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ABSTRACT

This study examined inner core sources and sinks of angular momentum in 

Atlantic tropical cyclones. Each advective and torque term in the Eulerian 

absolute angular momentum tendency equation was calculated in a storm relative 

reference frame using modeled and observational data. 18 storms between 2004 and 

2006 were simulated using the hurricane weather research and forecast model. In 

addition, 30 composite observational data sets from the Atlantic oceanographic and 

meteorological laboratory's H*Wind archive were gathered. These included aircraft, 

satellite, offshore buoy, coastal, and ship observations. Through methods of 

statistical correlation, categorical composition and linear regression, it was 

found that mid-level horizontal advection of relative angular momentum was most 

relevant to 12 hour strength change in the modeled tropical cyclones, while 

observed storms favored mid-level horizontal advection of Earth's angular 

momentum. 

x



 1 INTRODUCTION

 1.1 Background and Motivation for Study

The use of angular momentum as a diagnostic variable is desirable for 

several reasons. First is that angular momentum provides a measure of storm 

rotation. Also, storm strength can be determined by the relative angular momentum 

enclosed between two radii. More importantly, in the absence of a mechanical or 

dissipative torque absolute angular momentum (AAM) is conserved following any 

parcel. This makes the angular momentum budget a useful record of forces at work 

in the TC vortex. Finally, since a tropical cyclone (TC) is a warm core vortex, it 

is constrained to follow warm core spatial distributions of inertial and static 

stability. These constrain the spatial distribution and exchange rate of AAM as 

well. Accordingly, a balanced TC vortex will respond with a unique AAM 

distribution to any applied source of heat or momentum. (Eliassen 1951)

Relative angular momentum (RAM) calculated from a cylindrical, storm 

centered frame of reference has been used by several authors since 1950 to 

diagnose TC structure and provide clues to intensification processes. Palmén and 

Riehl (1957) formulated a method for computing a storm integrated angular momentum 

budget based on the flux form of the angular momentum equation. Using composite 

flight data, they were able to calculate mean ocean surface stress as a residue of 

the total budget, and propose a mean axisymmetric angular momentum flow. Anthes 

(1970) developed a cylindrical isentropic model to calculate eddy flux of angular 

momentum based on observed rates of diabatic heating. Upon finding the importance 

of outflow layer eddy fluxes of relative angular momentum (RAM) in the previous 

study, Anthes and Black (1971) used satellite derived cloud track winds to 

investigate the roles of azimuthal wavenumber 1 and 2 in transporting angular 

momentum in the TC upper tropospheric outflow layer. 

The first attempts at calculating a storm integrated angular momentum budget 

based on rawinsonde data were carried out by Frank (1977) and McBride (1981). 

Frank largely followed the storm integrated formulation of Palmén and Riehl. Ten 

years of Northwest Pacific rawinsonde data were composited from steady state 

typhoons. Frank calculated mean and eddy fluxes of relative angular momentum at 

upper and lower levels out to radii of 10 degrees latitude and considered Coriolis 

torque as well as frictional dissipation in his budgets. McBride used a large 

number of Pacific and Atlantic storms to create composites. McBride also carried 

out similar budget calculations of eddy and mean fluxes including Coriolis and 

frictional contributions. Holland (1983) developed storm integrated budgets of 

1



absolute angular momentum in both Eulerian and Lagrangian reference frames. 

Holland analyzed data from the northwest composite Pacific cyclones of Gray (1981) 

including developing, non-developing and weakening storms at several intensity 

stages. Holland's budgets included mean and eddy horizontal fluxes of RAM and of 

Earth's angular momentum (EAM) and torques arising from storm motion and friction. 

These storm integrated budgets found net influx of angular momentum at lower and 

mid-levels with net removal of angular momentum at upper levels. Also, the authors 

found  that the studied storms functioned as a net sink of angular momentum.   

Pfeffer and Challa (1980) numerically simulated the response of an 

axisymmetric vortex to prescribed eddy fluxes of angular momentum. Rotunno and 

Emanuel (1986) used an axisymmetric model to simulate secondary circulation 

response to annular sources of angular momentum, and showed that inner core 

heating results. Molinari and Vollaro (1988, 1990, 1995) used 200 hPa rawinsonde 

and satellite cloud track winds to correlate TC intensity changes with outer radii 

eddy fluxes of angular momentum. These three sets of authors all found more rapid 

intensification in storms which existed in an environment with net eddy flux 

divergence of angular momentum at upper levels.

Efforts to calculate a point-by-point budget of RAM have included Kurihara 

(1975) and Tuleya and Kurihara (1975). Kurihara used the advective form of the 

cylindrical angular momentum equation to diagnose an axisymmetric model TC. Tuleya 

and Kurihara completed a similar analysis for the output of a fully three-

dimensional model. 

More recent studies have taken advantage of three-dimensional models and the 

smaller scales of observation made possible with global positioning system 

dropwinsondes (GPS sondes). Keper (2001) examined the role of angular momentum 

advection in the maintenance of supergradient TC boundary layer jets.  Zhang and 

Yau (2001) used high resolution, cloud resolving MM5 forecasts of hurricane Andrew 

(1992) to investigate the role of AAM transport in sustaining supergradient flow 

in the eyewall. The high resolution budgets of horizontal and vertical advection 

in steady state conditions showed a detailed picture of the TC core at all levels 

for the first time. 

The formulation of an angular momentum budget has been proven useful by the 

previous authors. Many of these past studies have favored a storm integrated 

budget. While a total storm budget of AAM is useful in describing the interaction 

between a vortex and its environment, this approach may fall short of addressing 

the causes of storm intensity or strength changes, especially since partitioned 

and asymmetric internal features can certainly change these parameters. In 

addition, previous studies have neglected the small scale torques which can be 

large players in the total exchange of angular momentum on a local scale 

(Krishnamurti 2005 a). For example, the role of friction in the boundary layer 
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(BL) has been considered but the role of other dissipative torques has not. 

Conversely, past studies have considered pressure and cloud torques along a single 

trajectory but not through the entire storm. 

 1.2 Thesis Objectives

A more extensive study of the angular momentum changes within a TC is a 

necessary tool for understanding vortex intensity and structural changes. Further, 

special attention needs to be paid to additional angular momentum sources/sinks 

such as advection of EAM, vertical advection of RAM, and friction/cloud torques. 

It is the goal of this study to create a high resolution local tendency of angular 

momentum for the core of many Atlantic TC spanning the years 2004-2006. The core 

will be defined as the inner 200 km of the TC following Pfeffer and Challa (1981). 

The local tendency will include horizontal advection, vertical advection, and 

friction, pressure, and cloud torques.  The local tendency will be calculated from 

the Eulerian form of the absolute angular momentum equation in storm relative 

cylindrical coordinates. Attention will be paid to symmetrical as well as 

asymmetrical AAM features. The role of the low, mid and upper levels will be 

considered, and features pointed out by previous authors, such as eddy fluxes in 

the outflow layer or low-level Coriolis torques, will be examined for agreement or 

disagreement. 

To provide high resolution wind and geopotential fields, forecasts made by 

the two way nested operational version of the National Center for Environmental 

Prediction's (NCEP) Hurricane Weather Research and Forecasting (HWRF) model are 

used. In addition, the tendencies prepared based on the HWRF forecasts will be 

compared to observational data at two vertical levels. This data comes form 

flight, satellite, GPS sonde, and fixed surface observations assimilated as part 

of NOAA Atlantic Oceanographic and Meteorological Laboratory's (AOML) H*wind 

archive. It is hoped that this combination of whole storm analysis from model 

output and low and mid-level observational analysis will provide tools with which 

to improve TC intensity forecasting.  
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 2 DATA AND METHODOLOGY

 2.1 HWRF

 2.1.1 Nesting and Resolution

The Hurricane Weather Research and Forecast model was developed by NCEP 

Environmental Modeling Center (EMC) and the National Center for Atmospheric 

Prediction (NCAR). The operational version of the model was completed in 2007 and 

has been used by the National Hurricane Center (NHC) for operational forecasting 

during the Atlantic hurricane seasons of 2007 and 2008. NCEP has prepared 

forecasts of Atlantic and Eastern Pacific hurricanes dating back to 2004. The data 

for the current study are provided by these forecasts.

 HWRF uses a non-hydrostatic primitive equation dynamical core on a rotated 

Arakawa E-grid, with a hybrid vertical coordinate (Simmons and Burridge 1981). 

The HWRF is a two way multiply nested movable mesh (MMM) model. For the forecasts, 

one nested domain was used.  The HWRF parent domain spans 75 degrees latitude by 

75 degrees longitude with a horizontal resolution of 27 km. The boundary 

conditions for the parent domain are provided by the Global Forecast System (GFS) 

global 1 degree analysis. The inner nest spans 7 degree longitude by 7 degree 

latitude centered on the parent domain vortex.  The horizontal resolution of the 

inner domain is 9 km, with 43 vertical levels. New forecasts with updated initial 

and boundary conditions are issued from 0000 and 1200 UTC, with output every 6 hr 

out to 96 hr. The GFS storm vortex is modified to provide a more realistic 

dynamical structure, as described below. The WRF Standard Initialization (WRFSI) 

is used to initialize static and land surface boundary conditions. Datasets used 

for this study come from the inner nest domain at 12 hours after the 

initialization. The reason for choosing forecast fields 12 hr after initialization 

will be discussed in a later section. During post-processing, the HWRF output is 

interpolated to a Cartesian grid on a Mercator projection with 21 vertical 

pressure levels from 1000 hPa to 100 hPa with 50 hPa spacing. 

 2.1.2 Ocean Model

The HWRF is coupled to an ocean model with sea surface temperature (SST) 

provided by the Princeton Ocean Model (POM) (Blumberg and Mellor 1987). This 

allows for loop current initialization and the interactive evolution of the SST 

field and surface fluxes. POM is a three-dimensional primitive equation model with 

an ocean floor following sigma vertical coordinate and a free top surface. In the 
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Gulf of Mexico, POM contains 21 vertical levels. In the Western Atlantic and 

Caribbean, there are 23.  For the near surface mixed layer, POM uses a second 

order turbulence scheme following Mellor and Yamada (1982). 

 2.1.3 Vortex Initialization

The HWRF uses a vortex initialization scheme similar to that used by the 

NOAA GFDL model. A full technical description of the GFDL scheme can be found in 

Kurihara et al. (1993, 1998).  Forecasts made with mesoscale models often suffer 

from the reduction in scale that occurs from the initial data to the model scale. 

While a vortex approximating a TC may exist in the GFS forecast, the structure of 

such a storm is incompatible with the spatial scale and model physics of the HWRF. 

If this structure is integrated forward at the much higher resolution as is, a 

long process of adjustment to the new model's framework must occur. This 

phenomenon is known as spin-up.

The vortex initialization process is designed to minimize errors caused by 

spin-up. The initial 'analyzed' vortex must be removed and a specified vortex is 

added to the background field in its place. The initial field passed to the HWRF 

thus becomes

(initial field) = (global analysis) �  (analyzed vortex) +(specified vortex).(2.1)

This specified vortex must obey three conditions. First, the wind pressure and 

temperature fields must obey the HWRF primitive equations. Second, some major 

features of the real TC must be present in the specified vortex. Third, the 

specified vortex must be compatible with the resolution and physics of the 

prediction model. 

The analyzed vortex is removed as follows:   Original scalar fields (h) from 

the initial data are defined as being part basic field (hB), and part disturbance 

(hD)

h=hBhD . (2.2)

An environmental field (hE)is then determined as the basic field plus the 'non-

hurricane disturbance' 

hE=hBhD−hav , (2.3)

where hav is the disturbance field inside of the radius matching the size of the 

analyzed vortex. A schematic from Kurihara et al (1993) is shown in figure 2.1 for 
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illustration of the transformation from h to hE.

The specified vortex is then calculated as a balanced axisymmetric component 

plus an asymmetric component with characteristics similar to the real TC. An 

axisymmetric version of the HWRF in r-  coordinates is time integrated to createσ  

the symmetric part of the wind, mass, and moisture variables. These are consistent 

with model dynamics and at the resolution of the fully three-dimensional model. 

The asymmetric component is computed to include azimuthal wavenumber 1 and 2 

characteristics of vorticity. These asymmetries exist in three dimensions at each 

pressure level. The form of total vorticity is

r ,=
0
r 

1
r ,

2
r , , (2.4)

and thus the wind field follows

v r ,=v
0
r v

1
r ,v

2
r , . (2.5)

The asymmetric wind is found at each time integration using equations for the 

tendency of each ζ0, ζ1, and ζ2. These equations are specified by Kurihara (1993). 

The fields of mass and moisture variables are unaffected by the asymmetric 

computations. 

In order to make the specified vortex closely match the corresponding real 

TC, a target tangential wind profile is identified based on observations provided 

by the National Hurricane Center (NHC). This target profile is a symmetric 

representation of the tangential wind profile of the real TC. During computation 

of the axisymmetric component of the specified vortex, the winds are forced to the 

target profile, and the other symmetric fields are allowed to adjust until a 

specified vortex with a tangential wind profile matching the target profile is 

achieved.

After the inclusion of the specified vortex to the parent domain, additional 

observational data are assimilated to capture real world conditions. Using the 

Gridpoint Statistical Interpolation (GSI) technique, aircraft and land based 

measurements are incorporated into the initial parent grid. These measurements 

include GPS sondes, surface reduced tail anemometer readings, Step Frequency 

Microwave Radiometer (SFMR) wind measurement, and buoy and coastal stations.  

At this point, the initial grids are ready for forecasting and integration 

of the model can begin. While the vortex specification process removes significant 

spin-up error, higher wavenumber structure  takes some time to emerge. As 

mentioned above, the initial vortex core only contains wavenumber 1 and 2 

asymmetries. The influence of smaller scale processes on angular momentum 

evolution are considered important in this study. For this reason, the model is 

allowed to forecast for 12 hours to fully develop features at the cloud scales. 

Physical processes at these scales will be important so that the  Eulerian angular 
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momentum tendency equation can be computed accurately.

 2.1.4 Physics Packages

The spatial and temporal scales of the HWRF cannot explicitly resolve all 

physical processes required to close the basic set of core model equations. To 

provide these closure terms,  diagnostic parameterizations are required. The HWRF 

shares many of these in common with the GFDL model including the GFS/GFDL non-

local planetary boundary layer (PBL) scheme (Troen and Mahrt 1986),  and the 

surface layer physics of Janjic (1996). The longwave (Schwarzkopf and Fels 1991) 

and shortwave (Lacis and Hansen 1974) radiation schemes are also in common with 

the GFDL model. The microphysics scheme follows Ferrier (2005), and the simplified 

Arakawa Schubert (SAS) scheme is used for convection parameterization 

(Hong and Pan 1996). Most of these do not explicitly affect parameters used in the 

calculation of the angular momentum tendencies. The exceptions are the cumulus 

physics and the boundary layer and surface physics. The mass redistribution 

prescribed by SAS has an impact on the vertical transport of RAM and on cloud 

scale asymmetries which lead to cloud torque. The surface and boundary layer 

parameters impact the frictional dissipation of angular momentum.

 2.2 H*Wind

 2.2.1 Data

The HRD real-time Hurricane Wind Analysis System (H*Wind) ingests real-time 

tropical cyclone observations measured by land, sea, space, and airborne platforms 

into an object relational database and adjusts them to a common framework. 

Analysis of wind speed relative to a central reference point can then be created 

for any near synoptic time period of a Tropical Cyclone (Powell et al. 1998). As 

H*Wind is a categorical archive, data can be included or removed based on 

observing platform, time of measurement, spatial location (including pressure or 

geopotential level), and measurement value. This attribute gives some extra 

freedom in the creation of gridded analyses. For example, the user can choose to 

include data from a single layer, or exclude data by measurement platform. For 

this study, gridded analyses of H*Wind data were created for two vertical levels: 

10 meters above the surface and reconnaissance flight level, which is 

approximately 700 hPa. Only wind data were included in the analyses.

 2.2.2 Platforms

The primary data of interest came from hurricane reconnaissance aircraft. 

This included NOAA P3 and G4 planes as well as the Air Force C-130. These aircraft 

fly a 'figure four' pattern to sample  each quadrant of the hurricane vortex in 
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the core region (approximately within 200 km of the storm center). Measurements of 

wind at the flight level are made using a tail mounted anemometer, while surface 

winds are either estimated by a boundary layer reduction algorithm (Powell 1980) 

or sensed remotely from the aircraft using the SFMR (Ulhorn et al. 2007). 

Reconnaissance aircraft release dropwinsondes during their flight pattern. 

These sondes are tracked using the global positioning system (GPS) and provide 

wind speed and direction either near the surface or at multiple pressure levels 

while descending. Surface wind measurements are also provided by ships, offshore 

buoys, and coastal platform stations. 

H*Wind has archived measurements from several satellite platforms. The 

surface winds used for angular momentum calculation come from the Seawinds 

instrument on QuikScat. QuikScat and SFMR are both active microwave radiometers, 

and estimate winds by sensing surface roughness. The ocean surface roughness is 

calculated from the surface backscatter along a QuikScat pass. This roughness is 

related to the wind speed through the sea surface stress relation for capillary 

waves. By measuring roughness at multiple look angles, the wind direction can be 

determined. The SFMR works on the same principles. It is traveling at slower 

speeds and much closer to the ocean surface which allows for a much higher 

resolution than with QuikScat data. QuikScat also suffers from signal 

deterioration when looking through areas of heavy rain. In a TC, this hampers 

QuikScat's ability to measure winds near the center of the storm; however, 

QuikScat provides valuable data coverage in the outer storm radii, beyond the 

reach of the reconnaissance aircraft (see figure 2.2).  

 2.2.3 Creation of Analyses

H*Wind Gridded analyses were only created for time periods when a 

reconnaissance flight would be included. The minimum pressure sensed by the 

aircraft (vortex message) was used as the storm center for the analysis. The 

official National Hurricane Center forecast (NHC-OFCL) vortex positions were used 

as the start and end times for inclusion of data into the analysis. Any data 

measured within the three hour period were considered quasi-simultaneous and were 

converted to a storm relative position. 

In the archive, measurements are stored at their Earth relative location in 

latitude-longitude-pressure coordinates. By defining a storm motion vector C , the 

position of a measurement can be changed to storm relative (relative to the storm 

center) by the relation

rsr=C 
dt


 rer

,  (2.6)

where rsr is the position vector from the storm center to the storm relative 
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measurement position, rer is the position vector from the storm center to the Earth 

relative measurement position, dt is the difference between the time at which the 

storm center was fixed and the measurement time, and  is the time period overτ  

which the storm motion vector was calculated. For this study,  was 3τ  hr, 

corresponding to the time between successive NHC-OFCL storm fixes. 

With the data in storm relative coordinates, quality control is performed to 

remove suspicious wind speeds. The reconnaissance flight was taken to be the 

ground truth for this process, with SFMR values trusted more than reduced surface 

winds. Any wind observation whose magnitude was larger  than the reconnaissance 

maximum wind was thrown out. In addition, any SFMR values within  25 km of land 

were thrown out (personal communication, Mark Powell 2007). Visual inspection was 

required to identify any wind direction which did not vary smoothly in space with 

relation to its neighbors. These observations were also removed. 

After quality control, gridded analyses of each quasi-simultaneous wind 

field can be created. The interpolation from measurement locale to the grid is 

performed using a cubic spline method (Ooyama 1987).  The interpolation creates a 

nominal grid spacing of 4 km.

Figure 2.1: Schematic diagram showing the separation of the large-scale analysis 

h into the environmental field hE and the analyzed vortex hAV. (From Kurihara 1993)
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Figure 2.2: Example of H*Wind observation domain in storm-centered coordinates. 

Flags represent 6 types of data, organized by color. (Graphic by NOAA / AOML / 

Hurricane Research Division)

10



 3 TC DYNAMICS FROM THE ANGULAR MOMENTUM PERSPECTIVE

 3.1 Storm Centered Cylindrical Coordinates

Angular momentum is measured about an axis perpendicular to Earth's surface. 

This axis is itself rotating with respect to Earth's axis of rotation 

(See figure 3.1). In Earth spherical coordinates, the absolute angular momentum 

per unit mass of air can then be written as 

M=uacosa2cos2 , (3.1)

where uφ is the wind speed along a constant latitude, a is the radius of the 

Earth,  ϕ is the latitude, and  is  Earth's rotation speed. The absolute angularΩ  

momentum arises from two sources: the rotation about the local axis perpendicular 

to Earth's surface and the rotation of this axis about Earth's pole. Hereafter the 

former contribution will be referred to as relative angular momentum, while the 

latter will be referred to as Earth's angular momentum. 

For the horizontal scale of a TC, local cylindrical coordinates can be used 

to formulate a simpler form of the absolute angular momentum. The relative axis is 

chosen to be the center of the TC. This axis is allowed to move with the storm. 

The variation of cos ϕ over the domain is neglected, since  cos  ϕ changes only a 

few percent over TC scale in the tropics. The absolute angular momentum in this 

storm relative cylindrical coordinate system is 

M=urf 0
r
2

2 , (3.2)

where u  θ is the velocity in the azimuthal (θ) direction, f0 is the domain constant 

Coriolis parameter and r is the radial distance from the storm center. 

 3.2 Equations of Motion

The horizontal equations of motion in the storm centered cylindrical domain 

(r, θ, p, t) are 

dur
dt

−
u
2

r
−fu=

−∂
∂ r

Fr (3.3)

and

du

dt

uru

r
f 0ur=

−∂
r ∂

F

. (3.4)

where ur is the velocity in the radial direction,  is the geopotential height, andΦ  
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Fr and Fθ are the dissipation of momentum along the radial and azimuthal directions, 

respectively. The total derivative is expressed as

d

dt
= ∂
∂ t

v−C ⋅∇
, (3.5)

where C  is the storm motion vector, and v  is the total wind. See appendix A for 

derivation of the equations of motion in storm relative cylindrical coordinates 

from the more familiar Cartesian form.

 3.3 Angular Momentum Equation

The azimuthal equation can be multiplied by r to produce an equation for 

absolute angular momentum. Noting that ur = 
dr

dt
, the angular momentum equation is

d

dt
ur

fr
2

2
=

−∂
∂

Fr . (3.6)

The terms on the right hand side are the torques. In the absence of these, AAM is 

conserved following a parcel. The second torque term represents the total change 

in angular momentum due to dissipative processes. This includes surface friction, 

planetary boundary layer friction, and dissipation of momentum due to eddy 

vertical motion in clouds. These three torques will be discussed in greater detail 

later. 

The above equation is in Lagrangian form. To calculate the change in angular 

momentum at any point fixed with respect to the storm center, the Eulerian form is 

needed. The form used in this study is

∂M
∂ t

=−ur−cr
∂M
∂r

−u−c
∂M
r ∂

−
∂MR

∂ p
−PT−FT−CT , (3.7)

where cr and cθ are the radial and azimuthal components of storm motion, M is 

absolute angular momentum, MR is relative angular momentum, PT is the pressure 

torque, FT is the surface and boundary layer frictional torque, and CT is the 

cloud torque. Although the frictional torque term arises due to separate physical 

processes, the appropriate process is level dependent and is thus calculated as a 

single term. 

 3.4 Eliassen Balance and Angular Momentum as an Intrinsic Variable

It has been shown that AAM can represent the degree of rotation about an 

axis on Earth's surface and that a tropical cyclone is a real phenomenon which 

represents this. The integrity of angular momentum to the TC can be taken further. 

Hurricanes form as a response to a source of anomalous heating or anomalous torque 

within the environmental flow or, more generally, as a response to both. 
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Eliassen's (1951) theory of vortex meridional (in the radial-vertical plane) 

circulations mathematically describes the coupling of these processes and the 

resulting secondary circulation that is observed in all TC. 

The theory begins in cylindrical coordinates centered at an axis of 

rotation. Axial symmetry is assumed so that there are three degrees of freedom 

available to the system. All state variables are allowed to vary in r, p, and t. 

The variable r is the radial distance from the rotation axis, p is the vertical 

pressure coordinate, and t is time. The rotating system is in cyclostrophic 

balance, with the following balance equations:


∂
∂ p


r

=−a (3.8)

and


∂
∂r


p

=
M
2

r
3
. (3.9)

Equation 3.8 is a vertical balance of forces (buoyancy) evaluated at constant 

radius, where a is the specific volume of the fluid in the system and  is theΦ  

geopotential. Equation 3.9 is a radial balance between the pressure gradient force 

(LHS) and the centrifugal force (RHS), where M is the absolute angular momentum 

which is simply the RAM (uθr) in this system .  is a function of both r and p;Φ  

thus c and a are not independent of each other but obey the relation

1

r
3

∂M 2

∂ p
=
−∂a
∂ r

. (3.10)

Equation 3 comes from combining equations 1 and 2. The RHS of equation 3.10 is 

related to the radial distribution of mass under a pressure surface and can be 

called the baroclinicity of the vortex. The specific volume will also be allowed 

to be a function of the specific entropy of the system, a = a(r, p, ,σ  t). By 

defining a variable which relates entropy to volume,  = μ 
∂ a
∂


p

, equation 3.10 can 

be rewritten in terms of the entropy of the fluid volume. This form is

1

r
3

∂M2

∂ p
=−

∂
∂ r

. (3.11)

The specific entropy will vary in time with the application of heat or friction to 

the fluid. From equation 3.11, it is apparent that the angular momentum must 

change with the heating or friction as well. This will give rise to a meridional 

circulation as the relative angular momentum changes in the radial and vertical 

directions. 

It is assumed by Eliassen that the magnitude of acceleration giving rise to 

the meridional motion is on an order of magnitude less than the terms of equations 
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3.8 and 3.9 so that balance is not upset. Rather, the meridional circulation is 

seen as a response to the heat and friction necessary to maintain balance. 

The forcing due to friction, heat and torques will now be added to the 

system. The substantial change in entropy of a fluid element is given by

D
D t

=
Q

T
, (3.12)

where Q is the heat applied to the system per unit volume. The change in absolute 

angular momentum in response to a torque  isχ

DM
2

Dt
=2M . (3.13)

In the above equations the substantial derivative is

D

Dt
= ∂
∂ t

 ṗ ∂
∂ p

ṙ ∂
∂ r

. (3.14)

The fields of ṗ and ṙ characterize the meridional circulation. 

The continuity equation in the Eliassen system is

1

r
∂
∂ r


r ṙ

g
 ∂

∂ p

ṗ

g
=0 , (3.15)

where g is the acceleration due to gravity. 

A streamfunction  for the meridional circulation can be defined usingψ  

equation 3.15. Flow lies parallel to lines of constant streamfunction (see 

figure 3.2), which is related to radial and vertical motion by

ṙ=
g

r

∂
∂ p

, ṗ=
−g
r

∂
∂r

. (3.16)

Armed with this streamfunction, and with equations 3.8, 3.9, 3.12, 3.13, the first 

order partial differential equation governing the meridional circulation comes out 

as

∂
∂R

A
∂
∂R

B
∂
∂ p

 ∂
∂ p

B
∂
∂R

C
∂
∂ p

=
∂E
∂R


∂F
∂ p

, (3.17)

where A, B, C, E and F are listed below.

A=−
g
r

∂
∂ p

(3.18)

B=
g
r

∂
∂r

=−
g

r
4

∂M 2

∂ p
(3.19)

C=
g

r
4

∂M 2

∂ r
(3.20)
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E=
Q
T

(3.21)

F=
2c

r
3 (3.22)

Terms E and F are the sources of heat and angular momentum, respectively. 

Term B is the baroclinicity as in equation 3.10. Term A is the static stability of 

the vortex, while term C is the inertial stability. For the balance described in 

equations 3.8 and 3.9 to remain, the solutions to equation 3.17 must be 

elliptical. This condition is met if AC−B20 . 

For a non-zero streamfunction, and for any meridional circulation to exist, 

the RHS of 3.17 must be non-zero. There must be heating and friction that vary 

with radius within the storm for there to be storm scale radial and vertical 

motion. Lacking this heating profile, there must be torque which varies vertically 

within the storm. As mentioned above, the meridional circulation arises in concert 

with a change in the storm profile of absolute angular momentum. Heating and 

friction within a storm cannot exist without a change in AAM. In addition, a 

source/sink of angular momentum must come with a response from the heating or 

friction of the storm. This can be seen in the physical processes that are 

responsible for heating, friction and torque. It is the vertical leg of the 

meridional circulation which transports latent and sensible heat from the ocean 

surface to the upper troposphere. This is where the largest heating in a TC is 

observed. In addition, the friction applied to the primary flow in the boundary 

layer responds to a change in angular momentum as the friction is non-linearly 

related to wind speed and thus RAM. Classic cases where torque is applied to the 

volume of a TC involve the state of the atmosphere outside the TC and are not 

necessarily internal. They can still have a large impact on storm structure. An 

upper tropospheric trough applies a torque by introducing curved flow with non-

zero RAM which varies by pressure level. The meridional streamfunction will 

respond to this, which in turn modifies the distribution of heating in friction by 

modifying the transport of latent and sensible heat to the upper troposphere.

The theory above does not account for small scale asymmetries caused by 

cloud elements, secondary eyewalls or asymmetrical inflow channels. It does point 

out the integral relationship absolute angular momentum plays in processes which 

change TC structure, which are at work behind intensity and strength changes. The 

spatial distribution of AAM within a TC can then contain a multitude of 

information about the possibility for intensity or strength change. 
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Figure 3.1: Angular momentum in cylindrical (r, ) coordinate system moving withθ  

earth's surface at rotation rate , and at latitude . (From Holland 1983)Ω Φ

Figure 3.2: The Eliassen predicted secondary circulation due to a point source of 

heat at the vortex center and the surface. (R0, p0)  (From Eliassen 1951)
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 4 PROCEDURE

The data used in this study came solely from NCEP forecasts made by the HWRF 

model and from the observational data of H*Wind. Post-processing, domains, and 

resolution have been previously described in the Data and Methodology section. 

Proceeding from data sets of zonal (u), meridional (v) and vertical wind ( ), asω  

well as geopotential ( ) and mean sea level pressure (MSLP) to Eulerian angularΦ  

momentum tendencies is described in this section.

 4.1 HWRF

The post-processed inner nest HWRF forecasts exist as Cartesian three-

dimensional grids with a horizontal resolution of 9 km and 19 vertical levels from 

1000 hPa to 100 hPa. u, v, , and  exist at each grid point. In addition, meanω Φ  

sea level pressure and u and v exist for each surface point. The fully three-

dimensional variables were used to make the angular momentum tendency terms while 

the surface variables were used solely to provide information about surface 

location, current intensity, and 12 hour strength change. First, forecasts during 

which the inner nest domain contained land were excluded. After removal of land 

flagged forecasts, the three-dimensional data was transformed to tendency terms in 

a five step process.

 4.1.1 Storm Relative Conversion

Each three dimensional forecast grid was converted to storm relative values 

by subtracting the storm velocity vector C. The storm motion vector was calculated 

by dividing the distance between consecutive 12 hr forecast grid center points by 

12 hours. The storm center for each forecast was defined to coincide with the HWRF 

minimum sea level pressure. The meridional storm speed and zonal storm speed were 

subtracted from the forecast meridional and zonal speed at each point in the grid. 

It was assumed that the storm motion at each forecast was uniform in three 

dimensions. A partner dataset in Earth relative coordinates was also created by 

neglecting to subtract storm motion from the horizontal flow in order to examine 

self advection.  

The components of storm motion (uc , vc) were used to calculate the direction 

of storm motion in storm centered cylindrical coordinates. Following the 

cylindrical conversion of forecast variables, each grid was rotated so that the 

direction of storm motion became zero degrees or � north�  in the local grid. This 

was done to facilitate the physical interpretation of spatial maps of advection of 

angular momentum.
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 4.1.2 Cylindrical Conversion

The Eulerian storm relative angular momentum equation is written in 

cylindrical coordinates; thus, the forecast data were converted to a storm 

centered cylindrical grid and meridional and zonal winds were converted to radial 

(r) and azimuthal (θ) wind speeds. Before conversion, missing data points in the 

original forecasts had to be linearly interpolated using neighboring values. Next, 

the center of the storm was defined as the minimum sea level pressure. This point 

would become the center of the new cylindrical grid. The new cylindrical grids 

were created with azimuthal resolution of 10 degrees and radial resolution of 

9 km.  A bilinear interpolation routine was used to estimate the value of u, v, ω, 

and  at each point in the new cylindrical grid. The radial (uΦ r)  and azimuthal 

(uθ) wind components were then calculated from u and v according to the formulas

u=v cos−u sin (4.1)

and 

   ur=v sinucos  .    (4.2)

The same process was done for the surface wind and pressure parameters on a 

matching cylindrical grid with corresponding center point.

 4.1.3 Azimuthal Spectral Analysis

Following Krishnamurti et al. (2005 a), this study used azimuthal spectral 

decomposition of model data to separate physical processes by scale. Processes 

which influence TC angular momentum exist on many separate spatial scales. For 

example; convective organization operates over the scale of the entire storm 

(1000 km). Advection of planetary vorticity happens over the scale of half of the 

storm (500 km) called the beta scale. Vertical transport of momentum can be 

dissected to the scale of a single cloud element (1 km), and frictional momentum 

dissipation in the boundary layer operates on the scale of turbulent eddies (~ 

1 m). A process is considered storm scale if the process still varies in height 

and radius after azimuthal averaging. The smaller scale processes are only seen 

over half the circumference of the storm or less. Thus for a TC, the azimuthal 

dimension θ is used to determine scale. 

To separate scales, any variable can be subjected to a Fourier transform 

along the azimuthal dimension

f =∑
n=1

N

F ne in  , (4.3)

with the complex Fourier coefficient of the nth wavenumber F(n) given by
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F n=
1

2
∫
0

2

f e−ind  . (4.4)

In general, to accurately reconstruct the entire variable, there must be infinite 

Fourier coefficients. In practice, when working with a discrete grid the number N 

is limited to half the number of grid points in the desired dimension. 

Cloud torque arises from the vertical transport of relative angular momentum 

vertically by cloud motions. The model forecasts are not at a resolution to 

distinguish individual convective cells. Instead, the relaxed Arakawa - Schubert 

parameterization provides a contribution to the vertical velocity due to 

convection at each grid point. Therefore, the model cloud torque can be defined as 

a vertical divergence of eddy flux of RAM (MR) by the vertical velocity (ω). The 

eddies are perturbations from the azimuthally averaged parameters 

CT=− ∂
∂ p

MR ' ' . (4.5)

The prime denotes the cloud scale contribution to MR or ω. Following Krishnamurti 

et al. (2005 a) cloud scale is considered all Fourier coefficients smaller than 

wavenumber 2. To compute the term, the following formula for cloud torque was used

CT=
∂M R

∂ p
−

∂MR

∂ p
. (4.6)

The over-bar denotes the sum of wavenumbers 0 1 and 2 from the Fourier transform 

of MR or ω. For the derivation of this form of the Cloud Torque, see appendix B. 

 4.1.4 Calculation of Derivatives and Advection Terms

All spatial derivatives were calculated using centered finite differencing. 

Derivatives in the radial direction followed the formula

∂Q
∂ r R

=
QR1−QR−1

2 r
, (4.7)

where Q was the variable to be differentiated, r is the radial coordinate and R 

denotes the point within radial space at which the derivative was performed. 

Derivatives in the azimuthal direction followed the formula

∂Q
∂ T

=
QT1−QT−1

2r 
, (4.8)

where θ is the azimuthal coordinate and T denotes the point within azimuthal space 

at which the derivative was performed. Derivatives in the vertical dimension 

followed the formula

∂Q
∂ p 

=
Q1−Q−1

2 P
, (4.9)

where P is the pressure vertical coordinate and ρ is the point within pressure 
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space at which the derivative was performed. Derivatives at the cylindrical domain 

boundaries followed special rules. Since θ is a periodic coordinate, the value of 

each azimuthal derivative at θ = 2π was set equal to the value at θ = 0. The value 

of each radial derivative was set to zero at r = 0. At the outermost radius, and 

at the top and bottom of the domain in the vertical, the second derivative was set 

to zero. Using finite difference methods, this is accomplished by the three 

equations

Q=top=2Q=top−1−Q=top−2 , (4.10)

Q=bottom=2Q=bottom1−Q=bottom2 (4.11)

and

Qr=edge=2Qr=edge−1−Qr=edge−2 . (4.12)

These finite difference formulas were used to compute terms of the storm relative 

Eulerian angular momentum equation wherever spatial derivatives were required. 

Radial and azimuthal advection were combined as horizontal advection of RAM (hRAM) 

and EAM (hEAM)

hRAM=−ur
∂MR

∂ r
−u

∂MR

r ∂
(4.13)

hEAM=−ur
∂ME

∂ r
−u

∂ME

r ∂
. (4.14)

The vertical advection of RAM (vRAM)

vRAM=−
∂M R

∂ p
, (4.15)

pressure torque (PT)

PT=−
∂
r∂

(4.16)

and Cloud Torque

CT=
∂M R

∂ p
−

∂MR

∂ p
(4.17)

were also calculated using the finite difference method described above.

Kinematic stress was assumed to decrease logarithmically from the surface to 

the boundary layer top. Frictional Torque was then calculated first at the surface 

using the Bulk aerodynamic formula for surface stress.  At the ocean surface, 

kinematic stress was calculated according to

 s=CDu∣V∣ , (4.18)

where the drag coefficient CD varies with wind speed (V). (Powell et al. 2003) The 

drag coefficients by wind speed regime are as follows:
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CD = CD0 = 1.1 x 10-3      for V < 5.8 ms-1

= CD0 (0.74 + 0.046V) for 5.8  ≤ V ≤ 16.8 ms-1

= CD0 (0.94 + 0.034V)   for 16.8 ≤ V ≤ 32.5 ms-1

                        = CD0 (3.27  - 0.036V)  for  V > 32.5 ms-1 .

The HWRF 10 meter winds were used to calculate τθ at the surface. This value was 

used as the kinematic stress at the first model level for which pressure was less 

than the model prescribed mean sea level pressure. The stress was then assumed to 

decrease to 1/100 of its surface value at the boundary layer top according to

 p=ae
bp . (4.19)

This equation was solved by assuming a fixed boundary layer top of 800 hPa. Once 

there was a stress value for each vertical level within the boundary layer, the 

Frictional Torque was calculated by the equation

FT=−r g
∂

∂ p
, (4.20)

(personal communication, Dr. T. N. Krishnamurti 2008) which utilizes the finite 

differencing scheme described earlier in this chapter.

 4.1.5 Temporal Differencing and Error Squashing

To close the angular momentum equation at each point in the model domain, a 

local absolute angular momentum tendency must be computed. This will provide the 

left hand side of the Eulerian AAM equation. AAM was calculated at each point in 

the domain according to

AAM=ur
f 0 r

2

2
. (4.21)

The time tendency of AAM was then computed by a forward finite difference from 

consecutive 12 hour forecasts

∂M
∂ t

=
M T1−M T

 t
, (4.22)

where δt = 12 × 3600 seconds. 

 The left hand side (LHS) of the AAM equation was then computed purely from 

the HWRF forecasts, while the right hand side (RHS) contained terms which were 

subject to several sources of error. These include the bilinear interpolation 

involved in converting to storm centered cylindrical coordinates, the spectral 

method used to compute the cloud torque term, the logarithmic approximation of 

boundary layer stress, and the truncation error of the first order centered finite 

differencing used in the analysis of derivatives. To bring closure between the 

right and left hand sides, a linear error reduction technique was performed on all 

AAM terms. This technique follows Krishnamurti (1996) and consists of the 

following.
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It is assumed that the difference between LHS and RHS is a residual (R)

R=LHS−A−B−C−D−E , (4.23)

where A,B,C,D and E are the terms of the RHS. Each term is then assumed to be 

different from its true value by an amount which is proportional to its magnitude

QT=Q∣Q∣ . (4.24)

where QT is the true value of A, B, C, D or E. To solve for the true values of the 

AAM terms, the entire equation is set to zero. This amounts to the equation

LHS∣LHS∣−A−∣A∣−B−∣B∣−etc.. . (4.25)

Epsilon can then found by calculating 

=
−R

∣LHS∣−∣A∣−∣B∣−∣C∣−∣D∣−∣E∣
. (4.26)

all terms of the AAM equation are then modified to their true values according to 

equation 4.23. Using the phrase � true value�  is giving this method too much credit 

of course. Hereafter, the procedure above will be called � error squashing�  and the 

true values will be called � squashed�  values.

The five steps above were performed on all forecasts for 18 Atlantic TC from 

2004-2006. After land flagged forecasts were removed, there were 299 12 hourly 

HWRF forecasts made for the 18 TC. No AAM equation was computed for the last 

forecast of each TC, leaving 281 times at which the AAM equation terms were 

computed. HWRF forecast TC used in this study are listed by year in Table 4.1.

Table 4.1: List of storms by year forecast by HWRF and used in this study. 

2004 2005 2006

Charley Dennis Chris

Danielle Emily Debby

Frances Irene Ernesto

Gaston Katrina Gordon

Ivan Maria

Jeanne Wilma

Karl

Lisa

 

 4.2 Statistical Analysis of Equation Terms and Composites

This study used vortex strength as the measure of storm vigor to judge 

potential to cause damage. Strength was chosen because it contains information 

about the integrated surface wind field. There are two definitions of vortex 

strength: the area averaged surface wind speed between two radii with respect to 
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the storm center, and the area averaged surface relative angular momentum between 

two radii with respect to the storm center. The latter was developed by Holland 

and Merrill (1984) and was the definition of strength used in this study 

S=
1

A
∬ ru sr ,dA . (4.27)

Using this definition gives both strength change and the terms of the AAM equation 

the unit m2s-2. The area-average was carried out between the radius of maximum winds 

and the limit of the domain (r = 200 km). 

To investigate which AAM terms had the largest influence on strength change, 

volumetric averages of the terms hRAM, hEAM, vRAM, PT, and CT were computed for 4 

layers. The lower layer (LL) included points from the surface to 800 hPa, the 

middle layer (ML) included points from 800 hPa to 500 hPa, the upper layer (UL) 

included points from 500 hPa to 300 hPa, and the near tropopause layer (TL) 

included points from 300 hPa to 100 hPa. The volumetric mean of friction torque 

was computed for the lower layer. The averages were computed for all levels within 

the layer and at radii from 63 km to 200 km. This process created 21 terms at each 

of the 281 forecast times. Each time series was normalized by maximum absolute 

magnitude and compared to the 12 hour normalized strength change time series in a 

scatter plot. For each scatter plot the correlation, least squares slope, and root 

mean square error were computed. 

In addition to the correlations, AAM equation terms were composited to 

examine behavior for typical strengthening and weakening storms. The composites 

were made from groups of 3-dimensional advection and torque fields each created 

from a single forecast by the methods described above. To populate a composite 

group, storm forecasts were first separated by intensity. Forecasts were 

considered to belong to an immature storm if the maximum surface wind speed was 

between 18 and 32 ms-1 (tropical storm speeds) and the parent storm was considered 

mature if the maximum surface wind   reached 42 ms-1 or above (Category 2 or 

higher). Out of these populations, forecasts were separated by strength change. 

For this, 12 hour strength change (DSTR12) was considered a Gaussian distribution 

for the 281 forecasts. The two-tailed upper and lower limits of the middle 50% of 

the DSTR12 distribution was computed, and values above the upper limit were 

considered � strengthening�  while values below the lower limit were considered 

� weakening� . For the entire set of forecasts, the mean DSTR12 value was 

-4.0 ₓ 103 m2s-2. The upper limit of the middle 50% was 3.35 ₓ 105 m2s-2, while the 

lower limit of the middle 50% was -3.39 ₓ 10 m2s-2. Separation by strength change 

yielded four composite groups: mature strengthening, mature weakening, immature 

strengthening, and immature weakening. The smallest composite group was the 

immature strengthening, with only fifteen members. Each group was randomly reduced 

to fifteen members to be consistent. 
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 4.3 Considerations for H*Wind

The H*Wind observational fields were converted to storm centered cylindrical 

coordinates. The advective terms hRAM and hEAM were calculated exactly as above 

for surface winds and flight level winds. Aircraft wind observations that occurred 

while the flight was between 650 and 750 hPa were included in the analysis. A 

continuous, 12 hourly time series of wind fields did not exist for H*Wind data. 

Instead of computing 12 hour strength change and picking composites based on two-

tailed limits as with HWRF, composite groups for H*Wind were created by finding 

the set of observations taken most closely to the time and date of a corresponding 

HWRF composite member. The strength change information was not available, but 

intensity change was examined to verify that the observation set likely belonged 

in a weakening or strengthening composite. 

To align cylindrical grinds with the storm motion vector, the surface 

observation field of the very next set of observations was used. The time interval 

separating current and next observations was not consistent, so the magnitude of 

the storm motion was not computed. However, the angle from the current storm 

center to the next storm center could be computed. This angle was used to rotate 

the cylindrical grid so that storm motion direction was set to local � north�  as 

with the HWRF analyses. Since the magnitudes (uc , vc) of storm motion were not 

computed, the resulting cylindrical wind fields were Earth relative. 

Member fields of hRAM and hEAM were composited at the surface and flight 

level for mature strengthening and mature weakening storms. Very few flight level 

observation sets were found near 700 hPa for storms belonging to the immature 

subset. In general, the C-130 and P3 aircraft fly at near 850 hPa for tropical 

storms and depressions, while the flight level is near 700 hPa for hurricanes. 

Since 850 hPa was considered still part of the lower layer for this study, 

composites were not made for immature storms.  
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 5 RESULTS

The results from HWRF AAM tendencies are presented in three ways. First, the 

time series of volume averaged AAM equation terms are compared using scatterplots. 

The AAM term in each scatterplot is considered a potential predictor of 12 hour 

strength change (DSTR12). The correlation between predictor and DSTR12 is displayed 

on each plot along with root mean square error (RMSE)  and linear least squared 

slope (M). The second set of results consists of azimuthally averaged cross-

sections to show the spatial distribution of each AAM term in a radial-pressure 

plane. Composite averages were computed for mature weakening, mature 

strengthening, immature weakening and immature strengthening sub-groups. The third 

set of HWRF results are two dimensional maps at 700 mb average AAM terms from the 

composite sub-groups listed above. The last results come from the H*Wind data. Two 

dimensional maps of horizontal advection of RAM and EAM were created from H*Wind 

composites. There are maps made for strengthening and weakening storms at both the 

surface and flight levels and for both horizontal advective terms.

      

 5.1 Scatterplots

The middle layer horizontal advection of Relative Angular Momentum (ML hRAM) 

is the most correlated to 12 hour intensity change. The correlation between ML 

hRAM and DSTR12 is 0.65, with a linear least squares slope of 0.60 and a root mean 

square error of 0.11 (shown in figure 5.1). Correlation, RMSE and M for ML hRAM 

are the best for any of the 21 possible predictors of DSTR12. The average value of 

advection of relative angular momentum's contribution to AAM change in the middle 

layer is 8.48 m2s-2. There are several other promising predictors, including ML hEAM 

(figure 5.2), UL hRAM (figure 5.3), UL hEAM (figure 5.4), and ML CT (figure 5.5), 

but all these fall short of hRAM in correlation, slope and RMSE. In the case of ML 

cloud torque, the contribution to AAM tendency is around 1.64 m2s-2, which is much 

smaller than for any of the other AAM terms. Middle layer AAM terms tend to be the 

best predictors, while in general lower layer values are not good predictors. With 

the exception of LL CT (figure 5.6), the lower layer terms tend to have negative 

slopes, low correlations and high RMSE. The vertical advection of relative angular 

momentum has a negative slope, and negative correlation with DSTR12 in every layer. 

The scatterplot for vRAM is shown in figure 5.7. It is surprising that the slope 

between predictor and predictand in this layer is -0.25. Increased advection of 

angular momentum is expected to coincide with increased advection of latent heat, 
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since both decrease with height inside a TC. The correlation value is not very 

good at -0.32, but this  may not preclude vRAM from having predictive value. The 

reason for this will be discussed in the next section. 

 5.2 Cross-Sections

Cross-sections were created for AAM terms and some meteorological variables. 

The variable was azimuthally averaged for each member of the composite and the 

mean of the composite group was calculated. Cross-sections for each term in the 

AAM tendency equation are separated by composite group. Figure 5.8 shows the 

azimuthally averaged cross-section composites for the mature strengthening sub-

group. Figure 5.9 is the same, except for the mature weakening sub-group. Figure 

5.10 displays the immature strengthening average composites, while figure 5.11 is 

the same for the immature weakening sub-group. The cross-sections exclude the 

pressure torque, since azimuthally averaging over this term causes it to vanish. 

The composite mean value of the error reduction coefficient ( ) is included as aε  

cross-section as well. It can be seen from figures 5.8a, 5.9a, 5.10a and 5.11a 

that in general the AAM equation was hardest to close in the boundary layer and in 

the region of strongest vertical motion. These are the regions where  is theε  

largest and are also the regions where friction torque and cloud torque are the 

largest. Figures 5.12 and 5.13 show average cross-sections of the meteorological 

variables from the member storms of mature and immature subgroups, respectively. 

Included in these figures are the streamlines for the secondary circulation, 

primary circulation isotachs, and relative angular momentum. Comparison between 

the cross-sections of AAM terms and meteorological variables gives an idea of the 

conditions in a TC that create the advection terms and torques.

Examining the secondary circulations points out a major difference between 

mature and immature cyclones. The classic � in-up-out�  flow can be seen in both, 

but the mature cross-section (figure 5.12a) shows parcels following slanted rising 

channels much more than in immature storms (figure 5.13a). Classically, the 

slanting upward motion corresponds to a sloping of the angular momentum surfaces 

with height (Emanuel 1985). It can be seen that the streamlines in the mature 

cross-sections closely follow the surfaces of RAM, while the streamlines for the 

immature TC do not. The profile of relative angular momentum in the mature TC 

(figure 5.12b) contains much larger values, as is to be expected.  

It can be seen from the AAM term cross-sections that the cloud torque term 

is negative where large positive values of vertical advection exist. It has been 

proposed by Krishnamurti et al. (2005 a) that the primary role of the cloud torque 

term is to dissipate angular momentum, similar to the role of frictional torques. 

This behavior is captured by the present method of analysis. However, the 

magnitude of the calculated cloud torques is an order of magnitude less than that 

26



of vertical advection.

The vertical advection term is an interesting one. The cross-sections 

highlight the role of the TC eyewall in transporting angular momentum from the 

surface to the tropopause. Above the boundary layer in the inner radii change in 

AAM due to vertical advection is very positive everywhere. This is particularly 

the case for mature weakening storms (figure 5.9). 

Friction torque is always an angular momentum sink, with influence on the 

AAM tendency as large as vertical or horizontal advection near the surface. The 

difference in FT between strengthening and weakening cross-sections is not very 

large, however. This can be seen by comparing figure 5.8 to figure 5.9 and by 

comparing figure 5.10 to figure 5.11. 

The horizontal advection of relative angular momentum changes from positive 

near the surface to very negative in the eyewall and near the tropopause. At outer 

radii, there are small regions of positive hRAM, where outflow brings higher 

angular momentum air into regions where winds are becoming anticyclonic. The 

negative regions in the eyewall correspond to where the secondary circulation 

follows the outward slanting constant AAM surfaces. This feature in the immature 

storms is less pronounced, as the rising motion stays more vertical.  

The horizontal advection of relative angular momentum also is positive at 

low levels and negative at high levels, with the major features located where 

inflow and outflow are the largest in the secondary circulation. There is no 

negative advection in the eyewall region for EAM. The values of Earth's angular 

momentum are small at these inner radii. There is also no reversal of radial 

gradient near the tropopause, as Earth's angular momentum depends simply on the 

distance from the storm center, so the advection stays negative all along the 

tropopause. The typical horizontal advection values associated with EAM are an 

order of magnitude less than hRAM at radii inside of 100 km at both upper and 

lower levels. The hEAM values overwhelm those of hEAM near 200 km. 

 5.3 Composite t-tests

To directly compare the weakening and strengthening storms, Gaussian t-tests 

were performed at each point in the cross-sections between the members of 

strengthening and weakening composites. Critical significance was considered 0.95, 

but contours significance from 0.55 to 0.95 are plotted. The composites from both 

mature and immature storms show a difference in mid-level values of hRAM and hEAM 

between strengthening and weakening storms. The difference is pronounced in the 

mature storms. Figure 5.14 shows a cross-section of hRAM for mature strengthening 

storms compared to mature weakening storms. The difference in mid and upper level 

values is significant at the 95% level from near the radius of maximum winds 

outward. Figure 5.15 shows a similar behavior for hEAM in mature storms. There is 
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a large mid-level significant area, though not as large as with hRAM. 

The vertical advection of relative angular momentum in mature TC is 

different between strengthening and weakening storms in the lower layer and at 

large radii in mid-levels, where the weakening storms show higher values. It was 

seen in the scatter plots that vRAM had a negative slope with 12 hour strength 

change. This behavior can now be understood. Looking at figure 5.16, the layer 

average at mid and upper levels will surely be larger for weakening storms than it 

will for strengthening storms. The cloud torque also shows larger magnitudes 

almost everywhere for weakening storms. In the case of CT, the values are larger 

and negative in the weakening composite. For mature cases, the t-test is 

significant at least 90% almost everywhere outside of 60 km (see figure 5.17). 

Friction torque in mature storms has very favorable t-test values outside of 

60 km. The values are more largely negative for weakening storms (see figure 

5.18). 

For immature storms, the t-tests showed less difference between sub-groups. 

There was little significance between the composite members in friction torque 

(figure 5.19). In the immature storms the behavior of FT was reversed, with 

strengthening cases experiencing more negative values. The cloud torque largely 

followed the same spatial pattern and magnitudes as with mature storms (see figure 

5.20). Although in the immature sub-group, CT was not significantly different 

between weakening and strengthening cases. Like with FT, the difference in 

vertical advection between strengthening and weakening storms in the immature 

group was reversed from what was seen in the mature group. The strengthening 

storms had higher vertical advection values farther from the storm center (see 

figure 5.21). There was no significant difference shown by the t-tests for vRAM. 

Horizontal advection of both RAM and EAM showed sample independence in the mid-

levels at radii outside of 130 km, but the cross-sections of strengthening and 

weakening composites were not nearly as overwhelmingly different as for mature 

storms. The cross-sections and t-tests are shown in figure 3.22 for hRAM and in 

figure 3.23 for hEAM.

 5.4 Mid-level Two-Dimensional Distribution

Due to the favorable performance of ML hRAM and ML hEAM in the scatterplots 

and the high confidence of the t-tests at middle levels for azimuthally averaged 

hRAM and hEAM, all AAM terms were examined at 700 hPa. This time terms were not 

azimuthally averaged and the horizontal storm relative advection terms were 

compared to their Earth relative counterparts. The terms plotted are hRAM, hEAM, 

vRAM, and CT. The friction torque is defined as zero at this level and is not 

shown. Pressure torque was very small everywhere, and spatially unremarkable. 

Figures 3.24 and 3.25 are 700 hPa spatial plots of selected meteorological 
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variables in mature and immature cases respectively. The plots include 

geopotential, geopotential beta anomaly, vertical motion and wind speed.

 5.4.1 Mature Cases

Once again, the horizontal advection of relative angular momentum and 

Earth's angular momentum showed the most difference between weakening and 

strengthening storms. The areas of significant difference were not as large as was 

expected, however. The hRAM term showed good t-test values primarily to the left 

of storm motion, where positive storm relative advection was the largest (see 

figure 3.26). Interestingly, the area to the right of storm motion showed subdued 

advection values for both weakening and strengthening storms. For the hEAM term 

(figure 3.27), the largest positive values were to the right of storm-motion, 

while negative values stayed to the left. Figures 3.28 and 3.29 show the Earth 

relative advection of RAM and EAM at 700 hPa for mature cases and their t-tests 

respectively. The role of the storm's motion in advecting angular momentum can be 

seen here, with positive advection ahead of the storm center, and negative 

advection behind. This dipole is more skewed towards the positive values for the 

strengthening cases, and more skewed toward negative for the weakening. 

          The vertical advection at 700 hPa for mature storms is very large near 

the storm center for weakening storms (more than 160 m2s-2), and larger throughout 

the domain than for strengthening storms (see figure 3.30). Even near in the 

eyewall region, the strengthening composite never has values of vRAM greater than 

100 m2s-2. This once again suggests that there is a structural difference in the 

secondary circulation between simulated weakening and strengthening storms. The CT 

term is fairly unremarkable as seen in figure 3.31. The cloud torque does seem to 

show a tendency towards more negative values in the weakening cases, but 

significance is not shown by the t-tests.

 5.4.2 Immature Cases

The cloud torque is 700 hPa are similar to that for mature storms, but with 

lower magnitudes (see figure 3.32). The horizontal storm relative advection terms 

do not seem to have a preferred orientation with respect to storm motion in 

weakening cases. Besides the magnitudes being lower than in mature storms, hRAM 

and hEAM are also not very different from each other in strengthening and 

weakening cases. See figure 3.33 for hRAM and figure 3.34 for hEAM. The Earth-

relative advection of EAM and RAM once again shows a dipole with positive values 

toward the storm motion vector, and negative values away from it. Vertical 

advection values are slightly larger in strengthening storms, but not enough 

larger to show up as significant in the t-test (see figure 3.35).

29



 5.5 H*Wind

Horizontal advection terms were calculated from aircraft observed wind. The 

hEAM and hRAM in these plots are Earth relative. The surface plots also include 

wind vector barbs and isotachs. Because of the previous results at mid-levels, the 

flight level composites are the ones that were desired, but the advection by 

surface winds are also included. Strengthening and Weakening storms were 

composited separately as before. The flight level horizontal advection of Earth's 

angular momentum is dramatically different between strengthening and weakening 

cases (see figure 3.36). The t-test is significant at 95% for more than four 

fifths of the domain, and significant at 90% nearly everywhere. This is a much 

different result when compared to the t-test map of the HWRF derived hEAM term at 

700 hPa (figure 3.29). The horizontal advection of relative angular momentum is 

significantly different in the forward region of the storm.  The rear region of 

the storm has negative advection values in both strengthening and weakening 

groups, but the magnitudes are not very different as seen in figure 3.37. There is 

little difference in surface values of advection between the weakening and 

strengthening composites. The values are similarly spatially distributed, and show 

virtually the same range of magnitudes. The t-tests back these similarities up, as 

there were no regions within the domain where the significance level reached 90% 

for either the advection of Earth's or relative angular momentum at the surface. 

The surface advection plots are figures 3.38 for hEAM, and figure 3.39 for hRAM. 
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Figure  5.1:  Relationship  between  normalized  strength  change  (12  hr,  the 

predictand)  and  the  normalized  mid-layer  hRAM  (the  predictor).   is  theρ  

correlation between predictor and predictand, RMS is the root mean square error 

of the predictor with respect to the predictand, M is the slope calculated from 

a linear least square fit, and mean is the average of the magnitude of the 

predictor across all 281 time steps.
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Figure 5.2: As in figure 5.1, except with mid-layer hEAM as the predictor.

Figure 5.3: As in figure 5.1, except with upper layer hRAM as the predictor.
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Figure 5.4: As in figure 5.1, except with upper layer hEAM as the predictor.

Figure 5.5: As in figure 5.1, except with mid-layer CT as the predictor.
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Figure 5.6: As in figure 5.1, except with lower layer CT as the predictor.

Figre 5.7: As in figure 5.1, except with mid-layer vRAM as the predictor.
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Figure 5.8: Composite mean cross-sections for mature strengthening TC. All units 

are m2s-2 except for EPS in panel a, which is unitless. The storm center is at the 

right edge of each plot.
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Figure 5.9: As in figure 5.8, except panels depict mature weakening storms.
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Figure 5.10: As in figure 5.8, except panels depict immature strengthening 

storms. 
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Figure 5.11: As in figure 5.8, except panels depict immature weakening storms.
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Figure 5.12: (a) Cross-sections of average mature TC secondary circulation 

(streamlines) and isotachs (shaded contours ms-1). (b) Cross-section of RAM for 

mature TC (m2s-2). Storm center is at right edge of each plot.

Figure 5.13: As in figure 5.12 except for panels depict immature TC.
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Figure 5.14: Cross-section comparison of composite mean hRAM in mature 

strengthening and mature weakening TC. Units are (m2s-2) except for in the t-test 

panel, where contours refer to significance on a 0 to 1 scale. Storm center is at 

right edge of each plot.
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Figure 5.15: As in figure 5.14, except that comparison is between composite mean 

hEAM.
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Figure 5.16: As in figure 5.14, except that comparison is between composite mean 

vRAM.
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Figure 5.17: As in figure 5.14, except that comparison is between composite mean 

CT.
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Figure 5.18: As in figure 5.14, except that comparison is between composite mean 

FT.
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Figure 5.19: As in figure 5.14, except that comparison is between composite mean 

FT in immature TC.
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Figure 5.20: As in figure 5.14, except that comparison is between composite mean 

CT in immature TC.
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Figure 5.21: As in figure 5.14, except that comparison is between composite mean 

vRAM in immature TC.
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Figure 5.22: As in figure 5.14, except that comparison is between composite mean 

hRAM in immature TC.
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Figure 5.23: As in figure 5.14, except that comparison is between composite mean 

hEAM in immature TC.
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Figure 5.24: 850 hPa maps of composite mean variables for mature TC. (a) Height 

above mean sea level. (b) Wavenumber 2 height anomaly. (c) Vertical motion. (d) 

Wind speed. Storm center is at center of plot. Each major radial division is 50 

km. Each major azimuthal division is 30 degrees.
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Figure 5.25: As in figure 5.24, except composite mean variables are for immature 

TC.
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Figure 5.26: Two-dimensional comparison of composite mean hRAM at 700 mb in 

mature strengthening and mature weakening TC. Units are (m2s-2) except for in the 

t-test panel, where contours refer to significance on a 0 to 1 scale. Storm 

center is at center of plot. Each major radial division is 50 km. Each major 

azimuthal division is 30 degrees. 
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Figure 5.27: As in figure 5.26, except comparison is between composite mean hEAM.
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Figure 5.28: As in figure 5.26, except advection is Earth relative.
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Figure 5.29: As in figure 5.27, except advection is Earth relative.
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Figure 5.30: As in figure 5.26, except comparison is between composite mean vRAM.
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Figure 5.31: As in figure 5.26, except comparison is between composite mean CT.
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Figure 5.32: As in figure 5.26, except comparison is between composite mean CT in 

immature TC.
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Figure 5.33: As in figure 5.26, except comparison is between composite mean hRAM 

in immature TC.
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Figure 5.34: As in figure 5.26, except comparison is between composite mean hEAM 

in immature TC.
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Figure 5.35: As in figure 5.26, except comparison is between composite mean vRAM 

in immature TC.
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Figure 5.36: Flight level comparison of composite mean hEAM between strengthening 

and weakening storms from H*Wind. Units are (m2s-2) except for in the t-test panel, 

where contours refer to significance on a 0 to 1 scale. Storm center is at center 

of plot. Each major radial division is 50 km. Each major azimuthal division is 30 

degrees.
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Figure 5.37: As in figure 5.36, except comparison is between composite mean hRAM.
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Figure 5.38: Surface comparison of composite mean hEAM between strengthening and 

weakening storms from H*Wind. Units are (m2s-2) except for in the t-test panel, 

where contours refer to significance on a 0 to 1 scale. Storm center is at center 

of plot. Each major radial division is 50 km. Each major azimuthal division is 30 

degrees. 
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Figure 5.39: As in figure 5.38, except comparison is between composite mean hRAM.
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 6 DISCUSSION

The terms of the storm relative Eulerian absolute angular momentum equation 

were calculated for the inner 200 km of 18 Atlantic tropical cyclones forecast 

with the HWRF mesoscale non-hydrostatic model. The equation was cast in advective 

form and included changes to AAM by frictional, cloud and pressure torques. The 

relative importance of each term to vortex strength change was examined by volume 

averaged correlations with 12 hour strength change and by means of compositing 3-

dimensional forecast analyses belonging to four sub-groups. These sub-groups were 

mature strengthening, mature weakening, immature strengthening and immature 

weakening TC.

The domain of the study includes only the tropical cyclone core (Pfeffer and 

Challa 1981), and thus represents the effects of largely internal dynamic forcing. 

Past studies by Holland (1983), Frank (1977), and Pfeffer and Challa (1981) have 

examined environmental influences on TC development through the import of angular 

momentum. These studies have defined the environment as existing outside of 6 

degrees latitude from the storm center, and have found that environmental 

influences - such as upper troposphere divergence of eddy angular momentum flux - 

take upwards of 36 hours to influence the core. 

The domain of this study is shielded from environmental effects by the 

400 km or so between core and environment defined above. To further separate 

internal from external influences, the limit for changes to vortex strength was 

set at 12 hours. Composite structures of angular momentum advection were similar 

to past studies by Palmén and Riehl (1957) and Holland (1983) which focused on the 

average secondary circulation's role in angular momentum transport. 

Composite cross-sections from this study showed a general import of angular 

momentum in the boundary layer, upward transport in the eyewall region and export 

near the tropopause. The horizontal advection of relative angular momentum (hRAM) 

and horizontal advection of Earth's angular momentum were responsible for the 

inward and outward transport at the vertical limits of the troposphere, while 

vertical advection was responsible for the upward transport. 

Unlike previous fully three-dimensional TC angular momentum studies, this 

study also examined the role of boundary layer friction, cloud scale eddy vertical 

motions and pressure anomalies in creating torques which can influence the 

absolute angular momentum equation. As noted previously by Holland (1983), the 

frictional dissipation of angular momentum in the boundary layer is extremely 

large and is just offset by the low-level horizontal advection. The analyses show 
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a coupling between these two processes, with frictional losses increasing when 

low-level advection does. The very mechanism for creating low-level inflow in a TC 

is friction, as stated by Rotunno and Emmanuel (1986), Holland and Merrill (1984) 

and others. Increasing friction thus leads to increasing inflow and increasing 

boundary layer advection of angular momentum. The relationship between these two 

terms can be seen further in figure 6.1. Even though the method to calculate the 

terms is very dissimilar, there is a correlation between LL FT and LL hRAM of 

-0.97! Because these terms so nearly offset, neither the LL hRAM term or the LL FT 

term was seen to have much effect on strength change.  There was in fact a slight 

negative friction torque signal in the strength change composites. Higher FT 

values were seen in the mature weakening storms. The opposite was seen in the 

immature group, with strengthening storms experiencing more friction torque. Due 

to its physical nature, the magnitude of friction torque is likely a better 

indicator of current storm intensity than of future strength change.   

Cloud torque was calculated from the sum of high wavenumber azimuthal eddies 

in the vertical motion and relative angular momentum fields. This method followed 

a study by Krishnamurti et al from 2005 (a). The role of cloud torques in the 

composites was to remove angular momentum from inflowing parcels. Cloud torque 

terms were negative throughout the entire volume of the TC inner cores except near 

the tropopause. This is expected from theory, but also arises from the method of 

cloud torque calculation. If the vertical motion in the inner core is upward 

nearly everywhere, the eddies will largely be downward. Downward motion will 

transport RAM from upper levels, where it is almost always less. The physical 

nature of cloud vertical motions may not primarily be to mix lower angular 

momentum air downward. It is more likely that the individual convective cells 

within the TC will mix momentum in both vertical dimensions. Which type of mixing 

dominates is unclear. A negative residual CT after azimuthal averaging suggests 

downward mixing is dominating near individual convective cells but there is no 

theoretical basis to think this is the case in a real storm. The Cloud Torque 

magnitude is seen to be much less than the primary vertical advection in this 

study. These small magnitudes may be due as much to the low horizontal resolution 

of the HWRF forecasts as to a real physical process. Pressure torques suffer in 

the same way - any large azimuthal pressure gradient is likely to exist at scales 

comparable to the cloud scale - and not resolvable at 9 km. The smoothing  which 

happens during post-processing of the raw forecast files may also remove much of 

the detail needed to see the largest pressure and cloud torques. 

Volume mean vertical advection of angular momentum was seen to have negative 

correlation and negative slope with 12 hour strength change in all layers. The 

statistical relations were not very strong, and root mean errors were large. 

However, some potential predictive value for strength change by vertical advection 
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of RAM was seen in the cross-section composites. Weakening storms experienced more 

vertical advection at larger radii than did strengthening storms. This was seen 

only in mature TC.  The weakening mature storms seemed to be experiencing more 

vertical motion at large radii. There are two physical processes that could cause 

enhanced vertical motion outside the eyewall in a real TC. The first is the 

formation of a secondary eyewall as part of an eyewall replacement cycle. I could 

not find a published study which claimed HWRF can simulate eyewall replacement 

cycles. However, HWRF would not have been required to fully forecast a secondary 

eyewall. Each storm data set used in this study came from a separate assimilation 

and included independent observations. Some of these observations could have come 

from storms which were developing secondary eyewalls. There is a problem with this 

explanation. The method of vortex initialization makes it unlikely that any 

observed secondary eyewall data made it into the initial grid, since the 

symmetrical vortex model will produce a monotonic radial profile of the initial 

wind field.  High values of CAPE in the TC core can also induce more vertical 

motion through buoyant convection. The presence of anomalous buoyant convection in 

the inner core of the entire sample of weakening mature hurricanes suggests a 

common physical process. During eyewall dissipation, air from the eye is 

transported outward past the eyewall. This air is very moist and warm, and 

contributes to convective instability. The eye also expands during this process. 

The cross-section composites of mature TC show the vertical advection maxima 

occurring at larger radii for weakening storms. This maxima is likely co-located 

with the eyewall, and occurs at radii of 50 km for strengthening storms, but near 

90 km for the weakening storms. The process of eyewall dissipation and buoyant 

convection in tropical cyclones is described in more detail by Eastin et al. 

(2005) and Smith et al. (2005) This is a process that has been forecast by 

mesoscale models (Braun 2002). However, without vertical advection diagnosed from 

observed wind fields, the state of the eye in relation to vertical advection of 

RAM cannot be confidently identified.   

     Like in previous angular momentum studies, horizontal advection of RAM 

and EAM were seen to be very negative near the tropopause. Unlike studies such as 

McBride (1981) Pfeffer and Challa (1981) and Anthes and Black (1971), this study 

did not find a relationship between enhanced removal of relative angular momentum 

at upper levels and strength/intensity change. The impacting feature in those 

studies was an azimuthal eddy flux of EAM or RAM. The cause of these eddy fluxes 

are upper tropospheric jets that move cyclonic angular momentum down gradient 

towards the anticyclonic flow region surrounding a TC (Holland and Merrill 1984). 

In the inner 200 km, the near tropopause region has nearly zero gradient of AAM 

(refer to figures 30 a and 31 a).  

In agreement with Kurihara (1975) and Challa and Pfeffer (1980) horizontal 
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advection of angular momentum at the mid-levels was seen to have a large impact on 

the eventual vortex strength. This study proposes that middle level advection of 

RAM and EAM are the most important factors in the inner core for strength change. 

This was seen in the scatter plots, in the composites of azimuthally averaged 

advection, and in the aircraft observational data. 

The horizontal advection of RAM and EAM were the only AAM terms to show any 

impact on strength change in the immature storms.  Mid-level advection of angular 

momentum is decoupled from frictional dissipation and represents a true anomalous 

source of momentum in the Eliassen warm core vortex equations. This momentum 

source has the ability to impact the secondary circulation, and bring more heating 

to the eye and eyewall regions. Causes for enhanced mid-level advection in the 

inner core are unclear. Enhanced secondary circulation is a possible cause. If 

this were the case, there would be a good relationship between mid-level advection 

of EAM and lower layer advection of EAM, as each is dependent mostly on radial 

winds. There is very little correlation and high root mean square error between 

these layer averages, as seen in figure 6.2. 

The performance of horizontal advection values in the t-tests between H*wind 

weakening and strengthening composites is encouraging. Advection calculated from 

observed values showed more of a relationship to strength change than HWRF 

forecasts at 700 hPa. The H*Wind composites tended to favor advection of Earth's 

angular momentum over relative angular momentum. This is in agreement with 

Krishnamurti et al. (2005 b) which proposed that the advection of Earth's angular 

momentum term in a numerical simulation of the storm was the primary cause of 

filling when the forecast hurricane Lili decayed. 

 6.1 Future Work

Any forecasting parameter based on advection of inner core angular momentum 

must be based on observed quantities. The winds sampled in a NOAA or Air Force 

flight into Atlantic hurricanes can be easily used to create a field of angular 

momentum advection using the method described above.  Regressing this parameter 

with intensity change has yet to be performed, and training would certainly be 

required to minimize forecast errors. New flight level data outside the cases used 

by this study would be required to analyze forecast performance. If carefully 

created, such a parameter could be a valuable addition to a statistical intensity 

forecasting package, such as SHIPS, which already uses 200 hPa eddy flux of 

relative angular momentum as a predictor. In addition, this study would be 

improved by calculating friction torque from the output of the model boundary 

layer parameterization. Forecasting at higher resolutions would also facilitate 

the calculation of cloud and pressure torques. At high resolutions, explicitly 

forecasting convection would be possible. The small scale gradients needed to 
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calculate CT and PT would be better resolved, and the terms may be seen to play a 

more important role in the local angular momentum tendency. In addition, 12 hour 

forecast intervals allow for the rapidly changing fields of CT and PT to evolve 

many times between the calculation of tendency. If these terms grow in magnitude 

with higher resolution forecasts, the AAM tendency will be much harder to close. 

The HWRF portion of the study also needs to be run at higher time resolution. Many 

more observational cases need to be studied as well. The expansion of the H*wind 

part of this study would enable more statistical analysis of sub-groups and the 

calculation of storm relative advection terms. Finally, the vertical advection of 

relative angular momentum needs to be studied through observational data. It was 

seen from the HWRF composites that the maxima in vRAM occured at larger radii for 

mature weakening storms than it did for mature strengthening storms. Also, more 

vertical advection was occurring outside the eyewall in the weakening composite. 

Observed vertical motion fields will be necessary in order to ascribe a physical 

phenomenon such as eyewall dissipation or eyewall replacement to the weakening 

storms.

Figure 6.1: As in figure 5.1, except with LL FT as the predictor and ML hRAM as 

the predictand. 
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Figure 6.2: As in figure 5.1, except with LL hEAM as predictor and ML hEAM as 

predictand.
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APPENDIX A

DERIVATION OF THE EQUATIONS OF MOTION IN STORM CENTERED CYLINDRICAL COORDINATES

The equations of motion can be transformed from the Cartesian (x,y) tangent 

plane to cylindrical (r,θ) coordinates in the following way. The Cartesian 

independent variables (x,y) can be related to the cylindrical independent 

variables (r,θ) by x = r cos θ, and y = r sin θ. 

The radial velocity ur and the azimuthal velocity uθ can be expressed as follows:

ur=
dr

dt
, u=r

d 
dt

. (A.1)

These can be related to u and v in the following way:

u=
dx

dt
=
d

dt
rcos=

dr

dt
cos−rsin

d
dt

=urcos−usin (A.2)

and

v=
dy

dt
=
d

dt
rsin =

dr

dt
sinrcos

d
dt

=ur sinucos . (A.3)

Using these, we can also derive the following:

du

dt
=
dur

dt
cos−ur sin

d
dt


du

dt
sin−ucos

d
dt

(A.4)

and

dv

dt
=
dur

dt
sinur cos

d
dt


du

dt
cos−usin

d
dt

. (A.5)

If we let the x-axis coincide with r, so that θ = 0 is a reference azimuth, then 

cos θ = 1, sin θ = 0, and equations A.4 and A.5 reduce to:

du

dt
=
dur
dt

−u
d
dt

=
dur
dt

−
u
2

r
(A.6)

and

dv

dt
=
du

dt
ur

d
dt

=
du

dt

uur

r
. (A.7)

The primitive equations are

du

dt
=fv−

1


∂ p
∂ x

Fx (A.8)

and

dv

dt
=fu−

1


∂ p
∂ y

F y . (A.9)
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Substituting the transformations A.6 and A.7, we obtain the equations of motion in 

(r,θ, p,t):

   
dur
dt

−
u
2

r
−fu=−g

∂ z
∂r

F r (A.10)

and

du

dt
−
uur

r
−fur=−g

∂ z
r∂

F
. (A.11)
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APPENDIX B

DERIVATION OF THE CLOUD TORQUE FORMULA USED IN THE HWRF ANALYSIS

In The mathematical definition of cloud torque in (r,θ,p) coordinates

−
∂MR ' '

∂ p
(B.1)

the term MR ' '  contains high azimuthal wavenumber variables and is difficult to 

compute accurately. It can be rearranged so that cloud torque is computed solely 

from total forecast fields and storm scale variables.

 The vertical advection of RAM is

−
∂MR

∂ p
. (B.2)

Each the RAM and vertical motion can be separated into their storm and cloud scale 

components:

MR=MRMR ' , and = ' . (B.3)

Then the vertical advection of RAM becomes

− ' 
∂
∂ p

MRMR ' =−
∂MR

∂ p
−

∂MR '

∂ p
− '

∂MR

∂ p
− '

∂MR '

∂ p
. (B.4)

The middle two terms of the right hand side of B.4 can be neglected. They are 

advection of cloud scale momentum by storm scale winds or vice-versa.

vRAM=−
∂M R

∂ p
− '

∂MR '

∂ p
(B.5)

The cloud torque term can be rearranged using the product rule.

−
∂
∂ p

 ' MR ' =− '
∂MR '

∂ p
−M R '

∂ '
∂ p

(B.6)

The second term in B.6 is approximated to be zero. By combining B.6 and B.5, the 

form of cloud torque given in chapter 4 (equation 4.17) is:

CT=− '
∂MR '

∂ p
=

∂MR

∂ p
−

∂MR

∂ p
. (B.7)
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