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ABSTRACT 

 
 
Data suggests that a significant loss of African American students from STEM majors 

occur between their freshmen and sophomore year. This attrition corresponds to the time period 

when students encounter the calculus sequence. For this reason, calculus persists as a serious 

barrier preventing African American students from entering STEM fields. There has been a 

dearth of research studies on how African American students learn or engage in the learning of 

calculus.  

In this study, I developed cases describing two African American participants – Matt and 

Danny- and their methods used to complete tasks and create meaning for the graphs of functions 

and their derivatives. Three research questions were investigated:  

1. What is the role of graphic representations in African American male community 

college students’ construction of the derivative in calculus? 

2. How do African American male community college students synthesize graphic 

and analytic meaning of the derivative in calculus? 

3. What pedagogical approaches are the most effective in assisting African 

American students with visual understanding of derivative graphs?  

During the task-based clinical interviews, the participants were presented with both 

analytic tasks and graphic tasks and asked to calculate derivatives when presented with analytic 

tasks (symbols) and to draw derivative when presented with the graphs as I sought to gain 

understanding of the mathematical processes.  

The participants’ understanding of the derivative was different because of their 

preference for mathematical processing. Matt relied on analytic processing and symbolic 

representation. His understanding of the derivative merely involved the manipulation of 

formulas, which is dominated by most college mathematics examination. Danny relied on a 

combination of analytic processing and geometric processing and preferred to primarily operate 

on graphic representations. His understanding of the derivative was associated with both analytic 

representations (formulas) and graphic representation.  

This study found that the participants’ knowledge was strongly associated with their 

mathematical processing capabilities. Matt’s overreliance on his memory and analytic thinking 
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impeded his understanding of derivative graphs. This one-sided thinking caused Matt’s 

knowledge (procedural and conceptual) to be disconnected and only understood how to complete 

tasks when asked questions in the right context. Danny’s harmonic thinking enabled him to 

complete tasks with much less difficulty than Danny. Danny’s flexibility with his thinking 

allowed him to understand the changes in the slope of the tangents of graph when he was not 

presented with a formula to associate with the graphs. Both participants would frequently use 

verbal –description to aid their understanding of the behavior of derivative graphs when their 

analytic and visual thinking would fail.  

  The study demonstrates that using graphical representation for functions and their 

derivative have the potential for producing richer understanding of the concept of the derivative. 

It also demonstrates that some African American students need further understanding of graphs 

with a cusp, a sharp corner, a vertical line, vertical asymptotes, or any other discontinuity.  It also 

shows that students are able to connect their procedural knowledge with their conceptual 

knowledge when students are able to work between both graphic representation and analytic 

representations.  
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CHAPTER ONE 

 

INTRODUCTION 

 
 
My interests in mathematics began to grow exponentially when I encountered individuals 

who struggled to grasp the foundations in the subject area. Many people, primarily those that I 

tutored, seem to think that mathematics was a “foreign thing” that only a few people could 

understand. Some of those that I have tutored even seem to think that it was okay to be less than 

mediocre in the subject because it is accepted to not understand it. But, for many of those that 

understood some of the things about mathematics, they all shared a common preference. Those 

of robust understandings could describe things or understood things in terms of pictures as well 

as mathematical symbols.  

 Those that understood things in terms of symbols were very familiar with procedures and 

could not deviate from the “rules” if they were asked to explain their understanding of certain 

topics. For example, if a student was asked how to solve a polynomial equation, he would tell 

you that you are suppose to put the equation in standard form, factor the polynomial, set each 

factor to zero, and solve for the indicated variable. Many students could do this easily without 

stumbling through the procedure. If students were given the exact same polynomial in a 

graphical representation and asked to find the x-intercepts, they could also do this. But, when 

students are asked to describe the relationship between the solutions of the equation and the x-

intercepts (zeros) of the function they could not thoroughly do this.  

Over the years of my career, I have seen this same phenomenon in a number of classes 

that I have taught. Students have a difficult time developing the connections between 

instrumental understanding and relational understanding (Skemp, 1976). The above example is a 

case where some students may have instrumental understanding of how to solve an equation, but 

their relational understanding is impaired because the student have difficult time relating 

solutions of different context that are essentially the same.  

 Because of a lack of relational understanding in mathematics, sometimes students move 

from the K-12 mathematics curricula to the college mathematics curricula with little 

comprehension of fundamental concepts in mathematics thinking. As a current mathematics 
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educator at a community college, some of my students have confessed to just memorizing 

formulas, algorithms, and procedures in order to solve routine problems and obtain the correct 

answer without any interpretation or explanations of answers. Researchers have shown that 

undergraduate calculus students are unable to solve any problems (nonroutine) for which they 

cannot remember or identify a formula (Selden, Mason, & Selden, 1989; Aspinwall, 1994; 

Haciomeroglu, 2007; Walker, 2007).  

 
Overview of the Problem 

 
 Over twenty years ago, Stiff and Harvey (1988) noted that the mathematics classroom is 

one of the most segregated places in the United States. Despite some improvements, upper level 

mathematics classes are populated with relatively few African American students. Research 

studies have shown that despite the persistent myth that they lack interest in mathematics or 

don’t have high educational inspiration, African American students sometimes exhibit a more 

positive attitude toward mathematics than do their white counterparts, especially in the early 

years of secondary school (Goldsmith, 2004; Strutchens & Silver, 2000). Yet, African Americans 

are underrepresented among college graduates in science, technology, engineering, and 

mathematics (STEM), even though they express a strong interest in these majors when they enter 

college (Moreno & Muller, 1999). Moreover, national data show that African American students 

are disproportionately underrepresented in these disciplines at every juncture in the “pipeline” as 

undergraduate majors, in graduate programs, and as faculty members (Massey, 1992; National 

Science Foundation, 1996). Data suggest that a significant loss of many African American 

students from STEM fields occur between freshmen and sophomore years (National Academy of 

Sciences, 1987). This attrition corresponds to the time period when students encounter difficult 

gateway courses such as calculus (Gainen, 1995). For this reason, calculus persists as a serious 

barrier preventing many African American students from entering STEM fields (National 

Science Foundation, 1989; Seymour & Hewitt, 1994). Recent data collected at a community 

college (TCC, 2010) in NW Florida (see Table 1.1, Figure 1.1, & Figure 1.2 below) shows that 

there is problem with underrepresentation and the success of African American student in the 

first course in calculus (Calculus I or MAC2311 at TCC).  
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Table 1.1: MAC2311 (Calculus I) Enrollment and Success 2004 – 2009 

 

Course Gender Race A B C Success 

ABC 

Total 

  Asian 8 0 6 14 18 
  Black 8 13 12 33 79 
  Multiracial 0 0 0 0 4 
  Not Reported 7 11 11 29 45 
  White 49 45 42 136 227 
 Female  72 69 71 212 373 

  AmIndian/Alaskan 0 0 0 0 2 
  Asian 8 8 7 23 35 
  Black 16 26 29 71 144 
  Multiracial 4 3 3 10 14 
  Not Reported 7 13 12 32 63 
  White 93 133 107 333 573 
 Male  128 183 158 469 831 

 Unknown  0 3 0 3 5 
MAC2311 

Total 

  200 255 229 684 1209 

 

 

 

 

Figure 1.1: Percentage of Students with Success in MAC2311 (Calculus I) 2004 – 2009 
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Figure 1.2: Percentage of Male Students with Success in MAC2311 (Calculus I) 2004 – 2009 
 

 

So, why are many African-American students struggling in their calculus courses (see 

Figure 1.3)? There has been a dearth of research studies on how African American students learn 

calculus. Much of college calculus teaching involves the teaching of formulas, rules, and 

procedures with mandates to memorize and practice. When educators place an emphasis on 

testing formulas and rote procedures more than placing emphasis on conceptual understanding, 

students tend to place an emphasis on trying to learn calculus, or any mathematics, ‘that way’.  

Oaks (1990) suggested that many students’ difficulties in doing mathematics could be 

related to their conception of mathematics (i.e., the ways in which students view mathematics).  

 
 

 
 
Figure 1.3: Percentage of African American Students Passing and Failing MAC2311 (Calculus I) 

2004 - 2009 
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A rote conception of mathematics can interfere with students’ procedural ability. It can also 

prevent students from gaining an understanding of mathematical concepts. Both procedural 

ability and conceptual understanding are necessary for success in mathematics (Hiebert & 

Carpenter, 1992). This has motivated me to explore the nature of African American male 

community college students’ relational understanding of functions and their derivatives when 

presented analytically and graphically.   

Calls for reform in the way calculus is taught stress the importance of instruction focused 

on graphic and numeric as well as analytic representations of functions and their derivatives 

(e.g., Aspinwall & Shaw, 2002; Aspinwall, Shaw, & Presmeg, 1997; Hughes-Hallett et al., 

1994). The value of calculus lies in its potential to reduce complex problems to simple rules and 

procedures. However, as mathematics educators have witnessed, students taught only 

procedurally often emerge from calculus classrooms without an ability to analyze graphs and 

lack an understanding of the conceptual foundations of calculus and its practical value. Hughes-

Hallett et al. (1994) is leading research at Harvard and other institutions that has produced a new 

calculus course:  

“One of the guiding principles is the ‘Rule of Three,’ which says that whenever possible, 

topics should be taught graphically and numerically, as well as analytically. The aim is to 

produce a course where the three points of view are balanced, and the students see each 

major idea from several angles. (p.121) 

These points of view are documented in the literature as multiple representations (e.g., Kaput, 

Janvier, et al. in Janvier, 1987). Implementing a reform calculus curriculum does not mean 

necessarily that students go beyond rote learning and symbolic manipulation.  

 Vinner and Tall (1981) formulated a distinction between the mathematical concepts as 

formally defined and the cognitive processes by which students make personal meaning of 

concepts. The latter they called concept image and meant the total cognitive structure learners 

create, which colors the meaning of the concept for the learner and includes all the mental 

pictures and associated properties and processes. This may not be globally consistent in the 

mathematical community of practitioners, and may be quite different from Vinner and Tall’s 

concept definition, the form of words or symbols used by the mathematical community at large 

to specify that concept. It may be learned by an individual in rote fashion or more meaningfully 

learned and related to some degree to the concept as a whole. For each learner, a concept 
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definition generates its own concept image. For example, the concept definition of the derivative 

of the function f (x)with respect to the variable x is the function f '(x)whose values at x is 

f '(x) = lim
h→0

f (x + h) − f (x)

h
, provided the limit exist. Moreover, it can be interpreted 

geometrically as the slope of the tangent line to the graph of f (x) at the point (x, f (x))  (Stewart, 

2003; Thomas, 2008). But, individuals who have studied functions and their derivatives may or 

may not remember the concept definition, and their concept image may include other aspects, 

such as the idea that the derivative of a function is an equation (analytic representation), a graph 

(graphic representation), or a table of values (numeric representation). All or none of this may be 

in an individual’s concept image.  

Visualization is an important component of mathematical thinking that is rarely utilized 

by students in mathematics on any level (Zimmerman & Cunningham, 1991). Although in 

calculus the derivative is typically introduced graphically but then taught algebraically with 

symbols, students rarely make connections between different tasks involving the derivative. 

When students are asked how to find derivative of functions given the formula, they compute 

them easily using rules (Aspinwall, 1994). But, when students are asked to engage is tasks 

involving derivative functions, some difficulty may arise (Aspinwall, 1994; Haciomeroglu, 

2007).  Based on these previous studies, is it possible that African American students that fail to 

make the connections in beginning calculus between representations may have issues later in 

mathematics? Is it possible that their understanding of the derivative is so procedural that later 

they are unable to synthesize meaning in mathematics? If the answer to the question is indeed a 

yes, then African American students, who complete, or attempt to complete, the calculus 

sequence, may be unable to adequately describe what is meant by the derivative function.  

 
Pilot Study 

 

Problem 

 
 In an effort to understand mathematical learning processes of undergraduate calculus 

students, Aspinwall (1994) designed a study that looked at the role of graphical representations 

and students’ images in understanding of the derivative in calculus. Later, Aspinwall and Shaw 

(2002) conducted a study designed to contrast graphic understanding of differentiation with 
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procedural abilities for computing derivative. Using Aspinwall (1994) framework, is it possible 

to examine how African American community college student use graphical representations in 

their understanding of the meaning of the derivative? 

 
Methodology and Procedure 

 
  Students who can understand multiple representations can see mathematics from different 

viewpoints, and research shows that students can develop a preference for processing 

mathematical information (Haciomeroglu, Aspinwall, Presmeg, Chicken, & Bu, 2009). To 

investigate how African American community college students use graphical representations in 

their understanding of the derivative, I administered the Mathematical Processing Instrument for 

Calculus (See Appendix B), or MPIC, to African American community college students during 

spring 2010 (Aspinwall, Haciomeroglu, & Presmeg, 2008; Haciomeroglu et al, 2009). The 

system assesses how well students understand the calculus derivative and the integral. The MPIC 

consists of two parts (Multiple-Choice part and Methods part) for both the derivative and the 

integral. For this pilot study, I used the part concerning the derivative.  

 The Multiple-Choice part, consists of six graphical tasks, asks students to choose derivative 

graphs of basic functions. The Method part, which consists of an analytic and a visual solution 

method for each multiple- choice task, helps to determine students’ preferences for visual or 

analytic thinking. On the Method part, whether the students answer the multiple-choice tasks or 

whether they answer correctly matter less than their methods. More important is that they choose 

a solution method for each task that most closely describes how they made their choice. Every 

graphical task has two possible solutions because we think that visual students prefer to work 

directly from graphic information, and analytic students prefer to translate to an algebraic 

representation if possible. 

 The MPIC classifies the processing of students according to their preference for visual and 

analytic thinking in calculus. For example, graphical solutions or estimating slopes are 

considered visual solutions; using algebraic solutions or estimating equations are considered 

analytic solutions. In the MPIC, a higher score indicates that a student has a visual preference; a 

lower score indicates an analytic preference. Students are given one point for each visual 

solution regardless of their answers for the multiple-choice tasks. For each analytic solution, 

students receive a score of zero. 
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Twenty students participated in the study by sitting for the survey. These students were 

enrolled at a community college in North Florida in spring 2010. These students were either 

enrolled in Calculus II, Calculus III, or had finished the calculus sequence. In addition, two high 

achieving African American male students were identified to be involved in a follow-up 

interview. The two students were chosen based on the score on the Mathematical Processing 

Instrument for Calculus (MPIC). Two high achievers were chosen because I want to understand 

the strategies that high achieving African American male community college students use when 

solving mathematical tasks. I also choose to select high achievers because they have been 

successful in their coursework and they are highly motivated. One student was chosen that is an  

extremely analytic thinker. The other student was chosen that uses both analytical and visual 

methods with their solution process. Krutetski (1976) describes the latter student as being 

harmonic with their thinking. After the MPIC score was calculated, the students were presented 

with a task and given an interview.  

 
Findings 

 
Of the twenty African American students sitting for the MPIC, four of the students were 

female and sixteen of the students were male.  All four of the female students and twelve of the 

male students (80% of the students taking the survey) translated the tasks to a formula. They then 

used their graphing calculators to verify that their translations were correct. After translating, 

they used the rules to compute the derivatives of each. Then, they used their calculator to choose 

the right graph. There were two male students (10% of the students taking the survey) that 

translated each graph to a formula without the use of a calculator. One of the male students (later 

called Student B in interview) was able to graph the derivatives of his function without the 

calculator by plotting points and by “memory” during his survey. The other male student drew 

his graphs from memory and he never plotted points. There was one other male student (5% of 

the students taking the survey and later called Student A in interview) that was using hand 

movement. After checking with this student, he said that he was verifying that he had drawn the 

correct derivative graph using “properties” of the derivative and the original function even 

though he knew that he had the right formulas. This student did not use a calculator and never 

plotted points. The other student participating in the survey chooses to not finish it. Based on the 

MPIC scores of each participant, I found that almost everyone (18/20 or 90%) was completely 
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analytic. Only one participant, or 5% of students surveyed, seems to have more than just an 

analytic preference.  

The interviews with the two students were revealing. Both interviewees showed 

proficiency in calculating derivatives of functions when translating to algebraic (symbolic) 

formulation. But where presented with only the graph of a function and asked to draw the 

derivative something interesting happened. I selected the following task (see Figure 1.4 below) 

for a follow-up interview. The following two interviews show how the events unfolded.  

Interviewer: I noticed that you have not started yet.  

Student A: I’m just trying to figure out how my derivative graph would look. I know that this  

graph is increasing from negative infinity to -1. I know that it is decreasing from -1 to 1. I 

know that it is increasing from 1 to infinity.  

 
 
 
 
 
 
 
 
                                   
 
 
 
 

 
 

                                  Figure 1.4: Task for Pilot Study Interview 
 
 

Interviewer: So what does that mean? 

Student A: That means where the function is increasing my derivative is going to be positive and  

where it is decreasing my derivative is going to be negative, but I am having a hard time 

drawing it. I am thinking that this graph is some form of so my derivative is going to 

look like a parabola. So I need to locate my zeros.  

Interviewer: What do you mean zeros? Why would you need those? 

Student A: I need them to help me draw the derivative. I know that there are going to be zeros  

Sketch the graph of the derivative of 
the function whose graph is shown.  
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here (at x = -1 ) and there (at x = 1 ) at the max and the min.  The derivative at these 

points is going to be 0.  So I can plot points on the x-axis for these. (Student A plots point 

and sketches the end behavior of the function then pauses.) 

Interviewer: I noticed that you paused again. What are you thinking? 

Student A: Just um…. The simple fact that…I know that the derivative graph is going to be a  

parabola but I do not know where the vertex is going to be is the reason I’m pausing.  

Interviewer: But, how do you know that it will be a parabola for sure?  

Student A: Well this is the graph of x3 …nah nah… this is an x4  graph because I have two  

parabolas. So my derivative should look like…. have the form of x3  .  

Interviewer: At first you said the given function was a graph of the form x3 now you are saying  

it is of the form x4 .  

Student A sketched a function that represents what he think is a x3 and a function that he 

thinks is x4  not realizing that they are sketches of representations of functions that could both be  

of the form x3  (see Figure 1.5 and Figure 1.6 below).  

 
 
 
 
 
 

 
 
 
 
 
 

 

Figure 1.5: Student A’s sketch of y = x3             
 
 

Student A presented knowledge of translating graphs into equations as well as using the 

relationship between the rising and falling of functions and the derivative. But, he did not make 

any connection between the derivative and the slope of the tangent lines. This presented a 

problem for the student when his knowledge of analytic representations and graphic 

representations inhibited one another. Once this happened he lost his ability to distinguish 

between representations of functions. He presented knowledge of the derivative symbolically and  

 



11 
 

 
 
 
 
 
 
 
 
                                      
 
 
 

                                        Figure 1.6: Student A’s Alternate sketch of y = x3   
 
 
graphically, but his lack of connection between the derivative and the slope of the tangent lines 

presented a major problem. He used his verbal-description in his thought processes at first, but 

failed to complete the task (Aspinwall, Haciomeroglu, & Presmeg, 2008) 

Upon getting the task, Student B immediately translated the graph into a symbolic 

representation (i.e., y = sin x ) and sketched its graph (see Figure 1.7). Then, he calculated the 

derivative symbolically (i.e., y ' = cos x ) and sketched its graph (see Figure 1.8 below). 

 
 
                          
 
 
 
 

 
 
 
 
 
 
                                           Figure 1.7: Student B’s sketch of y = sin x     
 
               
Interviewer: I notice that you translated this graph into f (x) = sin x and obtained f '(x) = cos x .  

Student B: I know that it is wrong now though because the period is not…. I mean the ends of  
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the graph goes to infinity on both sides. It can’t be a sine function. (Long Pause) It should 

loop again and again. But, if it is not a sine function then what in the world is it… (drops 

pencil and rub head)… 

 

 

 

 

 

 

 

 

                                           Figure 1.8: Student B’s sketch of y ' = cos x  
 
 

Interviewer: What are you thinking?  

Student B: I am trying to picture all of the functions that I know. (2 minute) I’ve never seen one  

like this before.  (Student rotates paper to look at graph from a different angle.) Okay…. 

Alright…. It’s not a sine function and it’s not a cosine function. It can’t be a tangent 

function because they have asymptotes in them. Uhhh…. The absolute value function 

looks like a ‘V’… x
3  is… 

Interviewer: What are you thinking? 

Student B: I am trying to figure out what the world that is. I am trying to figure out what  

equation or what function that is.  

Interviewer: Are you saying that you cannot take the derivative if you do not know the equation  

of a graph? 

Student B: In my mind, no! I mean in order to take a derivative of something you have to have  

the equation or maybe not.  Yeah yeah….  You have to have the equation.  

Interviewer: Why is that? 

Student B: Because we are looking for the graph so you have to have the equation to get the  

graph of the derivative. You can plot points and sketch it.  (1-minute pause) This is what 

I classify as stupid.  

Interviewer: Like what? 
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Student B: Stuff that I do not understand. (1-minute pause) I’m not going to quit. Alright, you  

maybe could take the derivative of a graph without the equation. I just do not remember 

doing that. We have always used equations. I have been given a graph but it also has the 

equation with it or you can guess the equation.  Wait wait wait…Can you actually take 

the derivative of this? Is it a trick question? (Student seems to become anxious). I know 

that it is a function because it passes the vertical line test and I can take the derivative of a 

function.  

Student B translated every graphical task on the MPIC into an analytic function. He 

showed that he could find the derivative of each one symbolically using the rules of 

differentiation (i.e., power rule, constant-multiple rule). The graphs on the MPIC were the basic 

function that all students that have taken college algebra should recognize. The graphs on the 

MPIC were easily translated into algebraic (symbolic) functions. When presented with the task 

for this interview, Student B presented difficulty in completing the task because the graph could 

not be easily translated into a function algebraically (symbolically) where he could find the 

derivative using the rules of differentiation. He revealed no graphic understanding of the 

derivative although he presented the fact that if he knew the algebraic (symbolic) representation 

of the function he could plot points to graph it.  

 
Discussion 

 
 Observations of both students in the interviews provided a motivation to explore in 

greater detail the role of graphical representation and visualization in learning differential 

calculus. Although Student A was able to identify the relationship between the local extrema of 

the given function and its derivative, he could not visualize what happened near the origin. This 

created a domino effect because he was then unable to distinguish the relationship between the 

different representations of the function. Student B was unable to translate the given graph into 

an equation and his beliefs about the possibility of the taking the derivative. This pilot study 

showed that the derivative was less meaningful for Student B because he felt that he was never 

taught how to determine derivative functions when presented with only graphs. Student A 

became stuck when his thought process could not go past a certain point.  

Both students in the pilot study demonstrated procedural competence, but lack 

understanding of the graphical representation of the derivative. This shows that because of lack 
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of the connections in calculus, the students had problems with their conceptual understanding of 

the derivative.  Clearly, if students have the opportunity to explore and synthesize the 

relationships that exists between analytic and graphic information, they may construct a richer 

understanding. Therefore, construct conceptual understanding.  

 
Rationale for the Study 

 
Calculus I is part of a core of course requirements for any STEM (Science, Technology, 

Engineering, and Mathematics) major. It is the first is a sequence of courses designed to provide 

skills and concepts necessary for continued study in STEM majors. Course syllabi typically state 

that, upon completion of the course, students will have met particular objectives addressing 

conceptual understanding. Yet, many professors report that most students regard computation as 

the essential outcome of calculus and thus emerge from classes with little conceptual 

understanding. It is not uncommon for students to study calculus and either be unsuccessful or 

resign themselves to learning strategies to cope without understanding (Aspinwall & Miller, 

2001).  

Coupled with lack of conceptual understanding among students is a failure rate that is 

arguably unacceptable for students, African American male community college students in 

particular, aspiring to become STEM majors. Many of these students do not expect to pass 

calculus on their first attempt. This lack of conceptual mathematical understanding in calculus is 

pervasive in this country. Students are moving through college mathematics curricula with little 

comprehension of concepts fundamental to mathematical thinking (Aspinwall & Miller, 2001). 

 There is little research available on African American learning and less on African 

American community college students‟ learning in calculus. A knowledge base of the actions of 

African American community college students in derivative calculus must be established in order 

to address the issues of these students. The purpose of this study is to create an understanding of 

how African American male community college students construct meaning of the calculus 

derivative when given the opportunity to engage in tasks that can be solved using both graphical 

and analytical methods. This research will contribute to the body of knowledge of African 

American undergraduate mathematics students in order to develop strategies to help those 

students increase their conceptual understanding in calculus.  
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Research Questions 

 
The purpose of this research is to investigate how two African American male community 

college students construct meaning of the calculus derivative through the use of graphic 

representations together with their visual thinking and analytic thinking. Specific questions 

addressed by this research will be:   

1. What is the role of graphic representations in African American male community 

college students’ construction of the derivative in calculus?  

2. How do African American male community college students synthesize graphic and 

analytic meaning of the derivative in calculus?  

3. What pedagogical approaches are the most effective in assisting African American 

students with visual understanding of derivative graphs? 
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CHAPTER TWO 

 

REVIEW OF THE LITERATURE 

 
 
The existing literature on visualization, mathematical processing instruments, 

instrumental and relational understanding, and African American student learning has informed 

my research and is thus reported as part of the study. A framework for the study will be 

presented in each of the four sections: (1) a review of literature on visualization, (2) a review of 

literature on mathematical processing instruments, (3) instrumental understanding and relational 

understanding, and (4) a review of literature on African American student learning. I begin with 

a review of literature on visualization.  

 
Visualization 

 
The term visualization is used to describe the processes of producing or using 

geometrical or graphical representations of mathematical concepts, principles or problems, 

whether hand drawn or computer generated (Zimmerman & Cunningham, 1991). Steen (1988) 

writes, 

Mathematics is often defined as the science of space and number, as the discipline rooted 

in geometry and arithmetic. Mathematics is the science of patterns and the mathematician 

seeks patterns in number, in space, in science, in computers, and in imagination. (p.616)  

Steen is speaking metaphorically, but the metaphor of pattern is a visual metaphor. Not all 

patterns can be visualized, but it is natural to want to visualize a pattern as it is to want to hear a 

melody. If mathematics is the science of patterns, it is natural to try to find the most effective 

way to visualize these patterns and to learn to use visualization creatively as a tool for 

understanding. This is the essence of mathematical visualization (Zimmerman & Cunningham, 

1991). 

In mathematics visualization, the interest lies in the student’s ability to draw an 

appropriate diagram (with pencil and paper) to represent a mathematical concept or problem and 

to use the diagram to achieve understanding, and as an aid in problem solving. In mathematics, 

visualization is not an end in itself but a mean toward an end, in essence which is understanding 
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(Zimmerman & Cunningham, 1991). To visualize a diagram means to simply form a mental 

image of the diagram, but to visualize a problem means to understand the problem in terms of a 

diagram or visual image. Mathematical visualization is the process of forming images (mentally, 

or with the aid of technology) and using such images effectively for mathematical discovery and 

understanding. Visualization, like geometry, is “related to the most diverse branches of 

mathematics.” (Zimmerman & Cummingham, 1991, p.7). 

 
Reluctance to Visualize in Mathematics  

 
 It has evolved that non-visual frameworks are used to communicate mathematical ideas. 

This custom is based on the belief of many mathematicians, teachers, and students that 

mathematics is non-visual, regardless of whether or not a visual representation is at the base of 

an idea (Eisenburg & Dreyfus, 1991). Many students are reluctant to use visualization in their 

learning of mathematics and rely totally on analytic representations. Dreyfus (1991) raised the 

issue that students are reluctant to visualize in their learning of mathematics. This belief is deeply 

rooted in us. Vinner (1989) says “We do believe that in more advanced courses the algebraic 

approach should replace the visual approach” (p.155). This implies that he considers higher 

mathematics as being non-visual, but later in the article he recommends: “The belief that a visual 

proof is not a mathematical proof should be eliminated” (p.156).  

Although the benefits of visualizing mathematical concepts are often advocated, many 

students are reluctant to accept them; they prefer algorithmic over visual thinking (Eisenburg & 

Dreyfus, 1991). According to their study, one reason why students are reluctant to visualize is 

that thinking visually makes higher cognitive demands than thinking algorithmically, and thus it 

is quite natural for students to gravitate away from visual thinking. Eisenburg and Dreyfus said, 

“Visual components of problems are not even considered. And, that seems to be exactly the 

problem; visual aspects of concepts are rated secondary to the concept itself” (p.25). Whenever 

possible, students seem to choose a symbolic framework to process mathematical information 

rather than a visual one (Eisenburg & Dreyfus, 1986).  

On the surface, it appears as if visual processing is more difficult for students than 

analytic processing (Eisenburg & Dreyfus, 1991). Selden, Mason, and Selden (1989) gave their 

calculus graduates five questions they thought everyone passing calculus should be able to 

answer. Although the questions had not been taught in the course, each could be answered easily 
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if the student had a visual understanding of the derivative. Their findings were most 

discouraging: “Not one student got an entire problem correct. Most couldn’t do anything” (p. 

48). 

Clements (1984) has observed that the tendency to avoid visualization exists even in the 

mathematically precocious. Terence Tao is a mathematically precocious Australian. At the age of 

8 he scored 720 on the SAT-M exam. At age 10 he gained university acceptance. Clements 

studied Terence Tao in an effort to determine his thinking processes. When focusing on this 

work with respect to visualization abilities, Clements concludes: “Analysis of his methods 

strongly suggest that he preferred to use non-visual, analytic methods whenever these occurred to 

him even if they required more complicated thinking than more visual methods which could be 

used. While he has well developed spatial ability, when attempting to solve mathematical 

problems, he has a distinct, though not conscious, preference for using verbal-logical as opposed 

to visual thinking” (p.225). Mundy (1984) found that students often have only a mechanical 

understanding of basic calculus concepts. She concluded that this happens because students 

haven’t achieved a visual understanding of basic underlying notions. This thesis, that students 

master only mechanics, seems to have become a cause célèbre for reforming calculus.  

Although many instructors can list specific problems and clusters of problems which can 

cause students difficulty, few have taken the time to analyze why these difficulties occur, nor 

have they thought is a serious way about how they can be rectified. At least 60% of all beginning 

calculus students either fail or drop the course, but this statistic is meaningless without 

attempting to analyze why it occur. (Eisenburg & Dreyfus, 1991) 

Many believe that this lack in understanding is to a large extent due to the failure to 

establish explicit and detailed connections between the visual and analytic aspects of 

mathematical concepts and procedures. Mundy (1984) asked 973 calculus course graduates to 

evaluate x + 2 dx

−3

3

∫ . It was given as a multiple-choice question with choices 0, 9, 12, 13, and 14. 

Only 5.4% of the students correctly answered this question. Twenty four percent gave 0 as the 

answer, 22% said it was 9, and 48% answered 12. Mundy concluded that the students did not 

have a visual understanding that integrals of positively valued functions can be thought of in 

terms of an area under a curve. Yet, the same students had no trouble computing the area 

between two “nice” intersecting curves.  
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Vinner (1989) developed a calculus course around the hypotheses that “among those who 

succeed in mathematics, the algebraic mode is more common when solving routine or almost 

routine problems” (p.149). In order to find out to what extent visual considerations can become a 

natural part of college students’ mathematical thinking, he developed a course which emphasized 

the visual aspects of calculus.  

Every algebraic concept which can be approached from a visual starting point was 

approached so (continuity, derivative, increasing and decreasing of functions, convexity, 

local minima and maxima, definite integral). In addition, the visual meaning of every 

theorem that has a visual meaning was presented to the students and very often visual 

considerations were given as proofs for the theorems. (p.150)  

On a questionnaire he asked students to reproduce the proof that if is a positive, strictly 

increasing function on a,b[ ] , then (b − a) f (a) < f (x)dx < (b − a) f (b)
a

b

∫ .  He also asked them to 

formulate and to prove the mean value theorem. In the lecture, proofs for these statements had 

been given in both visual and algebraic contexts. In both questions, students were explicitly 

asked to make a suitable drawing. In spite of this, the results showed a definite bias toward an 

algebraically symbolic approach.  

Healy and Hoyles (1996) summarized the issue that students, unlike mathematicians, 

rarely exploit the considerable potential of visual approaches to support meaningful learning. 

They also found that if students are able to use particular images or diagrams in the service of 

mathematical generalization, they can make connections between modes of thinking. Presmeg 

and Bergsten’s (1995) research on high school students’ preference for visualization in three 

countries (South Africa, Sweden, and Florida in USA) suggested that the claim that students are 

reluctant to visualize was complex and should not be interpreted simplistically to mean that 

students do not use this mode of mathematical thinking. There are a few people that feel the need 

to use visualization all the time in mathematics and some do not feel this need at all (Presmeg, 

1985; Presmeg & Bergsten, 1995).  

Eisenberg and Dreyfus (1991) claimed “a vast majority of students do not like thinking in 

terms of pictures. He invoked Clements’ (1984) study of the gifted mathematician Terrance Tao 

– a nonvisualizer- in support of this claim. Presmeg’s (1985) research bore out Krutetskii’s claim 

that students who have the ability to use visual methods may on occasion prefer not to do so. 
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Stylianou (2002) suggested that in the learning of collegiate mathematics the picture of 

“reluctance to visualize” had changed in the decade since Dreyfus’s (1991) plenary address. She 

reported evidence from her study of the perceptions and use of visualization by mathematicians 

and undergraduate students, and concluded as follows: The results of this study gave evidence 

that both experts and novices perceive visual representations as a useful tool and frequently 

attempt to use them when solving problems, suggesting that the “picture” in advanced 

mathematics instruction may be changing. Recognition of the willingness and at the same time 

difficulties identified in this study can lead mathematics educators to make more explicit and 

informed decisions about visual representation use in curricular materials and instruction, 

providing opportunities for students to become more successful problem solvers.  

 
Visualization and Calculus Reform 

 
 It is widely recognized that symbol manipulation has been overemphasized and that in 

the process the spirit of calculus has been lost (Zimmerman, 1991). At the beginning college 

level, visualization is a big part of understanding. Consequently, students who are operating with 

few mental pictures are not really learning mathematics. Their calculus consists of a vast series 

of algorithms and a complicated cataloging system which tells them which procedures to use and 

when (Hallett, 1991).  

There are many students who can calculate derivatives of extremely messy 

functions but who cannot look at a graph and tell you where the derivative is 

positive and where it is negative. Even fewer can tell graphically where a 

derivative is increasing or where it is decreasing. (p.121) 

A remedy to this situation is that calculus should be taught using the ‘Rule of Three” 

(Hughes-Hallet et al., 1994). The Rule of Three says that whenever possible topics should be 

taught graphically, numerically, and analytically. Researchers have even spoke of a  “Rule of 

Four”; the verbal descriptive representation (Aspinwall, 1996; Aspinwall, 1997; Aspinwall & 

Miller, 1997; Aspinwall, Presmeg, & Haciomeroglu, 2008). This is not only a fourth 

representation but is an amalgam of analytic and geometric types thinkers that connects them. 

(Aspinwall & Miller, 2001; Aspinwall & Miller, 1997; Krutetski, 1976). When calculus can be 

experienced in this manner, students can see each major idea from several angles. The idea is 

that students should be well balanced when visualization is included in their thinking. In any 



21 
 

“reformed” calculus course, there is a role for visualization and visual thinking, and this role 

should be explicitly recognized (Zimmerman, 1991). One could argue that visualization should 

be one of the central elements in calculus reform. Conceptually, the role of visual thinking is so 

fundamental to the understanding of calculus that it is difficult to imagine a successful calculus 

course which does not emphasize the visual elements of the subject (Zimmerman, 1991).  

 
Visual Thinking in Calculus  

 
 Visual thinking, thinking that involves visual imagination or visual perception of external 

diagrams, is widespread in mathematics, across levels, across subjects, and across kinds of 

mathematical activity (Giaquinto, 2005b). Of all undergraduate mathematics courses, none offer 

more interesting and varied opportunities for visualization than calculus (Zimmerman, 1991). 

Most of the concepts and many problems of calculus can be represented graphically. Zimmerman 

used the term “visual thinking” to describe the aspects of mathematical thought which are based 

on, or can be expressed in terms of visual images (p. 127). According to Zimmerman, one basic 

aspect of visual thinking in mathematics is the ability to move back and forth between the 

graphical (geometric) and analytic (algebraic) representations of a problem. Through the study of 

analytic geometry, one comes to view the diagram and the equation as two representations of the 

same object; one comes to see algebra and geometry as two languages for the expression of 

mathematical ideas. For Zimmerman then, this insight is a transformation of thought, which is a 

prerequisite for visual thinking in calculus.  

 
Mathematical Processing Instruments: Theoretical Perspectives 

 
Mathematical Processing Instruments (e.g., Krutetskii, 1976; Moses, 1977; Suwarsono, 

1982; Presmeg, 1985; Haciomeroglu, Aspinwall, Presmeg, Chicken, & Bu, 2009) can be used 

many ways to gather information about students. They can be used to 

 assess students thinking and understanding;  

 classify students as being analytic, visual, or harmonic thinkers; 

 classify imagery; 

 measure problem-solving performance and investigate spatial ability;  

 determine a students’ preference to engage in mathematical tasks; 

 investigate a students’ instrumental understanding and relational understanding.  
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Krutetskii (1976) found differences in type in mathematical thinkers’ abilities and 

preferences. The relative role of visual-spatial (i.e., recognizing a visual image) and verbal-

logical (i.e., describing a visually perceived image) modes of thought revealed different 

structures of mathematical abilities. Each of the modes of thought was found to contribute in 

different ways to successful mathematical performance. Individual difference were studied 

acording to two indices:  

1. Preference for using one of the modes of thinking. This concerned the extent to  

which an individual relied on visual thinking in mathematical problem solving.  

2. Ability for using one of the modes of thinking. This revealed the development of 

spatial concepts- the ability to visualize mathematical shapes.  

Krutetskii (1976) discovered in his study of gifted school children that there are different 

mathematical casts of mind:  

1. The Geometric Type.  “ The thinking of representatives of this type is characterized  

by a very well developed visual-pictorial component, and we can tentatively speak of its 

predominance over a well developed verbal-logical component” (p. 321) This group includes 

individuals who habitually employ the visual-spatial mode when attempting to solve 

mathematical problems; they typically endeavor to visualize mathematical relationships and have 

a need for visual interpretation of even abstract mathematical structures. The students in this 

group keep trying to operate with visual schemes, images, and concepts. If they do not succeed 

in visualizing objects or diagrams to solve problems, then they have difficulty operating with 

abstract schemes.  

2. The Analytic Type. This group contains those who prefer verbal codes instead of  

visual images. “Thinking of representatives of this type is characterized by an obvious 

predominance of a very well developed verbal-logical component over a weak visual-pictoral 

one” (Krutetskii, 1976, p. 317). They try to translate problems expressed in concretely visual 

form into an abstract level as much as possible. Krutetskii found that “students of the analytic 

type do not strive to make the problem visual, and this apparently results in a certain one-

sidedness in their mathematical development” (p.321).  

3. The Harmonic Type.  These are the mixers, individuals who do not have a tendency 

one way or another and indeed might employ both modes of thought when solving a problem 

(Clements, 1982). “Typical of them is a relative equilibrium of well developed verbal-logical and 
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visual-pictoral components, with the former in the leading role” (Krutetskii, 1976, p. 326). 

Krutetskii identified two subgroups of harmonic type: Pictorial-harmonic and Abstract-harmonic.  

Each subtype can depict mathematical relationships equally well by visual-pictorial  

means, but the former feel no need, and do not strive, to do so, whereas the latter do feel 

a need and often rely on graphic schemes during a solution. This kind of support is of 

little help to the former, but for the latter it simplifies the solution. If necessary, the 

former can resort to the aid of visual images, and the latter can solve a problem without 

the support of visual-pictorial models. In analyzing mathematical material the former 

prefer to start from verbal-logical formulations, the latter from visual-pictorial features 

(p.327).  

Krutetskii said that the first two types are somewhat limited to be successful only in 

certain areas of mathematics due to the favorable nature of approachable mathematical problems. 

In contrast, the harmonic thinker is quite ingenious in solving a broad variety of mathematical 

problems. This is not to say that either type is a characteristic of a person entirely. A learner 

might engage analytic type of thinking in one problem and a geometric type of thinking to a 

different problem. That is, the type of thinking engaged in solving a mathematical problem 

depends on the problem itself and psychological preference of the learner. Krutetskii says that if 

a learner consistently prefers one type over the other his or her success could be quite measurable 

but confined to certain areas of mathematics only. 

Krutetskii (1963) grouped low-achieving students into different types according to their 

mode of thinking and investigated the factors behind their poor performance in mathematics. 

Krutetskii concluded that a high-level development of analytic thinking does not determine 

mathematical ability, but low-level of development of this component does produce incapacity 

for mathematics. Krutetskii (1976) states that ability to visualize abstract mathematical 

relationships and the ability for special geometric concepts are highly correlated, but they are not 

essential components of mathematical abilities. He also says, 

Their presence or absence (more precisely their strength or weakness) does not determine 

the extent of mathematical giftedness, but does determine its type. A pupil can be a 

mathematical capable with a different correlation between the visual-pictorial and verbal-

logical components, but the given correlation determines what type he belongs to. (p.315) 
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 In analyses of gifted students’ characteristics of problem solving processes, Krutetskii 

(1976) identified several abilities related to successful problem solving: an ability to generalize 

mathematical objects, relations, and operations; an ability to curtail the process of mathematical 

reasoning; flexibility of mental processes; elegance (i.e., clarity, simplicity, and economy) in a 

solution; reversibility or mental processes in mathematical reasoning.  

Moses (1977, 1980) looked at the nature of spatial ability and its relationship to 

mathematical problem solving and the relationship between visual thinking tasks and problem 

solving performance. Her definition of visuality is “the extent to which a subject uses visual 

solution processes to solve a given mathematical problem or set of problems” (Moses 1977, p. 

17).  During her study, a battery of five spatial tests and one problem-solving test were 

administered to fifth grade students. She used a Problem Solving Inventory that included spatial 

problems, analytic problems, and problems that are equally spatial and analytic. She used this 

instrument to measure mathematical problem solving performance.  

Suwarsono (1982) looked at the visual imagery in the mathematical thinking of seventh 

graders.  Before investigation of the students’ spatial ability, an instrument was developed to 

measure an individual’s mathematical degree of preference for using visual imagery in solving 

mathematical problems. The MPI was used with 103 and 203 seventh grade students 

respectively.  With the MPI the subject was not asked why he/she used a certain method, but 

simply asked to describe his/ her method. His definition of mathematical visuality is an 

operational one: “the extent to which a person prefers to use visual methods when attempting 

mathematical problems which are solvable by both visual and nonvisual methods (p.136). 

Following Krutetskii, Presmeg (1985) found that ability to use the visual-spatial mode 

and preference for the mode do not always coincide. “ The strength of ability to use the verbal-

logical mode of thinking determines individual level of mathematical abilities, while the ability 

to use the visual-spatial mode and preference for doing so determine the type of mathematical 

abilities” (p. 85). She not only assumed the existence of Krutetskii’s analytic-geometric 

continuum, but also developed a procedure for determining an individual’s placement on the 

continuum. Her study of 54 visual high school students who were solving problems in algebra, 

geometry, trigonometry, and vectors provides a classification of imagery. She identified 5 kinds 

of imagery. 

1. Concrete, Pictorial Imagery. These rich and fully detailed images compare to picture  
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in-the-mind images in the psychology literature. They appear on the mind’s screen in raw and 

uninterrupted forms (Kosslyn & Pommerantz, 1977). Presmeg’s examples of concrete imagery 

include memory imagery of special triangles, trigonometric quadrants, diagrams of standard 

geometric theorems, and images of the graphs of algebraic functions. 

2. Pattern Imagery: “The type of imagery in which concrete details are disregarded and  

pure relationships are depicted in a visual spatial scheme”  (Presmeg, 1985, p.175) is designated 

pattern imagery in her research. This type of imagery is exemplified in the memory images of 

chess masters as described by Dutch psychologist de Groot (cited in Presmeg, 1986), who 

showed an unfamiliar chess situation to chess players of various abilities. In reconstructuring the 

chessboard from memory, most players made numerous errors, but a world-class champion 

recalled perfectly each situation presented to him. But even the top-rated expert showed no 

superiority of recall when the same chess pieces were placed randomly on the chessboard. Binet 

(cited in Presmeg, 1986) found that inexperienced players tried to visualize the pieces on the 

board in concrete detail, while the expert players generated images involving only patterns. One 

reported a “sort of formless vision of the positions; another visualized the pieces as “lines of 

force” (p. 45). According to Presmeg (1986), “Such imagery may be vague or vivid but its 

essential feature is that it is pattern-like and stripped of concrete details” (p. 45).  

 Presmeg’s (1985) examples of pattern imagery include schemes for finding magnitude 

and direction of a vector, pattern tables which highlights regularities in the trigonometrical ratios 

of special angles, and pattern images of trigonometrical formulas for compound angles. Visual 

imagery can be seen to exist on a continuum from concrete to more abstract forms, and Presmeg 

warns that it is not always easy to determine where concrete imagery ends and pattern imagery 

begins.  

3. Memory Images of Formulas: This type of imagery was experienced in Presmeg’s  

(1985) study by students who typically visualized a formula that had been written on the 

blackboard by a teacher or in a notebook by the students. Memory images of formulas cause 

abstract information to be manifested in concrete images. Although pattern imagery may not be 

available to most visualizers in mathematics, “memory images of formulas are probably 

experienced by most people who use imagery in mathematics” (p. 176). For some of her students 

this image was vivid, but for others it was an ambiguous form from which they were able to 

mentally reconstruct the formula. Presmeg found that vivid images were more facilitative of 



26 
 

accurate recall. Example of memory images of formulas includes the recall of the formula of the 

magnitude of a vector, the quadratic formula, and the formula for polar coordinates (Presmeg, 

1986b). 

4. Kinesthetic Imagery: Lakoff (1987) reports that much of mental imagery is kinesthetic.  

“It is independent of sensory modality and concerns awareness of many aspects of functioning in 

space: orientation, motion, balance, or shape judgements” (p.446). Lakoff claims that image 

schemata are sufficiently general to have a kinesthetic nature.  

 This type of imagery occurred less often than concrete imagery or memory imagery of 

formulas in Presmeg’s (1985) study. Kinesthetic imagery is imagery involving muscular activity, 

which typically consists of tracing out a shape or pattern or otherwise moving the hands of 

fingers. For example, one student in her study “walked” around imagery quadrants with her 

fingers to identify the polarity of trigonometric functions; another “walker” vectors head-to-tail 

to demonstrate her concepts of displacement; and many students used their fingers to trace their 

image of a parabola or hyperbola, particularly when they could not remember the term. 

5. Dynamic Imagery: Mental images are not always static entities; it is the possibility of  

performing dynamic operations with images that confers on them much of their creative power. 

Einstein, for example, demonstrated the role that imagined operations played in his thinking 

(Shepherd, 1978). Wheatley (1990) reports on the ability to transform images, and states, 

“Transforming images is a dynamic process” (p.10). Examples include transforming a rhombus 

into a square or performing a rotational transformation.  

Aspinwall (1994) and Haciomeroglu (2007) combined their research on the derivative 

and the integral respectively to create the Mathematical Processing Instrument for Calculus 

(MPIC) (e.g., Aspinwall, Haciomeroglu, & Presmeg, 2008; Haciomeroglu, Aspinwall, Presmeg, 

Chicken, & Bu, 2009). This instrument was created following the design of Presmeg’s (1985) 

Mathematical Processing Instrument. The MPIC classifies the processing of students according 

to their preference for visual and analytic thinking in calculus. The MPIC was used to develop a 

quantitative understanding of the, necessarily internal, visual and analytic cognitive processes of 

195 Advanced Placement (AP) students in eleven classrooms in five North Florida high schools. 

 The instrument provides a score that reveals the extent to which students employ 

visualization or analysis to determine their answers. After having been classified as analytic or 

visual, students were interviewed to describe their thinking in greater detail by being asked to 
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draw a derivative graph when presented with the graph of a function. Acording to Aspinwall et 

al. (2008), the following three elements guided their exploration in students thinking:  

1. Elements of Visualization – Visual solutions are dynamic and image based. Students  

using such solutions can operate on their images without feeling the necessity of another thinking 

process. They are able to visualize the changing slopes of tangent lines to the function and 

accordingly are able to construct an entire derivative graph with no need to consider individual 

parts such as critical points or intervals. The individuals are able to determine the shape of 

derivative graphs based on their estimates of slopes. 

2. Elements of Analysis – Analytic solutions are generally equation-based. An analytic  

solution to a task presented graphically typically may involve translation to an equation, 

computing the derivative of the equation, and then using this new equation to draw the derivative 

graph. Students whose analytic processes do not necessarily involve precise estimation of 

equations refer to basic groups of functions such as cubic functions or quadratic functions, and 

their graphs associated with odd powers of x, respectively. They describe a process of using 

analytic information obtained from tasks presented graphically.  

3.   Elements of Verbal-Description – Students using thinking processes that are verbal-

descriptive determine critical points and intervals on the graphs, distinguish among different 

elements in the tasks, determine a hierarchy for these elements, and then combine them to draw 

the derivative graph. This process enables students to assemble description of evidence they use 

to create their graphs.  

 
 

Verbal Description 
 

 
 

Visualization            Analysis 

                            
Figure 2.1: Triangle of Elements that Guide Exploration 

 
 
 



28 
 

Table 2.1: Researchers Using Mathematical Processing Instruments in Research 

 
Researcher Mathematical Processing 

Instrument? 

Measure or Classification 

Krutetskii (1976) None Used Classified math students as:  
1. Geometric Thinker 

(Strong Visual-
Pictorial) 

2. Analytic Thinker 
(Strong Verbal-
Logical) 

3. Harmonic Thinker 
(A mixture of 
visual-pictorial and 
verbal logical) 

Moses (1977) Problem Solving Inventory 
(Spatial Problems, Analytic 
Problems, Problems 
Equally Spatial and 
Analytic) 

Measures problem solving 
performance 

Suwarsono (1982) MPI  Measured the individuals 
mathematical degree of 
preference for visual 
imagery in solving 
mathematics problems 

Presmeg (1985) Developed MPI based on 
Krutetskii’s Classification 
(1976) 

Identified 5 Kind of 
Imagery  

1. Concrete-Pictorial 
Imagery 

2. Pattern Imagery 
3. Memory Images of 

Formulas 
4. Kinesthetic Imagery 
5. Dynamic Imagery 

Aspinwall, Haciomeroglu, 
& Presmeg (2008); 
Haciomeroglu, Aspinwall, 
Presmeg, Chicken, & Bu 
(2009) 

Developed Mathematical 
Processing Instrument for 
Calculus (MPIC) following 
Krutetskii; Verbal-
Description Method 

Identified 3 Elements of 
Student Thinking: 

1. Elements of 
Analysis 

2. Elements of 
Visualization 

3. Elements of Verbal-
Description 
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Researchers reported in their study that individuals tended to use a combination of visual 

and analytic strategies (Zaskis, Dubinsky, & Dautermann, 1996). However, a cohesive third 

component, verbal-description, was found to unite the elements of visualization and analysis. In 

a new model (see Figure 2.1 above), the processes are depicted as the vertices of the triangle, and 

examples in a study described how individuals progress from one “vertex” to another in making 

decisions (Aspinwall, Haciomeroglu, & Presmeg, 2008). The theoretical perspectives of the 

researchers are summarized in the table below (see Table 2.1 above) 

 

Instrumental Understanding and Relational Understanding 

 
 Skemp (1976) described two types of understanding – relational and instrumental – that 

relates to the distinction between conceptual and procedural knowledge. In Skemp’s 

terminology, instrumental understanding meant having procedural knowledge only, knowing 

how to do something, whereas relational understanding involved knowing both what to do and 

why.  Hiebert (1986) later made an important distinction was later made between ‘conceptual 

knowledge’ and ‘procedural knowledge’. Conceptual knowledge was described as being 

particularly rich in relationships and can be thought of in terms of a connected web of 

knowledge. Procedural knowledge, on the other hand, has been defined in terms of knowledge of 

rules or procedures for solving mathematical problems (Petterson & Scheja, 2008).  

Star (2005) opposed the popular use of the terms procedural and conceptual and argued 

that conceptual knowledge is better understood in terms of “knowledge of concepts or 

principles” and that procedural knowledge should be defined in terms of “knowledge of 

procedures”. Baroody, Feil, and Johnson (2007) presented the learning or development of 

procedural knowledge and conceptual knowledge as a continuum. At one end of the continuum, 

the understanding is unconnected and coupled with superficial procedural knowledge and a lack 

of conceptual knowledge. At the other end of the continuum we find richly connected procedural 

and conceptual knowledge. The model developed by Baroody et al. (2007) implies that 

procedural and conceptual knowledge represents mutually supportive aspects of learning 

mathematics.  

Lastly, Engelbrecht, Harding, and Potgieter (2005) displayed students’ confidence and 

performance of procedural and conceptual problems as equally good for students in calculus 

courses emphasizing understanding and interpretation. Their stance is contrary to Skemp (1976) 
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and Pesek and Kirshner (2000) which both say that procedural knowledge often poses an 

obstacle for students’ development of conceptual knowledge.  

Teaching for procedural knowledge means to present ready-made definitions, notations, 

and procedures without first giving “deeper” meanings to the concepts involved. In contrast, 

teaching for conceptual understanding starts in problems that require reasoning from students to 

make connections to their prior knowledge (Brown, Seidelmann, & Zimmerman, 2002). The 

difference between these modes of teaching is fundamental and is reflected in the structure of 

textbooks.  

In an experimental study, Pesek and Kirshner (2000) used two study groups 

(approximately 50 grade 5 students in each group), where one group was taught instrumental 

knowledge before relational (formulae were provided and trained, without explanations why they 

worked). The other group was taught only relational knowledge (together with the ‘instrumental’ 

group). The content consisted of areas and perimeters. A set of pre-, post-, and retention tests, 

along with student interviews, showed that the ‘relation’ group performed better than the 

‘instrumental’ group on tasks involving both conceptual and procedural tasks. Results pointed to 

three different aspects of such interference: cognitive, attitudinal and metacognitive interferences 

(Engelbrecht, Bergsten, & Kagesten, 2009). 

Chappel and Killpatrick (2003) found a similar result for student learning at the 

undergraduate mathematics level. For 305 calculus students, one learning environment was set 

up using a procedural teaching approach and a conceptual approach. The students in the 

‘conceptual’ approach scored significantly higher on both conceptual and procedural tasks than 

the ‘procedural’ group, also on a replicated study involving 303 students. The outcome showed 

that a concept-based instruction, in undergraduate mathematics education, could develop 

conceptual understanding without losing out on the procedural skills (Engelbrecht, Harding, & 

Potgieter, 2009). 

 
African American Students Approach to Learning 

 
Stiff (1990) believed that African American students’ use of verbal expressions, holistic 

or relational approaches, and field dependency may influence how they solve mathematical 

problems.  Willis (1992) believed that the influence of African heritage and culture results in 

preferences for student interaction with the environment, and this influence affects cognition and 
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attitude. Willis’ review of theories, research, and models of learning styles of African-American 

students support Shade's (1992) findings that African American students are flexible and open-

minded rather than structured in their perception of ideas and they use cultural interpretations of 

visual and pictorial images. 

 Smith and Drumming (1992) conducted a study of African American college students.  

The researchers used Wason’s Four Card Selections Task to look at how African American 

college students reasoned deductively.  Twenty-four subjects were randomly assigned to each of 

the eight conditions formed by combining Problem Type and Rule into 2 4 between subject 

factorial experiment. The abstract problem and the drinking-age problem (Griggs & Cox, 1982) 

were the two levels of Problem Type. The levels of Rule were the four rules formed by 

permutating the negation operator “not” over the two components (antecedent and consequent) 

of a conditional rule (cf. Griggs & Cox, 1983, p. 523). These rule are If P then Q, If P then not Q, 

If not P then Q, and If not P then not Q. The verbal referents of the –P (read as “not P”) and –Q 

(read as “not Q”) components were chosen so that all four rules were on the semantic structure of 

the If P then Q rule (cf. Griggs & Cox, 1983, p. 528). This study was the first study to have 

African Americans as subjects.  The researchers found that the African-American college 

students of privileged socioeconomic backgrounds were similar to their white counterparts.  

There was no evidence of a deficit found in the achievement of the students. Smith and 

Drumming stated: 

On balance, the results of this study challenge monolithic notions of cognitive 

development that the university ascribes in reasoning ability to African Americans. Some 

African-Americans, notable those researched here, appear to acquire conceptual rules for 

logical reasoning that are as powerful and as fallible as any developed by people in 

Western, literate societies. (p.236) 

 Shade (1992) conducted a study of the African American cognitive style.  The researcher 

used 178 ninth grade students categorized by race, sex, and achievement level.  The students 

were administered three cognitive style tasks.  The tasks included:  

1. Group Embedded Figures Test- This test is used to measure perceptual differentiation  

style preferences. The GEFT assesses the level of field dependence-independence. It is a 

perceptual task requiring subjects to break up an organized visual field in order to separate a 

portion of that field. The test also includes a short-term memory component. The GEFT contains 
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eight simple geometric forms (i.e., cube, hexogram) that are embedded within more complex 

stimulus patterns. Subjects are instructed to locate and trace simple form hidden within the 

complex pattern. The GEFT consists of three timed sections. The first is a practice section. The 

other two test sections contain nine items, and a maximum of five minutes are allowed to 

complete each section. GEFT scores range from 0 to 18, with higher scores suggesting more 

field independent functioning (O’Leary, Calsyn, & Fauria, 1980).  

2. Clayton Jackson Object Sorting Task- This task is used as a measure of preference in  

conceptual differentiation.  

3. Myers- Briggs Type Indicator- This is used as a measure of social interaction style. The  

MBTI instrument (Myers, McCauller, Quenk, & Hammer, 1998) was developed by two U.S. 

women, Isabel Briggs Myers and Katharine Cook Briggs, as they expanded Carl Jung's theory of 

psychological type. Jung, a Swiss psychiatrist, began his theory on psychological type in part to 

understand the differences between his contemporaries, Freud and Adler (Mattoon, 1981). 

According to Mattoon, a Jungian analyst, Jung believed they had different ways of perceiving the 

world and "identified Freud as extraverted and Adler as introverted"(1981, p. 54). 

The study revealed a significant difference between African Americans and European Americans 

in their perceptual orientation to the environment. Shade states: 

African-American students tended to be more spontaneous, flexible, open-minded and 

less structured in their perceptions, flexible, open-minded and less structures in their 

perceptions of people events, and ideas and Euro-Americans in this sample appeared to 

be self-regulated, judgmental, and less open-minded... If Afro-Americans (sic) visually 

transform and interpret pictorial images based upon their own cultural interpretation, a 

reexamination will need to be made of the use of pictorial representations in the 

assessment of cognitive functioning. (pp. 258-59) 

Furthermore, Shade concluded from her study that there is a possibility of a cultural 

variation in visual information processing, although, at the time, it has only been examined for 

international samples but not within the framework of American culture.  

Willis (1992) believed that African-Americans learn in ways characterized by factors of 

social/affective emphasis, harmony, holistic perspectives, expressive creativity and nonverbal 

communication. She summarized each factor as follows:   

1. Social/affective emphasis.  Shade (1992) suggests that African-American students rely on  
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personalistic stimulation in learning instead of inanimate or object stimulation.  In other words, 

the students are people-oriented and they rely heavily on affective interactions.  According to 

Willis (1992), social interaction is important for African-Americans because social learning is 

common in the African-American community. 

2. Respect for harmony.  According to Willis (1992), African-Americans are inclined to live  

in harmony with nature instead of trying to control it.  Knowledge is sought for practical, 

utilitarian, and relevant purposes. 

3. Holistic Reasoning.  African-Americans tend to respond in terms of the whole picture  

instead of its parts (Willis, 1992).   The pieces derive their meaning from the pattern of the whole 

instead of using an analytical approach where the whole is revealed through the parts. 

4. Field dependence.  Shade (1992) found that African Americans view the world as a  

unified environment with natural order where relationships among the parts are the focus. 

5. Expressive creativity.  Willis (1992) suggests that African Americans are creative,  

adaptive, variable, novel, stylistic, and intuitive.  They prefer simultaneous stimulation that 

contains animated oral expression.   

6. Nonverbal communication.  According to Willis (1992), movement and rhythm are  

components that are vital to the information transmitted.  According to Hale-Benson (1986), 

African Americans are generally not word dependent.  They tend to be very talented in nonverbal 

communication using tone and body language. 

A study conducted by Walker (2007) investigated how African American community 

college students with different levels of mathematics anxiety engaged in problem solving tasks. 

The qualitative case study examined the strategies and thinking processes used during problem 

solving tasks.  The participants in the study were two students who had high mathematics anxiety 

and two students who had low mathematics anxiety.  The students were administered the 

Mathematics Anxiety Rating Scale – Shortened Version (MARS) to determine their level of 

mathematics anxiety.  The students participated in task-based interviews that included six 

problem-solving tasks while thinking aloud.  After completion of the problem solving tasks the 

students completed a mathematics anxiety symptom survey and participated in a short interview.   

The purpose of the study was to determine what strategies and thinking processes the 

students used when they engaged in problem solving tasks.  The researcher compared the results 

of the students with high mathematics anxiety with the results of the students with low 
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mathematics anxiety. The researcher used the frameworks of Malloy (1994) and Montague 

(2003) to determine the problem solving strategies and thinking processes.  The results of the 

study revealed the African American community college students approach to learning.  The 

results included that drawing pictures or diagrams may be important for high mathematics 

anxiety students when solving problems, but not necessarily meaningful. This result relates to 

African American’s ability to visualize Calculus.  Another result from the study is that failure to 

use all of the thinking processes described by Montague (2003) does not hinder the student’s 

ability to successfully solve mathematical problems.  The latter result describes the participants’ 

approach to learning.   

 
African American Students’ Classroom Preference 

 
The traditional pedagogical approach (more precisely “sage of stage”) presents a huge 

conflict for African American students (Thomas, 1993). This particular pedagogical style does 

not accommodate the learning styles of African American children (Gilbert &Gay, 1985; 

Hilliard, 1988; Treisman, 1985). The learning style of African American students tends to be 

relational and field-dependent. This means that African American students function better in 

cooperative, informal, and loosely structured environments, in which students and teachers work 

closely together to achieve common goals. (Gilbert & Gay, 1985). Hilliard (1988) characterized 

the traditional school as quite rigid, and he asserted that the traditional school mainly 

accommodated the learning styles of only analytic learners. He thought that the school should 

also accommodate the styles of relational learners. In an earlier study, African Americans were 

found to be more spontaneous, flexible, open-minded, and less structures in perceptions, 

thoughts, and events (Willis, 1992). A different study found that African American tend to be 

relational learners (Melear, Pitchford & Richardson, 1992). This study supported earlier claims 

that African American children have a person-oriented, affective, and relational learning style. 

Thomas (1993) observed that a constructivist-learning environment indicated that a constructivist 

pedagogical approach has a positive influence for increasing discourse among African American 

students. 

After examining the research on African American student learning, I found that there are 

few studies on the learning and instruction for African American Students. None of these studies 
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address African American male community college students’ understanding of the calculus 

derivative. Therefore, I feel that the following research questions need to be addressed: 

1. What is the role of graphic representations in African American male community college 

students’ construction of the derivative in calculus?  

2. How do African American male community college students synthesize graphic and 

analytic meaning of the derivative in calculus?  

3. What pedagogical approaches are the most effective in assisting African American 

students with visual understanding of derivative graphs? 
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CHAPTER THREE 

 

METHODOLOGY 

 
 
The purpose of this research is to investigate how two African American male 

community college students construct meaning of the calculus derivative through the use of 

graphic representations together with their visual thinking and analytic thinking. The major 

research question guiding this study is: How do African American male community college 

students construct meaning of the calculus derivative? This study answered the following 

research questions:  

1. What is the role of graphic representations in African American male community college 

students’ construction of the derivative in calculus?  

2. How do African American male community college students synthesize graphic and 

analytic meaning of the derivative in calculus?  

3. What pedagogical approaches are the most effective in assisting African American 

students with visual understanding of derivative graphs? 

In this chapter, I provide an overview of the methods that were used in this study, 

including a discussion of qualitative research and method of inquiry. This chapter also explains 

participant selection, data collection, development of tasks, and interview procedure. This is 

followed by a discussion of trustworthiness (internal and external validity and reliability), and 

data analysis. 

 
Qualitative Research 

 
 This study employed qualitative research methods. Qualitative research is an umbrella 

concept covering several forms of inquiry that helps us understand and explain the meaning of 

social phenomena with as little disruption of the natural setting as possible. In qualitative 

research, researchers are interested in understanding the meaning people have constructed, that 

is, how they make sense of their world and the experiences they have in the world (Merriam, 

1998). According to Bogdan and Biklen (1998), “The qualitative researcher’s goal is to better 

understand human behavior and experience. They seek to grasp the processes by which people 
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construct meaning and to describe what those meaning are” (p. 38). David Krathwohl in his book 

Methods of Educational and Social Science Research stated:  

The qualitative point of view of research involves understanding how the world looks to 

the people being studied and how those people act on that information. Qualitative 

research findings are local and context bound. Multiple interpretations may be quite 

acceptable depending on how various persons perceive the data being explored. (p. 237)  

Wiersma (2000, p. 198-199) summarized the underlying epistemology of qualitative 

research:  

1. Phenomena should be viewed holistically, and complex phenomena cannot be reduced to  

a few factors or partitioned into independent parts.  

2. The researcher operates in a natural setting because of the concern for context and, to the  

extent possible, should maintain an openness about what will be observed, collected, etc., in 

order to avoid missing something important. This results in flexibility in design and even the 

possibility of an evolving design as the research proceeds.  

3. It is the perception of those being studied that are important, and, to the extent possible,  

these perceptions are to be captured in order to obtain accurate “measure” of reality. “Meaning” 

is perceived or experienced by those being studied, it is not imposed by the researcher.  

4. A priori assumptions, and certainly a priori conclusions, are to be avoided in favor of post  

hoc conclusions. Assumptions and conclusions are subject to change as the research proceeds.  

5. Phenomena in the world are perceived as a somewhat loosely constructed model, one in  

which there is flexibility in prediction, for example, and one which is not run in a mechanistic 

manner according to a set of laws.  

The goal of qualitative research is not to reduce meanings to a single generalization or 

explanation. Instead, the objective of qualitative inquiry is to understand the individual’s 

perspectives, lived experiences, behaviors, thoughts, and feelings.  Given the goal of qualitative 

research and the purpose of this study, employing qualitative research methods for this study 

allowed me to investigate and answer my research questions.  

 
A Multiple Case Study Approach 

 
 The mode of inquiry into the research questions was the case study method. “A 

qualitative case study is an intensive, holistic description and analysis of a single instance, 
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phenomenon, or social unit” (Merriam, 1988, p.21). It is an exploration of a “bounded system” or 

case (or multiple cases) over time through detailed, in-depth data collection involving multiple 

sources of information rich in context. Case studies are differentiated from other types of 

qualitative research in that they are intensive descriptions and analyses of a single unit such as an 

individual, program, event, group, intervention, or community. For this study, the multiple cases 

were two African American male community college students.  

Merriam also explained that with case study research, one typically becomes aware of a 

situation that is problematic or puzzling. Questions of meaning and process, such as those 

probing the nature of African American male community college students understanding of 

derivative functions, can only be answered in the context which they exist (Merriam, 1985). 

When the focus of the case is unique and requires study, it is known as an intrinsic case study 

(Stake, 1995). For this study, each student is bounded by his or her experiences and will be 

considered an individual case. Given the purpose, objectives, and research questions guiding this 

study, I believe that using a case study approach helped me better understand the students 

individually and collectively. In addition, this approach allowed me to seek what is common and 

what is particular about the cases (Stake, 2000).  

 
Participants 

 
 The participants were chosen using purposeful sampling for this study. Purposeful 

sampling allows the researcher to select people for a study based on the belief that this sample 

can contribute to or expand the knowledge base (Schloss & Smith, 1999). Merriam (1998) 

explains, ‘purposeful sampling’ is used when an investigator wants to “discover, understand, and 

gain insight and therefore must select a sample from which the most can be learned” (p. 61). The 

student is the primary unit of analysis since I am interested in the phenomena of their perceived 

understanding of the calculus derivative.  Therefore, the selection of the participants was critical 

to the design and goals of this study. A criterion was used to select the two participants for this 

study. For this study, I choose students who were 

 multi-generational African Americans born in the United States and received their 

pre-college education in the Unites States; 

 high achieving African American male community college students;   
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 aspiring to become STEM majors (Science, Technology, Engineering, and 

Mathematics);  

 students that completed Calculus I with at least a B average; and  

 participants that are able to express themselves with reasonable competence 

verbally.  

Scholars have argued that multi-generational African Americans have uniquely different 

experiences that those students who have migrated here from other countries (Ogbu 1991; 

Goodwin, 2002). Hence, when conducting research on African-Americans, a distinction should 

be drawn between these groups. For example, in her study of socioeconomically and 

educationally disadvantaged minority students succeeding at an elite university, Lattie Goodwin 

(2002) distinguished between the experiences of three groups of students, which she called the 

pleasers, the searchers, and the skeptics. The pleasers were first generation immigrants who 

immigrated to this country sometime before college; the searchers where second-generation 

immigrant students whose parents immigrated to the United States sometime before the students 

were born; and the skeptics were multigenerational United States citizens who were historically 

disenfranchised by the dominant White society. She refers to the skeptics as involuntary 

immigrants and have different cultural, social, and educational experiences (Goodwin, 2002; 

Ogbu, 1991) based on their historic marginalization in this country. For this study, I will seek 

STEM majors who are multigenerational African American citizens.  

I selected two African American male participants in the spring of 2010 from twenty 

students that participated in a sitting for the MPIC (Mathematical Processing Instrument in 

Calculus) at a community college in Northwest Florida. The students are a part of HP-MESA 

(Hewlett-Packard Mathematics Engineering and Science Achievement) program. This program 

is designed to recruit and retain African Americans who plan to transfer to a four-year program 

and major in Science, Technology, Engineering, or Mathematics (STEM) and each student 

aspires to major in a STEM area. I contacted each of the two students and asked them if they 

would be interested in participating in the study. Once they agreed, I then scheduled an initial 

meeting with each student in Summer 2010 to explain the specifics of the study. At the meeting, 

I gave them informed consent forms to sign.  
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Data Collection 

 

Background Information 

 
During the beginning of fall 2010, I scheduled an initial 60-minute interview with each of 

the participants to get background information using an interview protocol I developed to 

provide insight into the population that was being studied (See Appendix A).  

 
Mathematical Processing Instrument for Calculus (MPIC) 

 
The primary data that the researcher collected to use for analysis were the results of the 

administration of the Mathematical Processing Instrument for Calculus (MPIC, See Appendix 

B).  Following the design of Presmeg’s (1985) instrument, consisting of high school algebra 

problems, to identify students’ preference for visual or analytic thinking, researchers developed 

and field-tested the MPIC (Aspinwall, Haciomeroglu, & Presmeg, 2008; Haciomeroglu, 

Aspinwall, Presmeg, & Bu, 2009). This instrument was designed to compare and contrast 

calculus students’ ways of thinking about and understanding of the derivative and antiderivative.  

The MPIC consists of two main sections – derivative and antiderivative – which have two 

parts, Multiple-Choice and Method, in each section. The Multiple-Choice part consisting of six 

graphical tasks, ask students to choose derivative or anti derivative graphs of basic functions. 

The system assesses how well students understand the calculus derivative and antiderivative. The 

Method part, consisting of an analytic and a visual solution method for each multiple-choice 

task, help determine the students’ preference for visual or analytic thinking. On the Method 

parts, whether the students answer the multiple-choice tasks of whether they answer correctly 

matter less than their methods. More important is that they choose a solution method for each 

task that most closely describes how they made their choice.  

Every graphical task has two possible solutions because visual students prefer to work 

directly from graphic information, and analytic students prefer to translate to an algebraic 

representation if possible. For example, graphical solutions or estimating slopes are considered 

visual solutions; using algebraic solutions or estimating equations are considered analytic 

solutions.  

In the MPIC, a higher score indicates that a student has visual preference; a lower score 

indicates an analytic preference. Students are given one point for each visual solution regardless 
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of their answer for the multiple-choice tasks. For each analytic solution, students receive a score 

of zero.  

The derivative section asks students to select possible derivative graphs. Six multiple-

choice tasks are worth six points each for a correct graph and zero points for an incorrect graph. 

The antiderivative section similarly asks students to select possible antiderivative graphs. Six 

multiple-choice tasks are worth six points for correct graphs and zero points for an incorrect 

graph. Because more that one correct answer exists for the multiple-choice antiderivative tasks, 

if two answers are correct then each correct answer is worth three points. If three answers are 

correct, then each correct answer is worth two points. After completing each multiple-choice 

task, students must choose a solution method. For each analytic solution, student receives a score 

of zero. Participants earn one point for each visual solution regardless of whether their answers 

are correct or incorrect for the multiple-choice tasks. Thus, the total possible scores for Multiple-

Choice and Method parts are thirty-six and six points, respectively, for each of the two sections.  

To check validity and reliability, researchers (Haciomeroglu, Aspinwall, Presmeg, & Bu, 

2009) administered to 195 Advance Placement high school students in eleven classrooms with 

seven teachers. Having examined the students’ scores, they conducted interviews with 27 high 

achieving students from nine classes and explored their thinking on four graphical tasks – two 

derivative and two antiderivative tasks – to determine their preference for visual or analytic 

thinking. On the basis of their analyses of students’ responses to the tasks, solutions based on 

visual preferences were given a score of one, and solutions bases on analytic preferences were 

given a score of zero. Interview scores were correlated with the average scores on the derivative 

or antiderivative parts of the MPIC. Vd and Va represent the students’ averages visual scores 

from five tasks on the derivative and antiderivative respectively. VaVd represented the average 

visual scores of ten questions on both the derivative and antiderivative sections of the MPIC.  

 The Cronbach’s alpha coefficient, a value between 0 and 1, is a widely accepted indicator 

of the reliability of an instrument (Wiersma, 2000). A higher coefficient indicates a more reliable 

instrument. We considered the scores from the 27 students who were interviewed, and we 

examined the correlations between the interview scores and the average visual scores, Vd, Va, 

and VdVa. The field test on the MPIC yielded the following Cronbach’s alpha coefficients, 

indicating that the instrument is highly reliable (see Table 3.1). 
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Table 3.1: Cronbach’s Alpha Coefficient: Reliability Test Mathematical Processing Instrument 
for Calculus: On-Math, January 2009, Volume 7, Issue 1 
 

Cronbach’s Alpha Vd Va VdVa 

Interview scores from 27 students 0.86 0.84 0.88 

 
 

 The Spearman’s correlation coefficient rho varies from –1 (a perfect negative correlation) 

to +1 (a perfect positive correlation). If the coefficient rho is zero, then there is no relationship 

between the two variables. The closer the coefficient rho is to +1, the stronger the positive 

correlation. In this case, the Spearman’s rho, an estimate of the correlations between Vd, Va, and 

VdVa, indicates that a fairly strong relationship exists between the interview scores and the 

average visual scores on the MPIC, thus establishing an acceptable level of validity (see Table 

3.2). Spearman’s measure of correlation was chosen over other measures due to its lack of 

reliance on strong assumptions on the nature of the data. 

 
 
Table 3.2: Spearman’s Correlation Coefficient: Reliability Test Mathematical Processing 
Instrument for Calculus: On-Math, January 2009, Volume 7, Issue 1 
 

Spearman’s rho Vd Va VdVa 

Interview scores from 27 students 0.61 0.57 0.64 

 
 

 Researchers (Haciomeroglu, Aspinwall, Presmeg, & Bu, 2009) concluded that this new 

instrument reliably classifies students according to their preferences for visual or analytic 

thinking in calculus. Moreover, logistic regression (see Figure 3.1) was used to model the 

probability of being visual (or analytic), given a student’s score on the MPIC. The following 

graphs illustrate how likely the solution of the student is going to be zero (analytic preference) or 

one (visual preference) given an average score of a student on the MPIC. If the student receives a 

score between 0.40 and 0.45, the probability that he is visual or analytic is approximately 50 

percent. However, for scores more than 0.45, students are more likely to be visual; for scores 

below 0.40, they are less likely to be visual. The model shows that if a student scores one, the 

student is 96 percent likely to have a visual preference (see Figure 3.1). 
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Because it is the lowest on the left, highest on the right, and steepest in the middle, the 

VdVa is the best model. Scores above a particular value imply the student is visual with 

probability one, whereas scores below imply that a student is visual with probability zero. If a 

student receives a zero on the MPIC, there is a 15 or 20 percent chance on the Vd and Va models 

(see Figure 3.1) that the student is visual, whereas it is 10 percent on the VdVa model.  

 
 

 
 

Figure 3.1: Logistic Regression Model 
 Mathematical Processing Instrument for Calculus 

On-Math, January 2009, Volume 7, Issue 1 
 
 

Tasks for Clinical Interviews 

 
Seldon, Mason, and Selden (1989) investigated students’ ability to solve cognitively non-

routine problems, “problems for which they had not been taught a method of solution” (p. 45). 

After each participant was “assessed” with the MPIC, I used tasks developed by Aspinwall 

(1994) and additional tasks (that I developed) that were needed to explore the nature of their 

understanding of the derivative based on their responses in the interviews (see Table 3.3).   
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Table 3.3: Tasks from Aspinwall (1994) and Additional Tasks 

 
Tasks from 

Aspinwall (1994) 

Additional Tasks 

#1, #2, #6A, #6B, #7, 
#8A, #8B, #9A, #9B, 
#10A, #10B, #11, #12, 
#13, #14, #16, #17, 
#18, #19, #21, #22,  

#3, #4, #5, #15, #20, 
#21, #22, #23A, #23B 

 

 

The tasks (see Table 3.4) were comprised of problems that require recall of formulas only 

and no explanation (Analytic Tasks) and problems that require extension of what is taught with a 

strong visual emphasis (Visual Tasks) (Eisenburg & Dreyfus, 1991; Creswell, 2003). 

 
 

Table 3.4: Analytic Tasks and Visual Tasks 
 

 

Analytic Tasks 

 

Visual Tasks 

#1, #6A, #8B, #11, 
#18, #20  

#2, #3, #4, #5, #6B, #7, 
#8A, #9, #10A, #10B, 
#12,  #13, #14, #15, 
#16, #17, #18, #19, 
#21, #22, #23A, #23B 

 
 
The tasks were administered with three objectives: (1) to obtain a quantifiable perspective of 

how the students understand concepts in calculus, (2) to structure the interview process, and (3) 

to provide valuable information that, coupled with interview data, guided the development of 

additional tasks when they were needed (Aspinwall, 1994).  

 To further explore Matt’s and Danny’s understanding of differentiation at endpoints, 

cusps, breaks, and asymptotes of a function, additional tasks were administered to explore their 

nature of understanding (see Table 3.5 below). The additional visual tasks were premade and 

selected based on the preceeding task.  
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Table 3.5: Tasks for Nondifferentiation  
 

Tasks for Aspinwall 

(1994) 

Additional Tasks 

#8A, #9, #10B, #14, 
#16, #17 

#15, #20, #21, #22, 
#23A, #23B 

 
 
Clinical Interviews 

 
 In all forms of qualitative research, some and occasionally all of the data are collected 

through interviews. The most common form of interview is the person-to person encounter in 

which one person elicits information from another (Merriam, 1998, p.71). The main purpose of 

an interview is to obtain a special kind of information. The researcher wants to find out what is 

“in and on someone else’s mind” (Patton, 1990, p.278) Patton (1990) explains:  

We interview people to find out from them those things we cannot directly observe…. 

We cannot observe feelings, thoughts, and intentions. We cannot observe behaviors that 

took place at some previous point in time. We cannot observe how people have organized 

the world and the meanings they attach to what goes on in the world. We have to ask 

people questions about those things. The purpose of interviewing, then, is to allow us to 

enter into the other person’s perspective. (p.196)  

 Interviewing in qualitative investigations is more open-ended and less structured 

(Merriam, 1998). Less structured formats assume that individual respondents define the world in 

unique ways. Thus, questions need to be more open-ended. In the semi-structured interview 

either all of the questions are flexibly worded, or the interview is a mix of more and less 

structured questions. Usually, specific information is desired from all the respondents, in which 

case there is a highly structured section to the interview. But, the largest part of the interview is 

guided by a list of questions or issues to be explored, and neither the exact wording nor the order 

of the question is determined ahead of time. The interviews for this study were given in an 

“unstructured/informal” and “conversational” format (Merriam, 1998, p. 73), although the 

following questions were prompts at the beginning of the interview for each task:  

1. What is your reaction to the task? 

2. Describe how you solved each this task? 
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3. Can you see a relationship in the tasks? If so, what relationships do you see? 

The questions above were used to get a specific amount of information from each task 

presented. In addition to the questions above, the remainder of each of the interviews involved 

unstructured questions. These questions were particularly useful because I did not know enough 

about the phenomenon to ask relevant questions. The goal of this approach was to formulate 

questions for the remainder of each interview and for subsequent interviews. 

For each interview following the initial background interview, I used task-based 

interviews. For these interviews, each student was given a task. Each task was given individually 

on one sheet of paper. The student was also be given a sheet of paper with a graph on it to graph 

their solutions, if needed, when asked to complete each task. The student was given time to 

review and complete each task. Then, the student was asked questions about his thought 

processes. The task-based interviews were audio and video recorded. There were 10 in-depth 

interviews with each participant (see Table 3.6).  

 
 

Table 3.6: Interview Organization 
 

Interviews Tasks Presented 

Interview #1 #1, #2, #3 
Interview #2 #4, #5, #6A 
Interview #3 #6B, 7 
Interview #4 #8A, #8B, #9 
Interview #5 #10A, #10B, #11 
Interview #6 #13, #14, #15 
Interview #7 #16, #17 
Interview #8 #18, #19 
Interview #9 #20, #21, #22 
Interview #10 #23A, #23B 

            
                           
Each interview lasted approximately 45 - 60 minutes and two to three tasks were 

administered during each interview.  The students were asked to verbalize their thought 

processes while completing each task so that I could gain knowledge as to what the students 

were thinking. When additional issues arose during the transcribing of the interview, more 

interviews were conducted as needed (Steffe, Thompson, & von Glasersfeld, 2000). 
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Internal Validity and External Validity 

 
Internal validity deals with the question of how research findings match reality (Merriam, 

1998, p. 201). In order to enhance internal validity, I used the following strategies as outlined by 

Merriam (1998):  

1. Triangulation- This strategy uses multiple investigators, multiple sources of data,  

or multiple methods to confirm the emerging findings. Triangulation may produce data that are 

inconsistent or contradictory. Shifting the notion of triangulation away from “a technological 

solution for ensuring validity”, and instead relying on a “holistic understanding” of the situation 

to construct “plausible explanations about the phenomena being studied” (Mathison, 1988, p.17, 

as cited in Merriam, 1998). When triangulating data, I analyzed all written work, interview 

transcriptions, and research literature to confirm findings. I also compared results with previous 

research done in the area. Finally, I shared findings with researchers that are familiar with the 

methodology.  

2. Member Checks – This strategy involves taking data and tentative interpretations back to  

the people from whom they were derived and asking them if the results are plausible. After each 

interview was transcribed, the student was given an opportunity to read the transcription. I also 

gave the students a follow-up interview.  

3. Peer Examination – This strategy involves asking colleagues to comment on the findings  

as they emerge. After each interview was transcribed, I shared the information with my 

committee members and peers to give me feedback on the findings. This also gave me an 

opportunity to have another “eye” looking at the study.  

4. Researcher’s Biases – This strategy involves clarifying the researcher’s assumptions,  

world view, and theoretical orientation at the outset of the study. In qualitative research, it is 

important to acknowledge all biases. In an attempt to limit my biases, I had colleagues read the 

analyses to ensure fidelity.  

External validity is concerned with the extent to which the findings of one study can be 

applied to other situations (Merriam, 1998, p. 207). It is very important that a researcher provide 

enough description so that readers will be able to determine how closely their situations match 

the research situation, and hence, whether findings can be transferred. To answer research 

questions that gave insight into African American male community college student and their 
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understanding of graphic representations and analytic representations of the calculus derivative, I 

used what Lincoln and Guba (1981) describe as thick description.  

Thick description involves literal description of the entity being evaluated, the 

circumstances under which it is used, the characteristics of the people involved in it, the 

nature of the community in which it is located. Thick description also involves 

interpreting the meaning of such demographic and descriptive data in terms of cultural 

norms and mores, community values, deep-seated attitudes and motives, and the like. 

(p.11) 

 
Reliability 

 
 Reliability refers to the extent to which research findings can be replicated (Merriam, 

1998).  Lincoln and Guba (1985) say that the term reliability in the traditional sense seems to be 

something of a misfit when applied to qualitative research. They (Lincoln and Guba) suggest 

thinking about the “dependability” or “consistency” of the results obtained from the data. That is, 

rather than demanding that outsiders get the same results, a researcher wishes outsiders to concur 

that, given the data collected, the results make sense – they are consistent and dependable. Using 

the frameworks of several researchers, this study will be consistent and dependable (e.g., 

Krutetskii, 1976; Moses, 1977; Suwarsono, 1982; Presmeg, 1985; Aspinwall, 1994; 

Haciomeroglu, 2007; Aspinwall, Haciomeroglu, & Presmeg, 2008; Haciomeroglu, Aspinwall, 

Presmeg, & Bu, 2009).  

 
Data Analysis 

 
After administering the MPIC, I determined the participants’ preference for mathematical 

processing using the grading scale set forward by Haciomeroglu, Aspinwall, Presmeg, and Bu 

(2009). After getting preference, I plan to use task-based interviews (See Appendix C) to analyze 

the participants thought processes using Kruteskii’s (1976) and Aspinwall, Haciomeroglu, and 

Presmeg’s (2008) framework. The data collected from the clinical interviews with each 

participant will be analyzed after each session. As I analyzed and additional question arose, I 

further investigated the processes of each student using the same task or an additional task. I also 

used all relevant literature about visualization, representation, relational and instrumental 
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understanding, and African American student learning that the participants will use while solving 

the tasks.  

The MPIC was developed using Krutetskii’s (1976) framework. Krutetskii (1976) 

distinguished among three main types of mathematical giftedness at the school level.  

1. Analytic Type – very strong verbal-logical component predominating over a weak visual-

pictorial component; spatial concepts weak; cannot use visual support in problem solving 

and feels no need to use the visual supports. 

2. Geometric Type – very strong visual-pictorial component, predominating over an above 

average verbal-logical component; spatial concepts very good; can use visual supports in 

problem solving and feels a need.  

3. Harmonic Type – strong verbal –logical and strong visual-pictorial components in 

equilibrium; spatial concepts good.  

Subtype (a) (abstract harmonic) – can use visual supports in problem solving, but 

prefers not to.  

Subtype (b) (pictorial harmonic) – can use visual supports in problem solving, and 

prefers to do so.  

Krutetskii’s classifications was based on studies of mathematically talented individuals, 

the verbal-logical components being respectively very strong, above average, and strong, in three 

main types. Although kinds of mathematical processing may approximate a typology such as 

Krutetskii’s, it is not useful to classify individuals in categories since mathematical problem 

solving is situation specific and the approach adopted by an individual may vary according to the 

situation. For this study, not only did I refer to types of individuals, but I also referred to types of 

processing for each task presented to the cases.  

 Aspinwall, Hacioumeroglu, and Presmeg (2008) followed Zazkis, Dubinsky, and 

Dautermann (1996) model that describe an interchange between analysis and visualization by 

students in an abstract algebra course. However, the model was insufficient for all calculus 

students as they observed a third component that was described as neither visualization nor 

analysis. This component was called Elements of Verbal-Description. Students using thinking 

processes that are verbal descriptive determine critical points and intervals on the graphs, 

distinguished among elements in the tasks, determine a hierarchy for these elements, and then 
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combine them to draw the derivative graph. This process enables them to assemble descriptions 

of evidence they use to create their graphs.   

In addition to analyzing each interview at the end of every task, I analyzed the same task 

sessions across cases. I used three types of triangulation (Dezin, 1978, cited in Patton, 2002):  

1. Data triangulation (the use of variety of data sources such as field notes, transcript of 

videos, and students’ written work and their responses to several tasks);  

2. Investigator triangulation (I discussed the data and findings in weekly meetings with my 

major professor and his previous graduate students); and  

3. Theory triangulation (i.e., the use of multiple perspectives to interpret a single set of data 

I used Krutetskii’s (1976) work and Aspinwall, Haciomeroglu, and Presmeg’s (2008) 

work,  as well as other relevant literature to interpret the data collected through clinical 

interviews.  

The interviews were transcribed, contrasted and compared with mathematical 

understanding based on the research questions. A goal during the analysis of the interview data 

was to produce the thick description across cases. Also, the goal was to relate data to existing 

literature.  Uniformity will be shown through the criteria that was used to choose the participants, 

the MPIC instruments, the use of tasks from Aspinwall (1994), and additional tasks (See 

Appendix C) that will be used during the interviews. 

 
Timeline 

 
The MPIC was administered to students in the HP-MESA program in April 2010. Two 

African-American male community college students were selected for task-based interviews 

from the administration of the MPIC. The collection of data from the MPIC, the written 

responses to the tasks from the task-bases interviews, and the students' verbal responses during 

the interview took place from May 2010 until September 2010. The transcribing of the 

interviews, the analysis and organization of data into critical case studies, and the synthesis of 

the data was conclude April 2011.  
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CHAPTER FOUR 

 

THE CASE OF MATT 

 
 
Matt is a 20-year-old student currently enrolled in his second year at a community college 

in Northwest Florida. He enjoys playing basketball and reading in his spare time. He is excited 

about becoming 21 years old this year. He enjoys watching a lot of television and his favorite 

show is “The Best Dance Crew” which airs on MTV. He feels that he is semi-serious about most 

things in life. His mother attended Florida Agriculture and Mechanical University and his father 

is skilled laborer in plastering. Both his mother and father emphasized the importance of getting 

a college degree.  

As an elementary school student, Matt was mischievous but always made good grades. 

While in second grade, teachers felt that he needed to be held back because he did not perform 

well on a standardized test. In addition to not performing well on the standardized test, he did not 

hit certain milestones in second grade that would allow him to get promoted to the third grade.  

Once in middle school, he witnessed his peers using and selling drugs. He even witnessed some 

of his peers get arrested. At this point, he became aware of how important it was to associate 

with students that were more focused on positive things rather than the negative things.  

Matt loves college more than high school. He asserts that his peers are more mature and it 

is a nice feeling to be in the company of many others that are striving to get their college 

education. He enjoys learning new things from people and learning new things about 

engineering. He is currently taking Calculus III and Physics. Matt says that he “loves the 

challenge that his work brings.”  

His career objective is to become a computer engineer. He has wanted to work with 

computers since he was younger. He loves to work with his hands and to make stuff. He likes the 

idea of taking things apart and putting them back together. Matt believes that his motivation to 

become an engineer is the fact that he can “see” himself performing the jobs that computer 

engineers would perform.  
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Matt believes the key to his success in his mathematics courses was doing his homework, 

studying his homework, and understanding how to apply the rules in mathematics. In addition to 

concentrating on the current problems, he would try to understand how the rules worked. For 

example, if he were given the directions to use the distance formula, instead of just using it he 

would question “why” he has to use it and how could he use it in other situations. He also 

believes that one of his key strategies in learning mathematics was having frequent conversations 

with peers about topics so that he could understand how they would think about problems. He 

felt that talking about the mathematics and explaining the mathematics to others helped him to 

retain lots of information.  

Matt revealed that he did not study that much in high school. Since enrolling in college, 

he realizes the importance of having good study habits. Before college, the only thing that he 

would do was his homework. Matt recalls only studying on average about 3 hours a week in high 

school versus the 10 – 15 hours a week in that he now studies in college. When studying 

mathematics, Matt does the following things: he looks at his notes, he reads the instructions from 

the problems that are given in his notes so that he can prepare for the words that will be on the 

exam, he rewrites the problems from the lectures and reworks them, he works problems from the 

text, and he does problems from MyMathLab, which is an online tool provided by the textbook 

publisher to supplement classroom teaching and learning.  

As an African-American male, Matt says that he is motivated not to drop out of school or 

leave his major (computer engineering) because he wants to be different from the “typical 

African-American male”. Since he has started taking college-level mathematics, in particular 

calculus courses, it has really changed his perception of mathematics. Matt recalls, “there were 

plenty of times that I wanted to give up, but because of the support system that I have, I am 

making progress”.  

Matt feels that calculus is a hard subject although not impossible to learn. He asserts that 

the toughest of the calculus sequence is Calculus II. Once he began taking Calculus II, he started 

to doubt himself. But, because of perseverance, he has learned not to give up in the courses 

because he was able to pass the course with a grade of C. Matt knew that is was to be expected 

because becoming an engineer was not an easy thing to do. When this “bump in the road” 

occurred he was more than ready to smooth the road out and keep moving. He never stopped 

believing in himself.  
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As a high school student, he earned all A’s in his mathematics courses. His overall GPA 

was a 3.75. But, once in college he says that A’s seemed to be out of reach at times. Since he has 

entered college he has received the following grades in his mathematics courses:  College 

Algebra B, Precalculus A, Trigonometry B, Calculus I B, Calculus II C, and currently in 

Calculus III he has a B. He says that although he has struggled at times he never wanted to 

change his major.  

One of the main reasons that Matt has never changed his major is because of the support 

that he receives from the Hewlett-Packard Mathematics Engineering and Science Achievement 

(HP-MESA) program, which is a program provided at the college he attend that support minority 

retention in the Science, Technology, Engineering, and Mathematics (STEM) majors. Matt is 

looking forward to transferring to a four-year school. Also, Matt stated, “if there is not a program 

at his next institution similar to HP-MESA, I have learned to network with others because I 

understand that many students do struggle and peers can learn from one another.” Based on his 

experience in his current mathematics course, Matt asserts he would be prepared to work harder 

if necessary.  

Matt feels that some concepts in Calculus are unnecessary. He feels that most of it is busy 

work. He asks, “Why should the concept of limits be covered before differentiation? Why can’t 

we just go into differentiation?” He feels that using the definition of limits is a waste of time 

because he has never used it since seeing it before differentiation. I presented Matt with the 

following question: What does the derivative represent in calculus? Matt responded by 

describing the different ways to calculate the derivative of a function. He did not respond by 

relating the derivative to any of the descriptions that are laid out in the various calculus texts. He 

clearly described the derivative as “something you get when you apply the different rules of the 

taking the derivative”.  

 
Analytic Thinker 

 
 Matt was administered the Mathematical Processing Instrument for Calculus 

(Haciomeroglu, Aspinwall, Presmeg, & Bu, 2009), or MPIC, and received a score of 0. Based on 

Matt’s score from the MPIC it was revealed that he was strongly analytic in his thinking. 

Krutetskii (1976) described this type of thinker as a thinker that prefers verbal codes instead of 

visual images. Moreover, Krutetskii stated “thinking of representatives of this type is 
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characterized by an obvious predominance of a very well developed verbal-logical component 

over a weak visual-pictorial one” (Krutetskii, 1976, p. 317).  Since there were only six tasks 

presented during the MPIC, I wanted to administer a task-based interview so that I could explore 

his thinking more in-depth by administering both analytic and visual tasks.  

 
The Interviews 

 

Task One 

 
 I presented this analytic task of calculating the derivative so that I could begin to 

understand his mode of thinking. The task was designed to assess how well Matt had learned 

formulas and procedures for calculating the derivative. Part A was developed to assess Matt’s 

understanding of the product rule in calculus. Part B was developed to assess Matt’s 

understanding of the chain rule in calculus. Part C was developed to assess Matt’s understanding 

of the quotient rule in calculus (see Figure 4.1). Initially Matt was worried about getting the task 

solutions right and wrong. I reassured him that I was only to analyze his thought processes.  

 
 
 
 
 
 
  
         
                                     

 
 

Figure 4.1: Task One 
 
 
Consider the following excerpt from the interview below.  

Interviewer: How did you solve them? 

Matt: For the first one I used the multiplication rule (see Figure 4.2 below). For the second one I  

used the chain rule (see Figure 4.2 below). I think that I made a mistake with the chain 

rule problem (see Figure 4.2 below). For the third one I used the quotient rule, but I 

became confused about the formula. I know that you have to put the parts in the right 

Calculate the derivative of the following: 
  

A.) f (x) = x3 cos x  

B.) f (x) = (x2 + 2x)4  

C.) f (x) =
5x

4x −1
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place because you are subtracting in the numerator. It is not like the multiplication rule 

where it does not matter where the terms are because in that property addition is used.  

 Matt wrote the following results for Task One (see Figure 4.2): For Part A, he calculated 

the derivative by using the product rule, for Part B he calculated the derivative using the chain 

rule, and, for Part C, he calculated the derivative using the quotient rule. 

 
 
 
 
 
 
 
 
 
           
 
 

 
 
 
 

Figure 4.2: Matt’s Responses for Task One 
 
 

 Matt completed the tasks without error. But, the fact that he thought that he did not do 

them right reinforced Hallet’s (1991) statement that “Memorized algorithms are soon 

forgotten… and perpetuate the idea that doing mathematics involves calculations rather than 

thinking” (p. 121).  Based on the MPIC, Matt was clearly an analytic thinker so this type of 

thinking did not give him any difficulty. Matt was able to describe the rules that he used in his 

own words. He was able to understand the difference between the product rule and the quotient 

rule because he knew that the quotient rule required that the terms be placed a certain way 

because of subtraction. On the other hand, this was not required for the product rule because it 

used addition as an operation.  

 
Task Two 

 
I presented this task initially during the administration of the MPIC. This particular task 

is visual and it could be solved both geometrically and analytically. This task may be easily 
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translated from a graphic representation to an analytic representation because students have been 

presented with parabolas in graph form and symbolic form in College Algebra and Precalculus. 

Both of these courses are prerequisites for Calculus I.  Since, Matt was considered strongly 

analytic from the MPIC, I wanted to provide a contrast to Task One. This task requires Matt to 

sketch the graph of the derivative (see Figure 4.3). 

 
 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
Figure 4.3: Task Two 

 
 
 After looking at the task for 2 minutes, it seemed that Matt was having difficulty. Matt 

immediately identified the task as the graph of f (x) = x2 . Then, he calculated the derivative as 

f '(x) = 2x  (see Figure 4.4 below). He then started to sketch the graph of the derivative that he 

calculated (see Figure 4.4 below).  

Interviewer: So, I see that you are having some difficulty.  

Matt: I am not sure if my graph is right. This is ridiculous. I am trying to determine how steep to  

draw this line. I know that y = x is a straight line and y = 2x is the same type of line but it 

increases that much faster.  

Interviewer: What do you mean that it increases that much faster? 

Matt: Well, if you plug in x = 1in the y = x function you will get an answer of y = 1.  But, if you  

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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plug in x = 1 into the y = 2x you will get y = 2. Well, I know how I can draw the 

derivative. I can make a table of points (see Figure 4.4 below).  

Matt sketched the graph of the derivative by plotting points that he found by plugging in values 

(see Figure 4.4).  

 

 
 
 
 
 
 
 
                                               
 
 

 
 
 
 

 
                                            Figure 4.4: Matt’s Work for Task Two 
 
 
 Matt’s translation from a graphic representation to an analytic representation suggests 

that Matt is more comfortable with analytic representations than graphic representations. He 

relied heavily on procedures for calculating the derivative rather than visually looking at the 

slope of the tangent lines for all values of x  in the domain of f (x) .  Matt again showed that his 

thinking is primarily analytic in nature because of his preference to work with symbols.  

 
Task Three 

 
 I presented Matt with a graphic task again because of his preference for analytic methods 

for solutions. As a contrast to Task Two, this graphic task was administered because it would be 

slightly more difficult to translate into an analytic representation than Task Two. The task 

requires Matt to sketch the derivative of a given function (see Figure 4.5).  After receiving Task 

Three, Matt immediately translated the graph into the equation f (x) = sin x   (see Figure 4.6 

below). He then calculated the derivative as f '(x) = cos x (see Figure 4.7 below). These actions 

lead me to believe that he was having difficulties because he translated the function into an 
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incorrect representation. After seeing his sketches, I proceeded with the interview to probe into 

his thinking for this task.  

 
 
 
 
 
 
 
 
 
 
 
   
     
 
 
 
 

 
Figure 4.5: Task Three 

 
 
Interviewer: I see that you seem to be having difficulties.  

Matt: I think that I have the wrong formula for this one.  

Interviewer: Why is that?  

Matt: Because the period of this one [the graph in Figure 4.7 below]… well this graph does not  

have a period because the end of it does not come back up [points to the left end of the 

graph in Figure 4.5]. The ends are going up and down to infinity. So, I guess it cannot be 

a sine function. It should not go to infinity like this. It should keep going up and down.  

Interviewer: What should keep going? 

Matt: The ends of the graph should keep going. But, they are not. If it is not a sine function, then  

 what the heck is it.  

 Matt then pauses for about 30 seconds while scratching his head. He seems to have run 

into difficulty with this task because he cannot easily translate it from a visual representation to 

an analytic representation. I continued to probe Matt’s thinking further with more questions.  

Interviewer: What are you thinking? 

Matt: I am trying to picture all of the functions that I know. 

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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Interviewer: What do you mean? 

Matt: All functions have a picture. In the last problem that you gave me I knew that it was a  

parabola because parabolas are x2 . So, I am trying to figure out what formula goes with 

this one by trying to picture all of the functions that I know. (Matt then pauses for 1 

minute.) Well, it is not a sine function or a cosine function. And, it is definitely not a 

tangent function because they have asymptotes in them. The absolute value function is a 

“V”. And, a cube function is… 

 
 
 
 
 
 
 
 
 
  
 
 
 
         
                                             Figure 4.6: Matt’s Work for Task Three   
 
                       
 
 

 

 

 

 

 

 

 

                                            Figure 4.7: Matt’s Work for Task Three  

 
 
Interviewer: So, what are you thinking about all of those functions that you have just named?  

Matt: I am trying to figure out what in the world this function is (see Figure 4.8 below). I need  
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 the equation.  

 
 
 
 
 
 
 
 
 
 
 
 
                                                            
 
 
 
 
 
 

Figure 4.8: Task Three 
 
 

Interviewer: So, you need the equation of the original graph to calculate the derivative? Is it  

 possible that there any other way to do it? 

Matt: Well, in order to take the derivative of something you need an equation? Then, you can  

graph it using points. You maybe could take the derivative of a graph. I just do not 

remember doing it. I always remember getting a graph and the equation that goes with it. 

Or, I could put it in my calculator. Working backwards is different. I would have to go 

from the graph to the equation.  

 At this point in the interview, Matt refused to give up. But, he said that he would go and 

study so that he would not get the next one wrong. I have no idea what he would go study 

because I did not refer him to any resources. Matt clearly had a problem with this visual 

representation of a function. Matt expressed his trouble with calculating the derivative of 

functions where he could not translate it into a formula. His understanding at this point is 

algorithmic, and he continues to express a primary preference for what Krutetskii (1976) calls 

the Analytic Type, or having a stronger verbal-logical component over a visual-pictorial 

component. As shown in Task One, Matt is comfortable with functions that he can translate 

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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easily into a formula because he knows the procedures for finding points and sketching graphs. 

But, because this function was not easily translated, it shows that Matt’s preference and ability 

lie with analytic representations.  

 
Task Four 

 
I presented this graphic task (see Figure 4.9) during the initial phase of the MPIC. I 

wanted to follow up on his thinking process for the task. In Task Three, Matt had a difficult time 

because he could not determine the correct translation (symbolic) for the graphic representation 

for the function. I wanted to follow up with this particular task because this function may be 

easier to translate than Task Three. It may be easier because students should have had experience 

with cubic ( x3 ) functions. I wanted to keep Matt interested in the interview process by allowing 

him opportunities to use his primary preference as an analytic thinker as he has shown that 

strength in previous tasks.  

Upon receiving task four, Matt immediately calculated the derivative of graph using 

symbols as f '(x) = −3x
2  (see Figure 4.10 below). He did this without writing his representation 

for the original function. After I saw this action, I began to questions his thought processes.  

 
 
 
 
 
 
 
 
 
 
                  
 
 
 
 
 
 
 
                                                          Figure 4.9: Task Four 

 
 

Interviewer: How did you solve it? 

Sketch the graph of the 
derivative of the function whose 
graph is shown.  
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Matt: I knew that this one was a x3 graph but it had been reflected. So, it had to be negative. So,  

I took the derivative of that and got −3x2 . And, then I sketched the graph (see Figure 

4.10). 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                         Figure 4.10: Matt’s Responses for Task Four 
 
 
Interviewer: Why is the parabola facing down? Why is it that your parabola is sketched around  

 the origin versus being someplace else? 

Matt: Well, what if the original graph was not reflected? Then, the derivative would face up.  

Since the given one has been reflected the derivative must be reflected. Especially since 

they both have the negative sign in front of them.  

 Matt completed the task (see Figure 4.10). At this point, Matt has not made any 

connection with the slopes of the tangent lines and the derivative graphs although he made a 

good decision on this task. Matt’s thinking is still very analytic (Krutetskii, 1976). He has shown 

that he is able to complete tasks for which he can guess or remember the formula. Matt seems to 

know the formulas of some of the basic graphs in mathematics. He is very comfortable in 

completing this task. But, as revealed in Task Three, he is still not able to look at the function 

visually and determine how to derivative graph would look.  

 
Task Five 

 
This task was also presented this task during the initial phase of the MPIC (see Figure 

4.11 below). I wanted to follow up on his thinking process for this task. This particular task may 
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be more easily translated into an analytic (symbolic) representation. But, I wanted to see if Matt 

would visually make and connection between the graph and its derivative.  

 
 

 
 

 
 
 
 
 
                                           
 
 
 
 
 
                                                          Figure 4.11: Task Five 

 
 

 Upon receiving the task, Matt quickly translated the graph into f (x) = ex  (See Figure 

4.12). Then, he begins to add negative signs and take them away from the function. For example, 

Matt writes −ex  and e− x . He seems to be trying to figure out the symbolic representation for the 

function of ex  that has been reflected. After seeing his actions, I proceeded with the interview.  

Interviewer: Okay, Matt. What are you thinking? 

Matt: I know that this is an exponential function? 

 
 
 
 
 
                                                   
 

 
Figure 4.12: Matt’s Work for Task Five 

 
 

Interviewer: How do you know that? 

Matt: Because it is growing exponentially fast?  

Interviewer: What do you mean by that? 

Sketch the graph of the 
derivative of the function 
whose graph is shown.  
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Matt: The graph is close to the x-axis and top part goes up fast. But, it is going up on the left (see  

Figure 4.10 above). So, I am trying to figure out how to reflect it. I know that the 

derivative is going to be itself because that is the rule for exponential functions. But, the 

negative sign is throwing me off.  

 Matt struggles with the negative sign for the reflection. He appears to have forgotten the 

rules of reflections for graphs. At this point, Matt’s thinking has focused on symbolic 

manipulation. If he does not remember the procedures, he gets frustrated. This is due to the fact 

that all of his strategies thus far have relied on memorized algorithms and formulas. I continued 

to interview Matt to investigate his thinking further.  

Interviewer: What are you thinking?  

Matt: Well the function is decreasing and it is never going to go past zero because the asymptote  

is right there on the x-axis. Since the graph is not below the x-axis it has not been 

reflected over the x-axis, but I forgot where to put the negative sign. I see that the x-

values are decreasing so the negative sign has to be on the x and not in front of the whole 

thing.  

 Matt erases the negative sign from the front of the function and places it on the x to 

indicate a reflection of the graph of the function on the y-axis, that is, he initially writes −e− x  

and rewrites it as e− x . I continued to interview him more to gain understanding of his thinking.  

Interviewer: What do you mean when you change the places of the negative signs?  

 
 
 
 
 
 
 
                                               
 
 
 
 
 

 
Figure 4.13: Matt’s Work for Task Five 

 
 

Matt: The y-values are never negative. So, I cannot have a negative sign in from of the function.  

 



65 
 

So, it has to be on the x. Also, the regular function rises [the original graph of ex  without 

a reflection]. And, this one falls so it has to be reflected on the x-axis. So, the sketch of 

the derivative is going to be the same thing.  

 Matt sketched the derivative function based on his analysis (see Figure 4.13 above). 

Again, he has not made the connection between the slopes of the tangent lines and the derivative 

graph. But, Matt seems to start to verbally describe his mathematical processes (Aspinwall, 

Haciomeroglu, & Presmeg, 2008). According to Aspinwall et al. (2008), students using thinking 

processes that are verbal-descriptive determine critical points and intervals on the graphs, 

distinguish among different elements in the tasks, determine a hierarchy for these elements, and 

then combine them to draw the derivative graph. Matt appears to resort to this method of 

thinking when his analysis failed.  

 
Task Six  

 
 I presented the following task so that I could probe his thinking in terms of the 

relationship of derivatives and determining relative extrema. I wanted to present a task both 

analytically and graphically so that I could find some way get Matt to think of the derivative in  

 
 
          
 
 
 
 
 
 
 
                                                 Figure 4.14: Task Six A (Analytic) 
  
 
terms of the slope of the tangent lines. I wanted to present him with the analytic part (see Figure 

4.14) so that I could support his primary preference of thinking analytically as seen in previous 

tasks. Also, I wanted to start to move toward graphic task (see Figure 4.15 below) of functions 

for which he could not recall a formula. I decided to present Matt with a derivative function 

(graphically) to see if he would reverse his processes to think in terms of the original  

A.) Find the relative extrema 
(maxima or minima) of the 
following function: 
 

f (x) = x
3
+ 3x

2
− 9x +1  
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function (Krutetskii, 1976; Haciomeroglu, Aspinwall, & Presmeg, 2009). I presented Matt with 

the analytic task (see Figure 4.14) first. Matt appeared to be puzzled after I presented him with 

this task. After 2 minutes of examining the task he began to work on it. I proceeded with the 

interview investigating his thought processes.  

 
 
 
 
 
 
 
 
 
 
 
 
 
                                                  
 
 
 
 
                                                   Figure 4.15: Task Six B (Visual)  
 
 
Interviewer: I see that you have not done much with this one. What’s wrong? 

Matt: I forgot the Calculus I way of doing this problem. I know how to do it using the gradient as  

 we are doing in Calculus III. 

Interviewer: You can do it any way that you want to do it.  

Matt: I want to do it simpler than that. (Matt calculated the derivative (see Figure 4.16).) 

 
 
 
 
 
                     
                                                   

Figure 4.16: Matt’s Work for Task Six A  
 
 

Interviewer: What are you thinking now?  

B.) The following is a graph of f '(x)  of a 
function f (x)  . Find all values of x

where f  has a relative extrema.  
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Matt: I am thinking that finding the derivative of this would involve the same steps. Everyone  

says that Calculus III is Calculus I in three-dimensional format. The first derivative tells 

us the lines where the function is tangent.  

Interviewer: It tells that what is tangent to what? 

Matt: It tells me where my derivative f '(x) = 3x2 + 6x − 9  is tangent to the original function.  

But, wait…. It should tells us were the peaks and valleys are on the function. So, there is 

no need to take the second derivative.  

Interviewer: What do you mean “peaks and valleys”? Why did you erase your work for the  

 second derivative?  

Matt: Well, the task is asking to find the maxima and minima. That is another way to remember  

them by calling them peaks and valleys. And, since I do not need the more complicated 

way I will not use the second derivative. In Calculus I, you just need to take the first  

derivative and get the points needed. Then, you get the points and plug the points back 

into your original function. That is how you get your maximum and minimum.  

At this point, Matt requested more time to think about the problem. After 5 minutes, I continued 

the interview. 

Interviewer: What are you thinking? 

Matt: I took the derivative and I made up a point (1,0).  

Interviewer: Where did it come from?  

Matt: I made it up. But, I do not know why I did this. 

 Matt confessed that he has forgotten the procedure, but he knows theoretically what he 

has to do as stated above. He stated the correct procedure earlier, but has somehow confused 

himself so far in this interview. Matt requested to read a calculus textbook because he needed to 

be refreshed. We concluded the interview and decided that he would like to revisit this task. 

During the next interview, Matt returned with newfound understanding of his procedures with 

task six.  

Interviewer: So, what did you find out from your research? 

Matt: When you calculate the derivative of the original function, you are getting all of the slopes  

for the original function. And, if you set the derivative equal to zero, you can find the 

relative maximum and the relative minimum.  

Interviewer: What do you mean? 
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Matt: If I plug in any x-value into the derivative, it will tell me what the slope is for each x that I  

plug in. So, these are the slopes for the original function. (Matt points at the derivative 

function that he calculated earlier (see Figure 4.17 below). Matt has set the derivative 

function equal to zero and solved for x.) 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
                                      Figure 4.17: Matt’s Work for Analytic Task Six  
 
 
Interviewer: What are you thinking? 

Matt: This function [the derivative calculated in Figure 4.17] contains all of the slopes of the  

 original. So, if I set it equal to zero, I will find the x where the slope equal zero.  

Interviewer: What slope? 

Matt: The slope of the tangent line of the original. 

Interviewer: What does this mean? 

Matt: So that means I have a maximum and minimum at these x-values [ at x = -3 and x = 1].  

Interviewer: How do you know that? 

Matt: I read in the book that there is where they would be. At these points the book says that  

 f (x) ≥ f (c) . 

Interviewer: What does that mean? 

Matt: It means that you have a maximum or minimum.  

Interviewer: Where? 

Matt: They (the maximum and the minimum) would be at the x-values. The x-values are the  

 critical values. That is what the c means in this rule ( f (x) ≥ f (c) ). 

 



69 
 

Interviewer: What is a critical value?  

Matt: Something happens on the graph at critical values. On this particular graph, they are  

 critical because they represent where the peak is and where the valley is. 

 Matt is still working the task in a very analytic manner. He has memorized the procedure 

and still has very little visual understanding of the relationship between slope of the tangent lines 

and the extrema of a function. Researchers have shown that students who understand visually 

can operate on their images without feeling the necessity of another thinking process (Aspinwall, 

Haciomeroglu, & Presmeg, 2008). Matt’s struggle with this task conceptually could be 

connected to his failure to think about the concepts in terms of pictures. He is still proving 

strongly to be a representative of Krutetskii’s (1976) Analytic Type of thinking for calculus tasks 

presented graphically. 

 I presented Matt with the second task (see Figure 4.18) in Task Six. At this point, I feel 

that it is important for Matt to encounter a visual task so that he may construct relationships 

between a function and its derivative. I decided to present Matt with a derivative function and 

asked him to reverse his processes to think in terms of the original function (Krutetskii, 1976; 

Haciomeroglu, Aspinwall, & Presmeg, 2009). Up to this point, he has only used his analytic 

ability (strong verbal-logical component) with his thinking. Matt looked at the task for a couple 

of minutes. I began to ask probing questions.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4.18: Task Six B (Visual) 

B.) The following is a graph of f '(x)  of a 
function f (x)  . Find all values of x

where f  has a relative extrema.  
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Interviewer: What are you thinking? 

Matt: I think that I misread the directions. Do I have to work backwards? 

Interviewer: Why do you say that? 

Matt: This particular graph is the derivative and it is asking me about the original.  

Interviewer: Right. 

 Matt requests more time to think about the task. He then posed an interesting idea about 

tangent lines from his personal reading and explorations. He said that he was reading about 

slopes of tangent lines and drawing derivative graphs. And, when he applied the same procedure 

he read about it did not work for him. I believe that this was because of Matt’s inability to 

visualize the slopes of the tangent lines and understand the relationship between a function and 

its derivative graph. I attempted to probe his thinking about his newfound method.  

Interviewer: I understand that you have come across a method for sketching the derivative 

graphs.  

Matt: I read something, but it does not work for me. I read that you could plug in the values of all  

of the x-values in the derivative function and this would give you the points of the graph 

of the derivative.  

Interviewer: What do you mean? 

Matt: Let’s use this graph.  

 
 

 
 

          Figure 4.19: A Replica of Matt’s Drawing of f (x) = x3  and its Derivative (Symbolic)  
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Matt sketches the graph of a possible representation of x3  on a chalkboard and attempted 

to sketch the derivative of this function using a method that he brought to my attention (see 

Figure 4.19). His representation of x3   was similar to the basic function of x3  .  

Matt: I know that the derivative of this graph is 3x2 . But, when I plug points in it [the  

derivative], it does not seem like the graph with be a graph of the derivative.  

Interviewer: Why do you say that?  

Matt: Well, on the left end, if I choose a value of x that is very negative and plug in the  

derivative, I can not tell whether the point for the derivative graph will go up here [above  

the x-axis] or down here [below the x-axis].  

 At this point, it seems that Matt is trying to find an analytic way to draw the derivative 

graph. Even though he shows some understanding of how he could possibly draw a derivative 

graph, he has yet to make a connection between the slope of the lines tangent to the original 

function and the location of the derivative at each x value that is defined on the derivative. His 

outside reading on his own indicates that he is highly motivated to learn how to draw derivative 

graphs. But, he has not made the necessary connections.  

 Next, Matt wanted to return to the task again (see Figure 4.20). After reading the 

directions for the task again, Matt begins to talk about the task aloud. 

Matt: The directions are asking me to find the integral. 

Interviewer: Why do you say that? 

Matt: Because in order to get to the original function you have to take the integral of whatever  

the function for this derivative is. Then, I could see where the maximum and minimum 

are. Would this function cross the x-axis at x=0 (see Figure 4.20 below)? 

Interviewer: Yes, the given task is crossing the x-axis at x=0. Why do you ask? 

Matt: If it does I will know where… well it could be one of my extremas.  

Interviewer: What could be one of your extremas? 

Matt: The zeros of the derivative [where the derivative crosses the x-axis]. Because where the  

 derivative is zero there is a “hump” in the graph [original graph].  

Interviewer: How do you know that?  
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                                                    Figure 4.20: Visual Task Six  

 
 

Matt: Because that is the rule. The maximum and minimum are located where the derivative is  

 equal to zero and that is where the humps are. The maximum and the minimum are the  

 humps. So, the maximums and minimum are going to be located at 0 and at 2.  

 Matt makes great observations based on his verbal responses to the task. He shows that 

he has knowledge of the relationship between the zeros of the derivative and the extrema of the 

original function. Here, Matt uses the metaphor “humps” to describe his image of maximum and 

minimums. Matt is still thinking in terms of procedures. He is trying to use rules that he 

remembers about the derivative. He has not yet demonstrated his understanding of a visual 

relationship between the horizontal tangents of a function and the zeros of the derivative 

function.  

 
Task Seven 

 
 During the interview for Task Six, Matt made some very interesting comments about the 

graph of the derivative and the relationship of the tangent lines while engaging in the task. But, 

he said that the method did not work for him. He said, “I read something, but it does not work for 

me. I read that you could plug in the values of all of the x-values in the derivative function and 

B.) The following is a graph of f '(x)  of a 
function f (x) . Find all values of x  
where f (x) has a relative extrema.  
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this would give you the points of the graph of the derivative.” In Task Two, I introduced a 

parabola to investigate his thinking. I wanted to administer Task Seven to further explore Matt’s 

thinking about the graph of a parabola and a line tangent to the function (see Figure 4.21 below). 

The task also features the derivative graph of the parabola (see Figure 4.22 below). The 

following instructions were given for Task Seven:  

Figure A depicts the graph of the function f (x) = x2  and the tangent line l
1

 to the function at 

x = 1 .  

Figure B depicts line l
2

 , the graph of f '(x) = 2x  , the derivative of the function in Figure A. 

 
 

 
 
 
 
 
 
 

       
 
   
 
 

                                               Figure 4.21: Graph of f (x) = x2  and l
1

                                               
 
         
 
 
 
 
 
 
 
 
 
 
 
 
                                                  Figure 4.22: Graph of  f '(x) = 2x                
 
 
A.) Describe the relationship between line l

1
 and line l

2
. 
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B.) Describe the difference between the two lines.  
 
Interviewer: What is your reaction to this task? 

Matt: The first graph has a tangent line to the graph of x2 (see Figure 4.21 above) and the second  

graph is the derivative of the first one (see Figure 4.22 above). On the first graph, I can 

get the slope of the tangent line at x = 1 . On the second graph, I can get the slope from 

making points.  

Interviewer: What do you mean by all of this?  

Matt: I can get two points and use the slope formula for line 2 to calculate the slope. I can use the  

derivative properties to get the slope of line 1 . The line line 2 is similar to the derivative 

of y = x2 .   

Interviewer: What does that mean? 

Matt: The slopes are equal in part A. 

Interviewer: What slopes? 

Matt: The slopes for line 1and line 2.  

Interviewer: What caused you to say that the slopes are equal? 

Matt: Am I not right? Because I remember from college algebra that is it a basic rule. If two lines  

are parallel they would have the same slope. Since the lines are parallel the slopes are 

going to be equal.  

Interviewer: How do you know that they are parallel? How do you know that the slope of line 1  

 is the same as the slope of line 2? 

Matt: I just did it in my head. If you line them up they will be parallel. If it were possible to sit  

the first graph on top of the second graph they would be parallel. And, line 1  seems like 

it is the same line as line 2 but it has been shifted over to the right on the second graph.  

Interviewer: Do you see any differences in the two lines? 

Matt: They are both straight line. One is touching the x2  graph and one is not.  

 Matt still relies on his strong preference for analytic thinking on this task. He makes 

connections analytically between the original function and its derivative. But, even when 

presented with all of the information visually, Matt could not make any connections between the 

derivative and slope of the tangent line. Krutetskii (1976) found that “ students of the analytic 

type do not strive to make the problem visual, and this apparently results in a certain one-
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sidedness in their mathematical development” (p.321). Even though Matt had researched a 

“newfound” method in the Task Six, his preference for analytic thinking is the culprit that blocks 

his visual understanding of the value of the slope at each point on f (x) and the graph of f '(x) . 

 
Task Eight  

 
 This task was designed to give Matt another opportunity to work with a visual 

representation and an analytic representation. The visual representation and the analytic 

representation for the same function are given below (see Figure 4.23 and Figure 4.24). I also 

wanted to probe Matt’s thinking for a derivative graph that is asymptotic for some value of x (for 

this particular task at x=1).  

 
 
 

 
     
 
 
 
            
 
 
              
 
 
 
 
           
                                                    
                                                  Figure 4.23: Task Eight (Visual) 
 
                                    
 
 
 
 
 
 
 
 
                                                   Figure 4.24: Task Eight (Analytic) 

Sketch the graph of the derivative of 
the function whose graph is shown. 

 

Calculate the derivative of the 
following function. 
 

f (x) = (x −1)

2

3  
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Matt chooses to try the analytic task first. He quickly calculated the derivative (see Figure 4.25 

below).  

Interviewer: How did you solve it? 

Matt: I used the chain rule. I like these types of tasks better.  

 Matt has shown in previous tasks that he is proficient in calculating the derivative using 

rules of differentiation. Given the opportunity, Matt prefers to complete the tasks that involve 

manipulations of formulas first before attempting to engage in task that are visual. Matt 

calculated the derivative of the analytic task, but he failed to simplify the task completely by 

rewriting the fractional exponent in radical terms (see Figure 4.25).  

 
                                       Figure 4.25: Matt’s Work for Analytic Task Eight  

  
 
 For the other part of Task Eight, Matt looked at the visual task (see Figure 4.26 below) 

for about two minutes but he had not written anything down. So, I proceeded to begin the 

interview.  

Interviewer: I notice that you are having difficulties.  

Matt: I am trying to figure out how to draw these [the derivative of a graph]. I know that there is  

a way to do it. I see that they [slopes of the lines tangent to the graph] are decreasing 

between negative infinity and 1.  

Interviewer: What is decreasing?  

Matt: The slopes. If I draw tangent lines on the graph they would decrease until you get to 1.  
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Interviewer: What does that mean? 

Matt: If the slopes of the tangent lines are decreasing here [on original function (see Figure 4.26  

below) between negative infinity and 1], then they would be decreasing in the same place 

on the graph of the derivative. They would be decreasing below the x-axis. Since the 

original function is decreasing from negative infinity to 1, then the slopes are getting 

smaller and smaller. So that means my derivative is getting more and more negative from 

negative infinity to 1. But, when I get to 1 it [the slopes of the tangent lines] stops getting 

smaller. It [the slopes of the tangent lines] starts to get larger on the other side of the 

point.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                   Figure 4.26: Task Eight (Visual) 
 
 
Interviewer: What does all of this mean in reference to the graph of the derivative? 

Matt: Well, from negative infinity to 1, the slopes of the tangents are going to be negative. And, 

from 1 to positive infinity, the slopes of the tangent are gong to be positive.  

Interviewer: What does that mean for the derivative graph? 

 Matt pauses for about 1 minute. As he gets closer to 1 he makes an error in drawing his 

derivative graph (see Figure 4.27 below). Although his derivative graph on the left side of 1 is 

below the x-axis he misinterpret what happens to the value of the tangent lines as he gets closer 

to 1. I proceeded to ask Matt more questions about his thinking process.  

Sketch the graph of the derivative of 
the function whose graph is shown. 
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Interviewer: What is happening at x = 1 on the original function? 

Matt: The slope of the tangent is changing.  

Interviewer: What do you mean? 

Matt: The slopes go from negative on the left of 1 to positive on the right of 1.  

Interviewer: What happens at x = 1? 

 
 

 

 
                                     Figure 4.27: Matt’s Sketch for Task Eight  (Visual) 
 
 
Matt: The slope is zero. Wait a minute. There is not a derivative at zero because it has a corner. I  

 think that there are infinite. But, at x =1 the slope is zero.  

Interviewer: You said that there is no derivative at x = 1 because it has a corner, but the slope of  

 the tangent at x=1 is zero.  

Matt: I think that there will be an asymptote there because there is an edge or corner. But, the  

 tangent line at x=1 has a slope of zero.  

 Matt completes his sketch of the graph (see Figure 4.27) that he thinks is the derivative 

on the left side of 1, but he does not know what to do about the corner because his thoughts are 

contradicting in nature. Matt’s preference up to this point has been analytic. But, something 

peculiar happened on the visual task presented to him in Task Eight. He did not attempt to 

translate the function from a visual representation to an analytic representation. He immediately 

started to try to use the slope of the tangent lines to describe what the derivative graph would 

look like. He visualized the slope of the tangent line to the graph to the left of the corner as 

decreasing. Then, he deduced that the derivative would “ be decreasing below the x-axis”. Matt 
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appears to have made some new constructs. Matt used his verbal-descriptions to support his 

visual thinking for this task (Aspinwall, Haciomeroglu, & Presmeg, 2008). Because his thinking 

has a weak visual –pictoral component (Krutetskii, 1976), he was unable visualize how the 

derivative would be drawn on the right side of the corner.  

 
Task Nine 
 
 In Task Eight, Matt seems to have developed some connections between the graph of a 

function and its derivative graph He started to use verbal-descriptions of function to describe the 

behavior of the derivative graph when he could not use his analytic thinking. But, they were 

weak to the point where he could not visualize the behavior of the entire derivative graph 

accurately.  In the previous task, the derivative graph was asymptotic, but he failed to use this 

idea when asked probing questions about the derivative graph. Even though the derivative did 

not exist at the corner on the previous function, Matt still persisted that there was a horizontal 

tangent at the corner. He also mentioned that there was an asymptote at the same point. There 

were conflicts with his thinking for Task Eight.  

 Since Matt has started to deviate from his analytic thinking on graphic (visual) tasks for 

which he could not remember a formula, I wanted to introduce another task that could possibly 

allow Matt another opportunity to use his idea of the slope of the tangent lines to discuss the 

relationship between the function and its derivative (see Figure 4.28 below). This particular task 

would aid in investigating Matt’s weak visual-pictorial component in his thinking. I gave Matt 

the following task:  

A function is shown below. State the intervals or points where the derivative of the function is 

A.) Positive 

B.) Negative 

C.) Zero 

D.) Does not exist 
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                                                 Figure 4.28: Graph for Task Nine  
 
 

 Matt begins Task Nine by questioning whether or not the task was one function or two 

functions. I assured him that the task was an arbitrary drawing (arbitrary because there is not a 

particular formula associated with it) of a single function. Matt begins by sketching tangent lines 

on the given figure (see Figure 4.29). He also draws a vertical asymptote at x = -3 and at x = 0. 

Consider the following excerpt from the interview.  

 
 
                                      
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
Figure 4.29: Matt’s Sketch for Task Nine 

 
 

Interviewer: Why are you drawing these things on the graph? 
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Matt: I am drawing an asymptote because there is an edge. If there is an edge and not a smooth  

 curve then there is asymptote on the derivative graph.  

 In this instance, there is a cusp located at x = -3 (see Figure 4.29 above). But, Matt 

describes it here as an edge.  

Interviewer: Why is there an asymptote there? 

Matt: Isn’t that the rule for an edge? 

Interviewer: Which rule?  

Matt: I can’t think of the exact mathematical term for it, but I know that there is a rule for having  

 an asymptote on an edge.  

Interviewer: Well, why is there an asymptote at x = -3 and not x = -2 (see Figure 4.29 above)? 

Matt: x= -2 doesn’t have an edge? 

Interviewer: So what does the asymptote represent?  

Matt: There is no derivative there.  

Interviewer: Why is there no derivative? 

Matt: It’s something about …. I have the worst memory ever…  

 At this point, it seems as if Matt is trying to remember rules to cope with his lack of 

understanding, or having mental images, for derivatives at cusps. This shows that he is trying to 

think about this task analytically (using symbols and formulas) rather than geometrically 

(visualizing the slope of the tangent lines) (Krutetskii, 1976). Matt asks me to explain the task. 

The only thing that I did for him was read the question aloud. After reading the question for him, 

he gets an “A HA” moment.  

Matt: Oh! So, I do not have to draw the derivative. The derivative has to be positive from 

negative infinity to -3.  

Interviewer: Why?  

Matt: Because if you were to draw the derivative of this graph, this curve [the part of the graph  

 from negative infinity to -3 (see Figure 4.30 below)] is positive.  

Interviewer: Why? 

Matt: Because the points are positive.  

Interviewer: What points? 

Matt: If I draw the tangent line there they are all positive. The graph is also increasing.  

Interviewer: What does that mean?  
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                                             Figure: 4.30: Matt’s Sketch for Task Nine  

 
 

Matt: The function is increasing. The slopes [slopes of the tangent lines] are increasing, so the  

 derivative must be positive.  

Interviewer: So you are saying that because the function is increasing the derivative is positive.  

Matt: I meant to say the slopes are positive not increasing. There are other places where it [the  

 derivative] is positive also.  

Interviewer: Where?  

Matt: It is positive from -2 to…. There is another asymptote at the y-axis. I am seeing this  

 asymptote here.  

Interviewer: I think it will be positive from -2 to the asymptote at x= 0.  

Matt: I am drawing these tangent lines but I am getting confused. So, if the tangent lines are  

positive the derivative is positive and the tangent lines are negative then the derivative is 

negative.  

Interviewer: How did you conclude that the derivative was 0 at x = -2 and at x = 3 (see Figure  

 4.29 above)? 

Matt: The tangent lines are straight (see Figure 4.30 above). They do not rise or fall. So, they  

 have a slope that is equal to 0. If a line is straight, then the slope is 0.  

Interviewer: What do you mean by straight?  
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Matt: I mean horizontal like a constant function.  

Interviewer: How did you conclude that the derivative does not exist at x = -3 and x = 0? 

Matt: One has an edge and the other has an asymptote.  

Interviewer: What does that mean?  

Matt: I see the asymptote as this imaginary place on the graph and neither line nor any point can  

 exist there. If nothing can exist there, then a derivative cannot exist.  

 At this point, Matt seems to make a few more connections between a graph and its 

derivative graph. He is connecting the ideas that if the slopes of the tangent lines are positive 

then the derivative is positive, and if the slopes of the tangent lines are negative then the 

derivative is negative. As he constructs relationships, his knowledge is becoming more 

connected (Skemp, 1976; Baroody, Feil, & Johnson, 2007). He tries to process the information 

into rules rather than visually looking at the slopes of the tangent lines on the graph and 

estimating the value.  

 Again, he shows that has a stronger verbal-logical component than a visual –pictorial 

component (Krutetskii, 1976). Also, he shows that he tries to compensate for his lack of visual 

understanding by using his verbal-description (Aspinwall, Haciomeroglu, & Presmeg, 2008). 

Matt also has shown an understanding for the non-existence of the derivative. Although he has 

not thoroughly articulated how the derivative graph would look at a cusp or at an asymptote, he 

remembers the rules for the non-existence of the derivative.  

 
Task Ten 

 
 For Task Ten, I wanted to explore a concept called reversibility, or reversing one’s 

mental processes (Krutetskii, 1976, Haciomeroglu, Aspinwall, & Presmeg, 2009). I touched on 

this idea earlier in Task Six B. Because Matt has began to make connection between the slope of 

the tangent lines and the derivative I wanted to see if he could reverse this process when dealing 

with functions that are asymptotic in nature. The graphs (see Figure 4.31 below and Figure 4.32 

below) given in this task are the graphs of the derivative of a function. The functions given are 

the graph of a basic function ( ex ) and a basic function that appears to be shifted to the right of 

the origin 1 unit [ f (x) =
1

x −1
]. Matt’s thinking has been analytic and he has used elements of 

verbal-description to support his thinking for visual tasks. To determine whether or not Matt has  
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                                                           Figure 4.31: Task Ten A 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                           Figure 4.32: Task Ten B 
 
 
made a meaningful connection between the slope of the tangent lines and derivative graph, he 

should be able to reverse the procedure. I presented Matt with the first task (see Figure 4.31) for 

this interview. Matt has not done any written work yet, but I proceeded to ask him about his 

thinking. Interviewer: How did you solve it?  

A.) A graph of the derivative of a 
function is shown. Sketch the graph 
of the original function from which 
the derivative graph was drawn.

 

B.) A graph of the derivative of a 
function is shown. Sketch the graph 
of the original function from which 
the derivative was drawn.
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Matt: There is an asymptote at y = 0.  

Interviewer: What do you mean?  

Matt: The graph does not drop below the x – axis on the left end. It gets close but never crosses.  

It never passes it. So, that would mean that there is an asymptote. So, that would mean 

that I couldn’t sketch anything below that.  

Interviewer: Below what? 

Matt: The asymptote.  

Interviewer: Why is it not possible to draw anything below the asymptote?  

Matt: Since the original graph never crosses it, the derivative will not cross it. I know that I have  

 to take the integral of this graph. But, you have to have an equation to do that.  

Interviewer: Why would you need the equation? 

 Matt pauses briefly to consider the function. He is still strongly analytic in his thinking 

because is trying to use rules to understand what the derivative is doing. He makes a mistake 

because he is not considering the slope of the tangent lines of the function. It would actually be 

possible for a derivative graph to be drawn below an asymptote dependent on the information 

that the slope of the tangent lines would provide. Matt suggested that if he had the equation of 

the function he would be able to calculate the integral of the function to produce the graph. 

Matt’s primary mode of thinking for this task is analytic. I continued with more probing 

questions.  

Interviewer: Is there any equation that you can get from that. Or, is there any way that you can  

 make the connection between the slopes and the integral of a function? 

Matt: (Matt laughs) I see it now. But, I do not know which one it is. 

Interviewer: You do not know what? 

Matt: This is an exponential function ( ex ) because it is increasing exponentially. I know for a  

fact that it is a function of that form. Can we use calculators? That way I can check the 

graph quickly. (Matt asked for a calculator, but I did not allow him to use one.) 

Interviewer: What are you thinking? 

Matt: I just need a reference. I am trying to determine where the negative sign on the function  

will be. Once I figure that out, I can take the integral of function. Then, I can check my 

answer. The function that rises to the left is negative and the function that rises to the 

right is positive.  



86 
 

Interviewer: What do you mean by that?  

Matt: The one that rises to the right [the graph of ex  ] has not been reflected, but placing a  

negative sign on the x [the graph of ex  ] has reflected to the one that rises to the left [falls 

from left to right].  

Interviewer: What does this mean to you?  

Matt: Since this graph is exponential without a reflection [ ex ] that means that this is f '(x) = ex .  

So it would be the same graph for the original function because the derivative and 

integral is the same. 

 
 

 
  
 
 
 
 
 
                                                     

     
 
 
 
 
 
 

  
Figure 4.33: Matt’s Sketch for Task Ten A  

 
 

Interviewer: How do you know?  

Matt: That is a basic rule of derivative.  

 Matt then completes his sketch for the graph of the integral (see Figure 4.33).  He 

continues to rely on his strong memory and analytic thinking. He relies on other methods when 

his memory of rules or his analytic thinking does not work for him. I presented Matt with Task 

Ten B (see Figure 4.34), which also prompts him to find the graph of the original function given 

the derivative. Matt examines the task and he begins to smile.   

Interviewer: What are you thinking about for this task? I see that you are smiling.  

Matt: I know what this is, but it has been shifted.  
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Interviewer: What has been shifted?  

Matt: This is a 
1

x
 graph. Oh my god! I know this. I have to figure out what this is (see Figure  

4.34). I know that the integral is going to have an asymptote because this one (see Figure 

4.34) has one. I see that the slopes are getting smaller on the left of the asymptote.  

 
 

 
 
 
 
 
 
 
 
 
 
 
                                              
                                                 
 
 
 
 
                                             Figure 4:34: Task Ten B  
 
 

 Because Matt could not remember the formula he quickly examines the slope of the 

tangent lines. Matt has a habit of doing this when he cannot figure out the formula for the given 

graphs as he has shown in earlier tasks. Earlier in this study Matt would get frustrated if he could 

not get the equation for the function. Again, he seems to try to use “other” strategies. I continued 

probing with more questions.  

Matt: I know that there are ways to draw the graph of the derivative using the slope of the  

 tangent lines, but are there ways to use that same idea to draw the integral? 

Interviewer: What do you think? 

Matt: I know that we are now working backwards. So wouldn’t everything reverse? I mean the  

 derivative contains all of the values of the tangent slopes of the original function. This  

 graph (see Figure 4.34) says that all of my slopes are negative from negative infinity to 1,  

 that doesn’t necessarily mean that the original function will be negative.  

B.) A graph of the derivative of 
a function is shown. Sketch the 
graph of the original function 
from which the derivative was 
drawn. 
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Interviewer: What do you mean? 

 Matt starts to sketch the original function by comparing the value of the slopes on the 

given derivative. He then changes his strategy entirely. 

Matt: I think that this function is a 
1

x
function but it has been shifted to the right.  

Interviewer: What do you mean? 

Matt: This function has an asymptote. The left side of the function is going down and the right  

 side is going up. That is what a 
1

x
function does. (Matt erases his attempt to draw the  

 function from the given derivative. Then, he quickly sketches the integral of the function  

 (see Figure 4.35).  

Interviewer: How did you get this graph? 

Matt: I took the integral.  

Interviewer: The integral of what.  

Matt: I took the integral of
1

x
 and I got ln x . (Matt sketched a graph (see Figure 4.35) that 

resembled the graph of ln x  with an asymptote going through the vertex.) 

Interviewer: What is this graph (see Figure 4.35) that you have drawn? (Matt quickly  

 erases his graph because he recognized that it was an absolute value function and not a  

 natural logarithm function.) 

 
 

 

                                         
Figure 4.35: Matt’s Sketch for Task Ten B 
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Interviewer: Why did you erase it?  

Matt: The slopes are the same since the line is straight. But, the slopes on the derivative graph  

 are changing. So, my drawing is wrong. I have to draw the lines with a curve in them to  

 show that the slopes are changing.  

Interviewer: What do you mean? 

Matt: If you look on the graph that was given, the slopes [values of the tangents from the  

original] are all negative and they never become positive. So, the left side of the original 

graph has the do the same as the derivative. On the right side of the derivative, everything 

is positive. So, that means that all of my slopes on the original have to be positive. So I 

would have to make the right side of the graph increase and curve. Since I have an 

asymptote on the derivative, that means an edge will be at x = 1.  

Interviewer: Why do you say that? 

Matt: The derivative does not exist when you have an edge. On the derivative graph that was  

 given, it had an asymptote.  

 Matt makes some interesting observations although he could not complete the sketch of 

Task Ten B. He started with an analytic method of completing the task, but he seem to also 

compare the derivative with how the original function should behave. His entire explanation 

toward the end of the task rested with the slopes of the tangents of the original function and the 

derivative. Matt was able to verbally express how the anti-derivative graph (integral) should 

look. But, because he was unable to visualize what the original function could possible look, he 

was unable to draw the graph of the original. 

 
Task Eleven 

 
 I administered Task Eleven (see Figure 4.36 below) so that I could explore Matt’s 

preference for engaging with analytic representations further. The task asked him to calculate the 

derivative of four functions. Each function deals with a different way of calculating the 

derivative: quotient rule, the product rule, and the chain rule. Matt quickly calculated the 

derivative of the four functions (see Figure 4.37 below and Figure 4.38 below). 
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                                                         Figure 4.36: Task Eleven 
 
 
 
 
 
 
 
 
 
          
                                              
 
 
 
 
 
 
                                           Figure 4.37: Matt’s Work for Task Eleven 
 
 

Matt is able to calculate the derivative of each with simplicity. When asked how he 

calculated each derivative, he recalled the formula for each on as he did earlier in Task One. 

Matt has memorized many procedures dealing with calculus. When Matt was asked about the 

rules of integration (quotient rule, chain rule, and product rule), Matt was eager to explain the 

formulas for using each rule. He said, “ I actually thought that this was what derivative means. It 

means to know all of these formulas. I am glad that I did not have to really know slope of tangent 

lines or I would probably not have passes Calculus I.” After Matt made this comment, I assumed 

that his lessons in Calculus could have been mostly analytic which led to his lack of connections.   

 
 

Calculate the derivative of the following:  

A.) f (x) =
sin x

x
2
cos x

 

B.) f (x) = (sin3 x)2  

C.) f (x) = (2x −1)4 (3x2 + 2)3  

D.) f (x) = 2x
3
− x

2
+ 3x +1  
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                                          Figure 4.38: Matt’s Work for Task Eleven 
 
 
Task Twelve 

 
 In previous tasks, Matt has shown that he is making new constructs for tangent lines and 

their relationship to derivative graphs. He has shown that his preference for thinking is what 

Krutetskii (1976) has called the Analytic Type, or a person that has a strong verbal-logical 

component. But, he has begun to abandon this type of thinking when confronted with a task 

where the formula is not easily recognized. For Task Twelve, I present Matt with such a task.  

Two function, f  and g  , are shown (see Figure 4.39 below). Which of the following statements 

best describe the situation pictured? 

A.) f is a derivative of g  

B.) g is a derivative of f   

C.) Neither function is a derivative of the other 

D.) Not enough information is given 

E.) I don’t know 
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                                                Figure 4.39: Graphs for Task Twelve 

 
 

 After looking at the task, Matt seems to begin to compare the graphs. He is moving his 

pencil from graph f  to graph g . I began to ask Matt about his thinking for this task.   

Interviewer: What are you thinking?  

Matt: Looking at the graphs of f  and g  (see Figure 4.39), I am thinking that it is possible  

 that g could be the derivative of f .  

Interviewer: What do you mean? 

Matt: Well, looking at the slopes of the tangent lines of f  until you hit the first maximum, they  

are positive. And, that means that when you get to the maximum you have a slope that 

equals 0. Graph gmatches that well for a possible derivative on the left end of the 

function. If I continue that idea, everything else matches.  

Interviewer: How did you come to that so quickly? 

Matt: I think because you gave me both of the graphs. It was easier to just look at them both so I  

 could tell.  

 Without hesitation, Matt used the idea of the slopes of the tangent lines to determine that 

g could be a possible derivative of f . At this point, it seems that he was able to do this rather 

quickly because he did not have to draw the graph himself, but rather because the graphs were 

given and he could compare the two. For this task, his thinking resembled one of Krutetskii’s 

(1976) Geometric Types, where he employed the visual – pictorial mode of thinking when he 
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attempted to solve the task. According to researchers, students using such solutions can operate 

on their images without feeling the necessity of another thinking process (Aspinwall, 

Haciomeroglu, & Presmeg, 2008).  They are able to determine the shape of derivative graphs 

based on their estimates of slopes. But, contrary to the theory of those researchers (Aspinwall et 

al., 2008), his visual construction was based on using critical points and a given function. He was 

able to determine the relationship between f  and g (see Figure 4.39 above) with his thinking 

without having to draw a representation of his image himself. When compared to previous tasks 

where Matt was required to draw the entire graph himself, he struggled to visualize the graph for 

certain parts.  

 
Task Thirteen 

 
 In previous tasks, Matt has been presented with visual task where the functions presented 

had tangent line with changing slopes. For this task (see Figure 4.40), I wanted to present him 

with a function with tangent lines that were constant. I wanted to examine his thinking if the 

slopes of the lines tangent to the graph were non-changing.  Upon receiving the task, he quickly 

wrote down a symbolic representation of the function.  

Interviewer: I noticed that you have written down a function (in symbolic form) (see Figure 4.41 

below). What does it mean? 

 
 
 
 
 
 
 
 
 
 
 
 
 
                                                         
 
 
 
 
         Figure 4.40: Task Thirteen 

Sketch the graph of the 
derivative of the function whose 
graph is shown. 
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                                         Figure 4.41: Matt’s Work For Task Thirteen 
 
 
Matt: I have written f (x) = ax  because this function is a linear function.  

Interviewer: What does that mean?  

Matt: It has the same slope everywhere. 

Interviewer: What does that mean?  

Matt: If you choose any two points on the graph you can find the slope. It does not matter which  

 points. But, the slope of this line is zero. It does not rise or fall.  

 Here again, Matt expresses an analytic preference for tasks. He immediately translates the 

graph to a symbolic representation so that he could operate on it to produce a derivative. He uses 

the idea that a linear function has a constant slope. Then, he referred to the idea of calculating 

slope using the slope formula (m =
y
2
− y

1

x
2
− x

1

). I continued to probe Matt’s thinking further.  

Interview: How would you sketch the graph of the derivative of a line like that? 

Matt: This is a constant function. So, it [the derivative] is just going to be zero.  

Interviewer: Why would it be zero?  

Matt: Because derivative of a constant is zero. So, it would just be a point at the origin. 

Interviewer: Only one point? 

Matt: Yes.  

Interviewer: What does this mean for the slope of the tangent lines?  

Matt: That all of the slopes would be zero.  

Interviewer: All of which slopes? 

Matt: That all of the slopes would be zero.  

Interviewer: So, how can there be only one point on the derivative? 

Matt: Ah… I need more points on the derivative and all of them will be on the x-axis. Now I  

connect the points to form a line (see Figure 4.42 below). So, I draw the graph just like 

the function with the bends in them.  
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Interviewer: Bends?  

Matt: This function is a straight line and the ones that we have done before bend or curve.  

  

 
 
 
 
 
 
 
                                           
 

 
 
 
 
 

 
Figure 4.42: Matt’s Work for Task Thirteen 

 
 

 Matt seems to realizes that he has to think about all of the points on the graph of a 

constant function. He realizes that when you sketch the derivative of any graph that you are 

responsible for the derivative at each point. He acknowledges that you have to sketch both types  

of functions (both constant and non-linear functions) in the same manner with all of the point. 

Matt initially concluded that the derivative would be 0 so he mentioned that the derivative would 

be at the origin [(0, 0)] only because he interpreted it analytically as f '(x) = 0 instead visually 

understanding the derivative to be equal to 0 at every point (see Figure 4.42).  He refers to the 

previous graphs (in previous tasks) that have tangent line of changing slopes as graphs with 

“bends” in them. Matt continues to be what Krutetskii (1976) coined as an Analytic Type 

(verbal-logical) of thinker when he has a choice. 

 
Task Fourteen 

 
 I wanted to introduce another task to Matt that involved functions with constant slopes. 

This particular task is one that could possibly be solved visually or analytically. Using 

trigonometry [
 
tanθ =

x

y
, or simple the tangent of theta is equal to the opposite side over the 
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adjacent side], Matt could construct right triangles that would enable him to analytically get 

coordinates of points that are on the graph. I presented Matt with the task below (See Figure 

4.43). 

 
 
 
 
 
 
 
 
 
 
 
                                                         
 
 
 
 
 
 
 
                                                       Figure 4.43: Task Fourteen  
 
 
Interviewer: What is your reaction to this task? 

Matt: Why do you have degrees on there?  

Interviewer: What do you mean?  

Matt: The degrees just change the steepness of the line. I know that there is going to be an  

 asymptote because of the sharp turn at the origin.  

 Matt sketches a vertical asymptote on the y-axis (see Figure 4.44 below). He is still 

somewhat confused about the proper representation for the nonexistence of the derivative at a 

corner because he has not remembered the procedure, or maybe because he does not have the 

proper mental image. I continued to probe Matt’s thinking with more questions.  

Interviewer: What do you mean by steepness? 

Matt: The slope of the line on the left of the sharp turn is higher than the slope of the line on the  

 right side of the sharp turn.  

Interviewer: What do you mean higher?  

Sketch the graph of the derivative of 
the function whose graph is shown.  
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Matt: One is more positive than the other. So you can draw the derivative from that since the  

slope of the tangent is going to be the same for every point on the left of 0. The derivative 

is going to be above the x-axis for both sides.  

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
Figure 4.44: Matt’s Work for Task Fourteen 

 
 

Interviewer: What does this mean for the derivative?  

Matt: I do not know where to draw the derivative. I was not given any exact points.  

Interviewer: Are you saying that you need points to draw the derivative? 

Matt: I did not need points on the last task [Task Thirteen] I just thought that since it was the  

 same slope I could use points to calculate the slope value so that I could draw a straight

 line.  

Interviewer: What do you mean? 

Matt: Well, I know that the one on the left would be up higher because that slope is larger than  

 the part of the function on the right of x = 0 (see Figure 4.43 above). I think that the  

 measurement of the angles were too much information if all you need are the slopes. The  

 graph on the left of x = 0 should have a slope of about 1 because it cuts the quadrant in  

 half. The graph on the right of x = 0 should have a slope less than 1.  

Interviewer: How do you know?  

Matt: It just seems that way. On the left of x = 0 all of the points would have the same x and y  

 coordinate, but on the right the x coordinate is larger than the y coordinate.  
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 Matt sketches his derivative graph (see Figure 4.44 above). He seemed to use some 

procedural strategies along with some visual strategies. He saw that one line was steeper than the 

other one. So, he made the right conclusion that the derivative on the left would be larger than 

the derivative on the right. Matt never used any trigonometry strategies because he thought that 

the angles given were pieces of extraneous information. For this particular task, Matt used a 

combination of different types of thinking. Matt did not try to translate the graph into a symbolic 

representation (formula). Instead, he relied on his verbal-description to supplement his analytic 

thinking.  

 
Task Fifteen 

 
 For Task Fifteen, I wanted to explore Matt’s thinking about the nonexistence of the 

derivative. For this particular task, I included open circles instead of a corner to denote 

nondifferentiation at x = 1. In the previous tasks (see Tasks Eight, Nine, Ten, and Fourteen), 

Matt associated asymptotes on the derivative graph with corners or cusps (he used the word edge 

interchangeably) on the original. For this task, I am trying to determine if he would still construct 

an asymptote to represent the nonexistence of the derivative versus just another open-circle. In 

addition to the examining the nonexistence of the derivative, I included a piecewise function that 

has linear parts. I presented Matt, with the task below (see Figure 4.45). The following excerpt 

was taken from the interview.  

 
 
 
 
 
 
 
 
 
                                                           
 
 
 
 
 
 
                                                         Figure 4.45: Task Fifteen 
 

Sketch the graph of the 
derivative of the function whose 
graph is shown.  
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Interviewer: How do you solve it? 

Matt: I need an asymptote because the derivative does not exist there at x = 1.  

 
 
 
 
 
 
 
 
 
 
                                             
 
 
 
           
 
 
         Figure 4.46: Matt’s Work for Task Fifteen 
 
 
Interviewer: But, there is an open circle and not a corner. Wouldn’t this idea of having an  

 asymptote for the derivative change because it is not a point? 

Matt: I will also put an open circle there. The fact remain is that there is not a derivative at x = 1.  

So, you will not see the asymptote or the open circle anyway. The derivative of both parts 

is going to be zero so I will connect them both at the open circle (see Figure 4.46). 

 Matt shows that he is having some difficulty with his thinking when it comes to the 

nonexistence of the derivative. Since he is confused about the representation, he chooses to use 

more than one representation. His memory of the procedures for the non-existence of the 

derivative is limited. And, because he does not visually understand the interpretation of the 

derivative, he is having conflict with the representation. Matt also immediately recognized that 

the function is two constant parts so the derivative graph would be drawn along the x – axis to 

represent the derivative of 0.  

 
Task Sixteen 

 
 For this particular task, I wanted to investigate Matt’s thinking for the derivative of a 

function that does not have a corner or an open circle, but rather at an endpoint (see Figure 4.47).  
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                                                         Figure 4.47: Task Sixteen 
 
 
Because Matt’s is not producing any reasoning outside of memorize rules and procedures, I hope 

to gain more understanding of Matt’s thinking for the existence and nonexistence of the 

derivative. This particular function is differential from the left of x = 1 and the right of x = 0.  In 

particular, if a function is defined on a closed interval and is not defined outside of the interval, 

then the derivative is not defined at the endpoints because the two-sided limit does not exist. But, 

only a one-sided limit makes sense at the endpoints of a closed interval. For this particular task, 

the derivative is defined for every point in the closed interval.  The following excerpt was taken 

from the interview.  

Interviewer: What are you thinking about this task? 

Matt: I think that this function may have an asymptote on the ends because it “stops”. 

Interviewer: What do you mean that it stops?  

Matt: It does not go past the ends. Something could be there or maybe not be there. Maybe it is  

 something like an asymptote. Is this an endpoint? 

Interviewer: Why do you ask that? 

Matt: Well, I think it is an endpoint since you did not give me an asymptote like the other graphs  

 from before.  

Sketch the graph of the derivative of 
the function whose graph is shown.  
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 At this point Matt appears more confused about asymptotes. So, he concluded that if one 

is not given then there must not be one. This is an indication that he does not understand when an 

asymptote is used to represent a point of nondifferentiation in calculus. Matt is failing to 

visualize the derivative for this function. Also, his analytic constructs are failing him. Everything 

that Matt has memorized about asymptotes has been procedural and not conceptual. Since he 

does not have conceptual understanding of asymptotes and non-existence of the derivative, he 

cannot process information correctly (Skemp, 1976).  I continued to ask Matt more questions.  

Matt: I am thinking that the derivative only exist between 0 and 1.  

Interviewer: Why do you say that? 

Matt: That is the domain of this function. All of the x’s are between 0 and 1 and this is linear [ a  

 straight line].  

Interviewer: Why do you say that?  

Matt: On the last task, the function given was constant because it was a straight line and this one  

 is a straight line even though it is a short line.  

Interviewer: What do you mean by short line?  

Matt: The domain is much smaller. So, the derivative is going to be a straight line too because  

the derivative is the same at every point. This function (see Figure 4.47 above) is 

different because it is not a constant function. It increases.  

Interviewer: What increases?  

Matt: The line goes up. It is not horizontal.   

Interviewer: What would that have to do with the sketch of the derivative? 

Matt: The slope of the constant function was 0. And, the derivative of the slope function was 0.  

 So, I need to figure out what the slope of this line is.  

Interviewer: What do you mean? 

Matt: They were the same before. The slope of the function was the slope of the tangent lines,  

which are the points of the derivative. Since I have two points I can find the value of the 

derivative between these points. The slop3s of this line is 1 between x = 0 and x = 1 (see 

Figure 4.48 below). But, that does not always work especially when the function bends. 
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    Figure 4.48: Matt’s Sketch for Task Sixteen 
 
 
 Matt made an observation. Instead of visually understanding the derivative, he has made 

the concept of understanding the derivative procedural because he prefers to think analytically 

when he has the opportunity (Krutetskii, 1976).  When Matt is able to use analytic or visual 

methods to find a solution, he supplements the parts that are more difficult by using verbal-

description (Aspinwall, Haciomeroglu, & Presmeg, 2008). He has developed a method of finding 

the derivative of linear functions. He indicates that he still has some difficulty trying to sketch 

the derivative of nonlinear functions. I believe that this is because he cannot procedurally 

identify a method for it that will work in each case.  

 
Task Seventeen 

 
 I wanted to revisit the idea of derivative at a corner for Matt. So, I wanted to build on 

Task Sixteen. I wanted to give Matt a function with more than one corner and endpoint to see 

how he would handle sketching the derivative (see Figure 4.49 below).  Consider the excerpt of 

the interview below.  

Interviewer: I see that you are drawing a lot of asymptotes (see Figure 4.50 below).  

Matt: I have five edges so I have five asymptotes.  

Interviewer: In a previous task, you said that you think that an asymptote belongs on the end  

 points. What made you change? 
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Matt: Honestly, I do not know whether or not to include asymptotes at the edges or endpoints. I  

 know that both of these say that the derivative does not exist. But, it is not clear to me  

when. Since I have begun doing these tasks it was the first time that I actually have to use 

them to draw the graph of a derivative.  

 
 

 
 
 
 
 
 
 
 
                                                       
 
 
 
 
 
 
 
         Figure 4.49: Task Seventeen 
 
 
 Matt has revealed something that I felt was prevalent. He admitted to not knowing when 

to use notation that indicated that he understood the nonexistence of the derivative. He admitted 

to just knowing that the derivative does not exist. Again, Matt has shown that he does not have 

the mental images of how the derivative would look. In this instance, Matt conflicts come from 

not having had experience with the nonexistence of the derivative. Since Matt’s thinking thus far 

has been strongly analytic, he has relied on memorized procedures and algorithms. I continued 

the interview with Matt.  

Interviewer: Let’s continue with this task.  

Matt: Okay, I see that each part is going to have the same derivative because each part between  

the edges is linear on either side of the vertex. So, theoretically, for all of the linear parts 

that are decreasing, the derivative is going to be below the x-axis, and, all of the linear 

parts that are increasing are going to be above the graph (see Figure 4.49). 

Interviewer: Why do you say that? 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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Matt: Just like before. The increasing linear parts have a positive slope that is the same. And,  

 likewise, the decreasing linear parts have a negative slope that is the same.  

 
 
 
 
 
 
 
 
 
 
 
                                         
 
 
         
 
 
 
 
 
        Figure 4.50: Matt’s Work for Task Seventeen  
 
  
Matt sketched the graph alternative between the previously drawn asymptotes (see Figure 4.50). 

He is still having some problems with the corners.  

Interviewer: I see that you have endpoints.  

Matt: I have to erase them since they are on the asymptotes.  

Interviewer: Why?  

Matt: Because there is no derivative on the endpoints.  

Interviewer: How will you notate that? 

Matt: I will draw open circles because they are not included.  

Interviewer: How is that different from the end points on the previous task? You did not draw  

 asymptotes on those endpoints. You did start to mention asymptote.  

Matt: Hmm… [Matt looks at Task 16]. There was not a corner. The function just ended.  

Interviewer: What you mean?  

Matt: There was not a “V” formed like a corner on the absolute function. It has to look like that.  
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 Matt is using memorized means to describe what his images would look like. Although 

Matt has developed some construct for the derivative graph, his knowledge is somewhat 

disconnected. His instrumental understanding of the derivative is causing conflict with his 

mental images. Because his understanding of the nonexistence of the derivative is not connected, 

he is unable to properly determine the behavior of a derivative graph near points of nonexistence. 

This lack of relational understanding and connections of pieces of knowledge may be affecting 

his analytic thinking.  

 
Task Eighteen 

 
For this particular task, I wanted to supplement Matt’s analytic thinking. I wanted to see 

if Matt would use his analytic methods supported by verbal-descriptions, or if he would use any 

of his new constructs since we have spent time working on visual tasks. I presented Matt with the 

task below (see Figure 4.51). 

 
 

 
 
 
 
                                                          
 
 
 
 

         Figure 4.51: Task Eighteen 
 
 

Matt quickly calculated the derivative of part A and part C skipping part B (see Figure 4.52).  

Interviewer: How did you complete the task?  

Matt: For the first one, I know that the derivative of any constant is zero and I used the product  

 rule for part C (see Figure 4.52 below).  

Interviewer: How do you know that about A? 

Matt: I know that from the rule and I can also graph it and look at the tangents.  

Interview: Why did you skip part B? 

Matt: The interval is throwing me off.  

Interviewer: How so?  

Calculate the derivative of the 
following:  
 
A.) f (x) = 1  

B.) f (x) = x on 0,1[ ]  

C.) f (x) = xex  
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Matt: Well, I know that the derivative of x is 1. But, I do not know what to do with the [0,1] part.  

 This is very similar to an earlier task (see Task Sixteen). 

 
 
 
 
 
 
 
 
 
 
                                              
 
 
 
 
       Figure 4.52: Matt’s Work for Task Eighteen  
 
 
 Matt refers to the graph Task Sixteen to help himself explain his understanding of part B. 

He then uses his knowledge of slopes of tangents and his experience with linear function discuss 

the picture of the derivative since he could not explain what he was trying to say in words. This 

was phenomenal since I had not see Matt go from an analytic representation to a visual 

representation to describe his understanding of the derivative. Again, Matt used his verbal 

descriptions to describe his thinking. I think that because Matt has experience using graphs, he is 

able to use them to explain his thinking although his methods are still analytic in nature.  

 
Task Nineteen 

 
 Matt has worked through many tasks at this point with this thinking proving strongly 

analytic. During an earlier task, Matt made a statement in reference to having a function and its 

derivative present at the same time. He said, “It is easier for me to tell which one is a derivative 

of the other by just looking at them.” I wanted to present Matt with another opportunity so that I 

could see if he would use his new constructs for slope of the tangent line to determine the graph 

of the derivative. I also wanted to see if he would use verbal-description (Aspinwall, 

Haciomeroglu, & Presmeg, 2008) of the derivative to supplement his analytic thinking if his 

A.)                 

B.)  

C.)  
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previous knowledge is inhibited. For this particular task, I wanted to use nonlinear functions. I 

presented Matt with the task below (see Figure 4.53). 

 
 
 
 
 
 
 
 
 
 
 
                                                           
                                                         
 
 
 
 
              
 
 
 
                      Figure 4.53: Task Nineteen  
 
 
Interviewer: What are you thinking of this task? 

Matt: I think that the solution is B. 

Interviewer: Why did you choose that one? 

Matt: It makes more since with the slopes. If you draw the derivative of B you get something like  

 the derivative that is given.  

Interviewer: What slopes?  

Matt: The slopes of the tangent line. I can see that the derivative of B is going to be the given  

 derivative.  

Interviewer: Why not A? A is very similar to B. 

Matt: If you look at the slopes of A, they are not going to match the derivative. If you look at the  

middle of the graph of A the slope of the tangents are not changing as fast as B. It looks 

more constant.  I mean A could, but B just look more right because of the change in the 

middle.  

If the graph labeled f '(x)  is the graph 
of a derivative function, then which 
graph, A or B, is the function from 
which the derivative was drawn?
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 Matt did not try to translate to an analytic representation. He only examined the slopes of 

the tangent lines of the function. He made a comparison between the slopes of the tangent lines 

for function A and function B based on what he saw. At this point he did not sketch a function, 

he only visualized what the slope of the tangent lines were doing to make his decision. At this 

point, it seems that there is a pattern with Matt’s preference for tasks. If a function in nonlinear 

he resorts to visualizing the changing slopes rather than an analytic method. If the functions are 

linear in nature, he tends to use analytic methods. In both cases, he also supplements his thinking 

with verbal description.  

 
Task Twenty 

 
 For this task, I wanted to reinvestigate Matt’s thinking about the nonexistence of the 

derivative. This time, I wanted to use a nonlinear function to see if Matt would use his new 

construct by looking at the changing slopes of the tangent lines. I also wanted to see if he could 

construct meaning of asymptotes with his new constructs. I presented Matt with the task below 

(see Figure 4.54). Matt examines the graph but is hesitant to start on the task. I proceeded with 

the interview to probe his thinking.  

 
 
 
 
 
 
 
 
 
                                                          
 
 
 
 
 
 
 
           Figure 4.54: Task Twenty 
 
 
Interviewer: What are you thinking about this one?  

Matt: There is an asymptote.  

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
 

 



109 
 

Interviewer: Where? 

Matt: That is my problem. I can’t really tell.  

Interviewer: Why is that? 

Matt: Well, I can tell. There is an edge. So, it must be there at x = 1.  

 Matt begins to sketch the graph of the derivative (see Figure 4.55 below). He has not tried 

to translate the graph from a visual representation to a symbolic representation. This always 

happens when Matt is not able to determine a formula for the function. I continued to probe 

Matt’s with more questions.  

Interviewer: What are you thinking?  

Matt: On the left of the edge, all of the slopes are going to be negative so the derivative of this  

part [for x < 1] is going to be negative until I get to the point. I have to curve the line of 

the derivative until I get to zero.  

Interviewer: Why do you say that?  

Matt: I cannot have a straight line for the derivative because the slopes are changing. They are  

 changing fast.  

Interviewer: What do you mean?  

Matt: They [the value of the slopes of the tangent lines] are rapidly going from negative infinity  

 to zero. So, that is what my derivative is going to do.  

Interviewer: What about the right side [from x = 1 to infinity] of the corner? 

Matt: The slopes of the tangents on the right side of the edge are positive. So, the derivative  

sketch on that side is going to be positive and curve upwards. The derivative would looks 

as though it is increasing because the slopes are getting larger. 

Interviewer: Why is that?  

Matt: Because the slopes are positive and the derivative has to be above the x – axis. I can’t draw  

a straight line because that would say that the slopes are constant (same) or the right side 

of the edge.  

Matt finishes his sketch of the derivative by sketching the end behavior of the function on  

both sides (see Figure 4.55 below). I notice that he has both an asymptote and a point at x = 1. 

So, I continued with more probing questions.  

Interviewer: Okay, looking at your graph that you have sketched. You have both an asymptote  

 and a point at x = 1. Can you have both? 
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            Figure 4.55: Matt’s Sketch for Task Twenty 
 
 
Matt: No.  

Interviewer: But, your graph has both.  

Matt: I see that now. I have never seen one like that before.  

Interviewer: Do you think that something may be wrong with it? 

Matt: I think so. Oh yeah, the asymptote would mean that the point would not be included. 

Interviewer: What does that mean?  

Matt: It should be an open circle and not a point because it is not included.  

 Matt is showing that he has a better understanding of the slopes of the tangent lines, but 

he has introduced another issue into the fold. He does not understand when you are use 

asymptotes versus using open circles as an indication of the nonexistence of the derivative. Matt 

is not able to visually determine what happens near a corner on the graph of the derivative.  

 
Task Twenty-One 

 
 For this task, I wanted to create a complex situation for Matt. Since he has associated 

asymptotes on the derivative of a function where there is an open circle or a corner, I wanted to 

introduce a task where Matt was confronted with a defined point as well as an open circle for x = 

1. I presented Matt with the task below (see Figure 4.56 below).  

Interviewer: What are you thinking?  
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Matt: There is going to be an asymptote.  

Interviewer: Why is there going to be one?  

 
 
 

 

 

 

 

 

 

                                                      
                                                    
 
 
 
         
 
 
 
                 Figure 4.56: Task Twenty-One 
 
 
Matt: Because there is an open circle.  

Interviewer: What about this defined point below the open circle?  

Matt: Hmmm… I have to erase it (Matt sketches an asymptote at x = 1, but he immediately  

 erases it).  

Interviewer: Why are you erasing your asymptote? In a couple of the previous tasks, you  

indicated that if there are open circles or an edge [a corner], then the derivative graph 

would have an asymptote.  

Matt: I have to change that now since there is a defined point.  

Interviewer: How can you change rules of mathematics?  

Matt: Do you remember when I said that it didn’t matter if I drew an asymptote or an open  

circle? In this case, I think that I can represent it with an open circle only because there 

will be a conflict with the closed circle [a defined point].  

 Again, Matt shows that he is having conflict with the idea of the nonexistence of the 

derivative and understanding when to use asymptotes and open circles. I will further examine his 

strategies in sketching the derivative graph.  

Sketch the graph of the derivative of the 
function whose graph is shown.  
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Interviewer: How will you sketch the derivative? 

Matt: Well, on the left piece [from negative infinity to 1] I have to draw the graph of the  

 derivative below the axis because all of the slopes of the tangent lines are negative (see  

 
 
 
 
 
 
 
 
 
                                          
 
 
 
 
               
       Figure 4.57: Matt’s Work for Task Twenty-One 
 
 

Figure 4.56 above and Figure 4.57). It is easier to see how the derivative will look since I 

understand the slope idea. I know that I have to have a line that is not constant since this 

one is not a constant function.  

Interviewer: Why didn’t you continue past the x-axis with the derivative graph? 

Matt: Well, the first piece stopped on the x-axis and it seems like the slope of the tangent is  

getting close to zero and the original seem to hook under a little bit. The derivative is zero 

where it hooks.  

Interviewer: What about the right piece of the function?  

Matt: I think the right piece will be the exact same but shifted down?  

Interviewer: Why do you say that? 

Matt: All of the slopes are positive so the derivative is positive. But, I am confused about how far  

 above x-axis to put the open circle?  

Interviewer: Why is that? 

Matt: I can’t estimate the starting value of the tangent line.  

Interviewer: I see that you have drawn a line very close to the point that is undefined. Why did  

 you do that? 
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Matt: But, there is a defined point next to the open circle and that slope almost looks horizontal.  

Interviewer: What do you mean?  

Matt: If this line is almost horizontal, that means the derivative is zero. So, the open circle should  

be near or on the x-axis. It seems like it would be very close to a point where it is 

connecting.   

 Matt then sketches the derivative of the right piece (see Figure 4.57 above). He concludes 

that his open circle would be on top of the closed circle. In this instance, Matt has the right idea, 

but there is a conflict with his understanding of open circles and closed circles. Matt has shifted 

his thinking from analytic to more geometric (Krutetskii, 1976). But, he uses verbal-description 

to supplement his thinking (Aspinwall, Haciomeroglu, & Presmeg, 2008). Matt seems to be able 

to visualize the derivative of a function, but he has issues at points of discontinuity (where there 

are asymptotes, breaks, or corners).  

 
Task Twenty-Two 

 
 I wanted to give Matt a very similar task to the previous task to see if he would use the 

idea of asymptote and to verify that he actually had developed understanding of slope of the 

tangent line and derivative. I presented Matt with the task below (see Figure 4.58).  

Interviewer: What is your reaction to this one? 

 
 
 
 
 
 
 
 
 
 
 
 
 
                                                    
 
 

 
  Figure 4.58: Task Twenty-Two 
 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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Matt: On the last task it was difficult to see where the slope of the tangent on the right piece  

would start (see Figure 4.56 above). This time it is more obvious that the slope of the 

tangent is 0 there because it has a dip. I just want to get my point across of why it was 

difficult for me.  

Interviewer: How would you sketch the derivative of this one? 

Matt: I can use the same method I used for the previous task (see Task Twenty-One). But, I am  

just trying to see if I would start above or below the x-axis. It seems that the left part has 

been reflected down (see Figure 4.56 and Figure 4.58 for a comparison).  

Interviewer: What does this mean?  

Matt: I know that I can just reflect that piece because that is all that I did to the last task. But,  

 there was no reflection on the second piece on the last task so I do not want to make that  

 assumption. I know that I need to look at the slope of the tangent lines. But, I’m  

 confused.  

Interviewer: Why? 

Matt: Oh, I get it.  

 Matt sketches the left side of the graph above the x-axis (see Figure 4.59). But, he is 

having trouble with the concept of being positive and becoming less positive in reference to the 

derivative of the function. So, instead of wrestling with the idea of being positive and less 

positive, he uses the notion of the derivative is getting smaller but never becomes negative.  

 
 
 
 
 
 
 
 
 
 
                                          
 
 
     
 
                                             
     Figure 4.59: Matt’s Work for Task Twenty-Two 
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Interviewer: Okay, Matt. What is going to happen at the point? 

Matt: I will include the point on the derivative.  

Interviewer: Would there be an asymptote for this one?  

Matt: You cannot have an asymptote with this one since there is a defined point in the same  

 place as the derivative.  

 Matt finishes his sketch for this task (see Figure 4.59). Matt is using his new constructs to 

graph the derivative of the function. Although he was not able to use an analytic approach, he 

was able to use the slope of the tangent lines to sketch the derivative of the function. Matt has 

shown that his primary preference for his thinking, or analytic preference, is changed when he 

cannot translate to a formula.  

 
Task Twenty-Three 

 
 For this final task, I wanted to examine Matt’s thinking by comparing two different tasks. 

The first part of this task is the graph of a nonlinear function with a corner (see Figure 4.60). The 

second part of the task contains a nonlinear function with an asymptote (see Figure 4.61 below). 

Matt’s has new constructs for using the slope of the tangent lines of a function to estimate how 

the derivative graph would look. Since Matt has seemed to become more  

 
 
 
     
                         
 
 
 
 
 
 
     
 
 
 
 
 
 
 
                                                 Figure 4.60: Task Twenty-Three A 
 

A.) Sketch the graph of the 
derivative of the function whose 
graph is shown.  
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                                                Figure 4.61: Task Twenty-Three B 
 
 
comfortable with nonlinear function, I wanted to also see what role Matt’s analytic thinking 

would play into this task. I gave Matt the first part of the task. Once Matt sees this task he 

immediately sketches an asymptote.  

Interviewer: I see that you are drawing an asymptote (see Figure 4.62 below). Why are you doing 

that? 

Matt: Because there is an edge.  

Interviewer: Are you sure that’s why?  

Matt: You can’t have a slope at an edge it has to have a curve. I read in the book and it showed  

 that you would have a bunch of tangent lines on an edge.  

Interviewer: What does that mean? 

Matt: I didn’t read that part.  

Interviewer: After what you have just spoke about in the text, you are saying that there is an 

asymptote when there is an edge?  

Matt: Well, there is no slope right there?  

Interviewer: What does having a “bunch of tangent lines” mean on the edge? 

Matt: It means that there are too many slopes. You can only have one tangent line or one  

 derivative value at each slope. But, have a “bunch” of them mean that there are an infinite  

 number of slopes. So it’s undefined? Ohhhhhhh… cool… I have broken the mystery of  

B.) Sketch the graph of the 
derivative of the function whose 
graph is shown.  
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 the edge.  

 

  
 
 
 
 
 
 
 
 
                                         
 
 
   
 
 
 
 
  Figure 4.62: Matt’s Work For Task Twenty-Three A 
 
 
Interviewer: What do you mean?  

Matt: The derivative is not there because you cannot define a particular tangent line slope at that  

 point.  

Interviewer: What does that mean for the asymptote?  

Matt: I don’t know.  

Interviewer: Let’s consider the second task (see Figure 4.63 below).  

Matt: There is already an asymptote so the derivative will have one.  

Interviewer: Why is there an asymptote?  

Matt: If you take the derivative at each point the slopes get more and more positive on the left of 

the asymptote at x = 1 (see Figure 4.63 below). So the derivative would have to do the same (see 

Figure 4.64 below). 

Interviewer: What does that mean for Task A then? 

Matt: Wow! 

Interviewer: What are you thinking? 

Matt: I can’t have an asymptote at a corner. 

Interviewer: Why is that?  
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Matt: Because the slope of the tangent lines do not go to infinity. They kind of just stop.  

Interviewer: What do you mean stop?  

 
 
 
 
 
 
 
 
 
 
                                              
 
 

           
 
 
 

                                              Figure 4.63: Task Twenty-Three Part B 
 
 
Matt: I don’t know. Maybe it does have an asymptote. It is hard to see it.  

 
 
 
 
 
 
 
 
 
 
                                         
 
 
 
 
                                     Figure 4.64: Matt’s Work for Task Twenty-Three B 
 
 

Matt seems to be gathering new constructs for the nonexistence of the derivative. But, he 

is unsure because he does not know what to do at the corner of a function. Matt completed 

sketches for both parts of the task. Matt’s mode of thinking for these tasks were Geometric 

B.) Sketch the graph of the derivative 
of the function whose graph is shown.  
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(Krutetskii, 1976), his thinking posses a stronger visual-pictoral component. . He was able to use 

the slopes of the tangent line to sketch the derivative. But, his analytic thinking was conflicted 

because he was unfamiliar with the rules, or idea, of the behavior of a function near an 

asymptote. 

 
Concluding Remarks 

 
Matt’s results on the MPIC revealed that he was one of Krutetskii’s Analytic types. This 

type of thinker is characterized as having a strong verbal-logical component and having a weak 

visual-pictorial component. In other words, he would more likely describe a visually perceived 

image than recognize a visual image. Earlier in the case, Matt shows that he would rather work 

with symbols when considering the slope of the tangent lines of functions. When presented with 

a function for which he could remember a formula, he was unable to complete a task that was 

presented graphically. This shows a limitation of purely analytic thinking.  

As the case continued, Matt continued to rely on strong memory and analytic thinking. 

As he developed new constructs with the tangent lines of functions and their relationship with 

the derivative, he started to rely on other methods when his memory of rules or his analytic 

thinking did not work for him. Matt commented that he thought that calculating the derivative 

only meant he knows all of the formulas. He stated that he was happy that he did not have to 

really know about the slope of the tangent lines or he would not have passed Calculus I. After 

this comment, I inferred that his lessons in Calculus I were mostly or purely analytic which led to 

his lack of connections.  

By the end of the study, Matt constructed new meaning for derivative graphs. He started 

to make connections between a function and its derivative graph by looking at the slope of the 

tangent lines and using the values to sketch a possible graph. The most important evolution for 

Matt understanding was his discovery of non-existence of the derivative at a corner. While he 

understood why there was no derivative because of the relationship of the tangent line of the 

function at a corner, he still did not know how to represent it on the derivative graph. As shown 

throughout this case, Matt continued to learn and develop new constructs despite initially having 

one-sidedness in his thinking.  
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CHAPTER FIVE 

 

THE CASE OF DANNY 

 
 

 Danny is originally from New York. He moved to Florida with his family in 1993. He is 

one of six family members that actually graduated from high school. His mother received her 

GED and his father graduated with a high school diploma. His father was not a major part of his 

life until he was age 13. So, it was his mother that nurtured his academic abilities. He has two 

brothers and one sister.  

Danny was placed in gifted education in elementary school. Upon being placed in gifted 

education, that things became hard on him academically. He was able to continue his gifted 

education throughout his middle school until the latter years. As Danny approached the end of 

his middle school education (around 8th grade), a mathematics teacher advised his family that he 

should stop taking honors courses because he had received a grade of C in her mathematics 

course. Danny and his family took the teacher’s advice.  

 During the first two years of high school, Danny did not take any honors classes.  

Because he was now being tracked with mainstream students, he felt he had done something very 

wrong to deserve this. He asserts that he was upset ans he felt that he was getting pulled 

backwards instead of moving forward. Because of this, he really became motivated as a student 

in high school, and developed into a student that wanted to excel at everything academically. 

With his newfound motivation, he was able to rejoin the honors program by his junior year of 

high school.  

 Danny has inspired to become a computer engineer since he started computer 

programming in high school in the ninth grade. After being exposed to programming, he wanted 

to learn everything about computers. His uncle taught computer courses at a computer school, 

and they would have frequent conversations about his interests. Danny loves college and he feels 

that college will allow him to do all of the things he has always wanted to do. He is a serious 

student that feels fun and college does not mix. Danny’s motivation also comes from the fact that 

he did not want to be like his peers, and he believes this was the only motivation that he needed. 
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He wanted to be successful, not only for himself, but for his family. He wanted to be a role 

model for his siblings and he wanted to make his mother happy.  

 Danny loves being an engineering major because of the challenge. He feels that being an 

engineering major means you have to understand all of the concepts you are taught in any course 

and that the community college is only the beginning. Because he has been successful up to this 

point, he feels that he will continue to be successful.  

 Danny’s love of mathematics began to grow in high school because it was very 

challenging and easily understood for him. His honors classes in high school really engaged him 

in the subject. He was able to take rigorous mathematics courses like Trigonometry and AP 

Calculus in high school. Although he was unable to pass the AP Exam, he feels he always had an 

advantage over students that may have taken “regular” math courses in high school.  

 Danny asserts that there were not any special programs around that pushed him to be a 

hard-working student. Despite this, he had a hunger to do well academically. He would spend 

countless hours after school getting help from his teachers if he encountered difficulty. Between 

academics and sports, he would sometimes spend 12-hour days at school (from 7am until 7pm). 

Outside of school, Danny says that his biggest support was his mother. She would drop anything 

to help him. He would always get special recognition from his extended family, and that made 

him feel like he was winning.  

 Danny was the first in his family to take upper level math courses. No one had taken 

anything above Algebra II. Because of this he was not able to seek help with mathematics 

courses from anyone in his family. His major issues in mathematics would come when he 

enrolled in calculus. He felt that it was his job to understand the material and to not just do 

enough to get by because there was no help after he left school each day.  

 Danny feels that he is a hard working mathematics student. He studies mathematics about 

15 hours a week and says he would study more but physics takes up a lot of time. He feels he is 

smart enough to know when he does not understand a concept. He always seeks additionally help 

when needed and studies as long as it takes to understand a concept. He always does his 

homework, and he studies his notes almost everyday. He is always looking at the material. He 

says that he treats every problem like it is a test. He tries to work the problems without looking at 

the notes as much as possible. When it is time to take his exams, he is comfortable with working 

problems.  
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 Danny has earned some very good grades since entering the community college. He has 

earned an A in College Algebra, an A in Precalculus, an A in Trigonometry, an A in Calculus I, 

and an A in Calculus II. He says that looks forward to making an A in Calculus III, but it is 

tough because of time required for Physics II. When he started taking calculus, he became 

excited because his dream of becoming an engineer was very close. He says that everyone has 

told him that it is important to do well in calculus if he wanted to become an engineer.   

There was a time when Danny thought about changing his major because he felt 

disadvantaged. During conversations with his peers, he remembers at times feeling 

disadvantaged. Most of his peers have had family members that have been become engineers. 

Because of this, he feels that they are more prepared than he is for college. He also feels 

disadvantage because education has been passed down through their families and not his.  

Danny has always felt lucky with mathematics because he always understood the lessons 

that were taught in his mathematics course. He also knows what it takes to be a successful 

student. He understands that things could get harder for him and because he does not have 

anyone in his family that has gone through the same experiences that he has. Other than this, he 

says that he has never been more excited because he does not know what to expect. 

Danny has been involved with many programs geared toward athletics. But, the only 

program that has helped him academically is the Hewlett-Packard Mathematics Engineering 

Science Achievement (HP-MESA) program at the community college. This program has 

provided him many opportunities to engage with engineers and computer scientist. Because of 

this program, he has been able to remain positive about his dream. Danny asserts that he has 

acquired the tools from the community college and the HP-MESA program that will allow him 

to succeed. He believes feels that he can compete with his peers academically.  

 Danny understands that all of the concepts in calculus are important. He says that 

somehow and in someway, he will need every concept because it is related to engineering. I 

presented Danny with the following question: What does the derivative represent in calculus? 

Danny responded relating the derivative to the “instant change” at a point. He went further to say 

that the derivative shows how fast something changes.  
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Harmonic Thinker 

 
 Danny was administered the Mathematical Processing Instrument for Calculus (MPIC) 

(Haciomeroglu, Aspinwall, Presmeg, & Bu, 2009) and received a score of 6. Danny did not show 

any work for his solutions. When asked how he arrived at his solution without writing anything 

down, he said that he could look at the graph and understands what the derivative could be 

doing. Also, he said he could tell what the formula was that he was taking the derivative of. He 

said that, when he could not tell what the graph was doing he thought of the formula. His scores 

on the MPIC and other information reveal that he has a preference for both geometric (visual-

pictorial) and analytic (verbal-logical) methods. He is what Krutetskii (1976) coined as a 

harmonic type. Clements (1982) referred to this type as the mixers, or individuals who do not 

have a tendency one way or another and indeed might employ both an analytic mode and a visual 

mode when solving a problem. “ Typical of them is a relative equilibrium of well developed 

verbal-logical (analytic) and visual-pictorial (geometric) component, with the former in the 

leading role” (Krutetskii, 1976, p.326). Since there were only six tasks presented during the 

MPIC, I wanted to administer a task-based interview so that I could explore his thinking more in-

depth by administering both analytic (symbolic) and visual (graphical) tasks.  

 

The Interviews 
 

Task One 

 
I presented this analytic task (see Figure 5.1) of calculating the derivative so that I could 

begin to understand Danny’s mode of thinking. The task was designed to assess how well Danny  

 
 

 
 
 
 
                                                           
 
 
 

        Figure 5.1: Task One 

Calculate the derivative of the following:  
A.) f (x) = x3 cos x  

B.) f (x) = (x
2
+ 2x)

4
 

C.) f (x) =
5x

4x −1
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had learned formulas and procedures for calculating the derivative. Part A was developed to 

assess Danny’s understanding of the product rule in calculus. Part B was developed to assess 

Danny’s understanding of the chain rule in calculus. Part C was developed to assess Danny’s 

understanding of the quotient rule in calculus. I presented Danny with the task below. After he 

completed his calculations (see Figure 5.2), I interviewed him to explore his thinking. The 

following is an excerpt of the interview with Danny.  

Interviewer: How did you solve it?  

 
 

A.)  

B.)  

C.)  

  

                                              
       Figure 5.2: Danny’s Work for Task One 

 
 
Danny: For the first function (Part A), I used the product rule. For the second one (Part B), I used  

a power rule derivative. It has a chain in it so I would have to take the derivative of the 

inside also. For the third one (Part C), I used the quotient rule (see Figure 5.2).  

Danny calculated the derivative of the function in Task One rather quickly. His thinking 

for this task was purely analytic. As Krutetskii (1976) would say, he has a well-developed 
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verbal-logical component of thinking. He has demonstrated for this task that he is comfortable 

using the rules of differentiation.  

 
Task Two 

 
I presented this task (see Figure 5.3) initially during the administration of the MPIC. This 

particular task is graphic and it could be solved both geometrically (visualizing the changing 

slopes of the derivative) and analytically (translating to a symbolic representation and 

manipulating the representation using rules of differentiation). This task may be easily translated 

from a visual representation to an analytic representation since Danny should have been 

introduced to a parabola in previous courses (College Algebra and Precalculus) at the community 

college. Since Danny was considered harmonic from the MPIC, I wanted to provide a contrast to 

Danny’s thinking for Task One. This task requires Danny to sketch the graph of the derivative. I 

presented him with the task. Consider the following excerpt that was taken from my interview  

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
                                                               
 
 
 

Figure 5.3: Task Two 
 

 
with him.  

Interviewer: How did you solve it?  

Danny: I see that this is a parabola that has not been shifted. So the left side of the derivative is  

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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going to be below the axis and the right side is going to be above it.  

Interviewer: What does that mean?  

Danny: I need to plot points on the right above the x-axis and on the left below the x-axis.  

Interviewer: Where are you getting the points?  

Danny: I need accurate points so I am getting them from the derivative 2x [Danny illustrated this  

by making a table (see Figure 5.5 below)] 

Interviewer: How do you know the derivative is going to be in the first and third quadrant?  

Danny: Because if you look at the left side of the given function it is decreasing and all of the  

derivatives are going to have a negative value. Once you get to the vertex the derivative  

 
 
 

 
 

 
                                                
                                              Figure 5.4: Danny’s Work for Task Two 
 
 

is equal to zero because there is a minimum value. If you continue after x = 0, all of the  

derivative are [sic] going to be positive. So you have to correspond the points in that 

manner.  

Interviewer: Why are you using the  if you know that this is true?  

Danny: I need to be accurate with it. But, it still represents the same idea.  

Interviewer: Why didn’t you plot any points on the left side of x = 0.  

Danny: Because it [the derivative function] is a linear function that will continue.  

2x
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Danny finishes his sketch for Task Two (see Figure 5.4 above). He seems to be one of 

Krutetskii’s harmonic types that are supported by verbal-description (Krutetskii, 1976;  

 
 
 
 
 
 
 
 
 
 
 
                                   
 
 
 
                                 Figure 5.5: Danny’s Work for Task Two 
 
 
Aspinwall, Haciomeroglu, & Presmeg, 2008). Danny uses the word “derivatives” to 

denote the slopes of the tangent lines, but I do not think that he connects the two ideas yet. 

Danny initially begins looking at the task without writing anything down. When asked about his 

methods, he shows that he is operating visually on the given function and is using the analytic 

representation (the formula) to verify or to accurately draw his sketch. For this particular task, it 

seems that Danny could possibly be one of Krutetskii’s pictorial-harmonic subtypes (Krutetskii, 

1976). Krutetskii describes a pictorial-harmonic subtype as a thinker that can depict 

mathematical relationships well by visual-pictorial means, but rely on graphic schemes during a 

solution.  

 
Task Three 

 
I presented Danny with a graphic task (see Figure 5.6 below) again because of his 

apparent preference for harmonic methods for solutions. As a contrast to Task Two, this 

graphical task was administered because it would maybe be slightly more difficult to translate 

into an analytic representation (formula) than Task Two. The task requires Danny to sketch the 

derivative of a given function (see Figure 5.6 below).  I presented him with the task. Danny was 
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hesitant with this task. I commenced with an investigation into Danny’s thinking for this task. 

The following is an excerpt from the interview.   

 
 
 
 
 
 
 
 
 
                                               
 

 
  
 
 
                                                          Figure 5.6: Task Three 

 
 

Interviewer: I notice that you have not started yet. It has been almost 2 minutes. 

Danny: I am trying to determine how the derivative graph is going to look. I know that this graph  

is increasing from negative infinity to -1. I know that it is decreasing from -1 to 1. I know  

that it is increasing from 1 to infinity.  

Interviewer: So what does that mean? 

Danny: That means where the function is increasing my derivative is going to be positive, and  

where it is decreasing my derivative is going to be negative, but I am having a hard time  

drawing it. I am thinking that this graph is some form of x3 so my derivative is going to  

look like a parabola. So I need to locate my zeros.  

Interviewer: What do you mean zeros? Why would you need those? 

Danny: I need them to help me draw the derivative. I know that there are going to be zeros here  

[at x = -1] and there [at x =1] at the max and the min.  The derivative at these points is  

going to be 0.  So I can plot points on the x-axis for these (Danny sketches the end of the  

function (see Figure 5.7 below)). So the graph is going to look like this (see Figure 5.7  

below). 

Interviewer: Why would the ends look like that? 

Danny: The derivative is positive and it is getting smaller here [from negative infinity to -1] and  

Sketch the graph of the derivative of 
the function whose graph is shown.  
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the derivative is positive and getting larger there [from 1 to positive infinity].  On the left  

side [from negative infinity to -1], I would draw the line until I get to the point where the  

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 

 
Figure 5.7: Danny’s Work for Task Three 

 
 

derivative is equal to zero. One the right side, I would draw a line from where the  

derivative is equal to zero until I get to positive infinity (see Figure 5.7). 

Interviewer: How do you know to put these points [(-1,0) and (1,0)] on the x-axis?  

Danny: The derivative is equal to zero.  

Interviewer: I noticed that you paused again. What are you thinking? 

Danny: Just um…. The simple fact that…I know that the derivative graph is going to be a  

parabola but I do not know where the vertex is going to be (see Figure 5.7 above). 

Interviewer: But, how do you know that it will be a parabola for sure?  

Danny: Well this is the graph of x3 …nah nah… this is an x4 graph because I have two  

parabolas. So my derivative should look like…. have the form of x3 .  

Interviewer: At first you said the given function was a graph of the form x3 , but now you are  

saying it is of the form x4 .  

 Danny has lost control of the task. He has used his idea of derivative values (values of the 

slopes of the tangent lines) to help him to construct the ends of the derivative function, but he is 

having a difficult time with the middle part of the derivative graph. At this point, it seems that his 

verbal-logical component and his visual-pictorial component of his thinking has caused a conflict 
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for Danny. He is unable to distinguish between a cubic ( x3 ) function and a quartic  ( x4 ) 

function and he is unable to “see” what is happening. After about 2 minutes of thinking, Danny 

starts to motion his pencil (up to down in the middle where the function is falling) above the 

task. I continued to ask him more questions.  

Interviewer: What are you thinking?  

Danny: The function is decreasing from -1 to 1.  

Interviewer: What does that mean?  

Danny: The derivative starts at zero and ends at zero. The derivative is negative between -1 and  

1.  (Danny draws a curve creating a vertex for the parabola (see Figure 5.8 below)). 

Interviewer: How do you know that piece of the graph will do that on the derivative between -1  

and 1? 

Danny: [Pauses].. Maybe uhhh… I can’t figure out what the derivative is at x = 0. I know that it  

cannot get more negative there.  

Interviewer: Why not?  

Danny: That derivative would be the most negative at x = 0. If that is my deepest value, my  

vertex has to be there. On either side of x = 0, it is less negative until you get to a  

derivative of zero at x = -1 and x = 1.  

 
 

 
                                     Figure 5.8: Danny’s Complete Sketch for Task Three 
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 Danny finishes his sketch for this task (see Figure 5.8 above). In the beginning of this 

task, Danny begins to verbally describe a relationship between the original function and its 

derivative. He uses his verbal descriptions to describe his visually perceived image (verbal-

logical) (Krutetskii, 1976; Aspinwall, Haciomeroglu, & Presmeg, 2008). Although he has not 

used the language “slope of the tangent lines” he seems to be applying this concept in addition to 

mentally operating on analytic representations (formulas). When Danny examined the behavior 

of the derivative around the origin, something special happened. He looked at the point on the 

original graph and determined that the derivative at x = 0, or slope of the tangent line at x = 0, 

was the most negative there. He then sketched the graph of the derivative using the relationship 

between the value of the derivative (slope of the tangent lines) on the left and right of x = 0 of 

the original function. I believe that this is more evidence that Danny is harmonic with his 

thinking.  

 
Task Four 

 
I presented this graphical task during the initial phase of the MPIC. I wanted to follow up 

on his thinking process for the task. This particular task maybe easily translated to an analytic 

representation (formula) because it represents a basic function (−x3 ) that has appeared in 

previous courses that Danny has taken while at the community college. On Task Three, Danny 

had issues with the middle of the function because he could not at first visualize what happed on 

the derivative. This task requires Danny to sketch the derivative of the graph that is shown (see 

Figure 5.9 below). I presented Danny with the task. Danny quickly sketched the derivative after 

30 seconds (see Figure 5.10 below). I proceeded to ask Danny questions to investigate his 

thinking.  

Interviewer: How did you solve it? 

Danny: This entire function is decreasing so the derivative is going to be negative everywhere. It  

would have to be below the axis.  

Interviewer: Why would the derivative graph look like this (see Figure 5.10 below)? 

Danny: Well, I started with an inflection point at x = 0. That would be a critical point. That could  

also be where the derivative is equal to zero. If it is, then the derivative is very negative  

on the left end. I could reflect this side across the x-axis because each derivative  

corresponds to the reflected value. 
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Interviewer: How do you know that about the derivative?  

 
 

 
 
 
 
 
 
 
                                                              
 
 
 

               
 
 
          
         Figure 5.9: Task Four 

 
 

 

                               
                                            Figure 5.10: Danny’s Work for Task Four 
 
 
Danny: Okay, I’ll explain it differently. On the very left end the derivative is very negative. At x  

= 0, the derivative is zero. So, on the derivative from negative infinity to zero, it will start  

very negative and it will get less negative until I get the zero.  

Interviewer: What about on the right side of x = 0? 

Danny: The same idea, but I do not really have to move that piece of the graph too much because  

derivative is negative at every point. This could also be a −x3 graph. The derivative  

Sketch the graph of the 
derivative of the function 
whose graph is shown.  
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would be −3x2 . So, it would have to look like a parabola. This has to be it (Danny  

finishes his sketch). 

 Again, Danny used mixed methods to describe his thinking. It seems that his primary 

mode of thinking is in terms of pictures. Krutetskii (1976) would say that thinkers who employ 

this primarily have a well-developed visual-pictorial component. When Danny encounters 

instances where he cannot explain his thinking he switches to use his verbal-logical component 

(use formulas). While using both components, Danny supports his thinking using his verbal-

description (Aspinwall, Haciomeroglu, & Presmeg, 2008). Although Danny has the ability to use 

analytic representation (formulas and symbols), he seems to prefer to think in terms of pictures 

for some tasks.  

 
Task Five 

 
I also presented this task during the initial phase of the MPIC (see Figure 5.11). I wanted 

to follow up on his thinking process for this task. This particular task may be easily translated 

into an analytic representation because it represents a basic function ( e− x ). I wanted to see if 

Danny would continue to use his harmonic thinking supported with verbal description. I 

presented Danny with the task and followed up with an interview. The following excerpt 

describes what happens with Danny during his interview.  

 
 

 
 
 
 
 
 
 
                                                             
 
 

 
 
 
 
Figure 5.11: Task Five 
 
 

Sketch the graph of the 
derivative of the function 
whose graph is shown.  
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Interviewer: What is your reaction to this task? 

Danny: I know that this is an ex function, but I am confused about the sign of it. And the  

derivative of ex is itself (Danny sketches the graph of the function he thinks is the  

derivative graph (see Figure 5.12)). The derivative graph would look the same at  

the original that is why I sketched the same graph.  

Interviewer: How did you get that? 

Danny: That is the rule for taking the derivative of an exponential (Danny pauses)… I think that  

I did it too fast because this function is decreasing. The derivative will be below where  

the negative y’s are (Danny motions his pencil below the x – axis in a rising motion but  

does not sketch anything).  

Interviewer: What are you thinking?  

Danny: Well, this graph is f (x) = e− x . If I use the chain rule I get f '(x) = −e
− x .  

Interviewer: Why are you doing that?  

Danny: I am going to plug in a very low value to see how it would look on the left and I’ll plug  

in a really high value on the right to see what the value would be. That way I will know  

how to draw the curve.  

 
 
 
 
 
 
 
 
 
 
 
                                         
 
 
 
 
 

        Figure 5.12: Danny’s Work for Task Five 
 
 
Interviewer: Can you use the method that you used on the previous task?  
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Danny: I could but this graph (see Figure 5.11 above) looks weird on the right end. I just want to  

make sure that I graph it right (Danny sketches the derivative below the x-axis). 

Interviewer: How do you know it will look like this (see Figure 5.12 above)? 

Danny: If I plug in x = 100 I will get a very small negative value, but if I plug in a very small  

value, I will get a very negative answer.  

 Danny was mainly what Krutetskii (1976) called an Analytic Type for this particular task. 

At one point, Danny displayed what Presmeg (1985) called Kinesthetic Imagery, or the use 

muscular activity to visualize the derivative graph. For this particular task, Danny preferred to 

use an analytic method by translating to a symbolic representation and operating on the symbols. 

He then chose a value to plug in values of x to verify his thought processes for drawing the 

graph. For this particular task, Danny did not use his verbal description to support his thinking 

(Aspinwall, Haciomeroglu, & Presmeg, 2008). During the primary administration of the MPIC, 

Danny translated this one to a symbolic representation (formula) and operated on it. It seems that 

Danny may have some complexities about exponential functions and the graph of their 

derivatives.  

 
Task Six  

 
I presented the following tasks both analytically and graphically so that I could probe his 

thinking in term of the relationship of derivatives and determining relative extrema. I wanted to 

present Danny with the analytic part (see Figure 5.13) so that I could support his preference of  

 
 
 
 
 
 
                                                 
 
                                               
                                              Figure 5.13: Task Six A (Analytic) 
 
 
thinking analytically as seen in previous tasks. Also, I wanted to start to move toward graphic 

task (see Figure 5.14 above) of functions for which he could not recall a formula. I decided to 

present Danny with a derivative function (graphically) to see if he would reverse his processes to 

A.) Find the relative extrema 
(maxima or minima) of the 
following function: 

f (x) = x
3
+ 3x

2
− 9x +1  
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think in terms of the original function (Krutetskii, 1976; Haciomeroglu, Aspinwall, & Presmeg, 

2009). I presented Danny with the analytic task (see Figure 5.13 above) and proceeded with the 

interview investigating his thought processes.  

Interviewer: What is your reaction to this task?  

Danny: I have to find the derivative of this one so that I can set it equal to zero (See Figure 5.15  

below).  

Interviewer: Why do you have to do that?  

Danny: I need to find out where the critical values are.  

Interviewer: Why would you need those for this task?  

Danny: I need to use them to determine where the maxima and minima are.  

Interviewer: But, why would you set it equal to zero and not three or four?  

Danny: Because that is the rule for doing this. Using this method the extrema is located at x = -3  

and x = 1. There is a maximum at x = -3 and a minimum at x = 1 (see Figure 5.15 below). 

 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                   Figure 5.14: Task Six B (Visual) 
 
 

For this particular part of the task, Danny chose to operate on symbols rather than 

translate to a graphical representation. This time, he is what Krutetskii (1976) calls the Analytic 

Type. He shows that he has a strong verbal-logical component. Danny also shows that he has a  

 

B.) The following is a graph of f '(x) of a 
function f (x) . Find all values of x

where f has a relative extrema.  
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                                  Figure 5.15: Danny’s Work for Task Six A (Analytic) 
 
 
disconnect with his knowledge of the derivative. He was able to show on this task that he has 

instrumental understanding of the derivative but not relational understanding. As Skemp (1976) 

would describe this, he had procedural knowledge (instrumental understanding) or Danny knew 

how to calculate the derivative, but he did not know both what to do and why he was doing it 

(relational understanding). He has memorized the rules, but does not completely understand the 

connection between the graph and finding local extrema of a function symbolically. Danny has 

shown that he has an understanding of what extrema means to a graph. But, further probing is 

necessary to better understand his understanding. To further probe Danny’s thinking for extrema,  

I presented Danny with the second part of the task (see Figure 5.16 below). 

Interviewer: What are you thinking? 

Danny: I know that whenever the derivative is equal to zero the function is going to have a  

relative extrema. So x = 0 and x = 2 would be the extrema.  

Interviewer: How do you know that?  

Danny: Because this graph (see Figure 5.16 below) is already in derivative form [ f '(x) ]. So, all  

I have to do is look at the value. I do not have to draw anything to tell for this one.  

Interviewer: Why wouldn’t the relative extrema be located at x = 1 and x = 3? Are those relative  

extrema too?  
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Figure 5.16: Task Six B (Visual) 
 
 

Danny: Yes, they are. But, they would not be extrema for the original function [ f (x) ]. You gave  

me f '(x) . This graph (see Figure 5.16) is already in derivative form [ f '(x) ]. So, all I  

have to do is look at the value. I do not have to draw anything to tell for this one.  

Interviewer: Okay, so would x = 0 be a maximum or a minimum? 

Danny: Well, since the derivative [given f '(x) ] is positive from negative infinity to 0, then the  

original function [ f (x) ] is increasing. And, since the derivative is negative from 0 to 2,  

the original function is decreasing. So, if you go from plus to minus on a sign chart, x = 0  

would be a maximum. Also, since the derivative is positive from 2 to infinity, that means  

that you will go from minus to plus on a sign chart and that would make x = 2 a  

minimum.  

Interviewer: How do you know that? I have not seen you write anything down. You have only  

explained this to me verbally.  

Danny: I know this from the rule of the first derivative test. If I knew the formula I could show  

you why this is true.  

 I noticed two things with this particular task. The first thing is that Danny has a strong 

verbal-logical component. He has memorized the rules for calculating the maximum and the 

minimum. In part one of the task (Task Six A) Danny was able to go step by step with his 

B.) The following is a graph of f '(x)  of a 
function f (x) . Find all values of x  
where f has a relative extrema.  
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explanations without faltering. In part two of the task (Task Six B), Danny remembered the rules 

for the relationship between a function and its derivative. He understood that if the derivative 

was zero on the derivative graph, then on the original that would be the location of the relative 

extrema on an original function. He also demonstrated that he could show me how he came up 

with the solutions for the task if he had the formula. Although he could have operated on the 

graph itself, he preferred at this time to manipulate symbols. Krutetskii (1976) would call him an 

Analytic Type for this task because of his strong verbal-logical component. Even though Danny 

preferred to operate on symbols, he still revesl to have some visual understanding which allows 

him to be what Clements (1982) describes as a mixer.  

 
Task Seven 

 
I administered Task Seven to further explore Danny’s thinking about the graph of a 

parabola and a line tangent to the function (see Figure 5.17). The task also features the derivative 

graph of the parabola (see Figure 5.18 below). Danny has made some connections between a 

function and its derivative, but he has not referred to the slope of the tangent line of a function. I 

presented Danny with the following task that could investigate.  

The following instructions were given for Task Seven:  

Figure A depicts the graph of the function f (x) = x2  and the tangent line l
1

 to the function at 

x = 1 .  

Figure B depicts line l
2

, the graph of f '(x) = 2x , the derivative of the function in Figure A. 

 
 
 
 
 
 
 
 
 
 
 
       
 
 

                                             Figure 5.17: Graph of f (x) = x2  and l
1
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                                                  Figure 5.18: Graph of f '(x) = 2x  
 
 
A.) Describe the relationship between line l

1
 and line l

2
. 

B.) Describe the difference between the two lines.  

 

After looking at the task, Danny referred to a previous task. Consider this excerpt from the 

interview.  

Danny: I think that we have done this one before. This is a parabola.  

Interviewer: I did give you a parabola for Task Two. But, this one is asking you to do something  

different.  

Danny: I know it wants the relationship. It is obvious. The value of the slope of l
1

is somewhere 

on l
2
.  

Interviewer: Why do you say that?  

Danny: Because the tangent line on the parabola is part of the derivative. If I draw more, I could  

get the derivative at every point.  

Interviewer: How do you know that? Did you use a rule?  

Danny: Well, I know that the derivative is the slope of those tangent lines. The slope of l
1

is  

positive. If you estimate its location it could correspond to a point on l
2

. I also know that 

the derivative of this parabola (see Figure 5.17 above) and the derivative is 2x. I really 

can’t explain it. That is the best I can do because it is so obvious [Danny expresses 

frustration].  
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 Danny mentioned the idea of the slope of the tangent line and the derivative for the first 

time. He saw the relationship between the two lines immediately. Although Danny worked with 

pictures in this case, he also thought in terms of rules and procedures. I think that this led to his 

frustration because he felt that he did not really know why he knew what he knew. Danny chose  

to operate on the graph, but supplemented his explanations with the use of mathematical 

symbols. Krutetskii (1976) would call this a pictorial-harmonic subtype. Danny eventually 

referred to the symbolic representation to explain his thinking further.  

 
Task Eight 

 
This task was designed to give Danny another opportunity to work with a graphic 

representation and an analytic representation. The visual representation and the analytic 

representation for the same function are given below (see Figure 5.19 and Figure 5.20 below). I 

also wanted to probe Danny’s thinking for a derivative graph that is asymptotic for some value of 

x (for this particular task at x=1). I presented Danny with the visual task (see Figure 5.19) first. 

The following interview documents Danny’s thinking for Task Eight.  

Interviewer: I noticed that you sketched an asymptote (see Figure 5.21 below). Why did you do 

that? 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   
        
                                                  Figure 5.19: Task Eight (Visual) 

A.) Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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Danny: At  x = 1, the graph comes in on both sides to a point [corner]. It is curving in so the  

derivative gets more and more steep on both sides of the point [corner]. Also, there is no  

derivative at a point [corner].  

 
 
 
 
 
 
 
 
                                       
                                                Figure 5.20: Task Eight (Analytic) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                     Figure 5.21: Danny’s Sketch for Task Eight (Visual)  
 
 
 Danny uses hand movement to motion how the graph converges to a point. This can be 

indicative of visual thinking (Aspinwall, Personal Communication, 2011). Presmeg (1985) 

would describe this as Kinesthetic Imagery, He makes a triangle with his hands to indicate that 

he is talking about a sharp corner. Danny thinks about the task quietly (for 3 minutes). 

Interviewer: What are you thinking?  

Danny: I was thinking backwards for a moment. I was thinking of drawing the anti-derivative.  

Interviewer: Why?  

Danny: I do not know. Well, from negative infinity to 1 the derivative is going to be below the x- 

B.) Calculate the derivative of the 
following function.  
 

f (x) = (x −1)

2

3  
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axis because this function (see Task Eight Visual) is decreasing to the point [corner].  

And, from 1 to infinity, the derivative is going to be above the x-axis because it is  

increasing. [Danny pauses and he writes a formula (see Figure 5.22)].  

Interviewer: What are you thinking? You seem like you are stuck.  

Danny: This is a x  function [Danny points at the piece of the function that is rising from left to  

 
                                           
 
 
 
 
 
 
 
 
 
 
 
                                         
                                    Figure 5.22: Danny’s Work for Task Eight (Visual)  
 
 

right (see Task Eight Visual)]. I want to use this so I would see how my derivative looks  

(Danny does some calculations (see Figure 5.22)).    

Interviewer: Why are you making a table (see Figure 5.22)?  

Danny: I want to see how far the graph will go out to the right. The part close to the asymptote  

on the right is going to be very positive and the larger the x-values get it will get closer to  

0. After I get this piece [the part of the sketch on the right of the asymptote], I can use  

this same idea to describe derivative of the left part of the function (see Task Eight 

Visual).  

Interviewer: How will you use it for the other part (the piece on the original function to the left  

of the corner)? 

Danny: As I get more negative on the original function (see Task Eight Visual), the derivative  

will remain negative but its get smaller and negative. That means that the derivative will  

be closer to zero but still negative (see Figure 5.23 below). Since the original function is  

decreasing from negative infinity to 1, my derivative is going to do the same thing, but it  
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will not cross the asymptote (see Figure 5.23).  

 
                                 
 
   
 
 
 
 
 
 
 
                                     
 
 
 
                                     Figure 5.23: Danny’s Sketch for Task Eight (Visual)  
 
 When this task first started, Danny indicated that he understood that there would be an 

asymptote at x = 1. He indicated this using a hand movement. When he started to use his 

constructs for the derivative, he got stuck. It seems that Danny tried to operate on the graph, but 

ran into problems because of the asymptote. He immediately translated from a graphical 

representation to a symbolic representation. Then, he operated on it by calculating the derivative 

and using a table of values. Once he was able to visualize the derivative and its behavior, he 

switched back to operating on the graph. Danny seemed to use various types of thinking for this  

 

 
 
 
 
 
                                                  
 

 
 
Figure 5.24: Task Eight (Analytic) 
 
 

one. He supported his thinking (thinking has been a mix of verbal-logical and visual-pictorial) 

with his verbal description (Aspinwall, Haciomeroglu, & Presmeg, 2008). Krutetskii (1976) 

 

B.) Calculate the derivative of the 
following function.  
 

f (x) = (x −1)

2

3  
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would call his thinking for this task harmonic although his verbal-logical component was much 

stronger than his visual –pictorial component.  

Next, I administered Danny the analytic part of Task Eight (see Figure 5.24 above) 

Danny quickly calculated the derivative using the chain rule (see Figure 5.25). He has 

demonstrated again that he has a strong verbal-logical component and if presented with the 

opportunity he is able to work well with symbolic manipulations.  

 
 

 

 

                                             
          Figure 5.25: Danny’s Work for Task Eight (Analytic) 

 
 
Task Nine 

 
I wanted to introduce another task that could possibly allow Danny another opportunity 

to use his idea of the slope of the tangent lines to discuss the relationship between the function 

and its derivative. This particular task would aid in investigating Danny’s balanced verbal-

logical component and visual-spatial component of his thinking. 

A function is shown below (see Figure 5.26 below). State the intervals or points where the 

derivative of the function is 

A.) Positive 
B.) Negative 
C.) Zero 
D.) Does Not Exist 
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      Figure 5.26: Task Nine 
 
 
Consider the following excerpt of the interview.  

Interviewer: How would you solve this? 

Danny: For Part A, the derivative is positive from negative infinity to -3, it is positive from -2 to  

0, and it is positive from 0 to 3. The derivative is positive in those places because the  

function is increasing. For Part B, the derivative is negative from -3 to -2 and from 3 to  

infinity. The derivative is negative in those places because the function is decreasing.  

 As Danny discussed his solutions, he motioned his pencil along to graph. It seems as if he 

sees something.  

Interviewer: Before you continue, I wanted to ask you something. When you describe your  

solutions you seem to motion your pencil along the graph. Why do you do this?  

Danny: It helps me because I am trying to make sure the tangent lines are doing the same thing  

that the derivative is doing.  

Interviewer: What tangent line?  

Danny: If I were to draw some from negative infinity to -3, they would all rise or be positive.  

That is how I know that the derivative s positive.  

Interviewer: What about the relationship with the function increasing? What does that have to do  

with the tangent lines that you speak of?  

Danny: I view it all as the same. It is all part of the guide for the derivative.  

Interviewer: Okay. You may proceed.  

Danny: If I place tangent lines at x = -2 and x = 3, that is where the derivative would be zero.  
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That is my answer for C. Finally, there is a point [corner] at x = -3 and an asymptote at x  

= 0. That is where the derivative does not exist.  

Interviewer: Why is there no derivative? 

Danny: A function is non-differential at a corner and you can’t even put a tangent line at x = 0.  

 Danny has shed light of some of his strategies for thinking about the derivative. First, he 

has shown that he has some constructs for the derivative and the slope of the tangent lines. He 

just has never expressed it verbally, but rather in a physical manner with pencil movements. 

When Danny verbally describes the derivative of the given function, he physically uses his 

pencil to guide the behavior of the tangent line. Danny’s thinking for this task is Geometric 

(visual-pictorial) in nature although he uses verbal-description to aid with his thought processes 

(Krutetskii, 1976; Aspinwall, Haciomeroglu, & Presmeg, 2008).  

 
Task Ten  

 
For Task Ten, I wanted to explore a concept called reversibility, or reversing one’s 

mental processes (Krutetskii, 1976; Haciomeroglu, Aspinwall, & Presmeg, 2009). Because 

Danny can already make connection between the slope of the tangent lines and the derivative I 

wanted to see if he could reverse this process. The graphs (see Figure 5.27 below and Figure 5.28  

 
 

 
 
 
 
 
 
 
 
 
         
 
 
 
 
 
 
 
 

                                             Figure 5.27: Task Ten A 

A.) A graph of the derivative of a 
function is shown. Sketch the graph 
of the original function from which 
the derivative graph was drawn. 
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below) given in this task are the graphs of the derivative of a function. The functions given are 

the graph of a basic function ( ) and a basic function that appears to be shifted to the right of 

the origin 1 unit ( f (x) =
1

x −1
). Danny’s thinking has been harmonic and he has used elements 

of verbal-description to support his thinking for visual tasks. To determine whether or not Danny 

has made meaningful connection between the slope of the tangent lines and derivative graph, he 

should be able to reverse the procedure. I presented Danny with the first task (see Figure 5.27 

above) for this interview.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                            Figure 5.28: Task Ten B 
 
 

Interviewer: What are you thinking? I see that you sketched it rather quickly (see Figure 5.29 

below).  

Danny: I saw that this was an ex function. And the integral of ex is just itself. So I sketched the  

same function (see Figure 5.29 below). And this is a positive ex  graph so it stays above 

the x-axis.  

Interviewer: Is there any other way this could have been done? 

Danny: Well, there is but I would have had to draw more graphs.  

Interviewer: (Puzzled) What do you mean by this?  

e
x

B.) A graph of the derivative of a 
function is shown. Sketch the graph of 
the original function from which the 
derivative graph was drawn. 
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Danny: When you take the integral of a function you also have to add C to it? 

Interviewer: What do you mean?  

 
 
 
 
 
 
 
 
 
                                         
 

    
 
 
 
     Figure 5.29: Danny’s Work for Task Ten A 
 
 

Danny: I actually thought about this but since we were doing graphs I did not know whether or  

not if there was more than one answer.  

Interviewer: What would the C do to this function?  

Danny: C would cause it to shift up and down.  

Interviewer: Why? 

Danny: If C is positive the function shifts up. If C is negative the function shifts down.  

Interviewer: What does that mean for the given task?  

Danny: If doesn’t matter what C is. This one is the derivative of all of them.  

Interviewer: So could you have drawn more?  

Danny: Yes, you can I guess. I thought we could only draw one.  

Danny’s thinking for this part of the task was completely analytic. He reversed the 

process by operating on his translation of the function. He again shows that he has a strong 

verbal-logical component. It seems that Danny prefers to use analytic methods when possible, 

but prefers to use mixed methods (harmonic methods) when the task calls for a higher level of 

cognition, or process of thought. I presented him with Task Ten B (see Figure 5.30 below). 

Interviewer: What are you thinking?  

Danny: Since there is an asymptote, the original function must come to a sharp point [corner].  
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The derivative is negative from negative infinity to 1, so the original function is  

decreasing until you get to the point (Danny sketches the left part of the graph then  

immediately sketches the right part (see Figure 5.31 below)). 

 
 

 
 
 
 
 
 
 
 
 
                                                          
 
 
 

       
 
 
 

Figure 5.30: Task Ten B  
 
 
Interviewer: How do you know that the line will curve like that?  

Danny: It can’t be a straight line because that would be some constant function. That is not what  

we are dealing with. The derivative for this function changes. So, a constant function  

would have the same derivative everywhere.  

Interviewer: Really?  

Danny: Also, I know that this (see Figure 5.31 below) could be a square root function [ x ]. I  

can take the derivative of this and get that one (See Task Ten B).  

 
 

B.) A graph of the derivative of a 
function is shown. Sketch the graph of 
the original function from which the 
derivative graph was drawn. 
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      Figure 5.31: Danny’s Work for Task Ten B 
 
 
 As Danny has shown in previous task, he tends to use harmonic methods when a 

symbolic function is not readily available. For this second part, Danny was able to use verbal-

description to support his visual solution methods (Aspinwall, Haciomeroglu, & Presmeg, 2008). 

After sketching the derivative (see Figure 5.31), he recognized that he could check his work by 

calculating the derivative on a square root function. Because Danny’s thinking is two-sided, he is 

able to reverse the process using analytic methods. Krutetskii (1976) called this process 

reversibility. 

 
Task Eleven 

 
I administered Task Eleven (see Figure 5.32 below) so that I could explore Danny’s 

preference for engaging with analytic representations further. The task asked him to calculate the 

derivative of four functions. Each function deals with a different way of calculating the 

derivative: quotient rule, the product rule, and the chain rule. Danny quickly calculated the 

derivative of the four functions (see Figure 5.33 below). 

Again, Danny shows that he has a very strong verbal-logical component. He was able to 

calculate the derivative of each function. Danny is very knowledgeable about the rules of 

differentiation.  
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    Figure 5.32: Task Eleven 
 
 
 
 
 
 
 
 
 
 
  
                                          
 
 
 

      
 
 
 
 
 
     Figure 5.33: Danny’s Work for Task Eleven 

 
 
Task Twelve 

 
 Task Twelve consists of the graphs of two functions. I wanted to administer this task to 

Danny because I wanted to determine his cognitive process as he attempted to discriminate 

between a function and it’s derivative, both represented graphically. I also wanted to examine his 

thought processes as he engaged with a task for which he could not determine a definite formula. 

I presented Danny with the following task:  

Calculate the derivative of the following:  

A.) f (x) =
sin x

x
2
cos x

 

B.) f (x) = (sin
3
x)
2

 

C.) f (x) = (2x −1)
4
(3x

2
+ 2)

3
 

D.) f (x) = 2x
3
− x

2
+ 3x +1  
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Two function, f and g , are shown. Which of the following statements best describe the situation 

pictured (see Figure 5.34)? 

A.) f  is a derivative of g  

B.) g  is a derivative of f  

C.) Neither function is a derivative of the other 

D.) Not enough information is given 

E.) I don’t know 

 
 
 
 
 
 
 
 
 
 

 
 
 
 
 

 
                                               Figure 5.34: Graphs for Task Twelve 

 
 

Danny looked at the task for a couple of minutes. I then proceeded to ask questions to probe his 

thinking.  

Interviewer: What is your reaction to this one? I see that you have not written anything down.  

Danny: Well, I was thinking that the answer is B. I think that g is a derivative of f .  

Interviewer: Why do you think that?  

Danny: The f  function has a x4 look to it and the g  function has a x3 look to it (see Figure  

5.34). So it would seem that if you sketch the derivative of f  you would get g .  

Interviewer: Why couldn’t it be the other way around? Say A?  

Danny: That would be more like taking the integral.  

 Danny was able to look at the function and estimate formulas for each one. Then, he 

mentally operated on the symbolic representation to determine function and derivative. Again, 
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Danny shows that his preference for solving task would be analytic if given the opportunity to 

choose. But, as we have seen, he prefers mixed methods for tasks where translation to the 

formula is not straightforward. He did not mention critical points (where f 'or g ' = 0 ) or critical 

area (where f was positive when was increasing or vice versa).  

 
Task Thirteen 

 
In previous tasks, Danny has been presented with visual task where the functions 

presented had tangent line with changing slopes. For this task (see Figure 5.35), I wanted to 

present him with a function with tangent lines that were constant. I wanted to examine his 

thinking if the slopes of the lines tangent to the graph were non-changing.  I presented Danny 

with the task. Consider the following excerpt of the interview.  

 
 

 
 
 
 
 
 
 
 

                                             
 
 
 

 
 
 
 

    Figure 5.35: Task Thirteen 
 
 

Interviewer: I see that you finished your sketch rather quickly (see Figure 5.36 below). How did  

you solve it?  

Danny: The derivative has to be zero.  

 

Sketch the graph of the 
derivative of the function whose 
graph is shown. 
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    Figure 5.36: Danny’s Work for Task Thirteen 
 
 
Interviewer: Why is the derivative zero?  

Danny: Because I am taking the derivative of a constant function. This (see Figure 5.35 above) is  

f (x) = 1 . So the derivative, or f '(x) = 0 . So, the graph that I sketched is y = 0  (see  

Figure 5.36) 

Interviewer: How do you know that?  

Danny: The derivative of any constant is zero.  

Interviewer: Is there any other way that you could have gotten that?  

Danny: Well, it does not matter where the constant is the slope is always zero. If you look at this  

function (see Figure 5.35 above), it does not increase or decrease. So the derivative is  

zero everywhere because there is no change.  

Interviewer: What do you mean no change?  

Danny: Since there is no change in the derivative it is equal to zero. The values are never  

positive or negative.  

 Danny’s thinking for this task was both visual and analytic. He was able to use rules and 

procedures learned from Calculus I. Again, he was able to translate the function to an analytic 

representation (formula) then operate on the symbols. He shows again that he has a strong 

verbal-logical component (Krutetskii, 1976). Danny referred to a function as being a constant 

function. He also describes how the derivative behaves regardless of what constant is being used. 
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This illustrates that Danny’s thinking is harmonic about the problem although his initial reaction 

was rule oriented. 

 
Task Fourteen 

 
I wanted to introduce another task to Danny that involved functions with constant slopes. 

This particular task is one that could possibly be solved visually or analytically. Using 

trigonometry ( tanθ =
x

y
, or simple the tangent of angle theta is equal to the opposite side over 

the adjacent side), Matt could construct right triangles that would enable him to analytically get  

 
 
 
 
 
 
 
 
 
 
 
 

                                             
 
 
 

       
 
 

 
     Figure 5.37: Task Fourteen 

 
 

coordinates of points that are on the graph. I presented Danny with the task (see Figure 5.37). 

Danny looks at the task for several minutes without writing anything down. I began to ask him 

questions to probe his thoughts.  

Interviewer: What are you thinking?  

Danny: Well, this function is weird. I know that it is increasing from negative infinity to positive  

infinity. So, the derivative is going to be positive. (Danny could have thought the graph  

was weird because he saw that the derivative of each piece is positive yet there is a piece  

Sketch the graph of the derivative of 
the function whose graph is shown.
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that could not be differentiated.) 

Interviewer: How do you know?  

Danny: The same as before. Is it going to connect here [Danny points to the origin with his  

pencil]?  

Interviewer: Yes it does. What are you thinking about that?  

Danny: I am thinking that it comes to a point [corner]. So, the derivative is undefined at x = 0.  

That means that there is going to be an asymptote at x = 0.  

Interviewer: Why is the derivative undefined there?  

Danny: From Calculus I, at a sharp point [corner] the derivative is undefined so there is an  

asymptote. I’m not really sure why though.  

Interviewer: Well, what if the derivative had an open circle? Wouldn’t that mean undefined also?  

Danny: Yes, but the slope here [he points to the piece that runs from negative infinity to 0] is  

different than the slope here [he points to the piece that runs from 0 to positive infinity].  

Interviewer: What does that mean?  

Danny: Well, this (see Figure 5.37 above) is linear so it may look like this [Danny draws his  

sketch of the derivative (see Figure 5.38)].  

 
 

 

 
 
                                          

                 Figure 5.38: Danny’s Work for Task Fourteen 
 
 
Interviewer: Why did you draw your sketch that way? I don’t understand what these lines  

represent (Danny pauses with almost no explanation).  
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Danny: Well the piece on the left of x = 0 (See Figure 5.37 above) has a steeper slope.  

Interviewer: What does that mean for your drawing?  

Danny: I know that both pieces are linear and they have different slopes. The slope of the left  

piece is steeper than the right piece. So, the left piece is a higher constant than the right  

piece.  

Interviewer: I’m not following you. What does this have to do with your sketch?  

Danny: Let say the left piece is something like f (x) = 3x and the right piece is something like  

f (x) = 1.5x  because it is less steep. Since the y-intercept is 0 they do not shift. Both lines  

are positive. If you take the derivative of the left piece you would get 3 and if you take  

the derivative of the right piece you would get 1.5. Theoretically, if you look at my graph  

I let the left hand side be a higher constant derivative than the right.  

Interviewer: What are you saying about the derivative of this (see Task Fourteen above)?  

Danny: It would be some constant function for both pieces but the left has to be greater.  

Interviewer: When you first drew your sketch did you think of all of this?  

Danny: No, I just drew it because it made sense. But, this was the only way that I could explain it  

to you.  

 Danny did not use any trigonometry for this task. It seems that he used the degrees that 

were given to denote steepness of this function. Danny quickly drew the sketch of the derivative. 

Although he does not seem to have a definite understanding of nondifferentiation, it seems that 

he was totally operating on the graph. When asked about his methods, he reveals that he was 

operating on symbolic representations to verify his thinking. Danny never made the connection 

between the derivative of his analytic representation and the asymptote that was constructed for 

the derivative. This reveals that there is a disconnect with his knowledge of the derivative at a 

corner. Danny seems to be using mixed methods (verbal-logical and visual-pictorial). At first, 

Danny said that the function was weird, which could possible be an indication that he could not, 

at first recognize a formula, but he immediately used something else. I believe that Danny was 

using the idea of the derivative value (slope of the tangent lines) to draw his sketch. But, when 

asked, he used verbal-description to support this (Aspinwall, Haciomeroglu, & Presmeg, 2008). 
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Task Fifteen 

 
For Task Fifteen, I wanted to explore Danny’s thinking about the nonexistence of the 

derivative further. For this particular task, I included open circles instead of a corner to denote 

nondifferentiation at x = 1.  In addition to the examining the nonexistence of the derivative, I 

included a piecewise function that has linear parts. I presented Danny, with the task below (see 

Figure 5.39).  

Interviewer: I see that you have sketched an asymptote (see Figure 5.40 below). Why is that?  

Danny: Well, there is no derivative at x = 1. Also, the right and left limits are different. If the  

limit does not exist there is no derivative.  

Interviewer: How do you know that?  

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

 
Figure 5.39: Task Fifteen 

 
 

Danny: That is one of the rules of differentiation.  

 Danny seems to understand the rules of nondifferentiation, but there seems to be no 

connection between the rules and his images. I proceeded to ask more questions. Danny taps his 

pen repeatedly on the table.  

Interviewer: What are you thinking now?  

Danny: I am just trying to figure this out because there is a jump but no change.  

Interviewer: What do you mean change?  

Sketch the graph of the 
derivative of the function whose 
graph is shown.  

 
 



160 
 

 

 
 

 
                                          Figure 5.40: Danny’s Sketch for Task Fifteen  
 
 
Danny: There is no change in the derivative. Both pieces are constant.  

Interviewer: Both pieces? 

Danny: The left piece is y = -1 and the right piece is y = 1. So the derivative is zero for both of  

them. It would be on the x-axis (Danny sketches the derivative (see Figure 5.40)).  

Danny uses a great deal of analytic thinking for this task. Danny uses language that 

suggests that he understands the behavior of the derivative. He uses the word “change”. I think 

that he is associating the word change to denote whether or not the derivative is increasing, 

decreasing, or equal to zero. Each time that he has used the expression “there is no change” he 

would draw the derivative along the x-axis (see Task Thirteen and Task Fifteen). I believe that 

this is his way of interpreting information visually from his operation on the graphs. Although 

Danny, seems to prefer analytic methods when it is more feasible for him he is able to also using 

visual methods. Again, he shows that he is one of Krutetskii’s (1976) Harmonic types for this 

task.  

 
Task Sixteen 

 
For this particular task, I wanted to investigate Danny’s thinking for the derivative of a 

function that does not have a corner or open circle, but rather at an endpoint (see Figure 5.41 

below). I hope to gain more understanding of Danny’s thinking for the existence and 

nonexistence of the derivative. This particular function is differential from the left of x = 1 and 
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the right of x = 0.  In particular, if a function is defined on a closed interval and is not defined 

outside of the interval, then the derivative is not defined at the endpoints since the two-sided 

limit does not exist. But, only a one-sided limit makes sense at the endpoints of a closed interval. 

For this particular task, the derivative is defined for every point in the closed interval.  I 

presented Danny with the task below. 

 
 

 

 

 

 

 

 

 

 

  
                                                          
 
 
 
 
 
 
 

          Figure 5.41: Task Sixteen 
 
 
Interviewer: I notice that you sketched the derivative rather quickly (see Figure 5.42 below).  

How did you solve it? 

Danny: The derivative is equal to 1.  

Interviewer: How do you know that?  

Danny: This is f (x) = x . And, since I am only given this small part, I have to draw it from 0 to  

1.  

Interviewer: How do you know that it will look like this? 

Danny: I can check this by plugging in points into my original function and the derivative [ 

f '(x) = 1].  

 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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                                         Figure 5.42: Danny’s Work for Task Sixteen  
 
 
 Danny’s thinking for this particular task was strongly analytic. Although there were 

endpoints, he did not mention anything about an asymptote or points that are nondifferentiable, 

for example, at endpoints. He did not use the relationship between the derivative and the slope of 

the tangent line at x = 0 and at x = 1. I proceed to the next task to see if could get more 

information about his thinking with linear functions and corners. 

 
Task Seventeen 

 
I wanted to revisit the idea of derivative at a corner for Danny. So, I wanted to build on 

Task Sixteen. I wanted to give Danny a function with more than one corner and endpoint to see 

how he would handle sketching the derivative. I presented Danny with the task (see Figure 5.43 

below).  

Interviewer: I see that you are drawing asymptotes (see Figure 5.44 below).  

Danny: That is because we have corners again. So at each corner I will represent the derivative  

with an asymptote. Then, I have to analyze the derivative between each asymptote.  

Interviewer: What do you mean?  

Danny: The derivative for the parts that are falling is some negative constant and the derivative  

for the parts that are increasing is some positive constant.  

Danny sketches the graph of what he thinks is the derivative (see Figure 5.44). Again, 

Danny is encountered with a graph for which he cannot recognize a formula. So, Danny resorts 

to operating on the graph. But, listening to his verbal description (Aspinwall, Haciomeroglu, & 
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Presmeg, 2008), he may be also operating on the fact that the parts are linear because he refers to 

the word constant as he has shown in previous tasks (see Tasks Thirteen, Fourteen, Fifteen and 

Sixteen). Again, Danny uses mixed methods (both visual and analytic) to possibly compensate 

for not knowing symbolic representation. He also struggles with the idea of nondifferentiability 

of a function at a point.  

 
 

 
 
 
 
 
 
 
 

                                                         
 
 
 
                                             
 
 
 

    Figure 5.43: Task Seventeen 
 

 
 
 
 
 
 
 
 

     
 
 
 
 
 
Figure 5.44: Danny’s Work for Task Seventeen  
 

 
 
 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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Task Eighteen 

 
For this particular task, I wanted to supplement my understanding of Danny’s analytic 

thinking. I wanted to see if Danny would use his analytic methods supported by verbal-

descriptions (Aspinwall, Haciomeroglu, & Presmeg, 2008) or if he would use any of his 

constructs since we have spent time working on visual tasks. I presented Danny with the task 

below (see Figure 5.45).  

 

 
 
 
 
                                                         
 
 
                                                         
                                                       Figure 5.45: Task Eighteen 
 
 
Interviewer: I see that you have an answer for Part A and Part C (see Figure 5.46). How  

did you solve it?  

Danny: I know that the derivative of any constant is 0. And, I know that I have to use the product  

rule for part C.  

 
 

A.)  

C.)  

 
 

 
                             
                        Figure 5.46: Danny’s Work for Task Eighteen Part A and Part C 
 
 
Interviewer: Okay. Why did you skip part B?  

Calculate the derivative of the 
following:  
A.) f (x) = 1  

B.) f (x) = x on [0,1]  

C.) f (x) = xe
x
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Danny: I am unsure how to write the answer because there are a lot of answers between 0 and 1.  

Should I say the derivative is 1 for all values of x between 0 and 1? Did you want me to  

graph it (Danny sketches his response (see Figure 5.47) for part B instead of writing it  

symbolically)?  

 
 

 
 

 
                                     
                                     Figure 5.47: Danny’s Work For Task Eighteen Part B 
 
 
Interviewer: How did you get your graph? 

Danny: I drew the original function of f (x) . Then, I sketched the derivative with two endpoints.  

I can represent the derivative at each point better because there are a lot of values  

between x = 0 and x = 1.  

Interviewer: What do you mean?  

Danny: There are many points to account for.  

 Danny continues to have a preference or ability for analytic thinking when task are 

presented analytically. He quickly calculated the derivative of A and C. But, he felt more 

comfortable with a visual solution for part B. For some reason, Danny thought that it would be a 

better idea to represent the derivative of part B graphically because had to represent an infinite 

amount of x-values between 0 and 1. Danny still shows that he has a strong verbal-logical 

component (Analytic Type) supported by his verbal descriptions (words) (Krutetskii, 1976; 

Aspinwall, Haciomeroglu, & Presmeg, 2008).  
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Task Nineteen  

 
Danny has worked through many tasks at this point with this thinking proving to be either 

harmonic or analytic based on the task received.  I wanted to present Danny with another  

 
 

 
 
 
 
 
 
 
 
 

                                              
 
 
 
 
 

         
       
        
 
       Figure 5.48: Task Nineteen 

 
 

opportunity so that I could see if he would use his constructs for slope of the tangent line to 

determine the graph of the derivative. I also wanted to see if he would use verbal-description 

(Aspinwall, Haciomeroglu, & Presmeg, 2008) of the derivative to supplement his 

harmonic/analytic thinking if his previous knowledge is inhibited. For this particular task, I 

wanted to use nonlinear functions. I presented Danny with the task below (see Figure 5.48). 

Danny answered quickly and the interview proceeded as follows. 

Interviewer: Okay. You answered this task rather quickly. How did you solve it?  

Danny: I think that the derivative was drawn from B.  

Interviewer: Why do you think that? 

Danny: There is a minimum at x =0 and a maximum at x = 4. If you look at the slopes of the  

tangent lines between 0 and 4, they get the most positive at 2 then the tangent line values  

go back to zero (Danny moves his pencil along the graph as he did in earlier task  

If the graph labeled f '(x) is the graph 
of a derivative function, then which 
graph, A or B, is the function from 
which the derivative was drawn? 
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indicating that he is mimicking what the behavior of the tangent lines). The derivative  

graph does that.  

Interviewer: Why not A? 

Danny: A is possible but the middle of the graph does not work for this derivative?  

Interviewer: What do you mean?  

Danny: The derivative is positive in the middle but its not that great of a slope to create the 

vertex on f '(x) . 

 Danny’s work for this task was Geometric (Krutetskii, 1976). In a previous task, Danny 

would have easily translated B to some symbolic representation of x3 and f '(x) to some 

representation of x2 . He relied totally on the derivative (slope of the tangent lines) to create a 

relationship. At this point, it seems that Danny’s thinking is becoming more task specific. He 

seems to use what he feels more comfortable with based on the given task and his previous 

knowledge.  

 
Task Twenty 

 
For this task, I wanted to investigate further Danny’s thinking about the nonexistence of 

the derivative. This time, I wanted to a nonlinear function to see if Danny would use his new 

construct by looking at the changing slopes of the tangent lines. I also wanted to see if he could 

construct meaning of asymptotes with his new constructs. I presented Danny with the task below 

(see Figure 5.49 below). Consider the following excerpt from the interview.  

Interviewer: How did you solve it?  

Danny: Well, there is an asymptote at x = 1. The derivative is negative for each value of x until  

you reach x = 0. Then, immediately after, the value of the derivative is positive. But, I am  

having a hard time trying to picture how it would look at x =1 because it goes from  

negative to positive so fast.  

Interviewer: What do you mean?  

Danny: If you go around the curve [follows graph with his pencil using Presmeg’s (1985)  

Kinethetic Imagery], the derivative [slopes of the tangent lines] switches quickly from  

negative to positive.  
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                                                          Figure 5.49: Task Twenty 
 
 
 

 

 
          
                                          
                                          Figure 5.50: Danny’s Work For Task Twenty  
 
 
Danny thinks for a moment. Then he sketches the derivative (see Figure 5.50).  

Interviewer: How did you get straight lines for the derivative? 

Danny: I used the idea of the derivative. I know that the lines would be straight.  

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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Interviewer: Could you have used another method?  

Danny: I was just thinking that this could be a parabola with a corner.  

Interviewer: What would that mean for you? 

Danny: The derivative could be some linear function, but I would still run into a problem with  

the middle. I guess I could use this same idea.  

Danny reveals again that his thinking is harmonic when he cannot recognize a formula 

initially. For this particular task, Danny used visual methods, but he again was unsure about the 

non-existence of the derivative at a corner. Because Danny reveals that he does not know, this 

could mean that he has not had enough experience with the nonexistence of the derivative. Later 

in the interview, Danny tried to compare the given graph (see Task Twenty) with a parabola with 

a corner. After reasoning, he concluded that he could possibly use the same idea (sketch of the 

derivative) since the derivative function would be linear.  

 
Task Twenty-One 

 
For this task, I wanted to create a complex situation for Danny. Since he has associated 

asymptotes on the derivative of a function where there is an open circle or a corner, I wanted to 

introduce a task where Danny was confronted with a defined point as well as an open circle for x 

= 1.  I wanted to provide a contrast for Task Twenty immediately. I presented Danny with the 

task below (see Figure 5.51). Danny smiles after reading the task.  

 
 

 
 
 
 
 
 
 
                                                      
 
 
 
 
 
 
 

    Figure 5.51: Task Twenty-One 

Sketch the graph of the derivative of the 
function whose graph is shown.  
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Interviewer: What are you thinking?  

Danny: This is the same as the last task.  

Interviewer: What do you mean?  

Danny: The sketch of the derivative. But there is not an asymptote.  

Interviewer: Why not? 

Danny: Because there is a point there.  

Interviewer: Why is this task (see Task Twenty) and this task (see Task Twenty-One) the same?  

They look different to me.  

Danny: It is just shifted up by a constant. The derivative of a constant is zero. Oh… wait a  

minute. It may change a little bit [Danny takes 3 minutes to look it over while moving his  

pencil along the graph again displaying Presmeg’s (1985) Kinesthetic Imagery]. 

Interviewer: What are you thinking?  

Danny: This is throwing me off because on the last task (see Task Twenty) I had to immediately  

change from a negative derivative to a positive derivative. But, there is a gap on this one. 

Interviewer: Gap? 

 
 

                          
 
 
 
 

                                      
 
 

 
 
 
Figure 5.52: Danny’s Sketch for Task Twenty-One 
 
 

Danny: There is a jump. It seems that the derivative is zero on the left piece, but there is not a  

derivative on the right piece at x = 1. So, I do not know how to sketch the second part. I  
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know what’s happening on the left and the right of x = 1. The derivative is negative on 

the left or x = 1 and positive on the right of x = 1. The left side is negative and stops at 

zero. I guess I can start a little above the zero (Danny sketches the graph he thinks is the 

derivative (see Figure 5.52 above)). 

Danny’s thinking for this task was harmonic (Krutetskii, 1976). He refers to the previous 

task (Task Twenty) and the methods that he possibly used for that task. He then described the 

derivative using the characteristics of the function. Danny is still also not comfortable with 

points of discontinuity, but he recognizes that the derivative exists for this function (see Figure 

5.51 above) from the left at x = 1 but not at x = 1.  

 
Task Twenty-Two 

 
I wanted to give Danny a very similar task (see Figure 5.53) to the previous task to see if  

 
 

 
 
 
 
 
 
 
 
                                                      
 
 
 

    
 
     
 
     
   Figure 5.53: Task Twenty-Two 
 
 

he would use the idea of asymptote and to verify that he actually had developed understanding of 

slope of the tangent line and derivative. I wanted to see if he had given any thought to any of the 

issues from previous task (Task Twenty-One) I presented Danny with the task. The following 

excerpt was taken from the interview.  

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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Interviewer: I see that you are drawing an asymptote again. What are you thinking?  

Danny: The limit does not exist at x = 1 so there is no derivative at x = 1.  

Interviewer: How do you know that?  

Danny: Because that is the relationship between limits and being able to take the derivative.  

  
 

 

 
                                   
    Figure 5.54: Danny’s Work for Task Twenty-Two 
 
 

Danny sketches the derivative of the function using the same idea of the slope of the 

tangent line (see Figure 5.54). He uses his verbal description to describe the relationship between 

increasing/decreasing function and positive/negative derivatives [Aspinwall, Haciomeroglu, & 

Presmeg, 2008). Danny’s thinking for this task was geometric but supported by his verbal 

descriptions.  

 
Task Twenty-Three 

 
For this final task, I wanted to examine Danny’s thinking by comparing two different 

tasks. The first part of this task  (see Figure 5.55 below) is the graph of a nonlinear function with 

a corner. The second part of the task (see Figure 5.56 below) contains a nonlinear function with 

an asymptote. Danny’s has new constructs for using the slope of the tangent lines of a function to 

estimate how the derivative graph would look. Since Danny has seemed to become more 

comfortable with nonlinear function, I wanted to also see what role Danny’s hormonic thinking 



173 
 

would play into this task. I wanted to give him one more opportunity to work with functions that 

are nondifferential at a point. I gave Danny the first part of the task (see Figure 5.55). Danny 

pauses after receiving the task. I notice and proceeded with the following interview.  

 
 
 
 
 
 
 
 
 
 
   
 
 
 
      
 
 
 
                                               Figure 5.55: Task Twenty-Three A 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                               Figure 5.56: Task Twenty-Three B 
 
 
Interviewer: What are you thinking for this task? 

Danny: Well, the limits exists at x =1. The part to the left of the corner (see Figure 5.55) is a  

Sketch the graph of the derivative of 
the function whose graph is shown.  

 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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parabola so the derivative is going to be some linear line.  

Interviewer: So, you say that the limit exists. What does this mean?  

Danny: I think that is does not matter because the derivative still would not exist.  

Interviewer: Why not?  

Danny: There is still a corner. I was trying to determine if I would have to draw an asymptote or  

not. 

Interviewer: What are you thinking? 

Danny starts to construct additional lines on the given graph. He then writes down some 

symbolic representations (see Figure 5.57). 

Interviewer: Why are you doing all of this?  

Danny: I was having a hard time seeing this as a derivative because of the way the graph looks.  

So, I am going to treat this like a piecewise function. I created a small parabola for the  

top and a large parabola for the bottom. That way I can see how the derivative of both  

functions will look. I can then “cut” the half that I do not need off. If that does not work, I  

can let f (x) = 10x2  be the top parabola since it is thin [been stretched]. And, I can let 

f (x) =
1

20
x
2  be the bottom.  

 
 

 

           

 
                          Figure 5.57: Danny’s Additional Work for Task Twenty-Three A 
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                                    Figure 5.58: Danny’s Work for Task Twenty-Three A 
 
 

Interviewer: So, what will happen for the derivative for each if you plug in x = 1?  

Danny: I would get a negative value for the left derivative and a positive value for the right  

derivative.  

Interviewer: Does that mean anything for the graph?  

Danny: I know how to draw the derivative graph. But, I still do not understand the asymptote  

part of this. It does not make sense to have an asymptote and a point that is defined there.  

 Danny sketches the derivative graph (see Figure 5.58). He did this without explanation. I 

assumed that he used the same idea that was used previously. Danny has a clear disconnect with 

the idea of the derivative and the idea of non-differentiation at a point. Danny uses his analytic 

thinking along with verbal description (Aspinwall, Haciomeroglu, & Presmeg, 2008) to support 

his understanding. Danny seems to lack images of non-differentiation for a derivative. Since he 

has not had enough work with the nonexistence of the derivative he continues to struggle with 

his thinking. I presented Danny with the final task (see Figure 5.59 below). This function is 

presented with an asymptote. 

Interviewer: What are you thinking about this one?  

Danny: There will be an asymptote at x = 1.  

Interviewer: Why is that?  

Danny: Well, one is already given?  

Interviewer: Are you saying that if one is given, there will definitely be one for the derivative?  
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Interviewer: Why? Well, what about a corner?  

Danny: I can’t remember the rule for that.  

Interviewer: How would you sketch this one?  

Danny: The derivatives [slope of the tangent lines] are positive for each of these on the left. The  

tangent lines starts small positive and grows to large positive until you get to the 

asymptote (see Figure 5.60 below). The tangent lines would start extremely negative to 

the right of the asymptote [at x = 1] and they would get larger but remain negative. The 

value of the derivative would approach 0.  

Danny: Yes.  

Interviewer: Do you have any other method to get this graph?  

Danny: I think this is it.  

 
 
 
 
 
 
 
 
 
 
 
 
                                                  
 

 
 

 
Figure 5.59: Task Twenty-Three B 
 

 
Danny’s thinking for this last task was geometric in nature. Danny proceeded with this 

task with confidence. He did not struggle with the asymptote because he knew for sure that there 

would be one. Danny’s struggle on the previous task with the asymptote could be linked with his 

understanding of the graphs at points that are nondifferentiable. 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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                                  Figure 5.60: Danny’s Work for Task Twenty-Three B 
 
 

Concluding Remarks 

 
 Danny’s results on the MPIC revealed that he was one of Krutetskii’s Harmonic Types. 

This type of thinker is characterized as having a balance of verbal-logical component and a 

visual-pictorial component. In other words, he would be able to recognize a visual image and 

also describe a visually perceived image. Earlier in the case, Danny started to produce evidence 

that he was one of Krutetskii’s Harmonic types. He would look at the changing derivative (slope 

of the tangent line) to draw the derivative graph. After he completes his drawing he would verity 

his Geometric (visual-pictorial) thinking with a formula (Analytic thinking or verbal-logical) 

(Krutetskii, 1976).  

 Danny would use mixed methods frequently throughout this case. His primary mode of 

thinking would seem to work in terms of the pictures. When Danny encountered instances where 

he could not explain his thinking he would switch to use his verbal-logical component 

(Krutetskii, 1976). While using both components, Danny supported his thinking using verbal 

description or words (Aspinwall, Haciomeroglu, & Presmeg, 2008). Although he has the ability 

to use analytic representation (symbols), he seemed to prefer to think in terms of pictures 

primarily.  

 During Task Seven, Danny mentioned the idea of the slope of the tangent line and the 

derivative for the first time. In this particular task he understood visually the relationship 

between the two lines immediately. Although Danny worked with the pictures he thought in 
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terms of rules and procedures. This led to Danny becoming frustrated. He felt like he did not 

really know why he knew what he knew. He again operated on the graph, but supplemented his 

thinking with the use of mathematical symbols.  

 Danny has showed that he has a strong verbal-logical component and if presented with 

the opportunity, he is able to work well with symbolic manipulations. If he recognizes the 

symbolic translation of a given function, he would rather operate on symbols even though he has 

other strategies. But, when the tasks were “immediately unfamiliar” to him, he preferred to use 

mixed methods (visual-pictorial and verbal-logical) (Krutetskii, 1976) when the task called for a 

higher level of cognition. Toward the end of this case, Danny proved that his thinking was more 

task specific. He would use what he feels more comfortable with based on the given task and his 

previous knowledge.  

 Although Danny had made new constructs between the slope of the tangent line, the 

derivative, and his verbal description, his lack of experience with working with points that are 

nondifferentiable on a function proved difficult for him. Although Danny did seem to have an 

understanding that at a corner, cusp, or break, the derivative would not exist, Danny was unable 

to determine how the derivative would look for corners, cusps, endpoints, and vertical 

asymptotes. Danny admitted that his lack of understanding stemmed from simple “not knowing”.   
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CHAPTER SIX 

 

CONCLUSIONS 

 
 
In this chapter I discuss the role of visual and analytic representations and mathematical 

casts of minds of two African American Male Community College students. The chapter also 

discusses the results and the implication the completed research can have for mathematics 

educators, curriculum writers, textbook authors, and others with an interest in mathematics 

education.  

The purpose of this research is to investigate how two African American male 

community college students construct meaning of the calculus derivative through the use of 

graphic representations together with their visual thinking and analytic thinking. Using a newly 

developed Mathematical Processing Instrument for Calculus  (MPIC) (Aspinwall, Haciomeroglu, 

& Presmeg, 2008; Haciomeroglu, Aspinwall, Presmeg, & Bu, 2009) to begin an investigation 

into the thought processes of African American Male Community College students who have, at 

the very least, completed the first course of the calculus sequence (Calculus I), I wanted to 

answer the following research questions:  

1. What is the role of graphic representations in African American male community college 

students’ construction of the derivative in calculus?  

2. How do African American male community college students synthesize graphic and 

analytic meaning of the derivative in calculus?  

3. What pedagogical approaches are the most effective in assisting African American 

students with visual understanding of derivative graphs? 

Two cases were examined: (1) the case of the Analytic Type, Matt and (2) the case of the 

Harmonic Type, Danny. The students completed twenty-three calculus tasks that dealt with 

differentiation in both analytic and visual form. I then analyzed the students’ results using the 

frameworks of Krutetskii (1976) and Aspinwall, Haciomeroglu, and Presmeg (2008).  

The MPIC was developed using Krutetskii’s (1976) framework. Krutetskii (1976) 

distinguished among three main types of mathematical giftedness at the school level.  
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1. Analytic Type – very strong verbal-logical component predominating over a weak visual-

pictorial component; spatial concepts weak; cannot use visual support in problem solving 

and feels no need to use the visual supports. 

2. Geometric Type – very strong visual-pictorial component, predominating over an above 

average verbal-logical component; spatial concepts very good; can use visual supports in 

problem solving and feels a need.  

3. Harmonic Type – strong verbal –logical and strong visual-pictorial components in 

equilibrium; spatial concepts good.  

Subtype (a) (abstract harmonic) – can use visual supports in problem solving, but 

prefers not to.  

Subtype (b) (pictorial harmonic) – can use visual supports in problem solving, and 

prefers to do so.  

Krutetskii’s classifications were based on studies of mathematically talented individuals, 

the verbal-logical components being respectively very strong, above average, and strong, in three 

main types. Although kinds of mathematical processing may approximate a typology such as 

Krutetskii’s, it is not useful to classify individuals in categories since mathematical problem 

solving is situation specific and the approach adopted by an individual may vary according to the 

situation. For this study, not only did I refer to types of individuals, but I also referred to types of 

processing for each task presented to the cases.  

 Aspinwall, Hacioumeroglu, and Presmeg (2008) followed Zazkis, Dubinsky, and 

Dautermann (1996) model that describe an interchange between analysis and visualization by 

students in an abstract algebra course. However, the model was insufficient for all calculus 

students as they observed a third component that was described as neither visualization nor 

analysis. This component was called Elements of Verbal-Description. Students using thinking 

processes that are verbal descriptive determine critical points and intervals on the graphs, 

distinguished among elements in the tasks, determine a hierarchy for these elements, and then 

combine them to draw the derivative graph. This process enables them to assemble descriptions 

of evidence they use to create their graphs.   

 For this qualitative study, I developed cases describing two African American male 

participants that were enrolled at a community college in Northwest Florida. The participants, 

Matt and Danny, were currently enrolled in Calculus III while participating in the study. I 
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conducted several weekly clinical interviews that were video and audio taped. The participants 

were presented with tasks that were both analytic or equation based, and visual or graphic. I 

sought to gain understanding of their mathematical processes while they calculated derivatives of 

formulas and drew derivative graphs. From my interaction with the participants during the 

clinical interviews, I drew inferences based on my knowledge and interpretation and the 

participants’ written work and their oral expressions of their work.   

 
Analytic Thinking vs. Harmonic Thinking 

 
 My research has shown that Matt and Danny each employ different modes of thought 

when solving calculus derivative problems presented both analytically and visually. Matt’s 

results on the MPIC revealed that he was one of Krutetskii’s Analytic types. This type of 

thinking is characterized as having a strong verbal-logical component and a weak visual-pictorial 

component. In other words, he would more likely describe a visually perceived image with 

analytic language than utilize visual components to solve a problem. Throughout his case, Matt 

was presented with tasks that included several analytic representations. Matt displayed his strong 

verbal-logical component because he was able to work through them rather quickly. When asked 

how he was able to complete the tasks, he would refer to the rules and algorithms that were 

previously learned. At times, Matt would be unsure about his memorized algorithms. This 

reinforced Hallet’s (1991) statement that “memorized algorithms are soon forgotten… and 

perpetuate the idea that doing mathematics involves calculations rather than thinking” (p.121).  

When Matt was presented with visual tasks, he again showed his primary preference for 

analytic thinking. He was able to recognize basic functions that were learned in previous courses. 

This occurred in several of the visual tasks. Matt shows that he would rather sketch graphs by 

first manipulating the symbols to calculate the derivative then drawing a rough sketch of the 

graphs. He would even make a table of points to help with his sketch. During Task Three, Matt 

was presented with a function for which he could not remember a formula. He was unable to 

complete the task that was presented to him graphically. This was because Matt did not 

understand the relationship between the original graph, the slope of the tangent lines, and the 

derivative graph. Matt’s thinking was strongly analytic and very weak geometrically. This was 

evidence that Matt’s preference and ability lie with analytic representation. He had a one 

sidedness with his thinking.  
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Danny’s results on the MPIC revealed that he was one of Krutetskii’s Harmonic Types. 

This type of thinker is characterized as having a balance of verbal-logical component and a 

visual-pictorial component. In other words, he would be able to utilize visual components to 

solve a problem and also describe a visually perceived image with analytic information. Earlier 

in the case, Danny started to produce evidence that he was one of Krutetskii’s Harmonic types. 

He would look at the changing derivative (slope of the tangent line) to draw the derivative graph. 

After he completes his drawing he would verify his Geometric thinking with a formula 

(Krutetskii, 1976).  

 Danny would use mixed methods frequently throughout this case. His primary mode of 

thinking would seem to work in terms of the pictures. When Danny encountered instances where 

he could not explain his thinking he would switch to use his verbal-logical component 

(Krutetskii, 1976). While using both components, Danny supported his thinking using verbal 

description or words (Aspinwall, Haciomeroglu, & Presmeg, 2008). Although he has the ability 

to use analytic representation (symbols), he seemed to prefer to think in terms of pictures using 

the characteristics of the derivative graph in relation to the original graph.  

 
Use of Graphic Representations To Construct Meaning for the Calculus 

Derivative and the Synthesis of Analytic Meaning and Graphic Meaning of 

the Calculus Derivative 

 
 The primary objective of this research was to provide evidence that supports the results of 

the Mathematical Processing Instrument for Calculus (MPIC) (Aspinwall, Haciomeroglu, & 

Presmeg, 2008; Haciomeroglu, Aspinwall, Presmeg, & Bu, 2009) for Matt and Danny through 

the use of Krutetskii’s (1976) framework. Although the methodology used was investigative in 

nature to support the results of the MPIC, the concept of visualization, as described by 

Zimmerman and Cunningham (1991), provided insight into understanding African American 

male community students’ mathematical processes in calculus.   

 In the beginning of the study, both Matt and Danny had different ideas about the 

derivative in general. Because Matt’s thinking was more analytic he referred to the derivative as 

only a set of rules that he had previously learned. Matt’s thinking also revealed that his 

understanding of the derivative was extremely disconnected. The difficulty that he presented 

during this study could be due to what Krutetskii (1976) described as having one-sidedness in his 
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thinking. Also, this could be attributed to Baroody, Feil, and Johnson (2007) who presented the 

learning or development of procedural knowledge then conceptual knowledge as a continuum. 

According to their theory, Matt was on the left end of the continuum because his understanding 

was unconnected and coupled with superficial procedural knowledge and a lack of conceptual 

knowledge.   

 During Task Three (see Figure 6.1), Matt was presented with a function for which he 

could not remember a formula. He was unable to complete the task that was presented to him 

graphically. This was because Matt did not understand the relationship between the original 

graph, the slope of the tangent lines, and the derivative graph. This was the first major 

occurrence in the case to reveal that his knowledge was severely disconnected (Baroody, Feil, & 

Johnson, 2007). This could have occurred because this type of task was nonroutine for him, or 

because he did not know to complete the task. His thinking was strongly analytic and very weak 

geometrically as shown by his translation to a trigonometric function ( f (x) = sin x ). He proved 

that he was relying on memory when he referred to a periodic function and failed to examine the 

behavior of the graph presented. This was evidence that Matt’s preference and ability lie with 

analytic representation.  

 
 
 
 
 
 
 
 
 
                                               
 

 
 
 
Figure 6.1: Task Three 

 
 
As the case continued, Matt continued to rely on strong memory and analytic thinking. 

After being presented with Task Six B (see Figure 6.2 below), Matt became curious about 

sketching derivative graphs of functions for which he could not determine a formula. At first 

Matt thought that I was presenting him with trick questions. Because Matt thought that the task 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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was a trick question, this confirmed Eisenburg and Dreyfus’s theory that students are reluctant to 

visualize because thinking visually makes higher cognitive demands that thinking 

algorithmically (Eisenburg & Dreyfus, 1991). After learning that it was possible to sketch the 

derivative graph, Matt researched the idea himself without me asking him. He said,  

I read something, but it does not work for me. I read that you could plug in the values of 

all of the x-values in the derivative function and this would give you the points of the 

graph of the derivative. 

 
 

 
 
 
 
 
 
 
 
                                                            
 
 
 
 
 
 
 

Figure 6.2: Task Six B 
 
 

Matt commented that he thought that calculating the derivative only meant he knows all 

of the formulas for differentiation (power rule, exponential rules, logarithmic rules, product rule, 

chain rule, and quotient rule). He stated that he was happy that he did not have to really know 

about the slope of the tangent lines or he would not have passed Calculus I. This statement from 

Matt confirms Mundy (1984) assertion that students often have only a mechanical understanding 

of basic calculus concepts. After this comment, I inferred that his lessons in Calculus I were 

mostly or purely analytic which led to his lack of connections. Also, Hiebert and Lefevre (1986) 

would say that Matt did not have conceptual understanding of the derivative because conceptual 

understanding or conceptual knowledge is “knowledge that is rich in relationships” and that 

cannot exists as “an isolated piece of information” (pp. 3 – 4). 

B.) The following is a graph of f '(x) of a 
function f (x)  . Find all values of  x

where f   has a relative extrema.  
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He experienced problems with drawing a derivative graph because of his lack of a 

complete connection between the slope of the tangent values and their relationship to the 

derivative graph. Matt began to make a connection between the slope of the tangent line and the  

 
 

                             
  
 
 
 
 
 
       
 
 
 
 
 
                                                 Figure 6.3: Graph From Task Nine 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                
                                               Figure 6.4: Graph with Tangent Lines  
 
 
derivative function when he was presented with Task Nine (see Figure 6.3). During this task, 

Matt first displayed his use of tangent lines to make a relationship with the derivative. He used 

the tangent lines (see Figure 6.4) so that he could describe where the derivative was positive, 

negative, equal to zero, and where it did not exist. Matt introduced the tangent lines. I believe 

that he has this knowledge, but he has a disconnect with different pieces of knowledge that he 
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has. Because of his experience with slopes of the tangent lines, Matt only introduced this idea 

where he remembered to use it. This reconfirmed Hiebert and Lefevre’s (1986) idea that 

conceptual knowledge cannot exists as isolated pieces of information. This could have led to his 

lack of understanding of how to draw the graphs.  

 Matt’s pieces of knowledge began to come together even more during Task Twelve (see 

Figure 6.5). He was presented with two graphs where he had to determine if one was the 

derivative of the other.  

 
 

 

 
Figure 6.5: Graphs for Task Twelve  

 
 

During Task Twelve Matt said,  

Well, looking at the slopes of the tangent lines of f until you hit the first maximum, they 

are positive. And, that means that when you get to the maximum you have a slope that 

equals 0. Function g  matches that well for a possible derivative on the left end of the 

function f . If I continue that idea, everything else matches… I think because you gave 

me both of the graphs. It was easier to just look at them both so I could tell. 
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Figure 6.6: Task Nineteen 

 
 

Another occurrence that was very powerful for Matt’s construction of the derivative 

(connection between the slope of the tangent line and the drawing of the derivative graph) 

occurred during Task Nineteen (see Figure 6.6). Matt was instructed to determine which graph, 

A or B, was the given derivative drawn from. Matt did not try to attempt to translate to an  

analytic representation for this task although that was his primary preference. Matt showed that 

he was connecting his pieces of knowledge. He said,  

If you look at the slopes of A, they are not going to match the derivative. If you look at 

the middle of the graph of A the slope of the tangents are not changing as fast as B. It 

looks more constant.  I mean A could, but B just look more right because of the change in 

the middle. 

Matt was able to make connections between a function and its derivative when he was 

given both the original function graph and the derivative function graph together. To further 

confirm Eisenburg and Dreyfus’s (1991) theory, he was not reluctant to visualize a solution 

because the cognitive demand was not as great as it was if he had to sketch the derivative 

himself.   

As the study progressed, Matt developed flexibility in his thinking. Star’s (2005) research 

suggests that flexibility be equated with effective strategy choice. Flexibility can also refer to 

creativity or transfer – adopting an extant procedure to meet new task demands. Matt developed 

new constructs with the tangent lines of functions and their relationship with the derivative, he 

started to rely on other methods when his memory of rules or his analytic thinking did not work 
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for him. Later, Matt started to abandon his primary preference for analytic thinking when he was 

confronted with tasks for which he could not identify a formula. He learned to alternate strategies 

and make connections when he had been taught and learned them. His learning and problem 

solving became a lot richer because he had made connections between the slope of the tangent 

lines and the derivative graph. The graphs presented to Matt earlier during his case could have 

been nonroutine for him, but the flexibility that he has developed is the major cognitive 

requirement for solving nonroutine problems. 

 Matt showed evidence of learning as the case study unfolded because of the graphical 

tasks that he encountered. When Matt initially encountered linear functions, he made a mistake 

of thinking that he should plot only one point to represent an entire derivative graph (see Figure 

6.7). This did not make sense to Matt because he knew that a function consisted of more  

 

 

                                             
           Figure 6.7: Matt’s Work for Task Thirteen  
 
 
than one point in order to sketch a graph. It was then that he realized that the derivative graph 

represented the derivative at each x-value on the original function. He found that he could find 

the derivative at each point and connect the points to construct the graph. He said,  

This is a constant function. So, it [the derivative] is just going to be zero. …So, it would 

just be a point at the origin…That all of the slopes would be zero…That all of the slopes 

would be zero…Ah… I need more points on the derivative and all of them will be on the 

x-axis…Now I connect the points to form a line…So, I draw the graph just like the 

function with the bends in them.  



189 
 

Even though he realized this connection, he still had problems visualizing the derivative 

functions. His analytic thinking for this task confirmed Eisenburg & Dreyfus’s (1986) theory 

that, if possible, students seem to choose a symbolic framework to process mathematical 

information rather than a visual framework. This issue was partly because he was what 

Krutetskii (1976) classified as having a strong verbal-logical component and a weak visual-

pictorial component. Over the course of the case, Matt developed new connections with the slope 

of the tangent lines and the derivative graph. With the support of his verbal descriptions 

(Aspinwall, Haciomeroglu, & Presmeg, 2008), he was able to use this idea at times when he 

could not translate to a symbolic representation or if he could not adequately describe the 

behavior of the derivative. At one point, Matt translated from a symbolic representation to a 

graphical representation even though his primary preference was symbolic manipulation.  

In the latter part of the case study, a pattern started to unfold about Matt’s preference for 

tasks. If a task was given that represented a function that was nonlinear he resorted to visualizing 

the changing slopes (visual-pictorial or Geometric Type thinking) rather than using an analytic 

method (verbal-logical or Analytic Type of thinking) (Krutetskii, 1976). If the represented a 

function that was linear in nature, he tended to use an analytic method. In both cases, he would 

supplement his thinking using verbal-descriptions (Aspinwall, Haciomeroglu, & Presmeg, 2008).  

 By the end of the study, Matt constructed new meaning for derivative graphs. He started 

to make connections between a function and its derivative graph by looking at the slope of the 

tangent lines and using the values to sketch a possible graph. According to the Baroody, Feil, and 

Johnson (2007) continuum, I would conclude that his procedural knowledge and conceptual 

knowledge had become somewhat connected because of his new constructs. The most important 

evolution for Matt understanding was his discovery of non-existence of the derivative at a 

corner. He said, 

 You can’t have a slope at an edge it has to have a curve. I read in the book and it showed 

that you would have a bunch of tangent lines on an edge. It means that there are too many 

slopes. You can only have one tangent line or one derivative value at each slope. But, 

have a “bunch” of them mean that there are an infinite number of slopes. So it’s 

undefined? Ohhhhhhh… cool… I have broken the mystery of the edge. 

While he understood why there was no derivative because of the relationship of the 

tangent line of the function at a corner, he still did not know how to represent it on the derivative 
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graph. This difficulty that Matt had visualizing this could be a product of his inexperience with 

graphic representation of functions that are nondifferentiable at a point. As shown throughout his 

case, Matt continued to learn and develop new constructs despite initially having one-sidedness 

in his thinking and very little connections with his knowledge.  

Danny’s idea of the derivative was more descriptive and a complete opposite to Matt 

because he did not have the one-sided thinking. Danny thinking was mixed as he employed both 

analytic and geometric methods. In the beginning of his case, Danny, unlike Matt, referred to the 

derivative as a set of rules and not just the algorithms to calculate derivatives. That rules that he 

referred to were rules that described the relationship between the original function and its 

deriative function.  

Danny’s results on the MPIC revealed that he was one of Krutetskii’s Harmonic Types. 

This type of thinker is characterized as having a balance of a verbal-logical component and a 

visual-pictorial component. In other words, he would be able to recognize a visual image and 

also describe a visually perceived image. Earlier in the case, Danny started to produce evidence 

that he was one of Krutetskii’s Harmonic types. During Task Three (see Figure 6.8), Danny had 

some difficulty visualizing the derivative of a function near the middle (see Figure 6.9). He  

 
 

                            
                        
 
 
 
 
 
 
             
 
 
           
 
 
                                                           Figure 6.8: Task Three 
 
 
 
 
 

Sketch the graph of the 
derivative of the function 
whose graph is shown.  
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                                            Figure 6.9: Danny’s Sketch for Task Three 
 
 
would look at the changing slopes (slope of the tangent line) to draw the derivative graph. When 

encountered the difficulty he said,  

The derivative is positive and it is getting smaller here [from negative infinity to -1] and 

the derivative is positive and getting larger there [from 1 to positive infinity].  On the left 

side [from negative infinity to -1], I would draw the line until I get to the point where the 

derivative is equal to zero. One the right side, I would draw a line from where the 

derivative is equal to zero until I get to positive infinity…. I know that the derivative 

graph is going to be a parabola but I do not know where the vertex is going to be… Well 

this is the graph of x3 …nah nah… this is an x4 graph because I have two parabolas. So 

my derivative should look like…. have the form of x3 .  

When Danny spoke of this, I knew that he was having difficulty with his mental image of 

the derivative graph because the image was inaccessible (Personal Communication, Aspinwall, 

2011). Danny began to have conflict with his image of a symbolic representation as well as his 

image of the parabola. After this conflict, Danny began to use what Presmeg (1985) called 

kinesthetic imagery to aid in visualizing the derivative graph. He then said, 

I can’t figure out what the derivative is at x = 0. I know that it cannot get more negative 

there…If that is my deepest value, my vertex has to be there. On either side of x = 0, it is 

less negative until you get to a derivative of zero at x = -1 and x = 1. 

Contrary to Eisenburg and Dreyfus (1986), Danny preferred to visualize throughout the 

entire task. Danny had the opportunity to operate on symbols, but he preferred to use his 
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understanding of the derivative in the middle of the graph to determine the behavior of the 

function. This particular task revealed that Danny was one of Krutetskii’s Harmonic Types 

(Krutetskii, 1976). Because of his harmonic thinking during Task Three, Danny was able to 

overcome his conflict with his mental image. Danny revealed that his thinking allowed him to 

have flexibility, which is an indicator of deep procedural knowledge (Star, 2005). Unlike Matt, 

having this flexibility early on could have allowed Danny to complete the task. During Matt’s 

interview, Matt could not move forward because of his inability to recall the correct formula. 

Although Danny tried to recall a formula, he moved forward because he was able to visualize the 

behavior of the derivative.  

 Danny would use mixed methods frequently throughout this case. His primary mode of 

thinking would seem to work in terms of the pictures. When Danny encountered instances where 

he could not explain his thinking he would switch to use his verbal-logical component 

(Krutetskii, 1976). While using both components, Danny supported his thinking using verbal 

description or words (Aspinwall, Haciomeroglu, & Presmeg, 2008). Although he has the ability 

to use analytic representation (symbols), he seemed to prefer to think in terms of pictures 

primarily.  

 In addition to supplying more evidence that he was Harmonic (Krutetskii, 1976) with his 

thinking, Danny revealed that his knowledge was more connected than Matt’s knowledge. 

According to the model developed by Baroody, Feil, and Johnson (2007), Danny’s knowledge 

for extrema was richly connected. This was characterized by his extensive adaptive expertise, 

deep procedural and conceptual knowledge or fully integrated strong schema and schemes. 

During Task Six A (see Figure 6.10 below) and Task Six B (see figure 6.11 below), Danny 

demonstrated a complete understanding of local extrema when the task was presented both 

analytically and visually. When presented the analytic part Danny said, 

I have to find the derivative of this one so that I can set it equal to zero…I need to find 

out where the critical values are…I need to use them to determine where the maxima and 

minima are…Using this method the extrema is located at x = -3 and x = 1. There is a 

maximum at x = -3 and a minimum at x = 1. 
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                                                        Figure 6.10: Task Six A  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
                                                         Figure 6.11: Task Six B 
 
 
When presented the visual part Danny said, 

I know that whenever the derivative is equal to zero the function is going to have a 

relative extrema. So x = 0 and x = 2 would be the extrema…Because this graph is already 

in derivative form [ f '(x) ]. So, all I have to do is look at the value. I do not have to draw 

anything to tell for this one…because this graph is already in derivative form [ f '(x) ]. So, 

all I have to do is look at the value. I do not have to draw anything to tell for this one. 

Well, since the derivative [given f '(x) ] is positive from negative infinity to 0, then the 

original function [ f '(x) ] is increasing. And, since the derivative is negative from 0 to 2, 

the original function is decreasing. So, if you go from plus to minus on a sign chart, x = 0 

would be a maximum. Also, since the derivative is positive from 2 to infinity, that means 

A.) Find the relative extrema 
(maxima or minima) of the 
following function: 
 

f (x) = x
3
+ 3x

2
− 9x +1  

  

B.) The following is a graph of f '(x)  of a 
function f (x) . Find all values of x  
where f   has a relative extrema.  
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that you will go from minus to plus on a sign chart and that would make x = 2 a 

minimum…I know this from the rule of the first derivative test. If I knew the formula I 

could show you why this is true.  

 Although Danny is able to operate on graphs to determine the relationship between a 

function and its derivative function, he referred at times thought out his case that if he had the 

formula he could prove his solutions methods. This could be an indicator that Danny believes the 

power of calculus lies with analytic representations. This is contrary to Aspinwall, 

Haciomeroglu, and Presmeg’s (2008) observation that students who understand concepts visually 

do not feel the necessity of another thinking process. Danny clearly thought that he needed 

another process.  

 During Task Seven (see Figure 6.12 and Figure 6.13 below), Danny mentioned the idea 

of the slope of the tangent line and the derivative for the first time. In this particular task he   

 
 
 
 
 
 
 
      
 
 
       
 
 

                                               Figure 6.12: Graph of f (x) = x2  and l
1

                                             
:                                                  
 
understood visually the relationship between the two lines immediately. Although Danny worked 

with the pictures he thought in terms of rules and procedures. This led to Danny becoming 

frustrated. He felt like he did not really know why he knew what he knew. He again operated on 

the graph, but supplemented his thinking with the use of mathematical symbols. During this task, 

Danny confirmed that he was one of Krutetskii’s (1976) pictorial harmonic subtypes.  
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                                                  Figure 6.13: Graph of f '(x) = 2x   
        
 

Contrary to Danny, Matt did not make any connection between the parabola and the 

derivative because his thinking was solely analytic for this task and he had not constructed any 

relationships between the derivative and the slope of the tangent line. He merely observed two 

straight lines in both figures. According to Krutetskii (1976), “students of the analytic type do 

not strive to make the problem visual, and this apparently results in a certain one sidedness in 

their mathematical development” (p.321). Danny’s knowledge of the derivative and the slope of 

the tangent lines for this task was connected, but because he felt that the task was so trivial, he 

felt that he was unable to explain it.  

 Danny has showed that he has a strong verbal-logical component and if presented with 

the opportunity, he is able to work well with symbolic manipulations. If he recognizes the 

symbolic translation of a given function, he would rather operate on symbols even though he has 

other strategies. But, when the tasks were “immediately unfamiliar” to him, he preferred to use 

mixed methods (Krutetskii, 1976) when the task called for a higher level of cognition. Toward 

the end of this case, Danny proved that his thinking was more task specific and this too revealed 

that he had what Star (2005) called flexibility. He would use what he feels more comfortable 

with based on the given task and his previous knowledge.  

 
Problems Associated With NonDifferentiation 

 
When Matt was confronted with functions that were nondifferentiable at a particular 

value of x he was confused about the proper representation of the derivative.  Although he was 
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able to make connections between the slope of the tangent lines and the behavior of the 

derivative graphs, he failed to properly represent the graphs where the derivative did not exist 

(see Figure 6.14). This could be a result of his learning or only being taught nondifferentiability 

more analytically than visually.  

 
 

 

 
Figure 6.14: Matt’s Sketches for Tasks Fourteen, Fifteen, Seventeen, Twenty, Twenty-One, 

Twenty-Two, and Twenty-Three A (Respectively From Left to Right) 
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Figure 6.15: Danny’s Sketches for Tasks Fourteen, Fifteen, Seventeen, Twenty, Twenty-One, 

Twenty-Two, and Twenty-Three A (Respectively From Left to Right) 
 
 

Matt’s understanding of asymptotes being used, as a representation was nonexistent. He 

experienced difficulty in representing nondifferentiation of the derivative because he did not 

know when to use an open circle or an asymptote. The only thing that Matt was sure about was 

“knowing” that the derivative did not exist. He admitted to not knowing how to represent it. His 

“not knowing” is believed to come from not having had experience with the nonexistence of the 

derivative with graphical tasks. In addition to asymptotes, he also did not have an understanding 
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of the derivative at an endpoint or an open circle.  He was not able to visually determine what 

happens near or at a corner of the graph of the derivative. Again, I believe that this was simply 

due to not having enough opportunities to work within these contexts.  

Although Danny had made new constructs between the slope of the tangent line, the 

derivative, and his verbal description, his lack of experience with working with points that are 

nondifferentiable on a function proved difficult for him (see Figure 6.15 above). As with Matt, 

Danny was unable to determine how the derivative would look for corners, cusps, endpoints, and 

vertical asymptotes. Danny admitted that his lack of understanding stemmed from simply “not 

knowing”.  Although Danny’s knowledge was more connected that Matt’s, he did not have a 

complete understanding of nondifferentiation graphically. I believe that his difficulty also stem 

from not having enough experience with these types of graphs.  

 
Effective Pedagogical Approaches for African American Students in Calculus 

and Implications for African American Student Learning 

 
There has been a dearth of research studies on how African American students learn or 

understand calculus. Much of college calculus teaching involves the teaching of formulas, rules, 

and procedures with mandates to memorize and practice. As seen with Matt, who was primarily 

an analytic thinker that relied on memory of procedures, many African American students may 

also struggle with their understanding of calculus because of their one-sided thinking (Krutetskii, 

1976). This study has shown that one-sided thinking can be linked to a lack of conceptual 

understanding, which can also lead to procedural knowledge and conceptual knowledge being 

disconnected (Baroody, Feil, & Johnson, 2007). The information gathered in this study can be 

useful for curriculum designers, authors of textbooks, creators of enrichment materials, and 

teachers that are working with African American students in their classroom.  

Selecting highly motivated African American students was essential for this study 

because of the cognitive demand that was placed on the tasks. Contrary to popular belief, I feel 

that social-economic status, parents’ educational background, and ethnicity are irrelevant to the 

way and how African American students learning mathematics. Both Matt and Danny are highly 

motivated and high achieving African American students who are disadvantaged economically 

but who took education seriously.  
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As shown in this study, an excellent pedagogical strategy that would help African 

American students to become more successful with calculus concepts is to present them in an 

informal manner. The tasks presented during this study were presented in an informal manner. 

According to Gilbert and Gay (1985), African American students function better in a 

cooperative, informal, and loosely structured environment, in which students and teachers work 

together to achieve a common goal. The common goal in the mathematics classroom is for the 

students to have an understanding of the mathematics taught and to make a connection between 

all lessons in order to see the big picture. Using an informal inquiry approach in the classroom 

for African American students could 

 allow them to reflect on their knowledge and understanding;  

 allow them to experience their own disconnects with their understanding;  

 allow them to think more critically as they are confronted with problems in which 

they do not have an immediate answer;  

 enhance their communication skills as they have put into words their thought 

processes;  

 allow them to take more ownership of the problem solving process; and 

 develop deeper understanding of the mathematics content.  

The tasks presented in this study have potential for guiding mathematics educators in their 

attempt to help African American students explore their understanding of the derivative as a 

function. After determining an African American students’ primary preference for engaging in 

mathematical tasks using a Mathematical Processing Instrument, teachers can develop tasks for 

students that could enrich their understanding of calculus. Teachers can provide the following for 

African American students in their classes:  

 They can provide analytic tasks to understand the extent of students’ instrumental 

understanding of the derivative as a function. 

 They can provide graphical tasks to understand the extent of students’ relational 

understanding of the derivative as a function when presented with a graph for 

which students cannot remember a formula.  

 They can provide analytic tasks and graphical tasks together to help students to 

connect their knowledge so that they may have success with differential calculus 

thereby increasing retention rates for African American students in calculus.  
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Curriculum designers, authors of textbooks, creators of enrichment materials, and 

teachers can work together to address the needs of students, like Matt, who may have one-sided 

analytic thinking when engaging in problem solving in calculus. Data from this study suggests 

that classroom resources should include many activities where students with Matt’s nature of 

thinking could be  

 taught to translate between analytic representations and visual representations of 

functions and their derivative if possible;  

 taught mathematics in a dynamic technological environment that allows the 

simultaneous use of the analytic representation and the visual representation of 

mathematical concepts in calculus; and 

 taught in such a way that students will be able to engage in calculus concepts 

when they are presented with arbitrary functions (functions that are not associated 

with a formula).  

Both Matt and Danny supplemented their visual thinking with the use of Verbal 

Description, or the use of words to describe a hierarchy of mathematical information, throughout 

their cases. As shown in their cases, they were able to express understanding of the derivative 

graphs although they were not able to draw them at times. This mirrors an issue that many 

students, in particular African Americans, face as they attempt to complete traditional 

assessments. The data gathered proves that (a) teachers should be encouraged to use some form 

of “verbal” assessments to assess students understanding of concepts in calculus courses and not 

be limited to traditional assessments, and (b) African American students should be encouraged to 

use the “language” of mathematics as a tool for understanding rather that just the manipulation of 

symbols. I feel that using verbal/written assessments, in addition to using traditional assessments, 

will enable teachers to access African American students understanding of calculus concepts or 

any concepts in mathematics.  

Matt and Danny encountered difficulty when they were presented with graphs that 

contained instances of nondifferentiability. Although both students had an understanding of 

nondifferentiability, they both struggled to represent this graphically. When asked why they were 

misrepresenting nondifferentiability, they both expressed that they had very few opportunities to 

work with this graphically, or simply did not know how to represent it in some instances. This 

hindered they visual understanding of nondifferentiation. The data from this study suggests that 
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 teachers should stress visual understanding of nondifferentiation; and 

 teachers should allow students, in particular African Americans, opportunities to 

work within a technological dynamic context where they could “see” analytic 

representations and graphic representations of functions side-by-side that are 

nondifferentiable.  

Lastly, Thomas’s (1993) study concluded that a constructivist learning environment or a 

constructivist pedagogical approach has a positive influence for increasing discourse among 

African American students. As I presented the graphs, I merely asked questions informally 

without teaching.  As a consequence of presenting such graphical tasks, both Matt and Danny 

were able to learn more about what they did not understand and about what they understood. 

This study shows that both Matt and Danny were able to learn throughout because they were 

given an opportunity to construct their own understanding of the derivative as a function.   

 
Recommendations for Future Research 

 
 The purpose of this dissertation is to understand how African American male community 

college students, who aspire to major in a STEM discipline, construct understanding of the 

derivative as a function. The research study presented two case studies, Matt and Danny, who 

preferred to use different mathematical processes to engage in tasks related to the derivative. The 

ultimate goal of my research is to add to a knowledge base that focuses on the engagement of 

African American students engaging in mathematics. From this research new ideas for future 

studies have emerged:  

1. The study presented used only two students representing Krutetskii’s (1976) Analytic 

Type and Harmonic Type; a future study of would use more students to verify my 

assertions about these types of thinkers.  

2. The study presented here focused on African American male community college students 

understanding of the derivative; a future study could involve both male and female 

African American students who are not “high achievers’ so that a stronger case can be 

made for students with different mathematical casts of minds.  

3. Does having one-sided thinking (Krutetskii, 1976) in other mathematics topics hinders 

student problem solving ability?   
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4. Are there any differences between African American students as a whole and other 

ethnicities with different mathematical casts of minds (Analytic, Geometric, and 

Harmonic) when engaging in graphical tasks?  

Reflecting on Aspinwall’s (1994) study, Tim and Lil were European American students 

that engaged in a very similar study in contrast to Danny and Matt who were African American 

students. The only significant difference with the present study is the confirmation of Gilbert and 

Gay’s (1985) study in that African American students learn in this informal manner. 

African American students that are highly motivated are as capable of internalizing 

mathematics as their European American counterparts. This suggest that more studies that are 

mathematical in nature should be encouraged among researcher to use the African American 

student population as a primary focus. I believe that mathematical research involving highly 

motivated African American students could be key to closing the gap between African American 

students and their counterparts because this would provide more insight as to how African 

American students can be more successful.  

 
Limitations 

 
My comments come from the study that was completed and it was interpretive of Danny 

and Matt’s thought processes. Because Matt and Danny had different way of interpreting 

mathematical information, I had to ask them different questions at times. I made these comment 

based on my experiences and a mathematics educator. There are limiting factors that could be 

mentioned before concluding this study. Two African American male students that have a strong 

interest in pursing engineering were purposefully chosen for this study. Because this research 

used case studies of only two participants, it has limited generalizability to the entire population 

of African American students.  Finally, to ensure that I limited my biases, I consulted with my 

major professor and colleagues to ensure fidelity.  

 
Final Word 

 
I hope this study will contribute to mathematics educators’ awareness of the pedagogical 

role for using both analytic representations and graphic representations in the understanding of 

differential calculus in their classroom instruction. A consistent use of analytic tasks in the 
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calculus classroom can hinder a student’s ability to understand the “deeper” meaning of the 

concepts of calculus. I hope that this study gives more insight to educators in that teaching for 

conceptual understanding starts in the problems that require reasoning from students to make 

connections to their prior knowledge. The tasks presented in this study can be used as a model 

for teachers that hope to enrich the learning experience of all students. The study has 

demonstrated that students with one-sided thinking can build a conceptual understanding of the 

derivative as a function as a result of using graphical task instruction to support their analytic 

thinking.  

I hope that more studies will emerge by others that will investigate the mathematical 

abilities of African American students that want to pursue majors in the Science, Technology, 

Engineering, and Mathematics as well as other African American students that have experienced 

success in mathematics.  Far too long, researchers have reported about the “have-nots” of 

African American students but have failed to report on a large scale the successes of students 

from this population. While African American males are consistently placed at risk for academic 

failure, chronically underrepresented among high achievers, and overrepresented among 

underachievers, there are African American male students that are meeting and exceeding 

expectations in their mathematics courses.  

This study has shown that there is a need for researchers to focus on the abilities of 

African American students so that insight can be provided to mathematics educators for this 

population. An investigation of how these individuals think mathematically could have a huge 

impact research in mathematics education and could possibly change the biases that many may 

have about African American students in general.  

Personally, this study has impacted me profoundly in that it has caused me to think 

differently about my role as a professor. My teaching will no longer be primarily focused on the 

delivery of knowledge, but on providing tasks that will evoke understanding in my students. My 

teaching will blend the analytic with the visual to aid students in building a richer understanding 

of the many calculus concepts. I will view learners, regardless of their preferences (analytic, 

visual, or harmonic), as able to construct greater understanding by providing them non-standard 

tasks to cause them to think deeply and communicate more about their thinking processes.  
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APPENDIX A 

BACKGROUND INFORMATION 
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APPENDIX B 

MATHEMATICAL PROCESSING INSTRUMENT FOR 

CALCULUS (MPIC) 
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APPENDIX C 

TASKS FOR INTERVIEWS 

 

 

Task One 

 
 
 
 
 
 

 

 

 

 

Task Two 

 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Calculate the derivative of the following:  
A.) f (x) = x3 cos x  

B.) f (x) = (x
2
+ 2x)

4
 

C.) f (x) =
5x

4x −1
 

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
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Task Three 

 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

Task Four 

 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Sketch the graph of the derivative of 
the function whose graph is shown.  

 

Sketch the graph of the 
derivative of the function 
whose graph is shown.  
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Task Five 

 

 
 
 
 
 
 
 
      
  
 
 
 
 
 
 
Task Six  

 

 

 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Sketch the graph of the 
derivative of the function 
whose graph is shown.  

 

B.) The following is a graph of f '(x) of a 
function f (x) . Find all values of x

where f has a relative extrema.  

 

A.) Find the relative extrema 
(maxima or minima) of the 
following function: 

 f (x) = x
3
+ 3x

2
− 9x +1  
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Task Seven 

 

Figure A depicts the graph of the function f (x) = x2  and the tangent line l
1

 to the function at 
x = 1 .  
Figure B depicts line l

2
, the graph of f '(x) = 2x , the derivative of the function in Figure A. 

 
 
 

 
 
 
 
 
 
 
 
 
       
 

 
 
                   Figure A                Figure B 
 
A.) Describe the relationship between line l

1
 and line l

2
. 

 
B.) Describe the difference between the two lines.  
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Task Eight 

 

 

 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

Task Nine 

 

A function is shown below. State the intervals or points where the derivative of the function is 
 

A.) Positive 
B.) Negative 
C.) Zero 
D.) Does Not Exist 

 

 

 

 

A.) Sketch the graph of the derivative 
of the function whose graph is shown.  

 

B.) Calculate the derivative of the 
following function.  
 

f (x) = (x −1)

2

3  
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Task Ten  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 

 

 

Task Eleven 

 

 

 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

A.) A graph of the derivative of a 
function is shown. Sketch the graph 
of the original function from which 
the derivative graph was drawn. 

 

B.) A graph of the derivative of a 
function is shown. Sketch the graph of 
the original function from which the 
derivative graph was drawn. 

 

Calculate the derivative of the following:  

A.) f (x) =
sin x

x
2
cos x

 

B.) f (x) = (sin
3
x)
2

 

C.) f (x) = (2x −1)
4
(3x

2
+ 2)

3
 

D.) f (x) = 2x
3
− x

2
+ 3x +1  
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Task Twelve 

  
Two function, f and g , are shown. Which of the following statements best describe the 
situation pictured? 
 
A.) f  is a derivative of g  
B.) g  is a derivative of f  
C.) Neither function is a derivative of the other 
D.) Not enough information is given 
E.) I don’t know 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

Task Thirteen 

 

 

 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

Sketch the graph of the 
derivative of the function whose 
graph is shown. 
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Task Fourteen 

 
 
 
 
 
 
 
 
 
 

                                             
 

 

 

 

 

 

 

 

 

 

Task Fifteen 

 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

Sketch the graph of the derivative of 
the function whose graph is shown.

 

Sketch the graph of the 
derivative of the function whose 
graph is shown.  
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Task Sixteen 

 
 

 

 

 

 

 

 

 

 

  
  
 
 

 

 

 

 

 

 

 

Task Seventeen 

 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

 

Sketch the graph of the derivative of 
the function whose graph is shown.  

 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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Task Eighteen 

 

 

 
 
 
 
                                                         
 
 
 

 

 

Task Nineteen  

 

 
 
 
 
 
 
 
 
 
 
  
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Calculate the derivative of the 
following:  
A.) f (x) = 1  

B.) f (x) = x on [0,1]  

C.) f (x) = xe
x
 

If the graph labeled f '(x) is the graph 
of a derivative function, then which 
graph, A or B, is the function from 
which the derivative was drawn? 
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Task Twenty 

 

 
 
 
 
 
 
 
 
 
 

 

 

 

 

 

 

 

 

 

 

Task Twenty-One 

 
 
 
 
 
 
 
 
  
 

 

 

 

 

 

 

 

 

 

 

 

 

Sketch the graph of the derivative 
of the function whose graph is 
shown.  
 

 

Sketch the graph of the derivative of the 
function whose graph is shown.  

 
 



229 
 

 

Task Twenty-Two  
 
 

 
 
 
 
 
 
 
 
  

 
 

 

 

 

 

 

 

 

Task Twenty-Three 

 

 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 

Sketch the graph of the derivative of 
the function whose graph is shown.  
 

 

Sketch the graph of the derivative of 
the function whose graph is shown.  
 

 

Sketch the graph of the derivative of 
the function whose graph is shown.  
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APPENDIX D 

HUMAN SUBJECTS APPROVAL 

 
 
Office of the Vice President For Research 
Human Subjects Committee 
Tallahassee, Florida 32306-2742 
(850) 644-8673, FAX (850) 644-4392 
 
APPROVAL MEMORANDUM 
 
Date: 5/27/2010 
 
To: Eddy Stringer III  
 
Address: N/A 
Dept.: MIDDLE AND SECONDARY EDUCATION 
 
From: Thomas L. Jacobson, Chair 
 
Re: Use of Human Subjects in Research 
African American Male Community College Students' Visual and Analytic Understanding of the 
Derivative: Critical Case Studies 
 
The application that you submitted to this office in regard to the use of human subjects in the 
proposal referenced above have been reviewed by the Secretary, the Chair, and two members of 
the Human Subjects Committee. Your project is determined to be Expedited per 45 CFR Â§ 
46.110(7) and has been approved by an expedited review process. 
 
The Human Subjects Committee has not evaluated your proposal for scientific merit, except to 
weigh the risk to the human participants and the aspects of the proposal related to potential risk 
and benefit. This approval does not replace any departmental or other approvals, which may be 
required. 
 
If you submitted a proposed consent form with your application, the approved stamped consent 
form is attached to this approval notice. Only the stamped version of the consent form may be 
used in recruiting research subjects. 
 
If the project has not been completed by 5/25/2011 you must request a renewal of approval for 
continuation of the project. As a courtesy, a renewal notice will be sent to you prior to your 
expiration date; however, it is your responsibility as the Principal Investigator to timely request 
renewal of your approval from the Committee. 
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You are advised that any change in protocol for this project must be reviewed and approved by 
the Committee prior to implementation of the proposed change in the protocol. A protocol 
change/amendment form is required to be submitted for approval by the Committee. In addition, 
federal regulations require that the Principal Investigator promptly report, in writing any 
unanticipated problems or adverse events involving risks to research subjects or others. 
 
By copy of this memorandum, the Chair of your department and/or your major professor is 
reminded that he/she is responsible for being informed concerning research projects involving 
human subjects in the department, and should review protocols as often as needed to insure that 
the project is being conducted in compliance with our institution and with DHHS regulations. 
 
This institution has an Assurance on file with the Office for Human Research Protection. The 
Assurance Number is IRB00000446. 
 
Cc: Leslie Aspinwall, Advisor  
HSC No. 2010.4411 
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APPENDIX E 

CONSENT FORM 

 

Letter of Consent for Adults 

 

“African American Male Community College Students’ Visual and Analytic Understanding of 
the Derivative: Critical Case Studies” 

 
You are invited to participate in a research study designed to investigate how African American 

Male Community College students synthesis the meaning of the derivative through task-based 

interviews. You were identified as a possible participant because you have completed Calculus I 

and are enrolled in Calculus II or Calculus III. I ask that you read this form and ask any questions 

that you may have before agreeing to be a part of the study. You must be 18 years old to 

participate in this study. 

 

I, Eddy W. Stringer III, am a doctoral candidate at Florida State University, under the direction 

of Professor Leslie Aspinwall in the School of Teacher Education, in the College of Education, 

at Florida State University. I am conducting a research study to examine African American 

community college students’ understanding of analytical and graphical representations of the 

calculus derivative.  

 

Background Information:  

 

The purpose of this study is to gain insight into how African American male community college 

students synthesis meaning of the derivative and to investigate their thought processes when they 

engage in analytical and graphical derivative tasks.  

 

Procedures:  

 

The study will last for approximately eight weeks. Your participation will involve three weekly 

interviews that are expected to last no more than thirty minutes and will include different task 

about the derivative represented both analytically and graphically. I request your permission to 

audiotape and videotape the interview. After the interviews, audio will be transcribed. The 

transcription will then be verified with subject for accuracy. The audiotape and videotape will be 

in digital format and will be kept locked in a filing cabinet in the researchers’ office at 

Tallahassee Community College. All material will be destroyed by May 1, 2016. 

 

Voluntary Nature of the Study:  

 

Your participation in this study is voluntary. If you choose not to participate or to withdraw from 

the study at any time, there will be no penalty. It will not affect any of your grades or your future 

relations with Tallahassee Community College or Florida State University. If you decide to 

participate, you are free to not answer any question or withdraw at any time without affecting 

those relationships.  

 

Risks and Benefits of Participation in the Study: 

 

The risk associated with the study may include the loss of study time while in school. There also 

may be a feeling of being “put under a microscope” by closely examining your thought 

Appro
ve

d

FSU Human Subjects Committee Approved 5/26/10. Void after 5/25/11 HSC# 2010.4411
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