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ABSTRACT 

   Calculus is often viewed as a gateway to more technical college majors, such as engineering, 

computer science and teaching of mathematics. The majority of existing research in college 

calculus classes has been focused on reports and studies that were conducted within the single-

variate calculus content. Some researchers explain the high rate of students changing their majors 

from science-oriented to less mathematically rigorous majors due to students’ struggles with 

passing multivariate content of the calculus college sequence (calculus I, II, and III) in particular 

wit the visual aspect of the course. 

   A qualitative case study of one section of a calculus III class was undertaken in order to obtain 

descriptive data on students’ visual and analytical understanding of surface areas of familiar 

shapes of spheres, cylinders, prisms, and pyramids in the context of multivariate calculus. 

Specifically, this research focused on application of the surface area formula of surfaces 

described by a function of two variables. 

   In the course of semester-long study, observed students divided into three distinct groups 

according to their mathematical visualization preference and mathematical accuracy 

characteristics. The three cases are: (1) students who prefer analytical method of solving 

mathematical problems with above average mathematical accuracy; (2) students who prefer 

visual method in solving mathematical problems with above average mathematical accuracy; and 

(3) students who prefer visual method of solving mathematical problems with below average 

mathematical accuracy. Interestingly, there was no group of students with below average 

mathematical accuracy preferring analytical methods of solving mathematical proeblems. 

   The results were analyzed through the theoretical frame of Krutetskii (1976), Presmeg’s (1985, 

1988b) mathematical visualization instrument and types of imagery; Guzman’s (2002) types of 

visualization. Also, analysis of students’ errors was made within Donaldson’s (1963) 

classification of errors. 

   In short, the best demonstrated understanding was observed in the case of mathematical 

visualization preference and above average mathematical accuracy. Observed finding of the 

other two cases provide evidence of limitations in understanding surface areas. Analytical 

thinkers struggled with graphing, geometric (visualization) thinkers with below average 

 xvi 

 

 



 xvii 

 

 

mathematical accuracy showed deviations from traditional understanding of basic shapes. A 

“left” cylinder and a star-shaped prism are examples of such discrepancy. Pattern and concrete 

imagery was the most common type and the students mostly displayed isomorphic visualization. 

   This study is the beginning of research of how students learn multivariate calculus and what 

specific struggles they encounter. More research is encouraged to follow up on trends that 

emerged in this study. 
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CHAPTER 1 

 

INTRODUCTION 

 

   Mueller (1999) wrote an essay describing a student descending a staircase after the final exam 

in a multivariate calculus. He finds himself wondering “Where do I go now? What is it that they 

want?”(p.134) He did everything a good student would do: homework, memorized definitions, 

paid attention during the lectures, gave up TV and parties in order to succeed, but here he is 

leaving the examination room thinking: 

I see it but I can’t quite get it can’t quite hold onto it and say once just finally once with 

assurance yes yes yes that is the perimeter that is changing here stop it hold it. I want 

that. Connect, then put it in order. How much do you have to study to get that? Your 

whole life? Is that the lesson? (Mueller, 1999, p. 137) 

 

   This student’s thinking is all too common. Often, calculus students focus more on the end 

result of the solution of finding limits, differentiating, and integrating than on the process itself. 

Is this enough? 

   Calculus reform, a major trend in changing calculus pedagogy developed under a National 

Science Foundation grant by faculty at Harvard and seven other institutions, suggests that a topic 

should be taught with more depth and whenever possible the rule of three should be used 

(Hughes Hallett, 1991). This includes utilizing analytic, visual, and numerical approaches. An 

analytic approach seems to be the most practiced and therefore well developed.  

   Presmeg (1986) suggests an explanation of this fact with three internal (to mathematics) 

reasons: mathematics, by its nature, favors the nonvisual thinker (p.306) and, school mathematics 

curriculum, in which achievement is measured by performance in tests and examinations, favors 

the nonvisual thinker (p. 306); in most school classrooms the teaching emphasis is on nonvisual 

methods and, that even when visual methods occur, these methods of solution are not valued by 

teachers (p. 307).  

   Dreyfus (1999) also agrees with the last proposed reason. Students enrolled in single-variable 

calculus usually can get by with memorization and analytical knowledge to pass the course. 

However, once they get to multivariate calculus where mathematical visualization is a daily 

routine some students struggle (Habre, 2001b) to a point of changing their major (J.C. Soares De 
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Mello,  Lins, Marcos, M.H. Soares de Mello & Gomez, 2002). The aim of this research project is 

to look deeper into multivariate calculus students’ visual and analytic understanding. 

   The nature of this study is description generating. In order to obtain deep insights into the 

nature of students’ understanding this research will concentrate on one topic: surface area of a 

solid formed by a function of two variables. Within this topic the scope is narrowed down to 

specific surfaces. Although, there are many interesting surfaces in the curriculum of multivariate 

calculus - spheres, cylinders, pyramids and prisms are chosen for their classical shapes and 

students’ prior exposure to them in the secondary school curriculum. Research shows that we 

should not assume that a concept that was covered by curriculum in previous mathematics 

courses (such as spheres, cylinders, prisms) is retained, understood in the same terms as accepted 

by mathematical community (Eisenburg & Dreyfus, 1991; Gonzalez-Martin & Camacho, 2004; 

Przenioslo, 2004; Fernandez, 2004; Raman, 2003) before we move on to new concepts, quadratic 

surfaces in general, or even more complicated shapes. I wanted to investigate what students 

know about surface area problems, what type of thinking the students engage in working these 

problems, what type of errors in their understanding they make, and what theoretical and 

instructional techniques may be beneficial to students. 

   Motivation for this research partly comes from personal experience of teaching high school 

calculus for two years, two semesters of college calculus I and II, and mentoring a few calculus 

III students for a semester. In my pilot study on the role of visualization in learning of calculus, I 

observed that the students did well on questions involving one-step execution. When asked how 

they knew what technique or algorithm to use in a certain problem they told me that they just 

memorized the approach from the book or the lecture. For example, I asked a student enrolled in 

calculus II to evaluate  
2

0

)12( dxx . Without hesitation, he executed a memorized rule for 

integration 6)00(2)2(|
2

2)12( 222

0

2

0

2

 x
x

dxx . The student was then asked to 

graph the line 12  xy  in the xy-coordinate plane, which he did correctly. I asked him if this 

line had anything to do with the integral he had to evaluate a moment earlier. He recognized that 

it was exactly the function he integrated. I asked him if the integral and his graph were related 

and what, if any, was the role of 0 and 2. The student kept saying “it is the lower and upper 

bound” (he knew the terms) but could not come up with the geometrical interpretation. He kept 
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pointing with his pencil to the points 0 and 2 on both axes. The reality is that this student’s work 

will earn him full credit on a test, but his understanding of integration is incomplete.  

   Another student I observed over the length of a semester was enrolled in calculus III. Picturing 

objects in 3D was hard for him. He was fluent with applying computational techniques like 

finding partial derivatives and solving them equal to zero, but a problem of finding global 

extrema for a problem like 4222  zyx over 02,2  zyxR was a challenge to 

him. “I don’t know where to start” - he would say. The fact that he had to account for the 

particulars of the region and the shape of the surface confused him. However, when presented 

with a picture of the surface where the boundary lines and vertices were identified, the student 

would carry out the necessary computations correctly. 

   Research shows that problems may and often do arise whenever a student deals with 

geometrical interpretations of derivatives (Aspinwall, Shaw & Presmeg, 1997), limits 

(Przenioslo, 2004); integration (Orton, 1983; Gonzalez-Martin & Camacho,2004), 3D surfaces 

(Habre, 2001b), and mathematical reasoning in general (Dreyfus, 1999; Raman, 2003). In my 

pilot study I observed that students’ understanding of calculus concepts often are reduced to 

computational fluency. I was highly dissatisfied with this thinking. The students should have a 

broader understanding of mathematical concepts (Skemp, 1987; Dreyfus, 1999; Hughes Hallett, 

1991). 

   Krutetskii (1976) distinguished between problems and exercises in the following way: 

exercises are the tasks where a student knows what to do (usually one step) and problems are the 

tasks where the solution path is not immediately clear. Researchers note that mindless 

memorization of formulas and execution of known rules that give the students immediate 

gratification of finding the answer does not always allow for understanding of how to set up a 

problem (Skemp, 1987; Noss, Healy & Hoyles, 1997). Moreover, the routine of working on one 

skill at a time creates students’ expectation that a problem is solved in one step (Eshach & 

Schwartz, 2002; Dreyfus, 1999). No wonder the frustration I witnessed with students experience 

of multi-step problems. The goal of teaching mathematics should be to create thinkers and 

problem solvers, rather than computing machines (Dreyfus, 1999). 

   In studying the literature on calculus curricula (Chappell, 2003; Chappell & Kilpatrick, 2003; 

Dreyfus, 1999; Cadenza, Travis & Norman, 2003; Foster & Taylor, 2003) I realized that there is 

little time allotted to drawing by hand or with the help of technology. Limited time in class with 
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the students and the vastness of the material to be covered force many instructors to present 

material as follows: giving theorem statements, rules, procedures, working out as many problems 

as possible on the board, leaving almost no time for student exploration (Dreyfus, 1999; Bloch, 

2003; Habre, 2003). An instructor may also assume that calculus III students come with already 

existing visual skills needed for many topics covered by multivariable calculus curriculum. 

Therefore, instead of leaving visualization of such solids to the students, the instructors tend to 

present the diagrams themselves. The students grow accustomed to the fact that an analytic 

description of a three dimensional surface (such as 221),( yxyxf  ) comes with the 

diagram. They can, then, focus on computational skills only. The value of such delivery is 

undeniable. Most students learn well this way to perform routine tasks successfully with 

desirable consistency. They are able to follow the instructor with procedural understanding and 

have little trouble practicing the rules on similar problems on their own. The danger here is that 

the knowledge becomes compartmentalized and almost no connections are formed between the 

concepts of not only one chapter and the next, but even between the concepts of different 

sections of the same chapter of a textbook! (Gonzalez-Martin, et al 2004) Deviate from routine 

tasks but a little and even “A” students are lost! (Eisenberg & Dreyfus, 1991) The lack of 

exposure is not to blame. Calculus instructors do incorporate their knowledge and understanding 

of the visual concepts behind the formulas in teaching. The fact that almost none of the 

instructors test the students on spatial aspects negates such exposure in the students’ mind and/or 

the explanations are so un-accessible to a student that they do more harm than good 

(Aspinwall,et al., 1997; Arcavi, 2003; Dreyfus, 1999). The students and some instructors 

consider such knowledge extra or useless (Arcavi, 2003).  

Importance of the Study 

   Success in calculus III is integral to engineering and mathematics majors. Some researchers 

explain the fact that the majority of the students, who change their majors from engineering and 

mathematics to something different is due to their inability to pass the calculus sequence (single-

variable + multi-variable calculus) (J.C. Soares De Mello et al, 2002). Other researchers 

(Hegedus, 2002; Schlatter, 1999, 2002; Van Dyke, 2004; Gordon, 2004; Dray & Manogue, 

1999) suggest that this change of majors is partly due to the existing gap in the curricula of 

abstract concepts of mathematics courses. Problems employing spatial skills used in calculus III 

are the type of problems that may make a difference in a student’s experience with the calculus 
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course sequence. These problems should not be under-estimated, they are the essence of a future 

civil engineer’s, architect’s or a scientist’s job assignment (Dray & Manogue, 1999). Guzman 

(2002) notes that a picture is worth a thousand words in mathematical analysis. Schlatter (2002) 

reports that there is greater teacher satisfaction and better students’ attitudes, toward multivariate 

calculus, to be found when these concepts are taught involving geometrical representation as 

opposed to drill and exercise route of learning. Students give positive feedback to the teacher and 

are actively involved in every step of the learning process. That is why I wanted to know more 

about students’ visual and analytical understanding.  

The Purpose Statement 

   The proposed study will attempt to contribute to the knowledge of college students’ visual and 

analytic understanding of problems in surface area applications. The research seeks to describe 

the nature of what happens when a college student is working with familiar shapes of spheres, 

prisms, pyramids and cylinders in a new context of multivariate calculus. Clement (2000) writes: 

Mapping this “hidden world” of indigenous thinking is crucial for the success of 

instructional design. Students cannot help but use their own prior conceptions and 

reasoning processes during instruction, and these have strong effects on the course of 

instruction. Because tests are almost always written from the point of view of the teacher 

and are designed to detect standard forms of academic knowledge, they can fail to detect 

key elements in students’ thinking. (p. 547) 

 

   This research will obtain more information on students’ understanding so that mathematics 

education community will have an opportunity to see surface area of these shapes through a 

learner’s perspective. This, in turn, will provide grounds for instructional implications that might 

be beneficial to both the student and the instructor. 

Research Questions 

   The overarching research question is “What are multivariate calculus students’ visual and 

analytic understanding of surface areas of spheres, prisms and cylinders?” To answer this 

question, three specific categories will be analyzed. They are: 

1. What are students’ analytic understanding of evaluating a double integral? What are 

students’ understanding of working with algebraic expressions? How do students apply 

the formula:   dA
y

z
x
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   The purpose of this category is to understand whether the difficulties in surface area problems 

are of a technical nature. Are there sufficient procedural skills that enable students to find correct 

partial derivatives, simplify the obtained expression and evaluate the integral? What kind of 

fluency and confidence do the students demonstrate; what resources they use, if any, what 

questions they ask, etc.? 

2. What are students’ understanding of prisms, pyramids, spheres, cylinders? 

   The purpose of this category is to understand if the students “speak the language”. Do they 

understand what is asked of them? What is surface area of an object? This question is also 

intended to rule out the possibility that the difficulty with surface area problems lies with the 

terminology. 

3. What are students’ visual understanding of the solids? (identifying the pictures, matching 

the pictures with their analytic form) What are the students’ visual understanding of the 

surface area formula   dA
y

z
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   This formula was chosen due to two reasons. One, the surface area concept is covered at the 

end of the semester which provided me with necessary time to conduct initial observations of the 

participants and administer initial interviews. Secondly, the surface area formula encompasses 

both aspects of a learner’s understanding: analytical (algebraic and calculus manipulations of 

functions) and visual (understanding of the region of integration which has a direct effect on 

order of integration and identifying the limits of integration). 

   I will analyze the students’ work under the assumption that analytical understanding often 

manifests itself in solving the equation of the surface for  yxfz , , correctly applying proper 

differentiation rules while obtaining partial derivatives, simplifying of complex algebraic 

expressions, applying appropriate order and rules in iterated integration when the integration 

limits are known.
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CHAPTER 2 

LITERATURE REVIEW 

 

   Literature about calculus can be divided into three major (not mutually exclusive) categories: 

(1) reports and studies about single-variate calculus, (2) multivariate calculus and (3) teaching of 

calculus. Given the nature of calculus and its origination all research, if not directly then 

tangentially, touches on visual aspect of it. Limits, derivatives, integrals all have their geometric 

representation which in most cases serves as a major component in creating conceptions about 

them. Eisenburg and Dreyfus (1991) say: “Many believe that this lack in understanding [of why 

students have only mechanical understanding of basic notions] is to a large extent due to the 

failure to establish explicit and detailed connections between the visual and analytic aspects of 

mathematical concepts and procedures” (p.27). 

 

Terminology 

   Presmeg (1997b) defined the term visualization as process of constructing and transforming 

both visual mental imagery and all of the inscriptions of a spatial nature that may be implicated 

in doing mathematics. This definition encompasses two aspects of spatial thinking presented by 

Bishop (1983): interpreting figural transformation (IFI) and visual processing (VP). 

Haciomeroglu (2007, p. 30) quoted Bishop’s (1983) definitions of the two aspects as: 

The ability for interpreting figural interpretation (IFI): This ability involves 

understanding the visual representation and spatial vocabulary used in geometric work, 

graphs, charts, and diagrams of all types. Mathematics abounds with such forms and IFI 

concerns the reading, understanding, and interpreting of such information. It is ability to 

of understanding of content and of context, and relates particularly to the form of the 

stimulus material. 

 

The ability for visual processing (VP): This ability involves visualization and the 

translation of abstract relationships and nonfigural information into visual terms. It also 

includes the manipulation and transformation of visual representations and visual 

imagery. It is an ability of process, and does not relate to the form of stimulus material 

presented. (Bishop 1983, p. 185) 
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   A visual image will be defined as a mental construct depicting visual or spatial information, 

and a visualizer as a person who prefers to use visual methods when there is a choice (Presmeg, 

1997b). 

   Tartre (1990) defined difference between spatial visualization and spatial orientation by 

identifying what is being moved in the tasks. Spatial visualization involves moving or altering all 

or parts of objects mentally as opposed to tasks in which the perspective of the subject, the 

person who is working with the object, is changed or moved – spatial orientation. Other words, 

spatial orientation tasks require organizing, seeing an object, or seeing it from a different angle, 

but not moving the object. 

   Presmeg’s (1985) study of 54 visual high school students who were solving problems in 

algebra, geometry, trigonometry, and vectors provides a classification of imagery. Presmeg 

identified 5 kinds of imagery. Haciomeroglu (2007, p. 25) summarized them in his literature 

review as: 

1. Concrete, Pictorial Imagery (picture-in-the-mind): Rich and fully detailed images. 

Examples of concrete imagery include memory imagery of special triangles, 

trigonometric quadrants, diagrams of standard geometric theorems, and images of the 

graphs of algebraic functions. 

2. Pattern Imagery: In pattern imagery, “concrete details are disregarded and pure 

relationships are depicted in a visual-spatial scheme […] Such imagery maybe vague or 

vivid but its essential feature is that it is pattern-like and stripped of concrete details” 

(Presmeg, 1986a, p.305). 

3. Memory Images of Formulas: Example of memory images of formulas includes the recall 

of the formula of the magnitude of a vector, the quadratic formula, and the formula for 

polar coordinates (Presmeg, 1986b). 

4. Kinesthetic Imagery: Kinesthetic imagery involves muscular activity, which typically 

consists of tracing out a shape or a pattern or otherwise moving the hands of fingers. 

5. Dynamic Imagery: Dynamic or moving imagery refers to the images which a very 

effective in depicting transformations and movements. Examples include transforming a 

rectangle into a parallelogram or performing a rotational transformation. 

   Guzman (2002) proposed 4 kinds of visualization: isomorphic, homeomorphic, analogical, 

diagrammatic. 
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1. Isomorphic: In isomorphic visualization there is an almost exact correspondence between 

the objects and the representations we make. Mathematicians usually accept isomorphic 

visualizations without objections. 

2. Homeomorphic: Some of the elements might have certain mutual relations that represent 

the relationships between abstract objects so that they can guide our imagination in the 

mathematical processes. 

3. Analogical: Analogical visualization is the type of visualization in which we mentally 

substitute the objects we are working with by another that relate between themselves in 

an analogous way and whose behavior is better known or perhaps easier to handle 

because it has been explored. (Guzman, 2002; p. 7) 

4. Diagrammatic: Mental objects and the mutual relationships are represented by diagrams 

that are useful in our thinking process. Example of a diagrammatic visualization is a tree 

diagram that is used in statistics to explain a concept of the fundamental counting 

principle. 

   Krutetskii (1976) discovered in his study of gifted school children that there are different 

mathematical casts of mind: an analytic type (mathematically abstract cast of mind), a geometric 

type (mathematically pictorial cast of mind), and a harmonic type (abstract and image-bearing 

modifications of a harmonic cast of mind). Krutetskii said that the first two types are somewhat 

limited to be successful only in certain areas of mathematics due to the favorable nature of 

approach mathematical problems. In contrast, the harmonic thinker is quite ingenious in solving 

a broad variety of mathematical problems. 

   This is not to say that either type is a characteristic of a person entirely. A learner might engage 

analytic type of thinking in one problem and a geometric type of thinking to a different problem. 

Other words the type of thinking engaged in solving a mathematical problem depends on the 

problem itself and psychological preference of the learner. Krutetskii (1976) says that if a learner 

consistently prefers one type over the other his or her success could be quite measurable but 

confined to certain areas of mathematics only. 

   Before discussing each type of thinking in detail, Krutetskii defined two components of 

thinking processes: verbal-logical and visual-pictorial. Verbal-logical component of thinking 

enables the student to be successful at working with problems expressed abstractly and easily 

perform analysis of concepts expressed symbolically. Visual-pictorial component of thinking 
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enables the student to perform the analysis of geometric structures or drawing. Often, students 

governed by visual-pictorial component feel the need to interpret abstract mathematical relations 

visually even when a simple logic could lead to an easier path of solution. The danger is that 

whenever a student fails to produce successful visual supports in creating such visual 

translations, the student has difficulty operating with abstract structures. 

   Analytical casts of mind are characterized by a clear predominance of a very well-developed 

verbal-logical component of thinking processes over a weak visual-pictorial. This type of a 

learner gravitates toward immediately observable applications instead of conceptual 

constructions. The second type, geometric cast of mind, is the type of a learner that is inclined to 

the deductive method, a theoretician. These learners are characterized by a well-developed 

visual-pictorial component with a tentative predominance over a well-developed verbal-logical 

component. The last type, a harmonic cast of mind, is characterized by a relative equilibrium of 

well-developed verbal-logical and visual-pictorial components with visual-pictorial component 

in the lead.  

   Another important analysis that was used in this study is analysis of errors made by students. 

Donaldson (1963) identified three types of errors: structural, arbitrary and executive. 

 Structural errors are the ones that arose from a failure to appreciate the relationships 

involved in the problem or to grasp an essential to solution principle. An example of a 

structural error could be demonstrated in a problem 

statement: 
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. The error in this statement is a failure to see that 

the function  
2

1

x
xf   is not continuous over the integration interval  1,1  and therefore 

applying power rule is an inappropriate technique. The notion of a function being 

continuous is essential to applying this technique. A student that did not employ his/her 

mathematical visualization might fail to check this requirement and miss an important 

visual interpretation of the integral as signed areas underneath the curve, therefore 

incurring a structural error. 

  Arbitrary errors are characterized by the failure to adhere to the problem or its 

constraints rigorously which often results in guessing, quitting or giving an answer 

without justification. These are harder to detect unless the student is willing to admit to 
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guessing. Sometimes, these arbitrary errors are very obvious due to the blatant 

disconnection between the answer and the concept tested.  

 Executive errors are the ones where a participant failed to carry out manipulations while 

mathematical principles involved might have been well-understood, sometimes referred 

to as a “loss of hold” error. A student understands the concept and its appropriate 

application but might make a computational 

error 10028)00(2
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dxx , an 8 appears 

instead of 4. 

 

Reports and Studies about Single-variate Calculus 

   Research on single-variate calculus and teaching of calculus has blossomed in the last decade 

with a call to redesign the way calculus concepts are taught. The rule of four, originally 

introduced as a rule of three by Hughes-Hallett (1991), which includes analytical, numerical, 

graphical representations and, later added, writing should be used (NCTM, Standards and 

Principles). Central milestones of calculus curriculum: limits, differentiation, and integration 

have been the focus of research. The questions researchers have been asking are: What is 

students’ actual knowledge of each of these topics? What are images held by the students of 

these concepts? Do students retain their knowledge with a pass of time? What is students’ 

understanding of the topics? Do students benefit from multiple representations? Do students 

benefit from the use of technology? 

   There are comparative studies that have been conducted to examine if there is a difference if a 

student is taking a reform calculus course as opposed to a traditional calculus course (Palmeter, 

1991; Park & Travers, 1996; Bookman & Friedman, 1994; Meel, 1998; Armstrong & Hendrix, 

1991; Roddick, 2001; Chappell, 2003; Chappell & Killpatrick, 2003; Judson & Nishimori; 

2005).  

   Chappell & Killpatrick (2003) conducted an original study of 305 college-level calculus 

students with 8 instructors and a replication study of 303 college-level students in the same 

university. These researchers identified traditional calculus instructional environment as 

procedure-based versus reform calculus instructional environment as concept-based. Both studies 

yielded congruent results validating the findings. The first finding of the study is that there was 



  12 

no significant difference between students’ performance on procedure-based problems as 

measured by the skills examinations. The second finding was that on assessments involving both 

concept-based and procedure-based problems the students learning in the reform calculus 

environment scored significantly higher than the students from the traditional calculus 

environment. The result of this study that on post-secondary level there is evidence that calculus 

can be taught using reform calculus curriculum that involves the mathematical visualization 

without sacrificing skill proficiency. The researchers also state that concept-based instructional 

programs can cultivate the development of students understanding the concepts at a level beyond 

computational fluency. 

   Chappell (2003) conducted a follow up study of the Chappell & Killpatrick (2003) that 

addressed the question of what happens next. Chappell followed the progress of the students who 

took traditional calculus and reform calculus who advanced to the second semester of calculus. 

The students observed in this study all took traditionally-taught calculus as a second semester of 

their college year. She found no significant difference in the grades earned by these two groups 

of the students. However, the attrition rate of the students who took traditional calculus I was 

consistently higher than the withdrawal rate of the students who took reform-taught first 

semester of calculus. Chappell (2003) reports that the students who experienced concept-based 

instruction changed their perspective toward learning and admitted to having to work harder to 

achieve success in a traditional (procedure-based) calculus environment. Chappell (2003) writes: 

 The subjects felt that although they had received mostly procedural instruction in their 

high school courses, when placed back in a traditional environment, they were no longer 

content to work through procedural problems without a conceptual understanding of what 

they were doing. (p. 144) 

 The amount of effort required to be successful in second semester calculus was much 

greater than the amount of effort required to be successful in first semester calculus. (p. 

145) 

 

   Porzio (1999) focused on the effect of how instructional practices with emphasis on the use of 

technology and the use of multiple representations with software Mathematica impacted calculus 

students’ ability to use and understand connections between different representations. Porzio 

(1999) found that the students in the environment where instruction was based on procedures, a 

traditional calculus course, and heavy algebraic representations had a weakly connected internal 

networks of knowledge associated with graphical and numerical representations. To be objective, 

Porzio (1999) says that these students may develop a well connected network of knowledge 
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associated with algebraic representations. On the other hand, the students from Calculus & 

Mathematica, who were taught with an emphasis on the use of different representations to 

present and solve problems, formed well-connected internal networks of knowledge associated 

with both algebraic and graphical representations. Additional finding was that for the students 

from Calculus & Mathematica formed stronger and more numerous connections between 

algebraic and graphical representations. 

    Crowe & Zand (2001) also reported in their overview study on the use of computers for 

undergraduate mathematics on the “stand alone” scenario. They cite an implication to the 

mathematics educators from the Notices of the American Mathematical Society (1990) 

concerned with the renewal of American mathematics 

As computers become increasingly powerful, mathematicians are needed more than ever 

to shape scientific problems into mathematical ones to which computer power can be 

applied. (p. 318) 

 

Crowe & Zand (2001) reported overwhelming lack of the use of the computer-based technology 

which promotes development and empowerment for the students to broaden the learning process. 

Santos-Trigo (2002) and Rochowicz (1996) are some of the studies that was undertaken to 

investigate effects of computer-aided instruction in calculus instruction. 

   Rochowitcs (1996) reports positive impacts of the use of computer-aided instruction for the 

learner.  He says that the learners are put in a situation where reasonableness of output from 

technology raises the level of learning and helps the students to see the importance of 

interpretation of results and induces a more active learning environment. However, Rochowics 

(1996) stresses the importance of the goal for the calculus instructors should be to develop in 

students the ability to work on calculus problems without computers and calculators and asses 

the practicality of appropriateness of the use of the technology. 

   Santos-Trigo (2002) studied 25 first-year university calculus students. The instructor allotted 

two sessions per month, 1 ½ hour each, for a series of tasks that required the use of various 

representations and problem-solving strategies. Dynamic computer software, graphic, and 

symbol-manipulating calculators were available to students. In the three tasks administered it 

was found by the researcher that a “visual approach helped students to understand the nature [of 

the roots of this type of equation]” (p. 113). Santos-Trigo noted that one of the important 

outcomes of such an environment was that students were constantly posing questions, discussing 
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qualities of data representations, looking for diverse ways of developing solutions, and realizing 

a need to provide explanations. He writes: “In particular, students exhibited conceptual systems 

in which the use of representations achieved via the use of technology [graphic and symbolic] 

played an important role in eliciting their understanding of and solutions to the task” (p. 114). 

   Students’ understanding of calculus concepts is a major focus of single-variate calculus 

research. One of the discoveries of the research in how to introduce calculus concepts to the 

students is that mathematical visualization is problematic for calculus students. Orton (1983) 

investigated students’ understanding of elementary calculus. He specifically concentrated on 

integration. The subjects of the study were 110 students (age 16-22) in Britain. Sixty of the 

subjects were between the ages of 16 and 18 and the other fifty were ages 18 to 22. The latter 

group was planning to become mathematics teachers. Orton’s instrument consisted of 19 

questions that tested relationships between integral in terms of areas and limits of summations. 

All items on the instrument involved a visual interpretation and required a conceptual link 

between related ideas. Orton analyzed students’ responses borrowing Donaldson’s (1963) 

classification of errors: structural, arbitrary and executive.  

   Structural errors are the ones that arose from a failure to appreciate the relationships involved 

in the problem or to grasp an essential to solution principle. An example of a structural error 

could be demonstrated in a problem statement: 
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statement is a failure to see that the function  
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1

x
xf   is not continuous over the integration 

interval  1,1  and therefore applying power rule is an inappropriate technique. The notion of a 

function being continuous is essential to applying this technique. A student that did not employ 

his/her mathematical visualization might fail to check this requirement and miss an important 

visual interpretation of the integral as signed areas underneath the curve, therefore incurring a 

structural error. 

   Arbitrary errors are characterized by the failure to adhere to the problem or its constraints 

rigorously which often results in guessing, quitting or giving an answer without justification. 

These are harder to detect unless the student is willing to admit to guessing. Sometimes, these 

arbitrary errors are very obvious due to the blatant disconnection between the answer and the 

concept tested. 
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   Executive errors are the ones where a participant failed to carry out manipulations while 

mathematical principles involved might have been well-understood, a “loss of hold” error. A 

student understands the concept and its appropriate application but might make a computational 
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   Orton found that mistakes made by the students were often of structural error type. He says that 

if we want our students to understand integration, it needs to be introduced in an investigatory 

way. The investigation should be thorough and the limit of a sum needs to be brought up 

constantly with each new look at integration going from informal to more formal level. Orton 

writes: “In many aspects of introducing calculus, it seems advisable to provide whatever 

illustrations can be found, including both diagrams and graphs”, and “In the early stages calculus 

needs always to be linked with appropriate illustrations” (p. 12). 

   Schnepp & Nemirovsky (2001) studied the relationship between the slope of the tangent to the 

curve and the area under the curve. Haciomeroglu (2007) states in his review that many 

researchers (Tall, 1985a, 1985b, 1985c, 1986, 1991b; Bressoud, 1992; Tarvainen, 1998; Elk, 

1998; Strang, 1990; Rosenthal, 1992; Schnepp & Nemirovsky, 2001; Stroup, 2002) suggested 

alternative approaches to introduce derivation, integration, and fundamental theorem of calculus. 

He says (Haciomeroglu, 2007) that the historical order of origination of these concepts is often 

reversed and differentiation is presented before integration because it is simpler. 

    More research on students’ understanding of calculus concepts (Orton, 1983; Gonzalez-Martin 

& Camacho, 2004; Bezuidenhout, 2001; Prezenioslo, 2004; Aspinwall, 1994; Aspinwall, Shaw 

& Presmeg, 1997) presents additional evidence of importance of mathematical visualization. 

   Bezuidenhout (2001) found, in his study of first-year college students, conflicting 

understanding of calculus concepts of limit, continuity, and differentiability, Bezuidenhout 

(2001) observed that the students’ understanding of these concepts were disjoint and based on 

isolated facts and procedures. 

   Aspinwall (1994) and Aspinwall, Shaw & Presmeg (1997) have presented evidence of 

mathematical visualization and its potential negative effect. A student who demonstrated analytic 

knowledge of the domain of a quadratic function as the set of all real numbers and, as such 

analytically understood that the derivative would be defined everywhere, was presented with a 

graph that appeared to him as a graph of a parabola. He then interpreted that the graph had 
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vertical asymptotes and the derivative, being the slope of the tangent line, for the function would 

not be defined. He used his vivid and incorrect visual support to make this claim. The drawing 

was in conflict with the students’ analytic knowledge that the derivative of the quadratic function 

is a line which is defined on the set of all real numbers. 

   Gonzalez-Martin and Camacho (2004) looked at the students’ knowledge of integrals. They 

focused on improper integrals and investigated first-year college students. The questionnaire 

researchers used was intended to identify difficulties and obstacles students experienced with 

improper integrals. The intent was to use this information in designing a teaching sequence for 

improper integrals using a computer system. Thirty one participants completed the questionnaire. 

All 9 items on the questionnaire required visual understanding of an integral, namely signed 

areas under the curve (positive if the integrand is a positive function and negative otherwise) and  

extension of previous knowledge. Twenty three out of thirty one students left some questions 

unanswered. Out of the items answered only 4 items had 4 people or less giving a wrong answer. 

Five or more students gave wrong answers to other items with highest of 14 students (45%) 

missing one of the items. The researchers concluded that students are not accustomed to non-

routine questions in this case requiring visualization. Moreover, the understanding of separate 

concepts that would lead to a complete knowledge of improper integrals was insufficient. 

   Przenioslo (2004) conducted a study on 238 students in the 3
rd

, 4
th

, and 5
th

 year of mathematics 

studies and 182 students commencing their university studies. All subjects had completed the 

university level analysis course. Przenioslo was investigating students’ images of the limit of a 

function formed by these students. Only 34% of the students used “graph approaching” as a key 

element of their image of a limit of a function. “Students could correctly state an “official”  -  

definition but would not notice a contradiction between this definition and his or her other, more 

‘private’ conceptions, and, worse, would not try to confront the two parts of his or her 

knowledge” (p. 129). 

   Dreyfus (1999) tangentially addresses a possible explanation to such occurrences as found by 

Orton (1983), Gonzalez-Martin & Camacho (2004), Aspinwall, Shaw and Presmeg (1997) and 

Przenioslo (2004). He says that mathematics instructors do not require mathematical 

explanations. How are our students supposed to know what it is to justify their answers, or 

explain their reasoning? For a majority of their mathematical lives they were required to give a 

“correct” answer (symbolic, numeric), without any explanation what concepts they used and 
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what those concepts meant. “College textbook authors and teachers are rarely conscious of the 

need to establish socio-mathematical norms [for mathematical reasoning], and their actions are 

often more apt to confuse rather than help students” (p. 96). Dreyfus (1999) says that in most 

cases our students lack the opportunity to learn and value the benefits of a mathematical 

explanation. The proposed study aims to describe students’ understanding of visual and analytic 

knowledge of surface area and to investigate their experience of solving these problems. 

   Bloch (2003) and Santos-Trigo (2002) are researchers that already started moving into the 

direction of applying visualization in instructional practices. Bloch (2003) conducted an 

exploratory study with a class of 35 precalculus students (age 17-18), who were taught a concept 

of function in a graphic milieu. To validate her results a test on regular curriculum function 

problems was administered to four classes: three control ones and one experimental. In the 

experimental class, Bloch showed that via gradual introduction of function concept with the aid 

of visualization she was better able to foster deductive abilities. Moreover, an introduction of 

quantifiers, such as , , , etc., with their graphic representations made students confident and 

competent users of formal mathematical language. 

   There is another side to a coin, however. The proposed study does not rule out the possibility 

that visualization alone is not the answer to remedy all of our students’ struggles. Presmeg 

(1986), in her study of gifted mathematics students found that majority of gifted students are 

non-visualizers. Later, Presmeg (1992) writes about benefits of prototypes, metaphors, 

metonymies and imaginative rationality in high school mathematics. She says that having images 

of concepts is helpful, but contains dangers. If the prototypical image is faulty it may hinder a 

learner in drawing valid conclusions about certain problems and seriously limit his or her 

advance in learning mathematics. However, Presmeg agrees that proper visualization skills can 

be developed and can benefit the learner. She encourages further research, not on gifted students 

only, but on any students. 

   Creese (1978) says that multivariate calculus pedagogy does not account for different types of 

students: analytically versus design-oriented learners. Dray and Manogue (1999) point out that 

the problem still exists and has now escalated to a point that a gap is created between curricula of 

sciences’ courses that use calculus and calculus itself.  Many agree that students’ understanding 

of these concepts are important in preparing future engineers and mathematicians (Habre, 2001; 

J.C Soares DeMello et al., 2002; Winslow, 2003). 
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Research in Multivariate Calculus 

   Research on multivariate calculus is surprisingly scarce. A considerable part of multivariate 

calculus publications are instructor’s perspective reports on what worked well in a classroom. 

Gordon in 2004 presents an individualized term project that evokes students to explore their 

understanding of extrema of a polynomial. The students have to obtain a good visual 

representation of the polynomial (a surface in 3D) with the help of technology, make reasonable 

estimations of coordinates for critical points, and then apply numerical approximations using 

their estimations as a starting point to find and classify the extrema. Group work is encouraged; 

however each student submits analysis of his or her own polynomial. Gordon reports improved 

students’ attitudes towards mathematics, better involvement and deeper understanding of the 

concept. 

   Lutzer (2001) and Bradshaw (2004) published their pedagogical suggestions on delivering 

vector operations. The activities they involved their students in generated meaningful discussions 

and created teacher satisfaction not only with the way the students learned but also how the 

concepts were taught. 

   Beckman and Shclicker in 1999 present a model of how multivariate calculus could be taught. 

The authors formed small groups and the students were to come up with two types of functions 

to study throughout the semester: one of the functions was to be from the content of related 

discipline, that is, of interest to the students, the other was to be defined by a data set. Beckman 

and Schlicker claim that the project helped students learn the content of the course and 

challenged them to come up with relevance to their lives and interests applications of the 

concepts, making multivariate calculus an alive science. Schlatter (1999) applied technology 

(MatLab) to help students with visualizing objects and surfaces encountered in the multivariate 

course and observed positive students’ response. Schlatter also created “conceptests” (2002) 

which are multiple choice, thought-provoking questions involving visualization to generate 

discussions during lectures. He reported greater teacher satisfaction he had ever experienced and 

best students’ evaluations he had received. As with other reports mentioned above students’ 

active involvement and course-long focus was another positive result of the visualization 

enhanced and conceptests, a term created by Schlatter (2002), aided delivery. Even though these 

reports are of great pedagogical value they all lack in students’ side of the story. We read that the 
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“response” was positive, but there is a dire need for qualitative research to better understand the 

elements that make up this positive students’ support. 

   Habre points to the void in understanding students’ learning of visual concepts and calls for 

more attention to research in multivariable calculus. He conducted three studies. In one, 

“Visualization Enhanced by Technology in the Learning of Multivariable Calculus”(2001a), he 

used students’ explorations of quadratic surfaces, parametric equations, surfaces in spherical 

coordinates, vector fields and differential equations to gain insights into students’ perspectives of 

how helpful the computer was in aiding students’ understanding of the material presented in 

class, how much effect it had on the students’ visualization skills and whether students would 

consider visualization as an approach for solving mathematical problems. He used observation 

and interviews to answer his research questions. The findings were that even though the students 

came to appreciate visualization immensely many still preferred analytic approaches to problem 

solving over visual approaches. The computer did help with understanding and improvement of 

visual skills but students were still unsure if they would be able to come up with the 

pictures/diagrams on their own. A bonus finding was that the students made a revealing 

discovery that algebra and geometry are connected and can be used in complementary ways to 

express mathematical ideas.  

   In Habre’s second study (2001b), “Visualization in Multivariate Calculus: the Case of 3D 

Surfaces” he examines students’ difficulties associated with visualizing such surfaces and 

students’ proficiency in using visual imagery when necessary. The results of the study are that 

3D surfaces are hard for students, and that the students lack proficiency in visual thinking. The 

study showed that the use of technology should be encouraged as it helps with removing 

difficulties, but is not successful if used in isolation. 

   In the third study, “Investigating Students’ Approval of a Geometrical Approach to Differential 

Equations and their Solutions”, Habre (2003) showed that although the students preferred 

geometrical representation to understand what a differential equation is describing they viewed 

analytical solution as more trustworthy. The students wished however that more of their 

mathematics instructors would use visualization in teaching. This is not surprising in the light of 

Morrow’s (2004) research that reports that students describe their view of proof as “verified by 

measurement” – hands on, practical verification versus teachers that describe their view of proof 

as “verified by logical argument”. It is not only desirable to better understand the process of how 
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students develop and internalize a concept, it is necessary before we can expect our students to 

argue their mathematical reasoning in terms of abstract logic. To be successful students in 

multivariate calculus requires a good visual understanding of its topics. 

   Determining how students develop and internalize concepts in multivariate calculus will 

require additional research on visual thinking. Zimmerman (1991) writes: “Conceptually, the 

role of visual thinking is so fundamental to the understanding of calculus that it is difficult to 

imagine a successful calculus course which does not emphasize the visual elements of the 

subject” (p. 136). Multivariable calculus students have already been introduced to the concepts 

of limits, derivatives, integrals and the techniques of finding them, evaluating them, proving that 

they exist or do not exist in the previous two courses of calculus. In calculus III students utilize 

and apply understanding of these concepts in more of a real life setting. In my research I want to 

investigate in an in depth way what students’ understanding is. 

   The goal of this proposal is to get back to Mueller’s Tyrone. Help the student who wants to 

understand multivariate calculus to connect and put in order all the pieces of knowledge 

accumulated by describing his/her understanding and obtaining insights into what kind of 

environment we should create in a mathematics classroom where the student finally sees and gets 

what they (the teachers) want from him. 

 

The Researcher’s View 

   I have reviewed studied that are important and influenced the way I interpreted and analyzed 

cases of my study. In this section, I will briefly describe my view and the frameworks adopted 

for my research. 

   Analytical understanding of the surface areas of the functions of two variables is the ability to 

come up with the correct partial derivatives, ability to correctly substitute and simplify complex 

algebraic expressions, and apply correct order of iterated integration while applying appropriate 

integration techniques.  

   Visual understanding of the surface areas of the solids formed by many functions of two 

variables or different surfaces described by words will be considered complete if accompanied 

by either type of Guzman (2002) visualization and/or concrete pictorial, pattern, or kinesthetic 

imagery as described by Presmeg (1985, 1986b). 
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   Donaldson’s (1963) classification of errors will be used to analyze the students’ 

misconceptions. 

   Krutetskii’s (1976) classification of thinking will be adopted for analysis of the students’ 

thinking while working with the spheres, cylinders, pyramids and prisms in the course of this 

study. 
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CHAPTER 3 

METHODOLOGY AND PROCEDURE 

 

Methodology 

Research Focus 

   Students’ analytical and visual understanding of surface area is the focus for this research. To 

gain insights into what this understanding might be and interpret it, this study will focus on 

students’ behavior in class, students’ type of thinking, and students’ written work related to the 

subject of surface areas in the calculus III. Specifically, the investigation will focus on the 

following three categories: 

1. What are students’ analytic understanding of evaluating a double integral? How do 

students apply the formula:   dA
y

z
x

z

R
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2. What are students’ understanding of prisms, pyramids, spheres, cylinders? 

3. What are students’ visual understanding of the solids? What are students’ visual 

understanding of   dA
y

z
x

z

R
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   I have recorded students’ language when they talked about the solids and the surface area prior 

to the multivariate introduction of the concept. I recorded some frustrations and confidences, the 

students’ body language, their expressed thinking, strategies they used, pictures or lack thereof. I 

have observed how coherent the students’ thoughts were and the nature of their thinking 

processes: analytic, geometric, or harmonic. I evaluated how students related their prior 

knowledge of spheres, cylinders, pyramids and prisms while working surface area problems 

(recognition of analytical forms of the solids, recollection of geometry formulas, etc.) to the new 

environment of multivariate calculus.  

 

Case Study 

   There are three approaches available to a researcher while working on a project. They are: a 

quantitative approach, qualitative approach, and a mixed methods approach. A qualitative 
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approach is more appropriate when the researcher seeks to make knowledge claims based on “the 

multiple meanings of individual experiences… with an intent of developing a theory or a 

pattern.” (p. 18) (Creswell, 2003). The research on surface areas in calculus III is scarce and as a 

past calculus instructor I wanted to better understand students’ thinking on this topic. I 

anticipated open-ended, emerging data that would allow me to describe the intricacies and 

particularities of individual nature of learning and problem-solving applied to the surface area 

concept. I was able to obtain permission to observe a small calculus III class of 7 students. Seven 

college students of different backgrounds and different visual preferences presented me with 

some anticipated observations along with many surprises. According to Clements (2000) reacting 

responsively to collected qualitative data is crucial as it enables the researcher to ask new 

questions in order to clarify and extend the investigation. (p.547) 

   Case study research design fit best with the goals of this research. Merriam (1988) defines case 

study as “an intensive, holistic description and analysis of a single entity, phenomenon, or social 

unit” (p. 16). This case study provides a starting point of what major trends in students’ 

understanding (analytical or visual) might be by magnifying dramatically and analyzing 

thoroughly proclaimed and manifested understanding of spheres, cylinders, pyramids and prisms 

of 7 students over the duration of instruction of multiple integration, part of which is the surface 

area formula of solids. 

   Case study methodology makes use of various techniques. I chose clinical interviews, 

participant observation, and analysis of written work. 

   The strengths of clinical interviews are (Clements, p.547): 

 The ability to collect and analyze data on mental processes at the level of a subject’s 

authentic ideas and meanings; 

 The ability to expose hidden structures and processes in the subject’s thinking that cannot 

be detected by less open-ended techniques. 

   Inclusion of participant observation enhanced data collection by providing the distinction of 

“what I say” versus “what I do” problem that can occur in self-reports. (Roschelle, p.709). A 

combination of field notes, audio taping, and member checks was used to provide as accurate of 

a picture of what happened as possible. 

  Written work was also analyzed to determine what manifested as relevant to students’ 

understanding and to analyze the types of errors in understanding the students made. 
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Procedure 

 

Setting 

   I collected the data at a small 4-year liberal arts private university. It is listed as one of the top 

100 colleges in the United States by a Washington Post educational writer, and is ranked within 

the top 250 Liberal Arts universities in the United States by the U.S. News & World Report Best 

College Magazine. The university is located in the midtown of a southern city with a population 

of about 63,000. Official website of the city reports 46.6% males and 53.4% females with the 

median resident’s age of 32.8 years, which is younger than the state’s median residents’ age. 

   During the fall 2006 semester, approximately 1000 students were enrolled at the university. 

The class met 4 days a week: Monday, Wednesday, Friday from 8:00 am to 8:50 am and on 

Thursday from 8:00 am to 9:15 am. The average age of the freshman student was nineteen years 

of age and the average class size was approximately 15 people. 

   The class I observed had 7 students: 1 freshman (18 years old), 2 sophomores (19 years old), 2 

juniors (20 and 21 years old), and 2 seniors (22 years old). 

 

Data Sources 

Questionnaire 

   A questionnaire (Appendix A) was administered to 7 students and the instructor at the 

beginning of the semester. The questionnaire was designed to collect information about the 

subjects’ mathematical and demographical background. Case studies seek to explore a larger 

phenomenon through close examination of a specific case by focusing on the particular 

(Rossman, Rallis, 1998). Therefore, it was important to describe the participants observed in this 

study accurately with due attention to such details as their age, ethnicity, gender, mathematical 

background, and mathematical preferences so some implications and generalizations could be 

made whenever appropriate. 

 

Mathematical Processing Instrument 

   A mathematical processing instrument (Appendix C) was administered to all 7 students in the 

class in order to identify their preference of employing analytical versus visual solving strategies 

when presented with a mathematical task which can be solved either way. The instrument was 
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developed by Norma Presmeg and used in her dissertation titled: “The role of visually mediated 

processes in high school mathematics: A classroom ivestigation” in 1985. Parts A and B were 

designed for seniors in high school and parts B and C were deemed suitable for their 

mathematical teachers. I believe that the instrument is suitable in the setting of calculus III class 

because it indicates more of psychological preferences/maturity in mathematics rather than 

biological age. Presmeg also notes that the instrument is not to be confused with a spatial ability 

test. Individuals that are highly capable of visualizing might prefer an analytical way in 

mathematical problem solving and vice-versa. 

 

Task-Based Semi-Structured Interviews 

   After the participants signed the consent forms, three task-based interviews (Appendix D) were 

conducted with each participant separately in order to obtain a description of their understanding 

of the surface areas of solids. Based on obtained answers, classroom observations, member 

checks and analysis of written work prepared questions ere augmented with some questions that 

addressed student motivation to learn. By observing all students from day one of the semester I 

noted changes in their class participation and timeliness of homework submission. I wanted to 

address the question of how much motivation to learn at such a later part of the semester plays 

into students’ understanding of the surface area concept as presented by multivariate curriculum. 

This slight modification of my original interview protocols accommodated for more fruitful data 

gathering. It was important for me that the participants knew that they were important in the on-

going conversation and that what they had to say mattered. Rossman, Rallis (1998) state: 

“Trusting relations between a researcher and the members of a setting are likely to yield a 

trustworthy report” p.104. Open-ended questions and semi-structured nature of the interviews 

will help achieve the goal of an authentic rich description. Each one of the three interviews lasted 

45 minutes to an hour. 

 

Homework 

   Copies of home work were obtained from the participants throughout the semester. This 

written work provided ample opportunities to analyze what students consider relevant over an 

extended period of time. However, no homework was assigned on the section of surface area. I 

used homework from the multivariate chapter as a background from which I drew sparingly to 
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substantiate some conclusions. Students’ unit tests were used instead as a measure of their 

mastery of the multivariate concepts. The tests were graded by the instructor autonomously and I 

was allowed to have copies of students’ work. 

 

Participant Observation 

   The entire calculus III class was observed not only during the time period of surface areas of 

solids instruction but also throughout the semester. Such exposure to the students allowed me to 

develop personal connection. Many students felt comfortable talking to me not only about 

concepts of multivariate calculus but also about the jobs they held at that time, other challenging 

classes, their future careers. Over time, my presence in class blended in and the students did not 

pay attention to the “outsider” in the class. I became part of the classroom landscape. There were 

approximately two weeks spent on the topic with the Thanksgiving break in the middle. Creswell 

(2003) points out that going to the natural setting (math classroom in this case)  will give the 

researcher necessary ingredients to gather the level of detail needed about the participants in 

order to form theories or knowledge claims as well as actual experience of what participant are 

going through. Walking in the students’ shoes gave me a unique prospective of their experience. 

I, like all participants, too had to get up early in the morning and get to 8:00 am class. I had to 

find a parking space in the morning rush hour on campus. I took notes, I did homework 

assignments. I drew pictures and listened to the instructor’s explanations and questions. These 

are some of the shared experiences I was able to have due to the case study methodology. These 

were some of the issues the students wanted to talk about. By listening to these, seemingly 

unrelated to the learning of calculus concepts issues, I was able to gain trust and respect of the 

students. However, my bias was that unlike the participants, I did not have a full schedule of 

other demanding classes and I have already learned the concepts discussed in class. Such 

embedded position allowed me to spend time observing both the participants and the instructor 

from an outsider view. 

 

Fieldnotes 

   Throughout the duration of the fall semester, research journal was maintained daily. I kept a 

journal of personal experiences and observations intertwined between the lines of lecture notes, 

problem solutions and questions students asked me outside the class. I audio-recorded all my 



  27 

formal interviews with the participants, transcribed them and conducted a member check by 

sharing a summary with the students and the instructor. Bogden, Biklen (1992) define field notes 

as “the written account of what the researcher hears, sees, experiences, and thinks in the course 

of collecting and reflecting on the data” (p. 107). Creswell (2003) sums it up by saying that such 

notes could be of descriptive, reflective, or demographic information type notes. Most of the 

times, the students were very receptive to my summaries and no contests of misrepresentations 

were made. The instructor was very helpful in providing me with full freedom and access to the 

students and daily instruction. He graded and made Xerox copies of students’ work and was 

willing to listen and to validate my observations whenever necessary. 

   I kept accurate record of instructional time versus practice time. In addition, I quantified the 

proportion of visual-pictorial component and verbal-logical component as part to whole ratio of 

the researcher’s daily notes reflecting proportions of what was seen on the board. Tables 1&2 

summarize these quantifiers. Verbal-logical component of instruction dominated in notes and 

time distributions. 

 

 

Table 1: Verbal-logical versus Visual-pictorial Representation of Instructional Notes 

  Verbal-logical  Visual-pictorial 

Iterated Integrals and Area in the Plane  75%  25% 

Double Integrals and Volume  79%  21% 

Change of Variables: Polar Coordinates  78%  22% 

Overview of the 1
st
 three sections  83%  17% 

Surface Area  83%  17% 

Triple Integrals and Applications  82%  18% 
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Table 2: Verbal-logical versus Visual-pictorial Instructional Time Distribution 

  Verbal-logical  Visual-pictorial 

Iterated Integrals and Area in the Plane  90%  10% 

Double Integrals and Volume  70%  30% 

Change of Variables: Polar Coordinates  73%  27% 

Overview of 1
st
 three sections  30%  70% 

Surface Area  86%  14% 

Triple Integrals and Applications  85%  15% 

 

 

   These field observations confirmed Presmeg’s (1986) suggestion that instructors favor the 

nonvisual thinker during their instruction. In her research, Presmeg references Krutetskii’s work 

(1976) and calls for more research on students’ thinking in the main stream as opposed to the 

gifted students Krutetskii worked with. In my research, I will show that all seven students are 

common representative of a type of a student one might see in any multivariate classroom. 

Data Analysis 

   Case study methodology calls for gathering and analyzing of the data simultaneously. Even 

though the interviews were semi-structured and, therefore, only tentative in their use, they 

provided the skeleton of the data collection. The students were asked the same questions and 

were given equal opportunities to answer them. Sometimes, the order in which the questions 

were asked was altered to accommodate for the natural flow of the students’ thinking. At the end 

of the interview, a balance was always achieved. There was one exception: one of the students 

was asked an extra question due to my carelessness in typing. Data collected from answering that 

question provided additional evidence of already observed fact and only substantiated my 

conclusion about the type of the student’s thinking and analysis of his errors. The student was 

last to be interviewed and other students did not have a chance to answer that question. 

   Daily analysis of fieldnotes and audio transcripts was a part of the study. Cross references were 

made to notes and results of previous days and necessary changes or conclusions were made. As 
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hypotheses arose during the study they were tested and pursued in order to verify their credibility 

and authenticity.  

   Member checks were used after each transcript was analyzed and conclusions were drawn to 

make sure that I understood the participants correctly and did not misrepresent what actually 

happened. Erikson (1992) writes that “interpretive fieldwork research involves being unusually 

thorough and reflective  in noticing and describing everyday events in the field setting, and in 

attempting to identify the significance of actions in the events from the various points of view of 

the actors themselves” (p. 121.)  

   Students’ understanding of surface area was described within two theoretical frame works: 

Krutetskii (1976) and Donaldson (1963). 

   Krutetskii (1976) proposes that all learners divide into three types of thinkers: analytic, 

geometric and harmonic. Such division is not clear-cut and has some overlaps. I used Presmeg’s 

instrument, validated by other studies (Presmeg, 1985; Habre, 2001a & b) to measure students’ 

preference in using their verbal-logical component or visual-pictorial. Such preference is a 

measure of psychological tendency to use one component over the other in situations when a 

mathematical problem can be solved either way. Presmeg’s instrument assigns a mathematical 

visualization score on the scale of 0 to 36, with zero indicating exclusive analytical or verbal-

logical preference and 36 – exclusive visual-pictorial preference.  

   Donaldson’s (1963) framework was used in analysis of students’ written work on calculating 

of partial derivatives, simplifying algebraic expressions, and evaluation of double integrals with 

known limits. I was interested to see the types of errors students make while working on surface 

area problems. According to Donaldson, there are three types of errors: structural, executive, and 

arbitrary. Structural errors occur when a student fails to appreciate the structure of imposed 

constraints, executive errors occur when a student who knows the structure and proper procedure 

makes a “loss of hold” error or a careless error in execution of a known rule. Arbitrary errors 

occur as a result of failure to adhere to the problem or giving an answer without justification, 

which usually manifest in guessing or quitting. 

   Emerging consistent patterns were observed within certain groupings of the students. These 

similarities determined the direction of the research. Originally, I went into the classroom 

anticipating 7 different case studies, one for each student. However, after semester-long 

observations analyzing all data retrospectively I have grouped 7 participants with the help of 
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mathematical visualization and mathematically accuracy scores into three distinct groups as seen  

in Figure 1. 

   Mathematical accuracy score was obtained from the students’ grades on the in-class test given 

by the instructor to assess mastery level of the multivariate content of the course, Appendix E. 

The instructor graded all students’ work on a 100 possible point scale. I used mathematical 

accuracy score as a horizontal number line. 

   Mathematical visualization score, used as a vertical number line, was obtained by 

administering Presmeg’s visualization instrument. The range of possible scores was 0 to 36.  

   Intersection of the horizontal and vertical number lines was drawn at the point of statistical 

mean of both scores,  9.79,4.15 . The participants were divided into three groups/cases (Fig.1) 
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Figure 1: Grouping of Participants 

 

   Once collection of the data was complete, the analysis became more comprehensive, taking in 

account the totality of the picture formed in the study rather than day-by-day reflection. Data 

were organized in the categories by participants (singular analysis) within each case. Each case is 

analyzed as a separate chapter. Within each chapter, I will show evidence of the participants 

understanding of surface area as it pertains to the terminology, analytic understanding and visual 

understanding. In the last chapter analysis across cases will be made to identify overarching 

trends and unusual phenomena. 

   Originally, an informal exit group interview was to be conducted at the end of the study. I 

planned to provide all participants (including the instructor) with a short outline of final 

conclusions before the meeting. The goal of the exit interview was to have a constructive 
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discussion of strength and weaknesses of the study and its findings. However, due to scheduling 

difficulties, the exit interview with the students did not take place. The instructor was given a 

draft of all summaries and conclusions made by me on students’ understanding and returned the 

draft to me with his comments. All of those comments were considered and implemented in the 

analysis. 

Validity and Reliability 

   There are two types of validity: internal and external.  

 

Internal Validity 

   Internal validity addresses the issue of how well research findings match reality. External 

validity deals with the extent to which the findings could be applied to other situations. Merriam 

(1998) suggests that by using six basic strategies a researcher can enhance internal reliability. 

They are: 

1. Triangulation. This proposal calls for multiple ways of gathering data. 

Multiple sources of data: students’ views, their written work, instructor’s 

input, researcher’s observation provided different points of view of the 

students’ understanding of the surface area. Such independent alternative 

perspectives helped to make a “pooled” judgment of emerging trends and 

establish their validity. I used my field notes, participants’ answers at the 

interviews, instructor’s input and students’ written work to create such 

multiple viewpoints. 

2. Member checks. As the data were analyzed and interpreted conclusions were 

taken back to participants to verify if the interpretation were accurate. I started 

each new interview with a brief overview of conclusions I reached from the 

previous session and asked the participant to add or correct those conclusions 

if they were wrong. I stopped by the instructor’s office after class several time 

to share my observations and listened and recorded his interpretations of the 

students’ understanding. No major disagreements were found. The students 

and the instructor validated my conclusions and were pleases with the fact that 

their voice was heard.  
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3. Long- term observation. Even though the duration of the instruction on 

surface area is only one instructional hour I observed almost every session 

during the fall semester of the entire course. I was able to observe the students 

at the beginning of the semester when they were excited and ready to start 

their academic year and at the end of the semester when they were tired and 

burdened with other classes’ demands. I was able to contrast students’ 

understanding of the surface area, which is a part of the multivariate content, 

to the content that had much less of visual-pictorial component, such as 

sequences and series. I was able to create personal connections with the 

students so that they did not see me as an intruder and an outsider to their 

shared classroom experience and became a part of the “landscape” of the 

class. 

4. Peer examination. I asked for guidance and advice from the major professor of 

my doctoral committee as well as welcoming input from the instructor of 

calculus III class in which the study took place. I had short periodic “chat” 

sessions (15 – 20 minutes) with the instructor about my observations and 

continued correspondence with him after the semester was over. The 

instructor read the final draft of my analysis and provided his feedback by 

validating my observations and analysis. 

5. Participatory or collaborative modes of research. The instructor of calculus III 

class studied was a part of the research. The questions similar to the ones I 

asked the students in the interviews on surface area problems were covered 

during the instructional time. The instructor also made participation in this 

research attractive to the students by calculating certain bonus points in the 

students’ grade under “research”. Students’ thoughts and work on surface area 

problems were weighed heavily and served as basis to forming groups of 

participants into cases according to similarities. 

6. Researcher’s biases. The data never speak for itself. Therefore, it is important 

to present the researcher’s assumptions, worldviews and theoretical 

orientation at the very beginning. Based on my past experiences, my bias is 

that I believe that the students will do well with calculations of sub question 1, 
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will show a fair amount of knowledge in question 2, but will struggle with the 

spatial aspect of surface area problems. I will assume that understanding is 

incomplete or lacking if structural or arbitrary errors are made. It was my 

strong determination not to allow my biases to lead me in this research. My 

research was not about affirming my biases, but rather about understanding 

the phenomenon of how students think about surface area through analytical 

and visual lenses.  

 

External Validity 

   In qualitative research, where multiple constructions of reality are possible, and the researcher 

is the primary instrument of data collection, one must take careful steps in enhancing external 

validity. I will re-create the phenomenon in writing through using rich description (accurate 

quotes, detailed description of settings, participants, inclusion of field notes, etc.) that will allow 

the reader to make conclusions. Member checks were used to gain trust from the participants to 

ensure accuracy of the description.  

   The second aspect of external validity is to describe typicality or model category of my 

research, so that the reader may judge for himself if the findings were observed in a typical 

classroom. My research took place in a small private 4 year college and generalizations to any 

multivariate calculus class might not be appropriate. This research does not make any claims on 

how the size of the class affected the students’ understanding, but it is a valid characteristic to 

consider. Another factor of typicality to consider is the students’ year in college. In the class I 

observed there were 1 freshman, 2 sophomores, 2 juniors, and 2 seniors. Even though each year 

of a traditional bachelor program is represented by at least one participant, I encourage the reader 

to make judgment on how typical of a representation he or she is. I will provide full disclosure of 

the facts, observations and images that serve as grounds for my analysis. 

   Multisight designs is the third aspect, as proposed by Merriam (1998), that enhances external 

validity. It is important to collect data using several cases, situations, locations to achieve 

“maximum diversity in the phenomenon of interest” (p. 212). More than one participant was 

observed and three distinct cases were formed in the process of the research. I triangulated data 

sources by examining students’ written work, my classroom observations, and the students’ oral 

explanations. Participants represented all four years of a typical undergraduate college student 
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career. There were three universities within 60 mile radius of my zip code who offered calculus 

III in the fall of 2006. All three received a letter to request permission to conduct this research. 

Only one university was receptive. All students who took calculus III in that university were 

observed, therefore a convenience cluster sampling occurred. The fact that it was also well 

stratified came as an unintentional bonus rather than research design. 

 

Reliability 

   Reliability addresses the issue of whether the findings of the study can be replicated if another 

person has conducted the study. In a qualitative study this aspect is of a particular importance 

since the focus of the study is human behavior which is not static. The challenge for me is to 

present, to the fullest degree possible, the investigator’s position. This includes theoretical 

positions, selection processes (of subjects, of instruments, location, etc.), and the social context 

from which the data are to be collected. Along with explaining the investigator’s position 

triangulation should be employed. Triangulation strengthens both internal validity and reliability 

in terms of independent sources of data collection and analysis. Audit trail is also very important. 

Any interested party will be able to trace the progress of my investigation. In order to do that, the 

researcher will maintain accurate account of how data is collected, emerging trends are detected, 

and conclusions reached throughout the entire study. 

 

Specific Procedures 

 

Participant selection 

   I made calls and e-mailed all colleges in a 60 mile radius of my zip code that offered calculus 

III in the fall of 2006 with a request to conduct this research. One university was receptive in 

allowing me to come to the class and work in close collaboration with the instructor. On the first 

day of the class, the instructor gave the students the syllabus where participation in research 

provided for bonus points to the final class grade, see syllabus in Appendix F. All students were 

asked by the instructor to take Presmeg’s instrument during the second week of the classes and 

all 7 students chose to sign the letter of consent prior to administering the instrument. 

   A case study provides a unique opportunity to describe an important phenomenon. From the 

literature review we know that visualization is hard for students (Habre, 2001b). What we do not 
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know is what is going on in a student’s head. Looking intently at a few separate cases will help 

in obtaining a more complete picture of students’ thinking processes and their understanding of a 

visual concept of a surface area. Case study methodology allows for the flexibility of adjusting to 

the dynamic development of human interaction that cannot be fully predicted beforehand. It also 

allows for a rich description. 

   To gain deep insights into students’ thinking three interviews were conducted. 

 

Interview 1  

This interview provided me with the opportunity to introduce myself and learn about the 

participants through the questionnaire and to address students’ understanding of the terms of 

surface area of solids, spheres, prisms, pyramids and cylinders in particular. The students were 

questioned about their understanding of the solids and the regions they project. Each student was 

interviewed individually. The students were encouraged to tell me everything they knew about 

these solids. 

Objective: Interview 1 is designed to investigate whether the students understand the language an 

instructor speaks in the classroom in the same way the instructor does, and what visual 

understanding the students demonstrate while working with 3D solids. The interview was audio-

taped, transcribed and analyzed and consequently member-checked. 

 

Interview 2  

   This interview addressed students’ motivation to learn multivariate content and their analytic 

understanding of surface area problems. 

Objective: Investigating analytical understanding. At this stage the objective is to investigate 

how students understand evaluation of a given integral. What integration technique they use, 

how slow/fast they obtain the answer, what they do while working on the integrals (memory, 

looking in the book for formulas, worked out examples etc.), numerical manipulation (carrying 

out numerical manipulations in their heads, with the use of calculator, both). Correctness of the 

answers was analyzed through the Donaldson framework and students’ thinking was analyzed 

through Krutetskii’s framework. 
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Interview 3 

This interview investigated students’ understanding of surface area problems. 

Objective: Interview 3 aimed to discover students’ thought process while working with multi-

step questions. At this stage of the study the students had already established a good idea of 

whether the difficulties are at the level of procedures, terminology, or visualization. I wanted to 

investigate how all of these ingredients come together for each student. The researcher feels that 

this interview ventured into undiscovered territory. My main goal was to determine students’ 

understanding when faced with a familiar problem of finding surface area of solids studied in 

grade school requiring complex execution of separately learned skills.  

 

Table 3. Summary of Specific Procedures 

 2
nd

 week 5
th

 week 13
th

 – 15
th

 

weeks 

Letter of intent addressed to the instructor √   

Presmeg’s Instrument √   

Selection of Participants / Letters of consent √   

Interview 1  √  

Interviews 2, 3   √ 

 

 

   Looking intently at a few separate cases helped me obtain a more complete picture of students’ 

thinking processes, their understanding of a visual concept of surface area problems of 

multivariate calculus. My long term goal is to become a knowledgeable pedagogue. The 

experience of conducting this study taught me that there are always hidden meanings not readily 

manifested that the students bring with them to any classroom. Findings of this research will help 

the reader to tune into seven students’ side of thinking processes and through listening to their 

stories learn beneficial insights to the mathematics pedagogy in general.
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CHAPTER 4 

THE CASE OF VISUAL PREFERENCE & ABOVE CLASS’ AVERAGE 

MATHEMATICAL ACCURACY 

 

   Presmeg’s mathematical visualization instrument was administered to participants to assess 

their preferences in solving mathematical problems. A student received 2 points for choosing a 

visual solution and 0 points for choosing an analytical solution. Students were told that there 

were no wrong answers, but they were not told how their answers would be graded. The range of 

scores for mathematical visualization score was between 0 and 36. A horizontal number line was 

used to represent students’ mathematical visualization scores. A zero represents a person who 

prefers to solve problems only analytically and 36 represents a person who prefers to solve 

problems only visually whenever given a choice to employ both methods. Both Tim and Peter 

scored mid range to high, 16 and 20, respectively, illustrating a comfort level in solving 

problems visually. 

   Multivariate content of the course was covered during weeks 12, 13, and 14. Students’ 

understanding of the multivariate course was assessed with one of the three unit test. These test 

grades were used as a mathematical accuracy score. The instructor graded the tests on a 100 

point scale. The range for mathematical accuracy score was between 0 and 100. A vertical 

number line was used to represent students’ mathematical accuracy scores. Both Tim and Peter 

scored in mid eighties, 84 and 85, respectively, demonstrating above average mastery of skills 

tested. 

   Both Tim and Peter’s scores illustrate an above class mean mathematical visualization score 

and an above class mean mathematical accuracy score, (16,84) and (20,85), respectively. Refer 

to Figure 1 to see relative placement of Tim and Peter among other students. 

   The remaining portion of the chapter will provide a brief introduction of Tim and Peter, their 

basic understanding of surface area and solids, their motivation levels during multivariate 

content of the course, and their analytical and visual understanding. 
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Introduction of Participants 

Tim 

   Tim is a 19 year old white male who grew up in a large city with population of about 2 million. 

He is a sophomore in the 3
rd

 semester of college. In the last year of high school he took 

Advanced Placement physics and single-variate calculus. He took the national exam and earned a 

5 in both subjects, the highest possible score. Tim was offered a full scholarship at the university 

where the study was conducted and he accepted it. He is a full time student who lives on campus. 

   Tim’s professional goal is to graduate with a major in math and minor in business. Tim told me 

about a friend who owns a pizza business where Tim spent 2 summers working. They came up 

with an expansion plan that involves Tim running an additional restaurant for his friend. “I will 

probably not use this degree – I will own my business”. He further said that a college degree was 

just a “fall-back-on thing”. 

   Much later, and near the end of this research, Tim opened up and told me about his conflicting 

professional interests. Tim shared with me about another high school friend who attends an 

engineering program at a large university. Tim said that during their frequent phone calls he 

found himself drawn to the classes his friend takes. Tim shared that “he would love to become a 

civil engineer”. He found that he enjoyed physics better than mathematics, but due to the small 

size of the university where Tim is the number of offered programs is limited. Neither 

engineering nor physics are available as majors. Tim did not abandon his physics studies and 

became very close with a physics professor. Tim obtained an undergraduate assistantship from 

the physics professor. Tim’s duties included assisting the professor in physics classes and during 

weekly public planetarium lectures.  

   Tim was also actively involved with the university theatre. He was an assistant director of an 

annual play, an important publicity event for the university. At the very beginning of the 

semester Tim seriously considered changing majors to drama and theatre and dropping out of his 

calculus III class. He went to the instructor’s office hours to tell him about the decision to drop 

the class at the end of the 2
nd

 week of classes. Tim credited the fact that he stayed in this class to 

the instructor: “I like him and his teaching style”. Tim also told me that the instructor shared with 

Tim a similar experience he went through as an undergraduate student. He told Tim that he 

enjoyed mathematics application the best and initially wanted to be in an engineering program 
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but the program was not available. The instructor added that he was glad he made a decision of 

staying with the mathematics and that he enjoyed teaching. 

   Overall, Tim admitted that he struggles with what career path he wants to be on. He said that 

he enjoys mathematics because “I am good at it and it comes easy to me” but at the same time he 

has a strong desire to pursue his theatre passion. Physics and engineering attract him very much 

as well. 

   Outside his classes, Tim is a math tutor at the student center and is in charge of intramurals in 

his fraternity. He also adds with a smile that unofficially he is a “full time” math tutor to all his 

fraternity brothers. 

   Tim was often 5-15 minutes late and sometimes absent from class. He explained this fact that 

even though he enjoys the class very much and likes the instructor a lot he has a hard time 

getting up on time to make the 8 am class. Tim said that he is often late even to his 2
nd

 class of 

the day, physics that is offered at 9:35. “If the class was offered closer to an afternoon I would be 

perfectly fine with being in class on time.” 

   Tim says that he is somewhere between “like math very much” and “ambivalent” and expects 

calculus III to be considerably hard. Tim’s visualization score is 16 suggesting he is a harmonic 

thinker  4.15MV . Here is a statement that illustrates Tim’s harmonic way of thinking: 

 “… I really like formulas now… If you give me a formula I can picture it myself and it is 

a lot better than just seeing a picture. If I see a picture on a paper but I don’t really 

understand it, it does me no good. But if I can just look at an equation I understand it and 

I always have a picture in my head. Sometimes I don’t have a picture right away – you 

just work it out”. 

 

   Tim always sat in the first row, usually by himself. I did not observe Tim making close 

connections with any other student, a trait Tim has in common with the other participant of this 

group, Peter. 

 

Peter 

   Peter is a 19-year old white male student in the 3
rd

 semester of college. Peter took calculus I 

and II in the first year of college and calculus III is “a natural progression” he says. Peter’s last 

high school math class was single-variate calculus. He reported to have earned an A- and said 

that “since I am good in Math I enjoy it”. Peter said he is in between “like math very much” and 

“ambivalent” and said “based on what my friends say” this class will be somewhere between 
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easy and moderately hard. Peter’s mathematical visualization score is 20, suggesting his visual 

preference or geometric type of thinking, and mathematical accuracy score is 85.  

   Peter is a very reserved young man. Peter is quiet and did not smile much.  He sat at the front 

of the class, on the other side of the room from Tim, alone and did not initiate conversations with 

his classmates. He only spoke to others if asked a question. However, he was one of the students 

who asked the most questions in class. Those questions were always pertinent to the calculus 

concepts, such as how to set up an integral or how to decide best order of integration as opposed 

to questions about algebraic manipulations. In his answers Peter was very concise and serious.  

   Peter’s professional goal is to become a computer programmer and his declared major is 

mathematics. Peter is a full time student who lives on campus. He is on the university soccer 

team and is on full athletic scholarship. Peter was always on time. His home work assignments 

were consistently turned in on time. The only time Peter was absent from class was due to an 

away-soccer game and Peter brought documentation of the fact to the instructor prior to the 

game. 

 

Tim and Peter’s Understanding of Solids and Surface Area 

   Tim and Peter were interviewed to determine their basic understanding of solids and surface 

area prior to formal introduction of these topics in the multivariate content section of the course. 

Each student was interviewed separately. 

 

Tim 

   Solids and Surface Area Tim described a solid as a complete 3-dimensional object, without 

holes and surface area as the “entire area of the outside surface of an object”. He said that he 

usually does not have trouble picturing the solids in his mind or drawing them on paper. Tim’s 

description aligns with the basic level of geometrical shapes studied in school, but does not 

include more complex solids such as solids of revolution that may have holes in them. Tim 

understands that a solid has more than just a surface and that the surface area is the “outside” of 

the solid. Tim’s understanding of a general solid and its surface area are satisfactory and were 

not a hindrance to Tim’s acquiring of new calculus concepts. 

   Projection of a Solid The projection of an object had not been introduced in class at the time of 

the interview. Tim’s understanding of projection was a “shadow” of the object onto a surface. 
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However, Tim said that he did not know the formal definition of a projection in calculus III and 

that the “shadow” of an object was his guess. Tim’s intuition will manifest itself in the correct 

depiction of projections of specific shapes later in the interview, providing evidence of Tim’s 

thorough, however immature, understanding of projection. 

   1
st
 Quadrant of the xy-Coordinate Plane. I asked Tim to draw x-, y-, and z-axes and shade the 

1
st
 quadrant of the xy-coordinate plane. Tim drew this diagram quietly. He marked the axes with 

their names, but did not use arrows. Tim’s graph of the 1
st
 quadrant within the 3-dimensional 

system is easy to read and understand, he used a pattern imagery. Tim’s representation of this 

quadrant is traditional with the first octant in the forefront to the right. 

 

Figure 2: Tim’s 1st Quadrant of xy-coordinate Plane 

 

   Sphere I asked Tim to draw a sphere to see if he understood what a sphere was and whether he 

could represent it. Tim said that sphere is a ball and he drew a picture of it, seen in Figure 3. 

 

Figure 3: Tim’s Sphere 
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   I asked Tim what the sphere’s projection on the 1
st
 quadrant of xy-coordinate plane was. Tim 

drew a second picture of the sphere within the 3-dimensional coordinate system. He placed the 

second sphere over the 1
st
 quadrant, Figure 4. 

    

Figure 4: Tim’s Projection of the Sphere 

 

   After thinking for a moment Tim said that the projection of the sphere would be a circle and he 

pointed to the sphere’s “equator” with his pencil. Then he added that the projection was like the 

whole sphere “squished” onto the plane. Tim did not shade the inside of the “equator”, yet his 

description suggests that he thought that there was more to the projection than the outline of the 

circle. 

   Cylinder Tim described a cylinder as a “tube: round edges but flat at the top”. His drawing of a 

cylinder is seen in Figure 5. Tim showed a well-rounded understanding of the cylinder’s 

projection as he stated that the projection could be a rectangle, if the cylinder is on its side. If the 

cylinder is upright then its projection would be a circle. Tim drew only the rectangle for a 

representation of the cylinder’s projection and not a circle, Figure 6. 
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Figure 5: Tim’s Cylinder 

 

 

Figure 6: Tim’s Projection of the Cylinder 

 

   Prism. When asked about a prism, Tim looked around the room, got up from his chair, crossed 

the room and picked up a crystal triangular prism that is used for scattering a ray of light into its 

spectrum from the physics professor’s shelf. He did not draw the prism on paper, yet his 

behavior demonstrated deliberate search for and understanding of what a prism is. 

  Additional evidence of Tim’s understanding of 3-dimensional objects and their pictorial 

representation came from my mistake. An error in the directions had Tim draw a prism instead of 

a pyramid. The problem Tim read was: “draw a triangular prism (all other students were asked 

about a pyramid) with one of the vertices at the origin at which three edges (6 units, 3 units, and 

2 units) form a 90 degree angle pair-wise and mark all important information. What is its 

projection on the 1
st
 quadrant of xy-plane?” I realized what I did only after Tim produced a 

correct picture of the prism. He was the last student to be interviewed in this round of questions 

and the only one presented with this problem. 

   Tim said that all of the terms and words in the description of the problem were familiar to him. 

After taking time to draw the prism (see Figure 7), he made sure to mark the vertices. Even 

though none of the axes are marked, ordered coordinate triples suggest the same coordinate 

system as in Figure 2. 
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Figure 7: Tim’s Prism 

 

 

   Tim read the problem twice before starting to work on it and one more time after the picture 

was complete.  He said that since the problem had specifics of how long the edges were he had to 

be careful how he drew the prism. Such attention to detail and cautiousness against losing 

information was a consistent feature of Tim’s work. He finally said “And the projection would 

be a rectangle – the bottom side”, which is a correct statement. 

   Pyramid. During the 3
rd

 interview, Tim demonstrated that he had a good understanding of a 

pyramid as well, see Figure 8. He drew coordinate-plane faces of the pyramid using traces-

technique and correctly identified them as triangles. Tim said that the pyramid’s base will also be 

a triangle.  
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Figure 8: Tim’s Pyramid 

 

   Forming a Solid. I asked Tim to draw in the same set of coordinates a cylinder centered around 

the z-axis with height 4 and base radius of 2, and a plane that has three points (6,0,0), (0,3,0) and 

(0,0,2). 

   I also asked Tim to describe the portion of the solid formed in the first octant below the plane, 

and the projection of the solid in the 1
st
 quadrant of the xy-coordinate plane. 
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Figure 9: Tim’s Cylinder and Plane 

 

   This task was the first time I was exposed to Tim dealing with a situation where he was not 

sure what the answer should be. Tim appeared to have trouble with the problem after drawing the 

picture shown in Figure 9. He had successfully completed the first part of the task by creating 

separate graphs of the cylinder and the plane. Tim’s understanding of the formed solid in the 1
st
 

octant becomes apparent from his out-loud pondering: “1
st
 octant is where x, y, and z are 

positive. If I am looking at just the cylinder than it would be a wedge like this”, see Figure 10. 

 

Figure 10: Tim’s Part of the Solid in the 1st Octant and its Projection 
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   Tim continued with his analysis: “Then the plane cuts it kind of diagonally on the top, so I am 

not sure what the projection would be: if it is the top of the formed solid or just the bottom of the 

wedge…” It is apparent that Tim has a clear representation of the way the coordinate planes, the 

cylinder and the plane form the solid. Tim said that the surface shapes of the top of the solid and 

the bottom were different. He shared that in his mind’s eye the shadow of the top onto the xy-

plane was the bottom of the wedge. Tim added the fact that surface areas of the top and bottom 

of the solid were different was confusing. In the end he decided to shade the bottom of the 

wedge, which is correct, but admitted he still was not sure if it would be correct. 

 

Overview of Tim’s Understanding of the Solids and Surface Area 

   Tim’s basic understanding of a quadrant, sphere, prism and pyramid and his drawing skills are 

exemplary. He can talk about the solids comfortably and make parallels to real life objects as he 

demonstrated with a triangular prism found in the office of the physics professor or a “tube” for a 

cylinder. Tim also demonstrated an ability to “move” objects around in 3-dimensional space 

while thinking or portraying them: he distinguished situations where a cylinder might be on its 

side and therefore had a rectangular projection versus an upright cylinder whose projection 

would be a circle. He used isomorphic visualization and employed concrete pictorial and pattern 

imagery 

   Tim guessed that a projection, in general, of an object onto a surface probably was a shadow of 

the object. “If it is a circular object it would be a circle”. Tim’s vocabulary was more child-like 

than textbook-like here. However, Tim recognized that a projection carried the object’s 

properties: “It’s the object itself just placed on the ground.” For a student who never had read a 

definition of what a projection of a 3-dimensional object onto a plane is, Tim’s understanding 

exceeded my expectations. 

   Tim’s understanding of a solid lacks completeness. He defined a solid as a 3-dimensional 

object without holes. Such a definition excludes solids of revolution studied in calculus II, for 

example a washer. However, in the context of this study, Tim’s understanding of solid is 

sufficient. The ticks and numbers Tim used in his graphs speak of his ability to carry specific 

analytical properties into picturing general shapes of the solids discussed during the interview. 

The radius of the cylinder, it being centered around the z-axis, or the ordered triples of the prism 

are examples through which we see Tim’s complete and accurate understanding of the imposed 
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properties of the solids. Tim’s graphing style was deliberate, thorough and non-rushed. He 

approached each task by carefully reading the directions. Overall, Tim demonstrated a well-

developed visual-pictorial component in a relative equilibrium with verbal-logical component, 

supporting his harmonic type as related to the definitions of the solids discussed in the interview. 

 

Peter 

   Solids and Surface Area. Peter said that a solid is any 3-dimensional object and that the surface 

area is “the area of each side of the solid added up together”. Even though Peter’s understanding 

of a solid will prove to be sufficient through examples followed in this section, his generalization 

of a solid to any 3-dimensional object is too broad. Such definition includes all 2-dimesnional 

surfaces, for example a hollow sphere. It also includes surfaces of revolution with infinite surface 

area, for example a paraboloid – a surface studied in calculus II. Peter’s definition of the surface 

area demonstrates his understanding that a solid may have many faces for which one would find 

its area separately to be added up as a result at the end. Peter’s understanding of the solid and 

surface area in general is sufficient and did not prevent him from acquiring knowledge of new 

calculus concepts. 

   Projection of a Solid. Projection of an object had not been introduced in class at the time of the 

interview. Peter’s understanding of projection was an “overhead projector” a teacher used back 

in school. Peter said he was not sure what it meant in calculus III. 

   1
st
 Quadrant of the xy-coordinate plane. Peter drew this diagram quietly, Figure 11. He marked 

positive directions on the axes with arrows and their names. Peter’s depiction of the 1
st
 quadrant 

within the 3-dimensional system is traditional with the 1
st
 octant presented in the forefront to the 

right.  
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Figure 11: Peter’s 1st Quadrant of the xy-Coordinate Plane 

 

   Sphere. Peter said that a sphere looks like a soccer ball. I asked Peter to draw a sphere within 

the 3-dimensional coordinate system and then identify the sphere’s projection on xy-coordinate 

plane. Peter drew the sphere by itself without the coordinate axes. He said “I am not sure what 

you mean about the coordinate system” 

 

Figure 12: Peter’s Sphere 

 

   I offered to draw the origin and the axes for Peter’s sphere to see if it would help with the 

question about the sphere’s projection. Peter accepted my help and after looking at the drawing 

shown in Figure 13 he said: “I am having hard time here. I am not sure what projection is”. After 

a short pause, Peter drew a dotted circle away from the sphere. He did not comment on it. Peter’s 

intuition of the projection manifested in the very faint circle, but he dismissed it. I asked Peter if 

the dotted circle was the sphere’s projection he said he was not sure. 
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Figure 13: Peter’s Attempt at a Sphere's Projection 

 

   Cylinder. Peter said that the cylinder looks like a can of soup. When asked to draw a cylinder 

within a 3-dimensional coordinate system, Peter drew a sideways cylinder, not a usual 

representation of the cylinder. Figure 11 suggests that the cylinder is centered around the y-axis. 

 

The circle is very faint 
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Figure 14: Peter’s Cylinder 

 

   Prism. Peter had shown a multi-leveled understanding of the prism by pointing out that the 

base could have many distinct shapes “Well, it [prism] could be rectangular or… there are a lot 

of them”. I asked Peter to draw a rectangular prism. Peter’s drawing pictured in Figure 15 shows 

that he was thinking of a pyramid instead of a prism.  



  52 

 

Figure 15: Peter's Rectangular Prism 

 

 

   “What is a triangular prism?” I asked. “Like a pyramid?” Peter replied. He explained: “It just 

has one side that is a triangle”. This was a structural error in understanding. 

   Pyramid. I asked Peter to draw a pyramid with one vertex at the origin at which three edges (6-

, 3-, and 2- units) form a 90 degree angle pair-wise. 

Peter asked “What is pair-wise”? 

I told him that “it means that any two edges form a 90-degree angle at the vertex”. 

   Peter had a hard time drawing the pyramid. He was biting on the tip of his pencil while 

thinking. Dotted lines in Figure 16 suggest that Peter started a rectangle for a base parallel to xy-

coordinate plane and the vertex at the origin, an “upside down” version of the shape in Figure 15.  

He drew a 6-unit edge along the positive x-axis but it is clear that he struggled with connecting 

three edges at 90-degree angle pair-wise.  Peter said that he did not know how to draw the 

pyramid and would not be able to answer the question about the projection. 
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Figure 16: Peter's Pyramid 

 

   Earlier conversation suggests that Peter confuses prism with a pyramid. His understanding of a 

triangular prism is that it is a pyramid, just a triangle for the base. Peter’s understanding of how 

different shapes of bases affect the overall object is noteworthy. None of the students 

participating in this study brought up the fact that a prism may have different shapes for its base. 

Peter was the only student to mention it. However, he is confused by a new to him term 90-

degree pair-wise angles. Peter was not able to finish his picture of the pyramid. 
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   Forming a Solid. I asked Peter to draw in the same set of coordinates a cylinder centered 

around the z-axis with height 4 and base radius of 2, and a plane that has three points (6,0,0), 

(0,3,0) and (0,0,2) 

   I also asked Peter to describe the portion of the solid formed in the first octant below the plane, 

and describe the projection of the solid in the 1
st
 quadrant of the xy-coordinate plane. 

 

Figure 17: Peter’s Cylinder and Plane 

 

   Peter said he was not sure how to draw the plane. He was biting his pencil again. Later, Peter 

wrote the coordinates to the side. Finally, he said that the portion of the cylinder in the first 

octant would be a “quarter of it” and drew the “top” view to the side of the picture, Figure 17.  

   I observed the same behavior when Peter worked on the sphere. Peter drew the circle for the 

sphere in the similar manner, to the side of the picture, Figure 13. These side pictures suggest 

that Peter has an intuition, an ability to see with his mental eye, of what a projection is but since 

he does not know the formal definition of a projection he puts the pictures aside and does not 

validate them. 
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Overview of Peter’s Understanding of the Solids and Surface Area 

   Peter’s understanding of the 3-dimensional coordinate system is well-formed. He is 

comfortable talking about quadrants, octants and is able to correctly plot points described with 

ordered triples. 

   Peter understands a sphere and a cylinder and demonstrates ability of being versatile when 

graphing them, a non-traditional representation of the cylinder as a sideways versus an upright 

one. He was confused about placing the sphere in the 3-dimensional coordinate system first but 

after seeing an example of it was able to apply the concept easily in later pictures. He 

demonstrated isomorphic visualization with the use of concrete pictorial and pattern imagery. 

   Peter confuses pyramid and prism, identifying that a pyramid is just a triangular case of a 

prism. He did not demonstrate understanding of the fact that a prism has two parallel faces, 

called bases. Instead, a prism is a solid that can have different shapes as a base with only one 

point, a vertex, at which all other vertices are connected with edges. 

   Peter’s understanding of projection lacks completeness at this moment of time, prior to the 

formal introduction of surfaces in the course. His side pictures hint that there is an intuition, an 

idea of what it might be as an image of a picture being projected on the wall. I will show later 

that Peter’s ability to draw and his understanding of projection will improve dramatically to form 

a rounded view and understanding of the concept. 

   Overall, Peter’s understanding of the terminology is aligned with Krutetskii’s geometric type 

of thinking. A well-developed visual-pictorial component affects the verbal-logical component 

negatively in situations when a geometric thinker is unsuccessful in producing visual supports 

for his thinking as exemplified in the case with the pyramid and prism. 

 

Students’ Motivation during Multivariate Instruction 

   There was an 8 week period between the first round of interviews, intended for exploring 

students’ understanding of solids and surface area, and the last round of interviews on analytical 

and visual understanding. This is a brief section describing in-class instruction and the students’ 

motivation to learn. There are many contributing factors to forming understanding of a new 

concept. One factor is whether students’ and the instructor’s use and understanding of the terms 

are aligned. Another factor would be whether a student’s disposition toward multivariate content 

drives the student to explore new concepts after the in-class instruction or affects the student in a 
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negative way when the concept makes the student feel anxious and overwhelmed. The main 

content of the study was introduced at the very end of the semester and it was important for me 

to establish whether the students’ were affected by fatigue and/or other demanding classes they 

were taking at the time. Both Tim and Peter told me that they liked the multi-variate chapter the 

most. They did not appear tired or overwhelmed. 

   On Monday of the 13
th

 week of the semester, the instructor spent 30 of 50 minutes answering 

questions from previous sections on “Double Integrals and Volume” and “Change of Variables: 

Polar Coordinates”. Material of the section on “Surface Area” was introduced in the last 20 

minutes of the class. Peter made a comment in class: “such a big formula to calculate just a small 

portion of the surface area”. Suggested homework was assigned for “Surface Area” but none of it 

was to be turned in for a grade until the following Monday due to the Thanksgiving break. The 

instructor spent 11 minutes answering a homework question the next class and started a new 

section, Triple Integrals and Applications, at 8:11. Overall, in-class instruction time for Surface 

Area was 31 minutes.  

   The instructor usually assigned 10-15 problems from each section as homework but only 2-3 

problems were assigned to be turned in for a grade. The following are self-reported data. 

 

Tim 

   Tim said that he learned the most in this chapter. It was his favorite chapter of the course. He 

said all the separate things that were taught earlier came together in this chapter. For example, 

Tim said that polar coordinates were something he was not very comfortable with earlier, but 

studying them now made more sense. “I see the knowledge as tools and why we need to use 

them. This chapter makes all the previous work relevant. It was all for a reason!” Tim also added 

that while his motivation to learn was as good as zero at the beginning of the semester, it was 

very high during the material of multivariate calculus. Tim’s class attendance was 100% during 

multivariate instruction, a fact that stands out in the background of Tim’s many prior absences. 

My observation of Tim’s class participation confirmed that he was more engaged. He answered 

the instructor’s questions out loud and was taking more notes. 

   Tim told me that he normally attempted at least one problem from each “block” within a 

section. [Tim referred to a collection of problems following one general direction as a “block”]. 

He said that he always worked on extra credit assignments and always completed all problems 
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that were to be turned in, but he did not review the chapter on Conic Sections that was assigned 

to be reviewed prior to multivariate content. Tim said that he spent an hour and a half on each of 

the first two sections of the chapter until he figured out that he was making “simple things 

complicated” and the other 2 sections only took him 40-50 minutes each. He particularly enjoyed 

setting up integrals. At first, polar coordinates were hard but he learned to understand them better 

and it will be shown in a later section that Tim is proficient with them. Tim and Peter 

successfully were able to switch to polar coordinates. The hardest thing in this chapter, according 

to Tim, was to think of the surfaces described by equations, but he mentioned that it was also 

what made this chapter so interesting.  

   Tim reported that the problems he worked outside the class “stuck” in his memory. He said that 

sometimes a newly assigned problem reminded him of a different one. He then would find the 

problem he was reminded of in either the book or his notes and it provided a better background 

for the new problem. Tim said he applied the same technique to the problems that were difficult 

to him. He would search the section for similar easier problems either within the explanation part 

of the section or within the exercises and problems section. Tim would try working those easier 

problems first and then would go back to the problem that was more difficult at the beginning, 

and it was “making more sense now”.  

   Tim described himself as imaginative, understanding and proud in this class. He said that he is 

proud because he could see how his classmates struggled with the visual part of the class and it 

came easy to him.  

 

Peter 

   “I am more motivated about this class than any of my classes” said Peter. He described himself 

as a diligent and honest student. Out of all the content, he said that he liked the multi-variate 

chapter the best.  

   Out of 10-15 problems that the instructor assigned as suggested home work Peter attempted 

some of them, but not all of them. He also told me that he did not review the chapter on Conic 

Sections. He said that the region of integration, R, was ok, but that switching order of integration 

was hard at first: “I was stuck on seeing y as a constant”. Overall, he said that he spent 40-45 

minutes on each of the 1
st
 two sections, Iterated Integrals and Area in the Plane and Double 

Integrals and Volume, outside the classroom. “Change of Variables: Polar Coordinates” was 
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harder. Peter said he spent 1 hour and 45 minutes and that the hardest thing was figuring out the 

region and the graphs. 

 

Overview of Tim’s and Peter’s Motivation to Learn 

   Peter and Tim enjoyed the multivariate chapter the most. They turned in their homework 

assignments on time and were noticeably engaged in the in-class instruction. In spite of the end 

of semester the students appeared to have focus, untainted by weariness or fatigue. They reported 

to work on suggested problems in addition to the required assignments. Tim told about his ability 

to retain knowledge and carrying it into new context, enriching his overall understanding of 

calculus concepts (for example the case of polar coordinates). Peter showed an ability of 

overcoming his struggles, such as being stuck on treating y as a variable instead of a constant and 

vice-versa in the process of switching the order of integration and learning to understand it 

better. Overall, the students reported to follow the instructor’s terminology and analysis with 

ease during the class. 

 

Students’ Analytical Understanding of Double Integrals 

   This section will provide evidence of students’ work on iterated integrals. Each student was 

asked to evaluate three integrals. The students had exposure to similar integrals during the in-

class instruction. Evaluating these integrals involved algebraic manipulations of numbers and 

rational expressions, finding of partial derivatives, and integrating with respect of an appropriate 

variable. Students’ work on these problems is evidence of their analytical understanding of 

evaluating iterated integrals. 

 

Tim 

   Tim worked through the 3 problems with considerable ease with only minor problems.  

1. Evaluate:  
3

0

6

0
3

14
dxdy  

 

   Tim drew a picture as the starting point, supporting the fact that his visual-pictorial 

component of thinking is well-developed and is in the lead. This is a procedure-based task 
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and as such does not require a visual image. By drawing the picture, Tim shows his visual 

preference. Tim’s initial understanding of the region of integration is that it was a triangle. 

 

Figure 18: Tim’s Region for  
3

0

6

0
3

14
dxdy  

   Tim started to integrate with respect to x. He made a short pause and corrected himself by 

saying that the region of integration actually will be a rectangle and not a triangle, which is a 

correct statement. Tim said that if the region of integration was a triangle than the upper bound 

for x would be an equation of a line. He added that since the bounds are constants the region is a 

rectangle. Tim demonstrated full understanding of interpreting integration bounds into the 

graphical nature of the region. He proceeded with evaluating the integral and made no errors. 

 

 






3

0

6

0
3

14
dyx  

 
3

0

0142 dy  

 3
0

142 y  

0146   

146  

2. Evaluate:  





2

0

2

0
24

2
rdrd

r
 

Tim “moved” r in the original problem next to 2: 

 





2

0

2

0
24

2
drdr

r

r
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   He drew a circle of radius 2 but decided not to use it. The fact that he drew the picture 

speaks of his visual preference again. 

   Tim continued exploring the problem: 

 2

3
2 4

3

2
uru   Failure to appreciate the structure of the problem and 

assign: 24 ru  . 

  duurdrdu 2

1

42    The exponent is positive versus the original problem where  

     it is negative. 

    





 






 




2

0

2

3

2

3

04
3

2
44

3

2
d  

 



2

0

2

3

4
3

2
d  





2

0
3

1
5 d  




2

03

1
5 



  

   Tim stopped here, said that he made a mistake with the exponent and started over: 

  






2

0

2

0

2

1
242 drdrr  

   



2

0

2

0

2

1

4 dudu  Tim insisted on using 2ru  . He did not change limits of 

integration after the substitution.  

He looked at the problem for about 30 seconds and continued.  

  


du

2

0

2

0

2

1

4
2

1
 



   

A mistake of multiplying  2

1

4 u by -½ instead of dividing it by ½ occurred here. This error 

could be classified as structural: Tim mixed his integration rules with differentiation rules failing 

to appreciate the structure of the problem: 
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 11
1

:,:,
1

: nnnn
n

n nuduuTimnuu
du

d
ationDifferentiC

u

u
dxunIntegratio . 

However, I have observed evidence of Tim’s work [later in the 2
nd

 problem of surface area 

problems section of visual understanding] that shows that he can apply integration power rule 

correctly, reducing this mistake to executive. Tim knows and understands the rule, but he fails to 

execute it properly while working on this problem. 

  












2

0

2

0

2

1
24

2

1
dr    The rest of the steps had no errors 
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1d  

   2

0  

02   

2  

3. Evaluate:  
 

3

3

6

0
29

3
dxdy

y
 

   Without hesitance, Tim performed the next two steps correctly: 


 














3

3

6

0

29

3
dyx

y
 

  dyy





3

3

2

1
2918  

   Tim opened the textbook to the integration table and wrote: #41 with yua  ,3 and 

correctly applied the formula: 

 


C
a

u
du

ua
arcsin

1

22
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3

33
arcsin18






 y

 

    1arcsin1arcsin18   

   Tim used the TI-83 calculator to come up with correct answer: 56.5487 

   Tim made no errors evaluating the integral of #3. 

 

Peter 

   Peter made careless errors in problems 1 and 2. Problem 3 contained no errors. 

1. Evaluate:  


3

0

3
2

1

0
3

14
x

dxdy  

 


6

0

3
2

1

0
3

14
x

dydx  

 0
3

14
3

2

1

3

14
|

3

14 3
2

1

0 





 


xy

x

 

 
6

0

14
6

14
x  Peter did not write dx here, but correctly differentiated with 

respect to x in the next step. 

   6146
12

14
|14

12

14 26

0

2  xx  

1436
21

1463

1

3

  Peter made an executive error, i.e. “loss of hold” mistake: 

there should be a 6 instead of 36 in the second term. 

1436143   

1432  

   Peter’s work on this integral was correct with exception of a careless mistake. 

2. Evaluate:  





2

0

2

0
24

2
rdrd

r
 

   Peter chose to use u-substitution: 
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rdrduru 24 2    An executive error: should be rdrdu 2  




2

0

2

0|2
1

2

1

2

1

2

1
uudu

u
 Peter is still using integration bounds for r, not for u 

022   An executive error of forgetting to either perform back-

substitution or adjust integration bounds for u. 





2

0

22 d  The rest of the steps contained no errors. 

 2

0|22  

 

24

0222







 

3. Evaluate:  
 

3

3

6

0
29

3
dxdy

y
 

   Peter took the least time to work this problem and made no errors. 

  
 

3

3

6

0

6

0
22 9

1
3

9

3

y
dxdy

y
 

0
9

18

9

3

2

6

0

2














 yy

x
 

3

3

3

3
2 3

arcsin18
9

1
18











y
dy

y
Peter used a formula from the textbook appendix  

    1arcsin181arcsin18   

   Peter left his answer in terms of arcsines. He said that this is the exact answer.  

 

Overview of Tim’s and Peter’s Analytical Understanding of Double Integrals 

   Tim’s and Peter’s analytical understanding of double iterated integrals is well-formed. They 

both know the procedures and apply them correctly. Exceptions are executive mistakes. 

Carelessness of carrying over ‘36’ instead of ‘6’ as in problem #2 in Peter’s work. Other errors 

were applying integration power rule incorrectly (Tim) and applying old integration bounds in a 
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u-substitution problem (Peter). The attitude of approaching these problems was very positive. 

There was no appearance of being overwhelmed or not knowing what to do in either case. The 

students demonstrated confidence and satisfaction with their work during these tasks. 

 

Students’ Visual Understanding 

   I asked each student to: 

 Graph a surface when an equation is given, 

 Come up with an equation for a surface represented by a graph, 

 Calculate surface area of a solid formed by several surfaces given in equation form. 

 

Students’ Ability to Graph Surfaces Described by Equations 

 

Tim 

   Tim made no errors. 

   For each function draw the surface it describes: 

A) 4222  zyx  

   The ticks in the graph show that Tim fully understands a formal equation of a sphere centered 

at the origin. 

 

Figure 19: Tim's Graph of 4222  zyx  

 

B) 632  zyx  

   Tim started working on this problem by creating drawings of traces in each coordinate plane. 

He left out y in the equation of the trace in the far right, yz-coordinate plane, but made no errors 

in graphing. 
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Figure 20: Tim’s Traces: 3
2

1
 xy , 2

3

1
 xz , 2

3

2
 yz [Tim left out y in his formula] 

   Tim’s picture of the surface is shown in Figure 21. 

 

 

Figure 21: Tim's Graph of 632  zyx  

 

C) 922  zy  

   Tim said that x can be anything and that the equation describes an infinite cylinder. He also 

noted that since there is a 9 in the equation the cross section in yz-plane or any plane parallel to it 

will be a circle with radius 3 as shown in Figure 22. 
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Figure 22: Tim's Graph of 922  zy  

 

Peter 

   Peter’s graphing skills were solid and his execution very clear and easy to follow. He made an 

executive error in the graph of the sphere and proved his visual understanding of analytically 

described surfaces to be substantial. 

A) 4222  zyx  

   Peter knew that the equation described a sphere, but he graphed a sphere of radius 4, instead of 

2. This is an executive error. In part C of this question, Peter showed understanding of the 

concept of 2radius in the equation 922  zy by graphing circles of radius 3. He failed to 

execute the concept correctly in part A. 
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Figure 23: Peter's Graph of 4222  zyx  

 

B) 632  zyx  

   Peter used the same techniques as Tim here (students were interviewed separately) – traces. 

However, Peter did not draw the traces. He found equation of each traces analytically and then 

drew the surface: 

 

Figure 24: Peter's Graph of 632  zyx  

 

   Peter’s graph of the plane in first octant is accurate and precise. He used ticks to mark exact 

places where the plane touches the axes. Peter made no errors here. 
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C) 922  zy  

 

Figure 25: Peter's Graph of 922  zy  

 

   Peter made no errors here. He said that the surface is all circles of radius 3 in planes parallel to 

yz-coordinate plane. 

 

Overview 

   Both students demonstrated sufficient skills of graphing surfaces described by equations 

presented to them in the interview. They worked on the graphs confidently and paid attention to 

detail (ticks on the axes). They used isomorphic visualization and either concrete pictorial or 

pattern imagery. 

   Peter made one executive error of using wrong radius in his drawing of sphere, Figure 23, in 

part A, but showed that he was familiar with the concept of taking a square root of the constant 

in a circle equation in part C. 

   Students’ work for part B indicated that they also were capable in creating a 3-dimantional 

representation of the surface from analyzing coordinate traces. Tim showed on paper his graphs 

for the traces, while Peter went straight to the picture of the surface itself. I asked Peter about his 

equations for traces and he told me that he knew they were lines and did not have to graph them. 

   Tim and Peter made no errors in parts B and C. 
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Students’ Ability to Interpret Graphical Representation of Solids into Equations 

   What function can possibly describe each of the following? [Graphs presented in Figure 26 

were given to the students] 

A 

 

Tim’s response: 

2222 rzyx   

Peter’s response: 

25222  zyx  

B 

 

Tim’s response: 

cr  (p. 982 cylindrical 

coordinates) 

Peter’s response: 

1622  yx  

C 

 

Tim’s response: 

0z  (rectangular 

coordinates) 

Peter’s response: 

1243  zyx  

Figure 26: Tim and Peter’s Analytic Interpretation of Surfaces Presented Pictorially 

 

Tim 

   Tim made no errors. He showed versatility of his thinking by using different types of 

coordinate systems. Tim put a page reference in part B himself. By doing so, he presented 

evidence of his self-reported habit of remembering a problem he had either worked or seen 

before. He deliberately picked up the textbook to find a place for cylindrical coordinates and then 

recorded the page number. Even though part C shows a tilted plane, Tim’s 0z  is a suitable 

choice since there are no coordinate axes to suggest traditional “upright” system. 

 

Peter 

   Peter made no errors. Even though the 3-dimensional system was not imposed onto the graphs 

presented to the students, Peter appeared to have used the traditional system where xy-coordinate 

plane is “parallel” to the horizontal edge of the paper and z-axis is parallel to the vertical edge of 

the paper. Peter used an equation of a sphere centered at the origin. Choice of perfect squares in 

A: 25222  zyx , and B: 1622  yx , confirmed Peter’s understanding of the concept of a 

squared radius. 
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   Peter also showed ability to adapt to his [traditional] coordinate system. Part B shows a 

cylinder. Peter had just correctly graphed a cylinder 922  zy and could have used that 

equation. He made distinction between the two cylinders by providing an equation of a cylinder 

centered around the z-axis versus previous one that was centered around the x-axis. 

 

Overview 

   Tim’s and Peter’s interpretation of presented solids is flawless. While Tim demonstrated 

versatility of using cylindrical coordinate system he had to look it up in the textbook. Peter 

completed the three tasks quietly, without referring to any resources. Both students spent little 

time on this task and completed it confidently. 

 

Surface Area Problems 

   The students were presented with three problems to assess their visual understanding. The first 

problem asks the students to calculate part of the surface area of a sphere, a shape that was most 

familiar to the students. The second and third problems had two parts each. Application of the 

surface area formula that would help the students to calculate portion of the surface area of one 

face of a solid, pyramid and half-cylinder respectively, which was described by an equation. The 

second part of problems 2 and 3 was to calculate the surface area of the entire solid. 

 

Tim 

1. Find the surface area of 4222  zyx that lies above xy-coordinate plane. [Surface 

area formula was written on the interview paper:  



















R

dA
y

z

x

z
dS

22

1 ] 

   Tim started by drawing of coordinate traces correctly. He analyzed the region, R, next. 
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Figure 27: Tim’s Coordinate Traces for the Hemisphere 

 

22

22:




y

xR
 

   Tim proceeded with solving the equation for z: 

222 4 yxz   

224 yxz   

Tim showed understanding that z and f(x,y) are the same things. 

   2

1
2222 44, yxyxyxf   

Tim calculated and simplified partial derivatives correctly: 

   
22

2

1
22

x-4
24

2

1
,

y

x
xyxyxf x







 

   
22

2

1
22

x-4
24

2

1
,

y

y
yyxyxf y







 

   Tim applied his results to the surface area formula: 

 

































R

dA
y

y

y

x
dS

2

22

2

22 x-4x-4
1  

   Tim applied the square correctly and combined second and third term into one fraction 

showing recognition of common denominator: 

 



R

dA
yx

yx
dS

22

22

4
1  

   Tim simplified the integrand by combining it into one fraction: 
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R

dA
yx

yxyx
dS

22

2222

4

4
 leading to:  


R

dA
yx

dS
224

4
 

   Tim correctly interpreted the region using rectangular coordinates first: 

 
  

2

2

2

2

224

4
dxdy

yx
 

   Tim decided to use polar coordinates. His interpretation of the region is correct. 

 20

20:


 rR

 

   Tim worked with the integrand separately first: 




sin

cos

ry

rx




 

224

4

yx 
 

 2222 sincos4

4

rr 
  

)sin(cos4

4
222  


r

 

24

4

r
  

   Tim’s successful choice of using polar coordinates placed him at the level of efficiency 

versus effectiveness. Not only can he evaluate a double integral (effectiveness) he also 

conserves time and energy by using polar coordinates (efficiency). This fact showed his 

substantial understanding of and a level of comfort with conversion from rectangular to polar 

coordinates.  

   Tim wrote the iterated integral   




2

0

2

0

24

4
rdrd

r
and said that he remembered this integral 

from the analytical portion of questions. He wrote “look back at #2 on 1
st
 page” and wrote: 




2
4

4
2

0

2

0

2


  rdrd
r

. 
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   Tim did not know that he made an executive mistake earlier. He said that he had evaluated 

this integral before. Tim looked back at his work briefly, copied 2π as the answer and 

counted this task completed. There are no errors in Tim’s visual understanding of the region. 

Tim’s understanding of the rectangular and polar systems of coordinates is well-rounded as 

well. 

2. Find the surface area of the portion of 632  zyx in the first octant. Find the surface 

area of the solid bounded by the above function of two variables and coordinate planes of 

the first octant. 

   Tim started working on this problem by solving for z first: 

yxz 263   

2
3

2

3

1
 yxz  

   Tim calculated partial derivatives correctly: 

 
3

1
, yxf x  

 
3

2
, yxf y  

      Tim substituted his results into the integrand portion of the surface area formula and 

simplified the integrand correctly: 

9

4

9

1
1   

9

5
1  

9

14
 

9

14
 

3

14
 

   Tim said that he recognized this equation. He said the solid would be a pyramid. He had 

graphed 1
st
 octant portion of the plane in question B) of interpreting equations into graphs of 
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their surfaces and he pointed to his picture, shown in Figure 20. Tim did not draw the pyramid 

again but rather he drew the picture of the region of integration and correctly set up integration 

bounds presented in Figure 28. 

 

 

Figure 28: Tim’s Region of Integration for the Pyramid, 3
2

1
060:  xyxR  

 

   Tim made no errors evaluating the iterated integral. 
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xx  Tim applied integration rules correctly here confirming that his 

error in problem #1 of analytical interview was executive and not structural. 

 0
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1436
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143146   

143  

   Tim marked 143 as his answer to part about the surface area of the portion of the plane in the 

1
st
 octant. Then he correctly calculated areas of triangles in the coordinate planes. He glanced at 

his earlier pictures of coordinate plane traces, shown in Figure 20, while calculating the areas 

using   heightbase
2

1
formula. 

xy-plane:    963
2

1
  

zx-plane:    662
2

1
  

zy-plane:    332
2

1
  

   18 

   143  

   Tim used a TI-83 calculator to come up with the correct answer of 29.2250. He said that the 

surface area of the solid was approximately 29 square units. 

3. Find the surface area of the solid formed by the portion of 922  zy above the xy-

plane, xy-plane itself and planes 6,0  xx . 

   Tim started with the picture of the solid: 
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Figure 29: Tim's Half-Cylinder 

 

   Tim wrote the surface area formula and correctly solved the equation for z: 

22 9 yz   

 2

1
22 99 yyz   

   Tim correctly calculated and simplified partial derivatives: 

  0, yxf x  

     
2

2

1
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9
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   Tim worked on simplifying the integrand first: 

2

2

9
1

y

y


  

2

22

9

9

y

yy




 

29

9

y
 



  77 

29

3

y
 

  Next, Tim correctly analyzed the region of integration: 

 

Figure 30: Tim's Region of Integration for the Half-Cylinder 

 

   Tim analyzed the equation of the surface in the xy-coordinate plane by substituting zero for z 

and found bounds for y by solving the resulting equation: 

922  zy  

92 y  

3y  

60

33:




x

yR
 


R

dA
y 29

3
 

   Tim made no errors setting the iterated integral: 

 
 

6

0

3

3
29

3
dydx

y
 

   Tim said he recognized this problem as #3 of the analytical part of the interview. He wrote “see 

#3 on 1
st
 page” and [correctly] said that this integral is equal to 56.5487. Then he calculated the 

area of the part of the solid in xy-plane as    3666  . Tim said that it was a rectangle and he 

used the formula   widthlength . Lastly, Tim demonstrated efficiency by calculating the area of 
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the remaining two sides of the solid that were identical semicircles as the area of one circle. He 

used the formula    93
2  . 

   Tim added the three numbers 7930.1209365487.56   and said that the surface are of the 

solid is approximately 121 square units. 

   Overall, Tim made no errors. He understood the directions of all problems and knew all the 

terms used in the directions. He answered all questions correctly and satisfactory. 

 

Peter 

   Peter made one recurring structural error – he did not solve for z in any of the equations. Since 

the mistake persisted throughout his work, I classify this mistake as structural bearing 

implication that Peter failed to appreciate the structure of the formula where z is the same as 

),( yxf in  
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z
dS
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1 . This error belongs within analytical understanding 

since it involves algebraic manipulation of numbers and variables and does not require any 

graphical representation. Peter’s understanding of the region of integration and his ability of 

setting up the iterated integral were correct. 

1. Find the surface area of 4222  zyx that lies above xy-coordinate plane. [Surface 

area formula was written on the interview paper:  
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   Peter started working on partial derivatives right away, failing to either use implicit 

differentiation technique or solving for z first: 

  xyxf x 2,   

  yyxf y 2,   

   Peter’s drew the region of integration, seen in Figure 31. 
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Figure 31: Peter’s Region of Integration for the Hemisphere 
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  Peter correctly set integration bounds in the integral and correctly applied his wrong partial 

derivatives in the integrand: 
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yx  Peter did not specify order of integration here. 

   Peter converted to polar coordinates and used u-substitution correctly: 
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u  Peter made no errors integrating.  

   He did not use 0 and 2 for u here saving it for the next step: 
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   Peter said that 4/3 is the answer and moved on to the next task. He did not mention surface area 

or square units. 

2. Find the surface area of the portion of 632  zyx in the first octant. Find the surface 

area of the solid bounded by the above function of two variables and coordinate planes of 

the first octant. 

   Peter started with correct analysis of the region of integration: 

 

Figure 32: Peter’s Region of Integration for the Pyramid 

 

   Peter made the same mistake in calculating partial derivatives: 
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   Peter substituted his wrong partial derivatives in the formula and correctly set up integration 

bounds: 
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   Peter left 69 as the answer. He neither described the solid of the second part of the problem 

nor attempted to find its surface area. He counted his 69 as the complete answer to the problem. 

Peter demonstrated correct understanding of the region of integration. He made a structural 

analytical mistake of calculating wrong partial derivatives but evaluated his iterated integral 

correctly. Peter’s understanding of the solid problem question is incomplete. He counted the 

problem solved even though he was only done with the calculus formula part of it. Peter did not 

mention anything about the other faces of the solid. 

3. Find the surface area of the solid formed by the portion of 922  zy above the xy-

plane, xy-plane itself and planes 6,0  xx . 

   Peter made the same structural analytical error while calculating partial derivatives: 

 

Figure 33: Peter's Partial Derivatives 

 

      Even though, Peter graphed this cylinder successfully at the beginning of interview, he draws 

a circle in the yz-coordinate plane, making an error in understanding the region of integration. 
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Figure 34: Peter's Region of Integration for the Half-Cylinder 

 

   Peter made no errors describing the picture he produced: 
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   Peter began to act restless and it was obvious to me he was not putting as much effort into this 

problem as he did in the previous ones. He wrote: 
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   He said that he knew how to evaluate this integral but did not want to do it.  

   Overall, Peter’s work on surface area of solids lacked completeness. He failed to see that there 

were more to the surface area of the solids in problems 2 and 3 than just the calculus formula for 

surface area. Moreover, Peter did not speak of solids and approached the three problems of the 

last task as setting up an iterated integral and evaluating it only. He made a structural error within 

analytical understanding of how to calculate partial derivatives.  

   Peter’s visual understanding of the region of integration is substantial as shown in his work on 

problems 1 and 2. He was capable of producing a correct graph of the region of integration and 

describing the region with correct integration bounds. Peter’s attitude while working on problem 

#3 was uncharacteristic of his previous behavior. It was apparent to me that he did not want to 

think about the problem and was ready to go home. I consider Peter’s region of integration for 
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problem #3 an arbitrary error, an error that was neither a failure to know and appreciate all 

concepts involved nor a careless execution of a known rule. 

 

Summary of Tim’s and Peter’s Visual Understanding 

   Both students demonstrated sufficient understanding of terminology. With exception of the 

term ‘pair-wise angles’, the students’ understanding of all terms involved in this study was at the 

level of no language “barrier”.  

   Both students demonstrated substantial ability to graph. Their graphs are accurate. The students 

also showed understanding of graphs by easily translating them into possible equations and 

describing graphical representation of regions of integration with correct bounds on variables. 

   Tim’s analytical understanding is near perfect, with exception of occasional executive mistake. 

Peter’s analytical understanding is fairly substantial. He made a structural error in calculating 

partial derivatives. After the interview, when I pointed out where an error had occurred, Peter 

saw the mistake and agreed with me. However, I have no evidence that the error had been 

corrected “permanently” within his analytical understanding. 

   Both students demonstrated well-rounded visual understanding of the region of integration. 

Tim added that it was his favorite part in working with the formula. Peter made one arbitrary 

error, but overall showed his visual understanding as complete. Both students could successfully 

think of the region of integration in terms of two coordinate systems: rectangular and polar: more 

so in the case of Tim.  

   Overall understanding of surface area for solids was complete in Tim’s case but not in Peter’s. 

Tim gave his answers in terms of square units and accounted for faces of the solid for which no 

calculus formula was needed. Peter was satisfied with the answers he obtained by using the 

formula only.
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CHAPTER 5 

THE CASE OF ANALYTICAL PREFERENCE AND 

 ABOVE CLASS’ AVERAGE MATHEMATICAL ACCURACY 

 

   There were two participants in this case. Both Beth and Brian scored below the class’ 

visualization mean and above the class’ mathematical accuracy mean. Their mathematical 

visualization scores were 4 and 12, respectively, demonstrating an analytical preference in 

solving problems. Beth and Brian’s mathematical score were 88 and 86, respectively, 

demonstrating above average mastery of skills tested during multivariate content unit test. 

   Presmeg’s mathematical visualization instrument was administered to participants to assess 

their preferences in solving mathematical problems. A student received 2 points for choosing a 

visual solution and 0 points for choosing an analytical solution. Students were told that there 

were no wrong answers, but they were not told how their answers would be graded. The range of 

scores for mathematical visualization score was between 0 and 36. A horizontal number line was 

used to represent students’ mathematical visualization scores. A zero represents a person who 

prefers to solve problems only analytically and 36 represents a person who prefers to solve 

problems only visually whenever given a choice to employ both methods. Beth‘s mathematical 

visualization score is 4 which is 1.9 standard deviations away from the class’ mean, illustrating a 

strong preference in solving problems analytically. Brian’s mathematical visualization is 12 also 

suggesting his analytical preference. 

   Multivariate content of the course was covered during weeks 12, 13, and 14. Students’ 

understanding of the multi-variate course was assessed with one of the three unit test. These test 

grades were used as a mathematical accuracy score. The instructor graded the tests on a 100 

point scale. The range for mathematical accuracy score was between 0 and 100. A vertical 

number line was used to represent the students’ mathematical accuracy scores. 

   The point at which the two number lines intersect, the origin, was drawn at the point of the 

statistical mean for both scores:    9.79,4.15, MAMV  . The standard deviation for 

mathematical visualization was 9.5MV and for mathematical accuracy was 6.7MA .  
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   Both Beth and Brian’s scores illustrate a below class mean on the mathematical visualization 

score, suggesting an analytical type of thinking, and an above class mean mathematical accuracy 

score, (4,88) and (12,86), respectively. 

   The remaining portion of the chapter will provide a brief introduction of Beth and Brian, their 

basic understanding of surface area and solids, their motivation levels during multivariate 

content of the course, and their analytical and visual understanding. 

 

Introduction of Participants 

 

Beth 

   Beth is an 18 year-old white female in her 1
st
 semester of college. She took Advanced 

Placement (AP) calculus AB (single-variate) and BC (multi-variate) courses in high school. At 

the end of high school she took the national AP calculus test and earned a 5, the highest possible 

score. Beth accepted an all-expense-paid scholarship to the university and declared chemistry as 

her major. Beth is a full-time student. 

   Beth’s professional goal is to become a pharmacist. She works a part-time job, up to 20 hours a 

week, at the local hospital’s pharmacy (less than a 5-minute drive from the university campus). 

Beth said that in the 4 weeks of being on the job she had earned trust and respect for her work 

ethics and as a result Beth’s supervisor asked if she could work more hours. 

   Beth is involved with campus life as well. She is a college advisor for the March of Dimes 

Chain Reaction Club. Beth does not consider any of her extracurricular activities or the job to be 

a distraction to her academic classes and claims to find a good balance to succeed in all of these 

areas. 

   Beth lives at her parent’s house and commutes to the university daily which is about 20-30 

minutes one way. 

   Beth likes mathematics very much as she indicated in the initial questionnaire and expects 

college calculus III to be moderately hard. Beth says that she likes to work with a formula rather 

than a picture. This is consistent with Beth’s mathematical visualization score of 4, which is 1.9 

standard deviations below the class mean.  

 

 



  86 

Brian 

   Brian is a 20 year-old black male and full-time student in his junior year of college. Calculus 

III is his 4
th

 college credit mathematics class. Brian took calculus I and II in the 1
st
 year of 

college and linear algebra in the 2
nd

 year. Brian’s declared major is chemistry and minor is 

mathematics. Brian’s professional goal is to become a medical doctor, a surgeon, with potential 

specialty in sports medicine. 

   Brian lives on campus and devotes most of his time to studies. He says he likes to study and 

likes being a college student. He has never made anything less than a B in any of his classes and 

most of his grades are As. Brian expects calculus III to be moderately hard. Even though Brian 

said that he is ambivalent to mathematics now, he shared that he always enjoyed mathematics 

both in high school and in college because he was good at it. Brian added that seeing 

mathematics applications in other disciplines strengthens his appreciation for the study of 

calculus concepts, such as double integrals. Brian said: “Seeing how this stuff [iterated integrals] 

is used in my other class, chemistry, helps me to appreciate it better and I like it.” Of the three 

math classes he took in college thus far, linear algebra is the only class that he “understood but 

not enjoyed”. He prefers to work with a formula rather than a picture. He went on to say that he 

hardly ever understands the pictures in the book. Brian’s mathematical visualization score is 1.8 

standard deviations below the mean (MV=12) suggesting his preference to solving problems 

analytically.  

 

Students’ Understanding of Solids and Surface Area 

   Beth and Brian were interviewed to determine their basic understanding of solids and surface 

area prior to the formal introduction of these topics in the multivariate content section of the 

course. Each student was interviewed separately. 

 

 Beth 

   Solids and Surface Area. Beth simply described a solid as any object and described surface 

area as “the area of the surface of the object”. She appeared to have a hard time coming up with 

words for solid in general, but said a cube is an example of a solid. Beth demonstrated her 

comfort level with formulas by saying that the surface area of a cube would be  2
6 side . Such a 

specific example supports her formulaic understanding of the cube as she noted that there would 
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be 6 equal faces where only one side of each face is enough to determine the surface area for the 

entire cube. Beth demonstrated the use of memory images of formulas. 

   Projection of a Solid. Beth said that a projection was something to do with vectors. She 

hesitated and said “what is a projection of an object… has to do with direction…with vectors… 

”. [The instructor introduced the formula of calculating the projection of one vector onto another 

that day.] Beth said she was unsure about projection of an object then finally said “I don’t know” 

and appeared very comfortable with her answer. I observed that Beth rooted her answers in either 

what the instructor had said or information from the textbook. It soon became evident that she 

would much rather be safe by saying “I don’t know” than to guess. 

   1
st
 Quadrant of the  xy-Coordinate Plane. I asked Beth to shade the 1

st
 quadrant of the xy 

coordinate plane in the 3-dimensional coordinate system and she did so quietly, no questions 

asked. Beth told me that the arrows represent positive direction on each of the coordinate axis. 

Beth’s graph of 1
st
 quadrant of the xy-coordinate plane, seen in Figure 35, is a close copy of the 

instructor’s way of graphing 3-dimensional systems in class. 

 

 

Figure 35: Beth's 1st Quadrant 

 

 

   Sphere. Beth drew a sphere that is not centered at the origin yet is an accurate representation of 

the concept, as seen in Figure 36. I asked what the projection of this sphere would be onto the 

xy-coordinate plane. After a moment’s pause she said that she did not know. 
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Figure 36: Beth's Sphere 

 

   Cylinder. Beth said a cylinder is like a can of juice. She drew an upright cylinder in the 

coordinate system but said she did not know the answer to the question about its projection onto 

xy-coordinate plane. I asked Beth about the dots at the base of the cylinder and she said that 

these were points where her cylinder touched the x-axis, y-axis and the origin. She added that the 

dots did not mean anything and had nothing to do with projection. 

 

Figure 37: Beth's Cylinder 

 

   Prism. Beth said that a prism is like a box. She struggled with its graph. She used rectangles for 

the top, front, and right side faces of the prism. It appears she tried to graph a rectangular prism. 

Once more, she said she did not know what the prism’s projection on the xy-coordinate plane 

would be. 
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Figure 38: Beth's Prism 

 

   Pyramid. I asked Beth to draw a triangular pyramid with one of the vertices at the origin at 

which three edges (6 units, 3 units, and 2 units) form a 90 degree angle pair-wise and mark all 

important information. I also asked Beth about the pyramid’s projection on the 1
st
 quadrant of 

xy-plane. 

   Beth had asked me what pair-wise meant. I answered that if she measured an angle between 

any two edges then each pair of edges would form a 90 degree angle. I gave her an example of x, 

y, and z axes intersecting at the origin. She said that she understood through example of the axes 

and the origin what pair-wise means. Beth also said that she knew what a triangular pyramid was 

but could not see in her mind the pyramid the problem was describing. Beth was not able to 

graph the pyramid. This difficulty was beyond a simple drawing problem. Later, after Beth had 

learned the technique of traces she was able to graph the surface, a plane 632  zyx , which 

would serve as the base for this pyramid, Figure 50. Yet still, even at that time, she was not able 

to see it as a pyramid. 

   Forming a Solid. I asked Beth to draw in the same set of coordinates a cylinder centered 

around the z-axis with height 4 and base radius of 2, and a plane that has three points (6,0,0), 

(0,3,0) and (0,0,2). 

   I also asked Beth to describe the portion of the solid formed in the first octant below the plane, 

and the projection of the solid in the 1
st
 quadrant of the xy-coordinate plane. 

   Beth drew the cylinder correctly. She made an error plotting (0,0,-2) instead of (0,0,2) and the 

graph of her plane, represented by a triangle, ended up directly under the 1
st
 octant. 
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Figure 39: Beth's Cylinder and Plane 

 

   Beth said she was not sure how the plane affected the cylinder. However, she correctly 

identified the portion of the cylinder in the 1
st
 octant, seen in Figure 40. 

 

Figure 40: Beth’s Portion of the Cylinder in the 1st Octant 

 

Overview of Beth’s Understanding of Solids and Surface area 

   Beth’s understanding of a sphere, a cylinder, and a prism appeared to me to be at the level 

sufficient for the purpose of calculus III and this study. She had some difficulty verbalizing what 

a solid was in general, but gave a valid example of a cube. Beth’s understanding of the surface 

area as the total area of all faces that form a cube were aligned with what a student needed to 

know in the course of this study. Beth did not speak of any other examples for solids and their 

surface areas. It was apparent though that she was very comfortable with the fact that she gave a 

formula for the cube, confirming her preference of analytical description for mathematical terms. 
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I believed that the fact that Beth had a hard time talking about solids in general and their surface 

areas were due to the fact that the vast diversity of the solids offered no uniform formula. I asked 

Beth how she would calculate surface area for a triangular pyramid if I gave her a model of it 

with all edges known. She answered that she would find the area of each triangular face by using 

the area formula when three sides of a triangle were known [Beth did not remember the exact 

formula, but it is clear she was referring to the Heron’s formula    csbsassA  ], and 

then add the four areas together. The fact that she said there were four areas to add suggests 

Beth’s understanding of the triangular pyramid shape, a triangle for a base and three triangles for 

each edge of the edges of the base triangle.  

   Beth’s graphing style was confident and prompt. There was little thinking time between my 

questions and her drawings. She understood and drew a 3-dimensional rectangular coordinate 

system much like a textbook display of the concept. Beth labeled the coordinate axes in the same 

manner as the instructor did during the class sessions. 

   Beth displayed a strong habit of relying on the textbook. She had not read a formal definition 

of what a projection of an object onto a flat surface was and she was not about to speculate. She 

consistently answered with “I don’t know” to my repeated questions about a projection of each 

separate object onto xy-coordinate plane. Several times it appeared to me that Beth was about to 

answer the projection question but must have doubted her judgments. Her course of action in a 

situation where she was not sure whether her thoughts were correct was to say “I don’t know” or 

she quit altogether. She seemed very comfortable with admitting to the fact that she did not know 

the answer. She did not know what pair-wise 90-degree angle was and she did not attempt to 

draw a pyramid with such characteristic.  

 

Brian 

   Solids and Surface Area. Brian said that a solid is a 3-dimensional object. His definition is very 

broad and encompasses more than mere solids, for example an infinite cylinder 222 ryx  . 

Brian said that all solids have surface area but answering the question of what surface area is 

depends on particular shape of the solid. Brian’s approach to understanding of surface area is 

formula-specific. Brian said that the formula for a cube’s surface area would be different than the 

formula for some other object. Even though Brian did not actually name the formula for a cube’s 

surface area he distinguishes the fact that it will be different from shapes other than cube. 
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   Projection of a Solid. Brian said he does not know what a projection of a solid is. This response 

demonstrates directness of Brian’s thinking. He does not speculate or guess. Later, when 

speaking about a sphere Brian presents evidence of his intuition about a projection of the sphere. 

However, in light of his telling remarks about a sphere’s projection it was apparent that Brian 

does not know the formal definition of projection of a solid.  

   1
st
 Quadrant of xy-Coordinate Plane. Brian started with a drawing of the 3-dimensional 

coordinate system. The system was drawn exactly the way the instructor drew it in class. 

However, Brian put an arc in the place where the 1
st
 quadrant of a 2-dimensional system would 

be, even though he had already labeled the horizontal axis as y and the vertical axis as z. 

 

Figure 41: Brian's 1st Quadrant 

 

   Brian said he was not satisfied with his graph. He added that he struggles with drawing. He 

confesses that sometimes he has a mental image of what he is supposed to draw but most of the 

time he cannot visualize it at all. 

   Brian hesitated then drew a 2-dimensional system, marked the 1
st
 quadrant with a Roman 

numeral “I”, and tried to superimpose the z-axis in it: 
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Figure 42: Brian's 2nd Attempt at 1st Quadrant 

 

   Brian looked at his second drawing and said: “It actually does not feel that it is right. I can 

show the 1
st
 quadrant in the xy system, but having the z-axis is kind of hard to show”. Brian told 

me that he did not have a mental picture of the 1
st
 quadrant within the 3-dimensional system at 

this point. The fact that Brian knows where the 1
st
 quadrant of the 2-dimensional system is tells 

of his understanding of a 2-dimensional system. Brian told me that this class is the first time he 

ever had to represent objects in a 3-dimensional system. I asked him if it was safe for me to say 

that he does not see or understand the pictures of a 3-dimensional system and ordered triples the 

instructor draws in class to which Brian’s reply was “yes, exactly!” 

   Sphere. Brian picked up the pencil, hesitated, and after a few of hmm’s and mmm’s he put the 

pencil down and said “I just can’t really draw it”. Brian said that he sees the sphere in his head 

but can’t draw it. “I just struggle with putting it on paper” he said.  

   Brian described a sphere as a ball. I asked Brian what a sphere’s projection would be on the xy 

coordinate plane. It is remarkable to note that he said: “… I guess, maybe… would it be like a 

circle?” His intuition was very close to what a projection of a sphere would be even without a 

picture of the sphere in front of him. Brian only remarked on a circle and did not indicate that the 

inside of the circle would also be included. The question form Brian used in his reply indicates 

that Brian is uncertain of correctness of his understanding of the sphere’s projection and was 

looking for confirmation. Because of the observational nature of this study I did not offer him an 

answer and simply said that I was interested to know what he thought the projection was. Brian 

decided to abandon his intuition and said “I don’t know” was his final answer. 
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   Cylinder. Brian did not talk about the cylinder and simply drew an upright cylinder on paper 

using pattern imagery: 

 

Figure 43: Brian's Cylinder 

 

   I asked Brian to draw the cylinder within the coordinate system. He quickly drew a separate 

picture, shown in Figure 44. 

 

 

Figure 44: Brian’s Cylinder within a 3-dimensional Coordinate System 

 

    Brian said he did not know what the projection of his cylinder on the xy-coordinate plane 

would be. The glimpse of intuition that Brian revealed earlier is now dismissed. He said that 

“since we established already that I do not know what a projection means, I would not know 

what projection of a cylinder is”. Such a response is indicative of Brian’s analytical preference of 

working with formulas over visual representations of mathematical ideas. It also speaks of his 

resolve in this case not to pursue an idea that had not been confirmed as correct. 

   Prism. Without speaking, Brian drew a rectangular prism, seen in Figure 45. He said he would 

not be able to answer the question about its projection. It is interesting to note that in spite of the 
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fact that the students were interviewed separately, both Beth and Brian thought of a rectangular 

prism for its representation. However, Brian shared that he would not be able to draw the prism 

within a 3-dimensional coordinate system. He said that he did not understand the 3-dimensional 

graphs in class and even the pictures the instructor drew were not always clear to him. “I just 

don’t see them” Brian said. 

 

Figure 45: Brian's Prism 

 

   Pyramid. Brian drew a suitable representation of a triangular pyramid without much trouble, 

seen in Figure 46. Brian started with the drawing of the bottom triangle and finished his pyramid 

by extending edges from the base triangle vertices upward connecting them together. He used the 

same order of drawing when presented with the next task. 

 

Figure 46: Brian's Pyramid 

 

   I asked Brian to draw a triangular pyramid with one of the vertices at the origin at which three 

edges (6 units, 3 units, and 2 units) form a 90 degree angle pair-wise and mark all important 

information. I also asked Brian about the pyramid’s projection on the 1
st
 quadrant of xy-plane. 

   Brian started with saying that he was not an artist and that his drawing would probably be 

wrong. He came up with a graph shown in Figure 47. The picture is correct if we allow the 

possibility that the 2 refers to the length of the edge. The graph makes even more sense if we 

allow the possibility that the dotted line is the positive direction of the x-axis forming traditional 

representation of the 1
st
 quadrant of the xy-coordinate plane in the upper right corner, which is 
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consistent with Brian’s depiction of the 1
st
 quadrant where Brian had a hard time fitting in the z-

axis, seen in Figure 42.  

 

Figure 47: Brian's Pyramid with Specific Edges 

 

   Forming a Solid. I asked Brian to draw in the same set of coordinates a cylinder centered 

around the z-axis with height 4 and base radius of 2, and a plane that has three points (6,0,0), 

(0,3,0) and (0,0,2). 

   I also asked Brian to describe the portion of the solid formed in the first octant below the plane, 

and the projection of the solid in the 1
st
 quadrant of the xy-coordinate plane. His drawing is 

depicted in Figure 48. 
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Figure 48: Brian's Cylinder and Plane 

 

   Brian started with drawing the coordinate axes and than drawing the cylinder correctly. 

Depicting the plane was a struggle for Brian. We can see in Figure 48 the three specified points 

on the plane in bold points [arrows are added for clarification]. We can also see what appears to 

be a beginning of a plane parallel to the xy-coordinate plane. The picture did not “feel right” to 

Brian and he said that he did not know what the formed solid would look like: “I would have to 

guess about it because I am not sure at this moment what it is… I can’t see it.” Brian’s earlier 

guess about a sphere’s projection as a circle was revealing of his intuition and I wanted to follow 

up on Brian’s guess in this task as well. I asked what Brian’s guess of the nature of the shape of 

the solid described in the problem would be. Brian responded immediately that he could not see 

the solid and after a moment’s pause he added “I really don’t know what the solid would be”. 

Brian’s struggle with depicting the 1
st
 quadrant of the 3-dimensional system, seen in Figures 41 

and 42, prompted me to ask if he knew what the 1
st
 octant was. Brian answered with a correct 

verbal definition of “that it is where x, y, and z are positive”. The three points, (6,0,0), (0,3,0) 

and (0,0,2), are plotted with an understanding that the 1
st
 octant is at the top right forefront. 

Brian’s response of giving a verbal definition of the octant as opposed to pointing to it in his 

diagram confirms his analytical preference. 
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Overview of Brian’s Understanding of Solids and Surface Area 

   Pictures of a prism, a pyramid and a cylinder show that Brian has a basic understanding of 

these objects. Even though Brian did not graph a sphere he was forming a round shape with his 

hands and said that a ball represents a sphere. Later in this study he graphed a beautiful 

representation of the sphere, Figure 52, providing evidence of his visual understanding of the 

sphere. Brian used isomorphic visualization with pattern and memory images. 

   Brian’s terminology for defining a solid lacks completeness. A 3-dimensional object may mean 

many things other than a solid. He said he did not know what a projection is at all, but was able 

to guess a correct nature of a sphere’s projection.  

    Brian has a hard time putting his mental images on paper and admits to hardly ever have an 

image to go along with a visual concept. There is some evidence that Brian gives too little credit 

to himself. Figures 43 and 47, although not perfectly executed, make sense and hint to Brian’s 

understanding of the visual concepts. However, it was apparent to me that he was reluctant to 

graph, which is consistent with his mathematical visualization score suggesting his analytical 

preference. 

   Calculus III was the first college class Brian had that required him to plot ordered triples or 

objects in a 3-dimensional coordinate system. Brian said that sometimes he does have an image 

in his head but struggles with putting it on paper as in the case of a sphere during this interview. 

However, having had exposure and practice in 3-dimensional graphing throughout the class 

Brian’s drawing execution skills will improve and will be presented later. 

 

Students’ Motivation during Multivariate Instruction 

   There was a 9 week period between the first round of interviews, intended for exploring 

students’ understanding of solids and surface area, and the last round of interviews on analytical 

and visual understanding. This is a brief section describing in-class instruction and the students’ 

motivation to learn. The content that was the focus of this study was introduced at the end of the 

semester and it was important for me to establish whether the students’ were affected by fatigue 

and/or other demanding classes they were taking at the time. Both Beth and Brian told me that 

they liked multi-variate chapter but that it was the most difficult and abstract to them. They 

appeared tired and burdened by the deadlines of chemistry class in addition to demands of 

calculus. 
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   On Monday of the 13
th

 week of the semester, the instructor spent 30 of 50 minutes answering 

questions from previous sections on “Double Integrals and Volume” and “Change of Variables: 

Polar Coordinates”. Material of the section on “Surface Area” was introduced in the last 20 

minutes of the class. Suggested homework was assigned for “Surface Area” but none of it was to 

be turned in for a grade until the following Monday due to the Thanksgiving break. The 

instructor spent 11 minutes answering a home work question the next class and started a new 

section, Triple Integrals and Applications, at 8:11. Overall, in-class instruction time for Surface 

Area was 31 minutes.  

   The instructor assigned 10-15 problems from each section as homework but only 2-3 problems 

to turn in for a grade. I was interested to see what students did outside the class. The following 

are self-reported data. 

 

Beth 

   Beth described herself as inquisitive, eager yet wavering, in terms of sustained interest. She 

said: “Some of the material covered in class still interests me, but it’s gotten to where it is 

abstract to me and confusing. This chapter (multivariate calculus) is more interesting but it is 

harder than the rest”.  

   Beth spent about 35 minutes on Iterated Integrals and Area in the Plane homework. She broke 

it down to about 15 minutes on graded problems and about 20 minutes on ungraded ones. Beth 

said that the hardest thing in this section was to come up with the region of integration, R, and 

switch the order of integration – the concepts requiring graphing. Beth spent about an hour on 

the section of Double Integral and Volume. Inverse trigonometric functions, like arccos were 

confusing to her and the region of integration R was still not clear. Beth spent only 20 minutes on 

Change of Variables: Polar Coordinates. She said she had to quit her work at home and ask the 

instructor for additional explanation in class. According to Beth, the hardest thing was coming up 

with the region of integration, R. Without it, Beth said, setting up the integral in polar 

coordinates was impossible. 

   My observations of Beth in class reflect her diligence to study and learn. She neither missed a 

class nor a deadline. Toward the end of the semester I could see the signs of Beth growing tired: 

head down, yawning, less focus during the lectures. Beth told me she added two extra hours to 

her job before this class – very early hours as the class began at 8 AM. She insisted on not seeing 
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it as an obstacle. The fact that the focus of this study is material covered in the next to last week 

of the semester makes Beth’s fatigue a contributing factor to forming of her understanding of the 

material. 

 

Brian 

   Brian said that he had not done much calculus work in the last couple of weeks. He shared that 

he spent about 45 minutes on the section of Iterated Integrals and Area in the plane and 

confessed that the hardest thing was to switch the order of integration. He also added that that 

section “wasn’t that bad”. 

   With a smile, Brian told me that he normally only does the problems that are to be turned for a 

grade and only looks at the other problems if there is time. “My other classes keep me so busy. 

Right now I have a paper due in Chemistry and I couldn’t find time for Chapter 16 homework at 

all… ” Brian said.  

   He attended the class regularly and said that he kept his best attention in class to make up for 

lack of work outside the class. Brian added that, even though he did not do his homework, he 

could still follow the instructor in class. 

   Brian described himself as confident and motivated. He said that there was no point in taking a 

class if you don’t learn anything. He showed his confidence by saying “I know I am going to get 

an A”. My observations of Brian throughout the semester confirm that he stayed at the top of his 

class with his mathematical accuracy in spite of occasional falling behind with his homework. 

“Math is my strong area so I know that I will catch up”, he said. Toward the end of the semester, 

he said that the 8 am class was difficult for him. He often put his head down and/or closed his 

eyes during the instruction. Brian admitted to “daydreaming… about my other class – chemistry 

… and being sleepy from all the studying” he has done. 

 

Overview of Beth’s and Brian’s Motivation to Learn 

   Both students were always present in class and always on time. After 3 weeks of class they 

started sitting together in the second row, which was also the last row due to a small size of the 

classroom. Beth and Brian shared their majors and were taking chemistry together. They 

participated in class by taking notes, asking occasional questions, and working problems 

whenever required. Most of the time their involvement was being quietly attentive: eyes on the 
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board, nodding of their heads, smiling, and sometimes frowning when presented with a difficult 

concept, such as graphing the region of integration, R, described by the integration limits of a 

double integral. Both students appeared tired and somewhat distracted during the surface area 

instruction. They struggled with coming up with the region of integration. Beth said that the 

multi-variate chapter was abstract to her and therefore more difficult. Brian told me that even 

though he appreciated the double integrals because he saw their use in chemistry he did not enjoy 

the visual aspect of the concept at all. He said that he would much rather “plug and chug” than 

draw pictures. 

 

Students’ Analytical Understanding of Double Integrals 

   This section will provide evidence of the students’ work on iterated integrals. Each student was 

asked to evaluate three integrals. The students had exposure to similar integrals during the in-

class instruction. Evaluating these integrals involved algebraic manipulations of numbers and 

rational expressions, finding of partial derivatives, and integrating with respect to an appropriate 

variable. Students’ work on these problems is evidence of their analytical understanding of 

evaluating iterated integrals. 

 

Beth 

1. Evaluate:  


6

0

3
2

1

0
3

14
x

dydx  

Beth started working on the problem confidently. 

 

dxy

x 3
2

1

0

6

0
3

14


 







 

 0
3

14
3

2

1

3

14







  x  

dxx 
6

0

3
2

1

3

14
  Beth did not use parenthesis for her integrand. 
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6

0

2 3
4

1




  xx  Beth correctly applied the integration rule but did not carry down 

3

14
in this step. 

   636
4

1 2   

18
4

36
  

9 

   Beth left 9 as the answer, forgetting
3

14
. This is a “loss of hold” or an executive error. Beth’s 

answer would have been correct if she multiplied her 9 by 
3

14
. She did not use any references 

while working on this problem. 

2. Evaluate:  





2

0

2

0
24

2
rdrd

r
 

   Beth thought about this problem for about 30 seconds before she came up with the method of 

u-substitution. Instead of writing down what u and du would be she proceeded to solve the 

problem making algebraic manipulations in her head. 

  






2

0

2

0

2

1
242 rdrdr  Beth correctly rewrote the expression in exponential form. 

  












2

0

2

0

2

1
24

2

1
2 dr  

   A mistake of multiplying  2

1
24 r by -½ instead of dividing it by -½ occurred here. This error 

is executive.  Beth demonstrated in the first problem where she had lost
3

14
, that she knows the 

integration rule and understands how to apply it correctly. However, she failed to successfully 

execute the known rule in this problem. 

   The rest of the steps contained no errors: 
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2

0

2

1

2

1

4
2

1
44

2

1
2 d  

   Beth does not use parenthesis for her integrand (step above). 





2

0

12 d  

   2

02  

4π 

   Beth recognized a valid method for solving the problem, namely the method of u-substitution. 

Trying to keep the substitution information about u and du in her head led her to mixing the two 

rules of integration and differentiation together, i.e. 

   





 11
1

:,:,
1

: nnnn
n

n nuduuBethnuu
du

d
ationDifferentiC

u

u
dxunIntegratio . I also 

observed other students making this same error. 

3. Evaluate:  
 

3

3

6

0
29

3
dxdy

y
 

   Beth first started to solve this problem with u-substitution, but ran into the difficulty of not 

being able to come up with du. She sat quietly for about a minute then performed the first 

integration step correctly: 

 
 

3

3

6

0
29

3
dyx

y
 


 

3

3
29

18
dy

y
 

   Beth paused for a while. She opened her textbook to the appendix containing the table of 

integration where there was a formula that applied to this problem. Beth scanned the page and 

did not recognize any formulas as appropriate. She said that problem #3 was hard and did not 

finish it. Being tired and not finding the appropriate formula in the textbook contributed to Beth 

quitting. Beth’s work on problem #3 contains an arbitrary error. Donaldson defined arbitrary 

errors as the ones where a failure to adhere rigorously to the constraints of a problem has 

occurred. Another description of arbitrary errors is lack of an attempt of justification of a choice 

while solving a problem often resulting in guessing or quitting. Beth knew to look at the 
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appendix, she used this approach many times before: in class with instructor’s directions and at 

home while working on her homework. She is too tired to note the appropriate formula or to 

even think about this problem and so she quits. Though fatigue seemed to be a factor, there was a 

reliance that the textbook would provide the answer for the integration problem, however due to 

her not finding the answer, she was unable to come up with a solution. This supports her 

preference to solve problems analytically and without a proper analytical process to follow, she 

admits she cannot solve the problem. 

   Overall, Beth appears to know some of the procedures to solve the problems but makes 

executive errors in her work. Her concentration comes in waves of strong focus and correct 

execution followed by periods of incapability for even simple referencing relevant to solving a 

problem material in the book. Overall, Beth’s analytical understanding seems intact, but is 

vulnerable to her feeling of fatigue. 

 

Brian 

   Brian made no errors in any of the three problems. 

1.  


6

0

3
2

1

0
3

14
x

dydx  

   Brian worked this problem matter-of-factly. He did not use any references. 
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3
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1

0
3

14
dxy
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6
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3

14
dxx  
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0

14
6

14
dxx  
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 xx  

14636
12

14
  

146143   
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   Brian arrived at the correct answer: 

143  

2.  





2

0

2

0
24

2
rdrd

r
 

   Brian wrote: 

rdrdu

ru

2

4 2




 

   Brian put negative signs over the original problem statement: 

 








2

0

2

0
24

2
rdrd

r
 

   Attention to detail is textbook-like. Notice r=0 and r=2 after the substitution: 
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0

2

0

2
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r

duu  
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0

2

1

2

1
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u

r

r

 

 






2

0

2

02 du
r

r  

  
2

0

2

0

242 r    Brian forgot to write dθ here, but wrote it in the next step 

  



2

0

042442 d  





2

0

4d  

   2

04  

   Brian arrived at the correct answer: 

8π 

3.  
 

3

3

6

0
29

3
dxdy

y
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  Brian started working on this problem by trying to use polar coordinates: 

222 ryx   

   He wrote and then crossed over the following:  

6,3660

3,9)3(0

22

22





r

r
 

   He continued to try to solve for limits of integration for r and θ: 

2

222

45

36

r

r




 

   Brian came up with limits of integration for r. He wrote R: 533  r . Then he worked on 

limits of integration for θ. 
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2
cos

cos
5

2

cos536

2

cos30

sin
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ry

rx

 

   Brian wrote:  









53

3

5

2
cos

2

1



and hesitated. He said that polar coordinates were supposed to make 

problems easier and what he had did not look right to him. He abandoned the path of converting 

the integral to polar coordinates, a method that Brian said required visual understanding of how 

the region of integration looks like and he said he could not “see” the region with his mental eye. 

   Brian went back to the original problem and switched the order of integration first: 

 
 

6

0

3

3
29

3
dydx

y
 

 
 

6

0

3

3
29

1
3 dydx

y
 

   Brian decided to open the book to the table of integration. He chose to use the appropriate 

formula: 







6

0

3

33
arcsin3 dx

y
 



  107 

 





 


6

0
22

3 dx


 

 603 x  

18π 

   There were no errors in Brian’s work. 

   Overall, Brian demonstrated strong analytical understanding of working with iterated integrals. 

His strength is within traditional rectangular coordinate system. He attempted conversion to 

polar coordinates analytically without picturing the region of integration and ran into a situation 

where it did not feel right to him. He went back to his traditional system and satisfactory 

completed each task. 

 

Overview of Beth’s and Brian’s Analytical Understanding 

   Beth seemed to want to solve the problems as fast as possible. She appeared anxious, easily 

discouraged. Beth’s performance was influenced by her being tired. Her analytical understanding 

of the iterated integrals was sufficient. However, she made many executive errors. Beth also 

demonstrated that she would rather quit working on a problem when the pressure to perform is 

minimal, as was the case during my interviews or her admittance of quitting homework 

questions. She was not able to find a correct reference for problem #3 in the textbook at this time 

but did later during the visual part of the interview. 

   Brian displayed an ability to approach the problems without emotions or pressing time issues. 

He made no errors. Brian’s performance showed that his analytical understanding of iterated 

integrals is exemplary. He demonstrated maturity in the case of problem #3. When the first 

method of solving did not work out to his satisfaction he did not quit and consulted with the 

textbook completing the task methodically and correctly. 

 

Students’ Visual Understanding 

   I asked each student to: 

 Graph a surface when an equation is given, 

 Come up with an equation for a surface represented by a graph, 

 Calculate surface area of a solid formed by several surfaces given in equation form. 
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Students’ Ability to Graph Surfaces Described by Equations 

 

Beth 

   It will be shown that Beth’s graphing skills are adequate but her visual understanding of the 

plane is faulty and underdeveloped. Her strength in analysis of the formulas helps her to 

compensate for difficulty in graphing. 

A) Draw the surface 4222  zyx describes. 

   Beth started by drawing the x, y, and z axes. Then she drew an oval in the yz-plane, then the 

ovals in the xy and xz planes. She said she used the ovals to represent circles. Beth’s sphere is 

correctly centered at the origin but she neither commented on her understanding of ‘4’ nor 

marked on the graph any information pertaining to radius or diameter (See Figure 49). This may 

have been an oversight on her part as Beth’s work with the cylinder in part C of this task is 

evidence that she understands the constant as a squared radius by providing tick marks for the yz 

cross-section of the cylinder as seen in Figure 51. 

 

Figure 49: Beth's Graph of 4222  zyx  

 

B) Draw the surface 632  zyx describes. 

   Beth came up with linear equations of each trace first: 

62  yx  

632  zy     
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63  zx  

2
3

2

623





yz

yz

 

3
2

1

62





xy

xy

 

2
3

1

63





xz

xz

 

   Then, she graphed the plane. The coordinate traces and the portion of the plane form the 

pyramid described in the first interview and the solid Beth will work during the surface area task 

of this interview. However, in spite of the accurate execution of the graph (Figure 50), later she 

will not use this picture to help her with answering the question about the surface area. Beth’s 

performance here is mechanical. She produced a correct graph utilizing her analytical skills but 

lacks in the interpretation of it. 

 

 

Figure 50: Beth's Graph of 632  zyx  

 

C) Draw the surface 922  zy describes. 

   Beth recognized the cylinder because it was a circle equation and she added that the way she 

was taught to identify the cylinder’s axis is to identify the missing of the three variables. Beth 

correctly drew her cylinder around the x-axis. She commented that the cylinder will have “radius 

of 3” and used the tick marks to illustrate the radius. 
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Figure 51: Beth's Graph of 922  zy  

 

Brian 

   Contrary to Brian’s frequent remarks about his inability to graph he presents evidence of his 

ability, as seen in his graph of a sphere in Figure 51. Brian also presents evidence of his 

reluctance to graph. 

A) Draw the surface 4222  zyx describes. 

   Brian started by drawing the x, y, and z axes. Brian did not mark the axes with their names. He 

drew a big circle in the plane where the horizontal and vertical axes appear to form a right angle, 

Brian referred to these axes as y and z respectively in his earlier graphs. Then he drew the arcs in 

solid lines to represent visible sides of the sphere. Lastly, he completed his drawing with arcs in 

dashed lines to show the hidden side of the sphere (Figure 52). Brian did not mark the radius but 

verbally commented that the equation describes a sphere of radius 2 showing his formulaic 

understanding of the surface. 
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Figure 52: Brian's Graph of 4222  zyx  

   Brian’s graph of the sphere exceeded my expectations because of his earlier confessions that he 

could not draw. In Figure 52, he clearly was able to discern and show the different arcs that 

illustrate the visible and hidden sides of the sphere. The graph demonstrates Brian’s ability to 

draw. Brian usually is reluctant to draw and this reluctance and lack of confidence in his drawing 

seems to hinder his motivation to graph. In parts B and C of this task it became more apparent 

that he was reluctant to draw. 

B) Draw the surface 632  zyx describes. 

   Brian said it “looks like C” referring to the three pictures of the next task, seen in Figure 53. 

Brian correctly chose a plane to represent the equation. In spite of the direction that compels one 

to draw Brian converted this task into a matching question. He said that he was not good at 

drawing and decided to use a picture that fits the equation of the plane and is already drawn. This 

strategy reveals Brian’s placement of importance on the fact that he knows what the equation 

describes and not on the process that demonstrates that he can draw. Brian shared that his 

success in mathematics is not in drawing but in working with numbers and formulas. 

C) Draw the surface 922  zy describes. 

   Brian said it “looks like B” referring to the same set of pictures in the next task (Figure 53). 

Brian recognized the equation as a cylinder. He neither specified what axis the cylinder is 

centered around nor the radius of the cylinder. Such response is consistent with his self-

admittance of relying more on the formulas and set procedures. The fact that Brian did not graph 

the cylinder may be indicative of the little value he places on his drawing ability. 
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Overview 

   Beth displayed sufficient skills of graphing. She demonstrated analytical understanding of 

working with traces that resulted in a correct graph of the plane but her visual understanding of 

the plane did not go past the triangular shape. 

   Brian’s graph of the sphere is good and speaks of his apparent ability to graph. However, 

Brian’s choice of turning the remaining parts of this task into a multiple choice speaks of his 

reluctance to graph and, at the same time, efficiency in his work. Brian recognized suitable 

shapes for the equations offered in problems B and C of the interview and decided to save time 

and energy of graphing by simply matching equations with appropriate shapes. He smiled and 

told me he was too lazy to draw the surfaces. 

 

Students’ Ability to Interpret Graphical Representation of Solids into Equations 

   What function can possibly describe each of the following? [Graphs presented in Figure 53 

were given to the students] 

A 

 

Beth’s response: 

azyx  222   

Brian:  

B 

 

Beth’s response: 

922  yx  

Brian:  

C 

 

Beth:  

Brian:  

Figure 53: Beth and Brian’s Analytic Interpretation of Surfaces Presented Pictorially 

 

Beth 

   Beth came up with suitable choices for A and B. She was particularly specific in B, choosing 

an equation of an upright cylinder versus the one she had just graphed in the first task of the 

interview. I believe she meant to have 2a in the parametric equation of the sphere in A and 

simply left out the 2 by making an executive error. Beth understands the concept of squaring 

radius as shown in her work in part C of the first task. 
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   Even though she was able to graph a plane in part B of the first task, her understanding of the 

plane appeared to me to be mechanical. Beth had represented the plane as a triangle by 

connecting the traces. In the second task of the interview she was presented with a parallelogram 

representation of the plane. It is unclear to me whether she interpreted the picture in part C of 

this task as a 3-dimensional or a 2-dimensional object as she did not comment on the picture. I 

asked her what shape she thought the picture described. She hesitated and simply said “I am not 

sure”. I did not want to prompt Beth’s answer by offering her descriptions such as “a 

parallelogram” or “a plane”. Beth showed resolution and visible comfort in her “I am not sure” 

response and moved on to the next task. She was unable to come up with an equation describing 

the surface. 

 

Brian 

   Brian showed his resourcefulness and efficiency again by turning this task into a matching 

activity.  

   Brian looked at the picture of the sphere and correctly said that 4222  zyx  would be a 

representation of an equation describing a sphere. While his choice of 4222  zyx is very 

specific, a sphere centered at the origin of radius 2, Brian’s verbal description that it was a sphere 

is more general and he simply matched the only sphere equation of the previous three equations 

available with the graph. Brian applied similar technique of choosing the best available option 

for the remaining surfaces. He clearly stated that B was a cylinder. He used eliminating process 

and chose 922  zy as an equation that could describe the cylinder. Of the two equations left, 

he said, this one was the only one describing a cylinder. Brian will not be able to come up with 

the graph of 922  zy  in the last task of this interview when no “choices” are available. Brian 

showed that his analytic understanding of “variable
2 
+ variable

2
 = a constant” is an equation of a 

cylinder. However, there is no evidence that illustrates Brian’s visual understanding of 

922  zy  as a cylinder on its side centered around the x-axis. 

 

Surface Area Problems 

   The students were presented with three problems to assess their visual understanding. The first 

problem asks the students to calculate part of the surface area of a sphere, a shape that was most 
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familiar to the students. The second and third problems had two parts each. The first part is 

surface area formula application that would help the students to calculate a portion of the surface 

area of one of the faces of the solid, a pyramid and a half-cylinder, respectively. The second part 

of problems 2 and 3 was to calculate the surface area of the entire solid. Both, Beth and Brian, 

showed their sufficient factual knowledge of the calculus formula but neither one of them 

answered the question about the surface area. The students had no trouble with the sphere in 

problem 1, but struggled with understanding of the solid formed in problems 2 and 3 even 

though they have a basic understanding of the shapes as was established earlier.  

 

Beth 

1. Find the surface area of 4222  zyx that lies above xy coordinate plane. 

   Beth wrote the formula for the surface area by heart:  
R

yx dAyxfyxf 22 )],([)],([1  

   Beth understood the part of the sphere of which she was to find the surface area. She drew a 

picture and even shaded the upper hemisphere, as seen in Figure 54. 

 

Figure 54: Beth's Hemisphere 

 

   Beth drew the integration region next and started working on describing R: 
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Figure 55: Beth’s Region of Integration for the Hemisphere 
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   Beth came up with correct boundaries for x and y. However, she showed tentativeness of her 

understanding of the region by including z as well.  She said she was not sure what to do with all 

the information. Beth did not validate any of her work on the region as correct. 

   She proceeded to work on the integrand. At first, Beth wrote: 

yyxf

xyxf

yxz

y

x

2),(

2),(

4222





 

   Then, she recognized that she forgot to take the square root of z. She crossed over her previous 

work and corrected it: 

 2

1
22

22

4

4

),(

yxz

yxz

zyxf







 

   After figuring the correct function she made executive errors calculating her partial derivatives: 

  2

1
2242),(


 yxxyxf x  

  2

1
2242


 yxyf y  

   Beth is missing ½ as a factor in each of the partial derivatives. 
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   She made another executive error by placing 24x and 24y in the denominator applying the 

negative exponent incorrectly: 

   
 

   









R R

dydx
yxyx

xyyxyx

yxyyxx 2222

222222

222222 44

44

44

1

44

1
1  

   By this time the executive errors in the previous steps accumulated into an unmanageable 

integral and Beth gave up.  

   Beth clearly knows the steps of approaching this problem: analyze the region of integration, 

come up with bounds on variables, calculate partial derivatives, setup and evaluate the iterated 

integral.  

   Beth is shaky in her understanding of the integration region. She comes up with bounds of 

variation for all variables. This can be due to the fact that triple integrals had also been 

introduced in class and Beth had not had time to sort out and process all the new information. 

She does not appear to have sufficient understanding of the region because she can’t describe it. 

Instead, she keeps R in her formula. Moreover, Beth never refers or uses the pictures, seen in 

Figures 54 and 55. They were the first steps she took in approaching the problem showing that 

Beth understood that they were important steps, but she is not able to make analytical sense of 

the pictures as applied to setting up the integral.  

   Beth makes one executive error after another. She appeared to become frustrated. Unable to 

simplify the integrand into a manageable function, she gives up. 

2. Find the surface area of the portion of 632  zyx in the 1
st
 octant. Find the surface 

area of the solid bounded by the above function of two variables and coordinate planes of 

the first octant. 

   Beth was not able to calculate a correct answer to either of the two parts of the problem.  

   Beth started with sketching R, shown in Figure 56. She correctly analyzed the limits of 

integration for the variables: 
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Figure 56: Beth’s Region of Integration for the Pyramid 

 

   Beth correctly described the region in two ways: 
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   She then makes executive errors in each step. The first one is putting the function in the 

integrand. However, she translated R into the limits of integration correctly. 

 
R

ydxdyx
3

2

2

1
2    Beth did not use parenthesis in the integrand 

62

03

2

6

1
2







 

y

yxxx  Beth integrated with respect to x. Executive error: she is 

missing the square in x
6

1
 : it should be: 2

6

1
x .  

 
3

0

2 15
3

4
1

3

1
164 dyyyy  Beth makes two executive errors in substituting 62  y  in 

for x : “16” should be 1262  and “15” should be 

yy 46
3

2
 . 

3

0

322 154
6

1
4 



  yyyy  Beth makes two executive errors: she had lost “16” and 

34y should be 3

9

4
y (a mistake of mixing an integration and 

differentiation rule we observed earlier). 
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4512
2

3
36   Another executive mistake: 12108274)3(4 3  . 

  At this point she realized that she used the wrong integrand and writes: 

 
R

yx dAyxfyxfdS 22 )],([)],([1  

yxz 263   

  yxyxf
3

2

3

1
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dxdyyx

2

2

2

2

3

1

6

1
1  

   Beth makes an executive error of using integration rule instead of differentiation rule in 

calculating partial derivatives. This is the same error she made in the previous problem. 

   She then sets up limits of integration correctly: 

 



3

0

62

0

44

9

1

36

1
1

y

dxdyyx  

   At this point, she says that she does not know how to evaluate this integral, but if she could, it 

would answer the question of the problem. I asked Beth to clarify for me if she meant that the 

numerical value of the integral was the answer to the problem. Beth replied that the numerical 

value of the last integral would fully answer the problem. She neither looked back to the 

statement of the problem nor took time to think thoroughly about my inquiry. Her reply was a 

fast and resolved “yes”. 

   Beth quits working on this problem and moves on to the next. She did not realize that, even if 

her work is correct, she had only answered the first part of the question and did not find the 

surface area of the solid. The multitude of executive errors had snowballed to a feeling of defeat. 

Beth appears frustrated with the fact that she could not come up with a numeric answer 

regardless of how hard she tried. She kept looking at her watch, showing signs of wanting to be 

done with this work. Even though Beth made many mistakes in her work, I classify all of them as 

executive. Beth clearly understands what needs to be done, she knows the formula, she knows 

the procedures, but she fails to execute them correctly time-after-time. Her concentration comes 

in waves, where correct steps are mingled with careless and “loss of hold” errors. She has a little 

better experience with the last problem. 
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3. Find the surface area of the solid formed by the portion of 922  zy above the xy-

plane, xy-plane itself and planes 6,0  xx . 

   Beth starts by writing the formula  
R

yx dAyxfyxfdS 22 )],([)],([1 .  

   She looked at the formula 922  zy  and said it is going to be a cylinder with a circle in yz-

plane for all x. She makes use of neither x = 0 nor x = 6 in her graph. She did not comment on 

the description of the solid being above the xy-plane either. Beth’s graph is shown in Figure 57.  

 

Figure  57: Beth's Cylinder 

 

She draws a picture and writes: 

22 9 yz   

    yyxfyxf yx 2,,0,    Beth makes an executive error of not solving for z 

  
6

0

3

0

221 dydxy  

   Beth makes a structural error of setting limits of integration on y from 0 to 3 using only the 

radius instead of needed -3 to 3. She correctly uses 0 and 6 as bounds of variation for x. 

   Beth opens the appendix of the book, looks at her work, then with an “oh!” she crosses over 

the three lines above. She caught her mistake of not solving for z! She starts over: 

29 yz   
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1
29 y  

  yyz y 29
2

1
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1
2 


 This step confirms that Beth knows the procedure of 

differentiating and that earlier errors are executive and not 

structural. 

  2

1
29


 yyz y  

  


6

0

3

0

2

2

9
1 dydx

y

y
 These steps confirm that errors made in problem 1 at the 

similar stage were executive and not structural. Beth shows 

here that she knows how to simplify this expression. 

  

6

0

3

0

29

9
dydx

y
 

  



6

0

3

0

2

1
299 dydxy  Beth makes an executive error by forgetting to take the 

square root of 9 when rewriting the fraction. 

   Beth first tries to evaluate the integral with u-substitution. She writes: 29
2

1
yy  and 

 yln9 leaving space under the radical empty. Then crosses over it and opens the book. 

This time she quickly finds correct formula. 

 



6

0

3

03
arcsin3 dx

y
 

 
6

0

0arcsin31arcsin3 dx  Beth does not use parenthesis in the integrand. 

0arcsin31arcsin3   

2
0

2


  Beth was not sure what the correct answer for arcsin0 was, 

so she wrote another line. Again, another executive error as 

she loses the coefficient, 3. 
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22


  

   All three problems became evaluating-an-integral problems in Beth’s mind. The last two steps 

of problem 3 confirm Beth’s shaky understanding of the arcsine. In the rush of going through the 

procedural steps of calculating the integral she had completely forgotten that the question was 

about the surface area. A possibility of having a negative answer does not alarm her and she does 

not dismiss it as an option. It is also noteworthy to remark on Beth’s use of the appendix this 

time versus her performance in problem #3 of “analytical understanding”. There she gave up on 

the problem and said it was hard. Here it took her 1 step to get through the integration part of the 

solution. Her focus sometimes wavers and she does not perform consistently although she is 

capable of correct work. 

   The fact that Beth did not in any way indicate that the final answer was an area speaks to 

incompleteness in her understanding. The last three problems started with Beth writing correct 

formula and did not go beyond trying to evaluate the integral. An overwhelming number of 

executive errors almost in every step resulted in her being consumed in finding the numerical 

answer. She was not able to utilize even familiar to her rules, such as integration and 

differentiation or simple algebraic manipulations and was driven off course of finding the area. 

   Overall, Beth’s visual understanding of the surface area problems is lacking. More specifically, 

she struggles with seeing the solids (hemisphere of the problem 1 is an exception) with which 

she is working. Instead, for Beth, the object of the surface area problems is in application of the 

formula only which is an evaluation of the double integral. 

   At the closing of the first interview I offered Beth a hypothetical scenario in which she would 

need to find the surface area of a triangular pyramid whose edges’ lengths are known and she 

said that she would add the four triangles’ areas to obtain the surface area of the pyramid. In light 

of this response it becomes more evident that the reason Beth did not say that she still needed to 

find three more areas to answer the problem’s second part of question #2 is the fact that she did 

not see the solid as a pyramid. In fact, she uses the surface area formula and never makes 

references to surface area of a pyramid or of a cylinder in problem #3. This lack of referencing 

the formula to a real object is combined with Beth’s struggle of understanding the region of 

integration. The inconsistency in executing evaluation steps correctly compounds to visible 
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frustration and the consequent quitting. Beth admitted that these problems were among her least 

favorite in this course which is consistent with Beth’s strong analytical preference. 

 

Brian 

1. Find the surface area of 4222  zyx that lies above xy coordinate plane. 

   Brian started with drawing of the region, R, seen in Figure 58.  

 

Figure 58: Brian’s Region of Integration for the Hemisphere 

 

   Then Brian wrote on the side a correct analysis of the region in terms of x and y. He also 

solved the equation for z correctly: 

422  yx  

24 yx   

22  y  

22 44 yxy   

04222  zyx  

222 4 yxz   

224 yxz   

   Brian writes and later crosses over:  







2

2

4

4

222

2

2

4441

y

y

zyxA . The integrand is 

incorrect but the limits of integration are fine. The nature of the error is structural. Brian took 

partial derivatives of 04222  zyx  instead of  yxfz , and applied his results into an 

“almost” correct formula for the surface area:      222
2221 zyx  . Brian did not 
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remember the formula at the beginning of the problem so I wrote it for him. In spite of the fact 

that the formula contained no partial derivative for z and is written right in front of him, Brian 

inserted the partial derivative with respect to z into his surface area formula. 

   It was not the integrand that bothered Brian when he crossed through 
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zyxA . In the next step, he wrote 
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dzdydxzyxA . Brian left the same integrand and modified his 

correct double integral into a wrong triple integral. 

   Brian circled the integral and said that it was his final answer. Now, it is more apparent that the 

nature of the error is structural. The student chose to use a triple integral rather than his correct 

double integral in the earlier step. We see a similar pattern of approaching surface areas 

problems as in the case of Beth. To Brian, this problem is about setting up and evaluating the 

integral. Even though Brian spent considerably less time on this problem than Beth he managed 

to lose sight of the fact the problem is asking for area. Between the lines, Brian shared with me 

that at the end of the semester he is simply tired and he wished this material came earlier when 

he was more engaged. 

2. Find the surface area of the portion of 632  zyx in the 1
st
 octant. Find the surface 

area of the solid bounded by the above function of two variables and coordinate planes of 

the first octant. 

   Brian tried to draw the figure. He drew x-and y-axes and stopped there. Then, by simply 

looking at the equation of the plane he wrote the next step: 

 
R

dA9411  

   Brian made the same structural mistake here by taking partial derivatives of the equation itself  

and including the partial derivative of z squared into the formula. 


R

dA15  

   Brian said he was done setting up the problem and that he did not understand R. He said that he 

could not visualize the solid itself. During the first interview I noted that sometimes Brian had a 
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correct mental image and simply could not put his image on paper. To probe if this is the case 

here I offered a picture of the surface explaining that it is a pyramid and showed him where the 

vertices were, seen in Figure 59. Brian said that he did not have a mental picture of the pyramid. 

He confessed that he did not recognize from the problem statement that the solid would be a 

pyramid and that the reason why he could not draw the graph was because he did not even know 

what to draw. Earlier in the interview, Brian “matched” 632  zyx with a parallelogram 

representation of a plane. Brian’s loss at what to draw in this problem indicates that his 

understanding of 632  zyx is analytical in nature, he recognized that equations of first 

degree describe planes. The process of drawing a plane was not as important to Brian as knowing 

that it was a plane. However, not being able to draw the plane inhibited Brian from 

understanding the solid.  

   Here is the picture I offered: 

 

Figure 59: Picture of the Pyramid Offered to Brian 

 

   Brian insists on using all three variables, 

20

30

60

:





z

y

x

R  

   Brian’s analysis of the region is incorrect. Brian’s bounds of variation for x and y describe a 

rectangle in the xy-plane whereas the pyramid has a triangle there. He includes the range for z 

even though is not necessary. 
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   Brian writes and circles:   
6

0

3

0

2

0

15dzdydx .  

   Brian’s analytical work is evidence that he can evaluate an iterated integral correctly and it is 

safe to assume that he did not stop working on this integral because he did not know how to 

proceed. Brian continues to ignore the surface area formula written for him and insists on using 

the triple integral in the surface area problem. He neither used the term area nor commented on a 

need to find areas of the remaining three sides to come up with the surface area of the pyramid. 

Instead, he stated that   
6

0

3

0

2

0

15dzdydx  was his final answer and moved on to the next problem. 

3. Find the surface area of the solid formed by the portion of 922  zy  above the xy-

plane, xy-plane itself and planes 6,0  xx . 

   Brian’s body language suggested to me that he gave up before even starting working on this 

problem. “I don’t know where to start” he says. He smiled, stretched out his arms and leaned 

back in the chair as if to indicate that there was nothing more to talk about. In an effort to engage 

Brian into discussion I offered the picture, seen in Figure 60. Brian said that seeing the object 

helped him tremendously and he made correct analysis of the region of integration in the xy-

plane. Similar to problems 1 and 2, he erroneously included unnecessary analysis of the value of 

the function, z.  
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Figure 60: Picture of the Half-Cylinder Offered to Brian 

 

   Brian writes: 0922  zy and: 

290

33

60

:

yz

y

x

R






 

   He then writes and circles his final answer:   





6

0

3

3

9

0

22

2

441

y

dzdydxzy . 

   It is clear that his choice of using triple integrals persists and he makes the same structural error 

as he did in the first two problems. 

   In the last three problems of this interview it became apparent that Brian lacks in the ability to 

form and understand a solid described by an equation or several equations. More so, he earlier 

admitted to placing little importance on the process of drawing by saying that his success in 

mathematics comes from “plug-and-jug” work rather than drawing. Numerical calculations and 

analytical algorithms are, self-admittedly, the areas of mathematics he is most comfortable with.  

   Brian is shaky in his understanding of the region of integration. He includes analysis of all 

variables involved in an equation. Even though the error of using a triple integral for calculation 

of the surface area is structural it bears less gravity as understanding of forming the solid 

problem. Brian’s work in problems 1 and 3 showed that Brian is capable of correctly identifying 
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integration limits for x and y if he has a picture to refer to, however it is very difficult for Brian 

to produce a picture from an equation on his own. Without the picture of the solid he was ready 

to give up and quit to work on the problems 2 and 3 altogether. 

 

Summary of Beth’s and Brian’s Visual Understanding 

   Beth and Brian are among the top students in this class. Both have strong mathematical 

backgrounds and both are used to receiving high marks in their mathematical classes. They are 

not intimidated by either the subject or by the amount of work expected of them in the class. 

   Both Beth and Brian have a sufficient understanding of the terms and typically understand 

what is being asked in any given problem. They may not always know the solution to the 

problem but their verbal use of mathematical terms mirrors the language of the instructor. 

   The analytical understanding of Brian is outstanding. He is at the top of his class with any 

algebraic manipulations or calculus concept formulas. He says that “plug and chug” has never 

given him any problem. Beth’s analytical understanding is structurally sound but shaky when it 

comes to execution. She wavers and makes careless mistakes. At times the number of such 

mistakes amounts to complete debilitation of Beth’s ability to continue with working on the 

problem. Somehow when necessary, she is capable to overcome this obstacle as reflected in her 

having the 3
rd

 highest grade in the class. 

   Visual understanding of Brian is underdeveloped. He has mental images of most of the solids 

that he had seen before college. However, unique shapes that veer off the old and familiar objects 

puzzle him and he struggles not only with putting them on paper but also with seeing them 

mentally. 

   Visual understanding of Beth seems better than Brian’s. She was able to produce pictures of 

the solids in problems and the picture of R. She even found correct limits of integration to some 

of the problems. However, Beth’s visual understanding is somewhat mechanical as shown in the 

case with the graph of the plane which she obtained through the use of traces. Beth shared with 

me that the region of integration intimidates her and that she is very “unclear” about R in the 

formula. Even though Beth has a basic understanding of the solid and the surface, she is having a 

hard time setting up the integral. The fact that she can write the formula by heart and therefore 

“knows” the formula frustrates her because she cannot apply it. She correctly writes limits of 

variation for all three coordinates, yet lacks understanding in how to use these bounds. Beth’s 
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intimidation by R clouds her judgment. She is not able to set the emotion aside to discern and 

validate correctness of her analysis. In this case, it becomes apparent that it is not enough to have 

a visual and analytical understanding of the integration region as separate pieces. Beth has good 

visual representations of the integration regions, R, in problems 1 and 2 and has their correct 

analysis yet fails to use those bounds in the double integral.
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CHAPTER 6 

THE CASE OF VISUAL PREFERENCE & BELOW CLASS’ AVERAGE 

MATHEMATICAL ACCURACY 

 

   There were three students grouped in this case. Ann, Brent, and Andrew scored below the class 

mean, 73, 69, and 74, respectively, in the third unit test, demonstrating deficient mastery level of 

skills tested. Their mathematical visualization scores are 16, 20 and 20, respectively. In the case 

of Ann, 16 suggests a harmonic type of thinking, and Brent and Tim’s scores suggest a geometric 

type of thinking. 

   The scatter diagram of the students’ scores is presented in Figure 1 of Chapter 3. 

   Ann, Brent and Andrews’s scores illustrate an above class mean mathematical visualization 

score and a below class mean mathematical accuracy score, (16,73), (20,69) and (20,74), 

respectively. 

   The remaining portion of the chapter will provide a brief introduction of Ann, Brent and 

Andrew, their basic understanding of surface area and solids, followed by a discussion of Brent 

and Andrew’s analytic and visual understanding of the multivariate course content. Ann did not 

come to the later interviews so a discussion of her analytical and visual understanding will not be 

given.  

 

Introduction of Participants 

 

Ann 

   Ann is a 22 year old black female in her 4
th

 year of college. She is a senior and will be 

graduating next semester. Ann is enrolled in the pre-medical program. Ann’s professional goal is 

to become an orthopedic surgeon. Mathematics is Ann’s minor. She is a full time student who 

lives on campus. 

   Ann’s college mathematics courses included a transfer credit for college algebra from a 

different school. Other courses in chronological order were calculus I and II, followed by 
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introduction to abstract algebra. Ann told me that she was always good with mathematics and 

enjoyed taking mathematics classes. 

   Ann’s expectation of calculus III class was that it was not going to be that hard. She told me 

that she prefers a combination of a formula and a picture which is consistent with her 

mathematical visualization score of 16. 

   Ann is on the university’s basketball team. They won the division’s national women’s 

basketball title, the first in the university’s history. Ann was not a starter, but trained with the 

team extensively nonetheless. She admitted later in the semester that her basketball involvement 

and a heavy class load made for a very difficult semester. Ann named chemistry, biology, and 

calculus III as challenging classes. Ann was often behind with her homework yet almost always 

present in class. She agreed to the last two interviews but did not come. The last two interviews 

were during the week prior to the last week of classes and Ann was not able to make room in her 

schedule to make up for the missed interviews. 

 

Brent 

   Brent is a 22 year-old white male in his 5
th

 year of college.  He is a senior who is hoping to 

graduate with a bachelor’s of Mathematics Education in the semester of this research. Brent had 

already secured a mathematics teaching and a football coach position with a local public school 

starting the next school year. At the time of the research he was also taking a statistics course at 

another college to meet his graduation requirements. Brent told me of a tremendous pressure of 

making As in all subjects. Brent’s grade point average was too low and without all As he would 

not be able to graduate.  

   Brent said that since he was good in math in high school he enjoyed math until recently. Brent 

told me that college algebra and trigonometry were easy courses for him, but calculus I and II, 

and statistics were somewhat hard but he still understood and enjoyed them. Brent said that he 

liked to work with numbers and said he was looking forward to teaching high school algebra. It 

was ironic to him that linear algebra and numerical methods were the least interesting and 

enjoyable courses to him. “You would think there will be numbers in numerical methods but it 

was all letters and loads of abstract theory, it was all German to me” he said. When taking 

calculus III Brent’s attitude towards mathematics was not positive, “I don’t like it at all” he said, 

“the pressure of making an A in the class is all I could think of”. Brent’s expectation of calculus 
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III was that it would be not be very hard but he struggled to perform well. His grades were 

among the lowest in the class throughout the semester.  

   Brent said that he prefers a picture in solving a calculus problem, which is consistent with his 

mathematical visualization score of 20. 

   Brent displayed a great deal of anxiety and resistance to learn behind humor and many jokes he 

made in class. He did not take many notes and simply sat in the class and listened to the 

instructor. The lectures did not make much sense to him he said. He also admitted to spending 

little time studying. Brent and Andrew met together for 30 minutes to an hour prior to the class 

to discuss the homework and that was all the effort Brent put in this class. It was apparent to me 

that Brent did not manage his stress level well and the little effort he put into class was partly due 

to the escalated feeling of anxiety in addition to his conviction that he was going to use none of 

this material after the class was over. 

 

Andrew 

   Andrew is a 21 year old white male in his 3
rd

 year of college. He is a full time student majoring 

in mathematics education. Andrew’s professional goal is to teach mathematics and coach 

baseball in a high school. Like his father, a principal of an elementary school, Andrew has an 

ambition of becoming an administrator. Andrew says that his entire family is a family of 

educators. Andrew’s mother and his only other sibling, an older sister, are elementary school 

teachers.  

   Andrew commutes to the university daily, about 30-45 minutes one way. He described himself 

as someone who wants to learn. Andrew’s college credit math courses in chronological order are 

college algebra, trigonometry, logic, linear algebra, introduction to abstract algebra, probability 

and statistics, numerical methods, calculus I and II. Andrew said that he was ambivalent toward 

mathematics. He said that he did not like his calculus I and II instructor and had a hard time 

understanding the material in those classes due to heavy foreign accent and lecturing style that 

did not encourage students’ questions. 

   Andrew’s expectation of calculus III was that it was going to be a hard class, but after two 

weeks of classes with this instructor he said that the class was not going to be as hard as he 

initially thought. Andrew appreciated the ability of asking questions during the lecture and took 

full advantage of it.  In addition, he attended the professor’s office hours regularly. Andrew said 
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that he found office hours very helpful and insightful because the professor took time to help him 

to fill in the gaps in his basic calculus and algebra knowledge. He spent about 1-2 hours weekly 

in the office hours working on his homework. Andrew’s questions in class often pertained to 

terminology or techniques of simplifying rational expressions, radicals, etc. 

   Andrew said that he prefers to have both a formula and a picture whenever solving a calculus 

problem leaning slightly toward the formula suggesting a harmonic type of thinking, a statement 

that is somewhat inconsistent with his mathematical visualization score of 20 that suggests more 

of a geometric type of thinking. 

   Andrew’s mathematical accuracy scores were the lowest at the beginning of the semester but 

gradually improved toward the end of the semester, especially within the homework category. 

 

Students’ Understanding of Solids and Surface Area 

   Ann, Brent, and Andrew were interviewed to determine their basic understanding of solids and 

surface area prior to the formal introduction of these topics in the multivariate content section of 

the course. Each student was interviewed separately. 

 

Ann 

   Solids and Surface Area. When I asked Ann for her definition of a solid she answered with 

hesitance “it’s a … like… a cube” and added that the surface area of a solid is the area around 

the object. Although Ann’s definition lacks generality she gave a valid example of a solid and 

her surface area definition is consistent with the formal definition of a sum of areas of the faces 

of the solid. 

   Projection of a Solid. Ann’s understanding of the projection is the path of a moving object. 

Here is what she said: “Well… like if an object is shot in the air then the path it is tracing is the 

projection”. She is confusing a trajectory with a projection. For Ann, a projection is result of a 

displacement of an object. Another possible interpretation of her understanding is a projectile. 

Wikipedia gives a definition of a projectile as an object propelled through space by the exertion 

of a force, which ceases after launch, much like a football or a basketball. She will struggle with 

understanding this concept throughout the semester.  

   She added that she does not know how to graph a projection. 
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   1
st
 Quadrant of the xy-Coordinate Plane. Ann hesitated a little then drew a 3-dimensional 

system in the same way it was presented in class. She very carefully labeled all the axes, and 

placed arrows to indicate positive directions. She hesitated again before shading the correct 

quadrant (Figure 61). Her shading is very faint. Ann told me that she was sure it was right. 

 

Figure 61: Ann's 1st Quadrant 

 

   Sphere. Ann very quickly answered my question about what a sphere was with “It’s a circle”. 

Ann’s answer leaves room for speculation about her understanding but her drawing of a sphere is 

correct. The lines within the circle are Ann’s way of showing the circles around the sphere to 

achieve a 3-dimensional effect of the drawing. 

   I asked her to draw the sphere within 3-dimensional system and come up with its projection 

onto the xy-coordinate plane. Ann, after a short pause, said she did not know how to draw the 

sphere within the 3-dimesnional system and she did not know how to draw a sphere’s projection.  
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Figure 62: Ann's Sphere 

 

   Cylinder. Ann did not hesitate at all when asked to draw a cylinder (see Figure 63). Ann’s 

understanding of the cylinder appears to be two parallel circles for bases connected with parallel 

lines. This is consistent with required understanding of the cylinder. It is interesting to point out 

that she did not give a verbal definition of the cylinder, preferring to draw an image of it. 

       

 

Figure 63: Ann's Cylinder 

 

   I asked Ann to draw a cylinder in a 3-dimensional coordinate system and tell me about its 

projection onto the xy-coordinate plane. Ann drew a sideways cylinder, as seen in Figure 64. 
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Figure 64: Ann's Cylinder in 3D System 

 

   I found additional evidence of Ann’s understanding of a cylinder in one of her homework 

assignments 8 weeks after this interview. The students were asked to graph the surface described 

by the equation: 922  zy  (see Figure 65). 

   Ann’s description of the surface reads: “If x changes, the circle moves out and there is a 

cylinder from initial y to a final y. This is a left circular cylinder.” Ann’s graph is very good and 

her description of a circle for each cross section is appropriate. However, left cylinder suggests 

that Ann puts a nonmathematical meaning into the phrase right cylinder. The professor, when 

grading Ann’s work, crossed over the word “left” and wrote “right”. He put a side note saying 

that “right” means “right angle” because base circle is perpendicular to sides. The student and the 

professor did not share the same understanding of a right cylinder. Ann attributed direction or 

positioning of the object to the word “right” and therefore “left” made sense to her, whereas in 

the mathematical community a “left” cylinder has no meaning.  
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Figure 65: Ann's "Left" Cylinder 

 

   Ann did not attempt to draw a projection of the cylinder, depicted in Figure 64. When asked to 

draw the projection she said she did not know what the projection of the cylinder would be so 

she would not know what to draw. 

   Prism. Ann said that a prism is triangular in shape. I asked Ann to draw a prism in a 3-

dimesnional system. Ann started with the coordinate system, seen in Figure 66. She hesitated for 

a minute, said “I can’t” and was not able to draw the prism. I asked if she had an image of a 

prism in her mind. She answered with a “no” but added that she could not draw it suggesting that 

there was an image she was trying to draw. It is not clear what Ann’s understanding of a prism 

is. 
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Figure 66: Ann's Attempt at Drawing a Prism 

 

   Pyramid. I asked Ann to draw a triangular pyramid with one of the vertices at the origin at 

which three edges (6 units, 3 units, and 2 units) form a 90 degree angle pair-wise and mark all 

important information. I also asked Ann to tell me what the pyramid’s projection on the 1
st
 

quadrant of xy-plane would be.  

 

 

Figure 67: Ann's Edges of the Pyramid 

 

  Ann started to draw right away yet with hesitance in her lines. Figure 67 shows the faint lines 

where Ann used an eraser. She hesitated and it was clear to me she was ready to give up on this 

task. I asked Ann to give me an example of a pyramid in real life. She said that Egyptian 

pyramids are what came to her mind. She motioned with her hands starting apart at the table 

level then bringing them up together at her eye level as if tracing two edges of a triangle 

connecting at a vertex. 
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   She appeared to be discouraged with her inability to produce a picture. Ann’s reference to an 

Egyptian pyramid is evidence of her understanding of the shape. Her execution skills hinder her 

to produce a picture. Ann said “it’s like these lines are the edges and I don’t know how to 

connect them to show the pyramid”. Ann was not able to complete her graph of a pyramid. 

Ann’s understanding of the pyramid as a shape resembling an Egyptian pyramid is appropriate 

but she lacked in drawing skills. 

   Forming a Solid. I asked Ann to draw in the same set of coordinates a cylinder centered around 

z-axis with height 4 and base radius of 2, and a plane that has three points (6,0,0), (0,3,0) and 

(0,0,2) 

   I also asked Ann to describe the portion of the solid formed in the first octant below the plane, 

and describe the projection of the solid in the 1
st
 quadrant of the xy-coordinate plane. 

   Ann started her work with drawing the coordinate axes first. She correctly plotted the points 

next. She made sure to mark the axes with their names and put arrows on positive directions of 

the axes. Ann made a mistake of centering the cylinder around the x-axis. She is using 6 as the 

height which is not correct. We see that she plotted the points correctly but lacked in 

understanding of the height and radius of the cylinder. She favored “left” positioning of the 

cylinder once more, see Figure 68. Her errors in the drawing are arbitrary, she is guessing on 

how to make use of the three given points in graphing the cylinder.  
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Figure 68: Ann's Cylinder and Plane 

 

   Ann explained that she had a hard time sorting out all the information provided in the 

description of the solid. She added that she did not see or understand the shape of the solid being 

formed. Ann’s graph of the cylinder positioned sideways was the way she thought of the cylinder 

pictured in a 3-dimensional system. Her understanding of the cylinder is rudimentary. She knows 

the shape, Figure 63, but does not demonstrate understanding of how the central axis, base radius 

and specific height describe a unique cylinder. 

   She did not attempt a graph of the plane. Ann added that she did not have a mental picture of 

the plane either. I asked if the three points help her in her understanding of the plane. “No”, she 

replied. Ann added “I am not sure how to draw a plane through these points”. 

   Since Ann admitted to not understanding the formed solid, I did not pursue the question about 

its projection. 

 

Overview of Ann’s Understanding of the Solids and Surface Area 

   Ann was able to produce correct graphs for a sphere and a cylinder and gave a suitable 

reference for a pyramid. Her definition of a triangular shape for a prism leaves room for much 

interpretation. Ann lacks the proper vocabulary to describe her images. She used the words a 
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circle for a sphere, a triangular in shape for a pyramid, she preferred to draw a picture for a 

cylinder choosing not to talk about its definition at all. Such meager use of terms suggests Ann’s 

lack of comfort with terminology related to the 3-dimensional objects. 

   She used a correct example of a solid as a cube and was able to give a workable definition of 

the surface area. However, Ann lacks generality in her description of a solid. 

   Ann’s understanding of a projection of an object is not aligned with the term’s use in a calculus 

classroom. Ann thinks of a projection as a trace of a moving object or the moving object itself, a 

projectile. Such a difference in understanding of the term leads to difficulties in forming 

understanding of concepts that relate to a projection of an object, such as understanding of the 

region of integration in double integrals. Ann later admitted to me that a task of switching order 

of integration was one of the hardest to her, because she could not understand how simple 

change of order from dxdy  to dydx could affect the integral dramatically. 

   Ann’s 3-dimensional graphing is underdeveloped. She told me that she did not have much 

practice in 3-dimensional graphing and that calculus III is the 1st
 class she ever was asked to do 

it. She also told me that the shapes I asked her about were familiar to her from grade school 

geometry and yet in spite of that she had a hard time picturing them within a 3-dimensional 

system. 

   Overall, Ann lacks in her understanding of solids as required by calculus. She is at a 

disadvantage of neither being able to verbalize her images nor portray them on paper. Ann did 

not ask many questions in class. Yet, she clearly had troubles with understanding material as 

indicated by her mathematical accuracy scores throughout the semester. 

 

Brent 

   Solids and Surface Area. Brent said that a solid is an object and that the surface area of it is the 

area “all around”. Brent’s definition of a solid was so broad that it encompassed everything. His 

understanding of surface area is more specific as it indicated that a solid would have an outside 

around it. 

   Projection of a Solid. Brent’s initial response about projection was “sitting in a room and 

watching something projected on the wall”. He talked about it in a calm and relaxed voice. He 

added that a projection is the entire process of projecting images on the wall. Brent’s 
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understanding of the projection was more aligned with his experience as a football player when 

he, with his teammates, watched football games with the coach, he said.  

   He then, with surprising energy and confidence, added that he can project a point. I asked 

Brent to tell me about his understanding of projecting a point. He said that for example for the 

points (0,5,1) (2,3,0) he would do ‘u’ times ‘v’ over ‘v squared’. Then he wrote the formula seen 

in Figure 69 (memory imagery of formulas). 

 

Figure 69: Brent's Projection of a Point 

 

   Brent then corrected himself saying that (0,5,1) and (2,3,0) were vectors. He said, he can draw 

vectors [Brent’s voice emphasis].  

   Brent demonstrated that he had more than one understanding of the term projection: the 

process of projecting images on the wall and the formula
2

v

vu





 [Brent refers to the use of a dot 

product formula: v
v

vu
uv






 




2
]. Example of the formula is related to the calculus concept of 

projection. Brent showed little understanding of the formula, however. He started with saying 

that he could project a point. Then, in the process of explaining how he would do it, he came up 

with two points. He added that they were not really points but vectors. He constantly corrected 

himself showing his difficulty in sorting out all the pieces of the formula. 

   Brent revealed yet another understanding of projection relating it to the way the instructor 

introduced plotting of the ordered triples. Here is an example of a graph the instructor drew in 

class when plotting (2,4,7).  
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Figure 70: An Illustration of Classroom Instruction on Plotting of Ordered Triples 

 

   The instructor referred to the dotted shape as “drawing a box”. He would start with x and y 

coordinates, then drew rectangles in xy-, xz- and yz- coordinate planes and finally he would draw 

the front and right faces of the “box”. 

   Brent said “… if you gave me a point, I can’t draw it. I don’t know why. I can draw boxes all 

day long, but when it comes to this stuff… But I can project points!” Brent referred to working 

with the vector projection as “projecting points” demonstrating flawed understanding of the 

projection concept as mere numerical manipulation of the formula. Brent drew a box as he was 

talking to demonstrate that he could indeed draw boxes, see Figure 71. 

 

Figure 71: Brent's Box 

 

   1
st
 Quadrant of the xy-Coordinate Plane. Brent drew the 3-dimensional system in the same 

manner the instructor did in class, he labeled the axes and put the arrows as seen in Figure 72. 

x

y

z

2

4

7  7,4,2

planexyontoprojection 
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Then he shaded the upper right corner of the xy-plane. Brent said that that was where x and y 

were positive. Brent revealed that he did not interpret the instructor’s system in the way it was 

intended by the instructor. The instructor used the arrows to denote positive directions. Brent 

said that in his system the positive direction was opposite to the arrow for x-axis, but that the 

arrows for y and z axes coincided with his positive directions. 

 

Figure 72: Brent's 1st Quadrant 

 

   Sphere. Brent said that the sphere is like a circle. He added that if he were to draw it he would 

draw a circle which would be wrong. He did not attempt to draw a sphere. I asked Brent if he 

knew what a sphere’s projection onto xy-coordinate plane would be, he said “I have no clue!” 

Even though Brent did not draw the sphere, his understanding of it being circular and round in 

nature suggests that he has some image in mind. However, as I discovered with Brent, his way of 

thinking is nontraditional and it is not safe to assume anything with Brent. Brent’s thinking of a 

prism, presented later, is evidence of how surprising and unconventional his images are. 

   Cylinder. Brent showed a valid understanding of a cylinder by saying “that’s stuff you put 

cinnamon rolls in”. I asked him to draw a cylinder within 3-dimensional system and we can see 

Brent’s interpretation of the 3-dimensional system in Figure 73. 
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Figure 73: Brent's Cylinder in a 3D System 

 

   I asked Brent about the shapes we see to the upper left of the cylinder. He said that he could 

not draw the coordinate system and that “dot-dot-dot kills” him. I asked him to tell me more 

about the “dot-dot-dot”. He said that it was just like in his homework problem where he needed 

to plot (1,2,3). “For me, 1 is x, 2 is y and 3 is z [Brent pointed to the x, y, and z axis as he drew 

them starting the graph later presented in Figure 74]. But it’s not. You have to dot-dot-dot here 

[Brent pointed away from the axes] then go up. I don’t know how far to go out.”  

   Brent’s explanation of the dot-dot-dot clearly refers to the instructor’s “box” while plotting a 

point and Brent demonstrates his lack of understanding of it. Brent’s talking about the dot-dot-

dot did not explain rectangular shapes to me. His way of explaining the rectangular system of 

Figure 73 is evidence of Brent’s chaotic way of thinking. He skips from one thought to the next. 

He is using dotted lines to demonstrate how he would start to graph (1,2,3) in the manner that 

suggests that the arrow on the x-axis does indicate a positive direction. However, Brent shaded 

the 1
st
 quadrant of the xy-coordinate plane in his previous manner, which is inconsistent with his 

own definition of where positive x values are. Brent moved on giving no further explanation to 

the rectangles of Figure 73 and drew a cylinder in the 3-dimensional system, as seen in Figure 

74. 

 

 



  145  

 

Figure 74: Brent's 2nd Attempt at the Cylinder in a 3D System 

 

   I asked Brent what dotted lines represented. He replied “I could not even tell you what they 

mean.” Brent’s graphs and remarks demonstrate his uneasiness and scant understanding of 

working with 3-dimensional graphing. He does not have the basic knowledge of dotted lines of 

point plotting yet he uses the dotted lines anyway. Brent often resorted to a similar behavior in 

class. He would throw everything he heard or had seen that he thought related to a specific topic 

in the hopes the instructor would see something positive in what Brent was doing, yet achieving 

the opposite effect. It is apparent to me that Brent’s understanding of 3-dimensional graphing is 

very weak. Furthermore, he does not see any personal value of making sense out of the 

information he learned in the class thus far. 

   Prism. Brent’s understanding of the prism proved to be the farthest away from the traditional 

view. Brent told me that a prism is a round, flat and shiny thing that shoots rays in different 

directions if one puts it in the light. “… it’s like a prism hanging in the window and it shows the 

rainbow colors”. He said that his grandmother had it at her house and he remembered staring at 

the prism for hours at a time when he was a child. See Figure 75 for Brent’s prism. Even though 

Brent’s verbal description was round and flat, we see a star-shaped object. 
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Figure 75: Brent's Prism 

 

   I asked Brent to help me understand how to reconcile his definition of “round and flat” with a 

star-shaped picture he drew. “I know it’s weird”, he said, “those are the rays of colors. I just 

can’t draw it right”. 

   Two conclusions can be drawn here: Brent’s understanding of a prism does not coincide with 

the traditional mathematical way of thinking of the shape. The other one is that Brent’s 

understanding of the prism is a confirmation of Brent’s geometric type of thinking, a situation in 

which a faulty visual-pictorial “supports” hinders his verbal-logical component of thinking. 

   Pyramid. I asked Brent to draw a triangular pyramid with one of the vertices at the origin at 

which three edges (6 units, 3 units, and 2 units) form a 90 degree angle pair-wise and mark all 

important information. I also asked Brent to tell me what the pyramid’s projection on the 1
st
 

quadrant of xy-plane would be.  

   Brent started by stating that he did not know what pair-wise meant. I gave him an example of 

the x, y, and z axes intersecting at the origin at a 90-degree angle. Brent appeared to earnestly 

think about the problem. He drew the 3-dimensional system, tried to draw some lines. After 

about 3 minutes he said he had no clue and left his drawing as seen in Figure 76. 
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Figure 76: Brent's Triangular Pyramid 

 

   We can see beginning of triangles and Brent marking a couple of angles with the box denoting 

a 90-degree angle. He was neither able to finish the graph nor did he provide a verbal description 

of a pyramid. It is not clear what Brent’s understanding of a triangular pyramid is. 

   Forming a Solid . I asked Brent to draw in the same set of coordinates a cylinder centered 

around z-axis with height 4 and base radius of 2, and a plane that has three points (6,0,0), (0,3,0) 

and (0,0,2). I also asked Brent to describe the portion of the solid formed in the first octant below 

the plane, and describe the projection of the solid in the 1
st
 quadrant of the xy-coordinate plane. 

   Brent started with graphing (6,0,0). It’s the x, he said, so it would be right on the x-axis. Brent 

marked the positive direction of x-axis consistent with his understanding of it and marked (6,0,0) 

within his system correctly as seen in Figure 77. He said that these points were not that difficult 

for him because they were on the axes and he did not have to “go anywhere”. Brent graphed the 

points with confidence. Then he said he needed to draw the cylinder with height of 4, with radius 

2, so the diameter is 4. “I know this stuff!” he remarked. In spite of already having the z-axis he 

superimposed a line and drew the cylinder around the new line. He correctly marked the 1
st
 

octant where all his variables are positive. We see that Brent used the three points as a frame to 

fit the entire cylinder in. Brent’s understanding of the radius and diameter of a cylinder is 

accurate. However, he failed to position the cylinder according to its description in the problem. 
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Figure 77: Brent's Cylinder and Plane 

 

   I asked Brent if the plane affected the forming of the solid in the 1
st
 octant. He said he had no 

clue. He also admitted that he did not know what “centered on z-axis” meant and that he knew 

that his cylinder was not drawn correctly. When I asked Brent if he wanted to correct anything 

about his drawing he said he would not want to try again, because he was just guessing and did 

not know what any of this meant. The confidence and ease of talking about graphing the points, 

the cylinder and its radius Brent showed earlier were replaced with his frustration and discontent 

about the material and class in general. 

   I asked Brent about the cylinder’s projection. Brent replied with a question “… flips over xy? 

like a reflection?” Brent had demonstrated several different meanings of projection and he adds 

another – a reflection. 

Overview of Brent’s Understanding of the Solids and Surface Area 

   Material Brent sees in the classroom sometimes contradicts his experiential knowledge, as the 

case of a prism or his understanding of the 3-dimensional system. Brent said he is overwhelmed 
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during the lectures and that the instructor did not speak his language anymore. Later, during the 

multivariate content of the course Brent exploded with the following:  

“It’s just like numerical methods, like speaking German. I am just overwhelmed. The 

instructor says this stuff is easy, but I am having the worst time with it right now. I don’t 

know why. I’ve only seen 3-D graphs like once before like maybe in high school and 

that’s why I think I don’t know what to do. I’ve only seen it once and my memory is 

really bad. All that stuff the instructor says remember calculus I and II… NO, I DON’T 

[voice emphasis] remember any of that. Especially, since calc II was my sophomore year. 

I’ve had a lot of classes since then. I think my brain can only hold so much.” 

 

   Brent said that everything he learned in college with the exception of college algebra is of no 

use for him. He views content of other courses not applicable to life. He gave up on making 

sense of any of the concepts and simply sat in the class hoping against all hope for the 

instructor’s pity to give him an A so he could graduate. 

 

Andrew 

   Solids and Surface Area. Andrew said that he was not sure what the definition of a solid was. 

He did not give an example of a solid, but when asked if solids have surface area he said yes and 

that the surface area was the “total area”. Andrew’s use of words is sparse and he lacks ability to 

verbalize more specifically what a solid is. “Total area” suggests to me that there are areas to be 

totaled in order to come up with the entire surface area, which would be consistent with correct 

understanding of the surface area. 

   Projection of a Solid. Andrew said that he did not know what projection meant. He only smiled 

and shrugged his shoulders in response to my repeated questions about projections of the specific 

shapes in this interview. 

   1
st
 Quadrant of the xy-Coordinate Plane. I asked Andrew to draw a 3-dimensional coordinate 

system and shade the 1
st
 quadrant of the xy-coordinate plane. Andrew graphed a correct picture 

quickly and without hesitancy. Andrew’s graph is the same as the instructor’s in class. 
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Figure 78: Andrew's 1st Quadrant 

 

   Sphere. I asked Andrew to draw a sphere. There was a minute’s worth of silence. Andrew drew 

the coordinate axes next, but no sphere, Figure 79. Andrew did not use body language to give 

any indication of his understanding of the sphere, such as forming a ball with his hands. “I know 

what it is I just can’t draw it” he said. He added that he did not know what the sphere’s 

projection was. 

 

Figure 79: Andrew's Sphere 
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   Cylinder. Andrew drew an upright cylinder. Andrew’s graphing is clear and easy to 

understand. Even though the bases do not appear congruent and the lines connecting the bases do 

not appear parallel the general shape is correct, see Figure 80. Andrew’s homework [assigned 6 

weeks after this interview] provides us with a better executed picture of a cylinder, see Figure 81. 

We can see bases that appear congruent and the lines on the side suggest circular cross-sections. 

However, at the time of this interview, Andrew lacked in ability to graph a cylinder in the 3-

dimesnional system. 

 

Figure 80: Andrew's Cylinder 

 

 
Figure 81: Andrew's Homework Cylinder 

 

 

   Andrew shrugged his shoulders and with a smile said that he would not be able to draw the 

cylinder within 3-dimensional coordinate system to see what it’s projection on the xy-plane 

would be. Andrew is being consistent with his admission to not knowing what projection was. 

   Prism. Andrew’s prism has triangular bases and can be seen in Figure 82. He said he was not 

sure if he needed to use the dotted lines. He said that usually dotted lines helped the picture to 

become 3-dimensional. Even though his graph wasn’t quite right, he said, it captured his attempt 

at portraying the prism. We see that Andrew’s execution drawing skills could have been better 

but it is recognizable as an upright triangular prism.  
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Figure 82: Andrew's Prism 

 

   Pyramid. I asked Andrew to draw a triangular pyramid with one of the vertices at the origin at 

which three edges (6 units, 3 units, and 2 units) form a 90 degree angle pair-wise and mark all 

important information. I also asked Andrew to tell me what the pyramid’s projection on the 1
st
 

quadrant of xy-plane would be.  

   Andrew said he did not know what pair-wise meant. I gave an example of the three coordinate 

axes intersecting at the origin at a 90-degree angle. He then took a minute’s pause to think about 

the problem and said “I am having trouble here”. I asked Andrew to tell me the reason for his 

trouble and he said that he did not see what he needed to draw from the problem’s description. 

   Forming a Solid. I asked Andrew to draw in the same set of coordinates a cylinder centered 

around z-axis with height 4 and base radius of 2, and a plane that has three points (6,0,0), (0,3,0) 

and (0,0,2). 

   I also asked Andrew to describe the portion of the solid formed in the first octant below the 

plane, and describe the projection of the solid in the 1
st
 quadrant of the xy-coordinate plane. 

   Andrew said with the smile that this problem was a challenge. He reminded me that he could 

not draw the cylinder within a coordinate system before. I asked him to give his best effort and 

we can see his graph in Figure 83. 
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Figure 83: Andrew's Cylinder and Plane 

 

   Andrew had no trouble plotting the points but said that he connected the points at random and 

put radius and height references without meaning. He said he did not know how to draw the 

cylinder and he was very clear with me saying that the graph he had did not mean anything to 

him. He said that if this problem was on a test, he would do all the other problems first, and then 

he would spend the rest of the time thinking about this problem. Andrew also added that he was 

honest to say that he did not see what he was supposed to graph and if this problem was in his 

homework he would see the instructor during his office hours and ask for help. 

   In spite of the fact that Andrew has a graph for this problem, his explanation of it demonstrates 

that he lacks understanding of the solid. 

 

Overview of Andrew’s Understanding of the Solids and Surface Area 

   Andrew struggles with the concepts of solids. His graph of the cylinder is the best one of the 

interview. Andrew’s graph of a prism, although lacking in execution, is clear enough to suggest 

that Andrew has a basic understanding of a triangular prism.  

   Andrew was neither able to graph nor to verbalize his understanding of a sphere and a pyramid. 

The last two tasks proved to be the most difficult for Andrew. Andrew shared with me that he 
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was not able to see the solids the problems were describing. The fact that the tasks had many 

pieces of information intimidated and overwhelmed him, he said. 

   Later, in the last week of classes, Andrew’s exposure to the surfaces in this class and his 

personal effort to master calculus concepts resulted in his ability to come up with a correct graph 

of a sphere within the coordinate system and a correct representation of the plane described by 

the three points of the last task. However, Andrew’s understanding, although much improved by 

that time, still conveyed errors in graphing. These will be seen later. 

 

Students’ Motivation to Learn during the Multivariate Content 

   There was an 8 week period between the first interview intended for exploring students’ 

understanding of solids and surface area and the last round of interviews on analytical and visual 

understanding in case of Brent and 6 weeks in case of Andrew. This is a brief section describing 

the in-class instruction and the students’ motivation to learn.  

 

   Brent 

   Brent said his motivation to learn was way down. Tremendous pressure of making an A is at 

the forefront of his thoughts even though he knows he is not doing well in the class. He is 

extremely unhappy with the class. “I am not understanding any of it. This chapter [multivariate 

calculus] is no different to me from the others, no more interesting. I don’t like being in this 

class. I am not going to use any of this. I am going to teach high school algebra”. Brent 

continued turning in homework and taking the tests but admitted to mentally “checking out” of 

the class. Brent’s work on double integrals in both analytical and visual sections demonstrates 

his weak understanding.  

 

Andrew 

   Andrew started behind everybody else in the class. He had a bad experience with calculus I and 

II bringing little knowledge with him from those prerequisite classes: he had difficulties with 

algebraic simplifying of functions, lacked in understanding of the terminology and procedures 

working with limits, derivatives and integrals. However, he said with pride “I wanted to learn 

and did learn”. He confessed that this chapter had been the hardest. He frequently went to the 

instructor during his office hours. After the instructor explained how to solve the problems, 
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Andrew made sense of the problems. However, Andrew said he still struggled whenever he had 

to do a different or even a similar problem on his own. He shared that he had learned a lot from 

the instructor especially during his office hours, but added that he had to make up so much 

ground that it was not surprising to him that his grades were not at the top of the class. 

 

Overview of Brent’s and Andrew’s Motivation to Learn 

   These two students were complete opposites in their attitudes toward learning. 

   While Andrew noticeably improved within his mathematical accuracy and attitude, Brent’s 

pressure of earning an A had escalated to full debilitation of his desire to learn. He did not spend 

time studying on his own; he did not seek help with the concepts from the professor. Brent even 

went to the instructor’s office to “beg him to give me an A”, he said. Brent told me that he was 

bitter about this class because he was never going to use any of it and he had a feeling that he 

was not going to earn an A and therefore was not going to be able to graduate. 

   Brent’s motivation to learn is nonexistent and his stress level is at an unmanageable level. He 

used a very strong word, “hate”, at the very end of the interview, saying that he hated the class. 

Brent did not blame the instructor for his poor grades but kept repeating that he was never going 

to use any of the calculus III concepts and could not motivate himself to learn them anyway in 

order to make an A. He sensed that the instructor was not going to just give him an A [he shared 

with me that he already got such promise from a different instructor who took pity on him] and 

was dreading the implication of it to his pending graduation. Brent’s attitude of reluctance and 

resistance to learn hindered him from obtaining deeper understanding of the double integrals. 

   Andrew, on the other hand, proved to be a hard worker. He attended all lectures, took careful 

notes, asked questions in class and attended office hours consistently. He was honest with 

himself about his deficient basic knowledge of calculus concepts and diligently worked on 

understanding them with the help of the instructor. He did not give up even though he said it was 

hard. 

   Andrew’s attitude and his study habits proved to be an asset to his forming understanding of 

the double integral. Andrew’s deficient knowledge of basics of calculus and some struggles with 

algebraic manipulations were his obstacles.  
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Students’ Analytical Understanding of Double Integrals 

   This section will provide evidence of students’ work on iterated integrals. Each student was 

asked to evaluate three integrals. The students had exposure to similar integrals during the in-

class instruction. Evaluating these integrals involved algebraic manipulations of numbers and 

rational expressions, finding of partial derivatives, and integrating with respect to an appropriate 

variable. Students’ work on these problems will be evidence of their analytical understanding of 

evaluating iterated integrals. 

 

Brent 

   Brent struggled through the 3 problems: he managed to come up with an answer to only the 

first problem. Brent’s work on problem #1 contains two executive errors. Below is Brent’s work 

along with my analysis. 

1.  


6

0

3
2

1

0
3

14
dydx

x

 

   Brent approached this problem by converting a fraction into its decimal approximation.  

   


6

0

6

0

3
2

1

0 741.36235.3
2

1247.1|
3

14
xxy

x

 

   Brent used his TI-83 calculator to simplify the integrand and he did so correctly. He did not 

write the integral sign or the differential, but correctly carried them over to the next step: 

 
6

0

741.36235. dxx  

   Brent did not use parenthesis for his integrand. 

446.19|741.3
2

6235.
741.36235. 6

0

26

0





x

dxx  

   Brent made two executive errors while evaluating the integral. The first error was in integrating 

the constant 3.741: this should be x741.3  instead of 3.741. This error is executive because Brent 

demonstrated that he knows the proper integration rule for an exponential expression as seen in 

his work with x6235. , a linear monomial. 
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   The second error is in Brent’s application of the integration limits of zero and six. Taking 

Brent’s result of 6

0

2

|741.3
2

6235.


 x
and applying zero and six the result will be: 

223.11741.3
2

06235.
741.3

2

366235.







 









 


 and not Brent’s 19.446. Brent told me 

that he substituted 6 in for x in the expression 741.3
2

6235. 2


 x

and then subtracted the same 

expression only with 0 in place of x. Brent’s explanation demonstrates his knowledge of the 

procedure and the correct understanding of the task. He used his calculator to come up with the 

answer of 19.446, a result of incorrectly keying in an expression. Therefore, the error in this 

calculation is executive. Brent knows and fully understands these correct procedures, but he fails 

to execute them properly. 

2. Evaluate:  





2

0

2

0
24

2
rdrd

r
 

   Brent immediately went to the back of the book to look for a formula in the appendix. He 

pointed to the formula  


C
a

u
du

ua

a
arcsin

22
. Brent said that this formula looked right to 

him. He made emphasis on the word looked. He writes the following three lines: 

22

2

ua

a

ru

a






 

   Brent displayed clear signs of frustration and resistance to attempt work. Brent told me that he 

was not sure if the formula was right and that he did not know what to do with the formula even 

if it was correct. He hardly spent a minute of his time thinking about this problem and changed 

the subject to talking how little appreciation he had of mastering evaluating double integrals. He 

wanted to talk about how he was not going to use this knowledge in his future job of teaching 

high school mathematics that was already waiting for him. 

   Brent fails to see that a u-substitution technique that is commonly taught at the high school 

level calculus would result in a correct first step, reducing the problem to an iterated integration 

of an exponential expression, a technique he used in integrating x6235.  in the previous 
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problem. Brent’s psychological resistance hinders him to appreciate the structure of iterated 

integrals as simple repetition of application of familiar integration rules. Brent lacks in structural 

understanding of working with the double integrals. 

   Brent’s approach to problem #3 was identical to his attitude to problem #2. 

3.  
 

3

3

6

0
29

3
dxdy

y
 

   Brent wrote: 

ya

au

u
u





22

2

3
 

   Brent was looking at the same formula as he did in the previous problem. The textbook was 

already opened to the appendix a minute earlier and the formula he chose for #2 would have 

been applicable to this problem. After a very short pause Brent said he was completely in the 

dark, grabbing for whatever is available in hopes it would be right. He did not use the formula 

that would apply here and was not able to evaluate the integral, demonstrating a structural lack of 

understanding of the double integrals. 

 

Andrew 

   Andrew attempted all three problems but did not evaluate either of the integrals correctly. His 

work was characterized by structural errors in his process of computing the double integrals. 

Below is Andrew’s work with my analysis. 

1. Evaluate:  


6

0

3
2

1

0
3

14
x

dydx  

   Andrew correctly integrated with respect to y. 

 


6

0

3
2

1

0
3

14
dxy

x

 

   Andrew correctly noted that only the upper bound would contribute to simplifying the 

integrand. 

 





 

6

0

3
2

1

3

14
dxx  
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   Andrew made an error in integrating 
3

14
as a constant instead of a coefficient. He made no 

errors in integrating the expression within parenthesis. He did not place value on the fact that 

3

14
is being multiplied and not added to the parenthesis. His understanding of this step is 

structurally deficient. This error will be repeated by Andrew. 

6

0

2 3
4

1

3

14






  xxx  

   The rest of the steps contained no errors. 







  )6(3)6(

4

1
)6(

3

14 2  

)189)(6(
3

14
  

1418  

   Andrew’s error of treating 
3

14
 as a separate term is structural. He fails to appreciate the fact 

that the factors are not integrated as separate integrals as is the case with terms of an expression. 

Andrew repeats the same mistake in problem #2. 

2. Evaluate:  





2

0

2

0
24

2
rdrd

r
 

   Andrew found the formula  


C
a

u
du

ua

a
arcsin

22
and did not account for factor of r, 

applied it to
24

2

r
and then, repeating his earlier mistake, integrated r as if it was a separate 

term.  

    Andrew also made an arbitrary error of including a negative sign as the negative sign was not 

part of the formula in the appendix. It was not an accidental mark of the pen either as Andrew 

carried it to the next step. Andrew included the sign for no apparent reason. 

 



2

0

2

0

2 ]
2

1

2
arcsin dr

r
 

   Andrew made no errors in the remaining steps. 
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d2

2

0

)2(
2

1
1arcsin   

  


d 
2

0

21arcsin  

   2

0
2)1arcsin(   

   0)0)(1arcsin()2(22)1arcsin(    

040    

4  

3. Evaluate:  
 

3

3

6

0
29

3
dxdy

y
  

   Andrew wrote double inequalities that describe bounds on x and y to the side but did not use 

them or refer to them in any way. 

60  x  

33  y  

   He rewrote the denominator in the exponential form. Andrew made a mistake of using a 

positive exponent instead of negative ½. 

  



3

3

6

0

2

1
293 dxdyy  

   He writes u-substitution steps: 

29 yu   

ydu 2  

   Andrew writes: 

 












3

3
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3
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1
3 dyy  

   Andrew’s first structural error was to integrate with respect to y while the differential to be 

used was dx. He failed to treat the expression with y as a constant. 

   Andrew’s second structural error was to integrate with respect to 29 yu  making a structural 

error of not seeing that he lacked the proper differential. Andrew looked back to his differentials 

and wrongly adjusted his previous step by inserting ‘-2y’ in the integrand. He wrote it there 
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because he said he needed it. The fact that he changed the original integrand escaped him and it 

did not bother him. Andrew lacked in his understanding of u-substitution technique where the 

integrated function cannot be changed. He had seen the instructor using numbers, he said, to 

create needed differentials. Here is an example of an iterated integral the instructor presented in 

class: 
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   The instructor made side notes for u-substitution: 
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   The instructor continued evaluating the integral by saying that 2 is needed for u-substitution to 
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   Andrew demonstrated his misunderstanding of the technique by extending the instructor’s use 

of a constant to his use of a variable.  

   Andrew also made an executive error of combining integration and differentiation rules: 
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   Another error is a result of Andrew’s improper syntax. He did not use parentheses or a dot to 

denote multiplication in the previous step, so he integrated -2y as if the minus sign denoted an 

operation of subtraction, where he clearly used it as a factor before. He repeated his previous 

mistake.  
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   Andrew substituted integration bounds of x into places for y and said that the integrand is a 

constant. This is another structural error of not making distinction between x and y. Even though 

the differential was dx, Andrew integrated with respect to y and used bounds on x.  

   Andrew said that integrating the constant would be simple. He denoted the entire integrand 

with a C. 

    )0(209
2

1
)6(269

2

1
2

3
2

2

3
2 C  




3

3

3 Cdy  

   He made no errors in the last step. 

 3
3

3 yC  

)3(3)3(3  CC  

 

Overview of Brent’s and Andrew’s Analytical Understanding of Double Integral 

   Brent has a basic understanding of the iterated integral of a constant as integrating it with 

respect to the proper variable twice. He knew to use integration bounds correctly and evaluated 

the first integral almost correctly with the exception of an executive error. However, his 

resistance hinders him to follow the same procedure for more complicated functions. 

   Andrew’s work with iterated double integrals is filled with structural errors. He lacks in 

understanding the basics of the single-variate procedures of u-substitution and treating 

multiplicative factors not as terms that are separated by operations of either addition or 

subtraction. His weak foundation hinders Andrew from forming a proper understanding of multi-

variate concept of iterated integration with respect of a specific variable. 

   Overall, Andrew’s analytic understanding of double integrals is incomplete with a weak basis 

of single-variate procedures. 

 

Students’ Visual Understanding 

   I asked each student to: 

 Graph a surface when an equation is given, 

 Come up with an equation for a surface represented by a graph, 

 Calculate surface area of a solid formed by several surfaces given in equation form. 
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Students’ Ability to Graph Surfaces Described by Equations 

 

Brent 

   Brent made no errors in identifying the shapes each equation described. However, he showed 

his flawed graphing skills as he made errors in proper positioning the surfaces within the 3-

dimensional system. 

   Below is Brent’s work. 

A) 4222  zyx  

   Brent correctly identified that the equation describes a sphere of radius 2. He drew the sphere, 

seen in Figure 84, and said that it was supposed to have the center at the origin. Brent’s 

interpretation of the equation is correct. 

 

Figure 84: Brent's Graph of 4222  zyx  

 

B) 632  zyx  

   Brent correctly said that the equation represented a plane because the instructor worked a 

similar equation in class. Brent said he was supposed to use traces to come up with the exact 

graph. However, he said he did not understand that technique in class. He drew a general 
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representation of the plane, seen in Figure 85. He added he would be surprised if his plane was in 

the correct position.  

 

Figure 85: Brent's Graph of 632  zyx  

 

   The points of intersection of the plane and the coordinate axes are not shown in Brent’s graph. 

The fact that the plane is correctly slanted in the 1
st
 octant is a coincidence as indicated by 

Brent’s self-admission. 

C) 922  zy  

   Brent correctly indicated that the equation described a cylinder. Brent showed structural lack of 

understanding of the graphical representation of the equation by not properly positioning his 

cylinder around the x-axis, as seen in Figure 86. 
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Figure 86: Brent's Graph of 922  zy  

 

   General shapes of the graphs are correct but lack the specifics of the surfaces, such as a proper 

center for the sphere and its radius, intercepts of the plane, and central axis for the cylinder. 

Brent’s demonstrated skills are rudimentary and are not indicative of a multivariate calculus 

student. He recognized general forms of the plane, sphere, and the cylinder but failed to come up 

with accurate depictions of the surfaces in spite of not long passed in-class discussions and 

demonstrations of the process of different techniques such as coordinate traces and point-

plotting. The fact that Brent omitted any of the techniques he was exposed to in class is telling of 

his self-fulfilling prophesy of not intending to use this material again. He does not see any 

practical value of learning multivariate calculus. 

 

Andrew 

   Andrew favored the traces technique for each of the three offered surfaces. 

A) 4222  zyx  



  166  

   Without much hesitation, Andrew quickly came up with coordinate traces for the surface. He 

correctly said that each of the traces is a circle of radius 2. Below is Andrew’s work: 

422  yxtracexy  

422  zxtracexz  

422  zytraceyz  

   Andrew commented on the equations of each trace saying that these are circles so the 3-

dimensinal surface is a sphere of radius 2. He made a quick sketch of the axes firs then graphed 

the sphere as a circle, seen in Figure 87, and said with a smile that he is not very good at making 

his spheres look 3-dimensional. 

 

Figure 87: Andrew's Graph of 4222  zyx  

 

   Andrew’s sphere is correctly centered at the origin and has correct markings for the radii. His 

skill of drawing a sphere as a single circle is not satisfactory but he was able to successfully 

extract the specifics of the center and the radius imposed by the equation. 

B) 632  zyx  

   Andrew went through the same technique of coordinate traces and found each of the equations 

correctly. In addition, he accompanied each of the trace’s equation with a corresponding graph. 

He said that he had to obtain graph of each trace because he was not sure how the surface looked 

like. 
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Figure 88: Andrew’s Traces for 632  zyx  

 

   First, he drew a triangular representation of the plane. The graph is almost correct: there should 

be a 6 instead of 3 on the x-axis, see Figure 89. 

 

Figure 89: Andrew's 1st Graph of 632  zyx  

 

   Then, Andrew drew another picture that suggests circular traces as indicated by his curved 

lines and bounds on radius, r, and angle, θ, as seen in Figure 90. 
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Figure 90: Andrew's 2nd Graph of 632  zyx  

 

   Andrew’s analytical understanding of coordinate traces technique is correct. He correctly came 

up with the equation for each trace. He was able to graph each trace as a straight line showing 

understanding of a negative slope by graphing a line that decreases from left to right and 

understanding of the intercept for the dependent variable. The first attempt at the graph of the 

surface, Figure 89, was correct. However, Andrew’s visual understanding of it was not deep 

enough to merit confidence in his drawing. He did not feel that it was right and decided to use 

polar coordinates when none were needed. He confirmed his faulty visual understanding by 

telling me that the 2
nd

 attempt, Figure 90, would be the correct one. 

C) 922  zy  

   Andrew immediately said that this equation describes a cylinder. He first drew the 3-

dimensional coordinate system, wrote the equations of traces underneath it and after that drew 

the circle as seen in Figure 91. 
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Figure 91: Andrew's yz-trace for 922  zy  

 

   Andrew’s work on traces is below: 

92  ytracexy  

92  ztracexz  

922  zytraceyz  

   Andrew’s circle in Figure 91 shows a diameter of 3 instead of what would be appropriate, a 

radius of 3. He was thinking quietly for about a minute and then drew an upright cylinder as seen 

in Figure 92. 

 

Figure 92: Andrew's Half-Cylinder 

 

   Andrew’s weak visual understanding of 922  zy manifested itself in the fact that in spite of 

correct equations for traces and his, although not entirely correct, graph of the circle in the yz-

plane he did not see that the cylinder will be centered around the x-axis. Andrew’s upright 

cylinder is evidence of his underdeveloped ability to graph surfaces described by equations. 
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Overview 

   Brent’s graphing of the surfaces described by equations is lacking in details imposed by the 

equations. He correctly identified the shapes of all three equations but graphing them within the 

3-dimensional system was an exercise of drawing the 3 axes as a mere background without 

practical meaning to the surfaces. He admitted that positioning of the surfaces is difficult for 

him. Brent did not demonstrate his understanding of how the equations affect the way the surface 

is drawn. I asked Brent if his graph for     921
22  zy would be different from his cylinder 

in Figure 85. He said that he understood that     921
22  zy would be a different cylinder 

from 922  zy  but he would graph the same picture. Brent did not tell me that the cylinder is 

the same and only its central axis is different. He understands that somehow the two cylinders 

are different, yet he said that he would graph the same picture. This demonstrates Brent’s lack of 

understanding of the surface itself and his ability of graphing within a 3-dimensional system in 

general. 

  Andrew’s successful work with coordinate traces shows a strong analytical understanding of the 

procedure. Andrew’s understanding of working on graphs of 2-dimensional surfaces described 

by an equation was to rely on obtaining a visual understanding of the coordinate traces. 

However, the step of applying the knowledge of coordinate traces to the visual representation of 

the traces themselves and the solid is at the beginning stages of development. Andrew fails to 

acknowledge his correct graph of the plane as manifested in his decision of modifying a correct 

graph of Figure 89 to a wrong graph of Figure 90. Andrew also admitted to not knowing how to 

graph xy and xz traces for the cylinder, which would have been two parallel vertical lines in each 

case, an example of Andrew’s weak mathematical background.  
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Students’ Ability to Interpret Graphical Representation of Solids into Equations 

   What function can possibly describe each of the following? [Graphs presented in Figure 93 

were given to students] 

A 

 

Brent’s response: 

2222 rzyx   

Andrew’s choice: 

4222  zyx  

B 

 

Brent’s response: 

czy

czx




22

22

 

Andrew’s choice: 422  zx  

Or 42 r  

2r  

C 

 

Brent’s response: 

czyx   

Andrew wrote “unknown” 

Figure 93: Brent and Andrew’s Analytic Interpretation of Surfaces Presented Pictorially 

 

Brent 

   Brent’s responses are correct. In par B, Brent put two equations as his answer. He knows that 

both equations describe a cylinder. However, out of the three possible equations he chooses the 

two that would not depict an upright cylinder. Brent admitted to not knowing what centered 

around an axis meant for a cylinder. Brent’s response of putting down equations that do not 

describe an upright cylinder demonstrates that his visual understanding of the cylinder was 

lacking. 

 

Andrew 

   Andrew’s response for the sphere is correct. His cylindrical response to part B is more suitable 

than his rectangular equation that describes a cylinder that would be on its side. The important 

fact is that Andrew recognized a cylinder and came up with two alternative equations. The fact 

that one of the equations describes a cylinder on its side speaks of Andrew’s shaky visual 

understanding of rectangular equations of cylinders. The plane, in part C, appeared to be most 

difficult to him. Andrew said that he could not think of any equation that would describe this 
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plane. The fact that Andrew struggled with the graph of the plane earlier and is not able to 

describe it with an equation from its graph speaks of Andrew’s poor understanding of the plane 

equations in general. 

 

Overview 

   Brent’s and Andrew’s ability to interpret presented graphs into their equations is sufficient but 

lacks in visual understanding. Brent was able to come up with suitable responses to all three 

graphs, while Andrew had reasonable responses to only two graphs. Both students, when 

capable, used pattern and some kinesthetic imagery. 

 

Surface Area Problems 

   The students were presented with three problems to assess their visual understanding. The first 

problem asks the students to calculate part of the surface area of a sphere, a shape that was most 

familiar to the students. The second and third problems had two parts each. An application of the 

surface area formula that would help the students to calculate the portion of the surface area of 

one face of a solid, pyramid and half-cylinder respectively, which was described by an equation. 

The second part of problems 2 and 3 was to calculate the surface area of the entire solid. 

 

Brent 

   Brent’s work contained no graphs demonstrating his inability to either form the solid or to 

understand the region of integration, R. He attempted problems 1 and 2 and he solved neither of 

them correctly. Brent showed his resistance to working these problems with his frequent 

deviations of talking about these problems’ being insignificant to him and ultimately quitting and 

not attempting the third problem. 

1. Find the surface area of 4222  zyx that lies above xy-coordinate plane. [Surface 

area formula was written on the interview paper:  



















R

dA
y

z

x

z
dS

22

1 ] 

   Brent made a structural error in calculating partial derivatives by not solving for z first. 

 
  yyxf

xyxf

y

x

2,

2,
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   Brent applied his wrong partial derivatives to the integrand formula but stated “I have no clue” 

of how to setup the integration boundaries. 

   

dAyx

dAyx








22

22

441

221
 

   The last two lines concluded Brent’s effort of working on this problem. Brent said he did not 

know how to proceed. He said that dA makes no sense to him. He added that usually the 

instructor would come up with a graph and “pull” the information out of the picture. He admitted 

to being lost every time the instructor demonstrated such an approach in class. Brent finally 

added that if he was able to evaluate the double integral it would be the answer to the problem. 

He did not indicate that the answer would have square units of measurement and made no 

references to the surface the equation described. He approached this problem as setting up and 

evaluating a double integral only. 

   Brent changed the subject and started talking about impracticality of these concepts to his daily 

life. He kept repeating that he will never use “this stuff” in his already secured job. Brent took 

nearly 10 minutes to tell me about his coaching position in a public school where he would also 

be teaching algebra, making a point of how unnecessary evaluating double integrals is in his life. 

All he wanted to accomplish was to graduate at the end of the semester and he was very 

frustrated with the fact that this class stood in the way. Very reluctantly, he agreed to consider 

the next problem. 

2. Find the surface area of the portion of 632  zyx in the first octant. Find the surface 

area of the solid bounded by the above function of two variables and coordinate planes of 

the first octant. 

   Brent said that this is another example of unnecessary waste of his time. He told me he could 

not see the surface in which he was to find the area. In spite of very negative attitude toward the 

task, Brent attempted to apply the surface area formula provided for him. He made the same 

error in calculating partial derivatives and was not able to interpret either dA or R. 

  1, yxf x  

  2, yxf y  

    dA
R

  22
211  
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dA
R

 6  

   This time, Brent made reference to his understanding that this is a surface area problem. He 

used the words that he could not see the surface so he could not set up the integral. He added 

emphatically that even if he had a picture of the solid he would not be able to set up the integral. 

The region of integration, R, was a complete mystery to Brent, he said. I offered to draw a 

picture of the solid and describe the region of integration. Brent declined my offer demonstrating 

his reluctance and resistance to think about this problem. He insisted on talking about how much 

he did not like this class and did not need this material. I asked Brent to attempt one more 

problem.  

3. Find the surface area of the solid formed by the portion of 922  zy above the xy-

plane, xy-plane itself and planes 6,0  xx . 

   Brent said that the problem was all German to him and quit. It was apparent that Brent was 

unwilling to put an earnest effort into solving this problem.  

   Brent’s understanding of surface area problems is conflicting. He knows of a surface area 

formula and knows how to obtain the integrand by taking partial derivatives. However, he 

profoundly lacks in execution skills and has no understanding of the region of integration or the 

meaning of differentials. In addition, he carries a strong psychological conviction and belief that 

multivariate calculus is a waste of his time and is an example of how the college “is good at 

keeping the students enrolled longer than it is necessary”. Brent is a very frustrated geometric 

type thinker who had experienced a prolonged period of unsuccessful attempts at producing 

faulty visual-pictorial images that contradict nearly everything he sees in class.  

 

Andrew 

   Andrew’s work contained no graphs demonstrating his inability to either form the solid or to 

understand the region of integration, R. He attempted problems 1 and 2. Andrew made structural 

errors within analytical understanding of the application of the surface area formula. He was not 

able to finish either of the two problems. Andrew said he did not know how to work the third 

problem. 
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1. Find the surface area of 4222  zyx that lies above xy-coordinate plane. [Surface 

area formula was written on the interview paper:  
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   Andrew did not remember the surface area problem by heart and I wrote it for him on the 

interview paper.  

   Andrew made a structural error of taking partial derivatives of the equation of the sphere 

without solving it for z first. Andrew wrote only three lines. They are shown below: 

    
R

dAyx
22

221   Partial derivatives are wrong. 

dAyx
R

  441   Andrew applied the square to the coefficients only. 

  4R  

   Andrew told me that even though he was not sure he did everything right he remembered that a 

double integral is the area of the region. The proper statement here would be  
R

dA 4 when the 

region of integration is a circle of radius 2. Andrew made correct analysis of the region, a circle 

of radius 2, and the area of it is 4π. However, Andrew failed to understand that such technique 

applied to constant functions only making a structural error of moving yx 441  outside the 

double integral. Andrew’s final answer was: 

dAyx 4441   

   Andrew’s work with the surface area formula lacks in many ways. He did not solve the 

equation for z which resulted in wrong partial derivatives and he applied a technique that was not 

appropriate to this double integral.  

   Andrew admitted to being at a loss of how to proceed. Andrew told me that his final answer 

was not correct but he did not know what to do. This is an arbitrary error rooted in lack of 

structural understanding of the surface area application of the double integral. He said that the 

region, R, was the reason why he could not finish the problem. Andrew said that he is 

overwhelmed by R, because it is different for each problem. He said he can see it once the 

instructor graphs it and explains everything about it, but cannot come up with it on his own.  
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2. Find the surface area of the portion of 632  zyx in the first octant. Find the surface 

area of the solid bounded by the above function of two variables and coordinate planes of 

the first octant. 

      Andrew made the same mistake of not solving for z first. His partial derivatives are wrong. 

His work where he correctly simplified his wrong integrand is presented below: 

    
R

dA
22

211  

 
R

dA411  


R

dA6  

   Andrew abandoned his work and correctly solved for z in the margin of the paper. He did not 

use his correct   yxzyxf
3

2

3

1
2,  to adjust his partial derivatives in the formula. Instead, 

he demonstrates his weak understanding of the surface area formula by using r and θ in 

differentials, his misconception of how they describe the region of integration repeated from 

Figure 90, while using  yxf , . Andrew wrote   



2

0

3

0
3

2

3

1
2 drdyx  .  

   Andrew said that he was not sure what to do with the function inside the integral. He said that 

he needed to convert it to polar coordinates but that he did not know how. He stopped after this 

line and was not able to continue with the problem.  

   Andrew’s gravitation to the use of polar coordinates is not grounded in his understanding of the 

nature of these coordinates. It is based on the fact that he observed the instructor making 

complicated problems easy with the help of r and θ. In the case of this example, Andrew’s use of 

r and θ is evidence of his lack of understanding of the appropriateness of use of these 

coordinates. 

3. Find the surface area of the solid formed by the portion of 922  zy above the xy-

plane, xy-plane itself and planes 6,0  xx . 

   Andrew said he did not know where to even begin. He appeared to have given the problem 

some thought but finally said that he would not be able to find the answer to this problem 

because he could not see the solid. He smiled and looked candid in his admission.  
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Summary of Brent’s and Andrews’s Visual Understanding 

   The students in this category have little visual understanding of surface area problems and their 

analytical understanding is full of structural errors.  

   Brent demonstrated such a strong resistance to learning that it hindered him in forming of 

visual understanding of the surface area. He did not demonstrate an ability of coming up with a 

graph from a solid’s description as seen in his work on problems 1 and 2, and admitted to not 

understanding the region of integration, R. Brent’s visual understanding is lacking and he does 

not care to improve it. 

   Andrew demonstrated tenacious determination throughout the multivariate part of the course. 

He attended office hours, asked questions in class, devoted time outside the classroom and I 

classify him as the most improved student of the class. Despite his effort he had too much ground 

to make up and his visual understanding remains in the beginning stages of development.
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CHAPTER 7 

ANALYSYS OF CASES 

 

   This chapter provides a summative analysis of the three cases: students with analytical 

preference and high mathematical accuracy, students with visual preference and high 

mathematical accuracy, and students with visual preference and low mathematical accuracy. 

Analysis of students’ understanding will be given in terms of Donaldson’s classification of 

errors: executive, structural, or arbitrary and Krutetskii’s types of thinking: analytical, 

geometrical, and harmonic.  

   As a review of Donaldson’s framework, executive errors are characterized by failure of proper 

execution of well known procedures or algorithms, also called “loss of hold” errors. Structural 

errors are characterized by failure to appreciate the structure of the problem or its constraints. 

Arbitrary errors are characterized by the failure to adhere to the problem or its constraints 

rigorously which often results in either guessing or quitting or giving an answer without 

justification. 

   As a review of Krutetskii’s types of thinking, analytical casts of mind are characterized by a 

clear predominance of a very well-developed verbal-logical component of thinking processes 

over a weak visual-pictorial. This type of a learner gravitates toward immediately observable 

applications instead of conceptual constructions. Clear-outlined procedures, algebraic 

algorithms, symbolic and formulaic patterns are the comfort zone for such a thinker. Whenever 

the path of solution deviates from tried and true algebraic-symbolic procedures, the second type, 

geometric cast of mind, is the type of a learner that is inclined to and comfortable with the 

deductive method: such a learner is a theoretician. These learners are characterized by a well-

developed visual-pictorial component with a strong predominance over a well-developed verbal-

logical component. The last type, a harmonic cast of mind, is characterized by a relative 

equilibrium of well-developed verbal-logical and visual-pictorial components with visual-

pictorial component being a slight preference. 

   Before analyzing each case, I want to discuss analytical and visual understanding of the surface 

area of a 2-dimesional surface, such as a plane, and of solids, such as a pyramid. I analyzed the 
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students’ work under the assumption that analytical understanding often manifests itself in 

solving the equation of the surface for  yxfz , , correctly applying proper differentiation rules 

while obtaining partial derivatives, simplifying the complex algebraic expressions, and applying 

appropriate order and rules in iterated integration when the integration limits are known. 

   I analyzed the students’ work under the assumption that visual understanding is often 

manifested in but is not limited to graphical representation of the region of integration, and 

pictorial or formulaic representation of either coordinate traces is not necessarily accompanied 

by the graph of the surface/solid itself.  

 

Comparison of Students’ Understanding 

   The students of the cases with high mathematical accuracy demonstrated their comfort and 

effectiveness of analytical understanding. Their analytical work was characterized by evaluating 

double iterated integrals using either their previous knowledge of integration rules or by utilizing 

the integration table located in the appendix of the textbook. During the task of working on 

surface areas of the solids formed by one or more functions of two variables, the students 

followed the correct procedure of applying the surface area formula which included: representing 

the equation of the surface as a function of two variables, calculating of partial derivatives, and 

simplifying the integrand. All students understood the role of the region of integration yet only 

the students with mathematical visualization preference were able to satisfactory extract needed 

information from the surfaces’ characteristics, set the integrals up and obtain numerical answers. 

Overall, analytical understanding for the four students in these cases is similar.  

   The students with visualization preference and low mathematical accuracy revealed their 

struggles in both analytical and visual understanding and lacking knowledge of terminology. 

There were such surprises as a “left cylinder” and a star-shaped prism. There was a lack in 

proper mathematical syntax that created additional errors. There was defective understanding of 

the u-substitution procedure. Weak verbal-logical component accompanied by a weak visual-

pictorial component pertaining to the surface area formula was recorded during the interviews. 

My conclusion was supported by the instructor and validated by the students. 

   The region of integration was the lens through which the difference in students’ visual 

understanding of the surface area formula became apparent. Analytical preference with high 

mathematical accuracy and visual preference with low mathematical accuracy cases are 
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characterized by their admittance to seriously struggle or not being able to proceed with the 

surface area formula whenever interpretation of the region of integration was required. However, 

these two cases differ in their visual understanding. The instance of Brian and Brent believing 

that positive direction of the x-axis is opposite from the one indicated with the arrow by the 

instructor is the only similar error for the two groups of students. Ann’s left cylinder, Brent’s 

star-shaped prism are examples through which we observe the students’ deviations from the 

traditional mathematical visual understanding of cylinder and prism respectively. Neither of the 

five students said seeing the pictures was helpful to their understanding. Moreover, they 

specifically said that the visual aspect of the chapter in which surface area was covered was their 

least favorite and they did not enjoy it at all.  

 

Analysis of the Case of Mathematical Visualization Preference and Above Class’ Average 

Mathematical Accuracy 

   Tim’s analytical understanding of evaluating a double integral is exemplified in his methodical 

and correct use of needed rules and their correct execution. He can successfully recall and use 

differentiation rules while working on partial derivatives. Tim simplified algebraic expressions 

of integrands with ease. He made an executive error in using u-substitution technique in one of 

the problems but provided evidence of knowing how to use it correctly in another. Tim showed 

his familiarity with the textbook by looking up information and correctly using proper formula in 

the appendix table of integration. Tim was able to apply an alternative coordinate system, polar 

coordinates, to simplify the integral and obtained numerical answers to all double integrals. 

   Tim’s visual understanding is the strongest of all participants observed. He was able to either 

comment on or graph the region of integration for all the problems, even when it was not 

required of him as in the case of evaluating  
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r
. He drew a circle and said its radius 

was 2. Tim said that the visual aspect of the double integral concept was exciting for him and it 

made the multivariate content interesting for him. Tim was able to describe each of his graphs 

with either equations of coordinate traces and/or descriptive words such as triangle, rectangle 

accompanied by all necessary characteristics, such as the lengths of sides, or coordinates of 

corner points, etc. It was apparent that Tim took pride in his work and approached the problems 

within their context, i.e., he was the only student to account for the areas of faces of the solid 
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other than the surface of the face whose area is found with the help of the double integral. Tim 

was also the only student to graph the solids themselves and give answers to the surface area 

problems with square units. By demonstrating a well-coordinated equilibrium of verbal-logical 

and visual-pictorial components of his thinking with visual-pictorial taking the lead, Tim is the 

textbook definition of the harmonic type thinker. 

   Peter’s analytical understanding is similar to Tim’s. He knew the rules and procedures and 

applied them in their proper order. Peter made use of the textbook when needed and/or 

successfully recalled the rules from memory. Like Tim, he was able to use polar coordinates to 

simplify an integral. He worked on evaluating double integrals with ease and was able to obtain 

numerical answers to all problems. The few errors he made were executive. An example of 

Peter’s executive error: in evaluating correct anti-derivative while he working on 

evaluating   
6

0

6

14 14 dxx  he found correct anti-derivative and correctly substituted 6 in for 

x,    6146
12

14 2  , but made an executive error when simplifying 

it:      143214361436146
12

14

!

2 
error

. “Loss of hold” mistake occurred here. 

However, there was a persistent error of taking partial derivatives of the equation of the surface, 

skipping the step where he needed to solve for ‘z’.  

   Peter’s visual understanding is exemplified in the two correct pictures of the region of 

integration. He was able to describe these two regions correctly in terms of equations of 

coordinate traces and successfully set up integrals required for evaluating the surface area of the 

solids. He showed his versatility in using polar coordinates in the case of circular region of 

problem #1 of surface area problems task. Peter’s last picture of the region of integration is not 

correct because he used the yz-coordinate plane instead of the usual xy-coordinate plane making 

a structural error. The distinction between Tim and Peter comes from the fact that even though 

both have well-developed, verbal-logical and visual-pictorial components of thinking, Peter’s 

visual-pictorial component is predominant over the verbal-logical, sometimes to the detriment of 

his ability to proceed with abstract reasoning. It may appear to be a paradox that a student with a 

geometric type of thinking could not come up with a visual representation of either the pyramid 
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or the half-cylinder, but it goes to the root of being able to transition with ease between the two 

components which is exactly what geometric and analytical type thinkers lack. 

   Peter approached surface area problems as evaluating the double integral only. He did not 

graph the solids and used the graphs of the region of integration only with the intention to 

complete setting up the double integral. In this sense, Peter’s visual understanding is not 

complete. Once Peter was through with evaluating the double integral he moved on to the next 

problem without giving additional thought to whether there were more faces of the solid whose 

areas are needed in order to answer the question of the problem. This lack of visual 

understanding is also evidenced in Peter’s answers, that are only numbers as opposed to Tim’s 

answers of numbers accompanied by the area units of measure, 2units . 

   Both students engaged in isomorphic visualization and used various types of imagery: concrete 

pictorial, pattern, memory images of formulas, and kinesthetic. 

 

Analysis of the Case of Mathematical Analytical Preference and Above Class’ Average 

Mathematical Accuracy 

   Brian’s analytical understanding of evaluating a double integral is exemplary and is the 

strongest of all participants observed. Brian is an analytic type thinker. He knows integration 

rules and applies them without errors in correct order. He is able to come up with numerical 

values of the integrals in a non-rushed methodical way. He is comfortable with either relying on 

his memory or referencing needed formulas/procedures in the integration table successfully. 

Brian’s execution of known rules is without errors and he demonstrated appreciation of all 

structures imposed by the problems. He never guessed and could justify each step. He also 

demonstrated an ability to regroup without frustration and try a different path when his work on 

polar coordinates led him to a dead end.  

   Brian’s visual-pictorial component of thinking is weak and limited. He demonstrates the lack 

of ease in dealing with and dismisses importance of visual characteristics of problems as 

compared to the demonstrated comfort he showed in solving analytic procedural problems. He 

said that each surface and region of integration, R, was unique in a surface area problem and he 

saw no pattern. Brian also shared that he does not always follow the instructor in class whenever 

the professor starts drawing graphs and pictures. He added that having a picture in front of him 

does not always help either. The weakness of Brian’s visual-pictorial component of thinking is 
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demonstrated by two facts about Brian’s visual understanding. They are that he is not able to 

produce a graph of either the region of integration or the surface itself most of the times and that, 

even if he has a picture in front of him, he cannot always interpret it in terms of setting up the 

integral. Mostly, Brian demonstrated the use of memory imagery of formulas and pattern 

imagery of the solids. 

   Brian has a strong reluctance to drawing in general. His initial interview responses provide 

evidence of such resistance. He was resourceful in avoiding graphing by using pictures of a 

different task as a matching type of questions. Brian said he could not draw a sphere but later 

graphed a sphere proving that often it is not that Brian could not but would not draw the sphere. 

Brian’s well-developed verbal-logical component is predominant over weak visual-pictorial 

component which classifies him as an analytical type thinker.  

   Beth’s analytical understanding is evident in the fact that she knows what procedures and rules 

to apply and their order. However, her execution skills are not strong. Her focus wavers and she 

makes many executive errors. Sometimes she is able to realize an error she made and corrects it 

as in the example of not solving an equation for z, but often her “loss of hold” errors result in 

new errors preventing her from making progress while working on a problem.  

   Beth’s visual understanding of the surface area is limited to the use of the 

formula     dA
R

y
z

x
z 
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1 . Her understanding of the region of integration is mechanical. She 

is able to produce correct pictures for 2 of the three problems of the region of integration and 

even correctly described limits of variation of all variables. Beth said that the pictures were not 

helpful and she was unable to set up the integration bounds needed to evaluate the double 

integral. She admitted that understanding the region of integration and how it affected the double 

integral was the hardest part of the entire chapter, too abstract for her to enjoy. Much like Brian, 

Beth’s verbal-logical component of thinking is predominant. While Beth’s visual-pictorial 

component of thinking was noticeably better than Brian’s due to the fact that she was able to 

produce visual representations she demonstrated weakness by not being able to interpret those 

representations within contexts of the problem, such as setting up integration bounds. Beth is an 

analytical type thinker who is prone to many executive errors. 
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Analysis of the Case of Mathematical Visualization Preference and Below Class’ Average 

Mathematical Accuracy 

   Brent and Andrew’s analytical understanding of surface area formula is weak and is filled with 

structural, arbitrary and executive errors. They know that they must use integration rules but both 

lack in structural understanding of them. A commonly used procedure of u-substitution is 

misinterpreted by Andrew in his extending of the logic of dxdx 2
2

1
  to xdx

x


1
. He said he 

needed a variable so he erroneously created it next to the differential. Structural error in applying 

u-substitution: Andrew was working on evaluating   dyy

6

0

3

3

2

2
1 2

3

9






   when he decided to use u-

substitution technique: ydyduyu 2,9 2  . He said he needed ‘-2y’ and wrote the next 

step:    dyyy

error
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0

!

2

3

3
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1 ]29 2
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. Placing ‘-2y’ within the integrand is a structural error. Andrew failed 

to appreciate the constraints of the technique.  

   Brent’s verbal-logical component is more of a mystery. It is hard to judge from only three 

interviews and limited number of questions if Brent’s verbal-logical component is weak or well-

developed and is merely dominated by a strong frustration as a result of faulty visual supporting 

representations that according to Krutetskii can hinder abstract logic. He said “none of it makes 

sense to me” referring to his picture of the cylinder. Yet, he was excited to draw it after he read 

the problem and had declared to know how and what to do. Geometric thinkers can be very 

creative in their problem-solving but unable to reason in verbal-logical terms in the absence of 

successful visual representation. More investigations would be needed in order to say 

definitively the level of development of Brent’s verbal-logical component of thinking.  

   Visual understanding of surface area formula presented challenges as well. Andrew recalled 

that  
R

areadA but his judgment to use it inappropriately revealed gaps in understanding why 

or how the formula works. He even said with a smile that it is “like magic”. Arbitrary error in 

graphing a cylinder of height 4, with base radius 2 centered around z-axis and a plane that has 

points (6,0,0), (0,3,0), (0,0,2). Andrew graphed: 
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Figure 94: Andrew's Cylinder 

 

   Andrew said that he connected the points at random and put radius and height references 

without meaning. This is an example of an arbitrary error since the student was “guessing” and 

drew the shape without needed justification. 

   There is also an overarching feeling of self-admitted lack of confidence in terms of 

understanding of the region of integration or an ability to approach its graphing. The use of 

technique of traces proved to be beneficial for Andrew but he still lacks in its understanding. 

   Brent’s visual understanding is unconventional, full of surprises as in the case of his “flat and 

shiny” yet star-shaped prism. Observing Brent taught me that we must never take for granted 

defining mathematical terms so that a shared meaning is created between an instructor and a 

student. To be objective, Brent was not interested in learning or understanding calculus III 

concepts. He was interested in graduating and this class stood in the way. I pondered the 

possibility that such a strong psychological resistance to having to study these unnecessary to 

student difficult concepts could have eclipsed potentially successful forming of well-rounded 

understanding on Brent’s behalf. The fact remains that neither Andrew nor Brent were speaking 

the same “mathematical language” as the instructor. 

   Neither Andrew nor Brent gave indications in the last part of the visual interview that they 

approached surface areas in terms of adding areas of the faces of the solids. They, as all others 

with the exception of Tim, approached these problems as mere integral evaluations. Of all cases, 
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Andrew and Tim were least successful with this task because they were unable to interpret the 

region of integration, R, into definite integration bounds. In the particular context of the surface 

area problems discussed in the interview Andrew and Brent did not demonstrate visual 

understanding of the surface area formula. 

   Due to the fact that Ann was not able to participate in the last two interviews, only analysis of 

her terminology will be discussed. 

   Ann’s understanding of the terminology of spheres, prisms, cylinders, and pyramids is basic. 

She had difficulty and appeared uncomfortable verbalizing her definitions and preferred drawing 

pictures, revealing her geometric preference. He mathematical visualization score would suggest 

that Ann is a harmonic thinker, but I was unable to verify it. However, from only interview and 

analyzing her written work of homework assignments I could find some evidence suggesting 

discrepancies in Ann’s understanding of the terminology: trajectory or a projectile as Ann 

understands projection and left cylinder as Ann understood a right cylinder centered on the x-

axis. 

 

Summary 

   The case of mathematical visual preference and high mathematical accuracy, Tim and Peter, 

presented evidence of their understanding of terminology, analytical and visual understanding of 

spheres, cylinders, prisms and pyramids and their surface areas as congruent with those of 

mathematical community. The only exception is Peter’s pyramid as a prism. Both students 

showed a well-developed verbal-logical component of their thinking while calculating partial 

derivatives, substituting expressions in the formula and consequently simplifying the radicand of 

the surface area formula. Tim and Peter understood the region of integration visually by 

supporting their work with pictures and correctly setting up the integrals. The exception is 

Peter’s arbitrary error in working with the half-cylinder. They both showed an ability to switch 

verbal-logical and visual-pictorial components of thinking in the example of switching to polar 

coordinates. However, while Tim was able to do it with ease, Peter’s visual-pictorial component 

of thinking appeared to dominate verbal-logical as evidenced by his quitting on the last problem 

without the successful visual support and in the fact that his focus was on evaluating the surface 

area formula over the region of integration and not on coming up with the surface area of the 

object. 
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   The case of mathematical analytical preference and high mathematical accuracy is 

characterized by general alignment with mathematical community verbal understanding of the 

terminology. The students drew comfort from knowing textbook definitions and were reluctant 

to make guesses or trust their intuition about terms they had not studied in the context of the 

multivariate calculus, such as projection. Their well-developed verbal-logical component of 

thinking was evident in the evaluation of double integrals, more so in the case of Brian than in 

Beth’s. Beth made many executive errors but her structural analytical understanding appeared to 

be good. Brian made no errors evaluating double integrals. Visual understanding was the biggest 

challenge for these two students. They admitted to seeing no pattern to the region of integration, 

R. They said that they could follow the instructor in class and their understanding of the region 

was that it is unique to each problem. Both Brian and Beth admitted that sometimes even having 

the picture of the region was not helpful either. Brian appears to have dismissed the need to 

visualize in mathematics relying on his strength of “plug-and-chug” and is very reluctant to even 

try when directly asked to do so. Beth showed some visual-pictorial component of thinking by 

producing visual representations of the region and even correctly identifying limits of variation 

of all variables. The fact that Beth was not able to setup the integral having correct picture 

suggests her verbal-logical predominance. This is what Krutetskii identified of either analytic or 

geometric cast of mind as being limited to success only within certain branches of mathematics. 

The analytical preference type students in my research provide evidence that in their case the 

famous phrase “a picture is worth a thousand words” does not work for them. 

   The case of mathematical visualization preference and low mathematical accuracy appears to 

be the “perfect storm” where the three elements of understanding the surface area formula seem 

weak. First, the students’ understanding of terminology is less than congruent with the 

instructor’s. Projection has several meanings, “left cylinder” and star-shaped prism, lack of 

understanding of central axis for a cylinder are just some examples of these students’ 

disadvantage while the surface area formula is taught. Analyzing only Andrew and Brent’s work 

for the other two research questions, students demonstrated a weak verbal-logical and visual-

pictorial components of thinking. Presmeg’s instrument measured that these two students have a 

preference to visual-pictorial. Krutetskii warned that in the absence of successful visual supports 

such geometric cast minds often unable to reason abstractly or employ their verbal-logical 
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component of thinking, which might the case for Andrew and Brent. The fact remains that their 

analytical and visual understanding of the surface area formula is lacking and incomplete.
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CHAPTER 8 

SUMMARY AND IMPLICATIONS 

 

   This chapter provides an overview of the purpose, methodology, and findings of this study and 

presents implications for mathematical education. 

 

Purpose of the Study 

 

Motivation for the Study 

   College students often find multivariate content hard. Many students, unable to complete 

multivariate part of the calculus course sequence required by an engineering or mathematics 

college majors, change their declared majors to less mathematically rigorous programs of study. 

Among many challenging and difficult concepts of the multivariate content is the visual aspect of 

representation of functions of two variables. 

   I chose the application of the surface area formula     dA
R

y
z

x
z 
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1 as the focus of this 

research because the formula had two equally important components: one, analytical aspect of 

working with the formula where verbal-logical component of thinking plays a vital role, and 

visual aspect of working with the formula where visual-pictorial component of thinking about 

the region of integration defines the order of iterated integration and sets up integration bounds. 

The second reason was the fact that the instruction on surface areas came late in the semester 

giving me time to make initial interviews and get acquainted with the participants. 

   An additional reason for choosing application of the surface area formula was the context in 

which it is used. In real life, it is not always necessary to know calculus in order to find surface 

area of a solid. There are other means to come up with the answer, such as geometrical formulas 

for areas of circles, triangles, rectangles, or even the sphere itself. In this light, I chose familiar 

shapes of spheres, cylinders, and pyramids to investigate the students’ ability to view calculus 

concept of integration as a tool, such as the surface area formula, one of many means of 

obtaining the answer. 
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Research Questions 

   Students’ analytical and visual understanding of surface area was the focus of this research. 

Donaldson’s classification of errors formed the basis of this research. 

   The research question is “What are multivariate calculus students’ visual and analytic 

understanding of surface areas of spheres, prisms and cylinders?” To answer this question, three 

specific categories were analyzed. They were: 

1. What are students’ analytic understanding of evaluating a double integral? What are 

students’ understanding of working with algebraic expressions? How do students apply 

the formula:   dA
y

z
x

z

R

 









 1
2

2

? 

2. What are students’ understanding of prisms, spheres, cylinders? 

3. What are students’ visual understanding of the solids? (identifying the pictures, matching 

the pictures with their analytic form) What are the students’ visual understanding of 

  dA
y

z
x

z

R
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2

2

? 

 

Methodology 

   I observed seven students, who made up the entire calculus III class; this was the only calculus 

III class offered on campus. The students selected for this research attended a small 4 year 

college and all voluntarily agreed to participate in my study. Interestingly, the small group of 

participants, unintentionally, happen to represent all stratas of an undergraduate student body: 1 

freshman (18 years old), 2 sophomores (both are 19 year old), 2 juniors (20 and 21 years old), 

and 2 seniors (both are 22 years old). In addition, all types of Krutetskii’s thinkers were 

represented in this group: analytic, geometric and harmonic. However, it is important to 

understand that Krutetskii studied gifted students. Presmeg (1986) called for more research of the 

main-stream students. The sample of students studied in this research, in my view, represents a 

typical main-stream class among small colleges. 

   I began observations on the first day of class, even though surface area instruction came much 

later, during the 13
th

 week of the semester. However, being present in the class and observing 

both the student and the instructor in the context of the entire curriculum helped me observe what 

components of thinking the students displayed in different contexts of the multivariate content 
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and therefore I was able to make more substantiated conclusions of their type of thinking: 

analytic, geometric, or harmonic. Such exposure to students every day life also provided me with 

opportunities to review their written work graded by the instructor on a weekly basis to establish 

better grounds for assessing the students’ mathematical accuracy score claims. An additional 

benefit was the fact that the students were less conscious of my presence in class during the 

content of the focus of this research than at the beginning of the semester. I was able to rely on 

behavioral observations better as they were consistent with their behaviors during other 

curriculum contents.  

   After letters of intent to participate in the study were signed, I started my research by 

administering the Presmeg’s instrument during the 2
nd

 week of class. The instructor let me have 

the entire class time. All students took the instrument and all decided to participate. 

   Three interviews were conducted with each of 6 students (Ann is the only student who I was 

not able to interview during the last two rounds of interviews) for a total of 19 interviews. I 

started interview one with the oral administration of the questionnaire where a student was 

invited to comment on his or her responses. Then the students were interviewed on their 

understanding of the terminology about spheres, cylinders, prisms and pyramids. The second 

interview took place during the 13
th

 week of classes after formal introduction of iterated 

integrals. The students were asked to evaluate three integrals. During the course of semester-long 

observations I noticed changes in students’ behavior and their learning. Some became less 

engaged, others more. I wanted to ask the students about their motivation to learn and how, if in 

any degree at all, the fact that multivariate content came at the end of the semester affected them. 

The third interview was administered during the final week of classes after the formal instruction 

on surface area formula and after the unit test on multivariate content. The objective of the last 

interview was to investigate the students’ visual understanding. All interviews were audio-taped 

and transcribed. 

 

Findings 

   I found that terminology, analytic understanding, and visual understanding play an important 

role in students’ understanding of surface area. 
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Terminology 

   Three (Ann, Andrew, and Brent) of 7 students had understood some of the terms used in the 

multivariate instruction differently from the instructor. Two of the other 4 students’ 

understanding of the terminology was mostly aligned with the instructor’s but dominated by the 

verbal-logical component of thinking (Brian and Beth). Out of the remaining 2, Peter displayed 

evidence of visual-pictorial dominance over verbal-logical and only Tim displayed a relative 

equilibrium of the two components. 

 

Analytical Understanding 

   Two (Andrew and Brent) of 6 students made structural errors in their understanding of 

evaluating double integrals. Their verbal-logical component of thinking was either dominated by 

the visual-pictorial that was unable to get passed the lack of successful visual supports or weak 

(structural errors in basic integration techniques, algebraic syntax and simplification of algebraic 

expressions). Two of the other 4 students (Tim and Brian) had near perfect analytical 

understanding of evaluating double integrals. Brian did not make any errors and Tim had one 

executive error. The remaining 2 students (Beth and Peter) made executive errors, many 

executive errors in case of Beth. One of the errors was common to 5 students (Beth, Tim, Peter, 

Andrew and Brent), mixing differentiation and integration power rule: 

 





,
1

:
1

C
u

u
dxunIntegratio

n
n   1:  nn nuu

du

d
ationDifferenti ,   1:' nn nuduuerrorstudents . 

It is noteworthy that only students from the case of mathematical visual preference with high 

mathematical accuracy were successful in their analytical understanding of switching between 

Cartesian and polar coordinates, a fact that suggests that such success come with visual-pictorial 

understanding of these types of coordinates. 

 

Visual Understanding 

   Five of 6 students did not answer the question about the surface area of the solid in general. 

These 5 students, Brian, Beth, Peter, Andrew and Brent, did not see passed the calculus formula 

of the surface area formula. They did not approach the problem of finding the surface area as the 

sum of areas of all faces of the surface of the object. In the terminology/vocabulary round of 

interviews all students, in general, indicated their understanding of the surface area of the object 



  193  

as the area all around the object. Their work on the surface area of an object formed by more 

than one surface does not reflect that understanding. This suggests that the majority of 

multivariate calculus students’ (in my sample) understanding of the concept of surface area 

formula is disconnected from their general understanding of the surface area of an object. Tim 

was the only student to answer the surface area questions fully, substantiating his answers with 

the use of geometric formulas and correct units of measurement. 

   Of the 5 students only 2, Peter and Beth, were able to produce a visual representation of either 

the region of integration or the surface itself. But only Peter was able to extract needed 

information in order to setup the surface area integral. Beth was tentative in her understanding. 

The verbal-logical component of thinking governed her decision making and she decided not to 

trust her visual representation. 

   The remaining 3 students, Brian, Andrew and Brent were not able to come up with the visual 

representation of the region of integration or the surfaces themselves. They admitted that even 

having a picture drawn for them did not help with setting up the integral. In case of Brian, this 

could be explained by the verbal-logical predominance. In case of Brent, it could be explained 

with either visual-pictorial predominance coupled with a strong psychological dislike of the 

subject in general. In the case of Andrew, this could be explained with his visual-pictorial 

predominance in thinking couple with a weak verbal-logical component. 

 

Implications 

For Mathematics Education 

   The results of this study show that teaching definitions of the concepts involved in forming of 

understanding of any new study must be preceded with a strong emphasis on teaching of 

definitions. These definitions should be accompanied by both verbal and visual representations 

to address all types of thinkers: analytic, geometric, and harmonic. Moreover, the concepts that 

are assumed to have been taught before should have a brief embedded review to avoid surprises 

such as a left cylinder or a star-shaped prism. An embedded review would be beneficial to 

students in upper level courses. It some instances, there might be a case of a prolonged period of 

time between consequent calculus courses which might affect memory and recall. Whenever 

possible, I strongly encourage to define new and old concepts within any new mathematical 

concept. 
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   The students with low mathematical accuracy were upperclassmen, one junior and both 

seniors. More specifically, they were students who were 21 years of age or older. There might be 

a correlation between how much time the student took off between calculus I and II (where basic 

rules of differentiation and integrations are studied and tested) and multivariate class, and the 

students’ analytical understanding. Weak verbal-logical performance of these students could be 

due to the poor retention of well-understood concepts from long ago.  

   Many students said that calculus III class is the first class where they are asked to graph points 

and objects in 3 dimensions. Two implications are made here. First, more instructional and 

hands-on time should be placed on 3-dimesnional graphing accompanied by grading of 

homework assignments in multivariate calculus classes. Four of 6 students said that if the 

instructor was not going to grade a problem they did not do it. Secondly, it could be beneficial 

for multivariate calculus students to have seen and practice 3-dimensional drawing prior to 

calculus III class. Such objective could be reached by either including 3-dimensional graphing as 

part of calculus I and II curriculum or requiring calculus III students to take a college level class 

addressing 3-dimensional graphing, such as college geometry or drafting. 

   Three of the 6 students admitted to being tired during the multivariate instruction because it 

came at the end of the semester. An implication for a college instructor would be that some 

additional motivation might benefit such students. The instructor in this study came up with a 

play dough activity. He brought play dough to the class and had the students work on molding 

solid volumes. Not all students said that it was helpful with forming visual understanding but all 

agreed that it was a fun and a welcomed change of pace. All students were engaged in the 

activity as opposed to having some students closing their eyes or having their head down on the 

desk or in some way not paying attention. 

 

For this Researcher 

   My professional goal is to be a life-long learner who is effectively teaching mathematics. In 

this view, all the mathematics educational implications discussed above apply to me as well. In 

addition, I found that being aware of my own way of thinking (verbal-logical or visual-pictorial 

or an equilibrium of both) affects the quality of my understanding. Different type of imagery and 

visualization may have different implication to the way a concept should be studied as a first 

time learner, an instructor, or a researcher. I believe helping my students to assess their thinking 
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would be beneficial in both my and their self-reflection while learning and studying new or 

difficult concepts. 

   I also approach planning my instruction in a different way. Prior to this research I was not as 

organized in my thinking as I am now. Anticipating errors of 3 different types and knowing what 

they are indicative of helps me structure my instruction in a more effective way. It also helps me 

be more responsive to my students while teaching. It creates productive discussions where 

teacher and student satisfaction is better achieved. 

   As a researcher, there are several things I wish I addressed differently. First, it would be 

interesting to see students’ homework pertaining specifically to the surface area formula 

application. No homework from that section was assigned for a grade and the students did not do 

any of the suggested problems. Secondly, there were no students in the III quadrant, i.e. below 

average mathematical visualization score indicative of analytical preference with low 

mathematical accuracy. It would be interesting to study this quadrant of students. Thirdly, 

demands of the final week of classes and final exams put a lot of pressure on the students to have 

an exit interview. I made a note to plan on having such exit interview in the subsequent semester 

and inform the students at the beginning of the research of such time commitments. 

 

Questions for Further Research 

   Several trends have emerged that need to be researched more before claims can be made: 

1. How is analytical preference (or verbal-logical predominance) correlated with high 

mathematical accuracy (as assessed on a traditional 100 point scale, or a letter grade 

earned for the course) in a multivariate calculus class or calculus courses in general? In 

the class I studied there were no students whose mathematical visualization and accuracy 

scores were below the class’ average. A simple quantitative research on a large number 

of students can answer this question. 

2. Shared understanding of the terminology is very important in a multivariate calculus 

classroom. Many concepts are assumed to be known. Ann and Brent are examples of how 

different understanding of mathematical terms could be. It would be interesting to 

perform an experiment in which the treatment is administering of terminology short 

quizzes at the beginning of each instructional session. Mathematical accuracy should be 

higher for the experimental group, but it needs to be checked. 
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3. It seems that executive errors were less grievous in students’ understanding, i.e. they are 

either easily corrected by the students themselves or after being corrected by an instructor 

such errors are easily understood by the students. Structural errors are more grievous than 

others. They are indicators of a situation where simply stating a correct answer for the 

student does not help him or her see what happened wrong. It would be interesting to see 

if structural errors happen when one of the components of thinking is dominating the 

other. What theoretical and instructional implication could be made? Perhaps, such 

situations could be resolved by approaching them from the other thinking components’ 

perspective and clearly establishing their relations through meaningful discussions or 

explorative assignments. It would be beneficial to investigate a correlation of the type of 

thinking component when a structural error occurred. 

4. There seem to be a correlation between the age of a student and his or her mathematical 

accuracy score. Students 20 years of age or younger were the one with the above average 

mathematical accuracy score and were the top 4 students of the class. It would be 

interesting to research what correlation, if any, the age of the student and mathematical 

accuracy score. Perhaps a more important factor to the lower mathematical accuracy 

scores is the period of time between calculus courses.  

   Overall, I learned to listen and to respect the world of the students’ understanding of any 

mathematical concept more. It has proven to be indeed, the Clement’s “hidden world” in a 

greater degree than I ever realized before. The richness and complexity of the students’ 

understanding that passes by the instructors unnoticed is real and measurable. While, it is 

unrealistic to expect to learn every thought of each student, establishing a common 

understanding of the terminology is an essential step toward creating a more successful teaching 

and learning environment.
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STUDENT QUESTIONNAIRE  

Please respond to the following statements or questions.  

1. Name: _______________________________________________  

2. Circle to indicate appropriate: Male   Female  

Caucasian  African  American  Hispanic  Asian   Other  

3. What is your age? _________  

4. Is this your first time taking Calculus III? Yes  No  

5. How many years has it been since your last high school math class?_______  

6. How many college math classes have you taken? _____________What are 

they:____________________________________________________________________

________________________________________________________________________

____________________________________________________  

7. On a scale from 1 to 5, with 5 being “don't like it at all”, how much do you like 

mathematics?  

Like it Very Much    Ambivalent    Don't Like it At All  

 1     2           3   4    5  

8. What is your goal professionally? ____________________________  

9. On a scale from 1 to 5, with 5 being “the hardest”, how hard are you expecting Calculus 

III to be?  

Easy             Very Hard  

 1   2   3   4   5  

10. On a scale from 1 to 5, with 5 being “prefer a picture”, what is your preference for 

solving a calculus problem:  

Prefer a formula        Formula + Picture   Prefer a Picture  

 1     2    3   4   5  
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LETTER OF INTENT 

 

Dear Instructor of Calculus III, 

 

   I am conducting a research project focusing on students’ visual and analytical understanding of 

surface area applications in multivariate calculus. Students’ understanding of multivariate 

calculus, surface areas in particular, has a significant effect on choosing of the college major and 

future professional occupation in real world. Although existing research shows that surface areas 

are hard for students, it lacks the description of what the students’ understanding is. In 

conducting my research I would like to explore the nature of thinking processes and reasoning 

associated with surface area applications of the formula   dA
y

z
x

z

R

 









 1
2

2

 for specific 

surfaces of spheres, cylinders, and prisms. To do this, I will need a minimum of one class session 

(preferably two class sessions) during the first week of classes to determine Visual Score of all 

the students in class. I will also need to interview each participant on several occasions (at least 4 

times, 60 minutes each interview) outside the class room as well as conduct classroom 

observations on the days surface area applications are taught. The interviews and classroom 

sessions will be audio and video taped so that I can analyze the transcripts. Confidentiality of all 

participants will be maintained and answers to questions will not be released in any individually 

identifiable form without the participants’ prior consent. These tapes and transcripts are 

important for my personal research and will be destroyed at the end of this project. 

 

   It is my hope that by examining students’ understanding of surface areas, new and innovative 

ways can be developed for modeling effective teaching of multivariate calculus, contributing to 

the advancement of mathematics education. 

 

   I would like to take this opportunity to thank you for helping me with my study. Being a 

teacher myself, I realize that you are busy planning for your students with little time for anything 

else. A few minutes of your precious time and prompt attention to the Consent Form is greatly 

appreciated. 

 

Sincerely, 

 

Yelena Meadows. 
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INTERVIEW PROTOCOLS



  Student # _______ 
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INTERVIEW # 1 

1. What is surface area? Do the solids (on the table) have it? Do all solids have it? 

 

2. Draw x-, y-, and z- axes. Shade 1
st
 quadrant of xy coordinate plane. 

 

3. What is a projection of an object on this quadrant?  

 

4. What is a sphere?  

 

5. Draw a sphere in the 3D coordinate system.  What is its projection on the 1
st
 quadrant of xy 

coordinate plane?  

 

6. What is a prism? 

 

7. Draw a prism in the 3D coordinate system. The following instructions will be typed up on a 

piece of paper and given to the students: Draw a triangular pyramid with one of the vertices 

at the origin at which three edges (6 units, 3 units, 2 units) form 90 degree angles pair-wise. 

Mark all important information. What is its projection on 1
st
 quadrant of xy coordinate 

plane.  

 

8. What is a cylinder?  

 

9. Draw a cylinder in 3D coordinate system. Mark all important information. What is its 

projection on 1
st
 quadrant of xy coordinate plane?  

 



  Student # _______ 
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10. Draw a cylinder centered at the origin around z-axis with height 4 and base radius of 2 and a 

plane that has the three points: (6,0,0), (0,3,0), and (0,0,2) in the same set of coordinates. 

Describe the portion of the solid formed in the first octant. What is its projection on xy 

coordinate plane? Mark all important information. 



  Student # _______ 
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INTERVIEW #2: 

1. How motivated are you to learn the multivariate content of this course? 

2. What three adjectives describe you as a learner in this class? 

3. What is the hardest concept for you in the multivariate content? 

4. Evaluate:  
3

0

3

0

2

1

3

14
x

dxdy  

 

 

5. Evaluate:  





2

0

2

0
24

2
rdrd

r
 

 

 

6. Evaluate:  
 

3

3

6

0
29

3
dxdy

y
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INTERVIEW# 3: 

1. For each function draw the surface it describes. 

9)(

632)(

4)(

22

222






zyC

zyxB

zyxA

 

2. What function can possibly describe each of the following: 

(A)  (B) (C)  

 

 

 

 

3. Find the surface area of 4222  zyx  that lies above xy coordinate plane. 

4. Find the surface area of the portion of 632  zyx  in the 1
st
 octant. Find the surface area 

of the solid bounded by the above function of two variables and coordinate planes of the first 

octant. 

 

5. Find the surface area of the solid formed by the portion of 922  zy above the xy-coordinate 

plane, xy-plane itself and planes .6,0  xx  
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Math 3114 Fall 2006     Test 3  

 Name________________________________ 

 

Directions:  Put all of your work and answers on your own paper.  You must show supporting 

calculations, simplifications, and words of explanation as needed.  Answers given without 

justification will be given no credit.  This part of the test is closed-book and closed-notes. 

 

 

1. (8 pts) Match the graph of the given surface with one of the contour maps.  (You will not use 

all of the contour maps. Top right column map is option D, bottom right column map is option E) 
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2. (10 pts) Find all second partial derivatives and verify that the second mixed partials are equal. 

    xyxyxf 5cos3sin),( 2   

 

3. (10 pts) Find the directional derivative of 22

4
1),( xyyxf   at (1, 4) in the direction of 

jiv  2 . 

 

4. (6 pts) Find an equation of the tangent plane to the surface 22

4
1),( xyyxf   at the point (1, 

4, 3). 

 

5. (10 pts) Locate and classify any extrema of the function 58962),( 22  xyxyxyxf . 

 

6. (20 pts) Evaluate the multiple integral. 

 a) dxdye

x

yx   

3

3

9

0

2

22

 



   (change to polar coordinates) 

 b) dydxdzxyz

-x

   

3

1

6

0

1

0

2

    

 

7. (8 pts) Write the limits to the double integral 
R

dAyxf ),(  for both orders of integration, 

where R is the triangle with vertices (0, 0), (4, 0), (4, 3). 

 

Take-Home Part of Test 3 

 

Directions:  Put all of your work and answers on your own paper.  You must show supporting 

calculations, simplifications, and words of explanation as needed.  Answers given without 

justification will be given no credit.  This part of the test is open-book and open-notes.  

However, you may not discuss the problems with anyone.  This is due Monday. 

 

 

8. (8 pts) Use Lagrange multipliers to locate and classify any extrema of the function xyz   

subject to the constraint: 3694 22  yx  

 

 

9. (10 pts) Use a multiple integral to find the volume of the solid bounded by the elliptical 

cylinder 44 22  yx  and by the planes z = 0 and z = x + 2.  Be sure to include a sketch of the 

graph of the solid. 

 

 

10. (10 pts) Find the area of the surface of the paraboloid 229),( yxyxf   that lies above 

the plane z = 5.  Be sure to include a sketch of the graph of the surface. 
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Math 3114    Calculus III    Fall 2006 
 

Instructor:  I deleted the name for confidentiality    

Office: I deleted location  

 Office Hours:  Monday, Wednesday, Friday – 9:00-9:50 and 11:00-11:50  

Thursday – 9:00-12:00 

Feel free to drop by at other times. 

Phone:  I deleted the number    

e-mail:  I deleted the e-mail 

 

Text:  Calculus, Alternate 6
th

 edition, by Larson, Hostetler, and Edwards. 

 

Course Description: A continuation of Math 2124.  Indeterminate forms, improper integrals, and 

infinite series are studied during the first eight weeks.  The remainder of the course is concentrated 

on multivariable differential and integral calculus – partial differentiation, multiple integrals, 

directional derivatives, line and surface integrals.  Prerequisite:  MTH 2124. 

 

Policies and Procedures: 

1. Attendance:  Each student is expected to attend class meetings and to be prompt.  

Attendance will be taken at each class meeting.  Students are responsible for any material and 

assignments that they miss in class regardless of the reason for the absence.   

 

2. Tests and Final Exam:  There will be three tests.  Test dates are tentatively set for 

September 28, October 26, and November 30.  The final exam will be comprehensive and is 

scheduled for Tuesday, December 12, 8:00 – 10:00. 

 

3. Homework and Quizzes:  There may be either announced or unannounced quizzes or 

assignments at various times during the semester.  Each of these will be graded out of 5-20 

points.  Late homework will not be accepted, and make-up quizzes will not be given.  If a 

student has a serious illness or an emergency that causes him/her to be absent for an extended 

period of time, it is the student’s responsibility to make arrangements with the instructor to 

make up missed assignments in a timely manner. 

 

Homework will be assigned every class meeting.  Selected problems from the 

homework assignment may be collected for a grade.  I will drop the lowest two 

homework or quiz grades. 
 

4. Research:  Each student will earn up to 10 points for “research”-type work done out of class, 

such as reading journal articles and/or attending conferences.  Any additional research points 

earned will be counted as extra credit. 

 

5. Grading: Tests, homework/quizzes, and the final exam will be given the following weights 

in the determination of the final grade for the course: 

   Tests    50%  

   Final Exam   25% 

   Homework and Quizzes 15% 
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   Research   10% 

A total of 90% guarantees an A, 80% guarantees a B, 70% guarantees a C, and 60% guarantees a D. 

 

Deadlines:  The last day to add a class is September 5.  The last day to drop a class is October 27. 
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