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ABSTRACT 

 This research focuses on the third-order response surface designs for global optimization 

and mapping of systems or processes. The current second-order response surface designs may 

not be accurate and efficient enough to describe the true model of the systems or processes in 

terms of multiple design criteria. This research addresses the needs for third-order designs by 

identifying corresponding inaccuracy issues and attempts to create efficient designs by 

investigating different ways of building third-order models. 

 This research proposes “functionality” as a new design property to guide the comparison 

of practicability and ease of use of different designs. Furthermore, it looks into generating 

multiple criteria optimal third-order designs for continuous cuboidal region using NSGA-II 

algorithm. IV-optimality and space filling have been selected as the two primary objectives for 

this multiple criteria third-order design problem. But the NSGA-II does not provide the results as 

expected for third-order designs. Nested faced centered design is the best overall design in IV-

optimality, space filling, orthogonality and functionality. A Pareto-optimal front is given to 

satisfy different practitioners’ needs. 

 

 

 



1 INTRODUCTION 

The following sections provide a brief outline of the design of experiment, response 

surface methodology, motivation and the objective of this research.     

1.1 Design of Experiment 

Design of experiment (DOE) is a strategy for planning, conducting and analyzing 

experiments. Typically DOE is used when there are several input factors that the 

experimenter can manipulate or control. The objective of many experiments is to study 

the relationship between an observable response variable and the controllable input 

factors.  An important focus of DOE is how best to design a data collection plan (known 

as an experiment design) so as to obtain information about the relationship in an efficient 

or optimal way. 

 For an example, suppose a person wants to conduct an experiment to characterize 

what factors will influence the cooking time for a cake. Suppose that blender speed, 

mixing time, and cooking temperature are the three factors of primary interest, while the 

amount of materials and the proportion of the materials in the mixture are fixed. To 

determine the influence that these three factors have on the cooking time, there are 

several approaches or strategies for planning and conducting the experiment.  

One strategy of experimentation that has been used in practice is the one-factor-at-

a-time (OFAT) approach. This method selects a starting point, called baseline set of 

levels, for each factor, and then varies one factor at each time over its range while 

keeping all remaining factors unchanged and held constant.  Once the testing is 

completed, a series of graphs are usually constructed to determine how each variable 

should be set to improve the model or system. This experimentation approach is lengthy 

and only takes into account changes in the one factor that was tested. A significant 

disadvantage of the OFAT experimentation approach is that it fails to detect any possible 

interactions between the factors. An interaction is the failure of one factor to produce the 

same effect on the response at different levels of another factor. 
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A more scientific experimentation strategy is called design of experiment (DOE) 

approach. The DOE approach can detect the interactions that are neglected by OFAT, 

because it varies factors together instead of one at a time. The objective of experimental 

design is to characterize the relationship between changes in system outputs due to 

corresponding changes in system input factors. The DOE approach identifies all desired 

factors (input variables) and responses (performance measures or outputs), and 

formulates a design matrix, or run schedule. An experimental design can be represented 

by a matrix of input variables, called design matrix D of n × k dimensions. Each column 

of D represents a factor and each row represents the value settings for the combination of 

factors for a single run. Each run can be represented by a design point in a k-dimensional 

design space, where k is the number of factors. Executing this run schedule will provide 

statistically validated empirical models of the responses in terms of the factors. Inherent 

to the DOE approach is the construction of empirical models describing the response 

behavior. It is studied that such empirical models are capable of predicting performance 

measures over the factor design space.  

1.2 Response Surface Methodology 

Response surface methodology (RSM) is a collection of statistical and 

mathematical techniques used to develop, improve and optimize processes. In industry, 

there are often situations where several independent variables or factors may potentially 

influence some “response”, i.e., performance measure or quality characteristic of the 

product or process.  These independent variables are subject to the control of the 

engineers for a run test or an experiment.  

Response surface designs are used to find improved or optimal process settings, 

troubleshoot process problems and weak points, and make a product or process more 

robust against external and non-controllable influences. The application areas of RSM 

include engineering, physics, chemistry, food science, and the biological and chemical 

sciences.   

In many industrial type of experiments, the goal is to investigate the relationship 

between the process variables or factors x1, x2, … , xk and quality characteristic y of the 
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product. A common strategy for such problems is to approximate the relationship 

between y and the process factors x1, x2, … , xk by a low-order polynomial. The 

coefficients of the polynomial are estimated from data collected during N experimental 

runs of the process. The settings of the xi’s for the N experimental runs are given by a 

response surface design. A response surface design for k factors can be expressed as a 

design matrix D with the dimension of N × k. To estimate the coefficients of the 

polynomial, the design matrix is expanded into a model matrix X with the dimension of N 

× p that has one column for each coefficient of the polynomial model including an 

intercept. The expansion of design matrix D into model matrix X depends on the order of 

the design. The estimate b of the coefficient vector is then obtained to form the least-

square formula:  

′ ′  

Response surface designs have the ability to fit first-, second- or third-order 

polynomials over spherical or cuboidal regions of searching space. The sequential 

experimentation strategy of response surface methodology recommends starting the 

design from the assumption of first order with interaction. If significant curvature is 

found, a higher-order model will be needed such as quadratic, full second order, or even a 

cubic model. A model involving only main effects and interactions may be appropriate to 

describe a response surface when the analysis of the results reveal no evidence of pure 

quadratic curvature in the response of interest, or the design matrix originally used 

includes the limits of the factor settings available to run the process. In the other 

circumstances, a complete description of the process behavior might require a quadratic 

or cubic model. If these designs provide detection for lack of fit, a higher-order model 

may be needed.  

Sequential experimentation is an iterative way to build increasingly complex 

models. Sequential model building allows users to obtain accurate information about 

main effects and two-factor interactions without resorting to full factorial designs. The 

first phase of experimentation evaluates the existence of any significant factor, while the 

second phase separates the main effects from the two-factor interactions. The third phase 

separates the two-factor iterations from each other, while the fourth phase separates the 
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pure quadratic terms from two-factor interactions, and so on so forth. Cost associated 

with higher order models due to their complexity. Higher order designs provide more 

accurate responses for the prediction of more complex systems. The goal of sequential 

model building is to determine the important variables of a model and eliminate 

insignificant variables of that model.  

To illustrate the concept of sequential experimentation, an example will be given 

below.  Figure 1 is a central composite design (CCD), a sequentially built design that has 

started from a basic factorial or fractionated factorial design, on the evidence of the 

existence of quadratic terms (x1
2
, x2

2
) beyond main effects (x1, x2) and two-factor 

interactions (x1�x2). In this two-factor design, A and B are two different factors, both with 

the range of (-1.41, +1.41). Axial points (represented by empty squares in Figure 1), 

(±1.41, 0) and (0, ±1.41), are added to the factorial points (represented by filled squares 

in Figure 1), (-1, -1), (+1, -1), (-1, +1), and (+1, +1), so that it can better predict second 

order surfaces.  In addition to the axial points, three center points (0,0) are added to 

provide estimation for the pure error.  

A:A

B
:B 3

-1.41 -0.71 0.00 0.71 1.41

-1.41

-0.71

0.00

0.71

1.41

 

Figure 1  A two-factor central composite design 
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1.3 Motivation 

Erickson (2007) performed designed wind tunnel experiments of two glide back 

booster (GBB) models in a simulated staged separation profile at supersonic speeds 

(Figure 2). The objective of the research was to develop estimated regression functions 

and response surfaces for the six aerodynamic forces and moments of reusable launch 

vehicles on both GBB models, i.e., twelve response variables in total. The primary three 

factors of interests were angle of attack (AoA), vertical separation distance (Δz), and axial 

separation distance (Δx). The preliminary results from the OFAT method suggested that 

higher-order models were required for describing the nonlinear aerodynamics 

encountered due to interacting shock waves.  

 

Figure 2 The GBB Models Installed in the Unitary Plan Wind Tunnel 

The approaches adopted in Erickson’s research are design of experiment featuring 

several adjacent faced-centered central composite designs (CCDs) (refer to 2.1.2), and 

sequential experimentation consisting of factorial points (shown as circles in the four 

corners of each square in Figure 3) with center points (shown as a circle in the center of 

each square in Figure 3) and axial points (shown as stars in the center of four edges of 

each square in Figure 3) with center points. Since faced centered CCDs cannot predict 

terms beyond quadratic, which are proved to be existing in the OFAT preliminary 

experiments, design augmentation are needed to capture the third-order characterization. 
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Figure 3  Layout of adjacent FCDs 

 Besides the insufficient order of the design, some other issues such as 

practicability of the design point selection in the actual testing environment require 

consideration. Erickson (2007) pointed out that the best DOE test matrix was often not 

practical because of wind tunnel facility operating constraints. For example, in a 

hypothetical test at National Aeronautics and Space Administration (NASA)’s unitary 

plan wind tunnel (UPWT), the time required to secure the test section for running the test 

matrix from initialization to stable operating condition set points may be an hour or more, 

and randomization requiring frequent access to the test section and pump down and 

atmospheric zeroes, i.e. back and forth from wind-on to wind-off conditions, would likely 

consume another hour or more of tunnel occupancy time. Facility power costs and time 

required to effect model changes and resume wind-on testing are factors that must be 

considered in the definition of the test matrix. Otherwise, an experiment design would not 

be practical. 

1.4 Problem Statement 

DOE is a planned and organized approach for studying cause and effect 

relationships between measurable inputs and outputs within any process. The importance 

of DOE being applied in NASA wind tunnel tests is its ability to provide higher quality 

data, while requiring fewer total data points than the OFAT.  
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However, there are still some questions that confront the researchers and 

practitioners. As it was mentioned by the UPWT problem in the last section, some 

questions to be answered are: 

Does the current response surface model describe the true model of the system? Is 

it sufficient in terms of the order of model or accurate enough? Higher-order models are 

needed if the answers to both of these questions are “no”. As mentioned by some research 

(Erikson (2007), Altus (2002), etc.), more attention should be paid to third-order designs.   

How many runs or tests are enough? How to locate these design points so that more 

design properties could be achieved in a better way? To determine if a design is efficient 

enough or not, an evaluation of multiple design properties must be performed.  

In respect of design properties, or design criteria, they are limited to be optimality, 

orthogonality, space-filling, and functionality in this research. Design optimality criteria, 

called alphabetic optimality criteria, are characterized by letters of the alphabet. Different 

alphabetic optimality focuses on different aspects of the designs. D-optimality minimizes 

the volume of the confidence region of β ; A-optimality minimizes the individual 

regression coefficient variances; G-optimality minimizes the maximum prediction 

variance in the region of the design; V-optimality minimize the average prediction 

variance over a specified set of points; Q-optimality, or IV-optimality, minimizes the 

average scaled prediction variance across the design region. Orthogonality is a measure 

to ensure the independence of the coefficient estimates in a design. An orthogonal design 

is a design that all points are orthogonal to each other. By varying all design points it is 

possible to predict a combined effect. Space-filling criterion helps to bound the bias of 

deterministic systems, which is the difference between the approximation model and the 

true mathematical function.  

Is the design practical or not? How easy is it to set up the design points or run the 

experiment under the restriction of a test environment? Functionality is such a term first 

proposed in this research to compare the practicability or ease of use of a particular 

design with another design.  It is more of a comparing guide than a rigid definition of 

design criterion. A good design should have more graphically symmetric design points in 
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the design space while maintaining a balanced number of levels for each factor. On the 

assumption that each design has an equal number of runs, a design having a minimum 

number of levels for each factor, a maximum number of evenly spaced levels for each 

factor, more integer values for each factor (or both factors), a minimum number of active 

factors in a run, would be most welcome by the practitioners. If there is such an ideal 

design with all of the best alpha-optimality and orthogonality, but worst functionality, the 

design will be impractical, because it is impossible to attain all of the experiment 

conditions for the ideal design in the real experimental environment.  For more details of 

functionality, refer to the comparisons of different designs in 4.4. 

Is single criterion optimal design the only way to generate designs? Can multiple 

criteria designs be more efficient? Computer experiments are often generated when 

standard designs, such as central composite designs (CCDs) etc., cannot be implemented, 

usually to optimize one particular criterion. However, a design with one optimal design 

property is not necessarily also superior in the other design properties. Practitioners may 

want to consider several criteria in analyzing and determining the best design to use.  

The purpose of the research is to develop a general class of third-order designs with 

a focus on one or more of the design properties (space-filling, orthogonality, one selected 

alphabetical optimality and functionality). The ultimate outcome in computer aided 

designs is a method for constructing a personalized third-order response surface design 

which is adaptive to the practitioner’s own special needs. Because the response surface 

designs involved in this research are situation depended, it is impossible to develop 

designs to satisfy all design properties and criteria. The goal is to maximize the number 

of design properties or criteria that will be accomplished in the ideal case. 
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1.5 Research Objective 

This research has two objectives. The first objective is to create several multiple 

objective optimal designs.  As a part of this objective, it is necessary to determine which 

design properties among orthogonality and several different alpha-optimality are more 

desirable and how to combine the properties together.  The problem of choosing the 

appropriate experimental design with multiple criteria can be viewed as a multiple 

objective optimization problem. To solve this multiple objective optimization problem, a 

multiple objective evolutionary algorithm will be selected to compute the desired design 

property.   

The second objective is to determine an appropriate method for design construction. 

Several options will be explored, such as building the design from scratch, from a set of 

candidate points, and by augmenting second-order designs. The different strategies 

include logic candidate points, alphabetic optimal design, orthogonal design, space-filling 

techniques. Other choices are continuous improvement of previously published third-

order designs.  Designs will be evaluated in the design properties of one selected 

alphabetical optimality, orthogonality, space-filling, and functionality.  By evaluating 

these design properties of all the created and augmented designs, a conclusion of which 

design or design construction is the best will be drawn in the end.  
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2  LITERATURE REVIEW 

2.1 Classic Second-order Designs 

In this section, a few classic second-order designs will be illustrated as below, 

including center composite design (CCD), faced center design (FCD), and Box-Behnken 

design (BBD). These designs will be used as the candidates of second-order designs to be 

augmented to third-order designs.  

2.1.1 Central Composite Design (CCD) 

Central composite design (CCD) was first introduced by Box and Wilson (1951). 

Much of the motivation of the CCD evolves from its use in sequential experimentation. It 

involves the use of a two-level of factorial (full or fractional) points combined with the 2k 

axial points. As a result, the design involves F factorial points, 2k axial points, and nc 

center runs. The sequential nature of the design becomes very obvious. The factorial 

points represent a variance-optimal design for a first-order model or a first-order plus 

two-factor interaction model. Center runs clearly provide information about the existence 

of curvature in the system. If curvature is found in the system, the addition of axial points 

allow for efficient estimation of the pure quadratic terms. 

While the genesis of this design is derived from sequential experimentation, the 

CCD is a very efficient design in situations that call for a non-sequential batch response 

surface experiment. In effect, the three components of the design play important and 

somewhat different roles. The resolution V fraction contributes in a major way in 

estimation of linear terms and two-factor interactions. It is variance-optimal for these 

terms. The factorial points are the only points that contribute to the estimation of the 

interaction terms; the axial points contribute in a large way to the estimation of quadratic 

terms. Without the axial points, only the sum of the quadratic terms (∑  can be 

estimated. The axial points do not contribute to the estimation of interaction terms; the 

center runs provide an internal estimate of error (pure error) and contribute toward the 

estimation of quadratic terms.  
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Table 1  A three-factor central composite design 

-1 -1 -1 

+1 -1 -1 

-1 1 -1 

+1 1 -1 

-1 -1 1 

1 -1 1 

-1 1 1 

CCD= 1 1 1 

-1.68 0 0 

1.68 0 0 

0 -1.68 0 

0 1.68 0 

0 0 -1.68 

0 0 1.68 

0 0 0 

Table 1 lists a three-factor central composite design (CCD) in a standard order. 

Correspondingly, Figure 4 shows this three-factor CCD in three-dimensional design 

space.  Original eight points of the 2
3
 full factorial designs points are indicated by open 

circles.  Then six axial points are added, as indicated by filled squares. Center points are 

added also, as indicated by filled circles. The number of center points varies, depending 

on the replication error that the experimenter would like to test for. The distance from 

each axial point to the center of the design space α is called axial distance. CCD can have 

different design properties by controlling the value of α.  In this case, α is set to be 1.68 

so that the design is rotatable, which is another desirable design property.  
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Figure 4 A three-factor central composite design in 3-D design space 

2.1.2 Face-centered Central Composite Design (FCD) 

Face centered design (FCD) is a special case of CCD in which α is equal to one 

and therefore makes FCD a three-level design. Table 2 lists all the design points. The 

fifteen points include eight factorial points, as indicated by open circles, and six axial 

points, as indicated by filled squares. The only difference between CCD and FCD is that 

the location of axial points. Different from axial points of CCD falling on the sphere 

space, axial points of FCD fall onto the surface of the cubic, as shown in Figure 5.  
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Table 2  A three-factor face centered design 

  -1 -1 -1 

  1 -1 -1 

  -1 1 -1 

  1 1 -1 

  -1 -1 1 

  1 -1 1 

  -1 1 1 

FCD= 1 1 1 

  -1 0 0 

  1 0 0 

  0 -1 0 

  0 1 0 

  0 0 -1 

  0 0 1 

  0 0 0 

 

Figure 5 A three-factor face centered design in 3-D design space 
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2.1.3 Box-Behnken Design (BBD) 

Box and Behnken (1960) developed a family of efficient three-level designs for 

fitting second-order response surfaces. The class of designs is based on the construction 

of balanced incomplete block designs. In many scientific studies that require RSM, 

researchers are inclined to require three evenly spaced levels. Therefore, the Box-

Behnken design (BBD) is an efficient option and indeed an important alternative to the 

CCD.  

This design is suitable for exploration of quadratic response surfaces and 

constructs a second order polynomial model, thus helping in optimizing a process using a 

small number of experimental runs. The design consists of replicated center points and 

the set of points lying at the midpoints of each edge of the multidimensional cube that 

defines the region of interest. 

 The three-factor BBD is given by the following design matrix, as shown in Table 

3. The last row in the design matrix implies a vector of center runs.  Corresponsdingly, 

the design points are shown in a three-dimentional space in Figure 6. 
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Table 3 A three-factor Box-Behnken design 

-1 -1 0 

1 -1 0 
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Figure 6 A three-factor BBD in 3-D design space 
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2.2 Space Filling Design 

Space filling designs are useful for modeling systems that are deterministic or near 

deterministic. Computer simulation can generate such a deterministic system. These 

simulations can be very complex by involving many independent variables with 

complicated interactions. Different from minimizing the prediction variance for most 

experiments on the systems with random noise, the goal of designs on deterministic 

systems is to minimize the bias, the difference between the approximation model and the 

true mathematical function. The goal of space filling designs is to bound the bias. 

The following sections will give two typically different approaches for generating 

space-filling designs. Sphere packing method spreads the design points out as far from 

each other as possible consistent with staying inside the experimental boundaries, while 

Latin hypercube design (LHD) spaces the points out evenly over the region of interest.  

2.2.1 Sphere Packing Method 

The sphere packing design method maximizes the minimum distance between 

pairs of design points. The effect of this maximization is to spread the points out as much 

as possible inside the design region. (Reference) 

For a given design, the pair-wise Euclidean distances of all the design points, say 

n, are calculated first, and the minimum of these distances is found. Then after randomly 

placing a point in the design space, the pair-wise Euclidean distances of all the design 

points, say n+1, are calculated again, and also the minimum of these distances is found.  

The goal of this method is to maximize the minimum pair-wise distances of all design 

points whenever placing an extra design point in the design space based on a previous 

design.  

The 11-run 2 factor CCD example mentioned is displayed below. In Figure 6 a 

plot of these points is displayed. The pair-wise distances of the initial points are 

calculated and the results are shown as a histogram in Figure 7. The minimum pair-wise 

distance is zero since there are three center points in the design. Suppose there is another 

design with the same design points as this CCD except for the three center points. If one 
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extra point is to be placed in the design space, the goal is to maximize the minimum pair-

wise distance of all the points, i.e., the previous eight points plus such an extra point. The 

best place to put this point will be at the center because there is nowhere else can make 

the minimum pair-wise distance lager.    

A:A

B
:B 3

-1.00 -0.50 0.00 0.50 1.00

-1.00

-0.50

0.00

0.50

1.00

 

Figure 7   Design points of 11-run 2-factor CCD in 2-D design space 

 

Figure 8   Histogram of the PWED of the 11-run 2-factor CCD 
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2.2.2 Latin Hypercube Design (LHD) 

Latin hypercube designs (McKay, Beckman, & Conover, 1979) generate Latin 

hypercube plans with the values for each factor chosen at random from within n equal 

width bins. In a Latin Hypercube, each factor has as many levels as there are runs in the 

design. The levels are spaced evenly from the lower bound to the upper bound of the 

factor. Like the sphere packing method, the LHD chooses points to maximize the 

minimum distance between design points, but with a constraint. The constraint maintains 

the even spacing between factor levels. 

Figure 9 shows an LHD cited by Myers & Montgomery (2002) for two factors, 

each ranging 0 to 16. The levels in each column of the design matrix are randomly 

arranged to construct the design.  

 

Figure 9  LHD on two factors 

2.3 Alphabetical Optimal Design 

Alphabetical optimal design is still novel for computer experiments. Traditionally, 

design criteria have focused on the prediction error of the true output over the entire 

design space, such as Mean Square Error (MSE). In reality, the ultimate objective is to 

identify the design region in which system performance is optimized. Therefore, it may 
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be more fruitful to give more attention to the design criteria of alphabetical optimality to 

optimize the performance of the system. 

2.3.1 I-optimal Design 

Integrated Variance (IV)-optimality is an important design optimality criterion 

that addresses prediction variance. IV-optimality is also called Q-optimality or I-

optimality. The IV-optimal design is given by 

( ) 1 ( )1
[ ( )] ( )m m

R

Min x M x dx MinQ
Kζ ζ

ζ ζ′ −⎧ ⎫
=⎨ ⎬

⎩ ⎭
∫  

where , which is the volume of the region. On the assumption that the 

region is cuboidal region , the Q-criteria can be written  

R

K d= ∫ x

11 jx− ≤ ≤

( ) 1 ( )( ) [ ]
2

m m

k

R

N
Q x X X xζ ′ −′= ∫ dx  

Equation 1 

where k is the number of decision variables, m is the number of parameters (or 

predictors) in the model. 

2.3.2 D-optimal Design 

The best-known and mostly widely used criterion is D-optimality. D-optimal 

design is found to be more effective in traditional experiments with random noise.  D-

optimality is based on the notion that the experimental design should be chosen so as to 

achieve certain properties in the moment matrix
X X

M
N

′
= . A D-optimal design is one in 

which the important norm / pM X X N′= on the moment matrix is maximized; that is,

( )Max M
ζ

ζ , where Max implies that the maximum is taken over all design ζ . As a 

result, the definition of D-efficiency of a design *ζ  is naturally as

*

1/
( )

( )
( )

p

eff

M
D

Max M
ζ

ζ

ζ
= , 

where p is the number of parameters in the model and the 1/p power takes account of the 
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p parameter estimates being assessed when one computes the determinant of the 

variance-covariance matrix. The definition of D-efficiency allows for comparing designs 

that have different sample sizes by comparing D-efficiencies. 

2.4 Third-order Designs 

Response surface methodology has been universally adopted in the research of 

aerodynamics to better characterize an aircraft’s aerodynamic behavior while 

simultaneously reducing test time.  In the most recent few years, there are a lot of 

research (Murphy, Erickson, & Goodliff, 2004; Erickson, 2007; Landman, Simpson, 

Mariani, Ortiz, & Britcher, 2007; Altus, 2002) in this area indicating the great necessity 

of third-order designs. Following section will list a third-order design called Nested 

Faced Center Design.  

2.4.1 Nested Faced Center Design (NFCD) 

Landman and Simpson et al. (2007) investigated a wind-tunnel testing of high-

performance aircraft. In an exploratory study, they developed a hybrid design called a 

“nested face-centered design” (NFCD) when classic CCDs were found to have 

inadequate prediction qualities over a cuboidal design space with factors at five levels to 

allow for potential joining of individual model subspaces. Inspired by a “nested” type of 

approach of rotatable designs in three or four factors (Draper, 1960s), they come up with 

the idea of nested FCD. To leverage some of the advantages of the fractional factorial and 

the FCD with a new approach allowing five levels, equal increments in the control 

surface levels are adopted. The full nested FCD in two factors is shown in Table 4 and 

geographically shown in Figure 10. With more factors, the nested FCD geometry 

becomes hypercubes, in which case the inner cube and outer cube could be fractionated 

and therefore be alternate fractions. 
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Table 4 A two-factor NFCD 

Std No. x1 x2 

1 -1 -1 

2 1 -1 

3 -1 1 

4 1 1 

5 0 -1 

6 0 1 

7 -1 0 

8 1 0 

9 -0.5 -0.5 

10 0.5 -0.5 

11 -0.5 0.5 

12 0.5 0.5 

13 0 -0.5 

14 0 0.5 

15 -0.5 0 

16 0.5 0 

17 0 0 
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Figure 10 A two-factor NFCD in 2-D design space  
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3 METHODOLOGY 

Recent studies have emphasized the innovative ideas of constructing new designs, 

such as D-optimal with with embedded PBD (Steffen, 2002), embedded faced center 

design  (Landman, Simpson, Mariani, Ortiz, & Britcher, 2007), and combining 

orthogonal Latin hypercubes and uniform designs together  (Cioppa, 2002) etc. 

Furthermore, a previous study (Ortiz, 2006) has shown that among the design optimality 

criteria of D-optimality, IV-optimality, space-filling, and orthogonality, the design that 

considers a combination of IV-optimality and space-filling is superior to designs that 

consider other pair-wise optimality criteria.  Using the result of this study, we consider 

that the IV-optimality and space-filling are the two objectives of the design for the multi-

objective optimization problem in this thesis. 

The non-dominated sorting genetic algorithm (NSGA-II) (Deb K. , 2001), one of the 

multiple objective evolutionary algorithms (MOEA), is chosen as the algorithm to 

generate the third-order multiple objective optimal designs. Before the decision of using 

this algorithm is made, the Matlab multi-objective GA solver has also been tested and 

compared with NSGA-II. The comparison result of simulation reveals that the NSGA-II 

shows better accuracy, although both algorithms have nearly equivalent computing time. 

The generated design will be compared with a few other designs in terms of two tiers of 

design properties. Following sections will give a general introduction to MOEA, the 

selected algorithm in this research, NSGA-II, and the design criteria for evaluation 

purpose. 

3.1 Multiple Objective Evolutionary Algorithm (MOEA) 

To consider a multiple objective optimization problem, a weighted genetic 

algorithm would normally have been adopted for transforming to a single objective 

optimization problem. The weight-based classical method would be sufficient to find the 

corresponding optimal solutions if a user knows the exact trade-off among objective 

functions. However, unfortunately, a user is usually not sure of an exact trade-off 

relationship among objectives. In this scenario, from a practical standpoint, it is better to 
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find a set of Pareto-optimal solutions first and then choose one solution from the set by 

using some other higher-level information or considerations.  

There is such an approach for solving multi-objective optimization problems to find 

a set of trade-off optimal solutions, or Pareto fronts, where further improvement in one 

objective will lead to a decrease in any of the other objectives considered. Evolutionary 

algorithm proved to be able to generate and store a population of potential solutions in 

each of iteration as opposed to other classical search and optimization algorithms. This 

feature alone gives evolutionary algorithm a tremendous advantage for solving multiple 

objective optimization problems.  

3.2 NSGA-II 

This research selects one of the best known MOEAs for Pareto optimization, the 

non-dominated sorting GA (NSGA-II). It was created by Deb et al. in 2000 (Deb K. , 

2001) and proved to be superior and more efficient to the other evolutionary algorithms. 

Unlike the other elitist MOEA using an elite-preservation strategy, it uses an explicit 

diversity-preserving mechanism.  

The population is initialized at first. After being initialized, two populations 

(offspring population and parent population) are combined together and then sorted based 

on non-domination into each Pareto front. The first front is a completely non-dominant 

set in the current population. It continued with the second front being dominated by the 

individuals in the first front only, and followed by the third non-dominated front, and so 

on and so forth. Each individual in each front is assigned a rank (ri) based on their 

associated front. For example, individuals in i
th

 front are given fitness values of i, where 

, and N is the population size . [0, )i N∈

Besides rank (ri), a new parameter called crowding distance is calculated for each 

individual. The crowding distance (di) of a solution i is a measure of search space around 

i which is not occupied by any other solution in the population, i.e., how close an 

individual is to its neighbors. Larger average crowding distance corresponds to more 

diverse the population.  
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Then parents are selected from the population by binary tournament selection based 

on the rank and crowding distance. The selected population generates offsprings from 

crossover and mutation operators, which will be discussed in detail in a later section. 

The combined population with the current parent and offspring populations is 

sorted again based on non-domination and only the best N individuals are selected from 

the combined population of 2N, where N is the population size. The selection is based on 

rank and crowding distance in the last front. 

3.2.1 Design Encoding 

The initial step in the implementation of the genetic algorithm is the encoding of 

potential solutions. To accommodate the NSGA-II, a design matrix D of dimension n by 

dimension v is converted into a vector of one by V, where V= n*v. Chromosome use real-

value coded and represent a potential design. For example, consider the following 11-run 

by 2-factor central composite design (CCD) in Table 5. 

Table 5  A 11-run 2-factors CCD design matrix 

Std No. x1 x2 

1 -1 -1 

2 1 -1 

3 -1 1 

4 1 1 

5 -1 0 

6 1 0 

7 0 -1 

8 0 1 

9 0 0 

10 0 0 

11 0 0 

 After being transformed, the corresponding chromosome is shown in Table 6. 
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Table 6  Chromosome representation of 11-run 2-factor CCD 

x11 x12 x21 x22 x31 x32 x41 x42 x51 x52 x61 x62 x71 x72 x81 x82 x91 x92 x101 x102 x111 x112

-1 -1 1 -1 -1 1 1 1 -1 0 1 0 0 -1 0 1 0 0 0 0 0 0 

3.2.2 Tournament Selection 

In the tournament selection, tournaments are played between two solutions and 

the better solution is chosen and placed in the mating pool. Two other solutions are 

picked again and another slot in the mating pool is filled with the better solution. If 

carried out systematically, each solution can be made to participate in exactly two 

tournaments. The best solution in a population will win both times, thereby making two 

copies of it in the new population. Using a similar argument, the worst solution will lose 

in both tournaments and will be eliminated from the population. 

After the individuals are sorted based on non-domination and assigned crowding 

distance, the selection is carried out using a crowded comparison operator ( ). It 

assumes that every solution i has two attributes: 

c≺

(1) A non-domination rank   in the population. Individuals in front will have 

their rank as . 

ir iF

ir i=

(2) A local crowding distance ( )jd in the population. 

A solution i can win the tournament selection ( ) if any of the following 

conditions is true:  

ci j≺

(1) If the rank of solution i is lesser than that of the other solution j, i.e., . i jr r<

(2) If they have the same rank, i.e., they are in the same front, but crowding 

distance of solution i has a better than solution j, i.e., i j ir r and d d j= > .   

3.2.3 Simulated Binary Crossover 

Simulate Binary Crossover (SBX) simulates the working principle of the single –

point crossover operator on binary strings for real-value coded problems (Agrawal & Deb, 
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1995; Deb & Kumar, 1995). The step-by-step procedure is followed to compute the two 

offspring  and  from two parent solutions (1, 1)t

ix + (1, 2)t

ix + (1, )t

ix and (2, )t

ix : 

Step 1. Choose a random number [0,1)iu ∈ . 

Step 2. Calculate qiβ
 using:  

1

1

1

1

(2 ) , 0.5;

1
( ) ,
2(1 )

c

c

ii

qi

i

if uu

otherwise
u

η

η
β

+

+

⎧
≤⎪⎪= ⎨

⎪
⎪ −⎩

.

 

where cη is the distribution index is any non-negative real number, and qiβ  is the 

number that makes the area under the probability curve form 0 to qiβ  equal to the chosen 

random number . For a fixed iu cη , the offspring have a spread which is proportional to 

that of the parent solutions:  

(2, 1) (1, 1)

(2, ) (1, )

t t

i i
qi t t

i i

x x

x x
β

+ +−
=

−
, 

Therefore, cη controls the spreadness of the children from the parents. A larger the 

value of cη  corresponds to a higher probability for creating ‘near-parent’ solutions; A 

smaller the value of cη  corresponds to a higher probability for creating distant solutions.  

Step 3. Compute the offspring by using  

(1, 1) (1, ) (2, )

(2, 1) (1, ) (2, )

0.5[(1 ) (1 ) ],

0.5[(1 ) (1 ) ].

t t

i qi i qi

t t

i qi i qi

x x

x x

β β

β β

+

+

= + + −

= − + +

t

i

t

i

x

x
 

3.2.4 Polynomial Mutation 

The mutation operator is an approach similar to the SBX operator, called 

polynomial mutation (Deb & Goyal, 1996). The calculation method is as below: 

(1, 1) (1, 1) ( ) ( )( )t t U L

i i i iy x x x iδ
+ += + − , 
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where ( )U

ix and ( )L

ix are the upper and lower bounds of the search space and the 

parameter iδ is calculated from the polynomial probability distribution 

( ) 0.5( 1 ) m

mP 1)(
ηη δ−= + :  δ

1/( 1)

1/( 1)

(2 ) 1, 0.5,

1 [2(1 )] , 0.5.

m

m

i i

i

i i

r if r

r if r

η

η
δ

+

+

⎧ − <⎪= ⎨
− − ≥⎪⎩

 

where  is a random number[0 , and the mutation distribution index ir ,1) mη is a 

user-specified non-negative real. A larger the value of mη  corresponds to a higher 

probability for creating ‘near-parent’ solutions; A smaller the value of mη  corresponds to 

a higher probability for creating distant solutions.  

3.2.5 Constraint Handling 

To handle constraints on the design space and candidate points a correction 

procedure is used to ensure all generated solutions are feasible. In this research, cuboidal 

region is considered as the design space. Coded units (-1, 1) are used to represent 

potential designs and therefore -1 and 1 represent the lower and upper bounds a design 

point can assume. Before each potential solution is evaluated, each chromosome is 

checked to see whether it violates any boundary of the design space. If there are 

violations, all offending design points are corrected to be returned to the boundary.  

3.2.6 Parameter Settings 

The parameter settings used in this research refers to the original settings in Deb 

et. al. (2002). Population size and the number of generations depend on the size and 

complexity of the problem. During simulation, time consuming is determined to be a 

critical issue of running through the NSGA-II. Because the original setting for population 

size of 100 makes the algorithm run too slowly, attempts have been made to balance 

between the running time and the results. After several trials of setting up the values for 

population size and the number of generations, population size of 50 and generations of 

100 are determined to be the best. 
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Table 7   NSGA-II parameter settings 

Population Size(pop) 50 

Crossover Probability(Pc) 0.9

Mutation Probability(Pm) 1/n

Distribution index for crossover( cη ) 20 

Distribution index for mutation( mη ) 20 

where n is the number of variables in each individual.  

3.3 Design Criteria  

With reference to the fourteen design criteria proposed by Box and Draper (Box & 

Draper, 1975), several criteria worthy of consideration for third-order design are: 

orthogonal blocking; sequential experiment philosophy; minimum number of runs; 

simple data patterns that allow ready visual appreciation; simplicity of calculation; 

minimum number of levels. 

The specific goals of some of these criteria are summarized in Table 8. is a 

model matrix based on the design matrix 

X

D  and the type of the model, is the design 

size, 

N

x  is a point in the design region χ , and 1( ) ( )... ( )pf x f x f x=  is a vector of p real-

value functions based on p model terms. 
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Table 8 List of some desirable design criteria 

Criteria Objective Description 

D-optimality Minimize 
1( )X X′ −

 

Inversely proportional to the 

square of the volume of the 

confidence hyper-ellipsoid.  

Larger X X′  implies better 

estimation of the model 

parameter. 

IV-optimality 

Minimize average

1( )( ) ( )Nf x X X f x−′ ′  over x χ∈

Minimize the average scaled 

average prediction variance across 

the design region. 

Orthogonality 

Measure 1 

Minimize the condition number 

of the correlation matrix ( X X′ ) 

A value of one represents an 

orthogonal design. Larger values 

indicate multicollinearity. 

Orthogonality 

Measure 2 

Minimize the sum of  pair-wise 

dot products of  the correlation 

matrix X X′  

A value of zero represents an 

orthogonal design. Larger values 

indicate multicollinearity. 

Space-Filling 
Minimize 2 ( )(ij i j i jd x x x x )′= − −  

for all x  , i j≠  

Minimize the Euclidean distance 

between all points in the design. 

There are some previous studies in multiple design criteria. From previous studies 

(Ortiz, F. 2006), among all possible pair-wise combinations of D-optimality, IV-

optimality, orthogonality, and space-filling, the combination of IV-optimality and space-

filling produced a set of designs that are favorable in terms of all criteria considered. 

Under this presumption, this research selects IV-optimality and space-filling as the two 

primary objectives of the designs.  Since IV-optimality and space-filling has been 

introduced in Chapter 2, the following section only selects orthogonality to elaborate on.  
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3.3.1 Orthogonality 

Orthogonality is a measure to ensure the independence among the coefficient 

estimates in a design. Orthogonal design means that all points are orthogonal to each 

other and then by varying all the design points it is possible to predict a combined effect. 

Orthogonality is a desirable property because the maximum contribution of each variable 

can be determined if the design is orthogonal. Orthogonality enhances the ability to 

analyze and estimate effects, interactions, and jump discontinuities to the most extend. 

One measure is to consider pair-wise orthogonality. It is a common technique to 

ensure that each variable or variable combination of a design is orthogonal to each other. 

The dot product of each variable level of the design matrix is performed and then the sum 

of these dot products is calculated. If the sum of the dot products is zero, the design is 

orthogonal. Again, the 11-run 2-factor CCD is used as an example (Table 9). The 

orthogonality of the first-order design is zero and thus it is an orthogonal design.  

Table 9    Orthogonality calculations tabular 

Run No. x1 x2 x1 • x2

1 -1 -1 1 

2 1 -1 -1 

3 -1 1 -1 

4 1 1 1 

5 -1 0 0 

6 1 0 0 

7 0 -1 0 

8 0 1 0 

9 0 0 0 

10 0 0 0 

11 0 0 0 

Sum of Dot Product 0 

31 
 



Another measure is to calculate the condition number of X X′ , where X is the model 

matrix based on the design matrix D and a specified order of model. The condition 

number reveals the degree of orthogonality of a corresponding model matrix X. A 

condition number of one would suggest the design is orthogonal. A large value of 

condition number indicates the candidate design may be multicollinearity. The condition 

number is calculated in the following equation: 

′  

where maxλ is the largest Eigen value of X X′ , minλ is the largest Eigen value of X X′ .  

A condition number as close to 1 as possible is most desirable.   
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4 PROCEDURE  

This chapter illustrates the procedure of creating space filling and IV-optimality 

designs using NSGA-II algorithm. Meanwhile, a third-order I-optimal design from 

candidate points set, a third-order CCD augmented by I-optimal, a third-order space 

filling design augmented by I-optimal and a third-order NFCD are listed and analyzed.  

All these third-order designs are evaluated in terms of IV-optimality, space filling, 

orthogonality, and functionality. A final conclusion about which design performs best 

comprehensively is drawn at the very last step.   

4.1 Preliminary Results 

Initially two algorithms are applied to minimize both IV-optimality and space 

filling.  

One algorithm is NSGA-II (Deb, Pratap, Agarwal, & Meyarivan, 2002). The 

outline of the NSGA-II algorithm is as the following. A vector of V variables is 

considered to be an individual for the evolutionary algorithm. A population of such 

individuals will be initialized at the first beginning. Based on rank and crowding distance, 

parents are selected from the population by using binary tournament selection. The 

selected population generates offsprings from SBX crossover and polynomial mutation 

operators. The combined population with the current parent and offspring populations is 

sorted based on non-domination sorting procedure and only the best N individuals are 

selected, where N is the population size. To apply the evolutionary algorithm, a design 

matrix D, representing a particular design of n runs and v variables, has to be converted 

into a vector of n*v variables. IV-optimality of design D will be calculated using the 

Equation 1. In regard of space-filling, pair-wise Euclidean distance will be calculated.  

Five typical designs are selected as representation of NSGA-II designs. 

The other algorithm uses the “gamultiobj” function of the Matlab multi-objective 

optimization solver in the most recent version of Matlab (R2008a). This algorithm has a 

parameter of “Pareto front ratio” to determine what percentage of the population will be 

displayed in the final Pareto fronts. The Matlab solver has run twice. The Pareto front 
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ratio for the first run is 0.35, and thus eighteen, i.e., 35% of the population size 50, will 

be displayed in the final Pareto-front. While the Pareto front ratio for second run is 0.15, 

and thus eight, i.e., 15% of the population size 50, will be displayed in the final Pareto-

front. Four typical designs are selected out of eighteen designs as representation of 

Matlab solver designs for the first run, and two out of eight designs for the second run.   

By comparing preliminary results for both objectives of IV-optimality and space 

filling (Table 10-12), all of the selected NSGA-II designs have smaller, i.e., better values 

than selected Matlab solver designs, while the running time of each algorithm is 

equivalent. Because NSGA-II is superior to the Matlab solver both in efficiency and 

accuracy for this two-objective optimization problem, NSGA-II has been chosen to 

perform the design construction. 

Table 10  Solver run 1 preliminary results 

Solver Run 1 D7 D11 D13 D16 

IV optimality 6.30 5.80 6.04 6.46 

Space Filling -0.33 -0.23 -0.23 -0.36 

Orthogonality 0.50 0.10 0.01 0.52 

 

Table 11  Solver run 2 preliminary results 

Solver Run 2 D4 D5 

IV optimality 6.95 6.56 

Space Filling -0.41 -0.11 

Orthogonality 0.33 1.13 

 

Table 12  NSGA-II run 1 preliminary results 

NSGA-II Run 1 D4 D14 D21 D42 D49 

IV optimality 4.25 4.07 4.12 4.48 4.37 

Space Filling -0.62 -0.56 -0.61 -0.67 -0.59 

Orthogonality 0.67 0.10 0.22 0.05 0.11 
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4.2 Example 

This section illustrates the evaluation process through an example of 11-run 2-

factor CCD.  

1 2

0

0

0

0

0 0

0 0

0 0

x x

D

− −⎡ ⎤
⎢ ⎥+ −⎢ ⎥
⎢ ⎥− +
⎢ ⎥+ +⎢ ⎥
⎢ ⎥−
⎢ ⎥

= +⎢ ⎥
⎢ ⎥−
⎢ ⎥

+⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎣ ⎦

 

A design matrix is given as above. Each factor has -1 as low level and +1 as high 

level. This includes four factorial runs, four axial runs and three center runs. Based on the 

model, say, quadratic model, a model matrix X is derived from the design matrix D and 

the correlation matrix X’X is derived afterwards, as below.   
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. 

Using Equation 1 to calculate IV-optimality and pair-wise Euclidean distance to 

calculate the space filling of the second-order design D, the results are given in Table 13. 

Table 13  Evaluation of 11-run 2-factor CCD 

IV-optimality 3.59 

Space Filling 0 

Orthogonality (Condition of Correlation Matrix) 9.5 

4.3 Designs by NSGA-II  

4.3.1 Design Construction 

First, parameters are set up in the initialization part of NSGA-II codes. The 

number of generation is set to be 100. Since a third-order model of all second order terms 

plus cubic terms is to be considered, model parameter is set to be 4, according to Table 

14. A desirable design consists of 17 runs for 2 variables in a cuboidal region. Therefore, 

a population of 50 individuals will be initialized as 34 random numbers within [-1, 1]. At 

the last step of the initialization part, the two objective functions will be evaluated for the 

first time.   

Table 14 Model Setting-up Table 

Model Number Model Type 

1 1st order 

2 1st order + 2FI 

3 Full 2nd order (1st + 2FI + Quadratic) 

4 Full 2nd order + Cubic 

5 Full 2nd order + Cubic + 3FI 

6 Full 3rd order (Full 2nd order + Cubic + 3FI + Quadratic*1st order)
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Second, the population is sorted based on non-domination sorting. This returns 

two columns for each individual which are the rank and the crowding distance 

corresponding to their position in the front they belong to.  

Third, the evolution process is performed. In each generation, parents are selected 

for reproduction to generate offsprings using binary tournament selection, and crossover 

and mutation operators are performed afterwards.  According to original NSGA-II 

parameter settings (Table 7), crossover probability is 0.9 and mutation probability is  , 

where n is number of decision variables; crossover distribution index and mutation 

distribution index are both 20. After the crossover and mutation process, the population, 

called intermediate population, consists of combined population of parents and offsprings 

of the current population. The size of intermediate population is almost one and half 

times the initial population.  

 Forth, intermediate population is sorted based on non-dominated sorting before 

the replace operator is performed on the intermediate population. 

The last step is the selection. After the intermediate population is sorted, only the 

best solution is selected based on it rank and crowding distance. Each front is filled in 

ascending order until the addition of population size is reached. The last front is included 

in the population based on the individuals with least crowding distance. 

After the designs are generated by NSGA-II, runtime for each generation are 

printed out, solutions are saved in text file, and Pareto-optimal fronts are plotted. Figure 

11is given for visualization of this IV-optimality and space filling Pareto-optimal 

problem. 
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Figure 11 The Pareto-optimal front of IV and SF Design by NSGA-II 

4.3.2 Design Selection 

From the Pareto front, the trade-off relations are clearly displayed. 50 designs are 

shown in the final solutions of NSGA-II since the population size is set to be 50. 

Comparing these 50 designs with all the other four designs are meaningless since all of 

them are belong to the same category of IV-optimal and space filling Pareto-optimal 

design. In reality, a practitioner will have a preference of one design property to the other 

between the two optimization objectives. Since the preference between the two objectives 

of IV-optimality and space filling is unknown, a clustering method has been applied to 

select several typical designs for the purpose of evaluation. Typically, five to eight 

designs would be sufficient. Six designs are chosen in this research. The design 

properties of IV-optimality and space filling of these six designs are Pareto-optimal to 

each other.  

Hierarchical clustering approach has been adopted. It is also called agglomerative 

clustering because of its combining process. The method starts with each point (row) as 

its own cluster. At each step the clustering process calculates the distance between each 
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cluster, and combines the two clusters that are closet together. This combining continues 

until all the points are in one final cluster. The clustering tree was cut off according to the 

number of clusters that the user specified. The combining record is portrayed as a tree 

with the single points as leaves, the final single cluster of all points as the trunk, and the 

intermediate cluster combination as branches. The whole graphical representation of it is 

called a dendrogram (Figure 12). The clustering method is applied by using the function 

of JMP. 

 

Figure 12 Snapshot of dendrogram of hierarchical clustering in JMP 
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Figure 13 The Pareto-optimal front of IV and SF after clustering 

Six clusters are distinguished by different colors (Figure 13) after being performed 

the clustering method. Then a series of typical design are chosen from each of the six 

clusters: 25
th

, 48
th

, 30
th

, 50
th

, 41
th

, and 33
th

 population of solutions (Figure 14). 
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4.4 Design Comparison and Evaluation 

Several designs are chosen to compare with the IV-optimality and space filling 

design generated by NSGA-II. To make all these designs comparable to each other, the 

number of runs for each kind of design is set to be seventeen when generating new 

designs or augmenting the original designs. All these designs will be compared with each 

other in terms of IV-optimality, space filling, orthogonality and functionality afterwards. 

4.4.1 NSGA-II Third-order Designs 

Six NSGA-II designs are selected by clustering method in 4.3.2. The first three 

design properties of IV-optimality, space filling, and orthogonality are listed in Table 15. 

They will be evaluated and compared with the other third-order designs in 4.4.6. 

Table 15  Selected IV and SF Pareto-optimal designs 

 
NSGA-II

D25 

 NSGA-II

D48 

 NSGA-II

D30 

 NSGA-II 

D50 

NSGA-II 

D41 

NSGA-II 

D33 

IV-optimality 6.54 6.68 6.77 6.91 7.01 7.13 

Space Filling -0.32 -0.32 -0.34 -0.34 -0.37 -0.41 

Orthogonality 65.26 63.47 65.25 64.89 70.42 80.45 
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Figure 15  NSGA-II Design 25 in 2-D design space 
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Table 16 NSGA-II Design D25 rounded off to 3 decimal places 

Run No. x1_3 decimal x2_3 decimal

1 -0.998 -0.519 

2 -0.464 -0.956 

3 0.999 -0.030 

4 0.998 0.449 

5 -0.938 0.551 

6 0.379 0.352 

7 -0.046 -0.581 

8 0.510 -0.546 

9 -0.313 0.999 

10 0.996 -0.391 

11 -0.498 0.381 

12 0.725 1.000 

13 0.224 -0.315 

14 0.482 -0.122 

15 0.840 -1.000 

16 0.152 0.571 

17 -0.701 -0.366 

Table 17 NSGA-II Design D25 rounded off to 1 decimal place 

Run No. x1_1 decimal x2_1decimal

1 -1.0 -0.5 

2 -0.5 -1.0 

3 1.0 0.0 

4 1.0 0.4 

5 -0.9 0.6 

6 0.4 0.4 

7 0.0 -0.6 

8 0.5 -0.5 

9 -0.3 1.0 

10 1.0 -0.4 

11 -0.5 0.4 

12 0.7 1.0 

13 0.2 -0.3 

14 0.5 -0.1 

15 0.8 -1.0 

16 0.2 0.6 

17 -0.7 -0.4 

42 
 



The design points of D25, one of these six designs, are shown in Figure 15. The 

design points of the other five designs are shown in the Appendix (Figure 22-26).  In 

regard to the functionality of the designs generated by NSGA-II algorithm, none of these 

six designs is good. Because design points in these six designs have similar dispersion 

pattern, one design, NSGA-II Design D25, is selected to make an illustration for 

functionality.  The graphical form of the design points is shown in Figure 15. The total 

number of runs is seventeen. For both factors, there are 17 different levels (Table 16). If 

rounding off the answer correct to 2 decimal places, there are still 15 different level for x1 

and 16 different levels for x2. If rounding off the answer correct to 1 decimal place, the 

number of different levels is 12 for x1 and is 10 for x2 (Table 17). The other aspects of 

functionality of NSGA-II Design D25 are summarized in the Table 18.  

Table 18  Functionality criteria of NSGA-II Design D25 

Functionality  D25_3 decimal D25_1 decimal 

Number of Levels 17,17 12,10 

Number of Evenly Spaced Levels 1,1 3,3 

Ratio of Number of Evenly Spaced 

Levels and Number of levels 
6%,6% 25%,30% 

Number of Integer Values Points 0,2 5,5 

Avg. Number of Active Points in a Run 2.00 1.88 

4.4.2 A Full Third-order I-optimal Design from Candidate Points 

To create a third-order from scratch, it is most common to generate it based on a 

set of candidate points. Currently, commercial software packages such as DESIGN 

EXPERT (DX) and JMP enable us to generate customer defined designs or augment 

current designs by specifying a set of candidate points. Design Expert provides the option 

of creating user-defined designs of a certain type of model by combining a series of 

candidate points. By the term “type of model” (with reference to Table 14), it may be 

quadratic, cubic, full third order model, etc. The candidate points for consideration are 

shown in Figure 16: vertices (black color), centers of edges (red color), thirds of edges 

(green color), triple blends (navy blue color), constrain plane centroids (light blue color), 

axial check points (grey color), interior points (purple color), and overall centroid (light 

blue color).   
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The candidate points set of JMP is slightly different from DX. The candidate 

points set of JMP includes fourth of edges instead of thirds of edges in DX. Despite the 

fact the candidate point set method can create designs within a very short period of time; 

the generated designs are not actually searching through a continuous design space. 

Design-Expert?Software

Correlation: 0.000
Color points by
Block

1
2
3
4
5
6
7

A:A

B
:B

-1.00 -0.50 0.00 0.50 1.00

-1.00

-0.50

0.00

0.50

1.00

 

Figure 16  Candidate points for consideration 

Table 19 shows the design points of the third-order I-optimal design and Figure 

17 is the corresponding graphical representation: diamonds in the color of navy blue 

represent four vertices points, squares in red represent four fourths of edges points, 

triangles in green represent four axial check points, circles in orange represent two center 

of edges points, a multiply sign in light blue represents one interior point, and crosses in 

purple represents two replicates of axial check points.  
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Table 19  A full third-order I-optimal design using candidate points 

Std No. x1 x2 Type of points 

1 -1 -1 

Vertices 
2 1 -1 

3 -1 1 

4 1 1 

5 -1 -0.5 

Fourths of edges
6 -1 0.5 

7 -0.5 1 

8 0.5 1 

9 1 0 
Center of edges 

10 0 -1 

11 -0.5 -0.5 

Axial check points
12 0.5 -0.5 

13 -0.5 0.5 

14 0.5 0.5 

15 0 0.5 Interior points 

16 -0.5 -0.5 
Replicates 

17 0.5 -0.5 
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Figure 17  A full third-order I-optimal design in 2-D design space 
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4.4.3 A CCD Augmented by I-optimal 

Second-order CCD can be augmented into third-order designs by either I-

optimality or D-optimality. DX has only the D-optimal augmentation strategy, while JMP 

has both D-optimal and I-optimal for augmenting designs. Preliminary studies of 

comparing D-optimal augmenting and I-optimal augmenting have proved that I-optimal 

augmenting strategy has better alphabetical design efficiencies (G-efficiency and A-

efficiency) and lower average of variance prediction. Therefore, the second-order design 

augmented by I-optimal provides better estimates for full third order models.  Since there 

are various set of candidate points to choose from, the augmented design is not unique. A 

random seed can be set at the beginning of augmenting the designs.  

 Numbers in bold of Table 20 show the design points before being augmented, 

while numbers in regular are points added after being augmented. Figure 18 shows the 

spreadness of the design points in two-dimensional design space: diamonds in the color 

of navy blue represent four vertices points, circles in orange represent four center of 

edges, triangles in green represent four axial check points, crosses in purple represents 

four replicates of axial check points, and circles in light blue represents one center point. 
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Table 20 A CCD augmented by I-optimal 

Std. No. x1 x2 Type of points 

1 -1 -1 

Vertices 2 1 -1 

3 -1 1 

4 1 1 

5 -1 0 

Center of edges 6 1 0 

7 0 -1 

8 0 1 

9 0 0 Center point 

10 -0.5 -0.5 

Axial check points11 0.5 -0.5 

12 -0.5 0.5 

13 0.5 0.5 

14 -0.5 -0.5 

Replicates 15 0.5 -0.5 

16 -0.5 0.5 

17 0.5 0.5 
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Figure 18  A CCD augmented by I-optimal in 2-D design space 
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4.4.4 A Space-filling Design Augmented by I-optimal 

Previously a nine-run Latin hypercube space filling design (LHD) is created, as 

shown in bold of Table 21. The nine points include four fourths of edges points, four 

inner points, and one center point. The pair-wise Euclidean distances between these nine 

points are minimized. Using I-optimal augmenting strategy, with the added  four vertices 

(diamonds in blue) and four axial check points (triangles in green), the original nine run 

Latin hypercube space filling design is expanded into a seventeen-run third-order design 

(Figure 19). 

Table 21  A LHD augmented by I-optimal 

Std. No. x1 x2 Type of points 

1 -1 -0.5 

Fourths of edges
2 0.5 -1 

3 1 0.5 

4 -0.5 1 

5 -0.75 0.25 

Inner points 
6 -0.25 -0.75 

7 0.75 -0.25 

8 0.25 0.75 

9 0 0 Center point 

10 -1 -1 

Vertices 
11 1 -1 

12 -1 1 

13 1 1 

14 -0.5 -0.5 

Axial check points
15 0.5 -0.5 

16 -0.5 0.5 

17 0.5 0.5 
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Figure 19  A LHD augmented by I-optimal in 2-D design space 

4.4.5 Nested Faced Center Design 

Nested faced center design (NFCD) (Table 22) consists of four vertices 

(diamonds in blue), four center of edges points (squares in red), four axial check points 

(triangles in green), four interior points (crosses in purple) and one center point (a circle 

in light blue). Graphically, NFCD (Figure 20) has a very symmetrical distribution of 

design points. The outer cube consists of four factorial points (vertices) and four face 

centered points (center of edges), while the inner cube has the exactly same structure of 

design points but being shrunk into a half size. This NFCD featuring five levels of design 

points makes it possible to predict well over the cuboidal region.  
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Table 22  Nested face centered design 

Std. No. x1 x2 Type of points 

1 -1 -1 

Vertices 2 1 -1 

3 -1 1 

4 1 1 

5 -1 0 

Center of edges 6 1 0 

7 0 -1 

8 0 1 

9 -0.5 -0.5 

Axial check points10 0.5 -0.5 

11 -0.5 0.5 

12 0.5 0.5 

13 -0.5 0 

Interior points 14 0.5 0 

15 0 -0.5 

16 0 0.5 

17 0 0 Center point 
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Figure 20  Nested face centered design in 2-D design space 
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4.4.6 Comparison  

The NSGA-II designs are compared to the other third-order designs in the design 

criteria of IV-optimality, space filling, and orthogonality in Table 23. CCD augmented by 

I-optimal has best IV-optimality and orthogonality, while NFCD has best space filling. 

As it’s mentioned in 4.4.1, NSGA-II does badly in the design property of functionality. 

Therefore, it is meaningless to compare the functionality of these NSGA-II designs with 

the other designs of significant superiority in the functionality. The reason of those 

designs having better functionality is that they are built from presumably set-in candidate 

points, either by DX or JMP. One advantage of this approach for generating designs is its 

good and symmetrical spread out of the design points in the design space, fundamentally 

contributing to the good functionality. Another advantage is that creating such designs 

based on pre-select candidate points takes a very short of time. Despite these, designs 

generated by this candidate point set approach are not actually searching through the 

whole continuous design space.   

Table 23  IV, SF and Orthogonality Comparison of all designs 

 

I-

optimal 

CCD 

Augme

nted. 

LHD

Augme

nted.

NFCD

NSGA

-II 

D25 

NSGA

-II 

D48 

NSGA

-II 

D30 

NSGA

-II 

D50 

NSGA

-II 

D41 

NSGA

-II 

D33 

IV- 

optimality 
5.82 5.74 6.08 6.34 6.54 6.67 6.68 6.80 6.77 6.93 

Space 

Filling 
0.00 0.00 -0.35 -0.50 -0.32 -0.28 -0.32 -0.36 -0.34 -0.28 

Orthogona

lity 
57.23 51.90 58.23 64.94 65.26 64.61 63.47 70.58 65.25 60.46

The trade-off relation between IV-optimality and space filling is shown as Pareto-

optimal front in Figure 21. If a practitioner focuses on the IV-optimality, a third-order I-

optimal design from candidate points or a CCD augmented by I-optimal would be good 

choices. If a practitioner considers both IV-optimality and space filling to be desirable 

design properties, a Latin hypercube design (LHD) augmented by I-optimal or NFCD 

would be good choices. In a situation of IV-optimality is of higher priority than space 

filling while both of them are important, a LHD augmented by I-optimal would be 

slightly better than NFCD. On the contrary situation of space filling is of higher priority 

51 
 



than IV-optimality while still both of them are important, a NFCD would be a wise 

choice.  

Since none of these NSGA-II designs is superior to either NFCD or LHD 

augmented by I-optimal design, there is no need to choose from them when only IV-

optimality and space filling are the primary concerns. However, in other situations, say 

space filling and orthogonality are of most great importance, another Pareto front may be 

drawn to interpret the trade-off solutions and the NSGA-II may be superior to NFCD in 

some cases. 
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Figure 21  IV and SF Pareto-optimal front of all third-order designs 
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 With respect to functionality, the comparison will be made among the designs 

generated from candidate points. As is shown in Table 24, CCD augmented by I-optimal 

has best IV-optimality and orthogonality, while NFCD has best space filling. With the 

consideration of functionality, NFCD is superior to CCD augmented by I-optimal 

because it exceed in five categories of subsets of the functionality. That’s to say, it has 

the fewest number of levels, which is five; the most number of evenly spaced levels, 

which is five and equal to the number of levels; and therefore makes the ratio of the 

number of evenly spaced levels and the number of levels to be 100%. Besides, both CCD 

augmented by I-optimal and NFCD have 9 points out of the total 17 points which are 

integer values for both factors, although NFCD has 11 integer values for each factor 

respectively, which is a little more than 9 of CCD augmented by I-optimal. NFCD also 

has the fewest average number of active points in a run. NFCD wins in all of the five sub-

properties of functionality and therefore is most desirable design among these four 

designs being compared here. 

Table 24  Comparison of four design properties of the selected 3
rd

 order designs 

 

I-optimal 

from  

candidate 

points 

CCD 

Augmented

by I-

optimal 

LH Space 

Filling 

Design 

Augmented  

by I-optimal 

NFCD

IV optimality 5.82 5.74 6.08 6.34 

Space Filling 0.00 0.00 -0.35 -0.50 

Orthogonality 57.23 51.90 58.23 64.94 

Functionality 

Num of Runs 
17 17 17 17 

Functionality 

Num of Levels 
5,5 5,5 9,9 5,5 

Functionality 

Num of Evenly Spaced Levels  
5,5 5,5 9,9 5,5 

Ratio of Num of Evenly Spaced 

Levels and Num of levels 
100% 100% 100% 100% 

Functionality 

Num of Integer Values Points 
9,8(6) 9,9(9) 7,7(5) 11,11(9)

Functionality 

Avg. Num of Active Points in a 

Run 

1.82 1.65 1.88 1.41 
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5 CONCLUSION 

This research looks into generating multiple criteria optimal third-order designs for 

continuous cuboidal regions using NSGA-II algorithm. From the four design properties: 

D-optimality, IV-optimality, space filling, and orthogonality, the combination of IV-

optimality and space filling were determined to be the most desirable pair-wise 

combination for second-order designs. Therefore, IV-optimality and space filling have 

been selected as the two primary objectives for this multiple criteria third-order design 

problem. But the NSGA-II does not provide the results as expected for third-order 

designs. An attempt was made to increase the generations beyond 100 by reducing the 

population size to 20 and 30 in the NSGA-II algorithm to see whether both objectives are 

improving. However the algorithm was terminated at approximately 150 generations.  A 

second attempt to further improve the objective functions was to use the original 100 

generation solution from the NSGA-II results as the initial population for the Matlab 

solver. But the Matlab solver also stopped without significant improvement compared to 

the original solution by the NSGA-II. One possible explanation for why the objectives do 

not improve any more might be that the NSGA-II method has converged to a local 

optimum instead of a global optimum. This conclusion is expected from the fact that by 

adding the NFCD as one individual of the initial population, the result shows only NFCD 

but not any other solutions, which might say that NFCD is the true solution for this two 

objective Pareto-optimal problem.   

Another contribution of this research is the introduction of the functionality as a new 

design property for evaluating designs. Although practitioners are concerned about the 

practicability of designs, it has not been addressed as an important design property in the 

past when experimental designers are comparing and analyzing designs. With the 

additional consideration of functionality besides the other design criteria, a design 

superior overall might become practical and therefore be useful in certain application area.   

The time-consuming problem of running the NSGA-II in Matlab is also pointed out 

by this research. Current commercial software packages have built some convenient 

functions to create third-order designs in a much shorter time, but the results are from 
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limited candidate point sets. Future work might involve the investigation of calculating 

the IV-optimality, the essence of which is numerical integration, in a more efficient way 

and thus less time-consuming. This research suggests running NSGA-II algorithms in C 

or any other more efficient language instead of Matlab in the future.   
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APPENDIX  

Selected NSGA-II IV-optimality and space filling Pareto-optimal designs 
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Figure 22  NSGA-II Design 48 in 2-D design space 
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Figure 23  NSGA-II Design 30 in 2-D design space 
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Figure 24  NSGA-II Design 50 in 2-D design space 
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Figure 25  NSGA-II Design 41 in 2-D design space 
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Figure 26 NSGA-II Design 33 in 2-D design space 
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