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ABSTRACT 

The role of mesovortices in the eyewalls of sheared unstable, high-Rossby number 

vortices is investigated. A high-resolution numerical model is used to simulate dry vortices in an 

attempt to unite ideas from previous works. The simulations are used to investigate the 

dynamical, adiabatic interactions between potential vorticity (PV) mixing dynamics and shear 

forcings of barotropically unstable, high-Rossby number barotropic vortices. Previous work has 

investigated barotropic vortices in shear, while other previous work has studied barotropically 

unstable ring vortices. This work will combine those two avenues of research by shearing 

barotropically unstable barotropic ring vortices because ring vortices are more representative of 

tropical cyclones. 

Quantitative and qualitative analysis of the tilt and of the internal dynamics are presented. 

Using such as metrics as PV power spectra, PV palinstrophy, and a linear energy equation that 

incorporates the effects of the shear forcing, it is found that impact of the shear forcing on the 

initial breakdown of the ring is merely slight; however, the breakdown of the ring of high PV 

into smaller mesovortices – and the subsequent rearrangement of PV into a monopolar structure 

– is quite significant when considering the tilt evolution. As the vortex mixes, the storm 

weakens. This acts as a detriment to the ability of the vortex to keep itself upright and resistant to 

the shear forcing, as the penetration depth of each layer of the vortex decreases to below the 

scale height after mixing. In terms of the energetics, it is found that the barotropic energy 

conversion term is consistently the largest, which is expected. When sheared, the shear forcing 

acts to generally counteract the effects of mixing and reduce eddy kinetic energy. Additionally, it 

is found that the shear forcing induces a trochoidal oscillation at levels of highest background 

flow. 

The sensitivity of the results is investigated by comparing and contrasting two different 

centroid metrics - a pressure-ring centroid and a PV-cubed centroid. PV centroid metrics 

historically have been used to investigate inner-core tilt while geopotential centroid metrics have 

been to used to investigate larger-scale tilt. For the first time, these two approaches are being 

compared and contrasted. It is found that during a dynamical mixing event, the PV centroid is 

not very resistant to the rapidly changing inner-core PV field, and that this has nontrivial effects 

on the calculations of center-sensitive fields such as Fourier decompositions in the azimuth and 

determining radial and tangential wind structures. When using a pressure-ring centroid centered 
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on a pressure contour that resides far enough outside the core yet radially inward enough not to 

be impacted by the environment, it is found that this method is much more resistant to inner core 

processes. 
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CHAPTER ONE 

INTRODUCTION 

1.1 Motivation 

Over the past few decades, the skill in the prediction of tropical cyclone track has steadily 

increased as model physics and our general understanding of hurricanes and their interactions 

with environments have improved. Hurricane intensity forecasting, however, has remained 

relatively unchanged in the same period with very little improvement (Krishnamurti et al. 2005). 

With recent improvements in computing power, higher-resolution hurricane models can better 

resolve inner-core dynamical processes (Braun 2002). While this no doubt complicates the 

analysis of model output, coarser models only prescribe tropical cyclones as monopolar vortices. 

Monopolar vortices are those vortices where the vorticity peaks in the center and decreases 

radially outwards. Observations indicate that tropical cyclones possess a vorticity structure at 

low levels that is ring-like in nature: moderate vorticity in the eye, a peak of vorticity in the 

eyewall, and lower values of vorticity in the outer regions (skirt) of the storm (Reasor et al. 

2004). Adiabatic models indicate that this ring-like structure of vorticity could be barotropically 

unstable (henceforth "unstable"), thus allowing for the generation of mesovortices and polygonal 

eyewalls (Schubert et al. 1999, hence S99). 

In real-world tropical cyclones, mesovortex generation is not readily observed with 

current observational tools. Despite the fact that the lower levels of tropical cyclones could 

potentially be barotropically unstable, the constant convergence of the winds at low levels near 

the radius of maximum winds (RMW) prevents the generation of mesovortices and polygonal 

eyewalls (Rozoff et al. 2009). There are instances, however, where polygonal eyewalls are 

readily observable, even on visible satellite, due to some environmental forcing (Bell and 

Montgomery 2008). Figure 1.1 depicts the mesovortices that developed in Hurricane Isabel 

(Atlantic, 2003). Figure 1.2 shows the movement of the RMW outward as the storm mixed. 

There have also been cases where dual Doppler radar scanning techniques are needed to analyze 

the wind field to isolate these phenomena (Reasor et al. 2009). In the case of Atlantic (ATL) 

Hurricane Isabel (as analyzed by Bell et al. 2008), the storm passed over the colder waters left in 

the wake of Hurricane Fabian which most likely accounted for the inner core structure. In the 
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case of eastern Pacific (EPAC) Hurricane Guillermo (as analyzed by Reasor et al. 2009), 

environmental shear most likely accounted for the modified inner core structure. 

The effects of environmental shear on tropical cyclones are generally thought to be 

negative (Bender 1997). Previous coarse-resolution modeling studies showed a weakening of 

tropical cyclones that encounter vertically-sheared environments at different timescales 

depending on the intensity of the shear (Frank and Ritchie 2001). Despite that, there have been 

observed cases recently where tropical cyclones have rapidly intensified in moderate shear 

(approximately 7-8 m/s) – Eastern Pacific (EPAC) Guillermo 1997, EPAC Hernan 2008, and 

EPAC Norbert 2008. This could be due to the interaction of mesovortices with a region of 

enhanced Convective Available Potential Energy (CAPE). Classically, in order to solve the 

Carnot-engine-style system, it has been thought that in a tropical cyclone, slant-wise CAPE is 

zero (Rotunno and Emanuel 1987). Observations indicate that upright CAPE does decrease 

radially inward toward the eye (Frank 1984). Forced ascent due to low-level convergence is 

thought to be the dominant forcing for vertical motion in the eyewall, but that is not always the 

case. Eastin et al. (2005a, 2005b) showed that in intense tropical cyclones, there are numerous 

occurrences of so-called “vortical” hot towers which use buoyancy as a convective mechanism, 

as opposed to strictly forced, low-level convergence-induced vertical ascent. More recent 

observational studies indicate that in a sheared storm, there is CAPE generation and increased 

helicity in the downshear-left quadrant of the storm increasing in magnitude as ambient shear 

increases (Molinari and Vollaro 2009). Previous modeling and observational studies also show 

that in the presence of moisture, convection and vertical motion is favored downshear-left (Frank 

and Ritchie 2001, Corbosiero and Molinari 2003, Reasor et al. 2004, Reasor et al. 2009).  

In EPAC Hurricane Guillermo 1997, infrared imagery indicates explosive convection at 

quasi-regular intervals in the downshear-left quadrant of the storm. Observational evidence in 

Figure 1.3 implies that the passage of mesovortices, perhaps associated with an internal vortex 

Rossby wave, through this quadrant act as the catalysts for the explosive convection (Reasor et 

al. 2009). After the storm had rapidly intensified, the explosive convection ceased, and the 

presence of mesovortices decreased significantly. This entire rapid intensification process 

appears to be extraordinarily complicated. In order to understand this process fully, it would be 

prudent to isolate one of the component problems to investigate first. This study will attempt to 

unify the evolution of unstable eyewalls and of mesovortex generation with the evolution of a 
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sheared vortex from a purely adiabatic sense in order to isolate the dry dynamics of the situation, 

since previous work has demonstrated that there is an intrinsic ability of the vortex to dampen its 

tilt and precession frequency without the presence of moisture (Schecter et al. 2002, Reasor et al. 

2004). This work will be extending those ideas.  

1.2 Historical Background on Mixing and Shearing Dynamics 

1.2.1 Adiabatic Vortex-in-shear Dynamics 

While convection is no doubt a key component in the maintenance and evolution of 

tropical cyclones, there is also merit to the ideas the pure adiabatic dynamics of the cyclone also 

play a role in the evolution of the vortex, regardless of convective forcings. Jones (1995) 

investigated the adiabatic responses of barotropic vortices in shear. Using a nonlinear hydrostatic 

model on an f-plane (Jones and Thorpe 1992), she showed that in the presence of shear, a 

barotropic vortex at high Rossby number begins to tilt. An intriguing part of this finding is that 

the tilted vortex manifests wavenumber-1 potential temperatures and corresponding 

wavenumber-1 vertical velocity anomalies that are 90° out of phase (Figure 1.4). The potential 

temperature anomalies are in the direction of the tilt – negative anomalies down-tilt, positive 

anomalies up-tilt. The vertical velocity anomalies are to the left and right of the tilt – negative 

anomalies to the left of the tilt, positive anomalies to the right of the tilt. The potential 

temperature anomalies are due to the tilt while the vertical velocity anomalies are a direct result 

of the isentropic distortion around the vortex in the absence of diabatic forcings. This circulation 

is reactionary in nature, as there is no evidence that this circulation affects the tilt in any way 

(Jones 1995, Jones 2000b, Jones 2004). The vertical velocity is also not impactful on the 

vorticity field, as the generation of vorticity through stretching is two orders of magnitude 

smaller than the advective characteristics of the vortex. What small vorticity there is that is 

generated by the vertical velocity acts to deform the vortex and not to strengthen it. 

They also demonstrated that the tilt of the vortex is dependent upon vortex size, vortex 

strength, and value of the Coriolis parameter (latitude).  Larger and stronger vortices at higher 

values of f were all more resistant to tilt displacement than those that were smaller and weaker at 

lower values of f. They also showed that the vortex at different levels advected itself at other 

levels, thus creating a rotating precession. Eventually, the rotation stopped, and the tilt direction 
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reached a near steady-state. It should be noted that her model was run at a coarse resolution (dx = 

dy = 10 km) that did not resolve internal eddies and that the vortices tilted to unrealistically large 

distances (400 km). This could be due to the fact that her vortex profile possessed a positive 

vorticity gradient outside the core to restrict the vortex's size (Reasor et al. 2004). Jones (2000) 

revisited the vortex-in-shear concept with a baroclinic vortex. They found that the lower parts of 

the storm behaved like a barotropic vortex, but the upper parts of the storm (where the radial 

potential vorticity gradient is weaker) were merely advected by the background wind. The 

distance that the upper part of the storm moves is dependent upon the parameters discussed 

previously. The evolution can be viewed simplistically as the interaction of several potential 

vorticity (PV) anomalies at all levels imparting effects on each other. The penetration depth to 

which each anomaly reaches can be defined as: 

• � = ��(� + �)�12 ����       (1.1) 

where ξ is the modified Coriolis parameter (f + 2Ω), Ω is the angular velocity, f is the Coriolis 

parameter, ζ is the relative vorticity, L is the length scale, and N is the Brunt-Väisälä frequency. 

It would stand to reason that in a baroclinic storm, as the magnitude of the RMW decreases 

vertically, the penetration depth would decrease with height. As a result of the tilting, they also 

noted the wavenumber-1 anomalies in the potential temperature and vertical velocity fields. As a 

storm tilts, the adiabats rise downtilt and fall uptilt to maintain thermal wind balance since the 

wind field gets displaced in the vertical. This once again causes a compensating isentropically-

forced vertical velocity anomaly that is 90° out of phase with the potential temperature anomaly. 

Smith et al. (2000) used quasigeostrophic arguments to explain the evolution seen in 

Jones (1995). They used a two-layer model to address the coupling of two vortices. The top layer 

was forced with a background flow while the bottom layer remained quiescent. As the top layer 

was advected, the bottom layer and the top layer interacted with each other and caused a mutual 

rotation and advection downstream. The strength of this coupling was based upon the penetration 

depth. As the penetration depth increased, so did the coupling. They showed that in the 

quasigeostrophic limit, the advection of each vortex can be expressed simply as the cross-flow 

caused by the symmetric component of the wind from the other vortex. However, when 

increasing the Rossby number to greater than unity, this interaction became more complicated as 

the penetration depth calculation became radially dependent upon the structure of each vortex. 
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Despite this fact, they argue that to a first degree, vortex interaction can be explained as the 

cross-vortex flow induced by separate vortices across the cores of other vortices. 

Schecter et al. (2002) approached the vortex-in-shear problem differently. They 

introduced the concept of a critical radius at which the PV gradient rearranges and harmonically 

resonates with the vortex core. The critical radius is the radius at which precession frequency 

matches the rotational velocity of the fluid. They invoke, in the linear limit, conservation of 

canonical angular momentum arguments. At this critical radius, if PV is mixed outwards, then by 

angular momentum arguments, then there must be a compensating loss of angular momentum in 

the core. They argue that if there is no vorticity at the critical radius, the vortex’s precession will 

never stop and the vortex will never realign. The definition of critical radius for a Rankine vortex 

is (Schecter 2008): 

• Ω�(�∗) ≡ �/�, (1.2) 

where r* is the critical radius, ω is the rotational frequency of a discrete vortex Rossby wave, and 

n is the wavenumber. Simplistically, the tilt can be thought of as a wavenumber-1 discrete vortex 

Rossby wave whose amplitude decreases in time if there is resonance with a critical radius. 

When there is no PV available for rearrangement at the critical radius, the growth of the discrete 

wave comes via the emission of inertia gravity waves at both the vortex core and the critical 

radius. They do present the caveat that this theory seems to be valid only when the Rossby radius 

of deformation is sufficiently large as their original theory was derived from a quasigeostrophic 

vortex. If the ratio of deformation radius to radius of maximum winds approaches one, then the 

critical radius location goes to infinity, and the tilt will never damp. When the Rossby radius of 

deformation is sufficiently small (less than RMW/4), there is an outward spiraling of energy – a 

sheared vortex Rossby wave (Montgomery and Kallenbach 1997). Their simulation was also 

unforced – that is, the initial tilt is prescribed as a perturbation and then allowed to align freely. 

This tilt perturbation stands alone from the normal discrete vortex Rossby waves that cause the 

distortion of the vortex, and as such is named a “quasimode” (Reasor et al. 2004). It is a near-

discrete mode that resides in the continuous spectrum with the sheared vortex Rossby waves. 

Reasor et al. (2004) presented similar arguments in their description of a vortex in shear. 

They found that the tilt can be described in terms of a discrete vortex Rossby wave, or 

quasimode, and that the precession behavior mimics that of a damped harmonic oscillator. The 

orientation of the quasimode is based solely on perspective. When orienting the center of the 
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domain at the center of the middle level of the vortex, the top and the bottom of the vortex 

becomes wavenumber 1 anomalies on an upright vortex. Reasor et al. (2004) also extended their 

work to vortices forced by shear. Whereas Schecter et al. (2002) prescribed the initial tilt as a 

perturbation, Reasor et al. (2004) added a more realistic shear forcing. They performed two 

experiments on a high-Rossby number monopolar vortex profile that mimicked the observational 

profile of Hurricane Olivia (1994) from Reasor et al. (2000). One experiment modeled the 

unforced barotropic vortex with the initial prescribed tilt. The second experiment modeled a 

barotropic vortex that was initially upright but placed in a shear flow forcing. While both end-

state vortices tilted very slightly, the forced vortex tilted farther than the unforced vortex. At 

initial times, the vortex in shear forcing tilts with the shear. As time progresses, it reaches a 

steady-state orientation of downshear-left. They found this evolution to be consistent with the 

work of Wang and Holland (1996). 

Aside from moist convection, one aspect of real-world vortices that the works of Jones 

(1995), Schecter et al. (2002), and Reasor et al. (2004) ignore is the effect of the natural vorticity 

gradient of the planet. Jones et al. (2009) used a two-layer model to investigate how hurricane-

like vortices respond to shear on f planes and as well on β-planes. They discovered that 

inflectional (inertial) instability is created on a β-plane by wave-mean flow interactions. In their 

simulations, since PV is nearly conserved in the inner part of the vortex, an outer PV minimum 

develops as the vortex moves poleward. These vortices can destabilize through formation of an 

outer PV minimum that meets the necessary condition for inflectional instability (Holton 2004). 

1.2.2 Barotropically Unstable Vorticity Rings 

As observing platforms have improved over time, polygonal eyewall observation has 

become a bit more common (Bell and Montgomery 2008). Nevertheless, the development of 

polygonal eyewalls is not well understood. Furthermore, the mesovortices that give the 

polygonal eyewall its structure are still a bit of an unknown in terms of function and impact on 

tropical cyclone evolution. S99 investigated the barotropic instability mechanism from a 

meteorological context, building on the work from Michalke and Timme (1967) and other 

references therein. They argue that many researchers view polygonal eyewalls as a curiosity 

having little bearing on fundamental aspects of hurricanes such as motion, structure, and 

intensity change. Their experiments in a 2-D pseudospectral model showed that when given a 
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series of small perturbations, an unstable ring of vorticity will naturally evolve into mesovortices 

before mixing into a monopole. In their experiment, they prescribed a vortex that possesses a 

ring of high vorticity with a “moat” of lower vorticity radially-inward and negative vorticity 

outside the peak of ring to slowly reduce winds towards the end of domain in order to assure a 

zero circulation at the edges of the domain. Figure 1.5 demonstrates the evolution of their vortex. 

Counter-propagating vortex Rossby waves mutually amplify each other (Guinn and Schubert 

1993). After the initial vigorous mixing event, the vorticity eventually redistributes into a stable 

monopole, as seen in Figure 1.6. As evidenced from their simulation, there are two sets of 

filaments. One set extends radially outward from the mesovortices. The other set of filaments can 

be seen trailing the mesovortices, as vorticity from the moat is mixed into the eyewall. 

One question that is frequently asked about this subset of cyclone research is why rings 

break down in specific, readily identifiable mesovortex structures. Hendricks et al. (2009) went 

through the process of exploring the end states from the pseudospectral model that S99 used. 

Figure 1.7 demonstrates the theoretical mathematical solutions to the eigenvalue problems on the 

top of the figure and the actual physical results from model integrations at the bottom of the 

picture. The theory is based around the idea of introducing two new vortex parameters: a 

thickness of the ring parameter (δ), and a ratio of inner vorticity to the average vorticity inside 

from the center of the vortex to the edge of the ring of high vorticity (γ). The preferential 

development of one wavenumber over another is determined by the shape and structure of the 

core of the vortex. Guinn and Schubert (1993) showed that given a narrow filament of PV, any 

perturbations introduced will cause a preferential wavenumber to grow on either edge of the 

filament. This will cause PV wave phase locking, mutual amplification, and eventually, 

breaking. This is not unlike typical Rossby wave dynamics (Holton 2004, pp.213-215). The 

change in sign of the radial gradient of PV of the vortex causes the counter-propagating Rossby 

waves. It is not quite as simple as the wave-breaking of a horizontal PV filament, as the 

circumference at the vorticity jumps differs. S99 attempted to quantify this with their two new 

vortex parameters using linear stability theory to predict analytically what the most unstable 

wavenumber would be. 

 The linear stability analysis provides fairly good analysis for thin, hollow rings, but the 

analysis does not account for rings that are susceptible to wavenumbers 1 and 2. Hendricks et al. 

(2009) also catalogued the end states of these model runs. Figure 1.8 shows their results. While 
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the evolution of the initial state into a monopole in quite a number of cases is not surprising, the 

stable end states that yield ellipitical eyewalls, polygonal eyewalls, and mesovortices is quite 

interesting. These results are far more the exception than the rule, and they generally exist for 

rings that are of moderate thickness. For lower “moats,” polygonal eyewalls are favored. As the 

“moat” region becomes closer and closer to the peak vorticity value of the ring, elliptical 

eyewalls are favored. Hendricks et al. (2009) pointed out that, in general, it is not possible to 

predict accurately end states analytically; however, the use of vortex minimum enstrophy and 

maximum entropy approaches have yielded some insight (S99). There are two mathematical 

pathways using the minimum enstrophy approach to solve this problem: constrained circulation 

and angular momentum, and constrained circulation and energy. In 2-D, barotropic space, 

enstrophy - the square of the vorticity - is conserved. S99 argue that by choosing the radius at 

which the enstrophy deficit is greatest, assuming that the flow outside a chosen radius is 

unchanged. From here, they derive a general tangential wind profile which will allow them to 

solve for the radial profile assuming that angular momentum within the given radius is 

conserved. Similar arguments are made for the energy difference - finding the radius at which the 

enstrophy deficit is greatest while also conserving the energy. The full mathematical derivation is 

found in S99 and is beyond the scope of this work. An important note that S99 makes is that in 

their derivation, the average radius of the vorticity profile is proportional to the vorticity-

weighted radius to the vorticity itself. This allows for very little change in mean radius, so they 

argue that any outward mixing through filamentation must result in a large amount of internal 

mixing. 

Rozoff et al. (2010) hypothesized that these mixing events affect the tropical cyclones in 

two antithetical ways. Mesovortices are less thermodynamically efficient than a symmetric ring; 

thus, the breakdown of the ring will act as a brake on symmetric intensification. They also argue 

that mixing vorticity from the eyewall into the eye can act as an intensification mechanism by 

spinning up the eye. Yang et al. (2007) ran a similar hurricane structure in a 2-D axisymmetric 

model and a full physics 3-D model. Comparing axisymmetric and 3-D hurricane simulations, 

they found that their 3-D storm was weaker than the axisymmetric counterpart because PV 

mixing in the eyewall reduced slope aloft. This led to warmer and moister downdrafts. These 

downdrafts led to a reduced air-sea entropy deficit and thus reduced the symmetric 

intensification mechanism. 
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1.2.3 Shearing and Mixing Dynamics in Full Physics Framework 

The most obvious short-coming of vortex modeling that exclusively considers the dry 

dynamics of a situation is the lack of moisture. In tropical cyclones, latent heat release aloft and 

surface convergence allows for the constant regeneration of the barotropically unstable vortex 

ring at the lowest levels of the storm through vorticity conservation budgets. As the winds 

converge radially and speed up tangentially, they continually rebuild the vorticity ring inside of 

the RMW. Dry dynamical modeling generally does not include this heat source aloft, thus a 

symmetric secondary circulation that is needed to maintain the ring does not form. The radial 

flow accumulates moisture and heat as it traverses the ocean (Rotunno and Emanuel 1987), thus 

providing the moisture necessary for the latent heat release and the surface convergence to 

maintain the ring. 

As noted, Jones (1995) demonstrated that when sheared, there is a wavenumber-1 

response of the vortex in the potential temperature fields and in the vertical velocity fields. Frank 

and Ritchie (1999) presented a brief cursory look at a full-physics vortex in both easterly and 

westerly vertical shear. The vertical profile they used was cosine-shaped with a magnitude of 3 

m/s. They discovered that at initial times (6-12 hr), the vertical velocity field mimicked the 

findings of Jones. As integrations progressed, the vertical columns began to saturate, and the 

primary vertical motion moved to the downshear-left quadrant. Maximum tangential winds 

became located in the upshear-left quadrant. When additional background flow was added to the 

storm, the storm behaved slightly differently. There was another convective maximum in the 

front-right quadrant of storm motion after the storm had intensified and convection was more 

symmetrically distributed around the eyewall of the vortex. These results were later confirmed 

through the observational analysis of Corbosiero and Molinari (2002, 2003). 

Frank and Ritchie (2001) readdressed the problem of a full-physics vortex in shear by 

modifying the shear forcing. On top of a control run, they forced the storm with 5 m/s, 10 m/s, 

and 15 m/s shear, respectively. In both the 5 m/s and 10 m/s cases, the storms developed 

convective asymmetries downshear-left and eventually weakened to an intensity that was lower 

than at the time at which the shear forcing was imposed. They found that the convective 

asymmetry precedes any appreciable tilt, arguing that the convective asymmetry is due to 
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differential vorticity advection in the vertical caused by the shear. The 10 m/s forcing weakened 

the vortex about 24 hours sooner than did the 5 m/s. The 15 m/s shear literally tore the storm 

apart. They argue that the shear weakens from a top-down perspective: the shear ventilates the 

upper level warm core through erosion of upper-level PV. The evolution of the strength of their 

hurricane-like vortices is shown in Figure 1.9. The precipitation anomalies for the 10 m/s shear 

case are shown in Figure 1.10. These results agree with the historical perspective provided by 

DeMaria (1996), which states that excessive shear will almost universally weaken a storm. 

An alternative theory to the top-down theory of Frank and Ritchie (2001) is the bottom-

up theory proposed by Riemer et al. (2010). They use the Carnot engine analogy that was first 

presented by Emanuel (1986), where tropical cyclones can be thought of energy cycles that 

expend energy gathered through sea-surface latent heat flux. They argue that enhanced 

downdrafts from the outflow of the storm and from the shear-induced stationary band complex 

(Corbosiero and Molinari 2002, 2003) cause a larger downward flux of low θe air already present 

at the mid-levels in the tropical cyclone. This drier air interferes with the low-level boundary-

layer air. While this argument is thermodynamically appealing, it is, much like the arguments of 

Frank and Ritchie (2001), not without certain limitations. As was shown in Bryan and Rotunno 

(2010), the model used by Riemer et al. (2010) is already prone to overly strong tropical 

cyclones when compared with reality, and this is likely due to improper eddy parameterizations 

in the boundary layer. Any conclusions drawn by Riemer et al. (2010) with regards to the 

boundary layer in their simulations must keep this limitation in mind. 

From a more theoretical approach, Schecter and Montgomery (2007) investigated the 

effects of parameterized moisture on rapidly rotating vortices. They discovered a few key points. 

First, when simulating a category 3 hurricane-like vortex, the moist physics slowed the 

development of its most unstable mode (wavenumber 3) compared to its dry counterpart. 

Second, moisture acts to suppress discrete vortex Rossby wave development and the resultant 

inertia-gravity wave emission by reducing the static stability where it is most moist, the RMW. 

Third, as a result of the second point, vortex resiliency - the resistance of the vortex to tilting - is 

improved. All of this will inhibit spontaneous imbalance of the vortex caused by the discrete 

vortex Rossby waves and the inertia gravity waves’ interacting with the critical radius (Schecter 

2008). 
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One limitation of the Frank and Ritchie (2001) work is the coarse resolution. By their 

own admission, the grid which they used does not adequately resolve mesoscale eddies. The 

downfall of running models at higher resolution is the tremendous need for proper computing 

resources. Recently, as computing power has increased, so has the ability to run higher-

resolution models. One such study that first took advantage of this computing power is Braun 

(2002). They ran a 72-hour simulation of Hurricane Bob (1991) using four grids in the MM5, 

with the highest-resolution grid’s using a horizontal resolution of 1.3 km with 27 vertical levels. 

There is a potential catch-22 with higher resolution data, since while high resolution data allows 

for the development of eddies in the eyewall, the results become very noisy and cluttered, as 

opposed to classic 2-D axisymmetric views (Rotunno and Emanuel 1987). Braun (2002) 

discovered two very important facts. First, while a symmetric ring of vertical motion in the 

eyewall is convenient for theory, it does not appear to be the case for vertical motion in the 

eyewall. They indicate that tongues of high θe air extending vertically from the surface and 

possibly from the low-level eye create so-called “vortical hot towers” in the eyewall, and that 

these events are quite numerous and distributed randomly. Braun (2002) found that these parcels 

meet the necessary requirements for symmetric instability, which means the parcels are statically 

stable to pure vertical motion but are unstable to slantwise vertical motion. The second major 

finding is the dominance of a wavenumber-2 pattern in the low-level vertical motions, inflow 

and outflow, and buoyancy. This disturbance rotates around the eyewall at about half the speed 

of the maximum tangential winds, which is consistent with the theory of vortex Rossby edge 

waves (Montgomery and Kallenbach 1997). 

Using a high-resolution numerical simulation of Hurricane Erin (2001), Wu and Braun 

(2006) and Braun and Wu (2007) investigated the response of the storm to ambient shear (here, 

shear is defined as the winds at 200 mb minus the winds at 850 mb). The innermost domain used 

a horizontal resolution of 2 km again with 27 vertical levels. Initial and boundary conditions are 

prescribed by the NCEP/NCAR Reanalysis. At the time of the shearing event, Erin was on the 

Category 2-3 threshold. The wavenumber-1 structure of precipitation did not become dominant 

until shear surpassed 5 m/s. They also found that there was explosive convection related to 

mesovortex passage through the shear zone, as shown in Figure 1.11. They argue that the reason 

for enhanced convection is due to convergence trailing the mesovortex caused by their induced 

flows and amplified by additional convergence caused by the low-level wind of the environment. 
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They also noted that the shear is much higher in the model than it was in the observations, so that 

might lead to differences in the evolution of their vortex when compared with the actual 

observations. The displacement of the center of the storm at 9.3 km from the surface at 72 hours 

is 42 km. This unrealistic tilt tends to be 4 times greater than the greatest amount of tilt observed 

by a weaker storm in moderate shear (Reasor et al. 2009) or in observations (Corbosiero and 

Molinari, 2002 and 2003), where tilts are on the order of 10 km. 

Davis et al. (2008) used the Advanced Research WRF to model six hurricanes in the 

north Atlantic from the 2005 and 2006 hurricane seasons to investigate their responses to shear 

as the storms underwent extratropical transition. The 2005 storms were run at 4 km inner core 

resolution, while the 2006 storms were run at 1.33 km inner core resolution. They determined 

three methods through which the storms resisted vertical shear. The first is vortex precession. 

That is, after shearing, the vortices tilted in the direction of the shear and then oriented 

themselves between downshear and downshear-left. The second mechanism was diabatic heating 

that cancelled the effect of tilting. This ultimately led to a formation of a new center downshear-

left under the precipitation maximum. The third mechanism was a transient baroclinic 

development that occurred when an upper-tropospheric PV anomaly, such as a trough, was 

positioned upshear from the hurricane vortex. This produced intensification of the storm in a 

baroclinic sense, and the surface circulation was greatly weakened. Davis et al. (2008) also 

suggested that diabatic responses in sheared storms is due to PV advection associated with the 

tilt itself. If the vortex precesses then the diabatic processes will be favored downshear left to 

reduce tilt. If the vortex tilts without rotation, then the main convective band will be downtilt. 

There are conflicting viewpoints on the impacts of internal mixing. Nolan and 

Montgomery (2002) and Nolan and Grasso (2003) provided an extensive look into thermal and 

vorticity perturbations on tropical-storm-like, Category 1 hurricane-like, and Category 3 

hurricane-like vortices. They saw that these perturbations outside the core in stronger tropical 

cyclones generally cause a weakening. Unstable modes draw energy for their growth from the 

mean vortex, and all dynamical impacts can sufficiently be explained by their impact on the 

symmetric mode of the vortex. They also pointed out that unlike real-world counterparts with 

moisture, adiabatic vortex Rossby waves have typical adiabatic responses to vorticity 

perturbations in terms of potential temperature and vertical velocity responses. That is, resultant 

vertical motion leads to adiabatic cooling, whereas in real tropical cyclones, adiabatic cooling is 
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offset and partially overcome by the warming caused by sensible and latent heat release (Wang 

2002a,b). 

Kwon and Frank (2008) showed that in a moist baroclinic vortex, the internal eddies 

generated from their barotropically-unstable vortex created only slight fluctuations in intensity in 

time. The results changed noticeably from their dry vortex (Kwon and Frank 2005), as the main 

energetic pathway changed from barotropic eddy processes to interactions between mean 

potential and mean kinetic energy. Rozoff et al. (2010) showed that diabatic processes, through 

low-level convergence, constantly rebuild the low-level structure of tropical cyclones. Despite 

that, there is still mixing during breakdown events. Using the simulations of Hurricane Bonnie 

by Braun (2006), Cram et al. (2007) demonstrated with trajectory analysis that eye-eyewall 

mixing is a fairly common phenomenon. At the lowest levels, air is advected out of the eye. That 

air is in turn replenished by supergradient winds that overshoot the eyewall and enter the eye. 

The outflow of high entropy air out of the eye, they argue, lends credence to a “superintensity” 

theory as suggested by Persing and Montgomery (2003) and Braun (2002). Yang et al. (2007) 

compared the axisymmetric results of a model with the 3-D results of the same model. They 

found that inner-core dynamic asymmetries generally reduced hurricane intensity by 15%. This 

agrees with the theoretical framework provided by Rozoff et al. (2010) A subsequent experiment 

performed by Bryan and Rotunno (2009) agreed with the work by Yang et al. (2007), finding 

that in an axisymmetric model, when inner-core mixing is turned off, there is no appreciable 

intensification in hurricane evolution, with the obvious caveat that their work was performed in a 

2-D axisymmetric model. 

1.3 Objectives and Organization of Dissertation 

The research performed in this study includes the analysis of the evolution of a 

barotropically unstable, high-Rossby number vortex in shear simulated in a fully nonlinear, 

compressible, adiabatic model. By barotropically unstable, the vortex satisfies the criterion for 

Rayleigh instability: the radial gradient of PV changes sign (S99). By high-Rossby number, the 

vortex's Rossby number (V/(fR)) is assumed to be greater than 10, thus putting it into the 

cyclostrophic balance regime (Holton 2004 pp. 66-67). In previous work, barotropically unstable 

vortices and sheared vortices have been studied separately. This work will combine the work in 

vortex-in-shear dynamics of Jones (1995, 2000b, 2004), Schecter et al. (2002), and Reasor et al. 
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(2004) with the work in dynamic breakdown of the vortex ring of S99, Nolan and Montgomery 

(2002), Nolan and Grasso (2003), Rozoff et al. (2009), and Hendricks et al. (2009). 

A variety of methods will be used to quantify the evolution of the vortices – PV power 

spectra, centroid dectection and tilt analysis, PV palinstrophy, and an energy equation will be 

used in order to assess wave-mean interactions and investigate individual wavenumber evolution. 

The goals of this research are thus: 

• how does inner core mixing affect tilt precession; and 

• how does the shear forcing affect the evolution of the inner-core instability? 

• Additionally, previous studies have used specific center-location methods. Two 

different centroid calculations are presented to determine what difference, if any, 

there is between them, and how this might possibly affect prior research. By 

answering these questions, a part of the hurricane evolution conundrum may 

become more clear. 

Chapter 2 will present an overview of the model used – the CM1 model – and an 

explanation and discussion of the simulation parameters. It will also introduce the mathematical 

concepts that will be applied to the model output. In Chapter 3, the results of the non-sheared 

unstable ring simulation will be presented to introduce the methods for analyzing the sheared 

ring. In Chapter 4, the sheared ring will be analyzed with regard to the unsheared ring and the 

sheared monopolar vortex based on the ring profile. A discussion of the results of the sheared 

ring and the implications of changing the centroid metric will also be discussed in Chapter 4. A 

summary of the work done in this research will be presented in Chapter 5. Finally, ideas for 

future and continuing research work will be presented in Chapter 6. 
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Figure 1.1. From Bell and Montgomery (2008), TRMM overpasses (left) and visible satellite 

imagery (right) of Hurricane Isabel (ATL 2003) on September 12-14, 2003. 
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Figure 1.2. From Bell and Montgomery (2008), radial-height cross-section of mean tangential 

and mean radial winds. In (c), on the 14th of September, Isabel had gone annular, and clear 

mesovortex signatures were seen on satellite. 
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Figure 1.3. From Reasor et al. (2009), reflectivity at 3 km in Hurricane Guillermo (EPAC 1997) 

on August 2, 1997. A-H are convective bursts; X markers denote examples of transient 

convective cells that developed downshear. 
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Figure 1.4. From Jones (1995). The adiabatic response of a vortex in tilt. In (c), the storm tilts to 

the left of the figure (negative theta anomalies). w' is up to the right and w' is down to the left of 

the tilt vector. 
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Figure 1.5. From Schubert et al. (1999), evolution of barotropically unstable vortex's vorticity 

field. Ring of high vorticity collapses into 4 mesovortices through interaction of counter-

propagating vortex Rossby waves at steep vorticity gradient locations. 
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Figure 1.6. From Schubert et al. (1999), the evolution of the symmetric flow of their 2-D 

unstable vortex.  
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Figure 1.7. From Hendricks et al. 2009, evolution of unstable rings. The top figure represents the 

wavenumber breakdown given by the theoretical stability analysis performed by Schubert et al. 

1999; the bottom figure represents the actual breakdown of the rings. “W#” indicates the 

wavenumber of maximum growth, while “U” indicates undetermined. Vortex parameters δ and γ 
are defined in the text. 
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Figure 1.8. From Hendricks et al. 2009, the end states of the simulations. TO = trochoidal 

oscillation, EE = elliptical eyewall, PE = Polygonal eyewall, SP = Slow Monopole, MP = 

Monopole, MV = Mesovortices. 

 

 

 
Figure 1.9. From Frank and Ritchie (2001), the evolution of the minimum sea level pressure of 

their hurricane-like vortices in shear. Horizontal line at 48 hours is when shear is engaged. 
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Figure 1.10. From Frank and Ritchie (2001), plan views of their hurricane-like vortex in 5 m/s 

shear at 700 mb height. Dashed contours denote negative values. Maximum values of both 

vertical velocity and rain water are located downshear left. 
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Figure 1.11. From Braun and Wu (2007), the favored convective regions when a mesovortex 

passes through the downshear-left zone in a sheared tropical cyclone. 
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CHAPTER TWO 

METHODOLOGY 

2.1 Overview of the CM1 model 

The model used for these simulations is the compressible, nonlinear cloud model, CM1 

(Bryan and Fritsch 2002). Version 12 of the model is being used by this study.  Initially, this 

model was designed for cloud-resolving resolutions, and as such it possesses a few qualities that 

make it unique. The nonhydrostatic CM1 retains all terms in the governing equations, so it 

conserves mass and energy much more realistically than other models do. There are five 

prognostic equations: winds, nondimensional pressure (π), potential temperature (θ), water vapor 

mixing ratio, and cloud water mixing ratio. These can be found in Bryan and Fritsch (2002). The 

equations are integrated in flux form, which they argue improves numerical accuracy and 

conservation. The CM1 uses split time-differencing – acoustic waves are solved on a “small” 

step while all other terms are solved on a “long” time step. In order to account for phase changes, 

the model uses a saturation adjustment technique – one for dynamics, one for microphysics. 

First, the dynamics equations are integrated ignoring the microphysical aspects. The 

microphysics effects are then integrated. As π and θ are integrated, the condensation mixing ratio 

is approximated. This yields a new saturation mixing ratio, which is then used to estimate the 

condensation mixing ratio. This cycle is repeated until θ converges. This technique usually 

converges in 4 to 6 “long” timesteps. Further discussion on the CM1 can be found in Bryan and 

Fritsch (2002), Bryan et al. (2003), and at the website maintained by the first author, 

http://www.mmm.ucar.edu/people/bryan/cm1/cm1_equations.pdf 

While the CM1 has been mainly used for high-resolution precipitation events, a vortex 

initialization has been recently added. This vortex initialization is based on the work of Rotunno 

and Emanuel (1987). Bryan and Rotunno (2009a, 2009b) used the axisymmetric version of the 

CM1 to investigate the effects of eye-eyewall mixing and superintensity theory. By turning off 

eye-eyewall fluxes, they were able to show that in this model, eye-eyewall mixing does not 

significantly alter the maximum intensity of a storm. An interesting artifact of their research 

indicates that using the conservative equation set allows for a stronger storm, since the 

condensation adjustments used in the conservative equation set allow for a more realistic 
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manifestation of buoyancy – there is no cold bias in the vertical. They also found that tropical 

cyclone intensity, at least in axisymmetric models, is more a result of the surface friction 

parameters (roughness length) than of anything thermodynamic.  

2.2 Experimental Design 

The primary goals of this research are to investigate the adiabatic evolution of unstable, 

high-Rossby number vortices in shear. As a result, the special considerations given to the 

treatment of moist physics in the CM1 will unfortunately not be utilized at present in this 

research, although such treatment is beyond the scope of this paper. It will be addressed in future 

work. With that fact in mind, three simulations will be run:  

• a perturbed ring that mimics the initial conditions of the S99 ring, except modified with a 

significant skirt of vorticity;  

• a sheared monopole that is based on the modified S99 ring profile, preserving the RMW 

and the skirt profile;  

• and a sheared, perturbed ring that is the same profile as the modified, non-sheared ring 

with skirt. 

All storms are initially barotropic and do not vary with height initially. The profiles of each 

storm are defined using the Hermite polynomial to shape the vorticity field. As indicated in S99, 

the use of Hermite polynomial allows for smooth transitions between regions of vorticity. When 

a profile is “modified,” it is given an additional skirt of vorticity. The original formulation of the 

S99 profile is almost Rankine-like in nature, as the maximum vorticity decreases to negative 

vorticity values radially very quickly. The modified profiles yield a much more gradual radial 

decrease of vorticity. The vorticity profile of each model run is given in Appendix A and can be 

seen in Figure 2.1. The corresponding wind profile can be seen in Figure 2.2. For the sheared 

monopole, a companion linear simulation will be run to gauge the resiliency of the profile from a 

linear perspective. The original profile from S99 does not have any vorticity gradient in the skirt 

– it is constant negative vorticity until zero vorticity conditions are imposed at the outer bounds. 

While the vorticity profile in the core is somewhat unnatural compared to observational records 

in Reasor et al. (2009), the skirt profile of vorticity is not significantly different from observed 

profile of skirt vorticity, also present in Reasor et al. (2009). There is a slight increase in 

maximum tangential winds, but the structure is not deemed to be significantly different. 
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The specifics of the model set up are found in Appendix B. The CM1 is extremely 

flexible in terms of its options. Each domain size was chosen so that the vortex contained within 

would never touch the rather large damping layers. The reason for the large breadth of the 

boundary damping layers is to allow for enough physical distance to absorb radially-outwardly 

propagating acoustic, gravity, and inertia-gravity waves. Normally, in full physics simulations 

that include moisture, these waves are damped by convection (Schecter and Montgomery 2007). 

The sheared domains are larger than the non-sheared domains to compensate for vortex 

movement. Models simulations are run out to 48 hours for two reasons. In the case of unstable 

vortices, this allows for the mixing to come to a relative minimum as the profile rearranges. For 

the sheared vortices, this allows for two full precessions of the vortex. Forty-eight hours is also 

the time to which S99 ran their model. Fifth-order advection was recommended by George 

Bryan (personal communication, 2008) since the diffusion is implicit. The sixth-order advection 

and the manual setting of diffusion are intended more for extremely high-resolution cloud 

simulations (Craig and Dörnbrack 2008). CM1r12 does not allow for a variation in the Coriolis 

parameter, so the simulations are limited to an f-plane. 

In most prior works that use a shear forcing, such as Jones (1995) and Frank and Ritchie 

(2001), the shear is initialized as a perturbation. Typically, as shear is introduced as a 

perturbation, its effects are maintained via periodic or doubly-periodic domain boundaries. Since 

we have implemented sponge layers to absorb the inevitable emission of acoustic, gravity, and 

inertia-gravity waves, it is necessary that the shear be relegated to the background flow. As 

stated in Appendix B, the shear is entirely zonal and is -2 m/s at the surface and 2 m/s at the 

ceiling. It can be expressed in the form: 

• ���⃑ 0= �0 cos �� ����,       (2.1) 

where ���⃑ 0 is the three dimensional background wind, u0 is the value of the shear at the bottom of 

the domain (in this case, -2 m/s), z is the height, and zT is the top of the domain. A thermal 

gradient is added to maintain thermal wind balance conditions. In the CM1, background potential 

temperature for a constant value of N
2
 (Brunt-Väisälä frequency) is: 

• �0 = �������2��−������ �
,      (2.2) 

where θsfc is the prescribed surface temperature. In the simulations, it is 300K. Since there are no 

surface fluxes or moist processes permitted in these simulations, the setting of this variable 
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should be irrelevant. Using the basic expression for background potential temperature in the 

CM1, the expression for the modified background potential temperature becomes: 

• ��� = �0 + ��0�0���� � ��02� cos �� ���� +
��� sin �� �����,  (2.3) 

where y is the distance in the meridional direction (in km). This creates an increase in 

background potential temperature to the north at the bottom of the domain and an increase in the 

background potential temperature to the south at the top of the domain. There is a corresponding 

background pressure modification that goes along with this thermal gradient. As mentioned, the 

CM1 uses a nondimensional pressure for its calculations. Since there is no terrain prescribed, the 

surface pressure is thus set to a value of 1.0. Vertically, the expression changes thusly: 

• �0 = ���� +
�2���02�� ��−�02� ��−����� − 1.0�.    (2.4) 

By adding the thermal anomaly, the expression for nondimensional pressure becomes: 

• ��� = �0 − ��0�0����� ���−�02� (�−����)� �cos �� �����.   (2.5) 

Equations (2.3) and (2.5) together allow for the shear to be in thermal wind balance, thus 

avoiding any geostrophic adjustment processses. 

2.3 Analysis Techniques 

2.3.1 Derived Quantities 

The CM1 can be set to output a variety of variables. In order to manage disk space 

concerns, only six variables are directly output: pressure (p), density (ρ), potential temperature 

(θ), zonal velocity (u), meridional velocity (v), and vertical velocity (w). Since the CM1 

calculates the winds on a C-grid, the winds are interpolated to the scalar points for ease of 

analysis and data manipulation. From these six basic variables, a few derived variables can be 

created. The first is the vertical component of vertical vorticity: 

• � =
���� − ����,        (2.6) 

Vertical vorticity is one component of total vorticity, η. Using total vorticity, we can create an 

expression for Ertel’s PV in height coordinates: 

• �� =  
���⃑ ∙∇�� .        (2.7) 
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Using PV, an expression for PV palinstrophy can be derived. Normally used in plasma physics 

studies or in two dimensions (S99), palinstrophy is a convenient way to quantify mixing. Since 

these vortices are barotropic in nature and do not include a secondary circulation, we can expand 

the definition of palinstrophy to include PV (hence, PV palinstrophy, or PVP): 

• ��� =  
12 (∇�� ∙ ∇��).      (2.8) 

In general terms, PVP measures the tightness of PV gradients. In episodes of mixing, PVP will 

increase. When mixing has ceased and unstable vortices evolve to monopole states, PVP will 

decrease. There is also an intimate relationship between palinstrophy, enstrophy, and energy. In 

2-D, these three components are conserved. It is not necessary to invoke conservation arguments 

at present, since the vortices are run in three dimensions and include damping layers. The 

conservation arguments are only valid when there are no damping layers and the boundaries are 

periodic. The change in energy with time is negatively related to the amount of enstrophy 

present. The change in enstrophy with time is negatively related to the amount of palinstrophy 

present. Using these relations, as explained in S99, an increase in palinstrophy will decrease the 

enstrophy, which would then indicate an increase in energy. This definition of PVP is concerned 

with mixing in the horizontal only, as the differences of PV and the mixing of PV between levels 

are assumed to remain negligible. 

In addition to vorticity-derived variables, it will be necessary to convert winds on a 

rectangular grid to winds on a cylindrical grid. This can be achieved using the following two 

relations: 

• �� = � cos � − � sin�,      (2.9) 

• �� = � cos � + � sin�.      (2.10) 

2.3.2 Energetics 

2.3.2.1 Derivation of Equations 

In order to glean information about the growth of eddies, energy equations must be 

derived. The process is described in Kwon and Frank (2005, 2008).  In Kwon and Frank, the 

energy equations for both dry and moist vortices account for eddy and mean evolution. The 

difference in these equations from Kwon and Frank is the expression of the pressure gradient, 

since the CM1 is nonhydrostatic. 

The relevant equations in cylindrical coordinates are: 
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• ���� = −� ���� − �� ���� − � ���� +
�2� + �� − 1� ����    (2.11) 

• ���� = −� ���� − �� ���� − � ���� − ��� − �� − 1�� ����    (2.12) 

• ���� = −� ���� − �� ���� − � ����      (2.13) 

where u and v are radial and tangential velocities, respectively, and f is the Coriolis parameter. 

All other variables have been previously defined. All variables can be separated into the 

azimuthal mean and its eddy term. Since these vortices are all barotropic, further assumptions 

can be made. The symmetric component of both radial velocity and vertical velocity can be 

assumed to be zero. The symmetric components of tangential velocity, of potential temperature, 

and of pressure vary in height, radius, and time only. The fluctuations in density are assumed to 

be small. We thus have: 

• � =  v�(�, �, �) + �′(�, �, �, �)      (2.14) 

• � = �′(�, �, �, �)       (2.15) 

• � = �′(�, �, �, �)       (2.16) 

• � =  �̅(�, �, �) +  �′(�, �, �, �)      (2.17) 

• � = �̅(�, �, �)        (2.18) 

• � = �̅(�, �, �) + �′(�, �, �, �)      (2.19) 

These assumptions for this simulation will greatly simplify the nonlinear energy equations 

presented in Kwon and Frank (2008; hence KF08). First, the eddy kinetic energy equation of a 

dry vortex, from Kwon and Frank (2005; hence KF05), is presented: 

• ���∫(���)�� = −∫��′�′����� ����� �� − ∫� ������� �′�′������ ����� ��  (2.20) 

where ��  is the angular velocity, N0 is the basic-state Brunt-Väisälä frequency, and EKE is the 

azimuthally-averaged eddy kinetic energy. N0 can be defined as: 

• �� ≡ ���� �������/�
,       (2.21) 

and EKE can be defined as: 

• ��� ≡ �� � ������� �′����� +
�′�+�′������������� .     (2.22) 

These results are convenient in that they are very simple to understand. The barotropic energy 

conversion term is the first term on the right hand side of Eq. (2.20). The baroclinic energy 

conversion term is the second term on the right of Eq. (2.20). The downside here is that these 
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equations will not exactly work for the current simulations. The most important change is that 

since the shear is a background flow, it does not change with the perturbation flow. Furthermore, 

since the vortices tilt, a term involving the change in mean tangential velocity of the vortex with 

height has been neglected by Kwon and Frank. With the inclusion of the shear terms, the 

momentum equations become:  

• ��� (� + ��) = −(�+ ��)
��� (�+ ��)− (� + ��)

���� (�+ ��)−� ��� (�+��) +
(�+��)�� + ��(� + ��)− ��� (�+ ��)     (2.23) 

• ��� (� + ��) = −(�+ ��)
��� (�+ ��) − (�+ ��)

���� (� + ��)−� ��� (�+ ��) −
(�+��)(�+��)� − ��(�+ ��)− ���� (�+ ��),    (2.24) 

where the terms with the subscript s denote the shear effects and ϕ is the geopotential. The 

components of the shear forcing can be defined as: 

• �� = �0 cos � cos �� ����      (2.25) 

• �� = −�0 sin � cos �� ����      (2.26) 

Since the shear forcing is time invariant and since it is in geostrophic wind balance while also 

using the fact that the first derivative in the azimuth of either component of the shear forcing is 

equal to the expression of the other component of the shear forcing, the resulting equations are: 

• ���� = −� ���� − �� ���� − � ���� +
�2� + �0� − ���� − �� ���� +

���� − ��� ���� − � �����  (2.27) 

• ���� = −� ���� − �� ���� − � ���� − ��� − �0� − 1� ���� − �� ���� − ���� − ��� ���� − � �����  (2.28) 

With the absence of an initial secondary circulation, the symmetric components of both radial 

velocity (u) and vertical velocity (w) of the vortex can be neglected. Under the properties of strict 

linearization while being only interested in the time-evolution of the perturbation terms and 

using the fact that azimuthal derivatives of the mean are 0, the equations become: 

• ��′�� = −Ω� ��′�� + 2Ω��′ + �0�′ − ��′�� + Ω���    (2.29) 

• ��′�� = −�′ ����� − Ω� ��′�� − �′ ����� − Ω��′ − �0�′ − 1� ��′�� − �� �����,  (2.30) 

where ��  is the mean angular rotation, �� �⁄ . It can be assumed that the vortex is in gradient wind 

balance. The product of shear terms and eddy terms has also been neglected. Next, Eq. (2.29) is 
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multiplied by u' and Eq. (2.30) is multiplied by v'. The two equations are then added. Taking the 

azimuthal mean of all the terms and using the product rule yields: 

• ��� ��′2+�′22��������� = −��′�′����� �Ω��� − �′�′������ ����� − ��′ ��′���������
+

�′� ��′��������� + Ω��′������� − ���′������ ����� (2.31) 

A similar process can be undertaken for the thermodynamic equation. Separating the 

wind components into vortex and shear, and then using a strict linearization process, yields: 

• ��′�� = −�′ ����� − Ω� ��′�� − �′ ����� − �� ����� − Ω� �����    (2.32) 

To get this equation into the proper form for energetics analysis, it must be multiplied by the 

factor of (� (����)⁄ )��′. The thermodynamic equation then becomes: 

• ��� �12 � ����0�2 �′2����� = −Ω� ��� �12 � ����0�2 �′2����� − � ����0�2 ����� �′�′������ − � ����0�2 ����� �′�′������ −� ����0�2 ����′������ ����� + Ω��′ �������������      (2.33) 

The third term on the RHS of Eq. (2.33) can be simplified using the hydrostatic relationship: 

• �′�� � =
��′�� .        (2.34) 

The first term on the RHS of Eq. (2.33) disappears during the azimuthal averaging process. 

With EKE's being defined above, the addition of Eq. (2.31) and Eq. (2.33) yields: 

• ��� (���) = −��′�′����� �Ω��� − � ����0�2 ����� �′�′������ − �′�′������ ����� − �′���⃑ ∙ ∇��⃑ �′���������
+ Ω��′������� − ���′������ ����� −� ����0�2 ����′������ ����� + Ω��′ �������������      (2.35) 

During a volume integration, the fourth term on the RHS of Eq. (2.35) disappears if the domain 

is large enough such that the boundaries are beyond the circulation of the vortex. The theory is 

that the mass flux is conserved in the domain if there is no flow outside the domain edges. Since 

special care has been made to account for the size and movement of the vortex, there is 

ultimately zero circulation in the domain. Additionally, the outward mass ejection of inertia-

gravity wave emission is assumed to be negligible when compared to the advective 

characteristics of the vortex. As a result, the final equation for EKE is thus: 

• ��� ∫(���)�� = −∫ ��′�′����� �Ω��� �� − ∫ � ����0�2 �′�′����� ����� �� − ∫�′�′������ ����� �� +∫ �Ω��′������� − ���′������ ����� − � ����0�2 ����′������ ����� + Ω��′ �������������� ��.  (2.36) 
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2.3.2.2 Explanation of Terms 

The first term on the RHS of Eq. (2.36) is a barotropic energy conversion term. The sign 

of this term is determined by the direction of the horizontal tilting of eddies with respect to the 

radial shear of the mean angular velocity. Similarly, the third term can be explained in the same 

way, except it deals with perturbations in the vertical as they tilt either with or against the change 

in the mean circulation with height. If perturbations tilt against the mean flow, they will grow in 

time and extract energy from the mean flow. If perturbations tilt with the mean flow, they are 

undergoing axisymmetrization processes, thereby returning their energy to the mean flow. 

The second term on the RHS of Eq. (2.36) is a baroclinic energy conversion term. It 

consists of a radial eddy heat flux with respect to the radial gradient of the mean potential 

temperature field. The sign of this term is determined by the direction of eddy fluxes with respect 

to the gradient of mean temperature field. Motion up the gradient of potential temperature causes 

eddy growth. The tilting of eddies does not decide the sign of the baroclinic term, but the 

collocation of mechanical eddies with thermal eddies does. 

The final integral on the RHS of Eq. (2.36) includes the shear terms separate from the 

vortex-exclusive terms. The first two are barotropic terms while the last two are baroclinic terms. 

The first two terms deal with the modification of perturbation flows by the shear flow - since the 

shear is, after all, a perturbation onto the mean vortex. In the first term, when the sign of the 

shear terms is positive, eddies grow when the radial perturbation velocity is positive, advected by 

the mean angular velocity. The second barotropic term will contribute to eddy growth in areas 

when, given the winds decrease (increase) radially outward, the radial winds caused by the shear 

and the tangential velocity perturbations are the same (opposite) sign. 

The first baroclinic term involving shear functions the same way as the prior baroclinic 

perturbation term previously explained in the equation. The second baroclinic term is the 

advection of thermal eddies along the background potential temperature profile. Cold (warm) 

eddies advected along a trajectory where the background temperature gradient increases 

(decreases) will cause eddy growth. 

It should be noted here that when performing the integrals, the dV over which the value 

of EKE is integrated is mass-weighted. Thusly: 

• �� = (���)(��)(����).      (2.37) 
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In this formulation, there is a negative sign when converting dp into dz using the hydrostatic 

relation, but when multiplied out across Eq (2.36), all the terms will remain the same sign to 

maintain the positive value of the LHS. 

2.3.3 Centroid Tracking 

A significant hurdle of this research is to track the center of a storm undergoing dynamic 

PV rearrangement in its core. 

2.3.3.1 PV Centroid 

In previous studies (Jones 1995, Jones 2000b, Reasor and Montgomery 2001, Jones 

2004), geopotential minima or PV centroids are used. The geopotential minimum is fairly 

straightforward – just locate the geopotential minimum in the domain, set it as the center – but is 

problematic for the CM1 since Jones used a Boussinesq model, whereas the CM1, as previously 

noted, uses height as its vertical coordinate. Reasor and Montgomery (2001) argued that this 

does not give a true representation of the tilt of the vortex, so they proposed using a PV centroid 

method. This works by weighting a gridpoint by its corresponding PV value: 

• �����,����� =  
∬��′(�,�)����,∬��′(�,�)����∬�′(�,�)����     (2.38) 

This should theoretically give a more accurate representation than just the geopotential center as 

the PV field distorts. Jones notes that even when the storm returns to a realigned state, there is 

still a manifestation of the wavenumber 1 vertical velocity and potential temperature anomalies. 

There is, however, a major drawback to using this method. All previous work that uses this 

method does so with a monopolar vortex or with a vortex where the instability is not allowed to 

grow. An additional issue arises from the use of this particular vorticity profile, as the vorticity in 

the skirt adds weighting to the centroid away from the center if the "search box" around the first-

guess is too large. 

The first method that was attempted was the use of a pressure minimum as a first guess 

followed by calculating the PV centroid around that point. These were tested on the sheared 

monopole first. There are some outlines in previous works for how to perform this method. 

Reasor and Montgomery (2001) averaged over the entire domain. Jones (2004) performed the 

technique over a circle of 500-km radius around the pressure minimum. Riemer et al. (2010) 

went out barely past the RMW - 120 km by 120 km box - around the pressure minimum. Since 
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there was very little on which to base this, the first guess was to use the pressure minimum and 

then to use a 300 by 300 km box surrounding that. The result is Figure 2.3. While the result is 

fairly smooth, the tilt measurement is too large, based on visual inspection.  The reason for this is 

most likely the excessive PV in the skirt. There are two ways to solve this problem for the 

monopole. The first is to add an additional weight to the PV. In the cases of Figures 2.4 and 2.5, 

PV is squared and cubed, respectively. This results in a much tighter spiral that is closer to what 

is actually happening when inspected. The PV terms raised to powers weights the core more 

heavily than the outer skirt. These results can be corroborated by looking at the results when the 

size of the search box is decreased. Since the RMW of these runs is only 60 km, the centroid 

calculation box can be decreased to 120 km by 120 km, akin to Riemer et al. (2010) The result 

can be seen in Figure 2.6. Figures 2.4, 2.5, and 2.6 are fairly similar, qualitatively, and are 

certainly much more similar than when compared with Figure 2.3. 

Based on the results of the PV Centroid calculations for the monopole, it would seem that 

selecting a technique to track the center of a sheared ring would be trivial - either commit to a 

larger area with a weighting or confine the search to a smaller area near the RMW. That is not 

the case. Figure 2.7 is the centroid track given when using a 120 km by 120 km box, such as was 

used in Riemer et al. (2010) Obviously, the result is hopelessly noisy and unusable. The large 

jumps in center occur at the earliest times as the mesovortices begin to develop and alter the 

pressure field. The pressure minimum follows the rotation of the vorticity perturbation initialized 

to stimulate the unstable mode growth. The alternative is to use a larger centroid domain and add 

a weighting to the PV. Figure 2.8 is the result of using a 300 km by 300 km box while cubing the 

PV. While this gives a smoother evolution, there is a higher order rotation associated with the 

rearranging vortex within the broad scale tilt evolution of the vortex. The more heavily-weighted 

PV is found in the mesovortex that ultimately becomes the new center. The problem is, during 

the extreme mixing events, the pressure minimum follows the PV maximum of a developing 

mesovortex as it rotates within the vortex itself. While this dictates smaller-scale evolution, this 

is not convenient for assessing total tilt evolution. This will also present many false results when 

attempting to perform calculations that are dependent upon finding an accurate representation of 

the center. 
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2.3.3.2 Pressure-ring Centroid 

An alternative solution is to use a centroid of a pressure ring that is located outside the 

deformation radius of the evolving vortex. The reason for doing this is that, evidently, using a 

traditional PV centroid will be inaccurate for the evolving ring, despite the fact that this method 

is fairly convenient for the monopole. After some trial and error, it was found that going out to 

1.5*RMW, or 90 km in this case, to the pressure contour at that location would be adequate. The 

contour would be enlarged to a ring 50 Pascals in either direction. It should be noted that this 

pressure contour was 1.5*RMW at the initial time, so there is no variance in the pressure 

contour. This will be explored further in Chapter 4. The result for the monopole is Figure 2.9. 

Qualitatively, this appears to be adequate and to be a good match to the smaller-sized PV 

centroid box and the larger PV-weighted centroid box from Figures 2.4, 2.5, and 2.6, 

respectively. With these requirements, a pressure centroid was found for the ring, and that is 

presented in Figure 2.10. It should be noted that during all pressure centroid calculations, the 

background pressure anomaly associated with the shear is removed before processing. What is 

quite evident, when comparing the pressure centroid tracks to the PV centroid tracks is that the 

PV centroid tracks tend to be more elliptic in nature than the pressure centroid tracks. The 

eccentricity of the pressure centroid “orbit” is lower and more circular. A more thorough 

discussion of the tilt evolution will be discussed later in the dissertation. After the pressure-ring 

centroid has been located, a 1600 km by 1600 km box (1600 by 1600 grid points) is extracted 

from the original model domain, centered on the new centroid. This is the maximum possible 

allowed extraction while keeping the entire vortex within its confines and missing the sponge 

layer. This new domain is then interpolated to polar coordinates (dr = 1000 km, dz = 500 km, dλ 

= 1 degree or π/180 radians). 

It can be argued that Braun et al. (2006) used a similar centroid-finding method. Careful 

inspection of their method reveals that what they are actually minimizing is azimuthal variance 

while using a pressure minimum as a first guess. The essence of that previous method is 

completely different than what is presented here. The PV centroid metrics discussed previously 

and the method used by Braun et al. (2006) are fixated on the core of the vortex. As shown here, 

with a dynamically changing core, any attempts to analyze the local extremes of these fields is 

extremely difficult. The pressure-ring centroid completely removes this guesswork by ignoring 
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the core and accounting for the vortex-scale movement, as opposed to any movement that may 

be caused by the mixing core. 

The ability to determine the "best fit" for a centroid calculation is not a primary goal of 

this dissertation, so a rigorous statistical comparison between the different processes was not 

deemed necessary. What this exercise does illustrate is that traditional methods of finding the 

center of storms may be adequate during coarse-resolution runs, or even finer scale runs, when 

the vortex is represented as a monopole or as a near-monopole with no internal mixing. Once the 

ability for dynamic breakdown of the ring is allowed to be possible, then traditional PV centroid 

metrics begin to fail. Since factors such as radial wind and higher wave numbers are sensitive to 

centroid location, a sensitivity to centroid location test will be performed later in this dissertation 

to determine just how sensitive the results are to centroid location. 
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Figure 2.1. Relative vorticity profiles for each case in the simulations run here. The solid lines 

are the rings, the dashed lines are the monopoles. The red lines are the no-skirt cases, the blue 

lines are the skirted cases.  

 

 
Figure 2.2. Wind speeds of the individual profiles. Colors and line integrity meanings are the 

same as Figure 2.1. 
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Figure 2.3. Tilt evolution of the sheared monopole with skirt using a 300 km by 300 km centroid 

calculation box and without any additional weighting to PV. Colors (blue to green to light orange 

to red to purple) indicate height in 2 km intervals, while open circles are each level individually. 

x- and y-axes are in km. Tilt is normalized to lowest-level center. 

 
Figure 2.4. As in Figure 2.3, except PV weighting is PV squared. 
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Figure 2.5. As in Figure 2.3, except PV weighting is PV cubed. 

 

 
Figure 2.6. As in Figure 2.3, except with a 120 km by 120 km centroid calculation box. 
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Figure 2.7. Tilt evolution of the sheared ring with skirt profile. The centroid calculation box is 

120 km by 120 km with no weighting to the PV. Colors and symbols are the same as in Figure 

2.3. 

 

 
Figure 2.8. As in Figure 2.7, except the centroid calculation box is 300 km by 300 km and the 

PV weighting is PV cubed. 
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. 

Figure 2.9. Tilt evolution of the sheared monopole, except using the pressure centroid of a ring 

of pressure at 1.5*RMW (see text). Colors and symbols are the same as in Figure 2.3. 

 

 
Figure 2.10. Tilt evolution of the sheared ring with skirt, except using the pressure centroid of a 

ring of pressure at 1.5*RMW (see text). Colors and symbols are the same as in Figure 2.3. 
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CHAPTER THREE 

UNSTABLE RING SIMULATION 

3.1 Evolution 

A major issue with hurricane modeling is that coarse-resolution model simulations (e.g., 

Frank and Ritchie 2001). Recent model simulations (e.g., Braun and Wu 2007) have started 

using higher resolutions in order to capture finer-scale features that are present only when the 

vortex simulated possesses a ring-like structure of vorticity. Previously, there have been two 

approaches to modeling unstable ring vortices in adiabatic, inviscid contexts. The first approach, 

as per S99, is to confine the evolution to two dimensions. The other approach (Nolan et al. 2001, 

Kwon and Frank 2005) is to let the storms evolve in 3-D, but to restrict the duration of the 

simulations. The simulations in this study will go out to 48 hours to allow for the mixing process 

to finalize. The non-sheared ring as it is currently constituted will serve as a control run for the 

sheared unstable ring to follow in the next chapter. 

The evolution of the vortex can be seen starting in Figure 3.1, starting at 2-hourly 

intervals up to 24 hours and then becoming 3-hourly intervals after 24 hours up to 42 hours, 

where the final gap is 6 hours to 48 hours. Much like the simulation in S99, the mixing does not 

really begin to become noticeable until 6 hours into the simulation. As opposed to the S99 

simulation, the dominant shape that develops from this vortex profile is a wavenumber 3. It 

appears to be a hybrid shape, as two of the mesovortices qualitatively appear to be of similar 

structure as the initial breakdown of the S99 ring into four mesovortices. The third mesovortex in 

this simulation is more oblong in shape. The reason for the difference between this simulation 

and the original S99 simulation is most likely due to the stability of the vortex as discussed in 

S99. The presence of the skirt that reduces the PV gradient from the peak vorticity accounts for 

this evolution. 

The growth of the unstable mode of this vortex - the mesovortices into which the ring 

breaks down - is a result of counter-propagating vortex Rossby edge waves. The edge waves 

exist, as their names suggest, on the highest PV gradients of the vortex - at approximately 35 and 

55 km radius. The inner vortex Rossby edge wave is propagating with the mean flow, while the 

outer vortex Rossby edge wave is propagating against the mean flow due to the change in radial 
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gradient of PV. The evolution of the unstable vortex can be seen in Figures 3.1 to 3.5. The 

interior wave is the first to break, as filaments of lower core PV can be seen integrating into the 

collapsing ring in Figure 3.1 - the initial time to 6 hours into the simulation. By inspection, 3 

mesovortices form. Two are more circular, akin to the mesovortices shown in Figure 1.4. The 

third mesovortex is more oblong in shape. While wavenumber 3 grows the fastest, this modal 

structure appears to be a hybrid of wavenumber 3 and 4. These mesovortices develop in the same 

time frame as the wavenumber 4 from S99's simulation. Figures 3.2 and 3.3 show the nonlinear 

mixing events as the vortex transitions from ring to monopole. Through nonlinear mixing, one 

mesovortex is thrust into the center, most likely due to the development of wavenumber 1. 

Cross-vortex flow is indicative of a growth in wavenumber 1 (Montgomery and Kallenbach 

1997, Nolan et al. 2001), which results in the mixing of the ring into the eye.  In Figure 3.3, at 18 

hours into the simulation, filaments can be seen breaking off the outer boundaries of the 

mesovortices. In the S99 simulation, the core vorticity is displaced from the center and then 

orbits the center. In this simulation, a pool of orbiting lower velocity cannot be clearly identified 

until 24 hours into the simulation - Figure 3.4. It starts to the upper right of the core and 

progresses about 90 degrees counterclockwise every 3 hours thereafter. After mixing, the 

mesovortex never fully settles into the core, as there appears to be a higher order - higher than 

the mean rotation of the vortex - rotational component with the mesovortex as the vortex adjusts 

to rearrangement. 

In order to quantify the extreme mixing event, PV palinstrophy will be used, as explained 

and defined in Chapter 2. Figure 3.6 shows a pre-mixing ring. On the left side of the figure is the 

area-integrated PV palinstrophy ratio with respect to the initial time. The right side of the figure 

is a zoomed-in view of PVP of the core. For the area integrals, the sponge layer (outermost 100 

km on all horizontal sides) is excluded. At start, the highest PVP values are, as expected, on the 

edges of the ring, as the initial profile prescribes sharp PV gradients between the ring and the 

lower PV values directly outside the ring. Figure 3.7 shows the vortex at 7 hours into the 

simulation. This also happens to be the largest increase per time interval (15 minutes) in the 

entire simulation. The largest values of PVP tend to exist where the mesovortices that were not 

mixed into the center initially are being sheared by the differential rotation of the vortex. Figure 

3.8 shows the point at which the area-integrated PVP is at its highest during the simulation - 10 

hours 45 minutes into the simulation. It is at approximately 625% of its initial value. The 
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nonlinear mixing reaches its maximum at this point, with relatively high values of PVP in 

various locations in the vortex. There is a short 1-hour period after the maximum where the PVP 

levels off beginning at 16 hours 15 minutes, as shown in Figure 3.9, before the PVP of the vortex 

begins to decrease gradually to 50% of its initial value, as shown in Figure 3.10. Figure 3.11 

shows the volume-integrated evolution of PVP. Qualitatively, it shows a very similar evolution 

to the area-integrated evolution as shown in Figure 3.9. One difference is that the highest value 

in the volume-integrated calculation is only about 550%. 

The effects of this internal mixing should be to lower central pressure (Rozoff et al. 

2009), to expand the RMW (Bell and Montgomery 2008), and to lower the mean maximum 

tangential winds (Bell and Montgomery 2008). Figure 3.12 shows the pressure minimum at the 

lowest model level as a function of time. The pressure minimum decreases with time, agreeing 

with Rozoff et al. (2009). Figures 3.13 to 3.16 show the evolution of the mean tangential wind in 

the vortex. At the initial time in Figure 3.13, the tangential velocity can be seen to rise rapidly 

between around 35 km to 55 km. In Figure 3.14, the breakdown of the ring into distinct 

mesovortices has already happened. On the left side of the figure, the values near 25 m/s in cyan 

are rapidly pushed inward. The maximum mean tangential winds also noticeably decrease from 

its maximum of 56 m/s to 50 m/s during this mixing event. There is a period of variation at 14 

hours into the simulation, as shown in Figure 3.15. This period precedes and then overlaps the 

time during which the PVP at z = 0 levels off.  At the end of the simulation, as shown in Figure 

3.16, the maximum mean tangential wind has remained fairly steady at 80 km radially outward 

from the center and with a magnitude of around 48 m/s for several hours. The charts in Figures 

3.17 and 3.18 are line graphs of the mean tangential wind's evolution and the RMW's evolution, 

respectively. The biggest change in both occurs after the major mixing event around 8 hours. 

Visual inspection of the vortex paints a general picture of what is actually happening to 

the vortex. If this were solely a wavenumber 3 or 4 event, then collapse of the ring would never 

take place, as cross-vortex flow is necessary for the redistribution into the monopole. This vortex 

was also perturbed initially with wavenumbers 1 through 8. It is evident that from the evolution 

of PV, the most unstable mode is wavenumber 3. This does not mean, however, that other 

wavenumbers are not growing or interacting with the unstable mode. In order to quantify which 

wavenumbers grow and decay and when, Fourier decomposition in the azimuth is necessary. 
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3.2 Fourier Decomposition of the Unstable Vortex 

A key component of this research is to ascertain what role, if any, the shear has in 

dynamically affecting the evolution of the unstable mode. In order to do that, a base line of 

evolution must be set first. Since the shear varies with height, and since an analysis of each level 

individually would be exhausting analytically, comparisons will be limited to 5 levels: z = 1 (0 

km), 5 (2.5 km), 10 (5 km), 15 (7.5 km), and 20 (10 km). In the non-sheared case, there is very 

little variation level-to-level, so only the bottom level, z = 1, will be discussed. 

The Fourier decomposition used is of the form: 

• �� = �� cos�0� + �� sin�0�,     (3.1) 

where X is any variable in the domain, derived or otherwise. To get the value of the nth 

component, and using the fact that AX/2 is equal to Xr - the real component of X - and BX/2 is 

equal to Xi - the imaginary part of X - the values that will be shown are: 

• �� = ���2�2 + ��2�2.       (3.2) 

In order to maintain clarity and consistency from one level to another and from one model run to 

another, each value has been normalized by its maximum value at that level from all of the times 

of the model run. Since the evolution and decomposition of PV provides the most information 

regarding the evolution of the vortex due to the fact that it incorporates dynamic, 

thermodynamic, and mass characteristics of the fluid, its evolution will be the focus of this next 

section. 

Before proceeding with the Fourier analysis, it is worth investigating whether or not these 

results are indeed real and not a result of aliasing. To perform a Fourier decomposition, the 

rectangular output of the model is interpolated to a polar grid using IDL's intrinsic interpolation 

function. dr is set to 1000 m (like the dx and dy prescribed initially), dz is set to 500 m (like the 

dz prescribed initially), and dθ is set to 1 degree. This higher resolution in the azimuth will 

undoubtedly lead to additional aliasing. Despite these setbacks, these results can still be valid so 

long as there are enough interpolation points within a radial band in the original simulation. 

Figure 3.19 shows the number of azimuthal points at a given radius out to 70 km from the center. 

A safe way of estimating the largest (in terms of scale) possible wavenumber is to assume that, at 
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minimum, each wavenumber needs 4n number of grid points to be resolved minimally, where n 

is the wavenumber. As an example, four grid points for a cosine wavenumber 1 would result in a 

maximum value, a minimum value, and the two points at which the cosine function changes sign. 

Using these estimations, it is evident that by viewing Figure 3.19, it is reasonable to assume that 

Fourier decompositions of the mesovortex wavenumbers (1-5) remain reasonably well resolved, 

accepting of interpolation errors, where the ring of PV peaks near 55 km radially outward from 

the center. 

For ease of comparison, an image of thumbnails of the Fourier decompositions of PV 

wavenumbers 0 to 5 are presented in Figure 3.20. It is assumed that despite the fact that small 

vorticity perturbations are initialized to promote mixing, the dominant component at initial times 

will be wavenumber 0 - the mean. This is shown in Figure 3.21. It should be noted that the 

maximum value of mean PV is not at the initial time, as it occurs at 36 hours - well after the 

major mixing event. This is an artifact of the nonlinear evolution. It is evident from this figure 

that between the hours of 5 and 16, the mean PV decreases significantly. Figure 3.22 shows the 

time at which wavenumber 1 is at its largest - 6 hours 45 minutes. Wavenumber 1 is necessary 

for transport across the eye (Montgomery and Kallenbach 1997, S99), so it is no surprise that 

wavenumber 1 peaks farther inward radially. It should be noted that wavenumber 1 is, even at its 

peak, an order of magnitude smaller than the mean. Additionally, to further the point previously 

made about the incomplete rearrangement of the vortex, a wavenumber 1 signature can be seen 

at approximately 20 km. The magnitude and radial expanse of this wavenumber 1 signature 

decrease with time. It can be assumed that were the model allowed to continue out to perhaps 72 

or 96 hours, the new center would stabilize, and the wavenumber 1 signature would dissipate 

almost completely. 

Figure 3.23 shows where wavenumber 2 peaks, 7 hours 45 minutes. While wavenumber 

2's main activity is between the hours of 5 and 18, it is relatively unorganized. Similarly, 

wavenumber 5 peaks at 7 hours 45 minutes, as shown in Figure 3.24. It is equally unorganized, 

although it does display radially-opposing structures at 30 km and at 65 km starting around 5 

hours, indicative of counter-propagating vortex Rossby waves. Both wavenumber 2 and 5 are 

both an order of magnitude smaller than the mean. 

Wavenumbers 3 and 4 are the primary wavenumbers of interest here. From inspection of 

almost all previous images that include the early-stage evolution of this vortex, it is clear that the 
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unstable mode evolution is a wavenumber 3-4 hybrid. Figure 3.25 shows the time at which 

wavenumber 3 is maximum, 4 hours 45 minutes. Wavenumber 3 also begins to grow fairly early 

when compared to the other pertubation wavenumbers. It shows a signature as early as 2 hours 

into the simulation. Its maximum amplitude is also at 35 km, illustrating that the inner vortex 

Rossby wave grows larger but not necessarily faster than its outer partner. 

Wavenumber 4 behaves slightly differently. The time at which wavenumber 4 peaks is 

shown in Figure 3.26. While the maximum value occurs during a time where the interior wave 

has already broken, the more important feature here is towards the beginning of the time plot on 

the left. There is a wavenumber 4 signature almost as early as the wavenumber 3 signature. 

Additionally, at around 4 hours 30 minutes, wavenumber 4's initial growth is maximized. The 

anomalies at 40 km and at 55 km both move radially outward, with the 55 km wave’s breaking 

both inward and outward. The relevance of the times involved is that this illustrates, for this 

specific vortex profile, what wavenumbers grow the fastest and largest. 

The fact that wavenumber 3 and wavenumber 4 develop at the same time, coupled with 

the fact that wavenumber 4 has a very distinct radial propagation outward at 6 hours, confirms 

the fact that this modal structure is indeed a hybrid of wavenumbers 3 and 4. For this specific 

mean PV profile, wavenumber 3 possesses the maximum initial growth rate. The addition of the 

skirt is most likely the reason for the difference in evolution between this ring and the original 

S99 ring. The outer skirt changes the outer vorticity jump, and this profile is more conducive to 

the development of and phase-locking of two wavenumber-3 vortex Rossby edge waves. 

These results show how the wavenumbers evolve in a PV context. What the Fourier 

transform does not show is how or why these waves grow. It is most likely due to barotropic 

processes, but there exists the possibility that perhaps slight baroclinic processes are vertical 

shearing of eddies due to differences in mixing are playing a role in growth of eddies. There is a 

finite amount of energy in this vortex, and it is prescribed initially in its symmetric structure. An 

energetics analysis is necessary to chart how these energy cascades actually happen. 

3.3 Energetics Analysis 

The energetics equation derived earlier, Eq. (2.36), accounts for the presence of shear. In 

the absence of shear, all terms including shear terms - the terms on the RHS in the last integral - 

will vanish. This leaves an energy equation that is not unlike the energy equation used in Kwon 
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and Frank (2005), although the term involving the vertical derivative of mean tangential velocity 

has been included for this discussion. This term is left to include to account for any possible 

variation in the evolution of the modal structure thus resulting in change of the mean structure in 

the vertical. As was alluded to in the derivation, Eq. (2.36) is only fully applicable for 

ascertaining linear wave-mean and not nonlinear wave-wave interactions. When the 

perturbations grow to sizes that are equivalent to the mean, then Eq. (2.36) should start to 

become less accurate. As previously mentioned, there will be errors associated with the fact that 

these energetics calculations will be performed on a non-native grid. The magnitudes of these 

errors will be addressed, and results will be interpreted while accounting for these errors. Finally, 

there is diffusion in the CM1, so that, along with the TKE turbulence scheme, will contribute to 

errors between the LHS and the RHS of Eq. (2.36). 

Figure 3.27 shows the eddy kinetic energy of the vortex through time. Qualitatively, a 

parallel can be drawn to PV palinstrophy figures shown in the previous section. This is expected, 

since, as explained in Chapter 2, an increase in palinstrophy results, though a modification of the 

enstrophy, in an increase in energy. The most active period in terms of EKE is between hours 4 

and 8 with a secondary relative maximum at 12 hours. The terms on the RHS of Eq. (2.36) are 

shown in Figure 3.28. It is quite evident that the barotropic term - the first on the RHS of 2.36, 

labeled here as BT - is the dominant term in a dry, barotropically unstable vortex. This is 

expected, and the large disparity at all times between the barotropic conversion term and the 

other two confirms, BC for the baroclinic energy conversion term and DVDZ for the term 

involving the shearing by the mean flow in the vertical, the results of Kwon and Frank (2005). It 

should be noted that in these figures, the sign convention indicates that positive values will result 

in growth of the perturbations. 

There is one large caveat with these results. While these results can provide quantitative 

answers to an extent, there are certain limitations. The most obvious limitation, as previously 

noted, is that this equation accounts only for wave-mean interactions and not wave-wave 

interactions. Figure 3.29 shows the validity of the linear approximation in the PV field. The left 

panel shows the ratio of perturbation PV (wavenumbers 1 through 5) divided by the mean. 

Everywhere in red is where the perturbations are as large as or greater in size than the mean PV, 

thus invalidating linear theory. An alternative approach to analyzing and ascertaining the 

viability of linear theory is looking at the perturbation-to-mean ratio of the mean tangential wind. 
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Figure 3.30 shows that the mean tangential velocity is consistently greater than the perturbations 

except during the cross-eye mixing when wavenumber 1 is at its largest. If the energetics 

equation utilized PV or vorticity arguments, then they would be invalid at seemingly most times 

in the core of the vortex. Since the wind anomalies are fairly small when compared to the mean, 

linear theory should remain somewhat valid. 

These calculations are not without their errors. Figure 3.31 is a bar graph of the ratio of 

the RHS of Eq. (2.36) with the resulting residual from the LHS. In almost all cases, the residual 

and the RHS are of the same magnitude. The primary explanation for this discrepancy is most 

likely attributable to interpolation errors and performing the equations on a non-native grid. It is 

important to note that the wind fields are interpolated twice - first, since the CM1 is on a C-grid, 

the winds are interpolated to the scalar grid (the half grid points); second, those results are 

interpolated again to the polar grid using IDL's intrinsic interpolation function. Furthermore, 

what these equations do not account for is inertia-gravity spiraling outwards from the core. 

Energy that is emitted outward in any form that escapes the rotation of the vortex will ultimately 

be absorbed by the sponge layers. There is the possibility that diffusion and the turbulence 

parameterization are playing a role, but again, were this the case, their effects would be 

negligible at initial times, before dynamic rearrangement. With these facts in mind, it is difficult 

to use the energetics results to quantify precisely what is occurring during wave-mean 

interactions. Additionally, these equations neglect the more complicated nonlinear wave-wave 

terms. However, there is a level of understanding granted by inspection of the results, and the 

results are consistent with previous work (Kwon and Frank 2005) that in a barotropic vortex 

without a secondary circulation, the horizontal barotropic energy term is unsurprisingly two 

orders of magnitude larger than the baroclinic term and the term involving the shearing by the 

mean tangential wind in the vertical. 
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Figure 3.1. Evolution of the PV field of the modified S99 ring at z = 1 (0 km) at t = 0 hr, 2 hr, 4 

hr, and 6hr. Axes are in km, extending to 200 km from the center. 
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Figure 3.2. Evolution of the PV field of the modified S99 ring at z=1 at t = 8 hr, 10 hr, 12 hr, 

and 14 hr. 
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Figure 3.3. Evolution of the PV field of the modified S99 ring at z=1 at t = 16 hr, 18 hr, 20 hr, 

and 22 hr. 
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Figure 3.4. Evolution of the PV field of the modified S99 ring at z=1 at t = 24 hr, 27 hr, 30 hr, 

and 33 hr. 
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Figure 3.5. Evolution of the PV field of the modified S99 ring at z=1 at t = 36 hr, 39 hr, 42 hr, 

and 48 hr. 
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Figure 3.6. PV palinstrophy area integration, normalized by initial value (left); PVP field (right); 

t = initial, z = 1 (0 km). 

 

 
Figure 3.7. As in Figure 3.6, except for t = 7 hours. 
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Figure 3.8. As in Figure 3.6, except for t = 10 hours 45 minutes. 

 

 

 
Figure 3.9. As in Figure 3.6, except for t = 16 hours 15 minutes. 
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Figure 3.10. As in Figure 3.6, except for t = 48 hours. 

 

 
Figure 3.11. Volume-integrated PVP, normalized by initial value.  
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Figure 3.12. Minimum pressure evolution in millibars. 

 

 

 
Figure 3.13. Mean tangential wind (m/s). Hovmöller of mean tangential wind on left, cross-

section of PV on right, t = initial. 
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Figure 3.14. As in Figure 3.13, except for t = 6 hours. 

 

 
Figure 3.15. As in Figure 3.13, except for t = 14 hours. 
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Figure 3.16. As in Figure 3.13, except for t = 48 hours (final). 

 

 
Figure 3.17. Maximum mean tangential wind (m/s). 
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Figure 3.18. Radius of maximum winds (km), smoothed in time with 1-2-3-2-1 filter. 

 

 

 
Figure 3.19. Number of azimuthal points at a given radius in the CM1 rectangular domain. 
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Figure 3.20. Thumbnails of Hovmöller diagrams of PV wavenumbers 0 through 5 (starting 

upper left, then right, then moving down a row) for the unstable ring at z = 1 (0 km). Values are 

PV normalized to maximum value of that specific wavenumber in time.  
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Figure 3.21. PV wavenumber 0. Hovmöller of normalized-by-maximum PV on the left, planar 

view of PV on right; z = 1 (0 km); t = initial. 

 
Figure 3.22. As in Figure 3.21 but for wavenumber 1 and at time = 6 hours 45 minutes. 
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Figure 3.23. As in Figure 3.21 but for wavenumber 2 and at time = 7 hours 45 minutes. 

 

 

 
Figure 3.24. As in Figure 3.21 but for wavenumber 5 and at time = 7 hours 45 minutes. 
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Figure 3.25. As in Figure 3.21 but for wavenumber 3 and at time = 4 hours 45 minutes. 

 

 

 
Figure 3.26. As in Figure 3.21 but for wavenumber 4 and at time = 7 hours 15 minutes. 
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Figure 3.27. Total volume-integrated EKE, units are kg m

3
 s

-4
. 

 

 

 
Figure 3.28. Individual time-tendency components of the RHS of Eq. (2.36). Units are kg m

3
 s

-5
. 
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Figure 3.29. Assessing the validity of the linear approximation (mean >> perturbations); ratio of 

PV perturbations (wv#1-5) over mean PV (left); planar view of PV (right). 

 

 
Figure 3.30. As in Figure 3.28, but for tangential velocity perturbations and mean (left) . 
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Figure 3.31. Ratio of RHS of Eq. (2.36) with the residual for the unstable ring. Log axis in the 

vertical. 
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CHAPTER FOUR 

UNSTABLE RING-IN-SHEAR SIMULATION 

4.1 Evolution 

With basic parameters and evolution set by the investigation of the unstable, 3-D ring 

with skirt in Chapter 3, a sheared version of this initial profile can now be analyzed.  The 

evaluation of the evolution of the sheared ring will be performed using similar methods to the 

unsheared ring. The main difference in the images of the ring will be that planar views of the 

vortex will be of the storm already centered on its centroid calculated from the pressure ring. As 

mentioned in Chapter 2, the pressure contour 1.5*RMW was used. The reason for this is because 

this pressure contour is outside the radius of deformation of the evolving vortex, as will be seen 

in the current section. From Figures 3.1 to 3.5, the dynamic rearrangement occurs primarily 

within the RMW - about 60 km. Figure 3.17 shows that after mixing, the RMW generally settles 

to a radius of about 80 km. Initially the pressure contour at the RMW was used, but as 

mentioned, this is directly affected by the dynamic mixing. Conversely, the pressure contour at 

3*RMW is located near the point where the vortex pressure anomaly begins blending into the 

background pressure. This is so far outside the core that it will not adequately capture the tilt-

scale evolution of the storm. In order to capture the entire evolution of the storm, a 1600 km by 

1600 km box was made surrounding the pressure ring centroid, and that is used for all 

calculations and images moving forward. 

Figures 4.1 to 4.5 show the PV evolution of the sheared ring. The initial breakdown of 

the ring at hours 4 and 6, as seen in Figure 4.1, qualitatively shows many similarities to the 

unsheared ring. The two differences being the distortion of the outer PV field to the south as the 

storm begins to tilt and that the tighter filaments of PV - such as located between the oblong 

mesovortex and the more circular one, and located trailing behind the filament in the 

northwestern part of the core that links the two circular mesovortices - do not exhibit the subtle 

filamentation and wave-breaking characteristics of the non-sheared vortex. After that, nonlinear 

dynamics take over as the evolution becomes very disorganized. As will be shown, the 

perturbation PV at this point becomes larger than the mean. One of the characteristics that was 

identifiable around 24 hours into the non-sheared simulation was the displacement of the lower 
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PV core and its eventual rotation around the newly-formed higher PV core resulting from the 

mixing. This is not as evident from inspection. As with the non-sheared run, the new core 

resulting of the mixing never fully settles into the large-scale center, as seen in Figure 4.5, and 

that evolution is exacerbated by the fact that the storm is rotating. 

Figures 4.6 to 4.10 show the pressure field through the evolution of the storm. At initial 

times, the pressure contour at 1.5*RMW is or 955 mb. At t = 4 hr, a new pressure minimum can 

be seen to form on the western side of the core coincident with the development of the first 

coherent mesovortex. Herein lies the problem with performing the PV centroid. The PV centroid, 

when using a very small calculation box like 120 km by 120 km, is highly sensitive to the 

pressure minimum location since the pressure minimum is used as first guess. By 8 hours into 

the simulation, as seen in Figure 4.7, the pressure minimum has already located itself to the 

western portion of the core. Looking at the 955 mb contour (where the light orange and the dark 

orange meet), it stays fairly circular through the heavy mixing process, while inner pressure 

contours distort as the storm dynamically rearranges. By the time 16 hours is reached, as seen in 

Figure 4.8, the major mixing event has subsided, and the storm has begun to axisymmetrize. 

However, it appears that the pressure minimum, as noted above in the PV field, rotates around 

the core at a rate of around 60 degrees every two hours - around 20 m/s. This will be investigated 

further in section 4.5. Going to the last iterations of the model in Figure 4.10 shows that at 42 

hours, the pressure minimum is to the south-southeast of the center, whereas at 48 hours, it is to 

the north-northwest. The problem with trying to assess this evolution through general inspection 

of the pressure field this way is that, in fact, this phenomenon is actually rotating around the 

center at a much higher rotational frequency that is missed by 2-hour, 3-hour, and 6-hour 

snapshots. This potentially trochoidal oscillation will be discussed in the next subsection.  

As before in Chapter 3, a succinct way to quantify mixing is to look at the PV 

palinstrophy evolution in time. The integration is performed over the entire 1600 km by 1600 km 

box surrounding the pressure ring centroid. As mentioned in Chapter 2, this is never outside the 

model domain and never incorporates the sponge layer while fully capturing the main circulation 

of the vortex. Figure 4.11 shows the initial time of the vortex. It is exactly the same as the non-

sheared ring. Figure 4.12 shows the simulation at 7 hours. This is, once again, the point at which 

the largest rate of change of the area-integrated PVP is located. It is, however, slightly lower in 

relative magnitude, than the non-sheared case. At 7 hours, the non-sheared ring is at 
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approximately 420% of the initial value, while in the sheared ring, it is only at 400%. PVP 

should be insensitive to center location so long as the new domain includes the entire circulation. 

While this is a subtle difference, it does underscore the fact previously noted that the filaments 

that were present in the non-shear case are more stunted in growth in the sheared case. In Figure 

4.13, at 10 hours 45 minutes, when the non-sheared ring is at its area-integrated PVP maximum, 

the sheared ring's PVP is already beginning to decrease. As mentioned, there was a slight 

stabilization of the PVP during the axisymmetrization processes after the main mixing event 

around 16 hours 15 minutes. There is an analog in the sheared ring, but it is less pronounced, as 

seen in Figure 4.14. Figure 4.15 shows the final time, 48 hours, of the simulation. There are two 

important points to make. First, the final 18 hours of evolution show a fairly consistent, slow 

decrease in the PVP in the non-sheared case. In the shear case, there is a small amount of noise. 

This can be explained by the second point, which appears more clearly in the PVP field than in 

the PV field. In the core, there are smaller locations of higher PVP that are not located in the 

final time of the non-sheared ring. The shear induces more intense vertical motion through the 

emission of inertia-gravity waves, and these peaks and valleys of PVP (and in the PV field, not 

shown) are a result of those intense vertical motions. These inertia-gravity emission-induced 

vertical velocity signatures were seen by Jones (1995) at the very end of their simulations. The 

reason why they are so dominant in this simulation is because in Jones (1995), they implemented 

a divergence damper. The CM1 possesses no such damper. 

The normalized volume-integrated PVP is shown in Figure 4.16. From its starting point, 

the mixing is not as intense as the change in PVP of the non-sheared vortex. Figure 4.17 plots 

these two together. The mixing is more intense in the non-sheared case. There is also the increase 

in PVP at the end of the model simulation. Whereas the PVP in the non-sheared ring dissipates, 

the PVP in the sheared ring increases. This, as previously mentioned, is due to intense vertical 

motions induced by the shear most likely associated with the inertia-gravity wave emission and 

stretching, thus causing tight variations in PV. Part of this could be due to the shear itself, as 

opposed to the shear-induced tilt. One way to investigate this is to look at the area-integration of 

PVP at the level where the shear forcing is minimum: z = 10 (5 km). A comparison of the two 

runs can be seen in Figure 4.18. The maximum area-integrated PVP is located at a similar 

location timewise in each simulation, but the maximum PVP in the sheared simulation is only 

400% of the initial, whereas in the non-sheared simulation, it surpasses 550%. 
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As with the non-sheared ring, the effects of this internal mixing should be to lower 

central pressure, to expand the RMW, and to lower the mean maximum tangential winds. Figure 

4.19 shows the pressure minimum at the lowest model level as a function of time. The pressure 

minimum decreases with time, agreeing with Rozoff et al. (2009) and the non-sheared run. 

Figures 4.20 to 4.23 show the evolution of the mean tangential wind in the vortex. At the initial 

time in Figure 4.20, the tangential velocity can be seen to rise rapidly between around 35 km to 

55 km. In Figure 4.21, the breakdown of the ring into distinct mesovortices has already 

happened. On the left-side of the figure, the values near 25 m/s in cyan are rapidly pushed 

inward. The maximum mean tangential winds also noticeably decrease from its maximum of 56 

m/s to 50 m/s during this mixing event. There is a period of slight variation at 14 hours into the 

simulation, as shown in Figure 4.22. This period precedes and then overlaps the time during 

which the PVP at z = 1 (0 km) levels off.  At the end of the simulation, as shown in Figure 4.23, 

the maximum mean tangential wind has remained fairly steady at 80 km radially outward from 

the center and with a magnitude of around 48 m/s for several hours. Figures 4.24 and 4.25 are 

line graphs of the mean tangential wind's evolution and the RMW's evolution, respectively. The 

biggest change in both occurs after the major mixing event around 8 hours. Compared with the 

non-sheared ring, the results look as if they possess a certain amount of small variation. This is 

likely due to small variations in locating the pressure-ring centroid. 

4.2 Fourier Decomposition of the Sheared Ring 

As before, to gain a more complete understanding of the evolution of the breakdown of 

the ring and its subsequent rearrangement, a Fourier decomposition must be performed. The 

procedures performed for the Fourier decomposition of the model fields are the same as the ones 

outlined in section 3.2. All assumptions and calculations are identical. There are three primary 

characteristics that will be approached in this particular section. The first is the differential 

evolution with height, since the shear forcing changes with height. In order to streamline the 

analysis, five of the twenty model levels have been picked: 1 (0 km), 5 (2.5 km), 10 (5 km), 15 

(7.5 km), and 20 (10 km). Each model level is to represent a different amount of shear forcing, 

ranging from the maximum of 2 m/s (1, 20) to the minimum of near 0 m/s (10), with levels in 

between (5, 15), recalling that the shear profile is cosine in shape in the vertical. The second is to 

investigate the growth of the unstable mode - wavenumbers 3 and 4. As per Chapter 3, 
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wavenumbers 2 and 5 are not prominently showcased during the unstable mode growth, so they 

will not be analyzed as thoroughly. For ease of comparison, images showing the thumbnails of 

wavenumbers 0 to 5 at the aforementioned levels are presented in Figures 4.26 to 4.30. Finally, 

there is an interesting relationship between the shear forcing, wavenumber 1, and wavenumber 0 

at later times after the primary mixing event that implies a trochoidal oscillation. 

Figures 4.31 to 4.36 show the evolution of wavenumber 0 - the mean. Figure 4.31 is the 

initial time at the lowest model level, as the PV is identical to the non-sheared case. Figure 4.32 

shows the vortex at 22 hours 45 minutes. This time was chosen since it is when wavenumber 0 

has its maximum, located at the very interior of the vortex. Figures 4.32-4.36 show changes with 

height. At certain model levels, the maximum is not located at the interior at this time, as in 

Figure 4.34 (z = 10, 5 km). On the right half of the pictures, the PV field shows a distortion in 

the skirt, as it stretches to the left at the lowest level (Figure 4.32) and to the right at the highest 

level (Figure 4.36). This is indicative of the vortex in mid-tilt, as the storm tilt is coincident with 

the extended PV skirt profile. As with the non-sheared ring, the evolution is from a ring, 

followed by a major weakening of mean PV as the mixing occurs, and then a gradual 

axisymmetrization process, also in this case, as was seen in the PVP field, it does not occur as 

rapidly or as smoothly. There is also a systematic breakdown of wavenumber 0 very late in the 

simulation at upper levels. As mentioned in the discussion about PVP, there are intense vertical 

motions that develop in the vortex at later times after the axisymmetrization properties turn the 

vortex into a monopole. In Figure 4.37, 46 hours into the simulation, very stark PV maxima and 

minima can be seen in the right hand image in the center of the vortex. This is a manifestation of 

vertical velocity signatures caused by phase-locked inertia-gravity wave emission by discrete 

vortex Rossby waves (Schecter 2008). This response can be seen in Figure 4.38. These waves are 

not directly related to the initial vortex Rossby waves previously discussed that caused the 

mixing. 

Figures 4.39 to 4.43 show the wavenumber 1 field's variation with height and time at 6 

hours 45 minutes. The values of wavenumber 1 peak, as they do in the non-sheared case, 

between radii 5 km and 25 km between 6 and 10 hours, with variations in height. This is similar 

to the non-sheared case, but there is a distinction. Due to the shear forcing, a cross-vortex 

wavenumber 1 anomaly is present from the beginning. This does vary with height, as one would 

expect, as it mimics the magnitude of the shear forcing. Where the flow is at its smallest (z = 10, 
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Figure 4.41), the early signature of wavenumber 1 is diminished. There is also a smaller-in-

magnitude yet persistent oscillation between the radii of 5 km and 35 km after the primary 

mixing event, starting near 18 hours. This oscillation is most prominent at the lowest (Figure 

4.39) and highest (Figure 4.43) levels, which is again coincident with the highest magnitudes of 

the background wind vector. 

Wavenumbers 3 and 4, the primary wavenumbers of interest for the unstable mode, are 

shown in their own respective series of images: Figures 4.44 to 4.48 for wavenumber 3 at 5 

hours 15 minutes, Figures 4.49 to 4.53 for wavenumber 4 at 4 hours. The primary modal 

structure of the ring is qualitatively unchanged. Wavenumbers 3 and 4 develop primarily at the 

same time, but as with the non-shear case, the wavenumber 3 anomaly overtakes the 

wavenumber 4 anomaly to become the dominant modal structure, growing to its largest 

magnitude at 5 hours 15 minutes at the inner vortex edge wave. As in the non-sheared vortex, 

one of the smaller mesovortices is thrust into the center via nonlinear mixing effects. After this 

primary mixing event, wavenumbers 3 and 4 dissipate except at the cases of the higher vertical 

levels as a result of those intense vertical velocity signatures mentioned before. 

In order get a more accurate and quantitative evaluation of how the wavenumbers change 

in shear, it is prudent to compute a difference between the fourier-decomposed PV fields of the 

non-sheared and sheared rings. In the difference plots, the colors are normalized by the greatest 

maximum positive difference between the non-shear and the shear. Areas in red are where the 

non-shear case has larger magnitudes of that particular wavenumber, and areas in blue are the 

opposite. The first image, Figure 4.54, is the difference at z = 0 for wavenumber 0. The larger 

differences located between 6 hours and 16 hours can be attributed to rearrangement of the 

vortex as it goes through its extreme mixing process. The later times - from about 24 hours to 48 

hours - are different. There is an oscillation present at these times that extends out to 20 km. 

There are oscillating relative maxima and relative minima for this 24-hour period. These 

oscillations also exist at z = 5 (2.5 km), as shown in Figure 4.55, although they are less intense 

and extend out to a lower radius. They are smaller still at z = 10, as shown in Figure 4.56. The 

streaks of blue and red farther out are most likely due to the variation in the mean profile as the 

vortex rotates. As was shown in the PV evolution of the vortices, the skirt distorts and elongates, 

and this causes the anomalies in the mean fields. 
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The oscillations in the wavenumber 0 field at lower levels can be further explained by 

looking at the wavenumber 1 differences. First, at the lowest level, as shown in Figure 4.57, 

there is a prominent wavenumber 1 signature at early times, indicating the anomalies induced by 

cross-vortex flow. These early anomalies dissipate with height, as seen in Figures 4.58 and 4.59. 

The wavenumber 1 anomaly is also greatest at all three levels at inner radii between 6 and 8 

hours, which would indicate a quickening of the mixing process, when coupled with the fact that 

at maximum PVP times, the increase in PVP is lower, comparatively, to the non-sheared case. 

Furthermore, when inspecting the final 24 hours of the simulation, there are oscillations 

in wavenumber 1 that are very distinct in the pattern at 10 km and at 25 km radius. As 

mentioned, there is a slight oscillation in both the non-shear and the shear cases as the 

mesovortex settles into the new center. When sheared, this rotation appears to be enhanced by 

the shear flow at that level, as the oscillation appears to lessen as the shear forcing decreases at 

the middle levels. To demonstrate this further, Figure 4.60 shows the difference in mean 

tangential wind. Initially, at inner radii, the sheared vortex possesses a larger mean tangential 

wind, indicating that mixing is occurring. At 24 hours and going forward all the way to the end 

of the simulation, there is a regular red-colored pulse, indicating that there probably is an 

oscillation happening between 10 and 25 km. 

Figures 4.61 to 4.63 show wavenumber 3's differing evolution at z = 1, 5, and 10, 

respectively. Figures 4.64 to 4.66 show wavenumber 4's differing evolution at z = 1, 5, and 10, 

respectively. Both of these figures are quite noisy and appear disorganized, as much of these 

wavenumber structure appears to get lost in noise during the mixing process, but there are two 

distinct features that must be pointed out. In the three wavenumber 3 images, the bottom-most 

colors at the PV gradients at early times (2-4 hours) are all red. That is, the non-shear terms are 

greater than the shear terms. At later times, for both wavenumbers 3 and 4, the sheared vortex 

possesses higher values at inner radii, while for the non-sheared vortex, these wavenumbers 

possess higher values at larger radii. The reason for this is two-fold. First, as mentioned, there is 

the oscillation of the inner core PV maximum that is directly related to the magnitude of the 

shear forcing. Second, as the non-sheared storms axisymmetrizes, the mean is strengthened and 

grows in the core, while higher-order perturbations are, through the axisymmetrization processes, 

moved downgradient, radially outward. This does not as readily happen, apparently, in the 

sheared vortex, most likely due to the distortion of the outer PV field by the tilt. 
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The implication for the increase in wavenumber 1, the diminishment at early times of 

wavenumber 3, the quickening of the mixing process, and the lower PVP values indicate that the 

shear forcing is acting to diminish the higher-order wavenumbers and the dominant mode by 

extracting energy from the mean earlier in the sheared case than in the non-sheared case. Since 

the wavenumber 1 signature seems to dissipate with height into the middle of the vortex, it 

would appear that these signatures are more a result of the shear forcing of that level and less due 

to the tilt anomaly. If the tilt anomaly played a significant role in dynamically altering the modal 

structure, then there would be strong wavenumber 1 anomalies at the RMW due to the tilt and its 

resultant vertical motion. These signatures appear to be absent from the PV fourier 

decomposition. 

4.3 Tilt Evolution 

There are two avenues of vortex modification in this simulation. The first has already 

been explored - the impact of the shear forcing on the modal structure of the vortex. The second 

part is the effect of growth of the unstable mode and internal mixing on tilt evolution. Previous 

work has demonstrated that the resistance mechanism for a vortex in shear can either be the 

concept of penetration depth (Jones 1995, 2004) or the resonance of the core's rotation with a 

critical radius (Reasor et al. 2004, Schecter et al. 2002). Since the mixing evolution complicates 

the tilt evolution, the sheared monopole will be investigated first. It should be noted in this figure 

that all tilt evolutions are normalized in the sense that the bottom layer of the vortex is moved to 

the origin, and the evolution is the rotation from that perspective. Figure 4.67 shows the first 6 

hours of the sheared monopole. As a reminder, these images are the evolution of each vortex's 

centers. The plots are normalized with the lowest level's being placed at the origin. Each dot is a 

level. Each color represents 2 k segments. The monopole tilts with the shear vector initially and 

then rotates counter-clockwise. It extends radially out to near 25 km. Figure 4.68 shows the 

vortex at 12 hours. At this point, the vortex has continued its precession counter-clockwise, and 

it extends radially outward to about 32 km. Figures 4.69 - 4.74 show the continual evolution of 

the sheared monopole at 6-hourly intervals. Ultimately, the monopole settles into a regime where 

the maximum tilt is located upshear, in disagreement with Reasor et al. (2004). A reason for this 

disagreement is most likely a result of the vortex structure. As was noted, there is a large amount 

of skirt vorticity immediately outside the core, whereas in previous works, the skirt was present 
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merely to possess a PV gradient to satisfy critical layer needs without altering the mean rotation 

of the vortex (Schecter et al. 2002). It is not accurate to say that shear "pushes" the storm during 

its evolution, as the shear causes an initial displacement of the vortex. The resiliency and rotation 

is due to the vortex's structure itself (Reasor et al. 2004, Schecter et al. 2002, Jones 2004). 

Figures 4.75 to 4.82 show the evolution of the unstable ring. In the first 6 hours, in Figure 

4.75, the tilt of the ring vortex is actually quite similar to the evolution of the monopole. At 12 

hours, as seen in Figure 4.76, is where the ring's tilt evolution begins to diverge from the 

monopole's evolution. It should not be a surprise, as the mean profile of the ring is undergoing 

radical change between 6 and 12 hours. The gap that is present an hour before the end of the 

image shows a jump that is most likely associated with the mixing event's peak. The pressure-

ring centroid was used to alleviate the problems of the mixing vortex, but it is still not perfect. 

The pressure contour that is outside the deformation radius is slightly affected. The first 

divergence in the tracks begins to appear as the sheared ring's precession begins to spiral radially 

outward. At 18 hours, in Figure 4.77, the tracks are fairly coincident in a rotation sense, but the 

ring is still farther radially outwards. At 24 hours, in Figure 4.78, the rotational divergence 

between the two runs finally starts occurring. At 30 and 36 hours, the storm's tilt continues 

moving radially outward. At 42 hours, the sheared ring lags behind the monopole by over 90 

degrees in rotation. At the final time, 48 hours, the sheared ring appears to lag the sheared 

monopole by over 120 degrees in the rotation. 

The comparison of each track can be seen in Figures 4.83 to 4.86. All of these figures are 

plotted starting at 2 hours to allow for the vortices to move past the initial adjustment. In Figure 

4.83, the radial distance between the top and the bottom of the vortex (at levels z = 20 and z = 1, 

respectively) is plotted for both runs. The initial peak is 40 km for the ring and about 33 km for 

the monopole. From here, the monopole settles into its regime and the second peak near 31 hours 

is slightly less than 25 km. For the ring, the tilt grow to around 45 km. Also, as evidenced by this 

plot, it remains misaligned for a longer period of time than the monopole - approximately 22 

hours for the ring compared with 16 hours with the monopole. This is further confirmed when 

looking at the rotational evolution, Figure 4.84. The initial full rotation occurs at nearly the same 

time - 22 hours. The second full rotation occurs near 38 hours for the monopole, but it is delayed 

to near 43 hours for the ring. Figure 4.85 shows the 2-hour time-smoothed change in radius per 

15 minutes, each output time interval. What this shows, even while smoothed, is that there 
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appears to be great variability in the ring. This could certainly be a function of the centroid 

tracking method, as mentioned before, but while there is an oscillation to the monopole, the 

ring's numbers generally are more positive or less negative. When looking at how the rotation 

changes with time, in Figure 4.86, the ring appears to precess more slowly. At the monopole 

peak, it moves at .0088 degrees pers second, while the ring only moves at 0.0066 degrees per 

interval. During the period of 26 to 40 hours, the ring maintains a somewhat regular speed 

between .0044 and .0055 degrees per second. All of this further confirms that after a mixing 

event, a vortex becomes less resilient to shear forcing - the centers move apart radially and the 

rotation slows. 

4.4 Energetics 

With the inclusion of the shear forcing, the full Equation (2.36) can be used. It is 

expected that there will be a substantial difference, since the tilt of the vortex will introduce 

thermal and vertical motion anomalies (Jones 1995). The thermal anomalies of this vortex at z = 

10 (5 km) are shown in Figure 4.87. The thermal anomalies are primarily wavenumber 1 

anomalies, so this plot gives a good approximation of the total thermal anomaly induced by the 

tilt. The energetics calculation is slightly different from previous work. In previous work (Kwon 

and Frank 2005, Wang 2002a), it is implied that all calculations are performed using one surface 

center. When a storm is as highly tilted as this vortex, using a surface center is not prudent to 

analyze a highly-tilted storm. Wavenumber 1 signatures would dominate the signal. To 

compensate for this tilt, the center is determined at each level from the pressure-ring centroid 

method. Then, a chunk of the vortex is extracted at that level. For instance, for model level 10, 

the domain is relocated to the pressure-ring centroid. Then levels 9, 10, and 11 are extracted 

using the pressure-ring centroid of the 10th level. This way, the horizontal dynamics are 

adequately accounted for as well as the vertical derivative terms. This is repeated at each level 

except for at the boundaries, where forward- and backward-in-space (relative to the vertical 

level) calculations are used, respectively. 

The total EKE of the sheared ring is presented in Figure 4.88. In stark contrast to the 

EKE of the non-sheared ring, the energy grows in time with an oscillation that seems to mimic 

the tilt evolution of the vortex. In the non-sheared vortex, the energy peaked around 6 hours. 

Additionally, the volume-integrated PVP curve followed the EKE curve. In this instance, since 
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the PVP evolution and the total EKE curves do not match, it is evident that the tilt and the shear 

forcing are the causes of this difference. In order to diagnose the evolution of the energetics, it is 

necessary to use Equation (2.36). When it comes to the evolution, the results can be grouped into 

two subsets: non-negligible terms and negligible terms. The non-negligible terms have 

magnitudes on the order of 10
12

 kg m
3
 s

-5
, while the negligible terms are on the order, 

consistently, of 10
11

 kg m
3
 s

-
5 or smaller. For ease of analysis and representation, the two will be 

dealt with separately. 

For the ease of discussion, Equation (2.36) is presented again: 

• ��� ∫(���)�� = −∫ ��′�′����� �Ω��� �� − ∫ � ����0�2 �′�′����� ����� �� − ∫�′�′������ ����� �� +∫ �Ω��′������� − ���′������ ����� − � ����0�2 ����′������ ����� + Ω��′ �������������� ��. 

Since describing each individual term as it is written can be tedious, they will be defined with a 

shorthand: BT for the first term on the right, BC for the second term, DVDZ for the third term, 

UVs for the fourth term, UsV for the fifth term, UsTh for the sixth term, and ThThs for the 

seventh term. There are three negligible terms: BC, DVDZ, and UsTh. The four remaining non-

negligible terms are BT, UVs, UsV, and ThThs. The negligible terms are shown in Figure 4.89, 

while the non-negligible terms are shown in Figure 4.90. As a reminder, all terms indicate eddy 

growth when they are less than zero except for UVs, which does not have a negative sign 

multiplier in front of it. 

For the negligible terms, the DVDZ and BC terms oscillate back and forth around zero. 

DVDZ’s spike early indicates a destruction of EKE, as it appears that the EKE is initially 

lessened by the change in the mean flow in the vertical. It then oscillates back and forth, most 

likely due to the difference in mixing with height, as the storm evolves differently at different 

heights, as shown in section 4.3. The effect of DVDZ dissipates in time as the unstable mode is 

axisymmetrized. The BC term causes eddy growth associated with the initial tilting of the vortex, 

but it remains fairly oscillatory as time continues. There is another small generation period later 

in the simulation as the storm is coming out of the tilt. Since the radial gradient in mean potential 

temperature is almost always negative, it would stand to reason that, as mentioned in Chapter 2, 

the generation by baroclinic processes is due to mechanical eddies being collocated with thermal 

eddies. As was shown in the Fourier decomposition and evolution of the vortex, at later times, 

there are intense vertical motions are the core of the vortex. This might be explain the generation 
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of thermal and mechanical anomalies. The last term, UsTh, actually acts to oppose eddy growth 

in times when the tilt is maximum. This is most likely due to orientation of the potential 

temperature anomaly. As the storm rotates, so does its tilt, and at certain times – where the term 

is positive – the radial advection by shear and the theta anomaly caused by the tilt line up. The 

oscillation’s vertex is above the 0 line, indicating that this term predominantly contributes to the 

destruction of EKE and only contributes in those specific instances where the anomalous 

isotachs and anomalous isotherms are both the same sign. 

For the non-negligible terms, the BT term, much like its non-sheared counterpart, is the 

dominant feature. The initial peak at near 5 hours is consistent with the non-sheared ring. Since 

the storm tilts, and never realigns, this would account for the evolution of BT. Earlier in the 

chapter, the evolution of the PV field showed that the PV field stretches out as the vortex evolves 

in times. The only times when BT actually lowers EKE is when the storm is coming out of its 

tilt, which would reduce the distortion of the horizontal PV field. For the shear barotropic terms, 

UVs and UsV, they act in opposite manners. Recalling that UVs diminishes EKE when it is 

negative, its evolution shows that it acts to consistently eliminate EKE. Since the shear 

components are capped at 2 m/s, this means that this term is most likely dominated by the 

uppermost and bottommost levels. For UsV, much like BT, this term appears to follow the 

distortion of the PV field as a result of the tilt evolution, but it more consistently contributes to 

eddy growth. Finally, ThThs is interestingly the smoothest field of all seven RHS terms. As the 

storm tilts, it produces a wavenumber 1 theta anomaly (Jones 1995), whose evolution can be 

seen in Figure 4.87. The maximum wavenumber 1 anomalies are associated with the tilt, and 

they are largest when the storm's tilt is greatest. For the large maximum centered around 44 

hours, the reason for this, upon inspection, appears to be constructive interference of the tilt 

thermal anomaly with an abundance of inertia-gravity waves. The EKE grows when the storm 

tilts up the gradient, since the cold, tilt-induced potential anomalies of the vortex are negative in 

the direction of the tilt. 

Once again, there is going to be a considerable amount of error in these calculations since 

the calculations are performed on a dataset that has been interpolated twice. At initial times, the 

interpolation error is on the order of 2*10
12

. Additionally, performing energetic calculations on 

the sheared vortex requires locating a center first, the difficulty of which has already been 

broached in Chapter 2. Figure 4.91 shows the ratio of the RHS to residual. In almost every time 
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step, the RHS and the Residual are the same order of magnitude, and the residual is often times 

larger than the RHS. Unfortunately, this is a consequence of performing two interpolations on 

the data and attempting to locate the center of a vortex undergoing dynamic rearrangement. 

Despite the fact that the results are not quantitatively precise, as before, they are still valuable for 

discussing wave-mean interactions in a more qualitative sense. 

4.5 Discussion 

To understand why investigating unstable vortices in shear is important, it is necessary to 

synthesize what was presented. As shown in Chapter 3, the vortex undergoes dynamic 

rearrangement starting at around 6 hours. The mechanism responsible for this evolution is 

counter-propagating Rossby waves located on the inner and outer edges of the ring, where the 

PV gradient is largest (S99). Despite the fact that this difference is quite steep, it is still 

continuous and not step-wise. This will allow for the development of a continuum of wave 

growth (S99). There is one wavenumber which, due to the specific constructs of the core, the 

ring, and the skirt, will grow the fastest. This is because the counter-propagating vortex Rossby 

waves phase lock and mutually amplify. This is not unlike typical Rossby wave dynamics or the 

Eady model (Holton 2004, pp. 214-216), except the evolution of these vortices is at high Rossby 

number. From the Fourier analysis in 3.3, it is clear from the Hovmöller diagrams of PV 

wavenumber, the unstable mode development of the ring is a wavenumber 3-4 hybrid, as the two 

wavenumbers appear to begin growing at similar times, but wavenumber 3 grows larger and 

more quickly. To facilitate inner-core mixing, wavenumber 1 must develop. Wavenumber 1 is 

indicative of cross-vortex flow (Montgomery and Kallenbach 1997). Without cross-vortex flow 

there will be no internal mixing and collapse of the vortex; a purely wavenumber 3-4 hybrid 

anomaly would propagate around the vortex. This clearly is not the case, as shown in section 3.2. 

Wavenumber 1, however, is not exponentially unstable for this profile (Hendricks et al. 2009). 

Often times, wavenumber 1 is algebraically unstable (Nolan et al. 2001), which is the reason why 

the mesovortices develop before the ring collapses internally. Since wavenumbers 3 and 4 are 

exponentially unstable, they will grow much more quickly to form coherent mesovortex 

structures before the collapse of the ring. 

In agreement with previous work (S99, Rozoff et al. 2010, Hendricks et al. 2010), the 

pressure minimum decreases and the maximum tangential wind decreases; however, unlike 
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previous adiabatic work, but in agreement with previous observational work (Bell and 

Montgomery 2008), the RMW moved outwards. The pressure drop is due to the outward 

movement of angular momentum. Using the gradient wind equation, the centrifugal term will 

become larger, so to compensate, the pressure field must distort. The major difference between 

the profile that was used in this research and the vortex profiles used in previous research is the 

addition of the skirt. Despite the fact that the inner-core profile is somewhat unrealistic with 

regards to what limited high-resolution inner-core data that currently exists (Reasor et al. 2010), 

the skirt is somewhat realistic in both size and structure. As seen in the Fourier decomposition of 

wavenumber 0 in Section 3.2, there is PV that moves down the gradient of PV in the skirt, thus 

pushing the RMW outwards. In S99, for instance, the maximum mean tangential wind does 

decrease as vorticity is mixed inwards, but there is only a slight outward ejection of PV in 

filaments. This keeps the RMW in virtually the same place. This is not the case in the profile 

with the modified ring used here. Outward ejection of mass in the PV field to an extinction 

radius is a tell-tale sign of a sheared vortex Rossby wave (Montgomery and Kallenbach 1997). 

The extinction radius is the radius at which the sheared vortex Rossby wave stops propagating 

and at which it will then axisymmetrize. In the wavenumber 2 Hovmöller of the non-sheared 

ring, at 24 hours, there is a feature that is propagating radially outward. In full-physics hurricanes 

(Wang 2002a, 200b), sheared vortex Rossby waves are generally distinct pieces of PV that break 

off of the core and are sheared by the differential rotation of the vortex and move down the 

gradient before axisymmetrizing. It is difficult to perform a full numerical calculation to confirm 

whether or not these are actually sheared vortex Rossby waves, but the fact that there is an 

outward ejection of mass that stops at a given radius (in this case, around 80 km) indicates that 

sheared vortex Rossby waves may perhaps play a role in outward PV motion (Schecter et al. 

2002). Montgomery and Kallenbach (1997) outline how to analyze potential sheared vortex 

Rossby waves, but that will be reserved for future work. 

To quantify the mixing of the vortex, PV palinstrophy was used. It showed that there is a 

spike in mixing about 9 hours into the simulation. As was seen in Section 3.3, from the 

energetics, the volume-integrated PVP evolution matches very closely, qualitatively, the total 

EKE curve. The reason for this is, as was seen in the component analysis of the energy, that most 

of the energy generation is barotropic in nature. Without any diabatic forcings, the baroclinic 

term of the energy equation remained negligible with respect to the barotropic term. The 
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barotropic term grew as a result of the internal mixing’s evolution, which was captured with the 

PVP analysis. 

Once an external forcing is introduced, there is some change to the evolution of the 

vortex. The unstable mode of the vortex remains a wavenumber 3-4 hybrid, but the cross-vortex 

flow introduced by the background shear flow extracts energy from the mean initially. The 

energetics calculations also suggest this, as the UVs term acts consistently to diminish EKE. 

Wavenumber 1, which did not possess a significant signature at early times on the non-sheared 

case, definitely becomes quite noticeable in the wavenumber 1 PV Hovmöller diagrams shown in 

Section 4.2. Additionally, as seen in Figures 4.44 to 4.48, the distortion and elongation of the PV 

field by the shear forcing also distorts the inner core, thus altering the evolution of the unstable 

mode. Since the growth of the unstable mode appears to be primarily wave-mean, based on the 

evidence that wavenumber 3’s maximum growth is located at the time when wavenumber 0 

minimizes, it stands to reason that any extraction of energy from the mean before the unstable 

mode can grow will act to alter the evolution of the unstable mode. This is evident in the PVP 

field, as the relative maximum of PVP during the mixing phases is lower in the sheared ring 

compared with its non-sheared counterpart. Furthermore, through triad nonlinear interactions, 

wavenumber 1 can only influence the growth of wavenumber 3 directly through interaction with 

wavenumber 2 (Krishnamurti et al. 2005). There is no significant initial wavenumber 2 

development in either the sheared or the non-sheared case, so the reduction in energy available 

for unstable modes is caused by the cross-vortex flow causing the growth of wavenumber 1 at 

expense of the mean. It cannot be quantitatively stated, however, unless a Fourier decomposition 

of the wind field is performed and an energy equation in Fourier space is derived. A consequence 

of this is that mixing is quickened. By comparing wavenumber 1 for the sheared and non-sheared 

cases, at innermost radii (~15 km), wavenumber 1 is larger in the sheared vortex than in the non-

sheared vortex at an earlier time. It stands to reason that with wavenumber 1’s growing faster 

due to the forced cross-vortex flow, mixing should be happening more quickly. It should be 

noted here that wavenumber 1 due to the tilt anomaly will not be seen in these calculations 

directly, as each height is treated independently. All of the wavenumber 1 forcings will be felt as 

a result of the background shear flow. 

Since the storm mixes, it alters the mean profile quite considerably, especially since as 

previously noted, the RMW moves outwards down the PV gradient. It should be noted the RMW 
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and the maximum mean tangential wind possess similar quantities between the two runs, sheared 

and non-sheared. It appears shear has very little impact on final mean RMW evolution. The final 

RMW numbers - 82 km for the non-sheared ring, 85 km for the sheared ring - both change on 

order of 20 km from the initial. This has significant impact on the tilt evolution. When compared 

to a monopole vortex of similar structure (similar RMW, similar max mean tangential wind), the 

sheared ring appears to become less resilient to shear at the end of the simulation. Through the 

analysis presented here, the storm's tilt moves outward radially first before slowing down in 

terms of rotation. There appears to be some inertial component associated with the tilt evolution 

of a vortex of this dignity. Initially, there is a higher-order harmonic in the monopole before it 

settles into its tilt regime, as it maintains a fairly constant orbital pattern until the very end of the 

simulation. This is most likely due to weakening of the top levels of the vortex, as was seen in 

Jones (1995, 2000b). For the sheared ring, the vortex slows down only slightly during the initial 

mixing event, but the outward radial movement happens almost as soon as the mixing alters the 

mean profile. In previous work, there have been some arguments made as to why a storm is 

resilient. Jones (1995) attempted to invoke the concept of QG penetration depth to moderate 

success, although by their own admission, it is unclear how to implement the theory on a 

disturbance with large changes in vorticity. Reasor et al. (2004) and Schecter et al. (2002) 

attempted to use arguments of discrete vortex Rossby waves and quasimodes' being damped by a 

radial resonance with a critical radius of PV through conservation of momentum arguments. The 

latter explanation for the post-mixed vortex is nearly impossible to prove completely in the 

current simulation. In order to perform the calculations, it is necessary to have a prescribed 

analytic profile and then run it through a linear QG model designed specifically to isolate the tilt 

precession from a linear perspective. What can be said is that, generally, when the Rossby 

deformation radius increases, the critical radius moves outwards (Schecter 2008). The 

Asymmetric Balance theory (Shapiro and Montgomery 1993) definition of deformation radius is: 

• ��(�) = �������. 
This definition is the square root of the ratio of the geopotential in the numerator to the inertial 

characteristics of the vortex in the denominator. This is shown in Figure 4.93 at 5 km, halfway 

up the domain. The deformation radius starts at 200 km at the initial RMW - about 60 km. At the 

final RMW, the deformation radius moves out to around 350 km at the post-mixed RMW, about 
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80 km. The implication here is that the critical radius will move to area of lesser PV gradient, as 

implied by the initial profile, and thus critical layer damping will decrease. As a result, the 

vortex's tilt will increase. 

 It is almost impossible to match the final vortex profile exactly. As a result, it will be 

necessary to investigate the penetration depth arguments presented by Jones (1995). As was 

noted in a follow-up paper (Jones 2004), the argument of penetration depth is not to act in 

competition with the critical layer damping theory so much as it is to work in tandem with it. As 

Jones (1995) admitted, it was not clear how to implement the penetration depth on a profile 

where the vorticity varies greatly. This is unsatisfactory for the current problem, because her use 

of the penetration depth involves, in her words, the positive PV anomaly. That’s basically the 

entire vortex. This would completely erase the significance of the RMW’s movement. Figure 

4.92 shows the initial and final values of the mean angular velocity. To get a better feel of the 

ability of the vortex to maintain resiliency, the penetration depth concept will be applied to the 

RMW. Using these arguments, it can be seen that the vortex becomes less resilient through 

modification of the mean profile. To reiterate, penetration depth is defined: 

• � = ��(� + �)�12 ����. 

As a reminder, the penetration depth is the depth at which the inertial effects of the vortex (the 

square-rooted term) are felt. L is the length scale of the disturbance and N is the Brunt-Vaisala 

frequency. The Hovmöller of penetration depth at the lowest model level can be seen in Figure 

4.94. When inspecting the initial profile, the penetration depth of the RMW is 8.7 km. When 

using the final profile, the penetration depth of the RMW is around 4.5 km. Even at the same 

initial RMW radius, 61 km, the penetration depth decreases to around 5.5 km. It should be noted 

that at the initial time, the penetration depth is slightly larger than the scale height (calculated to 

be approximately 8.2 km in the core, more or less time invariant) and then proceeds to drop 

considerably below that. Jones (1995) admitted not knowing how to properly implement the 

metric, so a quantitative estimation is somewhat difficult. That said, it does give some physical 

insight into what is happening. From these calculations, the physical explanation is easier 

thought of from the quasimode perspective. To refresh, the quasimode refers to the wavenumber-

1 PV anomaly caused by perspective of the viewer. When setting the center of the domain at the 

center of the middle level of the vortex, the vortex will become deviations from the mean at 

higher and lower levels purely from this altered perspective. From this perspective, there will be 
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positive wavenumber-1 anomalies with the vortex and negative wavenumber-1 anomalies 

opposite the tilt. Viewing these as PV anomalies, each anomaly at the different levels has its own 

induced flow. When the penetration depth falls below the scale height, the levels will “feel” the 

induced flow less from the other anomalies. How this can be expressed quantitatively as it relates 

to the manifestation in the tilt is still a bit of an unknown and is a matter for future work. 

The evolution of the vortices shown here is more in line with the results seen in Smith et 

al. (2000) than those season in Reasor et al. (2004). This is most likely due to the inability of the 

vortex to resonantly damp. Smith et al. (2000) used a two-layer model to explain the motion seen 

in Jones et al. (1995). Using quasigeostrophic arguments, Smith et al. (2000) showed that the co-

rotation of their two vortices is due to induced flow caused by the PV anomalies associated with 

each vortex. This induced flow is related to the Penetration Depth - the stronger the depth, the 

more tightly the vortices rotated about one another. When the inertial flow of the vortices is not 

felt on each other, then they move apart. Had these vortices been resonantly damped, their tilt 

probably would have shown nutation around an axis in the downshear-left vicinity. Despite that 

fact, the qualitative difference is expected to be the same. After mixing, the RMW moves 

outward and the mean tangential wind decreases, thus decreasing the depth to which the inertial 

flow of each individual level is felt, so the tilt will increase. 

There is one last feature that is of note. When this vortex mixes, there is an internal 

oscillation as the new center develops from the mixing. As seen in the wavenumber 0 and 1 

Hovmöllers, there is a competing oscillation in the fields at the inner core for wavenumber 0 and 

near 15 km at wavenumber 1. This eventually relaxes in the non-sheared process, likely due to 

axisymmetrization processes. In the sheared ring, this relaxation does not happen as readily as it 

does in the non-sheared ring. This is most likely more a result of the cross-vortex flow resulting 

from the shear component at a respective level as opposed to being caused by the tilt. The reason 

for this assertion is that when comparing the wavenumber 0 and 1 differences at different levels, 

as done in Section 4.2, the differences are much greater at lower levels than at the middle level 

where the shear forcing is near 0. As a reminder, the shear is not precisely 0 because that is a 

scalar grid point and not a true wind grid point. The wavenumber 1 anomaly appears to rotate 

within the larger vortex-scale rotation. This appears to be a trochoidal oscillation, an oscillation 

related to the wavenumber-1 induced flux of PV into and out of the eye. Nolan et al. (2001) 

derived an expression for determining the rate at which wavenumber 1 will propagate around the 
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eye. As mentioned in Nolan et al. (2001), wavenumber 1 is algebraically unstable –grows at a 

rate of t
1/2

 – as opposed to exponentially unstable, as is exhibited by, in the cases shown here, 

wavenumber 3. The wavenumber 1 anomaly moves simply at the mean tangential rotation, Ω�. 

The mean tangential wind at 25 km is about 20 m/s. The wavenumber 1 anomaly moves at a 

speed of approximately 17 m/s. The comparison seems reasonable, especially considering that 

wavenumber 1 is constantly being forced by the shear and the derivation of the trochoidal motion 

is done using a linearized 2-D framework. 

In summary, when shearing an unstable vortex, the shear forcing causes a damping of the 

unstable mode by extracting energy from the mean and increasing wavenumber 1. This results in 

a slight change in internal mixing. Additionally, since wavenumber 1 grows more quickly, the 

internal mixing happens more quickly. Ultimately, the mixing and breakdown of the ring causes 

PV to both mixed inwards and ejected outwards down the gradient of the skirt, causing the 

RMW to move outwards and the maximum mean tangential winds to decrease in magnitude. By 

doing so, the storm becomes less resilient because, by penetration depth arguments, the layers 

“feel” each other less through significant modification of the mean profile. 

4.6 Sensitivity to Centroid 

It is natural to question how valid these results are in light of the method found to 

determine the centroid. As mentioned in Chapter 2, determining the center of a vortex 

undergoing dynamic rearrangement is not a trivial task. There is very little indication - if any at 

all - in the literature that goes into comparing how results change when changing the centroid. In 

order to test just how sensitive the results are to the centroid location, the analysis performed in 

Sections 4.2, 4.3, and 4.4 was re-done using a new centroid calculation metric. The selection of 

the new metric was to demonstrate the geostrophic adjustment of the vortex. Weighted PV in the 

core is more sensitive to small-scale variations, whereas the pressure-ring centroid outside the 

RMW is less prone to geostrophic adjustment of the core. The PV can be seen as a level-to-level 

variation with little influence from other levels higher up. The pressure field is related to all of 

the levels above it. For this centroid, a 300 km by 300 km box is centered around the pressure 

minimum. The grid points are then weighted by the cube of the PV. Not all of the fields will be 

investigated, so the analysis will not be as thorough as seen previously in Chapters 3 and 4. The 
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comparisons will be restricted to mainly the evolution of the tilt, the mean maximum tangential 

wind, the Fourier decompositions of PV, and the energetics. 

The tilt evolution of the vortex using the PV cubed centroid has actually already been 

presented briefly, in Chapter 2. Figure 2.8 shows the evolution of the vortex using the PV cubed 

centroid. To reiterate, as compared with the pressure centroid, the evolution is generally more 

tightly-bound, but there is a higher-order rotational component to the evolution. The total 

evolution has a shape of, for lack of a better description, a flower with six petals, as the weighted 

PV increase follows the rotation of a mesovortex and then follows the new high-PV center. This 

can be first seen in Figure 4.95. Despite the fact that the rotation moves within a broad-scale 

envelope, there are small-scale oscillations associated with the newly-formed PV maximum from 

a mesovortex. The rotation using the pressure centroid is much smoother. Radially, as seen in 

Figure 4.96, the oscillation is also present. However, the small-scale evolution would indicate 

that the storm does not tilt as much as the pressure-ring centroid. This is a phenomenon 

discussed by Jones (2004), that there is large-scale tilt and small-scale tilt. The PV centroid 

calculations generally are more tuned to the small-scale tilt. Figures 4.97 and 4.98 show the 

smoothed-in-time changes in angle and radius, respectively. There are very large oscillations at 

early times as the tilt peaks for the first time while the mixing is still taking place. 

Figures 4.99 and 4.100 show the wavenumber 0 PV differences between the two centroid 

calculations. As expected, since the PV-cubed centroid assigns itself to the new high PV middle, 

its mean stays larger, while there are oscillations in the pressure centroid. This dissipates at the 

middle level, where the shear forcing is a minimum. This reasoning is further amplified when 

looking at the wavenumber 1 field in Figures 4.101 and 4.102. The wavenumber 1 field is 

dominated by the pressure-ring centroid. As for the unstable mode, as shown in Figure 4.103 and 

4.104, there is a radial displacement of the maximum amplitude of the mode at early times while 

the vortex ring breaks down. 

The differences in centroid calculation will most be felt in radial and tangential wind 

perturbations. When looking at the mean tangential wind differences in Figure 4.105, it is again 

no surprise that the greatest differences lie inside of 25 km after 24 hours. The maximum 

difference, however, is only on the order of 4 m/s. When looking at the differences in tangential 

and radial wind perturbations - in Figures 4.106 and 4.107, respectively - the variations are twice 

the size of the mean differences, on the order of 10 m/s. This has serious implications for the 
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energetics calculations, as seen in Figures 4.108, 4.109, and 4.110. Figure 4.108 shows the total 

EKE for the sheared ring when using the PV-cubed centroid metric. The oscillations that are seen 

are consistently present in previous figures of the tilt. For the term comparisons, the charts 

normalize the results by the standard deviation of the values for that specific term from the 

pressure-ring centroid. The reason for performing the calculation this way is to see whether or 

not the differences in centroid are on the order of change in the terms themselves with time or if 

the differences will get lost in the negligible noise. Figure 4.109 has grouped all the terms that do 

not involve shear: BT, BC, DVDZ, and the residual. Not surprisingly, when the radial and 

tangential wind perturbations are as great as they are, BT differences are the order of the 

variance of the term itself. Around 9 hours, even differences in BC and the residual are on the 

order of the variance. Figure 4.110 shows the shear terms. The location of the centroid is very 

important to all of the terms that utilize the shear vector itself. The results appear to be very 

sensitive to where the strictly zonal flow is translated to tangential and radial velocities. As the 

PV cubed centroid oscillates, the vector decomposition of the shear vector will not line up 

correctly with the flow of the vortex, and essential components of the tangential shear velocity 

might be instead lost to a false radial component. 
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Figure 4.1. Evolution of the PV field of the modified S99 ring in shear at z = 1 (0 km) at t = 0 hr, 

2 hr, 4 hr, and 6 hr. Axes are in km from -200 km to 200 km. 
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Figure 4.2. Evolution of the PV field of the modified S99 ring in shear at z=1 at t = 8 hr, 10 hr, 

12 hr, and 14 hr. 
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Figure 4.3. Evolution of the PV field of the modified S99 ring in shear at z=1 at t = 16 hr, 18 hr, 

20 hr, and 22 hr. 
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Figure 4.4. Evolution of the PV field of the modified S99 ring in shear at z=1 at t = 24 hr, 27 hr, 

30 hr, and 33 hr. 
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Figure 4.5. Evolution of the PV field of the modified S99 ring in shear at z=1 at t = 36 hr, 39 hr, 

42 hr, and 48 hr. 
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Figure 4.6. Evolution of the pressure field of the modified S99 ring in shear at z=1 at t 0 hr, 2 hr, 

4 hr, and 6 hr. 
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Figure 4.7. Evolution of the pressure field of the modified S99 ring in shear at z=1 at t 8 hr, 10 

hr, 12 hr, and 14 hr. 
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Figure 4.8. Evolution of the pressure field of the modified S99 ring in shear at z=1 at t 16 hr, 18 

hr, 20 hr, and 22 hr.  
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Figure 4.9. Evolution of the pressure field of the modified S99 ring in shear at z=1 at t 24 hr, 27 

hr, 30 hr, and 33 hr. 
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Figure 4.10. Evolution of the pressure field of the modified S99 ring in shear at z=1 at t 36 hr, 

39 hr, 42 hr, and 48 hr.  
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Figure 4.11. PV palinstrophy area integration of the sheared, modified S99 ring, normalized by 

initial value (left); PVP field (right); t = initial, z = 1 (0 km). 

 
Figure 4.12. PV palinstrophy area integration of the sheared, modified S99 ring, normalized by 

initial value (left); PVP field (right); t = 7 hours, z = 1. 
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Figure 4.13. PV palinstrophy area integration of the sheared, modified S99 ring, normalized by 

initial value (left); PVP field (right); t = 10 hours 45 minutes, z = 1. 

 
Figure 4.14. PV palinstrophy area integration of the sheared, modified S99 ring, normalized by 

initial value (left); PVP field (right); t = 16 hours 15 minutes, z = 1. 
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Figure 4.15. PV palinstrophy area integration of the sheared, modified S99 ring, normalized by 

initial value (left); PVP field (right); t = 48 hours, z = 1. 

 

 
Figure 4.16. Volume integration of PVP, normalized by initial value, for the sheared ring. 
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Figure 4.17. Volume integration of PVP for both ring runs, normalized by the initial value of 

each. 

 

 
Figure 4.18. Area integration of PVP for both ring runs at z =10 (5 km), normalized by the 

initial value of each. 
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Figure 4.19. Pressure minimum (mb) evolution of the sheared ring at the lowest model level. 

 

 
Figure 4.20. Hovmöller diagram of mean tangential wind (m/s, left), planar view of PV (pvu, 

right), t = initial. 
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Figure 4.21. Hovmöller diagram of mean tangential wind (m/s, left), planar view of PV (pvu, 

right), t = 6 hours. 

 

 
Figure 4.22. Hovmöller diagram of mean tangential wind (m/s, left), planar view of PV (pvu, 

right), t = 14 hours. 
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Figure 4.23. Hovmöller diagram of mean tangential wind (m/s, left), planar view of PV (pvu, 

right), t = 48 hours. 

 

 
Figure 4.24. Maximum mean tangential wind (m/s) at lowest model level for the sheared ring. 
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Figure 4.25. Radius of maximum wind evolution at the lowest model level for the sheared ring, 

smoothed in time with a 1-2-3-2-1 smoother. 
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Figure 4.26. Thumbnails of Hovmöller diagrams of PV wavenumbers 0 through 5 (starting 

upper left, then right, then moving down a row) for the unstable ring in shear at z = 1 (0 km). 

Values are PV normalized to maximum value of that specific wavenumber in time. 
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Figure 4.27. As in Figure 4.26, but for z = 5 (2.5 km). 
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Figure 4.28. As in Figure 4.26, but for z = 10 (5 km). 
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Figure 4.29. As in Figure 4.26, but for z = 15 (7.5 km). 
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Figure 4.30. As in Figure 4.26, but for z = 20 (10 km). 
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Figure 4.31. Hovmöller of the sheared ring, normalized PV, wavenumber 0 (left); planar view of 

PV (right); z = 1 (0 km), t = initial. 

 
Figure 4.32. Hovmöller of the sheared ring, normalized PV, wavenumber 0 (left); planar view of 

PV (right); z = 1, t = 22 hours 45 minutes. 
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Figure 4.33. Hovmöller of the sheared ring, normalized PV, wavenumber 0 (left); planar view of 

PV (right); z = 5 (2.5 km), t = 22 hours 45 minutes. 

 
Figure 4.34. Hovmöller of the sheared ring, normalized PV, wavenumber 0 (left); planar view of 

PV (right); z = 10 (5 km), t = 22 hours 45 minutes. 
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Figure 4.35. Hovmöller of the sheared ring, normalized PV, wavenumber 0 (left); planar view of 

PV (right); z = 15 (7.5 km), t = 22 hours 45 minutes. 

 
Figure 4.36. Hovmöller of the sheared ring, normalized PV, wavenumber 0 (left); planar view of 

PV (right); z = 20 (10 km), t = 22 hours 45 minutes. 
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Figure 4.37. Hovmöller of the sheared ring, normalized PV, wavenumber 0 (left); planar view of 

PV (right); z = 20, t = 46 hours. 

 
Figure 4.38. Vertical velocity of the sheared unstable ring at z = 10 (5 km) at t = 47 hours 30 

minutes. The tightly-packed updrafts and downdrafts are results of discrete vortex Rossby waves 

and their frequency-matched inertia gravity waves. 
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Figure 4.39. Hovmöller of the sheared ring, normalized PV, wavenumber 1 (left); planar view of 

PV (right); z = 1, t = 6 hours 45 minutes. 

 
Figure 4.40. Hovmöller of the sheared ring, normalized PV, wavenumber 1 (left); planar view of 

PV (right); z = 5, t = 6 hours 45 minutes. 
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Figure 4.41. Hovmöller of the sheared ring, normalized PV, wavenumber 1 (left); planar view of 

PV (right); z = 10, t = 6 hours 45 minutes. 

 
Figure 4.42. Hovmöller of the sheared ring, normalized PV, wavenumber 1 (left); planar view of 

PV (right); z = 15, t = 6 hours 45 minutes. 
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Figure 4.43. Hovmöller of the sheared ring, normalized PV, wavenumber 1 (left); planar view of 

PV (right); z = 20, t = 6 hours 45 minutes. 

 
Figure 4.44. Hovmöller of the sheared ring, normalized PV, wavenumber 3 (left); planar view of 

PV (right); z = 1, t = 5 hours 15 minutes. 
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Figure 4.45. Hovmöller of the sheared ring, normalized PV, wavenumber 3 (left); planar view of 

PV (right); z = 5, t = 5 hours 15 minutes. 

 
Figure 4.46. Hovmöller of the sheared ring, normalized PV, wavenumber 3 (left); planar view of 

PV (right); z = 10, t = 5 hours 15 minutes. 
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Figure 4.47. Hovmöller of the sheared ring, normalized PV, wavenumber 3 (left); planar view of 

PV (right); z = 15, t = 5 hours 15 minutes. 

 
Figure 4.48. Hovmöller of the sheared ring, normalized PV, wavenumber 3 (left); planar view of 

PV (right); z = 20, t = 5 hours 15 minutes. 
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Figure 4.49. Hovmöller of the sheared ring, normalized PV, wavenumber 4 (left); planar view of 

PV (right); z = 1, t = 4 hours. 

 
Figure 4.50. Hovmöller of the sheared ring, normalized PV, wavenumber 4 (left); planar view of 

PV (right); z = 5, t = 4 hours. 

50 
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Figure 4.51. Hovmöller of the sheared ring, normalized PV, wavenumber 4 (left); planar view of 

PV (right); z = 10, t = 4 hours. 

 
Figure 4.52. Hovmöller of the sheared ring, normalized PV, wavenumber 4 (left); planar view of 

PV (right); z = 15, t = 4 hours. 
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Figure 4.53. Hovmöller of the sheared ring, normalized PV, wavenumber 4 (left); planar view of 

PV (right); z = 20, t = 4 hours. 

 
Figure 4.54. Hovmöller diagram of normalized PV wavenumber 0 differences between non-

shear and sheared rings. It is normalized by maximum positive value of difference between non-

shear and sheared simulations. 
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Figure 4.55. As in Figure 4.54, except for z = 5. 

 
Figure 4.56. As in Figure 4.54, except for z = 10. 
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Figure 4.57. As in Figure 4.54, except for wavenumber 1 and z = 1. 

 

 

 
Figure 4.58. As in Figure 4.57, except for z = 5. 

 



128 

 

 
Figure 4.59. As in Figure 4.57, except for z = 10. 

 

 
Figure 4.60. Normalized-by-maximum differences in mean tangential wind at z = 0. 
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Figure 4.61. As in Figure 4.54, except for wavenumber 3 and z = 1. 

 

 
Figure 4.62. As in Figure 4.61 except for z = 5. 
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Figure 4.63. As in Figure 4.61 except for z = 10. 

 

 
Figure 4.64. As in Figure 4.54, except for wavenumber 4 and z = 1. 
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Figure 4.65. As in Figure 4.64, except for z = 5. 

 

 
Figure 4.66. As in Figure 4.64, except for z = 10. 
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Figure 4.67. Tilt evolution for the sheared, modified (with skirt) monopole at t = 6 hours, 

normalized with z = 1 at the origin. Each dot is a level. Colors indicate 2 km segments, starting 

with blue at the bottom and ending with purple on the top. 

 
Figure 4.68. As in Figure 4.67, except for t = 12 hours. 
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Figure 4.69. As in Figure 4.67, except for t = 18 hours. 

 

 

 
Figure 4.70. As in Figure 4.67, except for t = 24 hours. 
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Figure 4.71. As in Figure 4.67, except for t = 30 hours. 

 

 

 
Figure 4.72. As in Figure 4.67, except for t = 36 hours. 
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Figure 4.73. As in Figure 4.67, except for t = 42 hours. 

 

 

 
Figure 4.74. As in Figure 4.67, except for t = 48 hours. 
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Figure 4.75. As in Figure 4.67, except for the modified ring profile at t = 6 hours. 

 

 

 
Figure 4.76. As in Figure 4.75, except for t = 12 hours. 
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Figure 4.77. As in Figure 4.75, except for t = 18 hours. 

 

 

 
Figure 4.78. As in Figure 4.75, except for t = 24 hours. 
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Figure 4.79. As in Figure 4.75, except for t = 30 hours. 

 

 

 
Figure 4.80. As in Figure 4.75, except for t = 36 hours. 
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Figure 4.81. As in Figure 4.75, except for t = 42 hours. 

 

 

 
Figure 4.82. As in Figure 4.75, except for t = 48 hours. 
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Figure 4.83. Evolution of the radius in time of both runs, z = 20 minus z = 1. 

 

 

 
Figure 4.84. Evolution of the rotation of the tilt of both, z =20 minus z = 1. 
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Figure 4.85. Change in radius with time (every 15 minutes) of both, smoothed as a running 

average of 9 grid points in time. 

 

 
Figure 4.86. Change in angle of tilt with time (every 15 minutes) of both, smoothed as a running 

average of 9 grid points at a time. 
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Figure 4.87. Hovmöller of wavenumber 1 potential temperature (left), planar view of PV (right), 

at z = 10 (5 km), t = 41 hours 30 minutes. 

 

 
Figure 4.88. Total EKE of the sheared ring. Units are kg m

3
s

-4
. 

 



143 

 

 
Figure 4.89. Negligible energy terms (10

11
 or less) from the sheared ring: BC, DVDZ, and UsTh 

(See text for definitions). Units are kg m
3
 s

-5
.  

 

 
Figure 4.90. Non-negligible energy terms (10

12
 or greater) from the sheared ring: BT, UVs, 

UsV, and ThThs (See text for definitions). Units are kg m
3
 s

-5
. 
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Figure 4.91. Ratio of RHS to Residual for the sheared ring. 

 

 
Figure 4.92. Mean angular velocity (1/s) for the initial time (blue) and the final time (red). 
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Figure 4.93. Mean Rossby radius of deformation (km). 

 
Figure 4.94. Penetration depth of the mean flow (m). 
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Figure 4.95. Comparison of the two centroid metrics for the sheared ring for the angle of tilt, top 

minus bottom: pressure-ring centroid (green), PV-cubed centroid (purple). 

 

 
Figure 4.96. Comparison of the two centroid metrics for the sheared ring for the radial distance 

between centroids at top and bottom levels: pressure-ring (green), PV cubed (purple). 
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Figure 4.97. As in Figure 4.95, except for change in tilt angle with time, smoothed in time with a 

9-point running mean. 

 
Figure 4.98. As in Figure 4.96, except for change in radial distance in time, smoothed in time 

with a 9-point running mean. 
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Figure 4.99. Normalized-by-maximum difference between the wavenumber 0 PV fields for the 

two ring centroid calculations at z = 1 (0 km), pressure-ring centroid minus PV cubed centroid. 

 

 
Figure 4.100. As in Figure 4.99, except for z = 10 (5 km). 
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Figure 4.101. As in Figure 4.99, but for wavenumber 1 and at z = 1. 

 

 
Figure 4.102. As in Figure 4.99, but for wavenumber 1 and at z = 10. 
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Figure 4.103. As in Figure 4.99, but for wavenumber 3 and at z = 1. 

 

 
Figure 4.104. As in Figure 4.99, but for wavenumber 3 and at z = 10. 
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Figure 4.105. Normalized-by-maximum difference between mean tangential wind fields for the 

two ring centroid calculations at z = 1, pressure-ring centroid minus PV cubed centroid. 

 

 
Figure 4.106. As in Fig 4.105, except for perturbation tangential wind, where perturbation is the 

sum of wavenumbers 1-5. 
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Figure 4.107. As in Fig 4.105, except for radial wind, which is the sum of wavenumbers 0-5. 

 

 
Figure 4.108. Total eddy kinetic energy using the PV-cubed centroid. Units are kg m

3
s

-4
. 
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Figure 4.109. Differences in energetics terms that do not involve shear - BT, BC, DVDZ, and 

the residual - normalized by the standard deviation of their values from the pressure-ring centroid 

values, smoothed in time with a 9-point smoother. 

 
Figure 4.110. As in Fig 4.109, but for the terms involving shear - UVs, UsV, UsTh, ThThs. 
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CHAPTER FIVE 

SUMMARY AND CONCLUSIONS 

In this dissertation, the evolution of a barotropically unstable, high-Rossby number 

vortex in shear has been investigated. In Chapter 1, a literature review was conducted to discuss 

background information, previous work, and a framework for the work in this dissertation. In 

Chapter 2, a methodology was presented to lay out how the analysis of the vortices would 

proceed. A linearized wave-mean energy equation is derived accounting for a time-invariant, 

geostrophically-balanced shear forcing. In Chapter 3, a 3-dimensional barotropically unstable 

vortex is presented. The initial conditions of the vortex mimic that of the S99 initial vortex 

except for the important difference of adding a significant skirt of vorticity. A Fourier analysis is 

performed to diagnose evolution of individual wavenumbers. In Chapter 4, this same vortex is 

sheared with 4 m/s shear. 

Previous work indicates that in a barotropic vortex, during the growth of the unstable 

mode, barotropic energy conversion processes should dominate all other energy transfer 

pathways (Kwon and Frank 2005). This is confirmed in the energetics analysis in Chapter 3. As 

is seen in the Fourier analysis, the unstable mode is a hybrid wavenumber 3-4 structure. The 

structure develops because of counter-propagating vortex Rossby edge waves on either side of 

the ring of vorticity. The dominant wavenumber depends on the physical characteristics of the 

ring - how wide the ring is and how large the jump from the inner moat to the peak of the ring is. 

In this case, wavenumber 3 grew the largest as the two wavenumber 3 waves phase-locked and 

grew. As a result of this mixing, PV was mixed radially inward and radially outward. Since this 

profile includes a skirt of vorticity, there already exists a pathway for the breaking waves to 

expel PV radially outward, which will in turn move the RMW radially outward as well. In the 

original simulation of S99, the RMW does not move radially outward because that profile has no 

skirt of vorticity. As a result of this outward mixing, the pressure drops in the center by the 

gradient wind relation. Energetics analysis indicates that, unsurprisingly, the predominant cause 

of energy exchange in a barotropic vortex is the barotropic energy conversion term, as eddies 

grow at the expense of the mean. This is further confirmed by the PVP evolution, since PVP 
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growth indicates energetic growth of eddies. The barotropic term peaked when the change in 

PVP was greatest which is also the time at which the total eddy kinetic energy peaked. 

The barotropically unstable ring's evolution in shear was presented in Chapter 4. The 

goals of this research were to ascertain what changes in evolution the shear forcing had on the 

growth of the unstable mode and, conversely, what changes in evolution the unstable mode and 

mixing had on the tilt. The initial unstable ring was run to serve as a control. For the 

modification of the mixing, it was shown that the cross-vortex flow of the shear causes an 

increase in wavenumber at the edges of the ring. This should quicken the mixing processes, and 

looking at the differences in wavenumber 3 (the unstable mode), there is a radial displacement 

inwards of the wavenumber 3 anomaly in the sheared ring. It is difficult to ascertain what 

follows in the nonlinear mixing event without scale interaction analysis, but observationally, it 

appears that shearing quickens mixing. Additionally, wavenumber 4, which is also responsible 

for outward transport, is larger in the control simulation at early times. What this indicates is that 

the deformation of the skirt reduces some of the outward mixing. The PVP curves at maximum 

time are different, with a lower number in the sheared ring. Post-mixing, the RMW and the mean 

tangential wind maximum are about the same as the control simulation. Unfortunately, without a 

wave-wave analysis using scale interactions (Krishnamurti et al. 2005), it is not possible to 

discover the real wave-wave interaction during nonlinear mixing. This would give a clearer 

indication of wave-wave nonlinear interactions after the storm has mixed. At initial times, only 

certain wavenumbers are exponentially unstable and can be thought of in a linear sense, and 

something substantive can be said about their differences. After one mesovortex is advected into 

the center by the growth of wavenumber 1, the evolution becomes highly nonlinear. Around this 

time frame (6 hours), after wavenumbers 3 and 4 break, then wave-wave evolution would give a 

better explanation of the differences between the sheared and non-sheared rings. 

While the differences in mixing between the control and the sheared ring are apparently 

negligible on longer timescales, the change in tilt evolution is quite drastic. As shown, the radius 

of maximum winds moves out, and its magnitude decreases from 56 m/s to 48 m/s. As a result, 

the penetration depth decreases. What the penetration depth determines is the depth of the 

inertial flow of a particular layer on all of the other layers. At initial times, the penetration depth 

is 8.7 km. At later times, it decreases to 4.5 km. The induced flow caused by each layer on the 

others is dramatically decreased. Additionally, the Rossby deformation radius increases as 
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mixing occurs. This means that any perturbation to the mean field will be felt more in the 

geopotential field (the tilt itself) than in the rotation field (the primary circulation). The tilt of the 

post-mixed sheared ring increases radially and decreases rotationally. The rotational timeframe 

does not significantly alter until the near-realignment occurs at 22 hours into the simulation. The 

storm never realigns or approach a steady-state tilt. This is due to the fact that the critical radius 

is at 210 km, which exists outside the area of positive PV gradient (Reasor 2011, personal 

communication). As a result, the vortex will never realign and will evolve following nonlinear 

paths as shown in Jones (1995) and Smith et al. (2000) Were the vortex resonantly damped, it 

would most likely approach a downshear-left tilt with nutations in the tilt as a result of nonlinear 

advective characteristics of the vortex itself. Regardless, the tilt should still increase due to the 

fact that the storm weakens and broadens considerably post-mixing, 

The last goal of this work dealt with the impact of using two different centroid metrics. 

Throughout Chapter 4, the pressure-ring centroid was used for the primary calculations. The 

calculations were performed again using a weighted PV centroid - that is, PV cubed. The theory 

is that by increasing the power of the PV weighting, the core PV will be weighted much more 

strongly than the PV in the skirt. The comparisons yielded that the pressure-ring centroid will 

capture the large-scale evolution, while the PV centroid metric is more tuned to analyzing the 

small-scale tilt. Since there is a small-scale oscillation in the core of the vortex, the PV centroid 

will lock onto this feature. There are drastic changes of perturbation radial and tangential wind 

velocity changes - on the order of 10 m/s. This is felt in the energetics calculations, as 

differences between terms for each of the centroid metrics is on the order of the variance of the 

pressure-ring centroid itself. Clearly, using different definitions of centroid will have significant 

impacts on final numerical results. It is recommended that for dynamically evolving cores, PV 

centroids should not be used. Additionally, a standardization of centroid metrics would add a 

level of consistency from research paper to research paper. 
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CHAPTER SIX 

APPLICATIONS AND FUTURE WORK 

6.1 Applications 

When performing analysis within a meteorological framework on a problem that is 

generally more restricted to the realm of fluid dynamics, it is natural to question the value of the 

research from a meteorological perspective. While there are obvious shortcomings to this 

research from a meteorological perspective, since this research is missing the key element of 

water, it still should maintain some validity and provide some insight into the evolution of 

vortices in shear. Previous work has only accounted for sheared vortices whose mean profiles do 

not change in time. This is not meteorologically authentic, as hurricanes possess moats of low 

vorticity in their cores, a sharply peaked ring of vorticity inside the RMW, and then decreasing 

vorticity radially outward in a skirt of vorticity. While mesovortices may or may not play a 

significant role in the hour-to-hour evolution of a hurricane, there are certain instances - EPAC 

Guillermo 1997, EPAC Hernan 2008, EPAC Norbert 2008 - where it appears, either through 

satellite imagery or dual-Doppler radar, that storms undergoing convection interruption due to 

shear forcings indicate some sort of dynamic instability at the ring. Most of these instabilities 

occur at lowest levels, where the vorticity ring peak is at its greatest (Wang 2002a, b).  As was 

seen earlier in Hurricane Isabel, the mean profile of the storm changed significantly when 

mesovortices were seen on satellite imagery. The RMW moved radially outward. Isabel then 

encountered shear and was torn apart. From this research, Isabel's weakening due to interaction 

with shear was most likely enhanced by the RMW's radially outward movement caused by 

internal mixing. 

Evidently, to capture the more complex nature of hurricane evolution in shear will require 

the presence of moisture. Since latent heat release partially overcomes the adiabatic ascent 

through the forced ascent, there is a compensating radially-inward flow at the lowest levels. This 

is the standard secondary circulation (Emanuel and Rotunno 1987). This convergence at low 

levels keep rebuilding the ring (Rozoff et al. 2009). Obviously, there are competing processes, as 

the unstable ring is barotropically unstable, yet the storm does not normally collapse. This is 

evident upon viewing satellite imagery of nearly every well-developed hurricane, as almost all of 
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them possess a clear, nearly cloud-free eye. Shearing interrupts the convective patterns of the 

storm, which thus alters the convergence at low levels, which will thus allow the ring to start 

becoming susceptible to dynamic instabilities. In order to fully capture this evolution, a very 

high-resolution, full-physics simulation would need to be run. Conveniently, the CM1 model is 

designed for Large Eddy Simulations (LES). Most recently, within the past few months, the 15th 

iteration of the model has been released, complete with a boundary layer scheme and a radiation 

scheme, two things which had been lacking in previous model constructs. In terms of resilience, 

it is believed that by decreasing the static stability in the eyewall through the processes of latent 

heat release, the critical radius moves inwards (Schecter and Montgomery 2007), so full-physics 

hurricanes should be slightly less sensitive to skirt profile. The critical radius will almost 

certainly fall within a region of significant PV gradient. 

It is the opinion of the author that the most important part of hurricane prediction is 

correctly simulating the environment. The environment is what will dictate if a storm is 

encountering favorable or unfavorable conditions for development. When this part of tropical 

meteorology is forecasted correctly, then topic of the significance of internal dynamics can be 

broached. From this research, it appears that when ignoring the mixing of the core, model 

simulations are missing a key element of how the storm responds to its environment forcing. As 

Jones (1995) pointed out 15 years ago, weaker storms will be less resilient to shear than stronger 

storms. The whole point of comparing two storms with similar RMWs yet different core vorticity 

profiles was to illustrate that if one were to model a storm without core instabilities, its evolution 

would be significantly different than from one where mixing is allowed to take place. 

6.2 Future Work 

As far as the adiabatic dynamics are concerned, it would be interesting to see how a more 

realistic hurricane profile behaves under sheared conditions. There are studies out there such as 

Reasor et al. (2009) that have observations of radial profiles of vorticity from flight-level and 

dual-Doppler wind analysis. It would be prudent to see how more realistic hurricane profiles 

devolve during internal instabilities and then how that affects their tilt evolution. 

Obviously, the major next step is to run a full-physics simulation of a storm in shear. The 

CM1 is geared for processor-intensive simulations at extremely high resolution. There has been 

preliminary work with the model at LES resolutions, going all the way down to 62.5 m (Bryan 
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2010, personal communication). While it is reasonable to question what the model is actually 

simulating and how accurate it is, previous work has shown that the new equations developed by 

Bryan and Fritsch (2002) are more adept at accounting for moisture. The cold bias in the vertical 

is reduced. This should, in theory, allow for better simulation of the secondary circulation, which 

would improve the convergence at low levels and prevent any false-positive dynamic 

breakdowns of the ring of high vorticity. With the energy equation derived in this paper, adding a 

background shear reduces the guesswork as to the magnitude of how much shear is actually 

being felt across the eye of the storm. Simulating a rapid intensification process, such as seen in 

EPAC storms Guillermo, Hernan, and Norbert, is perhaps a bit ambitious, but what the high-

resolution work of Braun (2002) has shown is that there is explosive convection associated with 

the passage of mesovortices through the shear zone. What is unclear, however, is how the 

increased convection spins up the eyewall through vorticity stretching - and projection onto the 

symmetric component of the storm - while maintaining thermal balance. The upper-air response 

is still something that requires exploring. 

There also remains the question of why the downshear-left convection maximum is 

located where it is. It deviates from the adiabatic simulations of Jones (1995), but appears in 

almost every full-physics simulation of a storm in shear - Frank and Ritchie (2001), Braun et al. 

(2006), and Davis et al. (2008), just to name a few. Frank and Ritchie (2001) attempted to use 

QG arguments to explain why the convective maximum moves. Braun et al. (2006) hypothesized 

that the asymmetric low-level convergence causes the shift. Davis et al. (2008) state that the 

convection acts to counteract the tilt itself through diabatic PV generation in order to realign the 

vortex. With three radically different explanations, it stands to reason that the causes and effects 

of this downshear-left convective maximum require deeper investigation. 

The last point that most certainly requires deeper investigation is the comparison of 

different centroid metrics. As mentioned, the PV centroid metric begins to fail when there exists 

a non-negligible amount of vorticity in the skirt region outside the RMW. PV centroids are 

appealing in that they can focus on the small-scale tilt of the vortex. Unfortunately, they are 

highly sensitive to inner core mixing. As model resolution improves, the possibility of mixing 

increases. As shown in this work and various previous works, this mixing is highly nonlinear 

when the vortex Rossby waves break. The PV centroid metric will lock onto these mesovortices 

and give a false representation of the center. The metric used here is the pressure-ring centroid, 
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where a pressure contour outside the deformation radius of the post-mixed ring is used. The 

appeal of this centroid method is to ignore the evolution of the core and focus on the large-scale 

motion of the vortex. A third method that has been used is the minimization of variance in the 

azimuth by Braun et al. (2006) The sensitivity of the metrics - for instance, how does the 

pressure-ring centroid change as the pressure contour is moved, and how does the PV centroid 

change as the search radius is decreased - is quite possibly the most worthwhile topic that needs 

further exploration, as a global standard would help keep analysis constant among research 

papers on this topic. 
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APPENDIX A 

INITIAL VORTICITY DISTRIBUTION 

These are the vorticity distributions used to prescribe the initial vortex for the adiabatic, 

inviscid runs. The Hermite polynomial (S(s) = 1 – 3s
2
 + 2s

3
, satisfying S(0) = 1, S(1) = 0, and 

S’(0) = S’(1) = 0) is used as a transition between two constants of vorticity. The general form of 

the vorticity profile follows Schubert et al. (1999). In cylindrical coordinates, the vorticity profile 

is: 

( ) ( )( ) ( )( )







−+++−=

+

+

,

,2/2/

,

,,

1

1

i

iiiiiiii

i

drdrSddrrSzr

ζ
ζζ

ζ
λζ   

11

11

++

−−

−≤≤+
+≤≤−

−≤≤+

iiii

iiii

iiii

drrdr

drrdr

drrdr

, 

Where i subscripts indicate a particular segment of the profile. rn and dn are constants that allow 

for the smooth transitions between vorticity segments. Table A.1 summarizes the values used for 

each vorticity profile. For the two runs that use a ring-like profile without a background shear, a 

small vorticity perturbation is initialized to encourage the barotropic instability mechanism: 
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where ζamp is the amplitude of the perturbation, 1.0 * 10
-5

 s
-1

, and rext is the termination radius at 

which the winds are set to zero. For the small amplitude perturbation, the values of r, d, and rext 

are from the run of the S99 ring without a skirt of vorticity. 
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Table A.1. Values of each segment in each profile: Ring with no skirt (Ring, NS), Monopole 

with no skirt (MP, NS), Ring with skirt (Ring, S), and Monopole with skirt (MP, S). Vorticity is 

in units of s
-1

. r and d are in units of km. 

Values Ring, NS MP, NS Ring, S MP, S 

ζ1 3.5759E-04 2.0730E-03 3.5759E-04 2.050E-03 

r1 37.5 57.5 37.5 57.5 

d1 7.5 7.5 7.5 7.5 

ζ2 3.3399E-03 -4.0653E-04 3.3399E-03 3.5759E-04 

r2 57.5 414.5 57.5 120.5 

d2 7.5 12.5 7.5 52.5 

ζ3 -4.0653E-05 0.0 3.5759E-04 -4.0653E-05 

r3 414.5 - 120.5 535.5 

d3 12.5 - 52.5 12.5 

ζ4 0.0 - -4.0653E-05 0.0 

r4 - - 535.5 - 

d4 - - 12.5 - 

ζ5 - - 0.0 - 

rext 450.0 450.0 550.0 550.0 
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APPENDIX B 

CM1 SIMULATION PARAMETERS 

This appendix will give the parameters used in the simulations. 

• CM1 release 12 

• Domain 

o 1708 km by 1708 km by 10 km for non-shear cases 

o 2002 km by 2002 km by 10 km for shear cases 

o dx = dy = 1 km 

o dz = 500 m 

• Rayleigh damping layer acting on (u,v,w) at outer 100 km of the domain on each 

horizontal side 

• Model duration of 48 hours 

• Output frequency of 15 minutes 

• Fifth-order advection scheme in both horizontal and vertical directions 

• No moisture 

• Implicit diffusion with advection scheme; no additional diffusion 

• TKE subgrid turbulence scheme 

• Zero flux at boundaries for both scalars and winds 

• Klemp-Wilhelmson time-splitting, fully explicit calculations in the vertical (psolver = 2) 

• Rotunno-Emanuel (1987) vortex initialization 

• Boundary conditions 

o No shear: all periodic 

o Including shear: periodic in east-west, rigid wall in north-south 

• Background sounding 

o No shear: dry, constant Brunt-Vaisala frequency (1.22e-2) 

o Including shear: meridional temperature gradient; BV: 1.22e-2 

• Background winds 

o No shear: no winds 

o Including shear: cosine zonal shear profile, -2 m/s at surface to 2 m/s at ceiling 

• No surface fluxes 

• f-plane; Coriolis parameter of 0.00005 

• Divergence damper of acoustic waves set to 0.50 
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