapter, a number of numerical issues that critically 

affect the accuracy of the results are first identified and then analyzed. The chapter 

describes the methodology used and compares the results with other published works. 

The conclusions of this work are drawn in chapter 5 and the possible future work is also 

mentioned. 
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CHAPTER 2 

THEORETICAL BACKGROUND 

 

 In this chapter, the background on material (CNTs), property (CTE) and the 

methodology (MD) that are the bases of this work are presented in detail. Also, the 

experimental and the computational results available in the literature on measuring the 

CTE of CNTs are presented. The first part of the chapter introduces carbon nanotubes 

wherein a review of the history of this material, the properties which make them unique, 

its classifications and their current and potential applications are included. This is 

followed by a detailed review of the thermal properties the CTE. The second part of the 

chapter contains the descriptions of the working of molecular dynamics, the importance 

of and the different types of potentials. 

 

2.1 Carbon Nanotubes 

2.1.1 Introduction 

 

  Carbon is a unique element in its ability to form stable compounds with many 

known elements and with itself. It has an atomic number of 6 and with 2 valence 

electrons in the ground state. But its ability to hybridize and form sp, sp2 and sp3 bonds 

makes it versatile as it can form many compounds with other elements and also exist in 

several allotropic forms. One classic illustration is the extreme difference in strengths 

between two of carbon’s allotropes (graphite, a soft material and diamond, hardest known 

material). Some of the allotropic forms of carbon are amorphous carbon, diamond, 

graphite, fullerenes (C60), ceraphite, carbon nanotubes and nanofoam. 

Carbon Nanotubes (CNTs), which are present in the well known carbon fibers, 

were found out by the Japanese researcher, Sumio Iijima in 1991. In his paper [1] he 

discovered a new type of “finite carbon structure consisting of needle like tubes”.  They 
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have a structure of a cylindrical fullerene, with hexagonal interatomic networking. The 

dimensions of the first tube created ranged from (4 to 30 nm in diameter) and up to 1µm 

in length. Their strong sp2 bonding, ability to exist and act as metals or semiconductors, 

large aspect ratio (1000 – 100000) make them extremely suitable for use in miniature 

electronics, advanced composites, and as biological molecules in various 

biotechnological applications. 

 

2.1.2 Single Walled CNT - Nomenclature and Types  

  

 CNTs can be imagined as a rolled graphene sheet (one planar layer of graphite) with its 

ends seamlessly attached. They are represented by a pair of indices (n,m) which 

represents the orientation of the circumference. Figure 2.1 clearly shows the typical 

nomenclature. As a convention, if n = m the tube is called armchair nanotube, if m = 0, 

the tube is called zigzag nanotube, for any other (n,m) the tube is called chiral nanotube. 

 

 

Figure 2.1: Nomenclature of SWCNT 
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The chirality represents the angle of twist of the nanotube. It has been found that there 

exists a relation between the chirality and their electrical property. CNTs generally are 

classified as single walled and multi walled. The multi walled nanotubes are concentric 

single walled tubes interacting with each other by weak van der Waals forces. The 

distance between two adjacent tubes is approximately 3.4 Å. Naturally occurring CNTs 

exist as multi walled tubes, carbon nanotube bundles, ropes, etc. However a single walled 

tube can be considered as a representative model which substantially reduces the 

computational complexity. 

                                      

 

Figure 2.2 A computer generated image of SWCNT and MWCNT 

 

2.1.3 Properties of CNTs 

 

The uniqueness of carbon, the structure of CNTs, their size and shape, helicity, 

types among other factors all contribute towards several interesting properties of CNTs. It 

is now established beyond doubt that their unique properties will lead to better and newer 

materials in the near future. A compilation of the mechanical, thermal and electrical 

properties researched are discussed below.  
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Mechanical Properties 

 

Several theoretical, experimental and computational approaches have been used to find 

the mechanical properties that include the stiffness and strength. Reported values of the 

properties vary very widely. The first experimental study of the elastic properties of the 

single walled CNTs was carried by Treacy [2] in 1998. It was found out that the Young 

modulus was approximately 1.25 TPa. In 2000 Yu et al reported [3] Young's modulus of 

1 TPa and maximum tensile strength is of approximately 30 GPa. A brief comparison of 

the elastic properties (Young’s modulus and the tensile strength) and density of 

SWCNTs, SWNT bundles, MWCNTs, graphite (in-plane) and steel is shown in Table 2.1 

 

Table 2.1 Mechanical Properties of CNTs – A comparison [24] 

 

 
Young’s modulus 

(GPa) 

Tensile Strength 

(GPa) 

Density 

(g/cm3) 

MWNT 1200 ~150 2.6 

SWNT 1054 75 1.3 

SWNT bundles 563 ~150 1.3 

Graphite (in-plane) 350 2.5 2.6 

Steel 208 0.4 7.8 

 

σ bonding is the strongest type of bonding and CNTs are structured with the 

predominantly σ bonding along its surface and π  bonding normal to it. Young’s modulus 

is independent of the chirality; however, it is dependent on the tube diameter. The very 

high values of the order of 1 TPa are obtained from the tubes of large diameter in the 

range of 1 to 2 nm. In the MWCNTs there exists co-axial intertubular coupling or van der 

Waals force which results in a Young’s modulus slightly higher than the SWNT, 

approximately 1.1 to 1.3 TPa. In the CNT bundles there exists weak Van der Waals force 

between the tubes and this result in the decrease of Young’s modulus.  
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Electrical properties 

 

The most important electrical property is the conductance/resistivity of any material. 

Another property is the maximum current density. Carbon based materials have shown 

interesting electrical properties. Graphite is a good conductor whereas diamond is a very 

good insulator. Carbon nanotubes’ chirality is related to its electrical behavior.  The 

condition at which metallic conductance can be observed for a given (n,m) is  

     n-m = 3q                                                             (2.1) 

This implies that [4] when nanotubes are fabricated with random n and m the probability 

of finding a semi conductor nanotube is 0.667 and a metallic nanotube is 0.333. 

Bandgap is the term commonly used to differentiate between metals, insulators and 

semiconductors. It is the energy difference between the topmost layer of the valence band 

and the bottommost layer of the conduction band. Experimental measurements have 

shown that the bandgap of a 1nm wide semi conducting tube is 0.70 eV to 0.90 eV. It is 

also found that non-armchair metallic nanotubes of small diameter (<1.5 nm) exhibit 

bandgap as low as 0.02 eV. Armchair nanotubes are intrinsically metallic. 

Several experiments have concluded that CNTs behave like quantum wires. In a study 

[5], multi walled nanotubes were found to exhibit ballistic conductance. The conductance 

was found to vary with sudden increase of 1 G0, where G0 is 1/12.9 k Ω -1. In another 

investigation [6] the resistivity of ropes of metallic SWCNTs was found out to be 10-4 Ω-

cm at 300 K. In the same study the current density is reported to be greater than 107 

A/cm2. Another study [7] reports that the current density can be increased as high as 1013 

A/cm2. The extremely small size and superior electrical properties makes carbon 

nanotubes very suitable for small scale electronics applications. 
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Thermal Properties 

 

The behavior of any material when subjected to a change in temperature (heat) is termed 

as the thermal property of the material. When heat is applied, it is absorbed and 

transported within the material; as a result structural changes begin, and temperature 

increases. Continuous heat input may even result in melting. Some thermal properties 

used to quantify this behavior of materials under temperature are thermal conductivity, 

heat capacity and thermal expansion coefficient. 

The amount of heat energy required to increase the temperature of material to a certain 

value is different for different materials, which depends on the several factors like atomic 

structure, thermal vibration propagation within the material and the like. This quantity 

which denotes the amount of heat that needs to be supplied to increase the temperature of 

the material by 10 C (say) is called the heat capacity (C) of the material.  

Thermal conductivity is the ability of the material to transfer heat from a region of high 

temperature to a region of low temperature. This quantity is best described by the 

expression, 

      -  
dT

q k
dx

=                                                         (2.2) 

where, 

q denotes the heat flux per unit time per unit area (taken normal to direction of heat flow) 

k is the thermal conductivity, and 
dT

dx
 is the temperature gradient through the material. 

Equation 2.2 is the steady state (q is not a function of time) heat conduction equation. 

Heat conduction in solids takes place in two ways, one is lattice vibration waves 

(phonons) and the other is by free electrons. The thermal conductivity of diamond is 1000 

– 2600 W / m. K and that of graphite is 120 W/m. K at 100o C. The thermal conductivity 

of CNTs have been extensively researched but widely disputed. The exact value of the 

thermal conductivity is disagreed upon but there is considerable agreement in the 

dependence of thermal conductivity on several factors like temperature, large phonon 

modes, current and vacancy concentration. J Hone et al., [8] reported that the thermal 

conductivity is linearly dependent on temperature in the ranges below and above the 
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room temperature, however with different slopes. They also reported that the thermal 

conductivity of a single rope of carbon nanotube at room temperature can range between 

1800 – 6000 W /m K. Che, et. al. [9] numerically calculated thermal conductivity using 

change in the electrical conductance and reported the value as 2980 W / m K. Berber et al 

[10] performed molecular dynamics simulations to determine the temperature 

dependence of thermal conductivity. They reported a very high value of 6600 W/m K at 

room temperature. Their results agreed with [8] on the high values of thermal 

conductivity but the temperature dependence is reported as non linear contradicting the 

previous results. The thermal conductivity measurement show a wide range from 200 to 

6000 W /m K. This can be attributed to the sample quality and alignment. Thermal 

conductivity studies on MWNT and SWNT bundles at room temperature have reported 

variations between 1800 and 6000 W/m K. However for a single MWNT it has been 

firmly stated [11] that the thermal conductivity value is higher than 3000 W/m K. 

 

2.1.4 Coefficient of Thermal Expansion 

 

Temperature is an important parameter that affects various material properties. In 

particular several mechanical properties such as Young’s modulus and tensile strength 

reveal low values at high temperatures indicating weakening of the material. The 

structural change exhibited by materials at higher temperatures is quantized by property 

termed coefficient of thermal expansion (CTE). CTE is the property that relates the 

change in the temperature with the changes in the dimensions. Mathematically, it can be 

represented as, 

                   
1

i

dl

l dT
α ⎛ ⎞= ⎜ ⎟

⎝ ⎠
                                                (2.3) 

where, 

 α is the coefficient of thermal expansion 

 li  is the instantaneous length  

 
dl

dT
 is the slope of the actual length vs. temperature.  
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A few experimental, computational and theoretical studies [12-17] have been carried out 

and all the results reveal a striking pattern of low to negative CTE at around room 

temperature. A brief overview of the CTE studies is presented here. 

Yosida reported X ray diffraction studies [12] of SWCNT bundles in the 

temperature range of 290 to 1600 K. The lattice constant of the trigonal arrangement of 

SWCNT bundles was monitored. It was observed that the lattice constant shrinks over the 

entire temperature range. The coefficient of volume thermal expansion was also expected 

to be negative over the temperature range under the assumption that the tube axis 

expansion is similar to the in-plane expansion of graphite. Very similar results were 

obtained from another X ray diffraction study [13] of SWCNT bundles by Yutaka 

Maniwa et al. They determined the thermal expansion coefficient of SWCNT bundles as 

-5 -1(-0.15 0.20)*10 K±  for the tube diameter and -5 -1(0.75 0.25)*10 K±  for triangular 

lattice constant. 

In another study [14] both experimental and computational approaches were adopted to 

study the temperature dependence of the radial breathing mode Raman frequency of 

SWCNTs. Three factors such as the thermal expansion of individual SWCNTs in the 

radial direction, softening of the C-C bonds, and softening of the Van der Waals 

intertubular interactions in SWNT bundles were estimated. In their work a molecular 

dynamics simulation using Tersoff potential was carried out. Two armchair type CNTs - 

(5, 5) and (10, 10) were studied. They found that the radial CTE was smaller than the 

axial CTE and they attribute this to the effect of curvature on the properties. The results 

are consistent with the X-ray diffraction studies [12]. They also report that the smaller 

diameter tubes exhibit larger radial and axial CTE than the larger diameter tube. The CTE 

values decreases with increasing diameter and for very large diameters the CTE values 

become negative and approaches that of graphite. As another part of their study they 

monitored the change in the C-C bond length and the bond angle with temperature. The 

average length (over all C-C bonds and total time) is monitored as a function of 

temperature. The reported value of the rate of change of C-C bond length 

is 6 07 1  0 2  10    . . * / K−± . In SWCNTs in-plane expansion, bond stretching and bond 

bending effects cancels out each other, similar to that of graphite. This leads to a very low 
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or even negative thermal expansion coefficients. The graphical representation of the 

results is shown in the Fig 2.3 

 

 

Figure 2.3 Thermal expansion of the C-C bond lengths of armchair SWCNTs using  
MD simulations [14] 

 
They also studied the temperature dependence of Young’s modulus. It is established that 

temperature and Young’s modulus are linearly but inversely proportional. This study 

illustrated this fact. They determined the CTE corresponding to the change in the 

Young’s modulus as approximately 7*10-5 /K. Their result is shown in figure 2.4 

 

 

Figure 2.4 Temperature dependence of Young’s modulus in armchair type SWCNTs [14] 
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In an experimental study [15] conducted by Yongbing Tang et al. on different nano- 

aluminum - SWCNT composites the CTE was evaluated at different temperatures. In this 

study a comparison is drawn between the CTE values of different composites (varying 

the % by volume of CNTs). It was observed that the CTE values decreased with 

increasing percentages of volume fraction of CNT in the nano crystalline aluminum 

composite. For a 15 % volume fraction of SWCNT- nano aluminum the CTE was about   

1/ 3 rd as that of pure nano- aluminum in a temperature range of 20 to 250 0C. It is to be 

noted that the CTE values drop by a huge margin of 65 % for a 15% volume fraction of 

CNT in nano Al. This clearly demonstrates the CTE values of SWCNTs are near zero or 

negative, hence the substantial change in the composite. 

 

Figure 2.5 CTE variations for different volume fraction of SWCNTs in a  
CNT-nano Al composite  

 

Young-Kyun Kwon et al., performed molecular dynamics simulations to study the 

thermal contraction of carbon fullerenes and nanotubes [16]. The temperature 

dependence of the volume of C60 fullerenes and nanotubes and also the length variations 

were studied. They adopt a parameterized linear combination of atomic orbitals 

formalism based on universal parameterization of ab-initio density functional results. The 

results for the CNT reveal longitudinal and volumetric contraction up to a temperature of 

800 K after which the anharmonicities in the vibration result in an overall thermal 
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expansion. The maximum longitudinal thermal expansion occurs at 400 K when α ~ -12 * 

10-6 /K, in comparison with graphite’s value of -1.3 * 10-6 /K. Similarly at maximum 

volume thermal expansion is at 400 K and its value is β ~ - 70 * 10-6 K-1.  The tube is 

reported to exceed it initial length at 0 K above 1300 K. They also analyzed the 

relationship between the thermal contraction and the normal vibration modes. They report 

that the length contraction is effected by the bending, twist and pinch modes where as the 

pinch mode dominates the volumetric contraction. The graphical representation of the 

results are shown in the Fig 2.6 

 

 

Figure 2.6 (a) & (b) Temperature dependence of longitudinal strain and the CTE  
(c) & (d) Temperature dependence of volumetric strain and the CTE of a SWCNT 

 

In another study [17] by Jiang et al, an analytical model was developed to determine the 

temperature and the helicity dependence of CTE of SWCNT. This method is developed 

directly from the interatomic potential and the local harmonic model. According to this 

study the CTE of SWCNT, similar to graphite, is negative at low and room temperature 

and it is positive at higher temperatures. Their results on armchair CNTs (radial thermal 

expansion is greater than the axial thermal expansion) confirms with the study described 

above whereas for the zigzag tube the opposite holds good. It is also reported that the 

radial CTE is independent of CNT helicity, but the axial CTE displays a strong 

dependence on the helicity. 
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Figure 2.7 Temperature dependence of the radial and axial CTEs for (5,5) and (9,0) 
CNTs in comparison with graphene sheet. 

 

They also examined the diameter dependence of the CTE for armchair and zigzag 

nanotubes. It was reported that the CTE values decreases as the diameter increases at 400 

K, changing from positive to negative as in the case of an armchair CNT or from less 

negative to more negative in case of a zigzag CNT. 

 

 

Figure 2.8 Diameter dependence of CTE for armchair and zigzag CNTs 
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2.1.5 Application of Carbon Nanotubes   

 

Carbon nanotubes have extraordinary properties and they can be tapped and utilized into 

several applications. Some of the potential applications of CNTs in several areas are 

enumerated in this section. 

 

Composite Materials  

 

The extremely high stiffness values, high aspect ratio, and very low weight to strength 

ratio makes carbon nanotubes extremely well suited for advanced structural applications 

in composites. The theoretical stiffness value is approximately 1 TPa which is 5 times 

that of steel. The use of carbon nanotubes in composites will increase the amount of 

energy absorbed during elastic behavior, reduce weight because of low density of CNTs, 

better electrical behavior and better performance during compressive load. However 

several problems are associated with this. The interface between the nanotube and the 

matrix is one major issue. The smooth surface, the very small diameter and the effect of 

agglomerating are some of the issues that need to be handled before CNTs can be 

effectively used in composites. Moreover, multi-walled nanotubes and single walled 

nanotube bundles weak inter-tubular van der Waals forces aids the tube to slide with 

respect to each other.  

There is a possibility of using carbon nanotubes as filling in several non-structural 

applications with photoactive polymers such as PPV (Poly-p-phenylene vinylene). This 

composite is more robust and there is a large increase in the conductivity. There was very 

little difference in photoluminescence and electroluminescence. The nanotube composites 

can also be used in bio chemical areas as membranes for molecular separation, or for 

osteointegration – growth of bone cells which are currently being researched. 
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Energy storage 

 

Several characteristics of CNTs such as smooth surface topology, small dimensions and 

perfect surface specificity makes them good candidates for fuel cells, batteries and other 

electrochemical applications along the lines of graphite, carbon fiber and other 

carbonaceous materials. Several researches have been carried out experimenting carbon 

nanotube usage in hydrogen storage, lithium intercalation and electrochemical super 

capacitors. 

 

Molecular electronics 

 

Three main areas where CNTs find applications are field emitting devices, transistors, 

nano-probes and sensors. For use as field emitting devices the emissive material has low 

threshold emission field, and large stability at high current density, it is also required that 

the emitter needs to have a nanometer sized diameter, a structural integrity, high 

electrical conductivity, a small energy spread and a large chemical stability. Nanotubes 

possess all the above mentioned characteristics hence they find potential applications in 

flat panel displays, gas discharge tubes in telecom networks, electron guns for electron 

microscopes, AFM tips and microwave amplifiers. Nanotubes can be made to act as 

insulators by applying voltage and these nanotubes can be coupled together to work as a 

logical switch, a transistor. The use of multi-walled nanotube probes in STM and AFM 

instruments has several advantages including improved resolution and the tips do not 

suffer crash because of their high elasticity. The ease with which several functional 

groups can be attached to the nanotubes opens up several other potential applications in 

chemistry and biology. 
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2.2  Molecular dynamics simulation 

 

Newton described the equations of motion as early as the 18th century in which he 

described the relation between the dynamic variables such as position, velocity and 

acceleration in the space-time domain. Molecular dynamics is a numerical technique used 

to simulate the motion of atoms and molecules interacting with specific interatomic 

potentials by integrating the equations of motion. Molecular dynamics is essentially an 

old-fashioned idea which has attained great popularity in the recent times attributing its 

success to the great advances in computing power. In this section a brief introduction on 

how molecular dynamics simulations work, the approximations involved in interatomic 

potentials specifically used in modeling carbon nanotubes, common boundary conditions 

used are outlined. 

 

2.2.1 Molecular dynamics procedure 

 

The fundamental idea behind MD is to dynamically simulate an N body system 

interacting with each other through specific interatomic potentials. This involves 

generating the trajectories of all the particles comprising the system, which is achieved by 

determining the positions and momentum of the particles over time. The algorithm 

adopted in MD simulations is described below. 

STEP 1: The initial parameters required to describe the model are assumed. The suitable 

interatomic potential, initial temperature, number of particles, density, time step etc. are 

chosen to meet the requirements of the problem 

STEP 2: The initial positions and velocities (zero if it is initially at rest) of the N particles 

in the system are taken as input. Although the velocity distribution needs to be 

Maxwellian the initial velocity distribution is not Maxwellian neither in shape nor width. 

However during the course of the simulation the velocities are shifted so that the total 

momentum is zero and the time average of the velocity distribution is Maxwellian.   

STEP 3: The force on each of the particles is calculated from the interatomic potentials 

by determining the derivative of the potential energy (which in turn is a function of inter 

atomic distances) 
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STEP 4: The forces are used to calculate the acceleration of each particle by integrating 

Newton’s equation of motion. Subsequent integrations yield the velocities and the 

displacements. One popular integration scheme is Verlet algorithm. From the 

displacements the new positions are calculated. This step is repeated over the specified 

time which results in the evaluating the trajectory of the system.  

Temperature is applied by scaling the velocity or adding the equivalent force to the 

system gradually raising the energy to the required level. At thermal equilibrium, the 

average velocities are distributed in a Maxwell-Boltzmann fashion. Mathematically this 

can be written as,   

     2 Bk T
v

m
α =                                                         (2.4) 

where, 2vα  is the time averaged velocity  

Bk  is the Boltzmann constant 1.3807 * 10-23 J K-1 

T is the temperature of the system 

The instantaneous temperature at time t is given by T(t), 

             
2

,

1

( )
( )

N
i

B
i f

mv t
k T t

N

α

=
=∑                                            (2.5) 

STEP 5: The averaged values of the measured quantities such as the temperature, 

pressure, etc.. are computed and the outputs are presented. This procedure is represented 

as a flowchart in Fig 2.9  
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Figure 2.9 Flowchart of Molecular dynamics simulation 

 

2.2.2 Interatomic potentials 

 

Most of the bulk properties of materials are a direct result of the atomic interactions, 

excluding those like radioactivity which involves the subatomic particles. Hence models 

based on interatomic interactions are suitable for studying most physical phenomenon. 

The atom consists of the nucleus and the negatively charged electrons. The nucleus in 

turn consists of the positively charged protons and the neutrally charged neutrons. 

Neglecting the orbital electrons and taking only the neutrons into account the force 

between two atoms according to the columbic law of atomic interaction is given as  

2t+∆t

2
t

d r dr
dt =

dt dt∫

t+∆t

t

dr
dt = r

dt
∆∫

r∆
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2
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N 2

Z Z e
F (r) = 

r
                                                 (2.6) 

where,  

Z1 and Z2  are the number of protons contained in the nucleus, 

e is the charge of the electron, and  

r is the distance between the two atoms. 

Generally the force between two atoms is expressed in terms of their potential energy of 

interaction which is the function of the separation r between atoms. Potential energy and 

the force of interaction are related by, 

     
[ ]( )

( )
V r

F r
r

∂
=

∂
                                                 (2.7) 

The most accurate description of the atomic structure is achieved by taking the quantum 

mechanical aspects into consideration as in the density functional results. However they 

are computationally intensive which severely restricts its applications. Several 

approximations have been proposed to strike a balance between computational intensity 

and the accurate description of the physics of the problem. One rudimentary potential is 

the Lennard-Jones two body potential. The potential is expressed as  

                              ( ) n m

n m
V r

r r

λ λ
= −                                                 (2.8) 

The most commonly used form is the Lennard Jones(6-12) potential where n=12 and  

m = 6. The computational complexity is greatly reduced in this method allowing 

simulations of several billions of atoms. However since the nature of bonding is not taken 

into account this results in several unphysical effects such as high stacking fault energy in 

metals and the like. The bonding effects such as the bond bending, bond twisting, bond 

breaking, angular potentials with higher order terms are used for materials with covalent 

bonding are incorporated in more advanced potentials. Brenner’s or Tersoff- Brenner 

potential is an improvised version of the popular Tersoff potential. It is reactive bond 

order potential [2.17] used to model hydrocarbons. The total potential energy is expressed 

over a sum of i-j bonds as, 

                      
i j>1

( ) ( )b R ij ij A ijE V r B V r⎡ ⎤= −⎣ ⎦∑∑                                        (2.9) 
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where, VR and VA are the repulsive and the attractive component of the potential which is 

expressed in their general morose ( exponential ) form as, 

( )( )
( 2 ( ))

( )
1

e
ij ij ij

e
S r Rij

ij ijR
ij

D
V f r e

S

β− −=
−

                                    (2.10)    
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( 2 ( ))

( )
1

e
ij ij ij

e
S r Rij ij

ij ijA
ij

D S
V f r e

S

β− −=
−

                                           (2.11) 

where , 

( )ij ijf r  is the cutoff function which keeps the potential continuous throughout the system. 

The function goes smoothly to zero at 2 Ǻ, and  

ijB is the bond order function accounting for the various bond types and bond 

configurations in the Brenner’s potential. The local coordination, bond length effects and 

the bond angle are all taken into account in the bond order function. Brenner’s potential is 

widely used for simulating hydrocarbon based systems, CNTs in particular. Apart from 

effectively modeling single, double and triple bonds between carbons, Brenner’s potential 

also takes the bond conjugation effects into consideration. 

Several other potentials like the embedded atom method which is popularly used for 

metals and other empirical models based on ab-inito calculations are also prevalent. 

Careful selection of the potential is very critical to the correctness and accuracy of the 

simulation results. 

The importance of the MD simulations can be clearly understood from the wide range of 

areas to which it is applied. Pharmaceuticals, material science, bio polymers, study of 

biological structure such as proteins, tissues are some of the areas where MD simulations 

play a vital role in determining properties and molecular level behavior.  
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CHAPTER 3 

THERMOSTATS 

 

3.1  Introduction 

 

 The importance of maintaining temperature in a simulation is quite obvious. 

However the accuracy and the effectiveness of the algorithm in raising and maintaining a 

given temperature in the simulation system are very critical. The primary issue addressed 

in this chapter is how to accurately simulate constant temperature in MD simulation of 

CNTs. The imposition of temperature in an entire system or a part of the system becomes 

important in the evaluation of thermal properties of materials (e.g. thermal conductivity, 

thermal stresses, and thermo- mechanical properties). By system, we refer to the 

computational cell modeled by MD; the term entire domain refers to the overall problem. 

While a constant temperature throughout the system is applied for studying the thermal 

effects (e.g. variation of Young’s modulus with temperature), different parts of the CNT 

will be maintained at different levels of uniform temperatures in the study of thermal 

conductivity and thermal stresses. Different types of thermostats are used to achieve the 

desired temperatures and in this chapter the physical, mathematical and computational 

issues inherent in each of those thermostats are discussed. In section 3.2, some of the 

modeling issues that need to be addressed in simulating constant temperature MD are 

compared to constant energy MD. Furthermore the basics of the two types of thermostats 

based on stochastic and velocity scaling and the model parameters for each of the 

thermostats are delineated. In section 3.3, the ability of each of the thermostats to 

represent increasing levels of temperature accurately in terms of velocity distribution of 

atoms and time steps needed to reach thermal equilibrium are discussed. In section 3.4, 

the effects of some of the critical parameters in the performance of the thermostats are 

presented and conclusions are drawn in the section 3.5.  
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3.2 Modeling Issues in Constant Temperature MD  

 

 In molecular dynamics, successive configurations of a computational cell of N 

atoms confined volume V are computed by solving Newton’s equations of classical 

mechanics. Each of the atoms is assumed to be soft spheres with atomic interactions 

specified by potential energy functions. Using only these functions and relatively small 

number of atoms, MD is capable of calculating simple equilibrium thermodynamic 

properties such as enthalpy, internal energy, heat capacity and transport properties like 

diffusivity, shear viscosity and thermal conductivity. Though these properties match well 

for idealized defect-free crystalline systems, in the presence of point, line or surface 

defects the selection of appropriate computational cell becomes very critical. The volume 

V of the computational cell (and hence the number of atoms, N) is extremely small 

compared to the real system which span on the order of 2310 atoms. In such cases, the type 

of boundary conditions and the type of ensemble plays a crucial role in the accuracy in 

the evaluation of properties. Though in the thermodynamic limit (when →∞N  and 

→∞V  such that 
N

V
remains a constant), different properties calculated by different 

ensembles are expected to coincide; from practical considerations understanding the 

consequences of the right ensemble is important. Based on ensemble theory, for any 

given macro state, it is statistically likely that there are a large number of distinct 

microstates at any given instant t. As the real time evolves, the system continually 

switches between one microstate to another traversing the entire ensemble space given 

enough time. The averaged material property that we observe is then the result of all the 

microstates occupied by the system during its evolution process. The collection of all 

microstates that are all part of the same macro state is called the ensemble. The celebrated 

ergodic hypothesis allows us to take time average of an evolving system (as computed by 

molecular dynamics) and equate it to the spatial average of all the microstates spanned by 

the ensemble phase space. In terms of MD, microstate at any time t, is given by 

instantaneous positions r  and momenta p ( , , 1, , 1, 3= =j j
i ir p i N j ). These position and 
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momenta (or velocity components) as a set define a single point in the phase-space in the 

6N dimensional ensemble hyperspace. 

 

Table 3.1: Different Ensembles used in Molecular Modeling 

 

 

Type 
Definition Application Comments 

NVT Canonical 
MC (Monte 

Carlo) 

Confined fluids or solids (minimum Helmhotz 

free energy,H) 

NVE 
Micro 

canonical 

MD (Molecular 

Dynamics) 

Used for isolated system. Here N and V are 

fixed and total energy E is maintained 

constant. Equilibrium implies time 

independent. Hence 
0

0
0

( )
t t

t t

A A dLt τ τ
+∆

→

= ∫  

Time average≡ Ensemble average (Ergodic 

hypothesis) Maximum entropy, S 

NPT 

Isobaric- 

isothermal 

ensemble 

MC and MD 
Experiments (minimum Gibbs function, G) 

homogenous fluids; crystalline solids 

µVT 
Grand 

Canonical 
MC and MD 

Open system where the number of particles 

can vary (Maximum PV) 

 

Constant stress 

solid 

(phase 

transitions) 

MD 
Parinello – Rahman scheme Volume/shape 

allowed to change 

 

Isotension- 

isothermal 

ensemble 

MD 

Scaled coordinates s to real coordinate q 

H: r h Sα α β β=  

Vol V=|det h| 
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Table 3.1 shows different types of ensembles used in modeling molecular 
systems. 

The table shows that microcanonical ensemble, defined by the number of atoms, 

N, volume, V and total (potential and kinetic) energy E is more natural to MD. Since the 

total energy is conserved in the microcanonical NVE ensemble, Newton’s equation of 

motion determines the natural evolution in the phase space. NVE ensemble unfortunately 

does not correspond to the most common experimental conditions. Therefore, many 

attempts have been made to conduct MD simulations under canonical (NVT) and 

isothermal-isobaric (NPT) ensembles. 

 

3.3  Need for constant temperature Molecular dynamics 

 

Though experimental observations correspond to canonical (NVT) dynamics, that 

is not the main reason that for examining the normally microcanonical NVE based 

molecular dynamics under constant temperature conditions. In order to study the system 

behavior even under constant NVE simulations, the system needs to be maintained under 

a given uniform temperature condition. For example, in order to evaluate the stiffness and 

strength of CNTs as a function of temperature, the temperature of the system needs to be 

raised and maintained under thermal equilibrium before applying the mechanical load. 

Similarly, to maintain the two ends at a fixed differential temperature and compute the 

temperature gradient and heat transfer, when evaluating the thermal conductivity of 

CNTs. In general, the temperature of a given system is related to the time average of the 

kinetic energy by, 

 2 3
2

1

2
Κ = =∑

N

i BNVT
i

mv NK T  (3.1)  

Where, Κ
NVT

is the kinetic energy computed, BK  is the Boltzmann constant and T  is the 

desired temperature. An obvious way to alter the temperature of the system is change the 

kinetic energy of the system through increase or decrease of the velocity components of 

each of the atoms. When the velocities are increased for example, this implies that energy 

is added to the system thus violating the constancy of energy of the NVE ensemble, 

unless an equal amount of potential energy is reduced. This reduction however is not 
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automatic since the potential energy is purely a function of atomic positions and the 

underlying potential energy function. In molecular dynamics simulations, the so-called 

thermostats maintain the temperature of the complete or a part of the system.  

Temperature is a thermodynamic quantity. The instantaneous temperature can be defined 

as  

Bf

ins
kN

K
T

2
=                   (3.2) 

where, Nf is the number of degrees of freedom. Though there are many different types of 

thermostats, they can be mainly classified into two types, those based on stochastic 

dynamics and other based on velocity scaling. 

 

3.4  Thermostats 

3.4.1 Required conditions for thermostats 

 

  All the thermostats attempt to maintain the “average” temperature of the 

overall system while the “local” and “instantaneous” temperature may hover around that 

desired average. Temperature is a thermodynamic quantity. As in a real experiment, the 

measured temperature of a bath of liquid may vary from the ‘reported’ value both 

spatially and temporally. Here the spatial discretization on the order of a domain with a 

few hundred atoms and times in the range of a few pico seconds is considered. Since MD 

computes the velocities of individual atoms at the time scale of a few femto seconds, 

variations in the “local instantaneous” values of temperatures are actually required to be 

simulated. Hence there are two basic requirements for an effective thermostat algorithm 

1. The desired temperature (as specified by the input) should be achieved as 

quickly as possible, in other words the thermostat should be capable of 

reaching the new isothermal equilibrium condition quickly. The transition 

time should be minimal. 

2. At any given instant of time (after establishing new isothermal conditions) x, 

y, z components of velocity among all the N atoms should follow the Maxwell 

–Boltzmann distribution. For example, the x component velocity Vx  should 

satisfy,  
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2

x x x
x x x

B

N(v )dv m mv
f (v )dv exp dv

N 2 K T 2KTπ
⎛ ⎞

= = −⎜ ⎟
⎝ ⎠

    (3.3) 

which is a Gaussian distribution with mean value of <Vx> = 0 and standard deviation  

BK T

m
σ = . Based on the theory of equipartition of kinetic energy, Vy and Vz the 

velocity components in y and z directions are also expected to have the same distribution. 

It is interesting to note that while the average of velocity components remain zero with 

increase of temperature, sum of the square of the velocities scale linearly with 

temperature. Thus 

x

2 B
x

0

K T

m

σ

σ

=

=
                (3.4) 

 

 The thermostat should be capable of achieving equation (3.3) in the minimum number of 

steps. Numerical experiments carried out show that equation (3.4) is not satisfied over a 

single step but over a number of steps 

Nsteps N
Nsteps

x x
j 1 i 1

1 1
0

Nsteps N
σ σ

= =

⎛ ⎞⎛ ⎞ = ≈⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

∑ ∑                  (3.5) 

Similarly,  

( )
Nsteps N Nsteps2 2 B

x x
j 1 i 1

1 1 K T

Nsteps N m
σ σ

= =

⎛ ⎞⎛ ⎞ = ≈⎜ ⎟⎜ ⎟
⎝ ⎠⎝ ⎠

∑ ∑            (3.6) 

 

3.4.2 Types of thermostats 

3.4.2.1 Thermostats based on stochastic dynamics 

 

 Most of the thermostats on this category are inspired by the physical condition of 

using “heat bath” at the desired temperature and immerse the atomic system. Since, 

initially the bath (solvent) and the system (solute) are at different temperatures, the bath 

stimulates the motion of atoms, simultaneously offering viscous damping against rapid 

movements, while all the time adding or subtracting kinetic energy from the system. 
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There are two popular thermostats that follow this logic, Nosé- Hoover thermostat and 

Langevin thermostat. We consider only the Langevin thermostat in this study 

 Langevin equation is a stochastic differential equation in which two force terms 

have been added to Newton’s second law. Langevin equation for the motion of atom is  

      ii i iF v R (t) maβ− + =                    (3.7) 

Here, ivβ represents the frictional force (in the any direction) that represents the drag 

force offered by the solvent (heat bath) on the solute (atoms) 

The condition of constant temperature is not equivalent to the condition that the kinetic 

energy per particle is constant and is proportional to the velocity. Here the proportionality 

constant β  is typically chosen based on Debye’s concept of solid in evaluating specific 

heat of materials.  

Thus, 

B D
friction friction D D

K T
F v ; ;

6 h

πβ β ω ω= − = =              (3.8) 

where, the frictional force is fr ic t io nF , Dω is the Debye frequency, TD is the Debye 

temperature, KB is the Boltzmann’s constant and h is the Plank’s constant. 

 ( )R t is the random force and is independent of the position of velocity of the 

specific atom. In the algorithmic implementation, this random force has a mean value of 

zero and a variance 2σ  of  

2 B2mK T

t
σ =

∆
              (3.9)        

where, T is the desired temperature, m is the mass of the atom and t∆ is the time step. 

While the Langevin equation (3.7) is used to solve the equation of motion instead of 

Newton’s second law, the velocity of the particles is gradually modified such that the 

temperature is bought to the desired value, in addition to achieving the Gaussian 

distribution of velocity. Though the theory of Langevin dynamics is well established, its 

ability in terms of algorithmic implementation, numerical instability and specific problem 

dependent issues are examined in this work. 
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3.4.2.2 Velocity scaling approaches 

 

  As earlier outlined both the requirements of thermostats are based on the 

average value of velocity components and the actual distribution of velocities of all the 

atoms. An obvious way to achieve the average temperature value is to scale the 

velocities. If the temperature at a given time t is T (t), the corresponding velocity to 

achieve Tdes is to scale the velocities by multiplying by a factor λ  such that  

T∆ = Tdes-T(t) 

2 2

1 1

2

( )1 2 1 2

2 3 2 3

( 1) ( )

N N
i i i i

i iB B

m v m v
T

NK NK

T t

λ

λ

= =

∆ = −

= −

∑ ∑
             (3.10) 

with 
( )
desT

T t
λ =  

Though the desired temperature can be achieved, the other requirement of the velocity 

distribution cannot be. Further, physics of the fluid suggests that temperature cannot be 

truly uniform, but fluctuate spatially and temporally. Berendsen implemented velocity 

scaling concept by assuming that the model system (solute atoms) will be immersed in a 

bath and the rate of change of temperature will be proportional to the temperature 

differential between the bath and the system such that  

bath

dT(t) 1
(T T(t))

dt τ
= −                     (3.11) 

with τ as the coupling parameter. In the numerical implementation, 

bath

t
T (T T(t))

t

δ
∆ = −  

and, 

2 bathTt
1 1

t T(t)

δλ
⎡ ⎤

= + −⎢ ⎥
⎣ ⎦

 

A coupling constant is suggested such that τ = tδ /0.0025 
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3.5 Simulation Details  

 

 In order to evaluate the numerical efficiency of the thermostats in satisfying the 

two conditions MD simulations were carried out on a (10,10) SWCNT at temperatures 

varying from 300 K to 1200 K in steps of 300 K. The tube contains 2000 atoms with an 

average radius of 6.78 A and a length of 123.59A . Non periodic boundary condition in all 

three directions is adopted. Thermal simulations are carried using Langevin and 

Berendsen thermostats. The time required to attain a stable temperature is demonstrated 

by observing the temperature variations over 250 time steps. In order to get the velocity 

distribution the simulation is carried out for 1010 steps with the velocity averaged over 

the last 10 steps. The standardized velocity distribution is calculated about its standard 

deviation σ6± ). 

 

3.6 Results and discussion 

3.6.1 Temperature variations   

3.6.1.1 Langevin thermostat 

 

  The temperature of the (10, 10) CNT was raised to different values (300 K, 600 

K, 900 k, 1200 K) using Langevin thermostat. Figure 3.1 shows the variation of average 

temperature computed over 2000 atoms as a function of simulation time.  
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Figure 3.1: Effectiveness of Langevin thermostats in reaching desired temperature 

 

It can be clearly seen from the graph that the temperature reaches the desired value at 

around 80 steps (about 40 femto seconds) after which there is just an oscillation around 

the average value. It can be observed that the fluctuations increase with increasing 

temperature. This in turn implies for higher temperatures the difference between the 

average temperature and the desired temperature increases. For all cases, the constant β is 

obtained based on the theoretical values as shown in the equation 3.9.Further increase in 

time steps did not change the pattern and thus was found not necessary. If we examine 

the pattern of the temperature profile, the oscillatory behavior seems to be replicated at 

various temperatures. This indicates that the basic numerical scheme in the algorithm is 

essentially identical and system temperature is linearly scaled with the desired 

temperature. 
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3.6.1.2 Berendsen thermostat 

 

  This thermostat works on the idea of velocity scaling. Since an initial set 

of velocity is required for the scaling to start, Langevin thermostat is used for first three 

steps. The subsequent steps are carried out using the Berendsen thermostat. The 

temperature versus the time step simulated for different temperatures is shown in Figure 

3.2  

 

 

Figure 3.2: Effectiveness of Berendsen thermostats in reaching desired temperature 

 

Figure 3.2 clearly shows that the temperature stabilization takes place around the 180th 

time step (90 femto second) after which the fluctuation is minimum compared to the 

previous steps. The average temperature maintained using this thermostat is also much 

closer to the desired temperature compared to Langevin. Similar to Langevin the 

fluctuations increase with increasing temperature. Hence, though the time to reach 

thermal equilibrium is larger for Berendsen, the desired temperature is very closely 

maintained. This is a direct consequence of velocity scaling technique which continues to 

reduce the error between the instantaneous and desired temperatures. 
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3.6.2 Velocity distribution of atoms 

3.6.2.1 Langevin thermostat 

 

  The distribution of the velocity has been illustrated with the x- component of the 

velocity averaged over 10 time steps. The velocity is normalized by subtracting the mean. 

A common datum of max 6σ± , where max σ is the standard deviation of the widest 

distribution. This common x-scale facilitates easy comparison. The standard normal 

distribution curves or each of the temperature profile is superimposed in Figure 3.3 

 

 

 

Figure 3.3: Effect of temperature on velocity distribution for Langevin thermostat 

 

The plot clearly shows that the velocity distributions of all the atoms are approximately 

Gaussian in distribution. For lower temperatures the standard deviation is lesser 

compared to higher ones. This means at lower temperatures more atoms tend to have 

close to the average velocity than at higher temperatures.  
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3.6.2.2 Berendsen thermostat 

 

   The same procedure as that of Langevin is adopted for Berendsen 

thermostat. The velocity distribution pattern follows a similar pattern as that of Langevin 

and is as shown in Figure 3.4 

 

 

Figure 3.4: Effect of temperature on velocity distribution for Berendsen thermostat 

 

 The Gaussian curves are plotted and it is observed that the deviation of the velocities is 

lesser in comparison with the Langevin thermostat. The closer average temperature 

maintained by this thermostat is exhibited by the lesser difference from the ideal curve. 



 37

 

 

 

 

CHAPTER 4 

DETERMINATION OF COEFFICIENT OF THERMAL 

EXPANSION USING MOLECULAR DYNAMICS 

SIMULATION 

 

 

4.1  Introduction 

 

  Materials in general expand when heated and contract when cooled about a given 

temperature. However, there are a few exceptions to this rule like rubber, polyethylene, 

graphite, and boron nitride [10]. The changes in the dimensions are usually linearly 

related to the change in the temperature. The coefficient of thermal expansion is the 

proportionality constant and it is unique for each material. When the change in length 

varies linearly with difference in temperature, the relationship is governed by a linear 

coefficient of thermal expansion. Symbolically,  

     
-

 ( - )f i

l f i

i

l l
T T

l
α=                                             (4.1) 

Where,  

lf is the final length 

li is the initial length 

Tf is the final temperature 

Ti is the initial temperature 

αl is the linear coefficient of thermal expansion 

However, in some cases α is not a constant and is a function of temperature. For example 

              2
0( )T a bT cTα α= = + +                                       (4.2) 

where, a,b and c are constants. 
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 Naturally, α is not linear with respect to temperature, and this happens to be the case for 

the SWCNT under study. In such a case we can define a new CTE ( )Tα α′ = where, 

                              
1 dl

l dT
α ⎛ ⎞′ = ⎜ ⎟

⎝ ⎠
                                                    (4.3) 

at a given temperature T and length l. Without causing any confusion, we designate 

α α ′=  as the CTE and this quantity is not linear. The goal of this work is to compute α 

for SWCNT at various temperatures from 0 K to 800 K. It is reiterated that α varies with 

respect to temperature and is not the linear coefficient of thermal expansion. 

The issues involved in calculating CTE using MD simulations in nanoscopic systems is 

addressed first. Results of CTE calculations for a zigzag SWCNT are presented and the 

results are compared with a few published results.  

 

4.2  Computational Issues Involved in Determination of CTE using MD 

 

  As discussed in chapter 2, there is a considerable variation among the published 

results on the actual magnitude of CTE of CNTs, though most report that the CTE is 

either low or negative in the range of 400 K. It is also evident that the evaluation of CTE 

using simulation requires a more careful approach than simply monitoring the lengths at 

different temperatures as typically done in macro scale. Some of the issues to be dealt 

with are discussed in detail below. 

4.2.1 Determining Equilibrium state 

4.2.2 Choice of length metric in CTE calculations 

4.2.3 Statistical analysis of data – Time averaging         

 

4.2.1 Determining Equilibrium State 

 

The necessary and sufficient condition for an isolated system to reach equilibrium is that 

entropy of the system reaches a maximum. However, entropy cannot be directly 

measured and we hence need to measure a number of thermodynamic variables indirectly 

to ascertain that the system has the equilibrium state. The choice of the variables and the 

magnitude of acceptable values for each of them make the determination of equilibrium 
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to be very challenging.  In general attaining thermodynamic equilibrium means achieving 

thermal, mechanical and chemical equilibrium. Thermal equilibrium is state of the system 

at which there are no forces exist that drive heat transfer. Mechanical equilibrium is the 

state at which the net force causing change in the shape of size of the system is zero. 

Chemical equilibrium is the state at which there are no forces driving chemical reactions, 

phase transitions, and diffusional mass transfer. 

 

 

 

Identifying equilibrium in molecular dynamics has to be carried out over a finite duration 

of time, of interest to the property, rather than at any instant. The five conditions 

necessary for ascertaining achievement of equilibrium in MD [21] are, 

I. The total number of atoms N, the total energy E should be a constant independent of 

time. The fluctuations in the kinetic and the potential energy must be equal in 

magnitude (absolute values) as the total energy is remains constant. 
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Figure 4.1 Potential energy variations over time 
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It is clear from the above figure that the total potential energy of the system varies 

between -19348 to -19352 eV, which is extremely small and acceptable. This value is 

reached within a very few time steps (each time step is 150 5 10. −×  sec) and thereafter 

the energy fluctuations reflect the statistical variations in positions of atoms and 

hence their momenta. Hence, from a purely potential energy perspective, just a few 

hundred steps are sufficient to reach equilibrium 

The kinetic energy is a direct consequence of maintaining the temperature and also 

reaches an equilibrium value in very early stages. 
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Figure 4.2 Kinetic energy variations over time 
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Figure 4.3 Total energy variations over time 

The same trend of obtaining stable values of energy is seen in the total energy plots. 
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II. The time averaged value of each velocity component should follow a Maxwell 

distribution 

           

*2
* * *

**

1
( ) exp

22

x
x x x

v
f v v v

TTπ

−
∆ = ∆                                (4.4) 

where, * *( )x xf v v∆  is the probability of finding a molecule of unit mass whose x 

component of the velocity lies in * *1

2
x xv v± ∆ . This probability density in a MD 

simulation can be obtained by finding out at one instant the number of molecules 

having x- velocities in * *1

2
x xv v± ∆  and averaging it over time.  

               
* * * * *1

( )
N

x x x ix x

i

f v v v v v
N

δ ⎡ ⎤∆ = − ∆⎣ ⎦∑                                    (4.5) 

The y and z components of velocity should also have the Maxwell distribution and 

this is has to be independent of the reference frame. The equipartition of kinetic 

energy is a result of the Maxwell distribution of velocities. The time average of the 

kinetic energy defines the temperature maintained in the MD simulation. Also from 

the theory of equipartition of energy we get that  

         2 2 2 *1 1 1
ix iy iz

i i i

v v v T
N N N

= = =∑ ∑ ∑                           (4.6) 

III.The thermodynamic properties such as temperature, configurational internal energy 

and pressure should be fluctuating about stable average values. The magnitude of 

the fluctuations depends on the system size N. The fluctuations as N . 

IV.Properties’ averages should not be largely affected and retain their equilibrium 

values by small perturbations, temperature for example.  

V. The time average of any property should be same for different macroscopic parts, 

provided the number of particles among the parts is kept the same. 
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VI.Length stabilization 

The calculation of CTE is done by monitoring the time evolution of the length of 

the SWCNT maintained at a particular temperature. For the equilibrium to be 

ascertained the length of the tube should be oscillating about a stable average. The 

small variations are because of the dynamic nature of the MD simulation and also 

due to the energy change that is effectuated by the thermostat. Figure 4.4 shows that 

the actual length reducing from its initial value and stabilizing about a central value 

(~259). Each point in the graph is the length averaged over 1000 steps. More details 

about tackling the fluctuations by time averaging are discussed in section 4.2.1. 
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Figure 4.4 Length variations vs. time at 400 Kelvin 

 

 

4.2.2 Choice of Length Metric in CTE Calculations 

 

 In our CTE calculations using MD, the length of the CNT is monitored over time. 

The change in length can be attributed to two reasons. Firstly, the effect is due to the 

vibrations of the atoms caused by the temperature effects, manifested as kinetic energy 

and associated velocity perturbations. The second reason is due to change in length 

caused by thermal expansion. Hence, in determining the change in length computed from 
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the positions of atoms, we need to be careful in accounting for the vibrations of the 

atoms. These vibrations are in turn are a strong function of temperature. The difference 

between the maximum and the minimum position of the length of a CNT after the 

equilibration is plotted against the temperature and the graph is shown in figure 4.1. 

 

 

 

Figure 4.5 Maximum variation in the length after attaining equilibrium 

 

Clearly the length fluctuations increase with increase in temperature. The vibrations are 

as high as 0.4 Å at higher temperatures. This clearly indicates that the change in length 

should be a few times the vibrations in order to minimize its effect. Though the solutions 

appear to be simple, taking a very long tube has its own disadvantages in terms of the 

computational efforts and the buckling effects. Based on published results, a tube length 

of approximately 300 Å (with about 2700 atoms) was chosen. Calculating the length 

between the end atoms has another problem associated with it. Since an open ended 

SWCNT is considered, the end atoms are free. End atoms being uncoordinated produces 

length changes not consistent with the thermal effects. In order to study this effect we 

monitored the length changes for the full length tube and compared with that of 80% 

length of tube. The change in the 100 % length of the tube is shown in the figure 4.6. The 

wide variations still prevalent during the higher timesteps are probably due to the ‘end 
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effects’. In the case of 80% length, approximately 20 Å is neglected on the both sides of 

the tube. Figure 4.7 clearly shows that this length is a better measure than taking the 100 

% length into consideration. 
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Figure 4.6 Variations of the 100% tube length over time 
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Figure 4.7 Variations of the 80% tube length over time 

 

 



 45

4.2.3 Statistical Analysis of Data – Time Averaging 

 

 It is now clear that there can never be absolute stability of the length in an MD 

system. The length perpetually varies regardless of how long the simulation is carried 

out. Hence, averaging the instantaneous length values over time is an effective way to 

reduce the effects of fluctuations. The time step to start the averaging and the range of 

timesteps over which the averaging needs to be carried out largely depends on the way 

equilibration is attained and the configuration of the system itself. In figure 4.8 the 

variations of tube length over time is plotted. The tube in this case is maintained at 400 

K. Each data point of the curve is the length averaged over 10000 steps. By simply 

observing the trend of the curve it can be clearly seen that after the 200 000th timestep 

there is no appreciable difference in the length. Moving averages over several large 

intervals are also plotted in the graph. It is obvious that the longer the time averaging is 

done the more accurate the length measurements are. In our CTE calculations the initial 

200 000 timesteps are allocated for the tube to thermally equilibrate and the average 

length over the next 100 000 timesteps is used. 
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Figure 4.8 Actual length variations with different moving averages. 
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4.3  Evaluation of CTE of SWCNT Using MD  

4.3.1 Simulation Details  

 

  The issues to be considered in the calculation of the CTE of SWCNT 

using MD are used in carefully selecting the system and setting up the conditions. The 

interatomic potential used is the popular Tersoff Brenner’s potential discussed in chapter 

2. A (9,0) zigzag SWCNT is the system for which the CTE is reported. The radius of the 

tube is approximately 3.52 Å and the length of the tube is 316.6 Å. However the length is 

monitored over approximately 280 Å. The atoms marking the ends of the length being 

monitored are chosen carefully so that the axial component of the CTE is captured 

effectively with minimum interference from the radial expansion. Langevin thermostat 

described in the chapter 3 is used for maintaining the constant temperature. Since a finite 

length of the tube is considered for the calculations non periodic boundary conditions is 

used. The duration of each time step is 0.5 femto seconds. The simulations were carried 

out for a period of 300 000 timesteps (0.15 nanoseconds). The length was obtained over 

the entire range of the time. The equilibration is found to take place over the initial 200 

000 steps of the simulation. Tube length was averaged over the latter 100 000 steps. The 

same setup for monitoring the length is used and the simulations are repeated for different 

temperatures (every 100 K from 0 to 800 K) to determine the temperature dependence of 

the CTE. Figure 4.9 is a computer generated picture of the (9,0) CNT used for the 

analysis. 

 

 

 

Figure 4.9 The (9, 0) SWCNT  used in the simulation 
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4.3.2 Analysis of the Lengths 

 

The actual averaged lengths (time averaged between 200 000 and 300 000 timesteps) 

over a range of temperatures is obtained and plotted against the temperature. The 

variation of the length of the tube at different temperature is found to be non-linear, and 

hence one particular length cannot be used as the reference length as can be done for the 

linear CTE. A non-linear curve is fitted to the actual curve with a cubic approximation. 

The R2 values are all above 0.85, and hence the fits are considered acceptable. The slope 

of this curve is obtained by simply differentiating the polynomial expression. This 

represents the 
dl

dT
 part of the formula for the CTE calculation. The 

dl

dT
 is evaluated at 

each temperature and divided by the actual length at that temperature to yield the CTE. 

 

 

Figure 4.10 Non-linear fit to the actual curve 
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4.3.3 Results – Temperature Dependence of CTE of SWCNT  

 

The axial CTE of a (9,0) – zigzag SWCNT is determined using MD simulations, based 

on the method identified in the previous sections. The CTEs’ dependence on temperature 

is as shown in the Fig 4.11. The graph is clearly non linear. It can be seen that the 

SWCNT exhibits negative CTE over a temperature range of 100 to 600 K after which it is 

positive. This means there is considerable ‘thermal contraction’ ± 200 K above and below 

the room temperature (400 K). The lowest value of CTE indicating the maximum 

contraction and is found to be -8.88 *10-6 K-1 at 300 K. On the other hand a high positive 

value 6 116 16 10  - -. * K  is observed at 800 K. The initial CTE which is seen in the graph at 

0 K is a result of the non linear fit and it does not represent the actual expansion of the 

CNT. 
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Figure 4.11 Temperature dependence of CTE of SWCNT (9,0)  
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4.3.4 Comparison of Results 

 

The results obtained are compared (figure 4.12) with two published results [16 & 17]. 

The disagreement amongst the results can be attributed to the difference in the chirality 

(hence the diameter) of the system being compared, and possibly variations due to using 

different approaches. Ref [17] is an analytical study based on Brenner’s potential as 

described in chapter 2. The magnitudes of the CTE values are substantially different; 

however, the trend in the negative – positive transitional feature of the axial CTE about 

the room temperature is found to be in agreement. Ref [16] is an MD calculation based 

on ab initio density functional results. Here again, the chirality (10,10) and diameter of 

the tube used in the simulation are 1.4 nm, and that diameter is twice that of ours. One 

part of the work [17] dealt with the diameter dependence of the CTE. Accordingly, the 

CTE decreases as the tube diameter increases as shown in fig 2.8. Hence the higher 

values of the CTE of this result are in consonance with the findings reported in ref [17]. 

This comparison was carried out due to the closeness of the methodology and the non 

availability of the results of CTE for (9, 0) zigzag type tube. Though the values are quite 

different the trend is clearly seen to be in close agreement.  
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Figure 4.12 Results in comparison with published results 
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CHAPTER 5 

SUMMARY AND FUTURE WORK 

 

Molecular dynamics is a very useful tool in the simulation of nanosystems for thermal, 

mechanical and thermo-mechanical properties. CNTs have been found to have several 

unique properties. The axial CTE is negative in the temperature range of 100 K to 600 K 

which makes them suitable for developing advanced composites with near zero CTE. 

 

 

5.1  Study of Thermostats 

 

Application of thermostats is ubiquitous in MD simulations. Though it is presumed that 

the thermostats are capable of capturing the physics of the problem, this may not be 

generally true. Two of the most of the popular thermostats, the Langevin and Berendsen 

were examined carefully in this work. The Langevin thermostat has the advantage of 

quickly tending towards desired temperature. The fluctuation in the Langevin thermostat 

results in a lower than the average required temperature being maintained. The Berendsen 

thermostat maintains the temperature closely enough but it requires an initial set of 

velocities.  

 

 

5.2  Determination of CTE of SWCNT 

 

Many careful parametric studies of the numerical errors have been used in the final 

evaluation of CTEs. Though the trend shown in our calculation is similar those of the 

published results, they do not coincide. Our results show that CNTs have much more 
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profound variations than reported earlier. We cannot say with certainty that our 

calculations are more precise. Once our calculations can be performed on experimental 

composites, then we can compare with the experimental data at which time we can assert 

whether our calculations are numerically accurate. In the least, it does confirm that CNTs 

show anomalous CTEs (negative) in some temperature ranges which could be very well 

used in the possible manufacture of thermal heat sinks for computers. In this application, 

we like to maintain high thermal conductivity while still reducing CTE of a copper based 

composite to match with that of the silicon substrate and a lower or negative CTE of CNT 

will be greatly help that situation. 

 

 

5.3  FUTURE WORK 

This work focused on the right methodology (e.g., selection of boundary conditions, 

length, and choice of thermostat, averaging techniques, and non-linear approach to 

evaluating CTE) in using MD for evaluating the thermal expansion coefficient of CNTs. 

Once the methodology has been established, it is now possible to evaluate the CTE 

variations for different chirality (armchair & chiral), diameters, and type of CNTs. The 

approach can also be extended to study the CTEs of nanotubes clusters and CNT based 

composites.  
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