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ABSTRACT 

 Industrial manufacturing processes can experience a variety of changes to 

important quality characteristics as a result of tool breakage, tool wear, introduction 

of new raw materials, and other factors. Statistical process control charts are often 

used to monitor for changes in quality characteristics for manufacturing processes.  

The control chart computes a statistic based on measured observations of the process 

and compares it to control limits.  When the statistic exceeds a control limit, the 

control chart signals that the process is out-of-control.   

Quality engineers would then search for the special cause responsible for the 

change in the process.  Rapid detection by the control chart is important to minimize 

the production of poor quality items as a result of an out-of-control process.  Control 

charts that detect changes rapidly can therefore save critical process down-time and 

expense. 

This research investigates several new control charts related to the commonly 

used cumulative sum (CUSUM) control chart.  The new control charts use control 

limits that change as a function of the number of process observations instead of 

remaining constant.  The performances of these new control charts are compared to 

several other charts including the Shewhart X chart, the CUSUM, and the 

exponentially weighted moving average charts.    

Compared to the standard CUSUM, the proposed control charts can detect a 

change in a process more rapidly for a given range of shifts in the mean of a process.  

The proposed control charts offer a flexibility to quality engineers for better 

optimization of monitoring schemes for manufacturing processes. 
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CHAPTER 1 

INTRODUCTION 
 

 Quality engineers use statistical process control (SPC) charts to monitor for 

changes in an industrial process, such as manufacturing processes.  A control chart 

helps to distinguish between normal process variation and unusual variation due to a 

special cause.  Measurements from a process are observed and recorded. Often 

several measurements are collected to form a subgroup.  From these data a control 

chart statistic is computed and then compared to the control limits.  When the statistic 

plots beyond the control limits, the control chart signals that the process is out-of-

control.  Since an out-of-control process indicates that there may be one or more 

special causes that are responsible for the unusual variation, the quality engineer then 

initiates a search to identify the special causes.  Once a special cause is found, 

appropriate action is taken to correct the problem or improve the process.  

 An important performance characteristic of a control chart is the speed at 

which it reacts to changes in a process.  The sooner a process change is detected by a 

control chart, the sooner a quality engineer can initiate the search for the special 

cause.  Once the special cause has been identified, the appropriate action can then be 

taken.  One possible action is to rectify a problem and another action is to be 

proactive and improve the process.  

 Due to naturally occurring random variability from the process, control charts 

do not necessarily signal as soon as a special cause is present.  They can also signal 

when no special cause is present.  A false alarm may occur when a process is in-

control and a control chart signals the presence of a special cause.  False alarms may 

cause a quality engineer to waste time searching for a special cause that does not 

exist.  False alarms may also cost valuable process down-time if the process must be 

stopped to search for a special cause.   

A balance of rapid detection of process changes and an acceptable rate of false 

alarms can be achieved by adjusting the control limits.  The probability of a false 

alarm can be reduced by widening the control limits.  However, widening the control 

limits makes it more difficult for the chart to issue a genuine signal when there is a 

process change.   

The average run length (ARL) is a commonly used metric to assess the speed 

at which a control chart issues a signal.  The ARL is the expected number of 

subgroups taken from a process until the control chart signals.  In the case where the 

process is in-control, the ARL is the average number of subgroups taken from the in-

control process until the control chart signals a false alarm.  To compare the ARL 

performance of two or more control charts, their control limits can be calibrated or 

adjusted such that the charts have the same in-control ARL and therefore the same 
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sensitivity to false alarms.  The ARLs for detecting process changes can then be 

directly compared between control charts with the same sensitivity to false alarms. 

 An industrial process can be complex and as a result the process can change in 

many different ways.  For example, a process mean can slowly drift out-of-control as 

machine tools wear or lubricants age.  A process mean can experience abrupt changes 

when machine tooling breaks or when new methods or materials are used.  A process 

variance can increase between regular machine maintenance services.  Some process 

means and variances may be subject to oscillating changes, non-linear monotonic 

changes, or other forms of change.   

A step change model will be used to represent process behavior.  The type of 

change to be considered is a sudden step change in the mean of a normally distributed 

process.  In such a model, the mean of the normal process abruptly changes from its 

in-control value to an out-of-control value, and remains at that level.  Step change 

models have been implicitly assumed when evaluating and comparing the ARL 

performances of various control charts (Pignatiello and Simpson, 2000). 

 New control charts that can be tailored to rapidly detect small or large step 

changes in the mean of a process will be investigated.  These new control charts are a 

generalization of the cumulative sum (CUSUM) control chart.  While the CUSUM 

control chart uses a constant control limit, the new control charts use control limits 

that are not necessarily constant.  Different functional control limits are proposed and 

investigated. The performances of the new control charts are compared to those of 

other commonly used charts including the Shewhart X chart, the CUSUM and the 

exponentially weighted moving average chart.  The new control charts are shown to 

have an improved ARL performance over the other charts. 

 This thesis consists of five chapters.  The second chapter presents a review of 

some of the commonly used control chart methods for normally distributed processes.  

In Chapter 3, the new control charts are introduced.  Chapter 4 presents a comparison 

of the ARL performance of these new control charts and the commonly used charts.  

Chapter 5 is a summary of the research, and presents recommendations for future 

work.
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CHAPTER 2 

LITERATURE REVIEW 

 

2.1 Overview 

Quality has always been an integral part of manufacturing and service 

industries.  It was not until the 1920s, however, that statistical methods for quality 

control were introduced.  Shewhart (1924) used simple statistics to determine whether 

a process had changed from an in-control state to an out-of-control state.  By 

determining that the process had changed, he was able to implement preventative or 

corrective measures to reduce the production of poor quality products.  He also 

advocated quality improvement when changes in the process led to better quality.   

Statistical process control charts such as Shewhart’s X chart monitor processes 

for change by distinguishing unusual variation from normal process variation.  For 

example, an industrial grinding machine may produce a part for a given product.  The 

background or common cause variation in the product might be ±1 millimeter, and is 

due to an accumulation of sources such as the raw materials, the feed process into the 

grinder, and other factors.  When the grinding tool breaks, the variation in the product 

might be more than 5 millimeters.  In this case, tool breakage is a special cause of 

process variation.   

A control chart’s data consist of measurements from a process that are 

observed and recorded. Often subgroups of several measurements are formed.  From 

these subgroup data a control chart statistic can be calculated.  This statistic is 

compared to one or more control limits depending on the type of control chart.  When 

the control chart statistic exceeds a control limit, the control chart signals that there 

may be a special cause of variation present.  This leads the quality engineer to initiate 

a search for the special cause of the unusual variation.  The sooner a process change 

is detected by a control chart, the sooner a quality engineer can initiate a search for 

the special cause.  Once the special cause has been identified, the appropriate action 

can then be taken to rectify or improve the process.   

This thesis will consider a standard normal distribution process where the 

observations are independent and identically distributed.  This thesis will only 

consider step changes in the mean of the process.  A step change is a common type of 

change in industrial processes that often results from tool breakage, the introduction 

of a new raw material or other abrupt and sudden changes.  Following a discussion of 

the normal mean step change model, three commonly used control charts will be 

discussed.  The control charts to be reviewed are the X chart, the cumulative sum 

control chart (CUSUM), and the exponentially weighted moving average (EWMA) 

chart. 
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2.2 Normal Process Location Step Change Model 

 A permanent step change model for a normal process mean will be 

considered.  The modeled process is a standard normal process with independent and 

identically distributed observations collected in subgroups consisting of n 

observations.  The step-change model assumes that the process is initially in-control 

with the mean oµµ = , where oµ  is known.  The model then assumes that after a point 

in time, τ (the change point), the mean abruptly changes to a new value of 1µµ = , 

where 1µµ ≠o and 1µ is unknown.   

  

2.3 Average Run Length  

Some control charts react more quickly than others for detecting different 

types of changes.  The average run length (ARL) is a commonly used metric to assess 

the speed at which a control chart signals that a change may have occurred.  The ARL 

is the expected number of subgroups taken from an out-of-control process, before it 

signals that a change may have occurred.  In the case where the process is in-control, 

the ARL is the average number of subgroups taken from the in-control process before 

the control chart signals. 

The ARL performance of a control chart can be expressed in terms of an 

initial ARL performance and a change-point ARL performance.  A control chart’s 

initial ARL performance refers to the ARL performance when τ = 0 (Lucas and 

Saccucci, 1990).  The change-point ARL performance is the control chart’s ARL 

performance for τ > 0 (Pignatiello and Simpson, 2000).  The change-point ARL is 

defined as the expected number of subgroups formed from the out-of-control process 

before the control chart signals that a change in the process may have occurred.  For 

example, if τ = 10 and the chart signals at time t = 15, the run length would be 5 since 

5 subgroups were formed from the out-of-control process at t = 11, 12, …, 15.   

 

2.4 Shewhart X Control Chart 

 The Shewhart (1924) X control chart plots the subgroup average against upper 

and lower control limits.  The upper control limit is given as xLUCL σµ += 0 and the 

lower control limit is xLLCL σµ −= 0 , where nx /0σσ =  and L is the number of 

standard deviations of x that the control limit is placed away from the center 

line, oµ and is almost always L=3.  If LCLx <  or UCLx > , then the chart signals that 

the mean of the process has changed and the process is out-of-control. 

 The ARL of the Shewhart X chart for detecting an abrupt step change in the 

mean of a normal process is  

 

)(1

1
)(

µβ
µ

−
=ARL  
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where =)(µβ Pr { LCL ≤  x  ≤ UCL }.    Table 2.1 displays the ARLs of the 

Shewhart X chart with L=3 for select values of δ, where δ is the standardized 

difference between the in-control and out-of-control means.   

 

 

Table 2.1.  ARL Performance of the Shewhart X Chart 

δ ARL 

  0 370.4

±1 43.9

±2 6.3

±3 2.0

 

 

 The ARL performance of the Shewhart X chart can be improved by adding 

supplemental criteria for the chart to signal (Champ and Woodall, 1987).  The 

Western Electric Runs Rules (Western Electric Handbook, 1956) applied on the 

Shewhart X chart indicate that the procedure should signal that the process is out-of-

control if any of the following occur: 

 1.  One subgroup average plots outside the L = 3 control limits. 

2.  Two out of three consecutive subgroup averages plot beyond the L = 2 

limits. 

3.  Four out of five consecutive subgroup averages plot beyond the L = 1 

limits. 

4.  Eight consecutive subgroup averages plot on one side of the center line. 

These rules apply only to one side of the centerline.  That is, one subgroup plotted 

above the upper L = 2 limit, followed by one subgroup plotted below the lower L = 2 

limit would not cause the control chart to signal.   

Table 2.2 shows the ARLs of the Shewhart X chart with the WERR and the 

Shewhart X chart without the WERR for select values of δ (Champ and Woodall, 

1987).   

 

 

Table 2.2. ARL Performance of the Shewhart X Chart with the WERR 

ARL 
δ X chart without WERR X chart with WERR 

  0  370.37      91.75   

±1    43.86        9.22   

±2      6.30      3.13 

±3      2.00      1.67 

 

 

The Shewhart X chart with the WERR has lower ARL values than the 

Shewhart X chart without the WERR for δ ≥ 1.  For example for δ = 1, the X chart 

with the WERR detects the change on an average of 9.22 subgroups following the 
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change, while the standard Shewhart chart requires an average of 43.86 subgroups.  

This improvement in reaction time comes with a cost, however.  The in-control ARL 

(δ = 0) is reduced for the X chart with the WERR. 

The improvement in the ARL performance for δ ≥ 1 comes at the expense of 

an increase in the rate of false alarms.  When the process is in-control, the ARL for 

the X chart with the WERR is 91.75.  Thus false alarms may occur about four times 

more frequently than with the standard X chart.  Champ and Woodall concluded that 

the supplemental WERR significantly improved the ARL performance of the 

X chart.  However, the improved performance with the WERR was not as good as 

the cumulative sum (CUSUM) control chart.  The CUSUM control chart is discussed 

in detail in section 2.6 after the sequential probability ratio test is explained in the 

next section. 

 

2.5 The Sequential Probability Ratio Test 

Page (1961) proposed the cumulative sum (CUSUM) control chart as an 

alternative to the Shewhart X chart.  The CUSUM control chart is derived from the 

sequential probability ratio test (SPRT).  The CUSUM control chart is explained in 

section 2.6, while this section focuses on the SPRT.   

Neyman and Pearson (1933) introduced the most powerful test for a simple 

hypothesis-testing problem.  Neyman and Pearson’s test statistic is  

 

∏

∏

=

==Λ
t

i

i

t

i

i

t

xf

xf

1

0

1

1

);(

);(

µ

µ
.  (2.1) 

 

Neyman and Pearson showed that the most powerful test of Ho against H1 is obtained 

by rejecting Ho if tΛ ≥ K and concluding in favor of Ho if tΛ < K, where K is 

determined by the level of significance, α.  The level of significance is the probability 

that Ho is rejected when it is true.   

Wald (1947) demonstrated that the Neyman and Pearson hypothesis testing 

method could be applied sequentially and could significantly reduce the number of 

samples required to reach a conclusion.  Wald’s sequential probability ratio test 

(SPRT) compares tΛ  to two constants A and B where 0 < B < A < ∞.  Observations 

are collected and examined one-at-a-time.  After the t
th

 observation there are three 

possible outcomes.  If tΛ  < B, then the test concludes in favor of Ho.  If tΛ > A, then 

Ho is rejected in favor of H1.  If B ≤ tΛ ≤ A then sampling will continue with 

observation t + 1. 

 The SPRT can be used to test ooH µµ =:  against 11 : µµ =H for normal 

means.  Without loss of generality we will assume that µ1 > µo.  Having observed t 

observations, the SPR is  
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This can be reduced algebraically to 
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 The sequential probability ratio, tΛ , is compared to appropriate constants A and B as 

each new observation t is formed.  Following observation t, the test concludes in favor 

of Ho if TΛ  < B.  If TΛ  > A, then the test concludes in favor of H1.  If B ≤ TΛ  ≤ A, 

then sample t + 1 is obtained and a revised 1+Λ t  is computed.  This procedure continues 

until either tΛ  < B or tΛ  > A. 

In a control chart application of the SPRT, µo is the mean of the in-control 

process and µ1 is a mean of an out-of-control process.  Since one would never 

conclude in favor of Ho that the process is in-control and stop all sampling, the 

procedure continues until it signals that the process is out-of-control.  This 

implementation of the SPRT procedure leads to the CUSUM control chart as 

explained in the next section. 

 

2.6 The Cumulative Sum Control Chart 

Page (1961) proposed the cumulative sum (CUSUM) control chart as an 

alternative to the Shewhart X chart.  The CUSUM control chart is based on 

cumulative sums of the subgroup averages and is derived from the SPRT.   

 In a control chart application of the SPRT, one would continue to monitor the 

process until tΛ  > A when the procedure signals that the process is out-of-control.  

The SPRT leads to the following expression for detecting an increase in the mean of a 

normal process.  The procedure would signal when 
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This expression can be simplified by taking the natural logarithm of both sides of the 

inequality,  
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This decision rule can be algebraically reduced to ∑
=
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By allowing xδσµµ += 01 , the procedure signals when 
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where δ is the standardized difference in the means under Ho and H1.  This decision 

rule can then be further simplified by using the cumulative statistic ( )∑ =
−=

t

i it kZC
1

, 

where ( ) xii xZ σµ /0−= , and k = δ / 2.  The common choice of k is 0.5, which 

corresponds to a standardized magnitude of change in mean of δ = 1.  Thus, 

observations are examined sequentially until tC  > A′ .  
The CUSUM control chart sequentially compares the statistic tC against a 

control limit A′ until tC  > A′ . Since one is not interested in concluding that the 

process is in-control, the cumulative statistic is  

 

,0max{=+
tC }1

+
−+− tt CkZ .  (2.4) 

 

If this rule was not implemented the control chart would require more subgroups to 

signal if tC < 0.  The statistic +
tC  is compared to a constant, h

+
.  If ++ > hCt , then the 

control chart signals that an increase in the process mean has occurred. 

 For δ < 0, the SPRT similarly leads to the CUSUM procedure for detecting a 

decrease in the mean of a normal process.  In this case, ,0max{=−
tC }1

+
−+−− tt CkZ  

is compared to a constant, −h .  If −− > hCt , then the control chart signals that a 

decrease in the process mean has occurred. 

To monitor for both increases and decreases in the mean, two one-sided 

control charts are employed.  One chart is used for monitoring for increases in the 

mean of a process and the other is used for detecting decreases in mean.  If the 

process remains in-control, ±
tC  will fluctuate around zero.  If there is an increase in 

the process mean, +
tC  will tend to increase.  Conversely, if there is a decrease in the 

process mean, then −
tC  will tend to increase.  When +

tC  > h
+ 

or −
tC  > h

-
, the two one-

sided CUSUM control chart scheme signals that the process is out-of-control. 

Table 2.3 compares the ARL performances of the CUSUM (with h = 4.77 and 

k = 0.5) to the Shewhart X chart with and without the WERR.  The control limit for 



 9

the CUSUM charts were set at h
±
 = 4.77 so that the two one-sided procedure has the 

same sensitivity to false alarms as the X chart without WERR.  It can be seen from 

Table 2.3 that the X chart with the WERR has the lowest ARL when δ = 0 and thus is 

more sensitive to false alarms than the other two charts.   

 

 

Table 2.3. ARL Performance of the Two One-Sided CUSUM Control Chart 

ARL 
| δ | X chart without WERR X chart with WERR CUSUM 

0  370.37     91.75          370.4 

1    43.86       9.22              9.9 

2      6.30      3.13             3.9 

3      2.00      1.67             2.5 

 

 

Table 2.3 shows that the ARLs are lower for the two one-sided CUSUM chart 

than the corresponding ARLs for the X chart without the WERR when | δ | = 1 and  

| δ | = 2.   For standardized magnitudes of change | δ | = 1 and | δ | = 2 the CUSUM 

chart’s ARLs are comparable to those of the X chart with the WERR.  However, 

the X chart with the WERR has a much smaller in-control ARL.  Thus, although the 

CUSUM and the X chart with the WERR have comparable ARL performances for  

| δ | = 1 and | δ | = 2, the X chart issues more false alarms.  In light of this fact, the 

CUSUM chart might be preferred over the X charts. 

The CUSUM control chart’s ability to detect changes has been extensively 

investigated in the literature.  Lorden (1971) introduced a minimax criteria that 

minimizes the ARL subject to a given probability of false alarms.  He also proposed 

the use of a maximum likelihood approach to rapidly detect changes in a process.  

Lorden’s approach does better than the CUSUM at detecting a wide range of changes 

in the mean of a process, but does not completely outperform the CUSUM for all 

potential changes in the process mean. 

Moustakides (1986) proved that Page’s CUSUM control chart will detect a 

specific standardized step change in the mean of a process with fewer subgroups than 

any other statistical test.  The specific step change in mean is a standardized change 

of δ = 2k, where k is the control chart parameter in Equation 2.4.  Therefore, the 

CUSUM control chart is the best chart to use for detecting a standardized change in 

mean of δ = 2k.  However, other control charts may detect other changes in the mean 

with fewer subgroups. 

Several attempts to improve upon the CUSUM control chart have been 

investigated in the literature.  One such method will be discussed in the next section. 

 

2.7 Fast Initial Response CUSUM 

 Lucas (1984) introduced the idea of the fast initial response (FIR) CUSUM 

control chart.  Rather than starting the cumulative sum at zero with 00 =±C , the FIR 
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CUSUM starts the cumulative sum at 2/0

±± = hC .  By giving the cumulative sum a 

head start, Lucas showed that the FIR CUSUM chart is able to signal faster than the 

CUSUM chart when the process is initially out-of-control.  Figure 2.1 illustrates how 

the FIR CUSUM can respond sooner than the standard CUSUM when they both 

monitor the same initially out-of-control process. 

 

 
Figure 2.1. Fast Initial Response CUSUM 

 

 

The three lines in Figure 2.1 display the control limit h = 4, the cumulative 

sum for the FIR CUSUM and the cumulative sum for the standard CUSUM using the 

same hypothetical observational data.  The green line represents +
tC  for the FIR 

CUSUM with +
0C =2.  The blue line represents +

tC for the standard CUSUM with 
+
0C  = 0.  In Figure 2.1, the FIR CUSUM signals after seven subgroups, whereas the 

standard CUSUM requires 13 subgroups.  Once ±
tC  ≤ 0, the FIR CUSUM control 

chart will continue to monitor the process in the same manner as the CUSUM chart.     

 The exponentially weighted moving average (EWMA) control chart is another 

alternative to the Shewhart X chart and the CUSUM chart.  The EWMA chart will be 

discussed in the next section. 

 

2.8 The Exponentially Weighted Moving Average Control Chart 

 The exponentially weighted moving average (EWMA) control chart was 

introduced by Roberts (1959) for monitoring changes in the mean of a process.  The 

EWMA associated with subgroup t is 1)1( −−+= ttt wxw λλ , where 10 ≤< λ  is the 

weight assigned to the current subgroup average and 00 µ=w .  Common values of  

are 3.01.0 ≤≤ λ .  Having observed a total of T subgroups, the statistic Tw  is plotted 

+
tC  

Subgroup t 
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against the control limits ( )[ ] ,
2/12

0 11
2







 −−

−
± T

xL λ
λ

λσµ where L is a constant that 

scales the width of the control limits.   

 Lucas and Saccucci (1987, 1990) investigated the impact of different 

combinations of L and  on the ARL performance of the EWMA control chart.  The 

combinations that were investigated were chosen such that the in-control ARL for 

each chart was the same.  They found that EWMA charts with small values of  

perform well at detecting small changes in a process mean.  Conversely, EWMA 

charts with large values of  perform well at detecting large changes in a process 

mean.  Hunter (1986) and Montgomery (1996) investigated the ARL performance of 

the EWMA chart and concluded that it is similar to the ARL performance of the 

CUSUM chart. 

 

2.9 The Generalized Sequential Probability Ratio Test 

 Weiss (1953) investigated the use of a non-constant acceptance limit in the 

sequential probability ratio test (SPRT) and proposed the generalized sequential 

probability ratio test (GSPRT).  While the SPRT has a constant acceptance limit, the 

GSPRT allows for acceptance limits that change as a function of t.  The SPRT 

compares tΛ to the constants A and B as each new observation t is obtained.  The 

GSPRT compares tΛ to At and Bt .  The GSPRT concludes in favor of Ho if tΛ < Bt 

and it concludes in favor of H1 if tΛ > At.  If Bt  ≤ tΛ  ≤ At, insufficient information is 

available to reach a decision and the sampling will continue.  The GSPRT has been 

shown to conclude in favor of either the null or alternate hypothesis with fewer 

observations on average than the SPRT under certain conditions (Kiefer and Weiss 

1957, Weiss 1953).  A discussion of these conditions is beyond the scope of this 

thesis. 

 An extensive search of the literature indicated that no control charts have been 

based on the GSPRT.  Furthermore, no evidence was found of the GSPRT being 

applied to any other quality control applications.  Since the GSPRT can reach a 

conclusion with fewer observations on average than the SPRT, it is possible that a 

control chart based on the GSPRT might detect process mean changes more quickly 

than a SPRT-based chart such as the CUSUM. 

 In the remainder of this thesis several new control charts will be proposed 

based on the GSPRT.  The ARL performances of these new charts will be compared 

to each other as well as to those of the Shewhart ,X  the CUSUM and the EWMA 

charts.   



 12

 

 

 

 

 

 

CHAPTER 3 

METHODOLOGY 
   

 This chapter presents several new control charts derived from the generalized 

sequential probability ratio test (GSPRT).  Each of the new control charts use control 

limits that change with the number of subgroups taken from the process.  The new 

charts differ from each other in how they change as a function of the number of 

subgroups.  Following the introduction of these new control charts, a Monte Carlo 

simulation study for estimating and comparing the ARL performances of these charts 

is discussed.  In the next chapter the ARL performances of the proposed control 

charts are presented.  The ARL performances of the new control charts are then 

compared with those of several existing control charts. 

 

3.1. Generalized Cumulative Sum Control Chart 

The control charts that will be investigated in this thesis are derived from the 

GSPRT. These new charts differ from standard CUSUM charts in that their control 

limits, ±h , are not constant.  In the new charts, the control limits are a function of 
+
tn and .−tn   The value +

tn is the number of consecutive subgroups that +
tC  has been 

non-zero at t and can be expressed as 

 





≤
>+

=
+

++
−+

0

0

0

,11

t

tt

t
C

Cn
n . 

 

Similarly, −
tn is the number of consecutive subgroups that −

tC  has been non-zero at t.  

The value ±
tn can also be described as the number of terms in the statistic ±

tC .  When  

t = 0, .00 =±n   Table 3.1 provides an example (Montgomery, 1991) of a CUSUM 

control chart in tabular form where values of +
tn and −

tn are given.  

The standardized subgroup average in Table 3.1 for t = 1 is 55.01 −=z .  

Therefore, the statistic ,0max{1 =+C ,0max{}5.0 01 =+− +Cz ,0}05.055.0 =+−−  and 

the statistic ,0max{1 =−C ,0max{}5.0 01 =+−− −Cz .05.0}05.055.0 =+−+   Since  
+

1C = 0, +
1n = 0.  Since 01 >−C , 10101 +=+= −− nn = 1.  The standardized subgroup average 

for t = 2 is 01.22 −=z , thus ,0max{2 =+C =+− +}5.0 12 Cz  ,0max{ 0}05.001.2 =+−− , 

and ,0max{2 =−C ,0max{}5.0 12 =+−− −Cz }05.001.2 +−+ 56.1= .  Since +
2C = 0, +

2n = 0  
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Table 3.1.  CUSUM Control Chart Example 

 

Subgroup  Chart for Increases Chart for Decreases 

t zt zt - 0.5 +
tC  +

tn  xt - 0.5 −
tC  −

tn  

1 -0.55 -1.05 0.00 0 +0.05 0.05 1 

2 -2.01 -2.51 0.00 0 +1.51 1.56 2 

3 -0.71 -1.21 0.00 0 +0.21 1.77 3 

4 +1.66 +1.16 1.16 1 -2.16 0.00 0 

5 +2.16 +1.66 2.82 2 -2.66 0.00 0 

6 +0.18 -0.32 2.50 3 -0.68 0.00 0 

7 -1.96 -2.46 0.04 4 +1.46 1.46 1 

8 +1.46 +0.96 1.00 5 -1.96 0.00 0 

9 -0.80 -1.30 0.00 0 +0.30 0.30 1 

10 +0.34 -0.16 0.00 0 -0.84 0.00 0 

 

 

and since 02 >−C , 112 += −− nn = 1+1 = 2.  The standardized subgroup average for t = 3 is 

again less than zero, so +
3n = 0 and 312123 =+=+= −− nn .  The standardized subgroup 

average for t = 4 is greater than zero, which results in ,0max{4 =+C =+− +}5.0 34 Cz  

,0max{ }05.066.1 +−+ 16.1=  and ,0max{4 =−C ,0max{ .0}77.15.066.1 =+−−    

Therefore 134 += ++ nn 110 =+=  and 04 =−n .  The values of ±
tn for other t are computed 

in the same way. At any point in time, the statistic ±
tC  is a function of ±

tn different 

terms.  Therefore a control limit that is a function of ±
tn  is logical. 

The generalized cumulative sum control chart (GCUSUM) is derived in a  

similar manner as the CUSUM was derived.  In equation 2.3, tΛ is compared to the  

constant A,  

 


















 −
+






 −

=Λ ∑
=

t

i

it tx
1

2

2

1

2

0

2

01

2
exp

σ
µµ

σ
µµ

 > A. 

 

For the GCUSUM, tΛ is compared to ( )±tnA , a function of ±
tn .  Therefore, in the 

GCUSUM, sampling continues while ( ) 2/
1 10∑ =

+−
t

i i tx µµ  > ( )±∗
tnA , where 

( ) ( )( ) ( )01

2 /log µµσ −=±∗
xtt nAnA .  By allowing xδσµµ += 01 , where δ is the specific 

standardized magnitude of change to be detected in units of the standard deviation of 

,x  Equation 2.3 becomes ( )∑ =
−−

t

i ix
1 0 2/δµ  > ( )±∗

tnA .  The left hand side of this 

inequality can then be expressed as the cumulative statistic ( )∑
=

−=
t

i

it kZC
1

, 

where ( ) xii xZ σµ /0−= , and k is a reference value.   This cumulative statistic is 
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identical to the statistic used in the CUSUM control chart.  In the GCUSUM, 

however, the cumulative statistic is compared to ( )±∗
tnA  instead of the constant A′ .  

This control limit for the GCUSUM is not constant and changes with ±
tn , the number 

of terms in the CUSUM statistic. 

The control charts that will be discussed in this chapter use different ( )±∗
tnA

 
functions for the control limits.  The first chart that will be investigated considers a 

control limit that is a linear function of ±
tn .  That is, the control limit increases (or 

decreases) as the number of terms in the CUSUM statistic changes.   

  A variation of this chart can be implemented with a fast initial response rule.  

Another chart to be considered employs a polynomial function of ±
tn for the control 

limit.  Three additional charts are also considered and utilize piecewise linear 

functions of ±
tn for the control limits.   

 

3.2 Linear Control Limits for the GCUSUM Control Chart 

The linear GCUSUM employs a control limit that is a linear function of ±
tn .  

Thus, for each subgroup t, the control chart will compare ±
tC  to the control limit 

±±∗ += tt ncanA 1)( .  The constants a and 1c are parameters of the control chart, where a 

is the intercept and 1c  is the slope of the control limit.  If ±± +> tt ncaC 1 , the control 

chart signals that a change in process mean has occurred.  If 1c = 0, then the 

GCUSUM chart reduces to the standard CUSUM chart.  Various values of a and 1c are 

investigated in Chapter 4 along with the resulting ARL performances of the control 

charts. Figure 3.1 shows an example of one possible linear GCUSUM. 

 

 
Figure 3.1.  Example GCUSUM 

 

t

±
tC
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3.3 Generalized Fast Initial Response 

 The fast initial response (FIR) CUSUM proposed by Lucas (1984) is one 

variation on the CUSUM control chart.  This same feature can be applied to the 

GCUSUM by setting 2/0 aC =± .  The ARL performance of this chart is investigated 

in Chapter 4 and is compared to the FIR CUSUM and the standard CUSUM.    

 

3.4 Polynomial Control Limits for the GCUSUM Control Chart 

 Another alternative for the control limit for a GCUSUM chart is to use a 

control limit that is a polynomial function of ±
tn .  Polynomial control limits of the 

form c

tt bnahnA )()( ++= ±±  will be considered.  The polynomial GCUSUM chart will 

signal if c

t bnahC t )( ++> ++  or if c

t bnahC t )( ++> −− .  Since the values of the control 

limit parameters h, a, b, c may affect the performance of the control chart, a designed 

experiment was performed.  The effects of these parameters on the control chart’s 

ARL performance was investigated.  The results of the experiment are discussed in 

Chapter 4. 

 

3.5 Piecewise Linear Control Limits for the GCUSUM Control Chart 

 Several different control limit functions for the GCUSUM have been proposed 

in this thesis.  Another choice for control limits is a piecewise linear function of ±
tn  

that consists of two different linear functions of ±
tn .  Spline functions provide a useful 

way to describe a piecewise linear function.  Splines are piecewise functions that 

divide the range of ±
tn  into segments where the control limit can be defined by a 

different function of ±
tn over each segment.  The joint points of the pieces are usually 

called knots,  (Montgomery, Peck and Vining, 2001). 

Piecewise linear control limits consisting of two linear functions of ±
tn can be 

expressed as 

 

( ) ( ) ( )111

0

100100

*

+
±

+
±±± −+−++= κβκβββ tttt nnnnA   (3.1) 

 

where 

 

( ) ( )




≤−
>−−

=−
±

±±

+
±

00

0

κ
κκ

κ
t

tt

t
n

nn
n . 

 

Therefore when κ≤±
tn , the piecewise linear control limit is ( ) ±± += tt nnA 0100

* ββ .  

When κ>±
tn , the piecewise linear control limit is given by the expression 

( ) )()1( 11100100

* κββββ −−++= ±±±
ttt nnnA  which can be reduced algebraically to 

( ) ( ) ( ) ±± ++−+= tt nnA 1101111000

* ββκβββ .  When κ=±
tn , the two pieces of the 

control limit are equal.  A more detailed discussion of spline functions can be found 
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in Montgomery, Peck and Vining (2001).  Several piecewise linear control limits are 

investigated and the ARL performances of these charts are discussed in Chapter 4. 

 

3.6 Stabilizing the Probability of False Alarm with the Piecewise Linear Control 

Limit for the GCUSUM Control Chart 

 Another approach for establishing a functional control limit for a GCUSUM 

chart involves stabilizing the probability of false alarms as ±
tn  increases.  As each 

new subgroup is formed, the cumulative statistic is evaluated according to the 

expression ,0max{=±
tC }1

±
−+−± ti CkZ .  The probability distribution of ±

tC  is 

conditioned on the value of ±
−1tC .  Likewise, the probability distribution of ±

−1tC  is 

conditioned on the value of ±
−2tC  and so on.  Therefore, ±

tC  is a random variable 

drawn from a nested conditional probability distribution.  The number of nested 

conditional probabilities is equal to ±
tn , the number of consecutive subgroups that ±

tC  

has been non-negative. Therefore, the distribution of ±
tC changes with ±

tn .  Control 

limits based on how the distribution of ±
tC changes with ±

tn are considered below. 

 Simulation was used to estimate the mean, standard deviation, median, and 

99
th

 and 99.5
th

 percentiles of the distribution of +
tC  as a function of +

tn  for +
tn =1, 2, 

…, 10.  For each value of +
tn , values of +

tC were computed by simulating values from 

a standard normal distribution.  For example, to estimate E[ +
tC | +

tn = 5 ], values of 
+
tC were computed until +

tn = 5. At that point the value of +
tC was recorded.  This 

procedure was repeated until a total of 10,000 values of +
tC | +

tn = 5 were recorded and 

then averaged to estimate E[ +
tC | +

tn = 5 ].  The results are shown in Table 3.2. 

 

 

Table 3.2.  Estimated Characteristics of the Distribution of C
t
 as a Function of n

t
. 

+
tn  1 2 3 4 5 6 7 8 9 10 

Mean 0.637 0.855 0.986 1.083 1.151 1.186 1.201 1.213 1.225 1.219
Std Dev 0.514 0.678 0.777 0.854 0.894 0.925 0.929 0.942 0.937 0.944

Median 0.519 0.700 0.796 0.883 0.941 0.966 0.977 0.980 1.012 0.996

99
th

 Pct 2.237 2.961 3.284 3.601 3.653 3.702 3.708 3.735 3.747 3.745

99.5Pct 2.514 3.242 3.535 3.822 3.789 3.856 3.840 3.869 3.864 3.843

 

 

The results from the simulation study are shown in Table 3.2 and Figure 3.2, 

where it can be seen that the estimated mean, median, 99
th

 percentile and 99.5
th

 

percentile of the distribution of +
tC  increase as +

tn  increases.   
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Figure 3.2.  Plot of the Estimated Mean, 99

th
 Percentile, 99.5

th
 Percentile 

 

 

Based on the results of the simulation study, it can be argued that the 

probability of a false alarm increases as ±
tn increases.  The CUSUM control chart will 

signal when ,hCt ≥±  where h is the control limit. Since 

,0max{=±
tC },5.0 1

±
−+− tt CZ the control chart will signal when ±

−+− 15.0 tt CZ ≥ h.  

The control chart therefore signals when ±
−−+≥ 15.0 tt ChZ .  Thus, for larger values 

of ±
−1tC , the range of tZ that will cause the control chart to signal increases. Therefore, 

the control chart is more susceptible to false alarms as ±
tn increases. 

Motivated by the results shown in Figure 3.2, a control limit will be 

considered that is a function of ±
tn which provides a constant false alarm probability 

independent of ±
tn .  Figure 3.2 suggests that such a control limit could be 

approximated by a piecewise linear function of ±
tn .  The piecewise linear control 

limit would follow the same general shape as the 99.5
th

 percentile of +
tC  in Figure 

3.2.  The proposed control limit is given by Equation 3.1, where 001 >β  and 

( ) 01101 =+ ββ .  It can be seen in Figure 3.2 that the knot, , appears to be located at 

approximately ±
tn = 4.  Therefore, in situations where ±

tn ≤ 4, the piecewise linear 

control limit is ( ) ±± += tt nnA 0100

* ββ .  For 4>±
tn , the control limit is constant and 

given by ( ) κβββ 111000

* −+=±
tnA .  The two pieces of the control limit are equal 

if κ==± 4tn .  The ARL performance of this chart will be investigated in Chapter 4 

with other GCUSUM charts using piecewise linear control limits. 
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3.7 Monte Carlo Simulation of Control Chart ARL Performance 

 The ARL performances of the control charts proposed in this thesis were 

investigated using Monte Carlo simulation.  Subgroups were generated for the in-

control process for subgroups t = 1, 2, …, τ, where the change-point τ is the last 

subgroup from the in-control process and τ +1 represents the first subgroup from the 

out-of-control process.  Without any loss of generality, the in-control observations 

were generated from a normal distribution with a mean of 00 =µ  and a standard 

deviation of 10 =σ  with subgroups of size one.  Observations were generated for the 

out-of-control process for subgroups t > τ.  Observations were generated for an out-

of-control process from a normal distribution with a standard deviation of 1=aσ  and 

a mean of δµ =a , where δ is the standardized magnitude of step change in the mean 

of the out-of-control process. 

 Subgroups were formed until the control chart signaled at subgroup T.  The 

run length was recorded as T - τ the total number of subgroups formed from the out-

of-control process.  Each simulation was repeated with 100,000 independently seeded 

runs.  The run lengths were then averaged to obtain the ARL. 

 

3.8 False Alarms 

 It is possible for a simulated control chart to signal at subgroup τ≤t  before a 

change in the process has occurred.  In such a case, a false alarm has occurred.  These 

false alarms are handled in the simulation as they would be handled on an actual 

process.  That is, if it has been determined that the process was actually in-control at 

the time of the signal t, then the control-chart statistics are reset or refreshed by 

setting, ,0=±
tC  and 0=±

tn . The control chart would then continue to monitor the 

process with the next observation at t +1.  This same procedure was implemented in 

the simulation for handling false alarms.  The run length is then calculated as τ−T , 

the number of subgroups taken from an out-of-control process at the time the chart 

signals.  When the process is in-control, the ARL is the average number of subgroups 

taken until the chart signals. 

 

3.9 ARL Calibration 

 The ARL performance of control charts for detecting changes in the mean of a 

normal process will be compared by adjusting the control limits so that the in-control 

ARLs are the same for all charts being compared.  The out-of-control ARL 

performance can then be readily compared since each chart has the same sensitivity to 

false alarms.  Each control chart was calibrated to have an in-control ARL of 

approximately 168.  This ARL was chosen since it is common to use h = 4 and k = 

0.5 for the standard CUSUM chart and such a chart results in an in-control ARL of 

167.7 (Vance, 1986).   

 In Chapter 4 the ARLs of the control charts proposed in this chapter will be 

investigated.  The ARL performances of the proposed charts will be compared to each 

other and to other commonly used control charts.
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CHAPTER 4 

EVALUATION OF ARL PERFORMANCE 
 

 The average run length (ARL) of a control chart is a common metric used to 

assess how quickly a control chart reacts to changes in a process.  The ARL is also 

used when comparing the performance of two or more control charts.  In Chapter 3 

several new control charts derived from the generalized sequential probability ratio 

test (GSPRT) were proposed.  In this chapter, the ARL performances of those control 

charts will be evaluated and compared with the ARL performances of the Shewhart 

X  chart, the CUSUM chart and the EWMA chart. 

 

4.1 Linear Control Limits for the GCUSUM Control Chart 

The linear GCUSUM control limits change linearly with ±
tn and are given by 

 
±±∗ += tt ncanA 1)( .  (4.1) 

 

The constants a and c1 are parameters of the control limit where a is the intercept and 

c1 is the slope of the control limit. The CUSUM chart is a special case of the linear 

GCUSUM where c1 = 0.  The ARL performance of linear GCUSUM control charts 

with different parameter settings for the intercept, a, and slope, c1, will be 

investigated and compared to the standard CUSUM.  Monte Carlo simulation was 

used to estimate the ARL for the GCUSUM control charts.  Table 4.1 shows the 

Monte Carlo simulated estimates of the ARL performances for five different 

parameter settings of the linear GCUSUM.  The normal process location step change 

model with τ = 0 was used.   

The control charts listed in Table 4.1 were calibrated to have an in-control 

ARL of approximately 168.  For each value of c1 the parameter a was used to 

calibrate the control charts.  It can be seen in Table 4.1 that values of c1 < 0 

corresponding to negative sloped control limits require larger values of a to achieve 

the same in-control ARL as positive sloped control limits with c1 > 0.   

 Based on the results from Table 4.1, GCUSUMs with c1 < 0 have lower ARLs 

than GCUSUMs with c1 > 0 for changes in the standardized mean of magnitude  

| δ | < 1.0.  For | δ | > 1.0, however, the ARLs for the c1 > 0 GCUSUMs are lower 

than the ARLs for the c1 < 0 GCUSUMs.     

The reason that a c1 > 0 GCUSUM has a lower ARL for large changes in 

process mean than the standard CUSUM can be seen by plotting both control limits 

on the same chart (see Figure 4.1).  Large changes in the mean of a process will 
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Table 4.1.  Estimated ARL Performance for Four Linear GCUSUM  

Charts and the Standard CUSUM Chart, τ = 0 

 
GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

a = 4.70 a = 4.33 a = 4.00 a = 3.70 a = 3.42 
| δ | c1 = - 0.10 c1 = - 0.05 c1 = 0.00 c1 = +0.05 c1 = +0.10 

        0.00 167.60 170.00 168.50 169.00 168.92

        0.25 69.93 71.57 74.20 78.76 84.16

        0.50 25.00 25.76 26.60 28.37 32.22

  0.75 12.95 12.93 13.30 13.76 14.30

        1.00 8.58 8.37 8.38 8.43 8.51

        1.50 5.01 4.88 4.75 4.66 4.57

        2.00 3.60 3.44 3.34 3.22 3.12

        2.50 2.85 2.72 2.59 2.53 2.43

        3.00 2.37 2.29 2.20 2.10 2.03

        3.50 2.10 2.01 1.92 1.83 1.75

        4.00 1.90 1.82 1.71 1.62 1.51

 

 

generally cause the control chart statistic, ±
tC , to increase more with each subgroup 

than small changes in process mean (Moustakides, 1998).  For small values of ±
tn , the 

positive sloped control limit of the GCUSUM will be less than it is for the standard 

CUSUM.  The control limit for the GCUSUM therefore permits the chart to signal 

faster than a standard CUSUM for small values of ±
tn , since ±± <+ tt nnca 1 .  On the 

other hand, the GCUSUM’s positive sloped control limit will be greater than it is for 

the standard CUSUM if ±
tn is large, since ±± >+ tt nnca 1 .  The standard CUSUM will 

therefore detect small changes in the process mean with fewer subgroups than a c1 > 0 

GCUSUM.  Figure 4.2 illustrates a similar comparison for the c1 < 0 GCUSUM. 

 

   
Figure 4.1. Linear GCUSUM, c1 > 0   Figure 4.2. Linear GCUSUM, c1 < 0 

 

 

Another ARL performance study of the linear GCUSUM considers control 

charts which monitor processes that are initially in-control, but experience a step 

change of magnitude δ following the formation of subgroup t > τ.  This study was 

±
tC 01 >c

01 =c

Large δ
Small δ

±
tC
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01 =c

01 <c

±
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±
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performed to investigate whether the behavior of the GCUSUM performs similarly 

for different values of τ.  The change point ARL is defined as the expected number of 

subgroups formed from the out-of-control process until the control chart signals that a 

change in the process may have occurred (Pignatiello and Simpson, 2000).  For 

example, if τ = 10 and the chart signals at time t = 15, the change point run length 

would be 5 since there were only 5 subgroups formed from the out-of-control process, 

namely subgroups t = 11, 12, …, 15.   

The ARL comparison of four GCUSUM control charts and the standard 

CUSUM for τ > 0 is similar to the comparison for τ = 0.   Table 4.2 shows the Monte 

Carlo simulated estimates of the ARL for the same five control charts shown in Table 

4.1 for the normal process location step change model, with τ = 5.   

 

 

Table 4.2.  Estimated ARL Performance for Four Linear GCUSUM  

Charts and the Standard CUSUM Chart, τ = 5 

 
GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

a = 4.70 a = 4.33 a = 4.00 a = 3.70 a = 3.42 
| δ | c1 = -0.10 c1 = -0.05 c1 = 0.00 c1 = +0.05 c1 = +0.10 

        0.0 164.24 163.98 163.60 162.45 159.91

        0.5 22.32 26.22 27.30 24.96 28.06

        1.0 7.31 7.16 7.09 7.00 7.00

        1.5 4.49 4.23 4.08 3.96 3.93

        2.0 3.26 3.12 3.01 2.93 2.85

        3.0 2.31 2.24 2.21 2.16 2.14

        4.0 2.08 2.05 2.02 2.02 2.00

 

 

By comparing the results of Table 4.2 with those from Table 4.1, it can be seen that 

the τ > 5 change point ARLs are lower than the initial τ = 0 ARLs.  These results 

occur because for t > 0, [ ] 0>Ε tC  while [ ] 00 =Ε C .  Thus, when t > 0 the CUSUM 

has a head start on average and will therefore require fewer additional subgroups on 

average to signal that a change in the process mean may have occurred.  The results 

in Table 4.2 show that the c1 = -0.10 GCUSUM has a smaller ARL than do the c1 > 0 

GCUSUMs for | δ | = 0.5 as was the case with τ = 0.  The c1 < 0  GCUSUMs have 

larger ARL values than do the c1 > 0 GCUSUMs for | δ | > 1.0.   

Tables 4.3 - 4.7 show the Monte Carlo simulated estimates of the ARL for the 

same five control charts for the normal process location step change model with  

τ = 10, 15, 25, 50, and 100, respectively.  It can be seen that the ARL values for  

τ = 10 (Table 4.3) are generally less than the corresponding values for τ = 5 (Table 

4.2) and τ = 0 (Table 4.1).  The results for τ ≥ 10 (Tables 4.3 - 4.7) are very similar 

and suggest that these results may be indicative for situations when τ > 100. 
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Table 4.3.  Estimated ARL Performance for Four Linear GCUSUM  

Charts and the Standard CUSUM Chart, τ = 10 

 
GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

a = 4.70 a = 4.33 a = 4.00 a = 3.70 a = 3.42 
| δ | c1 = -0.10 c1 = -0.05 c1 = 0.00 c1 = +0.05 c1 = +0.10 

        0.0 163.61 162.53 162.48 162.77 160.08

        0.5 22.31 22.73 23.82 24.84 28.60

        1.0 7.32 7.15 7.05 7.02 6.99

        1.5 4.41 4.23 4.08 4.02 3.86

        2.0 3.25 3.12 3.01 2.98 2.82

        3.0 2.32 2.24 2.19 2.16 2.13

        4.0 2.03 2.02 2.02 2.01 2.01

 

 

 

Table 4.4.  Estimated ARL Performance for Four Linear GCUSUM  

Charts and the Standard CUSUM Chart, τ = 15 

 
GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

a = 4.70 a = 4.33 a = 4.00 a = 3.70 a = 3.42 
| δ | c1 = -0.10 c1 = -0.05 c1 = 0.00 c1 = +0.05 c1 = +0.10 

        0.0 163.55 161.99 162.28 162.46 160.51

        0.5 22.30 22.71 23.47 24.82 28.57

        1.0 7.30 7.15 7.05 7.00 7.00

        1.5 4.40 4.23 4.08 3.96 3.90

        2.0 3.25 3.11 3.00 2.90 2.82

        3.0 2.30 2.24 2.20 2.16 2.13

        4.0 2.03 2.02 2.02 2.01 2.01

 

 

 

Table 4.5.  Estimated ARL Performance for Four Linear GCUSUM  

Charts and the Standard CUSUM Chart, τ = 25 

 
GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

a = 4.70 a = 4.33 a = 4.00 a = 3.70 a = 3.42 
| δ | c1 = -0.10 c1 = -0.05 c1 = 0.00 c1 = +0.05 c1 = +0.10 

        0.0 164.30 163.59 163.90 161.96 160.60

        0.5 22.29 22.73 23.53 24.88 28.64

        1.0 7.30 7.15 7.04 7.00 7.00

        1.5 4.40 4.23 4.08 3.96 3.90

        2.0 3.25 3.11 3.02 2.90 2.82

        3.0 2.30 2.24 2.21 2.16 2.13

        4.0 2.03 2.02 2.02 2.01 2.01

 

 



 23

Table 4.6.  Estimated ARL Performance for Four Linear GCUSUM  

Charts and the Standard CUSUM Chart, τ = 50 

 
GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

a = 4.70 a = 4.33 a = 4.00 a = 3.70 a = 3.42 
| δ | c1 = -0.10 c1 = -0.05 c1 = 0.00 c1 = +0.05 c1 = +0.10 

        0.0 164.05 161.92 163.80 164.33 160.38

        0.5 22.30 22.67 23.50 24.91 28.64

        1.0 7.30 7.15 7.04 7.00 7.00

        1.5 4.40 4.23 4.08 3.96 3.90

        2.0 3.25 3.12 3.00 2.90 2.83

        3.0 2.30 2.24 2.20 2.16 2.13

        4.0 2.03 2.02 2.02 2.01 2.01

 

 

 

Table 4.7.  Estimated ARL Performance for Four Linear GCUSUM  

Charts and the Standard CUSUM Chart, τ = 100 

 
GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

a = 4.70 a = 4.33 a = 4.00 a = 3.70 a = 3.42 
| δ | c1 = -0.10 c1 = -0.05 c1 = 0.00 c1 = +0.05 c1 = +0.10 

        0.0 160.64 162.11 164.00 162.38 163.92

        0.5 22.30 22.65 23.48 24.91 28.67

        1.0 7.30 7.15 7.05 7.00 7.00

        1.5 4.40 4.23 4.08 3.96 3.90

        2.0 3.25 3.11 3.00 2.90 2.82

        3.0 2.30 2.24 2.20 2.16 2.13

        4.0 2.03 2.02 2.02 2.01 2.01

 

 

4.2 Generalized Fast Initial Response 

The fast initial response (FIR) CUSUM was developed by Lucas (1984) to 

improve the performance of the CUSUM when the process is initially out-of-control.  

A FIR GCUSUM was proposed in Section 3.3 where .2/0 aC =±   Monte Carlo 

simulations were conducted to estimate the ARL performances of the FIR GCUSUM 

and the FIR CUSUM.  Table 4.8 shows the Monte Carlo simulated estimates of the 

ARLs for the FIR GCUSUM, the FIR CUSUM, and the standard CUSUM.  All of the 

control charts presented in Table 4.8 were calibrated to have an in-control ARL of 

168 and use the normal process location step change model with τ = 0.  The FIR 

GCUSUM uses c1 = -0.10.   

It can be seen from Table 4.8 that the c1 = -0.10 FIR GCUSUM has lower 

ARLs than does the FIR CUSUM for | δ | ≤ 1.5.  For | δ | > 1.5, the ARLs of the  

c1 = -0.10 FIR GCUSUM are larger than the corresponding ARLs of the FIR 

CUSUM.  These results indicate that a c1 < 0 FIR GCUSUM responds more quickly 

than the FIR CUSUM for detecting small step changes in the mean of a process, 

while having almost the same performance as the FIR CUSUM for detecting large 

initial changes in the process mean. 
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Table 4.8. Estimated ARL Performance for a CUSUM, FIR CUSUM, and 

FIR GCUSUM Control Chart, τ = 0 

 
CUSUM FIR CUSUM FIR GCUSUM 

a = 4.00 a = 4.00 a = 4.70 
| δ | c1 = 0.00 c1 = 0.0 c1 = - 0.10 

        0.00 168.50 148.24 144.66 

        0.25 74.20 62.77 56.21 

        0.50 26.60 20.18 17.70 

0.75 13.30 9.01 8.26 

        1.00 8.38 5.26 5.14 

        1.50 4.75 2.86 2.95 

        2.00 3.34 2.02 2.14 

        2.50 2.59 1.59 1.70 

        3.00 2.20 1.32 1.42 

        3.50 1.92 1.17 1.23 

        4.00 1.71 1.07 1.11 

    

 

 

4.3 Polynomial Control Limits for the GCUSUM Control Chart 

The polynomial GCUSUM uses a control limit that is a polynomial function 

of ±
tn .  Simulations were performed to evaluate its ARL performance.  The 

polynomial control limits considered here are of the form =±∗ )( tnA  c

t bnah )( ++ ± .  A 

designed experiment combined with Monte Carlo simulation was performed to study 

three control chart parameters, a, b and c.  The parameter h was used to calibrate the 

various combinations of a, b and c so that the resulting control charts have an in-

control ARL of 168.  An initial three factor, full factorial experiment with one center 

point was conducted.  Four responses were investigated.  Each response was the ARL 

for a standardized step change in the process mean of magnitudes δ = 0.5, 1.0, 2.0, 

and 3.0.  Monte Carlo simulations using 100,000 independently seeded runs were 

performed to estimate the ARLs for each combination of factors in the experiment.   

Pilot runs were performed to observe the effect of each factor independently.  

For example, pilot runs with a = + 0.10 and c = 2 were investigated.  The ARL for  

| δ | = 0.5 was 668.15 which was significantly larger than the in-control ARL of 168.  

The ARL for | δ | = 1.0 was 17,543.42.  Therefore, a smaller range of factor settings 

was chosen where the high and low levels of a were + 0.05 and – 0.05 and the two 

levels of c were 0.67 and 1.5.   

Table 4.9 shows the Monte Carlo simulated estimates of the ARL values of 

the polynomial GCUSUM with the nine different factor settings listed in standard 

order.  The normal process location step change model with τ = 0 was used.   

 The half-normal probability plots (HNPP) for each standardized magnitude of 

step change in process mean (Figures 4.3-4.6) show that parameters a and c 

significantly affect ARL performance.  The parameter b is not shown to be 

significant.  The regression model for the parameter settings was checked for 

adequacy against the three basic assumptions of normality, constant variance, and 
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Table 4.9. Estimated ARL Performance for Nine Polynomial GCUSUM Control 

Charts with Different Experimental Parameter Settings, τ = 0 

 

Parameter Settings ARL Performance 

a b c h δ = 0 δ = 0.5 δ = 1.0 δ = 2.0 δ = 3.0 

-0.05 0.00 0.670 4.169 168.01 26.16 8.38 3.38 2.23

0.05 0.00 0.670 3.840 168.85 27.20 8.39 3.30 2.16

-0.05 3.26 0.670 4.240 168.82 26.39 8.43 3.39 2.23

0.05 3.26 0.670 3.780 168.51 27.03 8.43 3.31 2.17

-0.05 0.00 1.500 5.160 168.39 24.42 8.81 3.90 2.57

0.05 0.00 1.500 3.320 168.41 198.76 2576.59 3.04 1.96

-0.05 3.26 1.500 5.950 168.07 24.36 8.94 4.04 2.69

0.05 3.26 1.500 2.738 168.12 228.17 2990.48 2.97 1.88

*0.00 1.63 1.085 *4.000 *168.11 *26.65 *8.36 *3.34 *2.19

* Indicates the special case of the traditional CUSUM control chart 

 

 

independence.  The model had two unusual observations, but is otherwise adequate.  

The two unusual observations have ARLs greater than 2500 for δ = 1.0 in Table 4.9 

and have the smallest ARLs for δ = 2.0 and δ = 3.0.   
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Figure 4.3. Half Normal Probability Plot, δ = 0.5. 
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Figure 4.4. Half Normal Probability Plot, δ = 1.0. 
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Figure 4.5. Half Normal Probability Plot, δ = 2.0. 
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Figure 4.6. Half Normal Probability Plot, δ = 3.0. 
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Figure 4.7. {a,c} Interaction, δ = 0.5 
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Figure 4.8. {a,c} Interaction, δ = 2.0 

 

 

 Figures 4.7 and 4.8 show the interaction between the two parameters a and c 

for the response δ = 0.5 and δ = 2.0.  Figure 4.7 indicates that for small changes in the 

mean of a process, positive values for a and large values of c result in high ARLs.  

Figure 4.7 also shows that negative values for a generally result in lower ARLs for 

detecting small changes in the process mean.  For detecting large changes in process 

mean, Figure 4.8 shows positive values for a and large values of c result in smaller 

ARLs. 

 The ARL performance of the polynomial GCUSUM is similar to the ARL 

performance of the linear GCUSUM.  The ARLs for some standardized magnitudes 

of change in the mean of a process can be lower than those of the CUSUM, but at the 

cost of larger ARLs for detecting other standardized magnitudes of change in process 

mean.   

 

4.4  Piecewise Linear Control Limits for the GCUSUM Control Chart 

Another choice for control limits is a piecewise linear function of ±
tn  that 

consists of two different linear functions of ±
tn .  Piecewise linear control limits 

consisting of two linear functions of ±
tn can be expressed as 

 

( ) ( ) ( )111

0

100100

*

+
±

+
±±± −+−++= κβκβββ tttt nnnnA   (3.1) 

 

where 
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For κ≤±
tn , the piecewise linear control limit is ( ) ±± += tt nnA 0100

* ββ .  For κ>±
tn , the 

piecewise linear control limit is ( ) )()1( 11100100

* κββββ −−++= ±±±
ttt nnnA . This 

reduces to ( ) ( ) ( ) ±± ++−+= tt nnA 1101111000

* ββκβββ .  When κ=±
tn , the two pieces of 

the control limit are equal. 

 Monte Carlo simulations were conducted to investigate the ARL performance 

of three general classes of piecewise linear control limits.  In the first class of control 

limits, parameters are set such that 1101 ββ + = 0 (see Figures 4.9 and 4.10).  This 

results in a control limit with a slope of 01β for κ≤≤ ±
tn0 and a slope of 0 for .κ>±

tn   

For the second class of control limits, parameters are set such that 001 =β  (see Figure 

4.11).  This produces a control limit with a slope of 0 for κ≤≤ ±
tn0 and a slope of 

11β  for .κ>±
tn   The third class of control limits have parameters set such that 

001 >β  and 1101 ββ + < 0.  These parameters generate a control limit with a positive 

slope for κ≤≤ ±
tn0 and a negative slope for .κ>±

tn   Each of these control limits 

were investigated using different parameter values and are discussed in the following 

sections. 

 

4.5 Piecewise Linear Control Limits with β01 + β11 = 0 for the GCUSUM 

The piecewise linear control limit for the GCUSUM with the parameters set 

such that 1101 ββ + = 0 was proposed in Section 3.6 as a method to reduce the 

probability of false alarm as ±
tn increases.  A piecewise linear control limit where 

001 >β  and ( ) 01101 =+ ββ  would follow the same general shape as the 99.5
th

 

percentile of +
tC  that was shown in Figure 3.1.  The ARL performance for parameter 

settings of 001 <β and 001 =β  are also investigated.  Figures 4.9 and 4.10 illustrate 

examples of the control limit for 001 <β and 001 >β  respectively.  The special case 

where 001 =β  is the standard CUSUM control chart.  

 

   Figure 4.9 Piecewise Linear Control      Figure 4.10 Piecewise Linear Control 

        Limit with β01 < 0       Limit with β01 > 0 
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Monte Carlo estimates of the ARL are presented in Table 4.10 for four 

different GCUSUM charts using piecewise linear control limits with 1101 ββ + = 0. The 

normal process location step change model where τ = 0 was used.  The control charts 

listed in Table 4.10 were calibrated to have an in-control ARL of approximately 168.  

The parameter β01 was used to calibrate each control chart. 

 

 

Table 4.10 Estimated ARL Performance for Three GCUSUM 

Control Charts Using Piecewise Linear Control Limits with 

β01 + β11 = 0 and the Standard CUSUM Chart, τ = 0. 

 

 GCUSUM CUSUM GCUSUM GCUSUM 

 β00 = 5 β00 = 4 β00 = 3 β00 = 2 

| δ | β01 = -0.26 β01 = 0 β01 = +0.28 β01 = +0.6 

0.00 168.38 168.13 168.18 168.51 

0.50 26.57 26.66 27.27 29.37 

1.00 8.41 8.40 8.41 8.79 

2.00 3.50 3.34 3.16 2.98 

3.00 2.37 2.19 1.95 1.66 

 

 

 The results in Table 4.10 demonstrate that GCUSUM charts with 001 >β  have 

smaller ARLs than charts with 001 <β for | δ | > 1.0.  For | δ | < 1.0, however, the 

ARLs for the 001 ≤β  GCUSUMs are less than the ARLs for the 001 >β  GCUSUMs.  

The GCUSUMs using a piecewise linear control limit perform similarly to the linear 

GCUSUMs in that there is a trade-off between detecting small or large changes in the 

mean of a process.   

A GCUSUM chart with a piecewise linear control limit can have better ARL 

performance than a chart with a linear control limit.  The GCUSUM with 300 =β in 

Table 4.10 generally dominates the linear GCUSUM with c1 = +0.10 in Table 4.1.  

The chart with 300 =β has a lower ARL than does the chart with c1 = +0.10 for  

δ = 0.5, 1.0, and 3.0.  This suggests that the GCUSUM using piecewise linear control 

limits generally performs better than the linear GCUSUM. 

  

4.6 Piecewise Linear Control Limits with β01 = 0 for the GCUSUM  

The ARL performance of the GCUSUM using piecewise linear control limits 

with 001 =β  was investigated.  A designed experiment was combined with Monte 

Carlo simulation to investigate different parameters settings.  Figure 4.11 illustrates 

an example of the control limit for 1101 ββ + < 0.  The special case where 1101 ββ + = 0 is 

the standard CUSUM control chart. 
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Figure 4.11 Piecewise Linear Control Limit with β01 + β11 < 0 

 

Table 4.11 shows the Monte Carlo simulated estimates of the ARL 

performances for four different parameter settings of the GCUSUM using piecewise 

linear control limits with 001 =β .  The normal process location step change model 

where τ = 0 was used.  One of the parameter settings, 1101 ββ + = 0, is the standard 

CUSUM chart.  The parameter β00 was used to calibrate each control chart to have an 

in-control ARL of approximately 168. 

 

 

Table 4.11 Estimated ARL Performance for Four GCUSUM 

Control Charts Using Piecewise Linear Control Limits with 

β01 = 0 and the Standard CUSUM Chart, τ = 0. 

 

 GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

  β00 = 4.75 β00 = 4.32 β00 = 4.00 β00 = 3.78 β00 = 3.63 

| δ | β11 = -0.2 β11 = -0.1 β11 = 0.0 β11 = 0.1 β11 = 0.2 

0.00 168.53 168.02 168.00 168.12 167.45 

0.50 24.44 25.15 26.60 32.27 96.84 

1.00 8.76 8.48 8.38 8.52 8.96 

2.00 3.81 3.55 3.34 3.20 3.11 

3.00 2.48 2.31 2.20 2.11 2.05 

 

 

Table 4.11 shows that β11 < 0 GCUSUM charts have lower ARLs than β11 > 0 

GCUSUM charts for standardized changes in the process mean of magnitude  

| δ | = 0.5.  For | δ | > 1.0, the ARL performance of all of the charts are very similar 

with slight decreases in ARLs as β11 increases.   

A change-point ARL performance study of the GCUSUM using piecewise 

linear control limits with 001 =β  was also performed.  The change-point ARL study 

considers control charts which monitor processes that are initially in-control, but 

experience a step change of magnitude δ following the formation of a subgroup τ.  
Table 4.12 shows the Monte Carlo simulated estimates of the ARLs for the same five 

control charts shown in Table 4.11 for the normal process location step change 

model, with τ = 5.   

 

κβββ 111000 −+
01101 <+ ββ

Tn
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Table 4.12 Estimated ARL Performance for Four GCUSUM 

Control Charts Using Piecewise Linear Control Limits with 

β01 = 0 and the Standard CUSUM Chart, τ = 5. 

 

 GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

  β00 = 4.75 β00 = 4.32 β00 = 4.00 β00 = 3.78 β00 = 3.63 

| δ | β11 = -0.2 β11 = -0.1 β11 = 0.0 β11 = 0.1 β11 = 0.2 

0.00 164.07 164.48 163.60 165.14 161.43 

0.50 21.99 22.55 27.30 28.51 87.96 

1.00 7.63 7.28 7.09 7.02 7.45 

2.00 3.52 3.32 3.01 2.92 2.82 

3.00 2.38 2.29 2.21 2.18 2.13

 

 

Comparing the results in Table 4.11 to those in Table 4.12, it can be seen that 

the τ = 5 ARLs are lower than the corresponding ARLs for τ = 0.  In Table 4.12, 

charts with negative sloped control limits, 011 <β , result in smaller ARLs than do 

charts with 011 >β for detecting changes in mean of magnitude | δ | = 0.5.  A similar 

result was observed for τ = 0.   

Tables 4.13 - 4.16 show the Monte Carlo estimated ARLs of the same five 

control charts shown in Tables 4.11 and 4.12 with τ = 10, 25, 50 and 100.  The results 

for τ = 5 (Table 4.11) and τ ≥ 10 (Table 4.13 - 4.16) are very similar and suggest that 

these results may be indicative for situations when τ > 100.   

 

 

Table 4.13 Estimated ARL Performance for Four GCUSUM 

Control Charts Using Piecewise Linear Control Limits with 

β01 = 0 and the Standard CUSUM Chart, τ = 10. 

 

 GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

  β00 = 4.75 β00 = 4.32 β00 = 4.00 β00 = 3.78 β00 = 3.63 

| δ | β11 = -0.2 β11 = -0.1 β11 = 0.0 β11 = 0.1 β11 = 0.2 

0.00 163.58 164.47 162.48 163.30 162.52 

0.50 22.02 22.38 23.82 27.86 87.92 

1.00 7.63 7.30 7.05 7.04 7.41 

2.00 3.51 3.27 3.01 2.90 2.82 

3.00 2.40 2.32 2.19 2.20 2.15
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Table 4.14 Estimated ARL Performance for Four GCUSUM 

Control Charts Using Piecewise Linear Control Limits with 

β01 = 0 and the Standard CUSUM Chart, τ = 25. 

 

 GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

  β00 = 4.75 β00 = 4.32 β00 = 4.00 β00 = 3.78 β00 = 3.63 

| δ | β11 = -0.2 β11 = -0.1 β11 = 0.0 β11 = 0.1 β11 = 0.2 

0.00 164.75 164.31 163.90 162.33 161.78 

0.50 22.08 22.41 23.53 28.59 86.96 

1.00 7.66 7.28 7.04 7.05 7.33 

2.00 3.49 3.31 3.02 2.89 2.81 

3.00 2.42 2.31 2.21 2.16 2.16

 

 

Table 4.15 Estimated ARL Performance for Four GCUSUM 

Control Charts Using Piecewise Linear Control Limits with 

β01 = 0 and the Standard CUSUM Chart, τ = 50. 

 

 GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

  β00 = 4.75 β00 = 4.32 β00 = 4.00 β00 = 3.78 β00 = 3.63 

| δ | β11 = -0.2 β11 = -0.1 β11 = 0.0 β11 = 0.1 β11 = 0.2 

0.00 164.21 164.24 163.80 163.76 161.79 

0.50 22.02 22.30 23.50 28.76 86.72 

1.00 7.63 7.31 7.08 7.06 7.35 

2.00 3.50 3.23 3.02 2.93 2.81 

3.00 2.37 2.29 2.20 2.17 2.15

 

 

Table 4.16 Estimated ARL Performance for Four GCUSUM 

Control Charts Using Piecewise Linear Control Limits with 

β01 = 0 and the Standard CUSUM Chart, τ = 100. 

 

 GCUSUM GCUSUM CUSUM GCUSUM GCUSUM 

  β00 = 4.75 β00 = 4.32 β00 = 4.00 β00 = 3.78 β00 = 3.63 

| δ | β11 = -0.2 β11 = -0.1 β11 = 0.0 β11 = 0.1 β11 = 0.2 

0.00 164.22 163.61 164.00 162.89 161.72 

0.50 22.04 22.34 23.48 28.11 87.00 

1.00 7.62 7.28 7.08 7.04 7.32 

2.00 3.51 3.24 3.01 2.89 2.83 

3.00 2.37 2.28 2.22 2.16 2.14

 

 

The GCUSUM using piecewise linear control limits with 001 =β  has been 

shown to have a lower ARL than the standard CUSUM control chart for changes in 

process mean of magnitude | δ | = 0.5.  The GCUSUM using piecewise linear control 
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limits with 001 =β  was further investigated and characterized through a designed 

experiment involving two factors.  One factor examined was the knot, .  The other 

factor was 11β , the slope of the control limit for values of ±
tn  > .  The control limit is 

given by  
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if tn <  

if tn ≥ .

Four responses were studied, each being the ARL for a standardized change in 

the process mean of magnitudes | δ | = 0.5, 1.0, 2.0 and 3.0.  Five factor levels were 

considered for the knot,  = 1, …, 5.  For  = 1, the piecewise linear control limit 

reduces to a linear GCUSUM control limit.   The four factor levels considered for the 

11β slopes were -0.1, -0.2, -0.3 and -0.4.     

Table 4.17 shows the Monte Carlo simulated estimates of the initial (τ = 0) 

ARLs for each combination of factor settings in standard order.  The parameter β00 

was used to calibrate each combination to have an in-control ARL of 168.  

 

 

Table 4.17. Results of Designed Experiment on the GCUSUM Using Piecewise 

Linear Control Limits with β01 = 0. 

 
Std 
Ord 

Run 
Ord    11β   β00  δ = 0   δ = 0.5   δ = 1.0   δ = 2.0   δ = 3.0 

1 1 1 -0.1  4.60  167.67 25.06 8.47 3.60 2.38 

2 10 2 -0.1  4.51  168.85 25.09 8.49 3.60 2.38 

3 9 3 -0.1  4.41  168.22 25.10 8.47 3.59 2.35 

4 15 4 -0.1  4.32  168.81 25.15 8.48 3.55 2.31 

5 3 5 -0.1  4.24  168.31 25.00 8.47 3.50 2.28 

6 5 1 -0.2  5.52  167.59 24.44 8.72 3.91 2.61 

7 20 2 -0.2  5.13  168.86 24.37 8.73 3.90 2.61 

8 14 3 -0.2  4.93  167.82 24.43 8.72 3.87 2.54 

9 4 4 -0.2  4.75  168.22 24.44 8.76 3.81 2.48 

10 18 5 -0.2  4.56  168.15 24.57 8.68 3.70 2.40 

11 16 1 -0.3  6.16  167.59 24.41 9.05 4.23 2.86 

12 17 2 -0.3  5.86  167.83 24.27 9.06 4.23 2.87 

13 13 3 -0.3  5.56  167.99 24.32 9.03 4.21 2.79 

14 2 4 -0.3  5.27  168.49 24.43 9.05 4.12 2.68 

15 8 5 -0.3  4.98  168.33 24.30 9.00 3.98 2.56 

16 11 1 -0.4  7.08  167.22 24.36 9.39 4.57 3.15 

17 19 2 -0.4  6.68  167.91 24.27 9.41 4.57 3.14 

18 7 3 -0.4  6.29  167.91 24.42 9.40 4.56 3.08 

19 6 4 -0.4  5.89  167.93 24.37 9.39 4.49 2.93 

20 12 5 -0.4  5.48  168.06 24.29 9.36 4.29 2.76 

Standard CUSUM   4.00 168.00 26.60 8.38 3.34 2.20 
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The method of least squares was used to estimate an empirical model for each 

response from the data in Table 4.17.  The experimental factor  was not significant 

for δ = 0.5 with a p-value of 0.3008.  The effects of  on δ = 1.0, 2.0 and 3.0 are 

illustrated in Figures 4.12-14, respectively.   
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Figure 4.12.  Factor Plot for κ, δ = 1.0. 
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Figure 4.13.  Factor Plot for κ, δ = 2.0. 
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Figure 4.14.  Factor Plot for κ, δ = 3.0. 

 

By comparing Figures 4.12-14, it can be seen that the effect of  becomes 

more significant as δ increases in magnitude.  Large values of  result in lower ARLs 

for δ = 2.0 and 3.0.  For δ = 0.5 and 1.0, the ARLs are similar for various .  The 

parameter  should therefore be set high to improve ARL performance for detecting 

large changes in mean without affecting the detection of small changes in process 

mean.  The effect of changing 11β is illustrated in Figures 4.15-18.   
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Figure 4.15.  Factor Plot for β11, δ = 0.5. 
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Figure 4.16.  Factor Plot for β11, δ = 1.0. 
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Figure 4.17.  Factor Plot for β11, δ = 2.0. 

4.04681

8.93585



38 

 

DESIGN-EXPERT Plot

d3
 
X = B: slope

Design Points

Actual Factor
A: knot = k=1

B :  sl o p e

d
3

O n e  F a c to r  P lo t

-0 .1 -0 .2 -0 .3 -0 .4

2 .2 8

2 .4 9 9 0 3

2 .7 1 8 0 5

2 .9 3 7 0 8

3 .1 5 6 1 1

 
Figure 4.18.  Factor Plot for β11, δ = 3.0. 

 

 

Figure 4.15 shows that for δ = 0.5 as 11β decreases from 11β = -0.1 to 11β = -0.3 

the resulting ARL decreases.  For 11β = -0.4 the resulting ARL is not statistically 

different from 11β = -0.3.  Figures 4.16-18 demonstrate that for δ ≥ 1.0 the ARL 

increases as 11β decreases.  Therefore, 11β should be less than -0.3. 

Multiple response optimization was conducted to find good parameter settings 

for  and 11β  by using a desirability function for minimum response (Derringer and 

Suich, 1980).  The desirability function converts each response into an individual 

desirability function di that varies over 0 < di < 1 and is expressed as 

( ) ( )LUyUd i −−= / , where U is the maximum and L is the minimum ARL observed 

for the response.  The value y is the estimated response at given parameter settings. 

The parameter settings are chosen to maximize the overall desirability, 

( ) 4
1

0.30.20.15.0 ddddD = .  The best four combinations of parameter settings are listed in 

Table 4.18. 

 

Table 4.18 Multiple Response Optimization of the GCUSUM  

Using Piecewise Linear Control Limits with β01 = 0. 

 

 
11β  δ = 0.5 δ = 1.0 δ = 2.0 δ = 3.0 Desirability 

5 -0.2 24.4355 8.693 3.6915 2.37 0.822 

4 -0.2 24.493 8.7355 3.8165 2.47 0.737 

3 -0.2 24.463 8.7205 3.8815 2.56 0.707 

2 -0.2 24.3955 8.738 3.899 2.62 0.696 

2.71805
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The results in Table 4.18 suggest using parameter settings of  = 5 and  

11β = -0.2 for the piecewise linear control limits GCUSUM with 001 =β .   

 

4.7 Piecewise Linear Control Limits with β01 > 0 and β01 + β11 < 0 

The final control charting scheme investigated uses β01 > 0 to rapidly detect 

large changes in process mean and uses β01 + β11 < 0 to rapidly detect small changes 

in the mean of a process.  A response surface study was combined with Monte Carlo 

simulation to design a GCUSUM that generally outperforms the standard CUSUM.  

This GCUSUM was then compared to the Shewhart X , EWMA, and CUSUM 

control charts.   

A response surface study was conducted to optimize the ARL performance of 

the GCUSUM.  The responses for the response surface study were the Monte Carlo 

simulated estimates of the ARL for four different standardized changes in the process 

mean of magnitudes, | δ | = 0.5, 1.0, 2.0 and 3.0.   

A 2
3
 full factorial experiment with two center points was performed.  The 

experimental factors were the control chart parameters β01,  and (β01 + β11).  These 

parameters correspond to the initial slope of the control limit for ±
tn  < , the knot, and 

the slope of the control limit for ±
tn  > , respectively.  The parameter β00 was used to 

calibrate each control chart in the response surface study to have an initial (τ = 0) in-

control ARL of approximately 168.  Table 4.19 shows the results of the response 

surface study in standard order.  

 

 

Table 4.19. Results of Designed Experiment on the GCUSUM Using Piecewise 

Linear Control Limits with β01 > 0 and β01 + β11 < 0. 

 

Std 
Ord 

Run 
Ord β01 

 

1101 ββ +   β00  δ = 0   δ = 0.5   δ = 1.0   δ = 2.0   δ = 3.0 

1 11 0.1 -0.3 2 5.65 167.40 24.31 9.05 4.22 2.86

2 2 0.3 -0.3 2 5.26 167.91 24.28 9.04 4.23 2.87

3 6 0.1 -0.1 2 4.30 167.75 24.93 8.49 3.6 2.37

4 10 0.3 -0.1 2 3.90 167.25 25.02 8.49 3.6 2.36

5 12 0.1 -0.3 5 4.49 168.61 24.24 8.95 3.88 2.46

6 7 0.3 -0.3 5 3.56 168.39 24.37 8.92 3.66 2.23

7 9 0.1 -0.1 5 3.79 167.88 25.25 8.44 3.39 2.17

8 1 0.3 -0.1 5 2.96 167.63 25.89 8.49 3.19 1.95

9 3 0.2 -0.2 2 4.72 167.60 24.54 8.72 3.9 2.59

10 5 0.2 -0.2 5 3.64 167.66 24.74 8.65 3.5 2.19

11 4 0.2 -0.2 2 4.72 167.51 24.41 8.73 3.9 2.59

12 8 0.2 -0.2 5 3.64 168.40 24.62 8.64 3.49 2.19

Standard CUSUM  4.00 168.00 26.60 8.38 3.34 2.20

 

Figures 4.19 to 4.22 show the half normal probability plots (HNPP) for the 

four responses, | δ | = 0.5, 1.0, 2.0, and 3.0, in the response surface study using the 

data in Table 4.19.   
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Figure 4.19. HNPP for Response Surface Study, |δ| = 0.5. 
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Figure 4.20. HNPP for Response Surface Study, |δ| = 1.0. 
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Figure 4.21. HNPP for Response Surface Study, |δ| = 2.0. 
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Figure 4.22. HNPP for Response Surface Study, |δ| = 3.0. 

 

 

Figures 4.19 to 4.22 indicate that (β01 + β11) is the only significant factor for 

all four responses.  The parameter  becomes more significant as δ increases in 

magnitude.  For | δ | ≥ 2.0, β01 is also a significant factor.  This suggests that the ARL 

performance of a control chart could be improved by setting β01 to achieve low ARL 
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for | δ | ≥ 2.0 without significantly affecting the ARL performance for | δ | < 1.0. 

Multiple response optimization was conducted using the desirability function for 

minimum response from Section 4.6.  The best four parameter setting combinations 

for equally weighted responses are listed in Table 4.20. 

 

 

Table 4.20 Multiple Response Optimization of the GCUSUM Using  

Piecewise Linear Control Limits with β01 > 0 and (β01 + β11 ) < 0. 

 
β01 β01 + β11  δ = 0.5 δ = 1.0 δ = 2.0 δ = 3.0 Desirability

0.30 -0.10 5 25.2548 8.45102 3.19001 1.95478 0.783102 

0.10 -0.10 2 25.2725 8.51333 3.60125 2.36292 0.575527 

0.11 -0.10 2 25.2725 8.51333 3.60153 2.36292 0.575463 

0.14 -0.10 2 25.2725 8.51333 3.60235 2.36292 0.575276 

 

 

Table 4.21 shows the Monte Carlo simulated estimates of the initial (τ = 0) 

ARLs for the GCUSUM using the piecewise linear control limits corresponding to a  

desirability of 0.783 from Table 4.20.  The table also lists the estimated ARLs of the 

CUSUM and two FIR GCUSUM charts. 

 

 

Table 4.21 Estimated ARL Performance for a GCUSUM 

Control Chart Using Piecewise Linear Control Limits, the 

CUSUM and Two FIR GCUSUMs, τ = 0. 

 

 CUSUM GCUSUM FIR CUSUM FIR GCUSUM FIR GCUSUM 

  a = 4.0 β01 = 0.3, κ = 5 a = 4.0 a = 4.7 β01 = 0.3, κ = 5 

| δ | c = 0.0 β01 + β11 = -0.1 c = 0.0 c = -0.10 β01 + β11 = -0.1 

0.00 168.00 168.59 148.24 144.66 155.82

0.50 26.60 25.89 20.18 17.70 21.33

1.00 8.38 8.49 5.26 5.14 6.02

2.00 3.34 3.19 2.02 2.14 1.99

3.00 2.20 1.95 1.32 1.42 1.25

 
 

 Based on the results in Table 4.21 the GCUSUM has a lower ARL than does 

the CUSUM for detecting both small (δ = 0.5) changes and large (δ ≥ 2.0) changes in 

the mean of a process.  If the fast initial response (FIR) is used, the FIR GCUSUM 

with piecewise control limits has lower ARLs than the linear FIR GCUSUM or the 

standard FIR CUSUM for | δ | ≥ 2.0.  For | δ | ≤ 1.0, the linear FIR GCUSUM has the 

lowest ARLs.  These findings suggest that the GCUSUM control limits can be 

tailored to achieve lower ARL performance than the CUSUM for a specific range of 

δ.   
Another ARL performance study of the GCUSUM using piecewise linear 

control limits and the optimal parameter settings from Table 4.20 investigates the 
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change-point ARL performance.  Tables 4.22 - 4.26 show the Monte Carlo simulated 

estimates of the ARLs for the standard CUSUM and the GCUSUM shown in Table 

4.21 for τ = 5, 10, 25, 50, and 100, respectively. 

 

 

Table 4.22 Estimated ARL Performance for a GCUSUM 

Control Chart Using Piecewise Linear Control Limits and 

the standard CUSUM chart, τ = 5. 

 

 CUSUM GCUSUM 

  a = 4.0 β01 = 0.3, κ = 5 

| δ | c = 0.0 β01 + β11 = -0.1 

0.00 163.60 160.70

0.50 27.30 22.64

1.00 7.09 7.10

2.00 3.01 2.87

3.00 2.21 2.17

 
 

 Table 4.23 Estimated ARL Performance for a 

GCUSUM Control Chart Using Piecewise Linear Control 

Limits and the standard CUSUM chart, τ = 10. 

 

 CUSUM GCUSUM 

  a = 4.0 β01 = 0.3, κ = 5 

| δ | c = 0.0 β01 + β11 = -0.1 

0.00 162.48 161.21

0.50 23.82 22.55

1.00 7.05 7.12

2.00 3.01 2.85

3.00 2.19 2.15

 
 

Table 4.24 Estimated ARL Performance for a GCUSUM 

Control Chart Using Piecewise Linear Control Limits and 

the standard CUSUM chart, τ = 25. 

 

 CUSUM GCUSUM 

  a = 4.0 β01 = 0.3, κ = 5 

| δ | c = 0.0 β01 + β11 = -0.1 

0.00 163.90 161.44

0.50 23.53 22.59

1.00 7.04 7.10

2.00 3.02 2.86

3.00 2.21 2.14
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Table 4.25 Estimated ARL Performance for a GCUSUM 

Control Chart Using Piecewise Linear Control Limits and 

the standard CUSUM chart, τ = 50. 

 

 CUSUM GCUSUM 

  a = 4.0 β01 = 0.3, κ = 5 

| δ | c = 0.0 β01 + β11 = -0.1 

0.00 163.80 161.83

0.50 23.50 22.55

1.00 7.08 7.06

2.00 3.02 2.85

3.00 2.20 2.14

 
 
 

Table 4.26 Estimated ARL Performance for a GCUSUM 

Control Chart Using Piecewise Linear Control Limits and 

the standard CUSUM chart, τ = 100. 

 

 CUSUM GCUSUM 

  a = 4.0 β01 = 0.3, κ = 5 

| δ | c = 0.0 β01 + β11 = -0.1 

0.00 164.00 160.88

0.50 23.48 22.56

1.00 7.08 7.08

2.00 3.01 2.87

3.00 2.22 2.14

 

 

The values in Tables 4.23 to 4.26 are very similar and suggest that these 

results may be indicative for τ > 100.   

 Table 4.27 presents the Monte Carlo simulated estimates of the initial (τ = 0) 

ARLs of the GCUSUM using optimal piecewise linear control limits from Table 4.20 

as well as the three FIR charts from Table 4.21.  Table 4.27 also displays the 

simulated estimates of the ARLs of the EWMA chart, as well as the analytical ARLs 

of the Shewhart X chart, and the ARLs of the standard CUSUM (Vance, 1986).   

The ARLs in Table 4.27 show that none of the control charts completely dominate 

over another.  The GCUSUM has a lower ARL than the Shewhart X , the standard 

CUSUM, and the EWMA for | δ | = 0.5.  For | δ | ≥ 2.5, the Shewhart X  chart has a 

lower ARL than the GCUSUM.  The c = -0.10 FIR GCUSUM has the lowest ARL 

for | δ | ≤ 1.0.  The FIR GCUSUM with piecewise control limits has the lowest ARL 

for | δ | ≥ 2.0.  Therefore, the FIR GCUSUMs can provide improved ARL 

performance for certain ranges in standardized magnitudes of change in process mean 

for τ = 0 situations.   
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Table 4.27 Estimated ARL Performance for a GCUSUM 

Control Charts Using Piecewise Linear Control Limits and 

Other Commonly Used Control Charts, τ = 0. 

 

 Shew X  CUSUM EWMA GCUSUM
FIR 

CUSUM
FIR 

GCUSUM 
FIR 

GCUSUM

   h = 4  = 0.3 β01 = 0.3, κ = 5 a = 4.0 a = 4.7 β01 = 0.3, κ = 5

| δ | L = 2.512 k = 0.5 L = 2.38 β01 + β11 = -0.1 c = 0.0 c = -0.10 β01 + β11 = -0.1

0.00 168.00 168.00 168.80 168.59 148.24 144.66 155.82

0.50 45.07 26.60 29.75 25.89 20.18 17.70 21.33

1.00 15.32 8.38 8.52 8.49 5.26 5.14 6.02

1.50 6.42 4.75 4.44 4.74 2.86 2.95 3.06

2.00 3.29 3.34 3.00 3.19 2.02 2.14 1.99

2.50 2.02 2.62 2.30 2.40 1.59 1.70 1.51

3.00 1.46 2.19 1.90 1.95 1.32 1.42 1.25

3.50 1.19 1.92 1.61 1.65 1.17 1.23 1.11

4.00 1.07 1.71 1.39 1.41 1.07 1.11 1.04
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CHAPTER 5 

CONCLUSIONS AND RECOMMENDATIONS 
 

5.1 Summary of Findings 

 Several new control charts for detecting abrupt step changes in the mean of a 

normal process were developed in Chapter 3 using non-constant control limits.  Non-

constant control limits can improve control chart performance for a specific range of 

standardized changes in process mean and enable users to better tailor their control 

charting scheme to their specific needs.  The GCUSUM provides quality engineers 

with a tool to create better efficiency in their control charts.   

 The linear GCUSUM has been shown to have a lower ARL than the CUSUM 

for detecting either small changes in process mean or large changes in mean 

depending on the slope of the GCUSUM’s control limit.  The GCUSUM does not 

have a lower ARL than the CUSUM for δ = 1.0.  However, if a quality engineer had 

some prior idea that changes might occur in a range of δ < 1.0 or δ > 1.0, the 

GCUSUM could offer improved ARL performance over the CUSUM.   

 The GCUSUM can also improve upon the CUSUM for the situation where  

the process is initially out-of-control.  If τ = 0, the FIR GCUSUM is a competitive 

alternative to the FIR CUSUM.  The FIR GCUSUM has lower ARL than the FIR 

CUSUM for δ ≤ 1.5 and has very similar ARL for other magnitudes of standardized 

change in mean. 

While the GCUSUM may initially seem more complicated to implement, it 

can be done with only a few additional lines of code in an automated process.  The 

additional computational cost is low.  A process engineer can implement a GCUSUM 

chart that outperforms the CUSUM over a specific range of δ. The chart can then be 

modified to see better ARL performance over different ranges of standardized 

changes in the mean of a process that is of specific interest. 

 

5.2 Recommendations for Future Research 

 The methodology presented in this paper has only been applied for abrupt step 

changes in a normal process.  These control charts may be effective in monitoring 

other changes in a normal process.  Some of these potential changes include: 

1. Trend changes in the mean of a normal process. 

2. Step changes in normal process standard deviation. 

3. Trend changes in normal process standard deviation. 

4. Some combination of the above changes. 

Additionally, other control charts could be derived from the GSPRT for use with non-

normal processes.  These could include other continuous distributions such as the 

exponential or chi-squared distributions, or it could include discrete distributions for 

attribute control charts such as the poison or binomial distributions. 
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APPENDIX  

C Computer Codes for GCUSUM Control Chart 

 The Monte Carlo simulations were coded in C.  All of the codes are very 

similar.  The complete code is given below for the linear GCUSUM.  Pseudo-code is 

provided for the other GCUSUM control charts. 
 
 
/* Linear generalized cumulative sum control chart. 
 
 This chart is derived, based on Wiess' (1953) Generalized Sequential 
Probability Ratio Test (GSPRT).  The GSPRT differs from the SPRT in that 
the same limits A and B are not necessarily used at each stage of 
sampling. 
 
 This chart uses a sloped linear control limit.  It is refreshed with the 
cumulative sum statistic. 
 
 The files "nextseed" and "runlen" must be created before this code is 
used. 

 
*/ 
 
#include <stdio.h> 
#include <math.h> 
 
main() 
{ 
    unsigned  ix;        /* seed for random number generator           */ 
    unsigned  ix0;       /* initial seed for random number generator   */ 
    int     R,           /* Chart Run length                           */ 
            Rlimit,      /* The functional decision interval           */ 
            N,           /* Number of independently seeded runs        */ 
            Rch,         /* Number of terms in ch                      */ 
            Rcl,         /* Number of terms in cl                      */ 
            in_control,  /* a 0,1 indicator variable                   */ 
            count;       /* loop counter                               */ 
    float   z,           /* random number N(0,1)                       */ 
            h,           /* intercept of the decision interval         */ 
            g,           /* slope of the decision interval             */ 
            k,           /* reference value                            */ 
            ch,          /* high cusum value                           */ 
            cl,          /* low cusum value                            */ 
            d,           /* standardized magnitudes of change in mean  */ 
            t,           /* change point                               */ 
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            ARL,         /* average run length                         */ 
            s,           /* sample standard deviation of run lengths   */ 
            sum,         /* sum of R                                   */ 
            sum_sq,      /* sum of squared R                           */ 
            normal();    /* function which returns a N(0,1) r.v.       */ 
 
    FILE *fp,            /* File pointer for randon number seeds       */ 
         *rp;            /* File pointer for run length output file    */ 
 
    gocusum: 
    printf("Enter delta  "); 
    printf("delta   = ");   scanf("%f", &d); 
 
    printf("Enter change point  "); 
    printf("tau  = ");     scanf("%f", &t); 
 
    printf("Enter Intercept of the Decision Interval  "); 
    printf("h  = ");     scanf("%f", &h); 
 
    printf("Enter Slope of the Decision Interval  "); 
    printf("g  = ");     scanf("%f", &g); 
 
    if ( (fp = fopen("nextseed", "r")) == NULL ) { 
       printf("Can't open: %s\n", "nextseed"); 
       exit(-1); 
 
   } 
    fscanf(fp, "%d", &ix0); 
    fclose(fp); 
    ix=-ix0; 
    printf("\nSeed to be used to start this run = %ld\n", ix); 
 
    /* Set simulation parameters*/ 
    k = 0.5; 
    N = 1000000; 
 
    sum = sum_sq = 0.0e0; 
    for (count = 1; count <= N; count++) 
    { 
        R=Rch=Rcl=0;     /* initialize the run length to zero */ 
        in_control = 1;  /* initially assume process is in-control */ 
        ch = 0; cl = 0;  /* initialize the control chart  */ 
 
        do { 
            R++;     /* increment run length */ 
 
 
                     /* generate an Xbar while considering change point */ 
            if (R < t) z = normal(&ix); 
            if (R > t) z = normal(&ix) + d; 
 
                     /* calculate appropriate cusum value >= 0 */ 
            if ((z - k + ch) > 0) {ch = (z -k +ch); Rch=Rch+1;} 
            else ch = Rch = 0; 
            if ((-z -k + cl) > 0) {cl = (-z -k +cl); Rcl=Rcl+1;} 
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            else cl = Rcl = 0; 
 
                 /* compare appropriate cusum value to decision interval*/ 
            if (((ch > (h + (Rch*g))) || (cl > (h + (Rcl*g)))) && (R<t)) 
                    {ch=cl=0; t=t-R; R=Rch=Rcl=0;} 
            if (((ch > (h + (Rch*g))) || (cl > (h + (Rcl*g)))) && (R>t)) 
                     in_control = 0; 
 
       } while ( in_control ); 
 
      /* At this point, cusum value has plotted beyond decision interval*/ 
 
        sum    += R;         /* increment sum    of run length by R */ 
        sum_sq += R*R;       /* increment sum_sq of run length by R^2 */ 
 
        printf("run=  %f \n", (float) count); 
 
                /* The run length is stored in an output file "runlen" */ 
        rp = fopen("runlen", "a"); 
        fprintf(rp, " %f \n", ((float) R) ); 
        fclose(rp);      */ 
    } 
 
    ARL= sum/(float) N; 
    printf("ARL     = %f  (Average Run Length)\n", sum/( (float) N) ); 
     
    s = sqrt( (sum_sq - ((float) N*ARL*ARL) ) / ((float) N-1.0e0) ); 
    printf("S       = %f  (standard deviation of the run lengths)\n", s ); 
 
    printf("Approximate 95 percent confidence interval:\n [%f,%f]\n\n",  
        ARL-2.0e0*s/sqrt(N), ARL+2.0e0*s/sqrt(N)); 
 
 
    printf("Seed to be used to start the next run  = %ld\n", ix); 
 
    if ( (fp = fopen("nextseed", "w")) == NULL ) 
    {   printf("Can't open: %s\n", "nextseed"); 
        exit(-1); 
    } 
    fprintf(fp, "%d", ix); 
    fclose(fp); 
 
    goto gocusum; 
} 
 
 
 
float normal(ix) 
unsigned *ix; 
{ 
    float u, ran1(); 
    double vnorm(); 
 
    u = ran1(ix); 
    return( vnorm( (double) u )); 
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} 
 
#define PLIM 1.0e-18 
#define P0 -0.322232431088e0 
#define P1 -1.0 
#define P2 -0.342242088547e0 
#define P3 -0.0204231210245e0 
#define P4 -0.453642210148e-4 
#define Q0 0.099348462606e0 
#define Q1 0.588581570495e0 
#define Q2 0.531103462366e0 
#define Q3 0.10353775285e0 
#define Q4 0.38560700634e-2  
 
double vnorm(phi) 
double phi; 
{ 
/* 
 * 
 * vnorm returns the inverse of the cdf of the normal dist.  it uses a 
 * rational approximation which seems to have a relative accuracy of 
 * about 5 decimal places. 
 * 
 * ref: kennedy and gentle, statistical computing, dekker, 1980. 
 * code is published in bratley, fox and schrage 
 * 
 * inputs: 
 *     phi = prob.;  0. <= phi <= 1. 
 * 
 * outputs: 
 *     f inverse of phi, ie, a value such that prob.(x<=vnorn)=phi. 
 * 
 */ 
 double p; 
 double y; 
 double vtemp; 
 
 p = ( phi > 0.5 ? 1.0-phi : phi ); 
 if (p >= PLIM)  
 { 
  y = sqrt( -log( p*p ) ); 
  vtemp = y + ( ( ( (y*P4 + P3)*y + P2)*y + P1 )*y + P0) / 
   ( ( ( (y*Q4 + Q3)*y + Q2)*y + Q1)*y + Q0); 
 } 
 else  
 { 
  vtemp = 8.0; 
 } 
 return( phi < 0.5 ? -vtemp : vtemp ); 
} 
 
/* Uniform  Random number generator - Park and Miller (with Bays-Durham 
shuffle with added safeguards)*/ 
 
#define IA 16807 
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#define IM 2147483647 
#define AM (1.0/IM) 
#define IQ 127773 
#define IR 2836 
#define NTAB 32 
#define NDIV (1+(IM-1)/NTAB) 
#define EPS 1.2e-7 
#define RNMX (1.0-EPS) 
 
float ran1(long *idum) 
{ 
 int  j; 
 long k; 
 static long iy=0; 
 static long iv[NTAB]; 
 float temp; 
 
 
 if(*idum <= 0 || !iy){ 
     if (-(*idum) < 1) *idum = 1; 
     else *idum = -(*idum); 
     for (j=NTAB+7;j>=0;j--){ 
        k=(*idum)/IQ; 
        *idum=IA*(*idum-k*IQ)-IR*k; 
        if(*idum < 0) *idum+=IM; 
        if(j < NTAB) iv[j] = *idum; 
       } 
       iy = iv[0]; 
     } 
 
     k=(*idum)/IQ; 
     *idum=IA*(*idum-k*IQ)-IR*k; 
     if(*idum < 0) *idum += IM; 
     j=iy/NDIV; 
     iy = iv[j]; 
     iv[j] = *idum; 
     if((temp=AM*iy) > RNMX) return RNMX; 
     else return temp; 
 
   } 
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The following pseudo-code is for the polynomial GCUSUM. 
 
    float   A,           /* polynomial coefficient for decision interval*/ 
            B,           /* polynomial shift for decision interval     */ 
            C,           /* polynomial power for decision interval     */ 
             
    printf("Enter Calibration Factor  "); 
    printf("h  = ");     scanf("%f", &h); 
 
    printf("Enter Coefficient Factor  "); 
    printf("A  = ");     scanf("%f", &A); 
 
    printf("Enter Shift Factor  "); 
    printf("B  = ");     scanf("%f", &B); 
 
    printf("Enter Power Factor  "); 
    printf("C  = ");     scanf("%f", &C); 
 
         /* compare appropriate cusum value to decision interval */ 
            if (((ch > (h + (A*(pow((Rch + B),C))))) || (cl > (h + 

(A*(pow((Rcl + B),C)))))) && (R<t)) 
                    {ch=cl=0; t=t-R; R=Rch=Rcl=0;} 
            if (((ch > (h + (A*(pow((Rch + B),C))))) || (cl > (h + 

(A*(pow((Rcl + B),C)))))) && (R>t)) 
                     in_control = 0; 
 

 

 

The following pseudo-code is for the GCUSUM using piecewise linear control limits. 

 
float   z,              /* random number N(0,1)              */ 
        b00,b01,b10,b11,/* control chart parameters          */ 
        knot,           /* knot                              */ 

 
        /* Set simulation parameters*/ 
    k = 0.5; 
    N = 100000; b00=2.96; 
    b10=0; b01=0.3; b11=-0.4; knot=5; 
 
        /* compare appropriate cusum value to decision interval */ 
            if (Rch <= knot) limith=(b00+b01*Rch); 
            else limith=((b00+b10-(b11*knot))+((b01+b11)*Rch)); 
            if (Rcl <= knot) limitl=(b00+b01*Rcl); 
            else limitl=((b00+b10-(b11*knot))+((b01+b11)*Rcl)); 
 
            if (((ch > limith) || (cl > limitl)) && (R<t)) 
                    {ch=cl=0; t=t-R; R=Rch=Rcl=0;} 
            if (((ch > limith) || (cl > limitl)) && (R>t)) 
                     in_control = 0;
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